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By simulations of the Barkley model, action of uniform periodic nonresonant forcing on scroll rings
and wave turbulence in three-dimensional excitable media is investigated. Sufficiently strong rapid
forcing converts expanding scroll rings into the collapsing ones and suppresses the Winfree turbu-
lence caused by the negative tension of wave filaments. Slow strong forcing has an opposite effect,
leading to expansion of scroll rings and induction of the turbulence. These effects are explained in
the framework of the phenomenological kinematic theory of scroll waves. © 2006 American Insti-

tute of Physics. [DOI: 10.1063/1.2203589]

Scroll waves are fundamental excitation patterns in
three-dimensional (3D) excitable reaction-diffusion me-
dia. Discovered by A. T. Winfree in the experiments with
the Belousov-Zhabotinsky reaction,1 they play an impor-
tant role in the development of cardiac arrhythmias and
heart fibrillation.>® The Winfree turbulence of scroll
waves is due to the instability of their filaments based on
the effect of negative tension. It can be suppressed by
application of uniform nonresonant forcing with appro-
priate frequency and amplitude.4 Here, a detailed ana-
lytical study and numerical simulations on the control of
scroll rings and Winfree turbulence by external forcing
are presented.

I. INTRODUCTION

Excitable media support undamped propagation of
pulses, whose profile, amplitude, and speed are all deter-
mined by the properties of a medium and do not depend on
initial conditions.” In two-dimensional (2D) media, such
pulses correspond to excitation waves. The fronts of the
waves can be curved and spiral waves rotating around small
circular core regions are often observed. Scroll waves in 3D
media are extensions of spiral waves into the third dimension
(Fig. 1). The center of a scroll wave is occupied by a fila-
ment, defined by a singularity in phase, and the wave is
rotating around it. In planar cross sections normal to the
filament, spiral waves are seen. The filament is not necessar-
ily straight; it can be curved and closed into a ring. More-
over, complex wave patterns with filaments forming various
knots are also possible.6

Instabilities of spiral waves leading to their meandering
and break up are known (see Refs. 2 and 5). These instabili-
ties result from the interactions between subsequent propa-
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gating excitation pulses. They can lead to the development of
spiral wave turbulence, recently observed in the experiments
with the Belousov-Zhabotinsky reaction.” Similar instabili-
ties can take place for scroll waves in three dimensions.>®* '
However, such 3D patterns may also be subject to a different
kind of instability related to the effect of negative tension of
filaments.™'!'2

If a filament is closed into a ring, it would usually shrink
at a rate proportional to its curvature.”® Thus, the filament
tends to decrease its length and this behavior can be de-
scribed as an effect of (positive) tension of filaments. Be-
cause any curved filament can be locally viewed as consist-
ing of circular fragments, positive tension ensures stability of
straight linear filaments.

Already in the early systematic numerical
investigations,12 it was however found that, depending on the
parameters of a medium, scroll rings can also expand at a
rate proportional to their curvature. This behavior was also
found in the analytical kinematic theory of scroll waves.'!
This theory predicted that expansion should take place as the
excitability of the medium is decreased and the boundary of
pulse propagation failure is approached. Under expansion
conditions, a filament tends to increase its length and there-
fore it is characterized by negative line tension. Indeed, any
shape perturbation would lead to an increase in the total
length of such a filament.

As first noticed in Ref. 11, negative tension of filaments
should lead to an instability of a straight filament. Through a
process of local stretching and bending of a filament, very
complex and potentially chaotic wave patterns were expected
to develop. This behavior could not, however, be seen in the
early simulations.'> The development of the instability of
scroll waves under negative filament tension conditions was
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FIG. 1. One-quarter of a scroll ring in a 3D medium, with the filament line
shown. This simulation of the Barkley model with the parameters a=1.1,
£=0.02, and b=0.19 corresponds to the negative tension conditions.

first observed seven years later in numerical simulations by
Biktashev'® (see also Ref. 15). Subsequently, this kind of
complex dynamics was reported by several authors.™'®!7 A
systematic numerical study4’18 of the negative tension insta-
bility has shown that, in the Barkley model, such instability
is found in a broad region in the parameter space and it is
therefore robust. Statistical properties of the chaotic dynam-
ics resulting from such an instability, Winfree turbulence of
scroll waves, have been discussed'®'” and the action of pe-
riodic local perturbations on such turbulence has been
considered.”

