\)
e
i

UNIVERSITAT e
BARCELONA

ia’

=

Facultat de Matematiques
i Informatica

Master in Advanced Mathematics

End of Master Thesis

Auxiliary Polynomials for
Transcendence Results

Author: Eduard Valcarce Dalmau

Director: Dr. Martin Sombra

Realized at: Departament de Matematiques i Informatica

Barcelona, September 2, 2024



Abstract

The main goal of this work is to prove several transcendence results using auxiliary func-
tions, and in doing so showcase their effectiveness in various contexts. The main theorems
covered will be Hermite-Lindemann, Gelfond-Schneider, Schneider-Lang, and Baker’s the-
orem. We will employ two different proof strategies with auxiliary polynomials: two sim-
ilar ones for Hermite-Lindemann and Schneider-Lang, and a noticeably different one for
Baker’s theorem. Gelfond-Schneider will come as a corollary to Schneider-Lang.

We will ease into these theorems however, by first delving into the preliminary results
and background knowledge requiered to understand their proofs. This includes but is
not limited to derivations over number fields, valuation theory and height functions, and
complex analysis. Furthermore, we will take a detour into ellipitic functions after proving
the Schneider-Lang theorem due to independent interest, and to present a few applications
of the Schneider-Lang theorem, as it is the most general one we will present.

2020 Mathematics Subject Classification. 11J86, 11J89, 11J81, 14H52.
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Introduction

The possibility of certain classes of numbers not being algebraic dates back to 1748,
when Euler asserted that log,(b) was not algebraic for a,b € Q, with b # a° for any
¢ € Q. Despite this, it would take almost a century until Liouville observed that algebraic
numbers were ”badly approximated” by rational numbers; this insight paved the way for
a sufficient condition for a number to be transcendental, which was followed by the first
concrete example of a transcendental number,

=1
Z 10n'

n=1

These developments sparked some interest in the field, so it was not long before e was
proven to be transcendental by Hermite in 1873, notably by using a polynomial to mimic
the function e”. Shortly thereafter Lindemann expanded upon Hermite’s idea to prove
that for any non-zero algebraic number «, e“ is transcendental, which proved the tran-
scendence of m due to Euler’s formula. Despite these advances, the theory had not yet
reached the more modern auxiliary polynomial techniques, and still relied on concrete
polynomials. It was not until later that other renowned mathematicians such as Pdlya
began laying the foundation for the main proof technique we will present in this thesis,
which likely inspired Gelfond in 1934 to prove the more famous Gelfond-Schneider theo-
rem.

I well remember learning about transcendental numbers from a now 11 year old video
and being fascinated with the concept, but it was not until meeting them again in the
context of irrationality measures and Roth’s theorem that I became truly interested in
them. It was fun to recontextualize well known functions such as sin(x) as transcendental
functions, and read about the many results within transcendental number theory, and
their implied history from the many generalizations of previous results. In spite of all
this, it was vexing to not know any of their proofs, and this latter part is what this thesis
aims to address.

We will begin with some much needed preliminary results, and then give at least once
transcendence result in each chapter. All of the main results will use proofs which rely in
some way in auxiliary polynomials, and in the case of Hermite-Lindemann for example,
we will purposefully not give the original proof, to instead give one that generalizes more
easily and allows for a more seamless transition onto the Gelfond-Schneider theorem.

Chapter 1 will be all about laying the foundation for our proof of Hermite-Lindemann
in chapter 2 with necessary results and definitions. We fittingly begin with the ever
important Siegel’s lemma, and move on to field extentions over the rationals to define the
norm and trace of an algebraic element. A convenient way to bound algebraic elements
will be necessary, so we also introduce the ’house’ of an algebraic integer, which we use
to close the chapter just as we started it, with Siegel’s lemma, but this time for algebraic
integers.

Chapter 2 is entirely about the proof of the Hermite-Lindemann theorem, which fea-
tures three main lemmas that all work towards the goal of proving a non-zero polynomial
has zeroes of infinite order. These three lemmas are the backbone of the main proof
technique presented in this thesis, which we will employ again in chapter 3 for Gelfond-
Schneider. We have also decided to include in this chapter a result that relates an upper



bound of a function f with that of its derivatives over a disc of radius R. This is not so
apparent now, but later in chapter 4 an important notion is that of the bounded growth
order, which intuitively implies that part of the reason these functions are forced to take
on transcendental values is the lack of algebraic values in the image of the function.

Chapter 3 is similar to chapters 1 and 2 together, as it begins with more groundwork,
mainly the building up towards the Height of any algebraic number, as the house only
works for algebraic integers which is not enough anymore. To reach heights, we begin by
introducing valuations over field extensions K/Q and many results that arise from them,
and then prove some properties of heights. Following a brief discussion of derivations over
number fields, we move on to the proof of the Schneider-Lang theorem, and even stronger
theorem than Gelfond-Schneider, which we use to prove the latter.

The Schneider-Lang theorem is in fact general enough that we then apply it to the
Weirstrass p function to obtain transcendence results, but before that we spend most of
chapter 4 studying elliptic curves in general, and then specifically the properties of p in
order to apply the theorem.

Finally, chapter 5 is entirely devoted to the proof of Baker’s theorem, which is a gen-
eralization of the previously seen Gelfond-Schneider theorem, and importantly also falls
outside the scope of the Schneider-Lang theorem, which forces us to treat it separately.
We take advantage of this by showing a different type of proof using auxiliary polyno-
mials. Chapters 2 and 3 used a very similar method, but this proof relies on proving
certain bounds for the value of the auxiliary polynomial and its derivatives at 0, and then
showing there must be at least one incorrect bound within those.



1 Moving away from the rationals

Despite the title of this chapter, we feel obliged to begin with this classic lemma - the
foundation of many results in diophantine approximation and transcendental number
theory - which allows us in many instances to prove the existence of a polynomial with
desirable properties. Before that, however, we must define the absolute value for vectors
and matrices.

Definition 1.1. Let A = (a;;) be a matrix with coefficients in R, and let z = (21, ..., 2,)
be a vector with coefficients in R, we define both of their absolute values to be, respectively

4] = mase{ay |} 2] = mac{] 4]}

Lemma 1.2 (Siegel’s Lemma). Given an M x N matrix A = (a;;) with coefficients in
Z, not all 0, and assuming N > M, then there exists a vector z € ZV satisfying

M

Az=0,  z#0, |2 < (NJA)Tw

Proof. Let Z = (N|A])ﬁ, and z = (21, ..., zv) € Z" be any vector such that 0 < z; < Z
Vi€ {1,...,N}. Given |aji| < |A|,0 < z; < Z, and the matrix is M x N, Az takes at most
(N|A|Z + 1) distinct values. This is because the number of values each entry in the
vector Az can take is bounded by [Az; — Azo| +1 < |A|N|z1 — 22| +1 < N|A|Z + 1, and
Az € ZM. Now, due to the choice of Z we have (N|A|Z + )M < (N|ANM(Z + 1M =
ZN-M (7 + )M < (Z41)V, meaning the cardinality of the set of distinct possible vectors
z is strictly bigger than the cardinality of the set of distinct values Az can take. Hence,
there exist z() # 2(2) such that Az = A2 and z := () — 2(2) gatisfies the conditions
of the lemma.

O

When proving the irrationality and even transcendence of numbers, a frequently ex-
ploited fact is that every non-zero integer has absolute value bigger or equal to 1. This is
no longer the case when dealing with algebraic integers, as for instance N = (v/5 —2)" €
Z[\/5] clearly doesn’t satisfy |[N| > 1 for all n > 1. Hence, it is in our best interest to
develop a similar function for these algebraic integers that carries over nice properties
that resemble how the absolute value works over the integers. To this end, we introduce
the norm and trace, which will be used to define this measure, and later on to obtain a
more general version of Siegel’s lemma for algebraic integers.

Definition 1.3. Let L/K be a finite dimensional field extension of degree n. The trace
and norm of an element x € L are defined to be the trace and determinant, respectively,
of the endomorphism of the K-vector space L

T,:L— L, T, (o) = za
TTL/K(JU) = Tr(T%) NL/K(x) = det(T}).

Note that this definition of Ny k() implies Np/ : L — K, as L is a K-vector
space, hence all the coefficients in the matrix representation of T, are in K, and therefore
det(T;)€ K. We want to find a formula for Tr, /i (x) which we will use later when dealing



with the discriminant of a number field, which we will define later. We begin by looking
at the characteristic polynomial of T}

fo(t) = det(tly — Tp) = t" — agt™ ' + -+ 4 (=1)"a, € K[t]

And notice that
ar = Trp () an = Nk ()

From this observation, we can derive the following proposition.

Proposition 1.4. If L/K is a separable, finite dimensional extension and o : L — K
varies over the different K-embeddings of L into an algebraic closure K of K, then we
have, for a given x € L

i) fo (t) =1L,(t —o(x))
i) Trpjk(z) =3 ,0(x)
iii) Np/k(z) =11, 0(=)

Proof.
Given that L/K is a separable, finite field extension we want to prove that

fo(®) = (pa(t)?,  with  d=[L:K(z)] = [L: K]/[K(z) : K]
where p,(t) is the minimal polynomial of x over K, which we write as
pe(t) =t™ F et e, with m = [K(x) : K].

Consequently {1,x,...,2™ 1} is a basis of K(x)/K, and if we call the basis of L/K(x)
{a1,...,a4}, then it is a classic result that the basis of L/K is

m—1 m—1

a1, TQ, ..., T Q15 QG TOY, oovy T oy,
and in this basis we have
a1 xTo
o 1'2041
T: =
m—1 . m—1 _ _
™ oy (—c1z Ce = G )0y

It is easy to see then that the matrix of T,(y) = xy with respect to this basis is only
made of the same block repeated d times all throughout the diagonal. This block is

0 1 0 0

0 0 1 0

0 0 0 1
—Cm —Cmn—-1 —Cp-2 - —C

and one can easily verify its characteristic polynomial is p,(t), as it should be, so the
characteristic polynomial of the big matrix is f,(t) = (pz(t))? as expected.



Now, L/K is a separable finite field extension, so L/K(x) is also a separable finite
field extension, and by the primitive element theorem we can write L = K (x,y) for some
y € L. From this, we know that all the K-embeddings of L are uniquely determined by
the images of x and y. From the degrees of each field extension, we can then state that
the equivalence relation

T~o <= 71(x) =0(2)

partitions Homp (L, K) into m = [K(z) : K] equivalence classes of d = [L : K(z)]
elements each. If we call o1, ...,0,, the representatives of each equivalence class, we see
that

m

pa(t) = [ (t — 0(2))
i=0
which implies
fo) = @) = [[¢ =il =[[ [[ ¢ -0 = ][I (-0
i=0 i=00~0; o€Hom (L, K)

This proves i), ii), and iii) due to Vieta’s equations, which we alluded to before the
beginning of the proposition.
O

We now define the function we alluded to before, called ’house’.

Definition 1.5. Let K/Q be a finite dimensional field extension, for every = € K we
define its size, or house as
[z]| = max|o(x)|

where the maximum is taken over all the embeddings o : K — C.

With this, we can now give a result that gives us a lower bound for the house, and the
absolute value of an algebraic integer.

Proposition 1.6. Let K/Q be a finite dimensional field extension with [K : Q] = D,
and let w # 0 be an element in Zg, which is the notation we will use for the algebraic
integers contained in the field K. Then

ol =1 and | > [w]| 7PV,

And in fact, fixed D > 2, the exponent D — 1 in the inequality is best possible

Proof.

Recall from definition that Nz/x : L — K, and looking at the field extension K| /Q,
we have N g(w) € Q. On the other hand, we know from proposition that the Norm
is equivalent to the product of all the roots of the minimal polynomial of w, all of which
are algebraic integers because they are roots of the same polynomial, so the norm is the
product of algebraic integers, which is an algebraic integer that we know belongs to Q,
therefore N /g(w) € Z, and since w # 0, [Ng/g(w)| > 1. Now, using the same formula
for the norm again we have

1< Nijo(@) = | [To@)] = |w- T ow)] < ol - llwl P~ (1)

o#ld



From the definition of || - ||, and [K : Q] = D, meaning there’s D embeddings. Now,
from this inequality it is then easy to see that since |[w||] <1 = |w| < 1, but we have
1 < |w| - [|w]|P~1, we must have ||w|| > 1, and rearranging, |w| > [|w||~P~V, too. We
now see that the exponent D — 1 is best possible.

Fix D > 2 and consider the polynomial P(X) = X —¢X +2, where ¢ is any even integer
greater than 4. Now, 2 divides all but the leading coefficient of P(X), and clearly 4 does
not divide 2, so by Eisenstein’s criterion P(X) is irreducible, furthermore, it has a root
w = w; satisfying 0 < w < 4/t, as P(0) = 2 and P(4/t) = (4/t)P —2 < 0. We will
consider this root w for the rest of the proof as it will be necessary, and we will now show
that ||w||P~! < 2t, by considering y € Q such that |[yP~!| > 2¢, and proving that this
restriction on y implies it cannot be a root of the polynomial P:

1P(y) =2 = [yl - |(y" " = )] > @) /P D (P =) > ¢ (20)/ P70 > 4,

Clearly then |P(y)| > 2, and therefore y can never be a root of P, so ||w||P~! < 2t. We
can now use the bounds on the house and absolute value of w together to show that D —1
is the best possible exponent. We will assume this isn’t the case, hence there is some ¢ > 0
such that for every non-zero alebraic integer w, equation looks like this instead:

1< Jw| - [w]| P71
However, from our bounds for |w| and ||w|| we have
1< fw] - [Jw|[P717¢ < (4/8) - (2) P71/ P71 < e/ (D7D,

Recalling that ¢t is any even integer, and can thus be as large as we desire, we reach
a contradiction, as we have found an algebraic integer w such that |w]| - [|w|/P~17¢ < 1

instead.
O

Now, choosing to remain in the realm of field extensions, we have the following defini-
tion. The concept of the discriminant will come up later when we extend Siegel’s lemma
to the algebraic integers.

Definition 1.7. Let L/K be a finite dimensional field extension of degree n, and let
B1, ..., Bn be elements of L. Their discriminant is defined to be

D(Bu, ..., Bn) = det(Trr x (BiB;))

From this definition, and using the previous lemma we now obtain a different formula
for this discriminant.

Proposition 1.8. Let K be a field of characteristic 0, and L/K a finite dimensional field
extension of degree n, further, let o1, ..., 0, be the n distinct K —embeddings from L onto
K. Then, for every basis {f1, ..., Bn} of L as a K—vector space we have

D(B1, ..., Bn) = det(o;(B;))? # 0

Proof.



We begin by proving the first equality:
D(B1; ... Bn) = det(T'rp /i (BiB;))

= det ( Z ak(ﬁzﬂj)> by proposition
k=1

<Zak 61 Uk B]))

= det
= det

o,(8i)) - det(ox(B;)) (Transposing any one of the matrices)
a1(6:))*.

And we will now show that this determinant can never be equal to 0. Since L/K is a
separable field extension, by the primitive element theorem, we can write L = K(«) for
some « € L, that is, L has a power basis, and in fact any basis {f1,...,8,} of L as a
K —vector space will be a linear combination of this power basis, i.e

t(
(

1 b1
(€7 B2

Mg ) =1 .
an_l ﬂn

for some n x n matrix Mg with all entries in Q. Because of this we have, transposing the
matrices:

o1(B1) -+ on(B1) 1 1
det 7 (62) o Jn(52) = det(M@) - det 71 (Oé) o Un(Oé)
1(Ba) - on(f) (@)t ag(a)!

Where the rightmost determinant is the determinant of a transposed Vandermonde ma-
trix, in this case equal to
Il (oj(@) =ai(a))
1<i<j<n

Since Mg is essentially the change of variable matrix between two bases, its determinant

is non-zero, and since L/K is a separable field extension, the above product is non-zero

too, so

) 2
det((8))? = (det(Mg) ] (05(0) = oi(a)))” #0
1<i<j<n

as desired.

O

Lemma 1.9 (Siegel’s lemma for algebraic integers). Let K/Q be a finite dimensional
field extension with [K : Q] = D, and consider its ring of algebraic integers, Zg, with
basis elements ws,...,wp, so we can write Zx = Zw; + - - - + Zwp. For positive integers
M, N with DM < N and real W > 1, let wy, (m=1,...,M;n=1,...,N) be elements
of Zg with ||wmy,|| < W. Then there are rational integers z1,...,zy, not all zero, with

Zwmn:vn:() (m=1,...,M)



and s
20| < (DM|wi |-+ - lwp | NW) N =D (n=1,...,N).

Proof.

Every w € Zg can be written as w = Zl’; 1 wiw; for integers u;, so in particular we will
do this for every wy,, from the hypothesis, until we mention going back to our original M
equations from the hypothesis. We will drop the subindexes mn for ease. Now, applying
all of the D embeddings, yields the following system of equations

al(wl) s Ul(UJD) (251 Ul(w)
oo(wr) -+ o2(wp) U2 _ oa(w)
op(wi) -+ op(wp) up op(w)

Now, the basis of Zg is also a basis of K as a Q—vector space, so by proposition , the
above matrix is non-singular and we can obtain a bound for the |u;| by solving the above
equation using Cramer’s rule. This gives, for every j € {1,..., D}:

Jujl < Juj| - [Jwsl| < DU-lwl] - - [lwpl] - [[w]| < D Jjw]| - - |Jwpl] - W

By bounding the sum of the D! products. Now, we recall our original system of M
equations, and since wy,, € Zk, separating the w,,, into each component ends up giving
us DM equations, with the components being the bounded u;, so applying Siegel’s lemma
here finally gives us

DM
|zp| < (D!wi|| - [|wp|| NW)~N-DM (n=1,...,N).

As desired.



2 The Hermite-Lindemann theorem

We are finally set to prove this theorem. We will first prove that z,e® are algebraically
independent, and then show there exists a polynomial such that P(z,e*) is identically
0, that is, z,e® are algebraically dependent, which is a contradiction that arises from
assuming e® = ( is algebraic. To show this polynomial exists, and is identically zero,
we must bound its coefficients well enough, so that under suitable assumptions they can
be forced to be 0. Doing this, we will inductively show that the polynomial must be
identically 0.

For the rest of this chapter we will let a be a non-zero algebraic number, and assume 8 =
e® is algebraic to eventually reach a contradiction. Furthermore, we will be considering
the number field K = Q(«, ), which by our previous hypothesis is a finite field extension
over Q. We will also write D = [K : Q].

Lemma 2.1. The functions z and e* are algebraically independent over C.

Proof.

We want to show that there does not exist any non-zero polynomial P(X,Y) € C[X,Y]
such that P(z,e*) is equal to 0. We begin by assuming one such polynomial exists, and
we will choose one such polynomial with minimal degree in X. We thus have

Z Zpijeizzj =0
i=0 j=0
which we can rewrite as
Z e < Zpijzj> = €”Qi(2) = Qu(2) Y €*Ri(2) =0
=0 §=0 =0 i=0
for Q; € Clz] and R; = Q;/Qn € C(z), to conveniently obtain
€™ + Ry_1(2)e™ V% 4 .+ Ry(z) = 0. (2.1)

Now, e*T2™ = ¢? for all z € C, so replacing z by z + 27i in the above equation yields

another algebraic relationship:
€+ S,_1(2)e™ ™V 4 4 Sy(2) =0 (2.2)
with S;(z) = Ri(z + 2mi). Now subtracting from gives
(Sp_1(2) = Ru_1(2))e™ V% 4+ (So(2) — Ro(z)) = 0. (2.3)

If the leading coeflicient is not equal to 0, we contradict the minimality of the polynomial’s
degree in X, so it must be 0, hence

Qn-1(z +2m1) /Qn(z + 27mi) = Qn-1(2)/Qn(2). (2.4)

Now, rewriting this as F(z) = Qn-1(z 4+ 27m1)Qn(z2) = Qn-1(2)Qn(z + 27i) and writing
this polynomial as its product of linear factors, with «; being the r roots of Q,,_1, and 5;
being the s roots of @Q),,, we get

F(2) = (2 — (a1 — 2mi)) -+ (2 — (ar — 270)) (= — (6) -+~ (= — (B,))
— (2= (a1) -+ (2 = (@) — (B; — 2m0)) -+~ (= — (B, — 2mi)).



Since the coefficient of degree deg(F'(z)) — 1 is fixed, this means that the number of 27
terms in both representations is the same, that is, 27 - r = 27 - s, therefore r = s and
Q) has the same degree as (J,—1. This means that either Q,, = Q,_1, or @), does not
divide @Q,,—1. If @Q,, does not divide @),,_1, because of , R,—1 = Qp—1/Q, must have
an infinite number of poles, as for any pole 7, v — 27¢ would also be a pole. This cannot
be the case for an element of C(z), therefore Q,, = Qn—1.

We remain under the assumption that we are not contradicting the minimality of the
original polynomial’s degree in X, so we can apply the same reasoning as above to the

coefficient of e 2% and reach the same conclusions, until we reach the ” constant” term.
Since at this point @, = Qn—1 = --- Q1, we have Sy = Ry too, and the same reasoning
applies, so @, = Qn—1 = --- Q1 = Q. This then implies that (2.1)) becomes
e(nJrl)z -1
ey 1= =
e —1

which is clearly false as n > 1, hence we have contradicted the minimality of the original
polynomial’s degree in X, and therefore z and e* are algebraically independent.
O

For the following lemmas we will be considering the variables L, S,T,T1,51. These
will only be variables in the sense that they can vary to satisfy the various restrictions
we will later impose upon them in order to prove the Hermite - Lindemann theorem,
but otherwise in the context of the lemmas, they are all fixed quantities, even when we
have to employ the lemmas repeatedly, we will consider the lemmas after fixing these
values in order to get the desired results. On the other hand, the constants c; ¢ € Z, are
just constants that satisfy the inequalities, and are independent of the aforementioned
?variables” L,S,T,S1,T1, though they depend on « and 8. The same notation for the
constants will be used for the rest of the thesis.

Definition 2.2. Given a function ¢(z), analytic on a neighbourhood of w € C and not
identically 0 there, we will use the notation ord,—,, ¢(z) for its (finite) order of vanishing
at w. This is equivalent to saying that ¢(z) = Ag(z — w)9 + A1(z — w)9Tt + ... (¢ is
analytic on a neighbourhood of w) for g = ord,—,, ¢(z) and Ay # 0.

Lemma 2.3. Forany L > 2, S > 1,T > 1 in Z with
(L +1)*> >2DST (2.5)

there is P in Z[X, Y], of degree at most L in each variable, and with coefficients of absolute

values at most L3T ¢t (¢; € Z for convenience later) such that
#(z2) = P(z,€°) (2.6)
is not identically zero and
ord,—sq ¢(2) >T (s=1,...,95). (2.7)

Proof.
We again write P(X,Y) = Y1 327 pi; X'Y7 € Z[X, Y], and we have



We then use Leibniz’s rule on ¢ (sa) to obtain the equations

L L
$0(sa) =D Eij(s,thpij =0 (s=1,...,8t=0,1,...,T 1) (2.8)
i=0 j=0

with
t

t ) )
Eij(s,t) =) < )2‘(@' — 1) (i —u A 1) (sa) T4t
u=0 u
Now, to use the machinery we have presented thus far, we must make sure we are
dealing with algebraic integers, so let a,b € N be such that aa, b3 € Zg, then w;; :=
albl9E;;(s,t) € Z and bounding each term in Ej;(s,t) gives

1< [Jwy| < a™b"® - 2" LTS max (1, ||o| [} LT max{1, ||8|[}** < 55 L =W,

where the max function is needed as « and 8 may not be algebraic integers, and so their
house may be smaller than 1. Further, L > 2 was used, as this bound (if it was not clear
already) does not need to be too exact.

From the use of Leibnitz’s rule we obtain DST' equations, with the known w;;, and
because of the double summation, we have N = (L + 1)2, using N as we did in Siegel’s
lemma. Since N > 2DST, not only do we meet all the hypotheses to use Siegel’s lemma
for algebraic integers, we also know the exponent on the bound for the |p;;| will be
DST/((L+1)? - DST) < 1, and in fact

Ipij| < es(L+ 1)2W < clLSLST.

Since z and e? are algebraically independent, as shown in the previous lemma, ¢(z) cannot
be identically zero, which completes the proof.
O

We now use the foundation from the previous lemma to increase its scope into some-
thing we can actually use for our goals. The rough idea is that since gb(t)(sa) is small ”up
to” t =T and s = S, we should be able to bound gb(t)(sa) a bit ”further along”. First,
however, we prove a short lemma that we will use.

Before proceeding, we introduce the following notation: |F|g = sup |F(z)| for R > 0.
|lz|=R

Lemma 2.4. Let ¢ be an analytic function on an open set containing the disc B(0, R) =

{z € C:|z| < R}, then, for w € C such that |w| < r < R we have

¢, |9|r
m! = (R—r)m’

Proof.
First, ¢(z) is by definition analytic on B(0, R), so given z € B(0, R) and w € C such that
|w| < r < R, we can apply Cauchy’s differentiation formula to obtain

o) L _ o) _
m!  2mi /|Z_w|R_T, (z — w)m+1 dz. (2.9)

Now, from equation (2.9) we get

(m)
) L o)
m! 27 |z—w|=R—r (Z - w)m+1
1 P(2)
< — . sup / ——2—||dz
2 lw|=r J|z—w|=R—r (Z_w)m+1| ’
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And by the maximum modulus principle, since
{z€C|3w e Cwith |w| =7r:|z—w|=R—r} C B(0,R), we finally obtain

o], _ 1 / 9|r 9|r
<. PR = PR
m! T 27 |z—w|=R—r (R - T)m+1 Z| (R - T)m

Lemma 2.5. Suppose that for some integers S; > S and 77 > T we have
ord,—sa #(2) >T1 (s=1,...,51),
where ¢(z) is the same as in lemma Then the derivatives up to order 277 — 1 satisfy

0B (sa)| < 2723l (s =1 28 =0,1,...,2T1 —1).

Proof.
We begin by dividing by the minimum multiplicity of each zero. Because of this, the
function

¢(2)

(z—a)li - (z = S1a)h

is entire, and using the maximum modulus principle again, we have

D(z) =

1®l45,1a| < [Pli1sy]al>

which in turn gives

(55104)731T1\¢|451\a| < |Plasyal < 1Ph1sj0] < (10510‘)7SIT1|¢|1151|04|'

Hence
1Bl4s1]a < 2777|118, o -

Bounding now |¢|1g, || We get

L L
|$l1151)a] =  sup ZZ j2 eI < (L+1)2 |pijlmax{1, 11151 | }rmax{1, |611510¢|}L
=0 =0

|2|=1151 ]

<(L+ 1)2(01LS1L3T1)C£C§S1 < cgsl L3,

We will now use this to bound the derivatives, using lemma with m =t, r = 25|,
and R = 2r:

1619|2511 < #! (|¢|4Sla' <

7 el - T Ty LS
(281 ]al)t = (T1)eD [ Blas, o < T27 T Bls, o) < 27T T2 T (B 3T

Obtaining the desired inequality.
O

This bound may look daunting at first, but because we can control 71 and Si, the
term 277151 will in fact bring the bound close as close as necessary to 0.

12



Lemma 2.6. Given two positive integers S1 > S, T1 > T, and each of
&s =W (sa) (s=1,...,28;t=0,1,...,2Ty — 1),

we have either & =0 or
—6DTy —LS
|£ts‘ >L 6 168 L

Proof.
Writing out the expression for & using Leibnitz’s rule as in lemma [2.3] we argue in the
same way that wys = a® plS &s € Z. We can therefore use the house:

[[w]| < (L + 1)?[Ja"0"5 By (s, )] - [Ipg]] < a"0"5 (L + 1) (e ™ L) (e L°T)

S 0551 L6T1
and using proposition with this bound for the house, we obtain that for non-zero w
’w‘ Z (CS_Dle)L_GDTl.

Hence, either & = 0 or |&s| > L‘6DT108_ LSt a8 desired, where here cg is a different

constant, but we are running out of single digit subindices.
O

With this, the preparations are done to prove the main theorem of this chapter. As
mentioned earlier, we will use the bounds for the coefficients of the polynomial, which
will be easier by parametrizing the various parameters in terms of an integer n. Recall
that the parameters must satisfy

L] Sl ZS
[ ] T1 ZT
e (L+1)>>2DST.

Choosing initially
L=|n*Y  S=[n"YY T=n S§=S T\=T

we satisfy every condition for every n big enough in terms of o and 3, as recall D depends
on them.

Theorem 2.7 (Hermite - Lindemann). Let o« # 0 be algebraic over Q. Then e® is
transcendental.

Proof.

We begin by using lemma to obtain the existence of a polynomial P(X,Y) € Z[X,Y]
such that P(z,e*) = ¢(z) is not identically 0, and ord,—sq ¢(2) > T for s=1,...,5. At
the same time, taking 51 and T} as above, by lemma [2.5| we have

0B (sa)| < 27 NP2 STl (s =128t =0,1,...,2T) —1).

Introducing our chosen values for the parameters, we get, for all the above values of ¢ and
s, and for some constant cg

2

—n|n/4| n_2n Cam
|99 (sa)| < 2771 egn = <2L:1/4J> |

13



Importantly, for a large enough n, we can make con?/ 2ln'’*] as small as possible, and in
particular, smaller than L=%Pcg for (s =1,...,281;t=0,1,...,2T1 — 1) :

2 n
(60 (s)| = L8P Peg B > (L7 cg)" > (f%) > [0 (sa)]
so by lemma &s=0for (s=1,...,25;t=0,1,...,277 — 1). This means that now
our polynomial in z, e?, ¢(z) actually satisfies

ord,—sq ¢(2) >T1 (s=1,...,51).

But this time for 77 = 27 and S71 = 2S5, and applying lemma to ¢(z) again with
this newfound information, and then lemma with the same considerations as before
regarding the bounds, we obtain that in fact ¢(z) actually satisfies

ord,—sq ¢(2) >T1 (s=1,...,57).

But this time for T7 = 4T and S; = 45. Repeating this same process inductively, doubling
S1 and T each time, proves that ¢(z) actually has zeroes of infinite order, and is in fact
identically zero, contradicting lemma where it was proven ¢(z) is not identically zero.
This contradiction proves that our initial assumption that e® is algebraic was untrue, and
this completes the proof of the Hermite - Lindemann theorem.

O
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3 Gelfond - Schneider

3.1 Prelude to the Theorem: Heights and the Derivation

As mentioned, we are looking at this method of proof for these theorems, because of their
simple generalization onto much stronger results. Before picking up where we left off
in the previous chapter, we must look at the various absolute values over QQ, and from
there build up some theory to meet the theoretical demands for the Gelfond - Schneider
theorem. For the Hermite - Lindemann theorem it was enough to define the house, which
only required the usual absolute value, but now we need deeper insights to define the
heights, which work in even more general settings. Absolute values need no introduction,
but we will have to start with all the possible absolute values over Q and build up from
there.

Definition 3.1. Given an absolute value |- | : K — R defined over a field K, we say it is
a non archimedean absolute value if it satisfies the ultrametric inequality, sometimes also
called the strong triangle inequality:

|z +y| < max{|z],|y|]} Va,yeK

Definition 3.2. Given a prime p, and z € Q¥, let ordy(z) be the unique integer such
that x can be written as

a
x:pordf’(“)-g a,beZ, ptab
If z = 0, we set ordy(z) = oo by convention. With this map ord, : Q — Z, we can define,
for each prime p, the p—adic absolute value of z € Q as

|l_’p _ p—ordp(a:)'

This set of absolute values, along with the usual absolute value, | - |oc = | - |, and the
trivial absolute value, is in a way the complete list of all the absolute values that can be
defined over QQ, as we will see shortly. Before that we present a proposition that allows
us to meaningfully distinguish between truly different absolute values.

Proposition 3.3. If two absolute values |- |; and |- |2 define the same topology, they are
called equivalent. Moreover, if they are defined over a field K, |-|; and |- |2, are equivalent
if and only if there exists a real number s € R+ such that, for all x € K

|z[7 = [2[2.

Proof.

If |z|] = |x|2 clearly the topologies they define are identical subsets of K, so all that’s left
is proving the other direction.

We begin the assault with the fact that for any absolute value |- | over K, and any x € K,
the inequality |z| < 1 is the same as the sequence ("), cn converging to 0 in the topology
defined by | - |, so if the topologies are equivalent we have

|l"1 <1l < |$|2 < 1.
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Now fix y € K such that |y|; > 1, and let € K*. Then |z|; = |y|{ for some o € R. Now
consider the sequence (%) C Q, with n; > 0, which converges to o from above, so we
i/q

have

ik
ym
Now, working in the limit, this implies |z|2 < |y|$, and using the same procedure, but
with a sequence tending to « from below, we get |z|2 > |y|9, and therefore |z|2 = |y|$
too. This was independent of z, and therefore true for all x € K*, hence

2

<1:>‘
1

i
ym

log|z[1 _ loglazfp
loglyl1  loglyle

and |z|; = |z|5. Further |yl; > 1 <= |y|2 > 1, s0 s > 0.
O

After being able to meaningfully group potentially different absolute values into the
same equivalence group according to the topology they induce, the following well known
theorem tells us that we have indeed found all the absolute values over Q.

Theorem 3.4 (Ostrowski’s First Theorem). Every non trivial absolute value ||-|| on Q is
equivalent to | - |, for some prime p, or p = occ.

Proof.

[5, Theorem 1]

Let P be the set of all primes, we now know every non trivial absolute value over QQ
is equivalent to some |- |, for p € P U {oco}. We will be using explicit notation for these
absolute values from now on: given a number field K with characteristic 0, we will write
My for the set of every non trivial absolute value on K, modulo equivalent absolute
values. Over Q, for example, we have a bijection between the two sets, Mg and PU {oo}.

Knowing Mg is not be enough however, as we need to extend this theory to more
general number fields. As we will see shortly, doing this involves extending the absolute
values over Q, so our choice of representative for the absolute values over Q will be relevant
henceforth. We will choose the representatives to be

aly =p™" %) VpeP [oloo = {ﬂ” r=l
—xr <0

With this, we can now begin expanding upon the foundation we have established thus
far. A place or valuation v is an equivalence class of non-trivial absolute values acting on
a number field K, where two non-trivial absolute values belong to the same equivalence
class if and only if they define the same topology over K. The absolute value in the
equivalence class determined by the place v is denoted by |- |,. Given the field extension
L/K and v a place of K, then any place w of L such that the restriction of | - |,, over
K is a representative of v, is said to lie over v, or equivalently, we say that w extends
v. This is written as w|v, due to the fact that non-archimedean places in number fields
correspond to prime ideals [9, (8.5) Proposition].

Definition 3.5. A valued field, (K, | - |,), is a field with a valuation on it, where K is a
field, and v a valuation.
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Definition 3.6. Given a valued field (K, |- |,), we call (ap)nen C K a Cauchy sequence
if for every € > 0, there exists ng € N such that

lan — amly <& Vn,m > ng.

Definition 3.7. A valued field (K, |- |,) is called complete if every Cauchy sequence
(an)neny C K converges to an element a € K, that is

lim|a,, — al, = 0.
n

Given a number field with an absolute value (K, |- |x), a completion of K, which we
denote now by (L, | |r), is a number field with an absolute value, complete as a metric
space and for which there exists an embedding ¢ : K — L such that i(K) is dense in L,
with |z|x = |i(z)|r Yo € K. This completion is unique up to isomorphism, so in fact,
with our notation, we say the completion of K with respect to a place v is the extension
field K, with a place w such that:

o wlv.
e The topology induced by w on K, is complete.

e K is a dense subset of K, in that same topology induced by w (In this case the
embedding would just be the identity).

The completion exists and is unique up to isometric isomorphisms [6, Chapter XII, §2,
proposition 2.1]. Frequently, due to abuse of notation, the place w is denoted v as well,
and often we will also simply write | - | when refering to |- |». Completions can be quite
mysterious, but for the infinity place they are well understood, as illustrated in the fol-
lowing theorem.

Theorem 3.8 (Ostrowski’s Second Theorem). Let (K, |- |) be a complete valued field,
with | - | an archimedean absolute value. Then there is an isomorphism ¢ from K onto R
or C satisfying

p(a)] = [al®

for all @ € K, and some fixed s € (0, 1].
Proof.
[9, Chapter 2, §4, (4.2) Theorem]

In the following proposition we begin to build towards the degree formula, which is
crucial when defining the height of an algebraic number «, as it is used to prove that it
is independent of the number field K that contains c.

Proposition 3.9. Let K be a field with a fixed non trivial absolute value | - |,, and let
L/K be a finite degree field extension generated by a single element ¢ with monic minimal
polynomial f(t) over K. Suppose that this polynomial can be decomposed into

f@) = () £ (@)

17



where f;(t) € K,[t] are different irreducible monic factors, then for each i € {1,2,...,r}
there exists an injective homomorphism of field extensions over K

¢i s L — K; = K,[t]/(fi(t)) € Cy
¢—t

Now, for every i, there is a unique extension |- |; of |- |,, and each one of these extensions
is pairwise non-equivalent. Furthermore, K; is the completion of L with respect to | - |;
and the embedding ¢;. Finally, for any absolute value | - |,, extending | - |, to L, there is
a unique ¢ such that | - |; restricted to L is equal to | - |y.

Proof.
[2, Proposition 1.3.1.]
O

Corollary 3.10 (Degree formula). If L is a finite dimensional, separable field extension
of K, then

D [Lw: Ky =[L: K].

wlv
Proof.
By the primitive element theorem, we can write L = K («) for some element o € L. Let
P(X) be the minimal polynomial of this same « over K. Then, given that L/K is a
separable field extension, we can factorize P(X) over K, as

P(X) = Pi(X) - Pu(X)

with P(X)1,..., P(X), different irreducible polynomials. Now, the embeddings o : L
— C, correspond to the maps of a to the roots of P(X), so by proposition we have
that for each w € My that has been extended from a given v € Mg, [L, : K,] =
degree(P;(X)), where j is the unique place such that |- |, is equal to the restriction of
|-|j to L. Therefore

s K) = deg(P(X)) = 3 deg(P(X)) = S [Lu : K.
1=0

wlv
O

From this result, we can see why the terms [L,, : K,] are important for a field extension
L/K, and absolute values w € My, v € Mg, w|v. This motivates the definition of the
local degree of L/K in w, and the normalized absolute value associated to v. They are,
respectively

N = (L« Ky @]l = |a]e"

There will not be confusion between the house ||z||, and the normalized absolute value
|||, as can be seen right here. We also note that we may write ||-|| when referring to ||||oc-

We follow this with an important result on how an absolute value v is extended from
a complete field K to a finite dimensional extension K, as we will need it to obtain a
crucial relationship that we will need for the product formula.
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Theorem 3.11. Let (K, |-|,) be a complete valued field, with |- |, a non trivial absolute

value. Then |-|, can be uniquely extended to an absolute value |- |, of any given algebraic

extension L/K, with |- |, given by the formula
|zl = |Np g ()] /K

Moreover, if L/K is a finite dimensional extension, then (L, | - |,) is complete.

Proof.

We can reduce the general case to the finite dimensional case by taking the finite subex-

tensions defined by the elements we are considering, and in fact every algebraic extension

L/K is the union of its finite subextensions.

We begin with the case wherein |- |, is archimedean, and therefore by Ostrowski’s second

theorem, K = R or C. |Ng/r(2)| = |22z] = |z|%, and |[Ng/r(z)| = |2|, and we are essen-

tially done with this case, so we will hereforward assume the valuation | - |, to be non

archimedean.

Let {uy,...,u,} be K—linearly independent elements of L, and let {a,}, C L be a se-
quence of elements of the form a, = Z;Zl an;u;, wWith the a,; € K. We will begin by
showing that {a,}, is a Cauchy sequence if and only if all the {an;}n ;i = 1,...,r are
Cauchy sequences. One direction of this is straightforward, if all the {ay,;}, are Cauchy
sequences, then so is {ay },. We will prove the opposite direction by induction on r, with
the case r = 1 being obviously true. We will now look at the two possible cases for {a,, }n
in the 7" inductive step. First assume {a,,}, is Cauchy, then the sequence defined by
bn = ap — Apptly = Z:;ll u;ap; is Cauchy by induction hypothesis, and therefore {ay},
is Cauchy too. Now we assume {ay, }, is not Cauchy, by definition then there exists an
e > 0 such that for every N € Zx, there exist p,q € Z such that |a,, — a4, > €. Since
this is true for every N, we can build an arbitrarily large sequence {pg, g}, of integers
with py < pr4+1 and g < gr+1 VK such that |ap,, — ag.rlv > ¢ Vk. From this bound we
see that for every k, (ap,, — ag,.r) ! exists and belongs to K. We can therefore define the
following sequence,

b = (aPkT - aqm’)_l(apk - an)

which is also Cauchy due to {a, }, being Cauchy by hypothesis, and (ap,, —aqkr)_1 <e L
Furthermore, lim b,, = 0 and
n

r—1 r—1
—1
bk = Uy + 5 (apkr - aqkr) (apki - aqki)ui = E bkiui + Uy,
=1 =1

SO {Z:;ll bkiui} is a Cauchy sequence that tends to —wu,, and thus by induction hy-
n
pothesis all the {b,;}, are Cauchy sequences. Now, K is complete with respect to |- |, so

lim b,; = b; € K, and we can take the limits of all the b,,;:
n

r—1 r—1
0= qurln Z briu; + up = Zbiui + U,
i=1 i=1

which contradicts the K—linear independence of the {uq,...,u,}, so {an,}, must be

Cauchy. To finish this part of the proof, consider that by the K —linear independence

of the {uy,...,u,}, then lim a,; = 0 Vi <= lima, = 0, so if we take (u1,...,u,) to be
n n

a K —basis of L, we see that L is complete, as we can impose r = [L : K]. We keep
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r = [L : K], and now all that is left now is proving the existence and uniqueness of the
extended absolute value.

We begin with the uniqueness, assuming the formula gives an absolute value. Let then
|| = |NL/K(I‘)|11/[L:K]. We will assume the equality does not hold, that is, there ex-
ists some a = »;_; a;u; such that |a"|, # [Np/x(a)|y, and we will further assume that
la"w < |Np/ K (a)|s by substituting a with a~! if necessary. Now let b = a" Ny, /ic(a)~!, so
bl < 1 and Np g (b) = Npjg(a)" - Npjg(a)™" = 1. Since [b|, < 1, the sequence {b"},
tends to 0, but on the other hand if we write b" = >\, by;u; , then lin@n b" = 0 implies,
by the previous result, that liTan bni = 0 Vi. Finally, the norm map Ny i : L — K is a
polynomial map and therefore continuous, but b,; — 0 implies 1 = N(b") — 0, and this
contradiction completes the proof.

We finish with the existence. For |z|, = |NL/K(1‘)‘11)/T, it is clear that |z|, = 0 <=
x = 0, and by the properties of the norm, |z|y|y|lw = |2y|lw Vz,y € K. Recall that the
norm is the product over all the embeddings, which satisfy o(zy) = o(z)o(y) . For the
ultrametric inequality, | + y|, < max{|z|y, |y|w}, since we can assume at both terms are
nonzero, we can divide by one of them, and all we have to prove is that

Z)w <1 = |2+ 1|y < 1.

To prove this, consider the valuation ring of K, V = {z € K : |z|, < 1}, and its integral
closure in L, O. From definition [I.3] and proposition [1.4] we can write

O:{xGLNL/K<.I')€V},

so it suffices to prove that
T <1 = |z + 1]y <1,

1/

which is true, hence |z, = [Ny k(2)]s/" gives an absolute value over L.

Now, given v € Mg we have the following embeddings
Q— Qy — @ — C,
o= o = 1 g = ] o

that extend | - |, to a unique absolute value over C,, | - |,4. This is because

i) The first embedding is a completion, therefore the absolute value over Q, can be de-
fined by |z, = limy,— 00 ||y for a succession {x,} C Q, n € Nwith x = lim,,—,00 2.

ii) By Theorem given Q, is complete relative to |- |,,.

iii) C, is the completion of @,, so by the same logic as the first embedding, | - |,, is a
unique extension of | - |,,.

(For further detail one can check [9, Chapter 2; §3, §4, §8] and [5, Chapters 1 and 3]).
Hence, | - |y, is a unique extension of | - |,. Furthermore, it is worth noting that we may
assert more generally that an absolute value on a complete field admits a unique extension
to its algebraic closure, since the latter is a union of finite dimensional extensions.
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C, is algebraically closed, therefore every finite field extension of Q can also be em-
bedded into C,,. Let K be a finite field extension of Q, and let the embeddings of K into
C, be o1,...,0n. Each such embedding can be used to define an absolute value on K,
defined by

|2]o; = |oi (@)l

which allows us to map the embeddings of K into C, to the absolute values:
1 : {embeddings K — C,} — {wl|v : w € Mg, v € Mg}.

Now, in this thesis we will only study finite dimensional field extensions of characteristic
0, so by the primitive element theorem we can suppose K/Q is a finite dimensional field
extension and K is generated by a single element £&. Therefore by proposition the map
1) is exhaustive and

#@Zj_l(w) = Nuw

as every absolute value | - |, extending | - |, is realized by exactly n,, embeddings
This was the last result we needed in order to prove the product formula, which we will
now prove after giving a definition.

Proposition 3.12 (Product formula). Let K be a number field, and let x € K*. Then
II lzllo=1
vEME

Proof Let P be the set of all primes, and we begin by showing that the proposition is true
for K = Q, as it will be needed afterwards. From the definition of the p—adic absolute
value, it is easy to see that
[Tl =
zll, = ——
P [0

peP
Thus,
IT llzlo = T lelt = leloo [T l2lp = 1.
vEMg veEMg peP

We will now prove for a number field K, let x € K*, therefore N o(x) € Q* and we have

1= H [Nk (7)o

UEM@

= H H |o(z)|, by proposition [I.4]

v€EMg o€Hom(K,C,)

= H H |z|w from the exhaustive definition for absolute values
veEMg wlv,weMg

=11 II Jlellw= I ol

vEMg wlv, wEM veEMgk

O

We will take this opportunity to define the following multiset (a set that allows repeti-
tion of elements), as we have begun taking products over the absolute values of a number

field.

21



Definition 3.13. Let K be a number field, and let every v € Mk have local degree n,,.
We define the multiset My as the smallest multiset with the property that every v € Mg
appears n, times in M.

This will allow us to write

1T Izl = I lal

UEMK ’UEMK

which will allow us to talk about submultisets of all the places of a number field, as we
may want to consider the full multiplicity of some places but not others. In particular,
this happens in some uses of Liouville’s inequality, which we introduce later. Having
proved these properties, particularly the product formula, we now define the height of an
algebraic number a.

Definition 3.14. Given an algebraic number a € K, where K/Q is a finite dimensional
field extension, we define its height, H(«), by

H(@) W = TT max{tjal,} = ] max{1,llall.}.

vEMg vEME

A key aspect of this definition is that it does not depend on the field K, that is, if we
consider another field K’ such that K C K’, then

[ max{1,faf, /5% = T] max{1, |laf,}/E"2

vEMK vEM per

This is because of the degree formula from corollary We now prove a couple of useful
properties of this height.

Proposition 3.15. Let o € K* be an algebraic number, and K/Q a finite dimensional
field extension. Then for any integer n € Z, we have

H(a™) = H(a)M.

In particular H(a) = H(a™1).

Proof

Consider an integer m € Z. We will prove the statement in steps. To begin with, it is
clear that for m = 0, H(a") = H(1) = 1 = H(a), so consider now m to be a positive
integer. We have

H(@MEA = T max{1,|a™,} = [] max{L|af,}™ = H(ax)"*.
UGMK UEMK

Taking [K : Q]th roots gives the result for positive integers. We will now use the product
formula for this last step:

H@ U = TT max{1,le} = [] max{l.lal} [] leb= ] max{L|al}

UEMK UEMK ’UGMK UEMK
= H{(o)Q,

Taking again [K : Q]th roots gives H(a™!') = H(a), which together with the result for
positive integers, gives the general result.
O
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The last of the properties we will show now goes goes by Liouville’s inequality, and we
will prove the more general version of it, even though its full scope will not be necessary.

Proposition 3.16 (Liouville’s inequality). Let K/Q be a finitely dimensional field exten-
sion with [K : Q] = D, a € K*, and let W C Mg be any submultiset of all the absolute

values on K. Then
> H max{ }

veEW
Proof.
By the product formula, we have

IT lall. =1,

vEME

From this, and the definition of the height of an element over K we get

)0l — H max{||al/y, 1} = H el - H max{ 1}

vEME vEMK vEMK
H max{ } > H max{ }
EMK veEW

O]

Having defined the height of an algebraic number and given a few of its properties, we
now go one step further and define the height of a linear form, as it will also be necessary
moving forward. We will in fact be making immediate use of it, as it is used in the even
more general version of Siegel’s lemma we will present soon, which unlike lemma
allows linear forms with coefficients that are not algebraic integers. Let A be a linear
form with coefficients in the number field K, which we will write as

A=a1 X1+ -anXny € K[Xl, ...,XN}.
We begin by defining
’A’v == maX{’al‘Uv ) ’a'N‘U}7
and with this, we define its height to be
MED =TT 1Ml = TT 1AL
veMg vEMp

It is worth mentioning that this definition can be proven to be independent of the field K
using the degree formula, from Corollary We also remark that when we write the
product over v € Mg, we take the product over the places v without taking into account
possible repetitions, unlike in the rightmost product. We now show a good property of
this height. Let 0 # o« € K, then by the product formula we get the following equality

H(aM)" W =TT llaa]l, = ( IT led ) MY = g,

UEMK UEMK

This is intentional, the equations aA = 0 and A = 0 are equivalent for a non-zero constant
a € K, so we want them to have the same height. We also remark that because of the
product formula, H(A) > 1, as we show here

MEL =TT 1Al = T laalle =1.

vEME vEMK
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Where we choose a nonzero coefficient a;, which we can assume is a; without loss of
generality. For the sake of completeness, the absolute value of a polynomial P(X) =
an X"+ ap 1 X" 1+ 4+ a1 X + ag, is defined as

[P(X)]y = max{aolo, [a1]v, s |an]v}-

As always, we will only write |P(X)| to denote |P(X)|xo-

Now, our proof of a more general version of Siegel’s lemma which we have been prepar-
ing throughout the chapter requires a way to count the elements of a field K, just as we
did in the proof we give of Siegel’s lemma, so we require one last preliminary result:

Lemma 3.17. Let K/Q be a finitely dimensional field extension, with [K : Q] = D and
suppose that for each place v we are given R, € R>g, and p, € K, such that R, = R5
and pu, = pz for each archimedean o, where & denotes the complex conjugation of the
embedding 0. Moreover, suppose R, # 1 for at most finitely many non-archimedean p.

Then there are at most
(2RV/IK:A  1)[K:Q

elements £ of K with
|§ - ,Uv|v < R,

for all v, where R = [, 57 Rv < oc0.

Proof.

We begin by defining the set ¥, the maximal set of embeddings associated to archimedean
absolute values such that there are no two elements in 3 that are complex conjugates of
each other. Then for o € ¥, let K, = R if 0(K) C R, and K, = C otherwise. With
this, we define the cartesian product F = [] .5 K,(= R" x C* for some s,r € Z, with
r 4+ 2s = D), and look at its elements y € F. As we have shown before, there is a
correspondence between absolute values and embeddings, so we will write y, for the
corresponding real or complex variables, considered as coordinates of the y € F we want
to study. Moving on, we want to count the £ € K such that |§ — p,|, < R, for all v, so for
those £ we define, accounting for all the embeddings, a (r + s)—dimensional ball, B(¢),
defined coordinate wise as

B(¢) = {y €EF:lys —o(§)] < %R‘I/DRU Vo € z} .

We will later count the number of these balls in order to count the number of £ that satisfy
the hypotheses, so we must make sure they don’t overlap, and that in fact B(§)NK = {¢}.
Consider therefore & # & both in K, and assume there exists some t € B(&1) N B(&2).
From the definition of each ball and the triangular inequality, we get

61 — &0 = |0(&1) — to + to — 0(&)] < |0(€1) — to| + |0 (€2) — ts| < RTYPR,

for all o € 3, and since R, = R7, to = liz, we also have

&1 = &ole = |o(&1) — (&) = |o(&1) — o(&)| < R™V/PRg.

Hence, |1 — &), < R~YPR, for all archimedean absolute values.
Now, recall the additional condition on the £ € K for which we defined the balls. Con-
sidering now non-archimedean absolute values, p, this time we have

161 — &2lp = [&1 — pp + pp — E2lp < max{|§1 — pplp, [§2 — pplp} < Ry.
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Taking the product over all the absolute values, bearing in mind the archimedean absolute
value over QQ is extended to D absolute values on K yields

IT & - &l <rRR™' =1,
vEMp

a contradiction due to the product formula, so £ = £z, and therefore B(§) N K = {¢}.
Consider now t € B(), then for this ¢ and archimedean o € ¥ we also have

o = 010)] < It — 0(&)] +1(€) ~ o)l < (14 3R Ry,

that is, every B(&) is contained in the ball defined by
1
{t €K : |ty — o(po)| < (1 + §R_1/D)Rg Vo € 2} :

with p, € K also clearly satisfying |pe — pio|o < Re Vo € 3. This has given us the tools
to find an upper bound for the ¢ with the conditions from the hypothesis. Consider the
volume V' of the ball defined by |y,| < 1, by the 2 dimensional recurrence relationship for

the volume of an n—dimensional ball, the volume of each B(§) is

) [K,:R] . D
=vT] (f“) V(/) I ki,

oeY oeY

while the volume of B(u) is

D
_ 1 _1p [KoR]
V#—V<1+2R ) ];[ZRU :

And finally, the maximum number of ¢ from the hypothesis is given by B(u)/B(§) =
(2RYIEQ 4 1)IKQ | a5 desired.
]

From now on, to differentiate between the two subsets of embeddings, one of which is in
one-to-one correspondence with the archimedean places, the other with non archimedean
places, we will do the following. On one hand, write p for non-archimedean embeddings,
choosing this letter due to the one-to-one correspondence between prime ideals and non-
archimedean valuations, of which we have already chosen a representative. On the other
hand, we will keep using o to refer to archimedean embeddings. We can now finally give
an even more general version of Siegel’s lemma, for linear forms with coefficients in a
number field K.

Lemma 3.18. Suppose [K : Q] = D. For positive integers M, N with DM < N and real
H > 1, let A, be linear forms with coefficients in K and

HAp) <H (m=1,...,M).
Then there are rational integers x1, ...,z N, not all zero, with

Ap(z1,...,zy) =0 (m=1,..., M)
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and o
lzn| < (NH)¥-DM  (n=1,...,N).

Proof.
The method of proof resembles the one used for this same lemma over Q, so we adequately
reformulate the problem by considering the linear map u : QV — KM defined by

u(x) = (A1(x), ..., Apr(x))

and solving for u(x) = 0, with x = (x1, ..., xN).

We now fix W € Ry, which we will soon choose adequately, and let S be the set of
x € ZV with 0 < 21,...,2y < |W]. Clearly #S = (|[W] 4+ 1)V, and now we will use
the previous lemma to bound the cardinality of the set u(S). We fix m, and for every
non archimedean embedding p, define i, = 0, somewhat borrowing the notation from the
previous lemma. For archimedean embeddings o, we let xg = (|[W]/2, ..., |[W]/2) € QV,
and define u, = A, (xg) for every archimedean embedding of K. With this, and letting
& = A, (x) we have, for non-archimedean absolute values first:

1€ — tplp = 1€lp < |Amlp =2 Rp.

This inequality is due to the ultrametric inequality, and the fact that we are considering
x € Z", and the non-archimedean absolute value of an integer is bounded above by 1.
Notice also that for only finitely many p, R, # 1. For the archimedean absolute values
we have

1€ = polo = [Am(x) = Am(%0)loc = [Am(x — %0)|o < N(IW]/2)|Am|s = R,

We can now apply lemma to count these &, with R = [, 57~ Ry = (N |[W] /2)PH(A)P
per the definition of R from the lemma. By the hypothesis bound H(A,,) < H, we have
R < (N|W|H/2)P, hence the number of ¢ is bounded by

(2RYP + 1)P = (NH|W |+ 1)P < (NH(|W] +1))P.

And since we obtained this considering only a fixed m, #u(S) < (NH(|W | +1))PM. To
ensure we lose injectivity, we want #u(S) < #S5, so we need

(NH(W]|+1)PM < (IW] + 1) < [W]|+1> (NH)~¥-Dw.

DM
Taking W = (NH)~N-pM suffices, and due to u not being injective on S, there exist
at least two distinct x’,x” € S such that u(x’ = u(x"), and therefore u(x) = 0, with
x =x' — x” # 0, and all components of x having absolute value smaller or equal to W.
0

We now define the concept of a derivation on a polynomial ring, and then look at a
result we will make use of in the proof of the Gelfond - Schneider theorem. Derivations
can be defined more in general over an algebra, but this suits out purposes perfectly well.

Definition 3.19. Given a field K, a derivation on the polynomial ring K[ X1, ..., X,,] is a
K—linear map 6 from K[X7, ..., X;,] to itself that satisfies, for P,Q € K[X1, ..., X;n];

S(P+Q)=6(P)+4(Q) d(PQ)=PiQ)+(P)Q.

The rightmost condition is called Lebnitz’s law, and furthermore, if /C has a unit, 1, then
since §(12) = 25(1), we have §(1) =0 = §(K) = 0 for every K € K by K—linearity.
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Lemma 3.20. Let § be a derivation on K[X7, ..., X,,]. Then there are integers a, b and
polynomials P, in K[X1,..., X;,] with total degrees at most a 4+ bk such that for any
k > 0, we have

F(X) = Pp(Xy,.. ., Xm) (I=1,...,m).

Further, if K = C there is an integer c¢ such that the coefficients of F,; have absolute
values at most k!cF.

Proof.

For simplicity, we will write P, o(X1,..., X;) = X; and Py = P, = §(X;). We begin by
noting the following recursive formula. We will write

Pr(X1, oy Xm) = Prjp = Z Z D GREIS ¢
11=0 im=0
And consider
5" (Xy) = 6(6" (X)) = 6(Prr—1) Z Z P (X X ).
7,1 =0 Zm—O
Now, using Leibnitz’s law twice, and writing X#m = Xfl <o Xm e have
: . T XX ) G Xt X6 (X W) G
5(X11X;T):Z¥:Z r ir ( T)ZZ 5(X7n),
X X 0X,

r=1 r r=1 r=1

which by —linearity implies

" OP
k Lk=1 ity im _ 1k—1
IRTLTES wf FCH D o BTN LA3| B wict it

that is,

(X)) = Py, = iy (3.1)
r=1

We will begin by proving the bound on the degrees of the P, ;. From equation (3.1]), we
get

0P, j— OP, -
degree(P i) =: D(P k) = max {D( OZ;} 1PT> } = max {D( 832 1> + D(Pr)}.

And since for polynomials in general we have that
0P 1
D : < D(Pj—
( ox. | = (P k—1),

D(Piy) < max {D(Pis1) + D) } = D(Py 1) + max {D(P,)}.

then

By induction then, we get, with b := max {1, D(PT)} :
T

D(P) < 1+ bk.
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Where the 1 comes from D(X;). We shall hereafter write d, = D(P, ), and we now prove
the bound on the coefficients of P, now with K = C.

Let P,Q € C[X1, ..., X;;,], we define the length of P, L(P), to be the sum of the absolute
values of all the coefficients of P. We then have in general

ﬁ(g)]; ) <DP)L(P) and L(PQ) < L(P)L(Q).

So using equation (3.1]) again we get

OP 4
L(Pyy) §m-max£< aljf' 1)maXC(Pr) < mD(Ppyp_1)L(P_1)max L(P,).

We define [} := max L(F,),d, = D(P, ), and employ the above inequality inductively:

k

k
L(Pg) < (mly)dp_y (mly)dg—2L(Prp—z) < -+ < (ml)"L(X)) [ dv < (min)" [T (20r)
r=0 r=0

with the rightmost term evaluating to (2bml;)*k! = ¢*k!, and since L£(P,) is an upper
bound for the largest coefficient of P, j, we have our desired bound.
O

3.2 A familiar proof of Gelfond - Schneider

Now, with more advanced tools, we are ready to tackle this theorem employing a method
very reminiscent of the one used to prove the Hermite - Lindemann theorem. We begin by
giving the statement of the theorem despite not being able to give the proof yet, because
we will be using its hypotheses for the following lemmas that are used in its proof.

Definition 3.21. Let p > 0, and consider only functions defined over C. We say that an
entire function, f, has strict growth order at most p if there exist positive constants ¢, C
such that |f|r < cCF” for all R > 0. The growth order of f is the infimum of all possible
values of p. Furthermore, for meromorphic functions F' = g/h, with g, h entire functions,
we will say that F' has growth order at most p if both g and h have growth order at most

p.

In the theorems of Hermite - Lindemann and Gelfond - Schneider, a p = 1 is sufficient,
but for the rest of known cases we have p = 2. An example of this is the Weirstrass
elliptic function in the following chapter. Now, the following theorem is noticeably more
general than the Gelfond - Schneider theorem, and even has weaker hypotheses. It is a
display of how powerful this proof strategy can be, and the diverse results it can unveil,
but as we will show soon, it does imply Gelfond - Schneider.

Theorem 3.22 (Schneider - Lang). Let fi,..., f;, be meromorphic functions of growth
order at most p > 0, with at least two among them algebraically independent over C.
Suppose that for some number field K with [K : Q] = D the derivatives f1,..., f}, lie
in the ring K[f1,..., fm]. Then there are at most 16pD complex numbers w such that
fi,..., fm are analytic at w with values in K.

As mentioned, we will be following a similar proof strategy as in Hermite - Lindemann.
We begin by considering a finite subset, S, of the following set

{w € C| fi,..., fm are analytic at w with values in K'}.

28



We will write S = #S8 for the cardinality of the subset, and we proceed by picking any
C—algebraically independent f,g from the fi,..., fi,, and proving the existence of an
auxiliary polynomial in f, g that is not identically 0, and has zeroes in S. We will then
prove we can arbitrarily increase the multiplicities of the zeroes of the polynomial in f, g
provided S is larger than a certain constant we will determine later. Due to this, assuming
S is larger than this constant will imply our auxiliary polynomial is identically 0, despite
proving it is not identically 0, so S must be smaller than this constant, which is in fact
the result we want to prove.

Let us consider this subset S with cardinality S for the following lemmas then. Again,
as in the proof for the Hermite - Lindemann theorem, in the following lemmas we will be
considering the variables L, S, T,T1,.S1. These will only be variables in the sense that they
can vary to satisfy the various restrictions we will later impose upon them in order to prove
the Schneider - Lang theorem, or they may obey certain inequalities as is the case for S,
but otherwise within the context of the lemmas, they are all fixed quantities. Even when
we have to employ the lemmas repeatedly, we will consider the lemmas after fixing these
values in order to get the desired results. On the other hand, the constants C, C;, ¢; i € Z,
are just constants that satisfy the inequalities, and depend only on f1,..., f,, and S.

Lemma 3.23. Given the finite set S C C we are considering, and two C—algebraically
independent meromorphic functions f, g € {fi, ..., fm} from theorem[3.22] For any L > 2,
T > 1in Z with

(L +1)*> >2DST (3.2)

there is P € Z[X, Y], of degree at most L in each variable and with coefficients of absolute
values at most ¢I*TLTTT | such that

¢(2) = P(f(2),9(2)) (3-3)

is not identically zero and
ord,—y ¢(2) > T Yw e S. (3.4)

Proof.
We consider again a polynomial

L L
P(X,Y) =) > piX'YI

i=0 j=0

and we will show we can find p;; € Z that fit our criteria. To this end, we note that
just as in (2.7)) , equation (3.4)) is also an equation of the type Ay, = 0, with coefficients
Qijtw = (d/dz)'(f(2)'g(2)’) being evaluated at z = w. To be explicit we have

L L
A = ¢V (w) = Z Zpijath‘j = 0.

i=0 j=0

It is the heights of ayy,;j we will find a bound for in order to bound the heights of the A,
to use our lastest version of Siegel’s lemma. To do this we will again use Lebniz’s rule to
differentiate, and we will write f(® = jz—nnf(z) for the n—th derivative of f, t = (¢1,...,t;),
and s = (s1,...,5j). We thus have

(d/d2)'(f'g") = > C(t,s) f) ... fliglsn) . gls))

ittty ots =t
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Where each t,, s, takes every integer value from 0 to ¢, and we write f* as the product
of f i times for ease later on when substituting the derivations. Despite its appearance,
this sum is the same as the usual derivative. Moreover, the constant is the multinomial

coefficient "

Clts) = sl sl

Now, by the hypotheses of theorem|[3.22], we have differential equations for all our functions

)= = P ) (=1,

which gives us a derivation on K{f1,..., fm] given by d%v which by lemma means all
the f®) ¢ are in K|[f1, ..., fm], so the Ay, do indeed have all coefficients in K, and we
can find a solution to the system by the other hypothesis (L + 1)?> > 2DST, which is
more than strictly necessary, but allows the bound for the p;; to have a Siegel exponent

(LHI))Q% < 1. Moving on, we write

FO = Fi(fry s fm) - 9™ = Grlfr, ooy fin),
both in K|[f1,..., fm] by lemma and therefore the coefficients of the A4, are

Qpwij = Hyj(fr(w), ..., fm(w))

for the polynomials

Htij(fla---afm) = Z C(t>S)Ft1"'FtiGsl "'st
t1+t+tits1++s;=t

as seen before. By lemma [3.20]| again, we have a bound on their degrees, and therefore on
the degree of the Hy;;:

D(Hyj) < (1+bt)+---+(1+0bt) + (1 +bs1)+---+(1+0bs;) = (i +7)+ bt <2L+bT.

We will use this to find a bound for the ay.;;. We begin by considering the archimedian
places:

|twijlo = o (qtwij)le < £(U(Htij))C§+T

Where the length arises naturally by considering the absolute values of all the terms that

make up g, and céJrT comes from considering a bound for the largest term to the
largest possible degree. Continuing, we have (omitting the indices of the sum for ease)

L(o(Huj) <Y Clt,8)L(o(F)) - L(o(F,)L(0(Gsy)) - L(o(Gsy))-

To bound this sum, recall that > C(t,s) = (i + j)! < (2L)T. Moreover, consider the
derivation obtained from o o (d/dz) = o(d/dz), which is a derivation as it is simply
applying o onto the resultant polynomial, so all the defining traits of a derivation are
maintained. From lemma|3.20|again, from the bound on the degree and the absolute value
of the coefficients we also get a bound on maximum number of terms the polynomials may
have, thus

L(o(Fy,)) < (1+4bty +1)Mty1ct < 414

Joining these inequalities together yields

|Qttwijle < (2L)Tt1 gn%ic S_{tl!, e Bl 8], ...,sj!}c§c§+T < (2L)Tt!c4L+T < c§+TLTTT.
----- 31515-++,55
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We now consider the non-archimedean places. In this case, even though we have developed
the machinery of heights, it is useful to go back into the algebraic integers, as doing that
will allow us to use the ultrametric inequality to its fullest potential. Consider a non-zero
B € Z such that ff] = 8P, € Zk|f1, ..., fm]. From equation , it follows inductively

k
that 8% ¥ = B¥Pyy € Zic[f1, .., fm] 100, hence Blauwij = B Huij (fL(w), .., fm(w)) € Zic
and by the ultrametric inequality, it suffices to bound the powers of the fij(w), if they’re
larger than 1, with their corresponding degrees. This yields

8" ttwijlp < max{1, ’fl(w)‘p}MH)T -+ -max{l, ’fm(w)|p}2L+bT,
and since we are dealing with the non-archimedean absolute values, |3, < 1, hence
|Qtwijlp < |,8—T‘pmax{1, |f1(w)|p}2L+bT -+ max{1, |fm(w)|p}2L+bT < ‘B—T|pMpL+T‘

For a constant M, that depends on the place p, with M, # 1 for finitely many p. Now,
recall the formulas H(Ag, )Y = T, [Awwlv, and [Agy|y = max {|apwij|s}, the bounds for
/L?]

the |apijlo give us a bound for H(Ay):
H(hw) ™ < (LTSI 24
p

Hence
H(Ag) < (ETLTTT).

We now apply Siegel’s lemma having ST equations, and (L + 1)? unknowns which
implies the existence of the polynomial P with the properties we want, and coefficients
of absolute value at most

DST

((L n 1)206L+TLTTT) @F1)2-DST (L+ 12t TLTTT < 4T LTTT

O]

The next lemma is intimately connected with the previous one, as they will both be
part of the proof of the Schneider - Lang theorem, so all the notation carries forward.

Lemma 3.24. Suppose for some integer 77 > T that
ord,—y, P(f(2),9(2)) = ord,—y ¢(2) > 11 Yw € S.
Suppose further that for some w; € S and some t =0,1,...,277 — 1 we have
ordy—y, ¢(z) > t.
Then for any Y > 1 we have

00 )| < VST BT TR R

Proof.

We will follow the same template as before, and divide ¢ by its zeroes, but this time also
by its poles, to make the "new” ¢ entire. To be precise, there exists a non-zero complex
function A such that h, hf, and hg are entire of growth order at most p. The existence of
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this h hinges upon a couple observations. First, the product of two entire functions X,Y
with growth orders at most p; and py respectively is at most max{pi, p2}, this is easily
seen with the following inequalities:

|X (2)]|Y (2)] < a1 A" ag AR < bmax{A;, A} TR < bmax{A2, AZymaxifin R

Secondly, since f, g are meromorphic with growth order at most p, they are the quotient of
two entire functions with growth order at most p, so if we write f = r1/s1 and g = ra/s2,
we can take h = s1s9, which will be entire of growth order at most p, and will also make
hf and hg entire with growth order at most p. We note that this choice of h also fulfills
the property h(w;) # 0, which will be necessary later. This is because by definition,
wy € S, s0 f(wy),g(wy) € K and therefore w; cannot be a pole of f or g, so it is not a
zero of either s; or so. Now, with this 2 we define 1(z) = h?*(2)¢(z) and

P(2)

[Tues(z —w)’

both entire. This then implies that for every positive real R, R;, with R < Ry we have

D(z) =

|®|r < |®[R,-
Now, for our purposes, we will take R =1+ sup |w| and Ry = (2 + 1)R, with ) > 1 as
weS
in the hypothesis. We can further bound the previous inequality to obtain
[¥(2)|r [(2) R,
S <D < |® <
(2R)ST1 = ‘ ’R = ’ ‘Rl = (QyR)STl’

which implies
Ylr < V1Y g,. (3.5)

Which just as before will give us a way to bound the [i|g term, by cleverly choosing ).

We now use lemma again with ¢ = ¢, m = ¢, and r = R — 1 = sup |w|, to get the
weS
following inequality

[ (w)] < [0 < tllglr
and then bound [¢|g using lemma
L
[lr < (L+1)?FHTLITT - (O™
which due to R being fixed yields
|,¢(t) (wl)‘ < (2T1)(2T1) . y—STl X (L + ].)2(3%+TLTTT . Cc((Qy—i—l)R)pL

S y75T1 C$+T1 LTI T13T1 0137le

To finish the proof, recall that by hypothesis ¢(w;)® = 0 for all i < t, so ") (w;) =
& (wy)h?E (w1), and since h(w) # 0,

|¢(t) (UJ1)| S y—STl C£+T1 LT1 T13T1 C%)pL.
O
The next and final step will be to find a lower bound for these same terms, that will

force them to be 0 for our eventual choices of T, 5,L,). Again, the notation will be
carried forward.
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Lemma 3.25. For any integer 17 > T and each of the
éthqb(t)(w) (U)ES,tZO,]_,,2T1—1)
we have either &, = 0 or

—(L+T —3DT, n—3D1T
|€tw’ > 08( 1)L 1T1 L

Proof.
&y 18 again a linear form Ay, which we must bound. Now, from lemma we are
familiar with &, so let p be a non-archimedian absolute value, we have:

[Stwlp < max |pijlymax |orpuwijlp < maxouwijlp-
1,) 2,7 2y}
For archimedean absolute values o, on the other hand:

|twlo < (L + 1)2HZLEJL,X Ipz-jlgn}%XIatwijla < IClgHZLa}XIatwijlg

Where |C|, = [(L + 1)2cET* 12T (277)?T1|, is a constant larger than 1. We note that
since we are now differentiating 277 times, we have adjusted the bounds accordingly for
|Cls. Now, we can use the same bounds for |ayij|, that we used in lemma to obtain

bounds for max{1, [{u, |}, and taking the product over all the places, we thus obtain a
bound for H (&uy):

H(ftw) S CC%J'_TLTTT S Céz-‘rTl L2T1 T12T1 LTI T1T1 _ C§L+Tl L3T1 T13T1 )

Using now proposition Liouville’s inequality, with WW = {oo} we obtain either &, = 0
(we cannot use Liouville’s inequality) or

o < max{ 1 < H(G)? < T LRI,
|£tw’ |£tw’oo

that is €| > cg T L3Iy 3DTL

We now go back to the thorem, with the groundwork done to prove it.

Proof of the Schneider - Lang theorem
Recall the statement of the theorem, already given as theorem We begin by con-
sidering the finite set S we described at the beginning of this section with cardinality S,
and taking all the hypotheses from the Schneider - Lang theorem As in Hermite -
Lindemann, the term Y571 will have to beat every other term, with this time only the
restrictions

.leT

e (L+1)*>2DST.
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With our setup established, we now assume 16pD < S < 0o, and choose any C—algebraically
independent f,g € {fi,..., fm}. We then fix a sufficiently large 7', and define L :=
|vV2DST |, which satisfies (L + 1) > 2DST and implies L < ¢10T < c10T;. Employ-
ing now lemma provides the existence of an auxiliary polynomial in f,g: ¢(z) =
P(f(2),9(2)) € Z[f, g] with the critical properties

e ¢(z) is not identically 0

e ord,—, ¢(z) >T VYweS.

We now fix T7 = T, which clearly satisfies T > T, and define ) := [Tll /2 -‘ . We now use

lemma with w; now being an element of S which we will call w*, and ¢t = T. This
yields
60 (w)| < YT LATPR O

On the other hand however, lemma tells us that either ¢ (w*) =0 or

‘(b(t)(w*)‘ > Cg(L+T1)L—3DT1T1—3DT1_

Our aim is to eventually force ¢(z) to be a polynomial with zeroes of infinite order, so we
want to arbitrarily increase the lower bound of ord,—,, ¢(z) for at least one w € S. This is
equivalent to proving that for at least one w € S, qb(”)(w) = 0 for arbitrarily large n € N.
Hence, we must make the two inequalities we have obtained for ¢ (w*) contradict each
other. Specifically, we want

_ —(L+T _ _
Y STy Cg+T LT1T13T1 C{;yp < Cs( +T1) L 3DT1T1 3DT1,

with the strict inequality as we must rule out an equality of all the terms. Now, from our
definitions of ) and L, we have the following inequalities:

T
YR LI Y < 1 ST o = (1S )

_ _ _ T1
o (L+T1)L—3DT1T1—3DT1 > ATy 3DT1/2T1—3DT1 _ (T1 9D/2€11) _
So it suffices to have
_ _ _ c
T, S/2PT17/2C'2 <7 9D/2c11 — T S/20+7/2+9D/2 Cil =C3
2

Now, as we will see shortly, it is not enough that this is true for certain values of 77, as
we will want to increase the value of T3 arbitrarily when we iteratively employ lemmas

[3:24] and [3.25] therefore we must have

-5
—+7/2+9D/2<0
5p T7/2+9D/2<0,
which is equivalent to

S > (T+9D)p.

Since we have assumed S > 16pD > (7 4+ 9D)p, this condition is met. Furthermore,
recall that when we began the proof we fixed a sufficiently large T'. As we can see now,
sufficiently large here means large enough such that 7—5/20+7/249D/2 ¢ - and therefore

T, S/2p+7/249D/2 Cs5 for every value T1 we choose, as they are all bounded below by T
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Now, because of our assumed bound on S, we have \d)(t) (w*)| < y—5h cEL5+TLT1 Tf’T1 C’lLyp <

cg(L+T1)L_3DT1T1_3DT1 < |¢®(w*)|, a contradiction, so by lemma this implies
#® (w*) = 0, meaning we now have

ordy—y+ ¢(2) > T + 1.

Notice that this procedure we just detailed for w* can be done for the rest of elements
of S, so in particular we repeat this exact procedure for the rest of the elements of S,
obtaining now

ord,—y ¢(2) >T+1 VYweS.

We can keep repeating this process iteratively, as the hypotheses of lemmas and
will always be met, and we made sure lemma will always yield ¢() (w) = 0. However,
we can only choose ¢ to be as large as 277 — 1, so when we obtain

ord,—y, ¢(2) > 2T YweS

after the iterated uses of the lemmas, we must now define T7 = 2T before iteratively using
both lemmas together. We keep doing this until we have to put 71 = 47T, Ty = 8T,...,
making the orders of the zeroes of the auxiliary polynomial ¢(z) arbitrarily large, so
¢(z) must be identically 0, but in lemma we proved ¢(z) is not identically 0, a
contradiction. This means our original assumption that S > 16pD was wrong, and we
therefore must have S < 16pD, which completes the proof of this theorem.

O

Now, before showcasing how this theorem implies Gelfond - Schneider, and even Her-
mite - Lindemann, we must prove the following result, which will give us a way to quickly
prove the algebraic independence of z and e?, one of the hypotheses needed to use theorem
to prove the Gelfond - Schneider and Hermite - Lindemann theorems.

Proposition 3.26. Let \q,..., A\, be different complex numbers, then e*?, ..., erm?

linearly independent over C(z).

Proof.

The proof will be by induction on m, with the case m = 1 being obviously true. Now
assume we have rational functions R;(z) € C(z), non-zero by induction hypothesis, such
that

are

R1(2)eM? + -+ 4+ Ry (2)e** = 0.
Without loss of generality we can assume R,, = 1 and \,,, = 0, so this becomes Ry (z)e)‘lz +
--+4+1 =0, which we can differentiate to obtain yet another equation that is identically 0

(‘R/1 + Rl)\l)e)\lz 4t (R;nfl + Rm—l)\m—1>e>\m_1z — 0.

None of the coefficients of the e** are 0, as that would imply that R;/R; = —\; which
for non-zero \; implies R; is an exponential function, which is not in C(z), and if \; = 0,
that would contradict the hypothesis that all the A; are different, and we already have

Am = 0. So all the coefficients are in C(z), but by induction hypothesis, e*?, ..., e*m-17
are C(z)—linearly independent, so the R; € C(z) cannot exist, which completes the proof.
O

We can now finally show how Gelfond - Schneider’s theorem is a corollary of theorem
5.15, which highlights how general the proof method used for Hermite - Lindemann can
become. It is part of the reason we are writing this thesis in the first place.
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Corollary 3.27 (Gelfond - Schneider). Given an irrational algebraic number 3, and an
algebraic number a # 0,1. Let log(a) be any non-zero determination of the logarithm,
then of = e#108(9) ig a transcendental number.

Proof.
We begin by assuming that o® = v is algebraic, and therefore K = Q(a, §,7) is a finite
dimensional number field over Q. We now choose fi(z) = e* and fo(z) = €%, both

have growth order at most p = 1, and they are algebraically independent over C by
proposition With K as above, since fi(z) = fi(z) and f5(z) = Bf2(z) both lie in
the ring K[f1, f2]. Then, by theorem there can only be at most 16[K : Q] complex
numbers such that f; and fo are analytic with values in K, in particular, there can
only be finitely many such complex numbers. However, for every n € Z~o C C and a
non-zero determination of the logarithm where log(«) is well defined, z, = nlog « yields
filzn) = o™ € K and f3(z,) = 7" € K, and both fi, fo are analytic at the z,, which
contradicts the theorem, hence we can’t have « algebraic, which completes the proof of
Gelfond - Schneider.

O

It is worth noting that using the same Theorem with the same argument works to
prove Hermite - Lindemann too, this time choosing fi(z) = z and fa(z) = e*, whose
algebraic independence over C we proved in lemma [2.I] and with z, = na for non-zero
algebraic a, n € Z~y.
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4 Elliptic functions

4.1 Introduction to elliptic functions

We fittingly begin the chapter by defining elliptic functions and presenting four results
regarding the properties of general elliptic functions.

Definition 4.1. Let f be a meromorphic function on C, we say that f is an elliptic
function if there exist two R—linearly independent complex numbers, wi,ws € C, such
that

f(z4+w)=f(z) and f(z+w2)=f(2) VzeC.

They are doubly-periodic functions, and from now on we will assume that wy, w9 are the
smallest periods of f, that is, for both w; and ws, there does not exist any a € (0, 1) such
that f(z) = f(z+aw;) Vz € C. Elliptic functions are doubly-periodic, and this property
lends itself well to a tessellation of C with parallelograms, whose edges are a subgroup of
the complex plane called a lattice 2 = Zwj + Zwsy. The parallelogram formed by joining
in succession consecutive points of the set 0,wq,ws + w1, ws, 0 is called the fundamental
parallelogram. To be precise, the fundamental parallelogram is the set

{26C|z:aw1—|—ﬁw2; a,BE[O,l)}.

The parallelograms that cover C are also called meshes, and clearly all the points in
24 Zw1 + Zwo occupy the same corresponding points in every mesh. These points are said
to be congruent to each other, which is written as z = 2’ mod w1, ws, because 2’ = z + w,
with w € Q. From the definition of elliptic functions, it follows that an elliptic function
attains the same value at on every set of congruent points, therefore its image over every
mesh is the same. In the context of integraton, it is convenient to avoid integrating over
a mesh when the elliptic function f has a singularity in its boundary, so in that case,
exploiting the periodic properties of f, the same exact integral can be evaluated over a
translated mesh, which will not be another mesh (it would have the same issues we are
trying to avoid). Such a parallelogram is called a cell. We follow this with the following
definiton.

Definition 4.2. The set of poles, or zeroes, of an elliptic function f in any given cell is
called irreducible, and they will be referred to as the irreducible set of poles, or zeroes.
Every other pole or zero of f is congruent to one of the poles or zeroes of the irreducible
set.

We will call any singularity that is not a pole, an essential singularity. We now present
the four results.

Proposition 4.3. The number of zeroes and poles of an elliptic function f # 0 in any
cell is finite.

Proof.

First, the number of poles is finite because otherwise the poles of f would have a limit
point, which implies that f has an uncountable number of poles, contradicting the fact
that f is meromorphic. Now assume the number of zeroes of f in any cell is not finite, then
1/f has infinitely many poles in the cell, and therefore the poles have a limit point, which
must be an essential singularity. This essential singularity is also an essential singularity
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of f, contradicting again that f is meromorphic.
O

Definition 4.4. Given an elliptic function f, we define the order of f as the number of
poles of f in a cell, counting multiplicity.

Proposition 4.5. The sum of the residues of an elliptic function f at its poles in any
cell is 0.

Proof.

Let C be the cell we will consider, and OC' the contour of the cell, which has vertices at
t,t 4+ wy,t +wi + we,t + wo, for £ € C. The sum of the residues of f at its poles in C' is
given by

1 1 t+wq t+wi+wsz t+wo t
— f(z)dz = — / +/ +/ +/ f(z)dz.
2mi oC 2mi t t+wi t+wi+wsz t+wa

With the substitution v + ws = 2z on the third integral, and u + w; = z on the second
integral, this is equivalent to

t t

t+wo
f(z)dz+/t f(utwy)du+ " f(utwe)du+ " f(z)dz.

1 1 [t

- dy — —
3wt Joo TP = 00 |

Which is exactly 0, on account of the double periodicity of f.

Theorem 4.6 (Liouville). A holomorphic elliptic function f is constant.
Proof.
Consider a cell C, since f is holomorphic (no poles) and C' is contained in a compact
subset of C, f is bounded on C. By the periodicity of f, it is then bounded on C, and
thus constant on C.

O

Corollary 4.7. A non constant elliptic function f has order at least 2.
Proof.
Assume f has order at most 1, that is, it has at most a simple pole. Proposition tells
us that the residue at that pole is 0, so f is holomorphic, but by Liouville’s theorem, this
implies f is constant, a contradiction.

O

Theorem 4.8. Given an elliptic function f and a constant ¢ € C, the number of roots
of the equation

flz)=c
in any cell is constant, counting multiplicity. Moreover, it is independent of c.
Proof.
We begin by fixing a cell C, such that f has no poles on its contour 0C. From now on,
when we refer to the number of zeroes or poles of f, we are taking their multiplicities into
account too. Now, by Cauchy’s argument principle, the difference between the number of
zeroes and poles of f(z) — ¢ in the cell C is given by

1 f'(2)

— = — d
21 aC f(Z) — C 211 aC g(z) =
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with ¢g(z) = f'(2)/(f(z) — ¢). By the double periodicity of f and our choice of C, we have
fl(z4+wi) = f(z+ws2) = f'(2) for z € IC, and since f shares the exact same periodicity,
g(z+wi) = g(z +w2) = g(z) for z € 9C. Using the same argument as in proposition 6.4
when integrating over 0C, we get

1 f'(2)

— ————dz = 0.
21 8cf2’)—c &

So by Cauchy’s argument principle, f(z) — ¢ has the same number of zeroes and poles.
However, since c is fixed, these are the same poles as f(z), and the number of poles of
f(2) is fixed and independent of 0, which concludes the proof.

O

Corollary 4.9. Every elliptic function f has the same number of zeroes and poles in a
cell, counting multiplicity.

Proof.

Use the above theorem with ¢ = 0.

We will now look at a particular class of elliptic functions.

4.2 The Weirstrass p function

The Weirstrass elliptic function, denoted as p(z), is a central object in the study of elliptic
curves. As we know, the exponential is a periodic function that provides a group homo-
morphism R/Z — S!. This notion can be extended in a way to C through the Weirstrass
p function, because g is doubly-periodic and provides a way to define a group homomor-
phism from the complex torus to an elliptic curve, which we write as T = C/Q — E. It
is therefore not a big surprise that we have elliptic versions of the Hermite - Lindemann
and Gelfond - Schneider theorems, but we must first lay the groundwork for that.

We will begin by looking at the Weirstrass form of a general elliptic curve
y? =423 — gox — g3. (4.1)

We will always assume an elliptic curve in Weirstrass form when talking about an elliptic
curve with invariants gs, g3s. Now, we will assume three distinct roots for the cubic, which
is equivalent to g3 —27g3 # 0. This assumption allows us to compute two R—linear inde-
pendent complex numbers wy and wy called periods, which are completely characterized
by g2 and g3 [12], Page 41]. The linear combination of these periods over Z forms a lattice,
Q) = Zw1 +Zw2, which is consequently also characterized by g2, g3. On the other hand, the
lattice also completely characterizes the values go, g3 by means of the following formulae

1 1

g2 =60 > — and g3 =140 > — (4.2)
weNN{0} weNN{0}

([I2, Page 41]). Since g2 and g3 completely determine the elliptic curve in Weirstrass

form as seen by equation 6.1, we can equivalently determine the elliptic curve from its

associated lattice ,(2, and the constants g0, g3.
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For the rest of this chapter every time we consider a lattice it will be Q = Zw; + Zws,
with w;/we ¢ R, unless otherwise specified. Now, given a lattice €2, we can define the
Weirstrass Elliptic function o(z) = pq(z) as the following series

p(2) = % + > <(Z_1w)2 - ;) (4.3)

we~{0}

which is well defined and meromorphic, as we will now see. To do this, we will begin by
showing that @(z) is uniformly and absolutely convergent on every compact subset of C
that does not contain any point of the lattice 2. Let K be any such compact subset of
C, we will use Weirstrass’ M-test, so we want to bound

1 1

(z—w)? w2

22w — 2)
(z — w)?w?

Let Z = max |z|, we will first consider the sum on the subset of the lattice W; = {w €
zE

0w €27, w#0} C Q. Wy is compact (and finite) and K N = (), so the distance
function d(K,-) attains a nonzero minimum over Wi, which we will call A. Because of
this, we can bound

1 1

1
(z —w)

1 1 1 1
=+

< S e —
- — A% |min{wi,we}|? A2

1
w2

L 1 __.c
(z —w)?  w? 2 |wrnin|? 7

where C' is a constant. We now consider the rest of the sum on the subset of the lattice
Wy ={we Q:|w|>2Z} C Q. Here we bound

22w — 2)

[2[(j20] + |2]) _ 12|(5lw]/2) Ol=1/2) _ 5l _ 52
(2 — w)2w?

= (lwl = 1=D2w?] ™ (wl/2)?lw?] ~ (lwl/2)2w] 2w = Jwl*

We have therefore found a bound for each term in the sum defining p(z) for all z € K,
so all that remains to use Weirstrass’ M-test is showing that the sum of these bounds
converges. # W is always bounded, so we only have to show that ZMGWQ ﬁ converges.
It could be the case that Wy = Q ~ {0}, so instead all that remains is proving the

convergence of
> o
jw?
we~{0}

To do this, consider the function f: R? \ {(0,0)} — R defined by

|nwi + mws|
fln,m) = —————=
n| +[ml

Notice that for every t € R, f(tn,tm) = f(n,m), so we can restrict the domain of f to the
unit circle S' without changing the image of f. S' is a compact subset of R?, and since
f is continuous, it attains an infimum over the S', which we will call B. This infimum
is non-zero because w; and wy are R—linearly independent, so going back to the integers
now, we have a lower bound

|w] = |nwy +mws| = B(|n| +[ml),
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which allows us to change the summation from w € Ws C 2 to adding over the possible
values of |n| + |m| = N. There are 4N possible integer combinations (n,m) that give
|n| + |m| = N, hence

2’1’3<1 Z 1 <1 4N 47r2<oo

—| =353 T 3 = /3 N3 T ams

le B s (In| + |m]) B = N 6B
(n,m)#(0,0)

We can use the same argument for every compact subset of C \ €2, so in particular, p(z)
is uniformly and absolutely convergent on every compact subset of C \ €. Now, for every
finite subset Qg C 2 ~ {0},

Sae(2) = Z <(z—1w)2 - :2>

w€eNy

is holomorphic over C \ 2, so by the proven uniform and absolute convergence of p(z),
©(2) is holomorphic too. This implies that given any open U C C such that U N Q = 0,
©'(z) exists on U and is equal to

oz)=-2> (2—1w)5 (4.4)

On the other hand, it is clear by its series representation that p(z) has poles of order 2
on €, just as Sq,(z) has poles on . From all this, we deduce that the Weirstrass p
function is meromorphic on C.

We will now show that p(z) is an elliptic function. All that remains is to prove that
it is doubly periodic with periods w; and wy. We begin by noting that —Q = €, and
therefore

1 1 1 1 1 1
@(—Z) = W‘i‘ Z <(zw)2—w2> = ?‘f' Z <(z+w)2_(w)2> = @(Z)

we~{0} weQ~{0}

So p(z) is even. Now, clearly by its definition above, ¢(z) is periodic with periods w;
and wo. Furthermore, ©'(z) is absolutely convergent for all z € C \ €, as we showed
> weq lw| ™ < oo ([13, Page 270] for further details). Because of this there must exist
constants a,b € C such that for all z € C,

oz +wi) = p(x) +a and  p(z+ws) = plz) +b.

But we know p(z) is even, so setting z = —w;/2 in the first equation and z = —w9/2 in
the second equation, we get

plw1/2) = p(-w1/2) +a and  p(w2/2) = p(-w1/2) +0.

Hence, a = b = 0, and p(z) is doubly periodic with periods w; and we. We will now see
the relationship between p(z) and elliptic curves.
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Consider the function

f@ =0 - 5= 3 <(_1w)—j>

we~N{0}

It is holomorphic on a neighbourhood of the origin, as it is p(z) with it’s pole at the
origin removed, and therefore it is analytic in that same neighbourhood. Hence, by
Taylor’s theorem, we can compute the coefficients of its power series centred on z = 0.
We note that we can differentiate under the summation sign because of the previously
proven uniform and absolute convergence of the series. The n—th derivative of f is thus

1
M (2) = (=1)"(n+1)! —
D)= e+ Y
we~{0}
which evaluated at 0 for n = 2,4 yields
1 1
2 _ _ 4 _ _
fAO0)=6 Y —=g/10, fP0)=120 Y —=6gs/T
weQ~{0} weN{0}

We are cheating a bit, having already given the expressions for g and g3, but this will
serve as a way to verify these formulas. Moreover, by the symmetry of Q, f(™ (0) =0 for
odd n. We can therefore write

1 gez? g3t

= Oz
and differentiating
-2 gz | g32® 5
/ _— —_— — —
W)=z +55+ - +0E)

We want to get rid of the terms with negative degree, so we square ¢'(z) and cube p(2)
to obtain

1 392 | 3g3
3 _ 2 / - = _ 2
p(z) - Zﬁ + 2022 + 28 + O(Z ) ) & (Z) + O(Z )

Then
o (2)? — dp(z)?

and from our previously computed Laurent series for p(z), we finally obtain

G(2) = ¢'(2)? — 4p(2)% + g2p(2) + g3 = O(z?).

I
|
%l
N DN
|
N
w
+
)
—~
N
[\o}
~—

Now, the sum of meromorphic funtions is meromorphic, so G(z) is meromorphic, and in
particular, since all the added meromorphic functions have the same poles, the poles of
G(z) are exactly €. Furthermore, G(z) is an elliptic function, as it clearly satisfies G(z +
w1) = G(z + w2) = G(z) Vz € C. On the other hand, G(z) is analytic by construction,
and therefore holomorphic, but by Liouville’s theorem [4.6, G(z) must then be constant.
Taking the limit as z tends to 0 reveals this constant to be 0, so G(z) = 0. Therefore we
have the following order 1 differential equation

' (2)” = 4p(2)° — gap(2) — gs. (4.5)

This implies that for every z € C \ Q, the map C(z) = (p(2), ¢'(2)) gives a point on
the cubic curve (4.1)), which is how we define the previously alluded to map from C~\ Q to
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E. Tt is worth noting that the poles of p and ¢’ are mapped onto the infinity point of the
elliptic curve. Due to the periodicity of g, this map is not one to one, but given suitable
conventions regarding the boundary of the fundamental parallelogram (or equivalently,
any parallelogram), taking values of z contained in the fundamental parallelogram does
make C(z) a one to one map. So the fundamental parallelogram is mapped one to one
onto the complex points of the curve , furthermore, the map z — C/(z) satisfies the
following property [12, Page 43]

C(z1+ 22) = C(21) + C(22)

[12, Page 43|, which establishes a homomorphism from the additive group of complex
numbers, G, to the group of complex points of the cubic, F(C), with its corresponding
sum. This property also motivates the addition formula for g given by

2
_ L(¢/(21) ~ ¢'(22)
pla1+2) = —p(21) = pl=2) + <p()_p()> (4.6)

[15] Page 463], where we are back to only using the usual sum over the complex numbers.
We will also take the time to present some other identities that we will require later due
to the hypothesis of the Schneider - Lang theorem that f/ € K([fi, ..., fm]. To begin with,
note that we cannot use equation in the case 21 = 29, so we present the doubling
formula for the Weirstrass g function

160(2)* 4 8gap(2)? + 32g30(2) + g3

o) = 16,/(2)?

(4.7)

[T, Page 245]. We cannot use this formula when ¢'(z) = 0, so we must know what the
zeroes of @' are. ¢’ is an elliptic function too, and because it clearly has poles of order
3 (see equation ), it must also have 3 zeroes in every mesh, counting multiplicity.
Now, from its definition in equation , it is clear that @’ has the same periods as .
Furthermore

=Y - L g — Y s -0=0)

3
—Z — W z w
wes ) we -

so ¢’ is an odd function, and because of it’s double periodicity too we have

—p'(w1/2) = ¢'(—w1/2) = ¢ (w1 —w1/2) = ' (w1/2),

and analogously for ws, hence '(z) has a zero on each of its half periods. There is another
zero which we can find using the same method

, (w1 + wa , w1 + wa , ) ;[ W1+ w2
E 5 I =g (w1 tw2— 5 =R 5 ;

so the zeroes of ' are exactly the elements of %Q N 2, and thus the doubling formula is
valid for all z ¢ (%Q ~ Q) We now go on a bit of a detour, because we must prove p has
a finite growth order p, again, due to the hypotheses of the Schneider - Lang theorem.
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Lemma 4.10. The Weirstrass g function defined over any lattice €2 has growth order at

most p = 2.

Proof.

Just as in the proof for the absolute and uniform convergence of p(z), we will begin
by considering any compact subset of C, which we will call K. Let Z = |z|, wpin =

zEK
min{wi,ws}, and let Wi = {w € Q : |w| < 27}, Wy ={w € Q: |w| > 2Z} be two disjoint

subsets of 2. We begin by noting that since # W is finite, we can bound the finite part
of the product like so

z H (1—5) exp (i-l—;(j)Q) < Z<1+ |win’>#W1 P (Zwi?:l 4_#‘2/‘/1 (wjzn>2>

weWs

Now, the order of the product of two functions is the maximum of the order of both
functions, as we established in lemma [3.24] and as we will prove now, the order of a
polynomial is 0. Consider, for r € Ryg, n € N

e = (er/”)" >(1+7r/n)">1+r"/n"

With 7 = n|z|'/™ this becomes el > 1 4 |z|, so for any degree 1 polynomial with
complex coefficients we have

‘1/n

jaz +b] < lal|z| + [b] < max{la], [b]}(|2] + 1) < e1¢"?

with ¢; = max{]al, |b|}, so for p = 1/n, and C' = e, |az+b| < ¢;C*”. Since we can make
n arbitrarily large, the growth order of any linear factor is 0, and therefore the order of
any polynomial is 0. On the other hand there exist positive constants ca, c3 such that

4 Z \2

Wmin 2 Wmin

So this part of the product is bounded over K, and in particular has growth order 2. We
now deal with the rest of the product. Let

= 1 (=2)en(3+3))
weWs

We will show its absolute and uniform convergence using Weirstrass M-test again, this
time applied to

log ow, (z) = Z (log(l —z/w) + z/w+ 1(z/w)2>

2
weWs

We will begin by bounding every term of the sum. For any ¢ € (0,1/2), we have

log(1 1 I AN P e AN A
| log( —z/w)+z/w+§(z/w) | = Z;sz —§’;’ ;<w> ’

For w € Wy we have ‘5‘ < %, hence
(o)

)

1 2+¢

3

z

w

SENIREE
~ 3lw : 3

1124+
2 E‘ '
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Going back to our original sum, this yields

NeYias Z ’1’2%7

logows ()] < V=2

weWsy
and the same argument we used before works here to prove the convergence of this
sum, as y n_4 % converges. Therefore we have absolute and uniform convergence
by Weirstrass’ M-test, and since we are taking the product of holomorphic functions for
each w € Q, then o(z) is holomorphic over K too. This can be done for any K C C, so
in fact o(z) is entire. Additionally, notice that the previous inequality implies
OWy (z> < C4cg2+iv

for some positive constants ¢4, cs. Hence oy, (z) has growth order 2, and therefore o(z)
has growth order 2 as well, due to being the product of two functions of growth order 2.
Now that we have done all this work, we will connect this Weirstrass sigma function to
the Weirstrass p function. Their relationship is as follows:

o) = TP C)
o(z)
[T, Page 245]. Recall now lemma that allows us to give the following bounds for any
R,r € Ruo: |0/ (2)|r < |0(2)]r41, and |0”(2)|r < 2|0(2)|r+1. These two bounds imply that
the growth order of ¢/(2) and ¢”(z) is also 2, hence the growth orders of the numerator
and denominator of equation are at most 2, and by our definition of growth order
for meromorphic functions, the growth order of p(z) is 2.

(4.8)

O]

Now, with all the results we have proven thus far, we are almost ready to use the
Schneider - Lang theorem to prove that given non-zero algebraic a € C, p(«) is transcen-
dental, the so called elliptic Hermite - Lindemann theorem. The last prerequisite before
that is proving the algebraic independence of z and p(z), as clearly from what we have
seen, p(z) and @'(z) for instance are not algebraically independent.

Lemma 4.11. The functions z and p(z) are algebraically independent over C.

Proof.

p(z) has two periods but only one will be necessary for the proof, as we will mimic the
one for the algebraic independence of z and e*. Assume first that there’s a polynomial
with coefficients ¢;; € C and minimal degree on p(z) such that

L1 Lo

Pz () = 3D e ol =0,

i=0 j=0

Since we have chosen a polynomial with minimal degree on p(z) (assuming it exists),
Pr, # 0, and we can rewrite this as

Lo Lo Lo
0=> 0(2)Pi(2) = P,(2) Y _p(2)Rj(z) = > _p(2)R;(z) =0,
i=0 i=0 =0

where Pj(z) € C[z] and R;j(2) = Pj(2)/Pr,(2) € C(2). Now, exploiting the periodicity of
p(2), with periods assumed to be w; and wy, we can obtain another equation

L2 L2
Z pz+w)Rj(z+w) = Z o(2)!Rj(z +wi) = 0.
j=0 Jj=0
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Subtracting these equations, we get

Ly—1

Y 02V (Rj(2) = Rj(z +wi)) =0 (4.9)

J=0

Which would contradict our assumption that the previous polynomial was of minimal
degree on p(z) and such that P(z, p(z)) = 0, unless all the coefficients of 6.7 cancel. This
would mean that we have Rj(z + wi) = R;(z), and since wy # 0 this implies that the
reational functions R; have infinitely many zeroes and poles, which cannot be the case,
and so we reach a contradiction, so z and p(z) are algebraically independent.

O

We are now ready to prove the so called elliptic Hermite - Lindemann theorem, which
implies a theorem proved by Siegel and later expanded upon by Schneider where it is
proven that assuming the invariants go and g3 are algebraic implies that the periods of
the elliptic function g(z) are transcendental [I4][Theorems 17,18].

Theorem 4.12. Assume the invariants go and g3 are algebraic, and that o # 0 is also
algebraic. Then « is not contained in the lattice {2 associated to the elliptic curve with
invariants go, g3. Furthermore, p(«) is transcendental.

Proof.

We begin by showing that o ¢ . We will assume a € 2, and consider the functions
f1(2) = 2z, fo(2) = 1/p(z) and f3(z) = fi(z), and the field K = Q(a, g2,93). Note that
the following relationship holds

F4(2) = ~203f2o)° = Senfale)? +2 (4.10)

[T, Page 246]. By lemma we have the algebraic independence of f; and fs over C,
and by equation it is clear that f/(z) € K[f1, f2, f3]. Furthermore, by combining
lemmas and we see that the growth order of f1(z) is 0, and for fa(z) and f3(2)
its 2. We can therefore employ the Schneider - Lang theorem. p(z) is meromorphic with
poles of order 2 on 2 due to its double periodicity, and g'(z) is meromorphic with poles
of order 3 on  due for the same reason, so fa(z) = 1/p(2) and f3(z) = —¢'(2)/p(2)?
have zeroes of order 2 and 1, respectively, on €2, and more importantly, they are analytic
on {2 too. Considering now z, = na € Q, with n € Z~¢, we have fi(z,) = na € K, and
f1 clearly analytic at z,, fo(z,) = f3(z,) = 0 € K, and both analytic on z,. However,
we have infinite z, for which this is the case, contradicting the theorem, hence a ¢ Q.
Importantly, we can also assume qa € €2, for any fixed g € Q, and letting s € Z~¢ be the
denominator of ¢, we can consider this time z, = nsqa € ). With the same reasoning as
before, we reach a contradiction with the Schneider - Lang theorem, and therefore even
rational multiples of a cannot belong to 2.

We now assume p(«) is algebraic, consider the functions fi(z) = z, fa(2) = p(2), f3(2) =

©'(2), and let K = Q(g2,93,a,p(a)). fi and fy are algebraically independent by
again, and by equation (4.5)), and lemma f1, f2 and f3 have bounded growth orders.
Moreover, f1, f45, f4 € K[f1, f2, f3] because we have

Fi(2) = 62(2)° ~ 0o
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[7, Page 245]. Before continuing, recall the doubling formula (equation (4.7)).

_ 16p(2)* + 8g29(2)? + 32g3p(2) + g5 _ 169(2)* + 8g20(2)* + 32g30(2) + g3
16 (4p(2)® — g20(2) — g3) 169/ (2)? ‘
The resultant of the top and bottom polynomials in g is 228(g3 —27¢3)? which is not equal
to 0, as all throughout the chapter we assume the cubic polynomial for the elliptic curve
has 3 different roots. This implies that if the denominator vanishes at some zy € C, the

numerator does not vanish. Differentiating the doubling formula then yields the following
monstruous equation for ©'(2z)/'(z), which we will now use.

p'(22) _ 64p(2)° — 80g29(2)* — 320g3p(2)* — 20g30(2)* — 1692939(2) + g3 — 3293
¢'(2) 32¢/(2)"*

[7, Page 245].

p(22)

(4.11)

We are now ready to continue with the proof. Consider this time z, = 2"« for n € Z~,
and if necessary, z, = 2"« for n > ng. Clearly f; is analytic at every z,, and fi(z,) € K,
futhermore, since we proved before that Qo N Q = 0, z,/2* is not a pole of the doubling
formula for every k € Z, as recall that the zeroes of ¢'(2) are (30 \ Q). Moreover, by
repeated use of the doubling formula it is clear that fa(z,) € K, and fo is analytic at z,.
For f3 we have
T 92 )

/ )
o ¢ (2a)

so again using that Qo N Q = () and the formula for p/(2z)/¢'(2) we see that f3(z,) € K
and f3(z) is analytic on z,. This all is true for every positive integer n, so we again
contradict the Schneider - Lang theorem, and therefore p(«) is transcendental.

fa(zn) = ¢'(2"a) = ¢'(a)

O]

Moving onwards, we will also need the algebraic independence of p(z) and p(Sz), but
in this case we need a stronger hypothesis on 3, because depending on the lattice 2, p(2)
and p(5z) may in fact be algebraically dependent (linearly even) for non rational 5. For
example, if we fix Q = wy(Z + iZ), for some wy € C, then

pliz) = ;214- Z

weQN{0}

~1 1 ] -1 [ 1 1
T | T e oz | = o)
(z 4+ iw)? w 2 o) (z — (—iw))?  (—iw)
As —iQ) = Q. This example provides some insight into what type of restriction we should
place on £.

Lemma 4.13. Consider the functions p(z) and p(fz), as well as their associated lattice
Q, with basis elements wy,ws. If 8 ¢ Q(w;/we), then p(z) and p(5z) are algebraically
independent over C.

Proof.

Let I be the field of meromorphic functions, and assume there is some non-zero polyno-
mial P € C[X,Y] such that P(p(z),p(5z)) = 0. Now, since p(z) is not constant, and we
have in fact seen p(z) is transcendental for algebraic z, the polynomial Q(Y) = P(p(2),Y)
is not identically zero. Then, for any w € §2 and any m € Z,

0= P(p(z + mw), p(Bz + fwm)) = Q(p(Bz + Bwm)).
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Since @ is a polynomial, it has finitely many zeroes, and therefore there exist two different
integers m’, m” such that p(8z+ 8m'w) = p(Bz+m"w). p(z) is not injective, but we can
compare the poles of both functions, which implies 8z + fm/w — (8z + fm/w) = W' € Q.
Taking w = 7wy + swy and w’ = awy + bws this yields

awi + bws _ awi/we +b
(m/ —m")(rw; + sws) - (m/ —m")(rwy /ws + s)

8=

€ Q(w1/we),

a contradiction.

We are now ready for the elliptic analogue of Gelfond - Schneider.

Theorem 4.14. Assume that the invariants go, g3 are algebraic, and suppose that the
lattice €2 they correspond to has basis elements w1, ws. Further, assume that 3 is algebraic
over QQ, but does not belong to Q(w;/wsz). Then for every complex u ¢ 2 such that p(u)
is algebraic, fu ¢ Q and p(PBu) is transcendental.

Proof.

As before, we will begin by proving that Su ¢ Q by contradiction, so assume fu € 2. We
will split this into 2 cases for simplicity, instead of treading through iterated uses of the
addition formula (4.6). We first assume that v = w/m for some w ¢ m) and m € Z-o.
We will use the functions f1(z) = 1/p(2), f2(2) = 1/p(B2), f5(2) = F{(2). fa(2) = f3(2),
with f1, fo satisfying the hypothesis of algebraic independence by the previous lemma.
All the growth orders are bounded by some p, and for K = Q(g2,9s,08); f1, f5, f5, f1 €
K| f1, f2, f3, f4] by equation (4.10). This time we choose z, = nu for n such that m|n, so
zp € Q, and by the assumption that Su € €, we also have 8z, = > fu € (). Because of
this, f1(z) and fa(z) have zeroes of order 2 on every z,, and are therefore analytic there.
Similarly,

/ /
—¢'(2) —B¢'(Bz)
fa(z) = and  fy(z) =
p(2)? p(Bz)?
have zeroes of order 1 on every z,, and are therefore analytic there, too. So all the

functions are analytic at z, for every n that is divisible by m, and

fi(zn) = fo(zn) = fa(zn) = fa(zn) =0 € K.

Clearly there is an unbounded number of z, that satisfy these conditions, contradicting
the Schneider - Lang theorem, and therefore Su ¢ € in this case.

We now assume again Su € 2, but u is not a fraction of a period. Recall that we
have assumed p(u) algebraic, hence ¢'(u)? € Q(p(u)), and therefore ¢'(u) cannot be
transcendental as there exists a polynomial P(X?) such that P((p'(u))?) = 0. ¢(u) is
therefore algebraic and we can consider K = Q(g2, g3, 3, p(u), ¢’ (u)), plus the functions

f1(z) = p(2), fa(z) = 1/p(B2), f3(2) = fi(2), fa(z) = f5(2). Their growth orders are all
bounded by some p, fi and fy are algebraically independent by the previous lemma, and

because of equation (4.10) and

1

¢'(2) = 6p(2)* = 500 (4.12)

[T, Page 245], f1, 5, [, f1 € Klf1, fa, f3, fa]. Finally, let z, = 2"u for n € Zs, since

fu € Q but u ¢ Q/m Vm € Z, (Bzn, € Q but z, ¢ Q) Vn € Z=o. Recall fi(z) = ip(gf)?,
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so fo and f; are analytic on z, for every n, and in fact equal to 0 € K there. On the
other hand, to see that fi(z,), f3(z,) € K we will need the doubling formulas, but it
is otherwise clear that they are both analytic on z, ¢ Q. p(u) and ¢/(u) are algebraic,
so by the doubling formula (4.7), p(2u) € Q(p(u)). Repeating this process inductively
yields p(z,,) € K for all n € Z~¢. For f3 now, again ¢'(u), p(u) are algebraic, so the ratio
©'(2u) /@' (u) from equation (4.11)) is algebraic, and iteratively applying

n—1
) — oy TT )

for every power of 2 implies ¢'(2,) € K for all n € Z~o. Again, we have an unbounded
number of z,, but this contradicts the Schneider-Lang theorem, hence fu ¢ €.

The second part of the proof is almost identical, step by step. This time we begin
by assuming that o(Bu) is algebraic. Notice that just as before, this implies ©'(Bu) €
Q(p(Bu)). From here we split the proof into two cases again. In the first case we assume
u = w/m for some w ¢ mQ. We will consider K = Q(g2, 93,5, p(u), p(fu)), and use
f1(2) = 1/p(mz), fal=) = p(82), f3(2) = f1(2), Fa(=) = f3(2). f1 and fy ave algebraically
independent because 5/m ¢ Q(w;/we), and all four functions have a bounded growth
order. Now, by differential equation (6.12) and

"
1 1 3¢ 1
( ) = 23— — 222 +2 (4.13)

o(2) p(2)3 2 p(2)?

[T, Page 246], f1, f5, f4, f1 € K[f1, f2, f3, f4]. We then consider z, = 2"u, so mz, € { and
Bu ¢ Q, and therefore all four functions are analytic on z,, for all n € Z~( with

filzn) = f3(zn) =0 fa(zn) = p(2"Bu) € K fa(zn) = B’ (2"Bu) € K.

We know fa2(z,) and f4(z,) belong to K by using the doubling formulas and
in the same way they have been used before. Now, this all contradicts the Schneider-Lang
theorem that says there should only be finitely many such z,,, so we reach a contradiction
in this case.

Finally, we now assume wu is not the fraction of a period. We will consider K =
Qg2 9, B, plu), 9(Au)), and wse fi(z) = p(2), folz) = p(B2), fal2) = Fi(2), falz) =
f5(2). fi1 and fo are algebraically independent because f ¢ Q(w1/we), and all four
functions have a bounded growth order. Again f{, f3, f3, f1 € K[f1, fa, f3, fa], and we
consider z, = 2"u. Since Bz, z, ¢ Q Vn € Z~o, f1, f2, f3, f4 are analytic on z,, and since

¢ (Bu) € Q(p(Bu)) and ¢'(u) € Q(p(u)), by the doubling equations and
f1(zn), f2(zn); f3(2n), fa(zn) € K Vn € Zsy.

As usual, this contradicts the Schneider-Lang theorem, because there is an unbounded
number of these z,,’s, and since we have reached a contradiction in both cases, our original
assumption that p(fu) is algebraic must be wrong, hence, p(fu) is transcendental.

O]
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We will now show a specific use of these previous two theorems, which consists on
proving the transcendence of any u € C \ Q such that p(u) is algebraic. These numbers
classically arise from definite integrals, which includes integrals that evaluate to interesting
constants. This comes from the fact that o(z) parametrizes the Weirstrass form of an
elliptic curve by turning it into a differential equation, in a sense:

(dp(U)

BN = 490 - gaplw) ~ 5

After substituting = = p(u), and specifying the path plus the choice of square root, the
differential equation yields

p(u) 1
/ dr =u —u”.
p(u*) \/4x3 — gow — g3

To give an example of a concrete use of this, we can choose Q = wy(Z +iZ) for simplicity,
as pairing iw with w implies g3 = 0, on account of (iw)® = —wO. Notice that this implies
g2 # 0 because we are still assuming 3 distinct roots in the cubic equation, and in fact by
fixing wp we can make go take on any value. We will choose g3 = 4, which allows us to
factorize 423 — 4z = 4x(x — 1)(x + 1). Now, recall that the zeroes of ¢/(2) are precisely
(%Q ~ Q), and for this particular elliptic curve we have

¢'(2)* = 4p(2)(p(2) — 1)(p(2) + 1).

This implies the existence of two different u,u* € (32 \ Q) such that p(u) = 1 and
p(u*) = 0. Furthermore, by the double periodicity of g, u,u* are two different elements

of %,WTO, wogﬂ}, so u—u* € %Q, and there exist n,m € {—%,0,%} such that

u—u* = (n+ mi)wp.

This is crucial, because while we know u and u* are transcendental because p(u) and
p(u*) are algebraic, we would not be able to say whether or not u — u* is transcendental
(to this day we do not even know whether e + 7 is transcendental), but since u — u* is
the product of an algebraic number n + im and wgy, we know u — u* is transcendental.
Recall that we know wq is transcendental because by the elliptic Hermite-Lindemann, if
g2 and g3 are algebraic, then for any algebraic o # 0, we have o ¢ Q. All that remains is
evaluating the integral, to know what value we have proven to be transcendental. In this

case, with the substitution t = z? we get

! 1 —i (! 1 —i_/11
L i gty
0 Ar3 — 4x 4 0 t3/4(1—t)1/2 4 4° 2
where B(+, ) is the beta function. The beta function is real for these inputs, and therefore
n =0 and m = % orm = —%. The sign is not relevant in this case however, and we
could simply choose wy = %B(i, %), as the lattice 2 would remain unaffected. Regardless
of these details though, we have obtained the transcendence of B(%, %) Exploring this

result a bit more, it is well known that for the Beta formula we have

B(z1,22) m

where I'(z) is the gamma function. Hence

D(L/4T(1/2) _ T/4)y/7

[(3/4) [(3/4)
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is transcendental too. We can now also use Euler’s reflection formula for the gamma
function, I'(1 — 2)I'(z) = $ which implies I'(3/4)I'(1/4) = 72, so
L(1/4)°
V2

is transcendental, and since /2 is algebraic, we also obtain the transcendence of

L(1/4)°

NI
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5 Baker’s Theorem

5.1 Introduction and corollaries

We now return to the study of more elementary functions, in particular a type of function
that falls outside the scope of the powerful Schneider - Lang theorem: the logarithm.
This occurs because % log(z) = %, so we can never have a set of functions f; including
the logarithm such that f/ € K[f;], one of the hypothesis in the Schneider-Land theorem.
Nonetheless, the Gelfond - Schneider theorem can be applied to obtain the following
corollary:

Corollary 5.1. Given non-zero algebraic numbers a1, as, with as # 1, and }gggg;g ¢ Q,
then

B1log(ar) + B2 log(az) # 0

for all 51,82 € Q. That is, if log(a;) and log(as) are Q—linearly independent, then they
are Q—linearly independent too.

Proof.

Let r = lglal) ¢ Q, and assume that r is algebraic. Then o = a;, but by the Gelfond -

log(a2)
Schneider theorem, this implies «; is transcendental, a contradiction.

O]

The Gelfond - Schneider theorem is only strong enough for the linear independence of
two logarithms, however, this gives hope that a more general version of this result will be
even stronger than the Gelfond - Schneider theorem. This more general result is Baker’s
theorem.

Theorem 5.2 (Baker). Given non-zero algebraic numbers aj, ..., ay, such that their log-
arithms log(a1), ..., log(ay,) are Q—linearly independent, then 1,log(ay),...,log(ay,) are
Q-linearly independent, too. Where QQ are the algebraic numbers.

Before presenting the proof of this theorem, we will state without proof two of its
corollaries, to show some its consequences.

Theorem 5.3. For any non-zero algebraic numbers aq, ..., a,, not all 1, and any algebraic
numbers 8o, 81, ..., Bn, with Gy # 0, we have

Bo + B1log(ar) + - -+ Bn log(ay,) # 0.

Hence, this value is always transcendental.

Theorem 5.4. For any non-zero algebraic numbers ayq, ..., &, 8o, 51, ---5 Bn,

6/30 Oé?l . agn

is transcendental.

5.2 Necessary lemmas for Baker’s theorem
As usual, we will need a few lemmas to prove the theorem. This section is dedicated to

the proof of these lemmas, before moving on to the proof of the theorem. As we did for
Schneider - Lang, we will also take the hypotheses of Baker’s theorem into account for
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the lemmas, as we will need them, and proving the theorem is the whole purpose of the
lemmas in the first place. The method of proof strongly resembles the one used before for
the Hermite - Lindemann and Schneider - Lang theorems, so we again start by assuming
that Baker’s theorem is false, i.e given the hypotheses of the theorem, there exist algebraic
numbers 8y, 51, ..., Bn, not all 0, such that

Bo + B1log(ar) + -+ - Brlog(ay,) = 0.

Note that we can assume all a; # 1 without loss of generality, as they do not have any
relevance to the theorem otherwise. Our job henceforth is deriving a contradiction from
this. To begin with, since not all 8; are 0, we can assume without loss of generality
B = —1, which implies

efoaft . ol = q,. (5.1)

Again, in this chapter we will denote by c, c1, co, ... positive constants which depend only
on the o4, 8;, and the determinations of the logarithms, and we will reserve the use of the
letter h for constants which will be chosen to be as large as needed.

Lemma 5.5. Given an algebraic number « of degree d over Q with minimal polynomial
Q(X)=AgX4+ A X 4 4 A1 X + Ay € Z[X]

(Which is also the minimal polynomial of o over Q by Gauss’ lemma.) Then for every
r > 0, it is possible to write

(Aoa)" = Agjlo‘dil + ASQQC"(F2 +..t AY)O‘ + A(()T)v

where the terms AET) are integers satisfying |A§T)| < (2|Q|)" for all i € {0,1,...,d — 1}.
Proof.

The proof will be done by induction on r. Clearly the statement is true for 0 <r <d—1
since we can take AET) = A{d;r. It is also true for » = d since we can use the minimal
polynomial, but it is not necessary for the proof. We assume now that the lemma is true

for r = [, and will prove its thus true for » =1 4+ 1. By hypothesis:

d—1 d—2
ALttt = Aga - Y AVl = 49AY od + 490 S AVl
=0 1=0
d—1 ‘ d—2 ) d—1 ' d—1 '
A0S e A0S A0 = 40, T At 403 A
=0 1=0 1=0 i=1

where on the last step we have employed Q(«) = 0. Merging the sums we now have:

d—1
Attt = Z {(AOAEZ - Ad_iAﬁfL)a"} - AdASL,

=1

meaning we can set, for all : € {1,...,d — 1}

ATV = 4040~ 43340 and ATV = 4,40

And now to finish up we are ready to come up with a bound for the coefficients in the
case r = [ 4+ 1. By induction hypothesis we have

ALY < 21Q] - max{]AP ]} < 21Q) - (21QN)! < (2IQ)".
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Applying this lemma on the aq, ..., ap, Bo, .-+, Bn—1, assuming d is the maximum of their
degrees, we can write

U
—

d—1
(aiony =" aPaz, (i) = 012, (5.2)
s=0

w
I
o

where the a;, b; are the respective leading coefficients of the minimal polynomials of the

o, Bi. We will say all the integers bz( 9 a(‘i) are bounded by 07 Furthermore, we will keep

s 7

this notation for the rest of the proof, when we come back to use (5.2). Before continuing,
for brevity, we will write

am0+"'+mn71

f(Z(), ---7Zn—1>-

fm07"'7m’ﬂ71 (207 .. Zn 1) 8m020 8m”_12n_1

We can now proceed with the construction of the auxiliary function ®.

Lemma 5.6. There are integers p(Ao, ..., A ), not all 0, with absolute values at most eh3,
such that the function

L L

N Ao A Y121 o n A1

(20, .oy 2n_1) = E E P()\Oy-u,)\n)zooe nﬁozoal e
o= Ap=

where v, = A\, + A (1 <r <n)and L = {hz_ﬁj, satisfies

(I)m()y---vmnfl <l7 o0y l) =0 (5.3)

for all integers 1 < [ < h, and all non-negative integers my, ..., m,_1 with mo+- - -+my,_1 <
h?. We remark now, that we will be using this same ®(z, ..., z) in the following lemmas
too, as it will be used in the proof of the theorem. Therefore, unless specified otherwise,
®(z, ..., z) refers to this function we have just defined.

Proof.

We begin by applying Leibniz’s rule. Note, however, that because of equation , it
suffices to determine the p(Ag, ..., A) such that

L L
Z Z (A0, - An) (Ao, An, Dt -'04)‘” llla’\ Ly st = (5.4)

for all the values of I, my, ..., m,_1 we are considering. Notice that we do not consider the
log(a;) terms we obtain from differentiating as they are not zero and factor outside the
sum. Moreover, the new factor in the sum is given in general by

mo
mo Ao! 0 A
Ao Anz) = Y 207 (), fBo) 0K pro ko, 5.5
1 ) = <Mo> (Ao —Mo)!( o) (55)

We now proceed multiplying (5.4]) by
P = (a1 ap) o]0 - b0 (5.6)

Writing

mg e, .
Y= Z ( >>‘ T (A B )T

=\
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it becomes clear we multiplied by P’ in order to substitute (5.2) into (5.4) to obtain
perhaps the worst set of equations I have ever seen in my life:

Y A(s )it el B - B =0, (5.7)

for all the values of [,mq, ..., m,_1 we are considering. While this does not look all that
bad right now, we have

L L
t)=> > > - Z p(Ao, - An)d'qd"q", (5.8)

with ¢/, ¢”,¢" given by

3

(L=Xr)
= [Tl

n—1
=11 (’Z) (oA N

r=1
m _ <m0> )\70')\7% ,uob,uol)\o m)b(mo uo)'
(Ao — po)!

Way back in A(s,t), we used s = (s1,...,8,) and t = (tg,...,t,—1), and assumed d is the
maximum of the degrees of the o; and 3; over Q.

Now, clearly if we have A(s,t) = 0 for all the d?" possibilities of (s,t), then all the
equations in , and equivalently (5.4]) are satisfied. The equations for A(s,t) = 0 are
linear equatlons with integer coefﬁ(nents given by the sums of ¢’q”¢", with the p(Xg, ..., \n)
being the unknowns. All that is left is bounding the coefficients of these equations to use
Siegel’s lemma . Recall all the coefficients from are bounded by c¢j, plus by
definition [ < h, and (ZL:) < 2™ hence

n

/ L—X)l Arl Lh

) < [J b < o
r=1

n—1 n—1
\q”| < H i [T h i < H(C3L)m
r=1 r=1

g < 2MONGONTOTHOpRO LTI < (s L) ORE.

Now, as mentioned before, the coefficients are given by

Mnp—1
//////

S iy

1o=0 Mn—1

The number of terms in this sum is H:f;gl (m,+1) < Hf;& 2mr < 2M” by hypothesis. We
can therefore bound the absolute value of the coefficients by

2" (cgL)mot—tmn-1 Lhpl < (263L)h205h.
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We therefore have (L +1)"*! unknowns, and d?" equations A(s, t) = 0 for every possible
combination of (I,mq,...,myu_1). I < h and m, € {0,...,h%}, so we therefore have at the
absolute most d?>*h(h? + 1)" equations. All that’s left is confirming we can use Siegel’s
lemmamwith U = (2csL)"°cbh M = d®>"h(h2+1)", N = (L+1)"+!. Recall L = |h2 1 |
by hypothesis, so for large enough h we have

N > (R27 )"t > p20+5 > 92 (R2 4 1) > 2M.

Notice that with this we also get N]‘_4M < 1. In any case, with this, by Siegel’s lemma

this system of equations can be solved non trivially with the integers p(Ao, ..., A,) having
absolute value bounded by

NU < h2”+2(203L)hgcj§h <,

for sufficiently large h, as we wanted to prove.
O

Lemma 5.7. Let mg, ..., m,—1 be any non-negative integers satisfying mo—+---+my,_1 <
h?, and let

f(Z) = (I)mo,...,mn_l(Z, cey Z).

Then, for any z we have |f(z)] < c§3+L|Z‘, furthermore, for any positive integer [, either
FO) =0or [f(1)] > " H.
Proof.
We have an explicit formula for f(z):
L L
f(z)=P Z - Z PN, -y An) (X0, An, 2) )17 - - @pnEA g (5.9)
A0=0  An=0

with ¢(Ag, Ap, z) defined as in lemma and
P = (log(ax))™ - - - (log(an—1))"™"*,

as alluded to in the previous lemma. Notice that we do not have a logarithm of a,,
because of how ® is defined. From equation (5.5)) for ¢(Ag, A, z) we have

mo

\q()\o,)\n,z)| < Z (TZ;)) )\80)\;”0—#0/3810*#0 max{l, |Z‘})\0

Ho=0
mo

< (erL)y™ max{1L, |12 3 (735) < (2er1)m) |,

Ho=0

where we have been able to change max{1,|z|}* by |z|" by using the fact that we will
only ever take integer values of z, so the only possible problem is at z = 0, but there both
the bound and ¢(Ag, An,0) are equal to zero, so the bound remains valid. On the other
hand, we also have

Llz|
8

’ai\lz e ai‘an‘ S c , ‘P’YTI PPN /'y;rlnfl| S (CQL)ml“F'”‘i’mnfl’

where from the definition of ~, it is clear it can be bounded by some constant multiplied
by L. Now, the number of terms in the sum for f(2) is at the absolute most (L +1)"*! =
(|p2~ 147 | 4 1)»+ < R2( D) for large enough h, so we obtain

1£(2)] < h2hH2(coLymit+mn-1 gLzl g, pymo 5 Leh® < Mo +LIE]
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as mo + - - + mp_1 < h%. We now move on to the second result of this lemma. Recall
Y = A + A\n B and take P’ as defined in equation (/5.6)), then

Al n
fi = =P Z Z (05 - An)a(Ao, An, Dt - aprtaf™ -y
A0=0  Ap=0
is an algebraic integer of degree at most d*", as P’ ai\ll by -yt is the product

of 2n — 1 algebraic integers, each of degree at most d. Moreover, with the same estimates
we just did to bound |f(z)|, any conjugate of f; obtained from substituting any «;, 3; by

any of their conjugates also has absolute value bounded by ch L By proposition

then, if f; # 0, then ||f;||~%" < |fi| and since we also have || fj|| < ch +L e obtain the
result

—w3+n\T" i
(CIO ) = Cq < |fl|
O

Lemma 5.8. Let J be any integer such that 0 < J < (8n)?. Then holds for
all integers [ with 1 < [ < LhHJ/ 87| and all non-negative integers my, ..., m,_1 with
mo+ -+ mp_1 < |R%2/27].

Proof.

We will prove this via strong induction. The result is true for J = 0 by lemma SO we
now assume that given an integer 0 < K < (8n)?, the lemma is true for all J € {0, ..., K},
and using this we will prove the lemma for .J = K +1. Let Ry = |h'*+//87| §; = Lh2/2JJ
and notice that there is an overlap between the values of [ and my,...,my_1 from an
inductive step to the next, in particular, increasing the value of J reduces the possible
combinations of my, ..., m,,_1 such that mg+- - -+m,_1 < h2 / 27 , but increases the possible
values of [. It therefore suffices to prove that for any integer [ such that Rx <1 < Rg41,
and any set of non-negative integers mg, ..., mny—1 With mg+---+mpu_1 < Sky1, we have
f(l) = 0, where f(z) is as defined in (5.9). By induction hypothesis, f(r) = 0 for all
integers r,m with 1 <r < Rg and 0 < mg+ -+ mp_1 = m < Sgy1 < Sg. Now, let
J0y -y Jm—1 be non-negative integers such that jo + - -+ + j,—1 = m too. We define f,(r)

to be
aj() ajnfl
(ao Tt al> Do (20 s Zn1)
e
evaluated at zp = ... = 2,1 = r, which is equal to

|

m!

Z W(I)mo-f—joy...,mn,l-&-jnil (7", ...,7“).
Jot+in—1=m 0* n—1:

The derivatives here are all 0, because jo+- -+ jn—1+mo~+---+mp_1 =2m < 25g 11 <
Sk, 80 fm(r) = 0. Thus,

()= [(z= 1) (2 = R )]

divides f(z), so f(2)/F(z) is a regular function on the closed disc D centred on the origin
and with radius R = RK+1h1/ 87 Now, by the maximum modulus principle

FDO1- b 1E()] < [FO]-[fOI < [F@]- sup [£(2)]. (5.10)

z€0D

Furthermore;
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RiSkt1
. STIRe (p_iy> (1
inf [FG)| 2 T (R-10) = (38)

by lemma sup [ f(2)] < AR,

z€0D

RgS
[FD] < B,

by lemma either f(I) =0 or |f(I)| > cghS_Ll.

Note that the bounds on the infimum of |F(z)| do not contradict the bound on |F(1)]
because we do not have a ”minimum modulus principle” for F' because F(z) = 0 inside
D. Now, assuming f(I) # 0 and joining these bounds with ([5.10) yields

1 Ry S
<§h1/8n) KSK+1 < (cocs)

h3+LR

On the other hand
LR < h2—1/4nh1+K/8n < h3+K/8n < 2K+2SK+12RK — 2K+3SK+1RK;
which implies

1 Ry Sk41 K44 8n)2 44
(§h1/8n> < (06C5)2 Sk+1fle — p < (20665)2( 8n

Recall n is fixed, as at the beginning of the proof of Baker’s theorem we consider any
number n of algebraic numbers, but this choice at the start fixes n. h is not fixed however,
and can be as large as desired, which leads to a contradiction here, and therefore f () = 0.
The lemma follows by induction.

O

Lemma 5.9. Let ¢(z) = ®(z, ..., 2), then
6 ()] <™ (0<j<nt) (5.11)

Proof.

This proof will be for the most part almost identical to the one in the previous lemma.
By lemma we know that holds for all integers [ and non-negative integers
mo, ...,Mn_1 such that 0 < [ < X and mg+ -+ mp_1 < Y, for X = A% and
Y = |h2/26"*| Hence, just as in the previous lemma, we have ¢p,(r) = 0 for inte-
gers m,r such that 0 <r < X and 0 < m < Y. Defining now

BE(z)=[(z=1) (= X)]"

it again follows that E divides ¢ and ¢(z)/FE(z) is regular on the closed disc I', centred
on the origin and with radius R = Xh'/8". By the maximum modulus principle, with a
similar argument as in the previous lemma, we have, for every w with |w| < X:

sup |¢(2)]

zedl’
)] < 2 B
zedl

XY ,
Moreover, |E(w)| < (2X)XY, irgF|E(z)| > (%R) and sup |p(2)] < CQJJFLR. Thus
z€ zedl’

1 -XY
< MHPHLR(2p1/8n
9(w)| < " FER(TniE) T
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and since
LR S h8n+2 S 2(8n)2+2XY,

then
1 243 Y
|¢)(UJ)| < <4h1/8nc52(8n) + ) '

As usual, we can make h as large as we want, so in particular we can make h large enough
so that
|p(w)| < e XY

To finish, by Cauchy’s formulae,

;(0) = j!/ ) 4,

27 |w|=1 witl ’

which implies y
650)] < L 2nlofw)] < Pe X
Now, we thus have
16,;(0)] < e X (Y=DX o x X ~(Y=DX =X _ (Xe—(Y—l))Xe—X7 (5.12)
so if we verify Xe~(Y~1 < 1 for large enough h we are done. Indeed,

(Snlog(h) ,—(Y—1) < eSnlog(h)—(h2/2(8")2—2) <1

for sufficiently large h and thus

_h8n

9;(0) <e X =e (0 <j < h®m).

O]

We will prove this following lemma as a bit of a short break, and because we will need
it in the following lemma.

Lemma 5.10. For all z € C, we have
le* — 1] <elfl —1 < zlell.

Proof.

We have
o0 Zn
z .
@ =11= > il

i=1

(0.0
<o
i1 1.

For the following part of the lemma we can simply consider ¢ € R>o. We know that
et >1—tforall t € R, and in particular for ¢ € R>g. The second inequality

tetZet—l

follows from there, and all that’s left is letting ¢ = |z|.
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Lemma 5.11. Given any integers t1, ..., t,, not all 0, and with absolute values at most
T, we have, for the algebraic numbers aq, ..., a,

It log () + - - - + tp log(an)| > et -

Proof.
Let a; (1 < j < n) be the leading coefficient in the minimal polynomial of «; or a;l
accordingly, depending on whether ¢; > 0 or t; < 0 respectively, so that each a;/«; is an
algebraic integer. This implies that

_ il bl 1 t
w_al alq["l(alan"_l)

is an algebraic integer with degree at most d" (the degree of each «; is bounded by d).
Now, any conjugate of w obtained by substituting arbitrary conjugates of a1, ..., a;, has
absolute value at most cl,. We now consider two cases. If w = 0, then aﬁl ~-aln =1 and
thus

Q=tylog(ar) + - - + tplog(ow)

must be a non-zero multiple of 27i, as € # 0 by the hypothesis of linear independence
from Baker’s theorem. In this case the lemma is trivially true as [©2] > 27. On the other
hand, if w # 0, by proposition w| > |jw]|~@" =D > ¢ F?". Using now the previous
lemma, we have

af'!-alirlle? — 1] = ol < )" alir 0]l = |Qlele;,

Since we can further assume that |Q| < 1, as otherwise the lemma is trivially true, el”! is
not arbitrarily large, and from the previous inequalities we get
~Td" ~T _—|Q
€12 ©G3 € <y,
so ¢j < |w| for some constant ¢y, as desired.
O

Lemma 5.12. Let R, S be positive integers strictly larger than 1, and let o9, ...,0r_1 be
distinct complex numbers. We define o as the maximum of 1, |og], ..., [cr—1| and define
p as the minimum of 1 and the |o; — ;| with 0 < ¢ < j < R. Then, for any integers
r,s with 0 <r < R and 0 < s < S, there exist complex numbers w; (0 < i < RS) with
absolute values at most (80 /p) such that the polynomial

RS—-1

W(z) = Z w; 2
=0

satisfies W;(o;) = 0 for all 4,j with 0 <i < R, 0 < j < S except i = r and j = s, where
Ws(oyr) = 1.

Proof.

The polynomial we are looking for is given by

1 (e T
W) = il /c C— 2000

dg,

where

U(z) = [(z—00) - (2 = op-1))°
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and C) is a circle with centre o, and a sufficiently small radius, in particular smaller
than p and |z — o] for z # o, (notice z is fixed when computing the integral). With
our integrand and our definition of C, we can apply the Residue theorem, so we lay the
groundwork:

lim IC‘(C o) U] _

I¢]—o0 U(¢)

so the residue at infinity is 0, and therefore since the sum of all the residues is 0, we have
(C—0,)°U(2) / ) <(C —0r)°U(2) >
d( —2miRes | ——————=,2 |,
/T (S U() Z (€ =2)U(C)
J#T

where C; is a circle about o; with sufficiently small radius (again smaller than p and
|z — 0| for z # o, for each j). On the other hand

=0V \ o (=o)L
Res( (EEHGCE ) A R P (8

so using now the residue theorem yields

(z—0p)° — a,n
Wiz) = s! 27725' Z/ C
J#T

By definintion, z ¢ Cj, so the sum over j is a rational function of z, and regular at z = o,.
Further, since U(z) has a 0 of order S at z = o, it is clear that W;(o,) = 1if j = s and
0 otherwise, including W;(o;) = 0 for every other possible pair i, j.

We will now consider another equivalent formulation of W (z) to prove the rest of its
properties. By Cauchy’s integral formulae we have

-1 (C—0,)U(z) ,. =1 2mid ((¢C—0,)%U(2)
e |, ! (e 500)

(C—2)U(C) " 2misl t! dct

where t =5 — s — 1. Note that

(= Jr)s _ 1
€=U (-2 H;‘;g(( — )%
SO
(_1)15—1 ‘ ‘ P
W(z) =—1—U( > wlos e dr-1)(or —2)
’ ot +ir-1=t
Jiz0 Vi
where

R-1 .
. . S+ji—1 g
v(]Oa "'7]R—1) - H < ] )(Jr - Ui) o Ji

i=0 Ji

i#£r
Now,t=S—-s—1>S-12>j,,s0j.+1€{1,...,S}, and therefore W(z) is a polynomial,
as (0, — z)’rt1 always divides U(z). Moreover, W (z) has degree at most RS — 1. From
(0, — 2)"THU(2) we also notice that W (z) has a zero of order S at z = oy, i # 7, 50
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W;(o;) = 0 for all j < S. Now, for the absolute values of the coefficients of W (z), notice
first that by definition of v(jo, ..., jr—1) we have

R—1 R—1 ;.
) ) 9(R-1)(S-1) 9Ji 9(R-1)(S-1) 95-1 oR(S-1)
; ; S+ji—1 ,=S—ji _ I I —
[v(jos s JR-1)] < i 2 p  pS(R-1) " pli = pS(R=1)  pS—1 = pRS—1
i i

50 |[v(50, -+ jr—1)| < (2/p)®5. On the other hand, the coefficients of U(z)(c,—2) /7 ~! have
absolute values at most (o + 1) and the sum over the non-negative jo, ..., jr_1 terms
such that their sum is equal to ¢ has at the absolute most ST terms as j; € {0,1,...,5—1}.
Hence the coefficients of W (z) have absolute values at most

§7 (o + 1)1 (20) 5 < 275 (20)15(2p) 5 = (85/p) .

5.3 Proof of Baker’s theorem

Recall the statement of the theorem, already given as Theorem To prove it, we
will see that the inequalities cannot all be true, and this contradiction will prove
the theorem. To begin with, let L = Lhz_ﬁj for some h as in lemma let also
S =L+ 1,R = 5" and note that every integer 0 < ¢ < RS has a unique base S
representation given by

i=MX+ NS+ -+ A5,

where the Ag, ..., A, are integers between 0 and L inclusive. For every such i we define

Vi = )\Oa Dbi :p(>‘0> ---7)\11)7

and we put
1/% = )\1 IOg(al) +eee An IOg(an)'

By lemma and equation (5.1)) then, we have

RS—1

o(z) = Z pizVieti®. (5.13)
1=0

Note that this is where the Q—linear independence of 1 with the logarithms of the alge-
braic numbers appears, because equation comes from asuming there exist algebraic
Bi such that Sy + 51 log(ay) + -+ - + Bn log(aw,) = 0. Continuing now, by lemma any
two 1; which correspond to distinct sets A1, ..., A, differ by at least cl_lL, as L is an upper
bound of |A1],...,|An|. Now, note that there are exactly S™ = R distinct ; because of
the abscence of A\g; we will denote these 1; in some order by oy, ...,0r_1. Let p and o be
defined as in lemma then clearly o < c14L and p > cl_5L .

Let now t € Z>o be any suffix such that p; # 0, let s = 14, let r be the suffix for
which ¢y = o,, and let W(z) be the polynomial given by lemma By the properties
of W (z) proven in that very lemma, using W (z) as a Kronecker delta of sorts we have

RS—-1

P = Z piWu, (i),
i=0
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further, by Leibniz’s theorem, we have

RS—1 . RS—1 o
Wyl(wz) = Z ](] — 1) R (,7 — v+ l)ijzj'_m _ Z w; |:d2,]( V¢e¢iZ):| 7
J=0 7=0 z=0

which combined with equation (5.13)) yields

RS—1

pe=Y_ wie;(0).

J=0

Now, RS < 2= 2;) (n+1) < h?"*2 and by lemma now, this implies the inequalities in
(5.11]) must be true for 0 < j < RS. Moreover, by lemma we have

wj| < (80/p) < (814Lef5)"S < g™,

However, p; is a non-zero intger, so |p;| > 1, but from lemma and this bound above
we have e s
1< |pi| < RScl e ™
which implies
0 < log RS + ci7h?" T4 — b8,

This is clearly not possibly for large enough h, so at least one of the previously proven
inequalities cannot be true, and this contradiction completes the proof of the theorem.

O]
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