Application of weak periodic uniform forcing (through
temporal modulation of the medium excitability) provides an
easy way to control spiral waves numericallyzl_23 and
experimentally.%25 Under resonance conditions, the spiral
wave starts to drift along a straight line with the velocity
determined by the forcing intensity and the direction deter-
mined by the modulation phase.2]’26 The action of weak pe-
riodic resonant forcing on scroll rings was discussed, in the
linear approximation in the framework of the kinematic
theory, by Abramychev et al.*” Action of resonant periodic
forcing on collapsing scroll rings was numerically studied by
Mantel and Barkley.28

In our previous publication,4 action of periodic nonreso-
nant forcing on scroll rings and the Winfree turbulence was
considered. By numerical simulations of the Barkley model,
we have shown that application of rapid forcing (with the
frequency higher than the rotation frequency of scroll waves)
converts expanding scroll rings into the collapsing ones and
suppresses the Winfree turbulence in the medium. On the
other hand, application of sufficiently strong slow (subreso-
nant) forcing allows to transform collapsing scroll rings into
the expanding ones and induce turbulence in the medium.
We have also published, omitting the derivations, some re-
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sults of a kinematic analysis of this effect, explaining it as a
nonlinear renormalization of the filament tension coefficient
through periodic forcing.4

In the next section, a detailed account of our numerical
simulations on the action of periodic forcing on scroll rings
and turbulence is given. The analytical perturbation theory of
scroll rings under the action of weak nonresonant forcing is
presented in Sec. III. The comparison of analytical results
with the data of numerical simulations is performed in Sec.
IV. The article ends with conclusions and a discussion of
obtained results.

Il. NUMERICAL INVESTIGATIONS

Our 3D numerical simulations were performed using the
Barkley model*’

a 1 +b
—uzDV2u+—u(l—u)<u—v ),
ot e a

(1)
v
—=u-v,
ot

where variables # and v can be viewed as, respectively, local
concentrations of the activator and inhibitor species, positive
parameters a and b specify kinetic properties of the system,
and the small parameter e<<1 represents the ratio of time
scales of the (fast) activator and (slow) inhibitor dynamics.
Note that the parameter b determines the excitation threshold
and thus controls excitability of the medium. We assume
here that the inhibitor is not mobile and includes diffusion
only into the equation for the activator dynamics. Detailed
studies of the Barkley model are available,*'#303! identify-
ing regions of subexcitability, excitability, oscillatory, or
bistable behaviors in the parameter space and determining
various instabilities of the 2D and 3D wave structures.

To numerically integrate these equations, they were
solved using a finite difference scheme (Ax=0.4) for the La-
placian (with the 19 points prescription) and an explicit first-
order Euler method for the time derivative (Ax=0.01). No-
flux boundary conditions were applied in all simulations. As
the initial condition, we usually choose a scroll ring with a
circular filament.

The analysis of the simulation data is performed identi-
fying instantaneous shapes and evolution of scroll wave fila-
ments in the medium. To determine locations of a filament,
the same procedure as in our previous publications“’lg’3 ? has
been applied. The boundary of a narrow curved cylinder,
representing a filament, is fixed by the conditions #=0.5 and
(9tu=0.9

Uniform forcing is introduced into the model by apply-
ing weak periodic modulation of the parameter b controlling
excitability of the medium,

b(t) = bo + bf COS((th + ¢f)’ (2)

where b, is the forcing amplitude, w; is the forcing fre-
quency, and ¢y is the forcing phase.

Figure 2 shows subsequent snapshots of the evolution of
filaments in a numerical simulation. During the initial evolu-
tion (panels A-E), the forcing is absent. We see how the
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FIG. 2. Snapshots of the development of wave turbulence from an initial
scroll ring (A-E), and the elimination of this turbulence by periodic forcing
of the excitability (F-J). The sequence corresponds to the times =25, 75,
100, 125, 150, 200, 350, 500, 750, and 1250. At =150, periodic forcing
with b,;=0.015 and w;=1.1 is introduced. The waves rotate around the fila-
ment with @;=0.99. Simulation for the medium of size 160X 160

X 160 pixels with Ax=0.4 and Ar=0.01. Model parameters are a=1.0, &
=0.02, and »=0.16.

Periodic forcing of scroll rings

negative-tension instability of the circular filament develops.
Gradually, through elongation and bending, it becomes trans-
formed into a complex tangle filling the volume. It remains
single connected, until a boundary is reached and fragmen-
tation begins. Statistical properties of such turbulence have
been previously studied by us in Ref. 18. In panel E, rapid
forcing is introduced (w;> w,). As evidenced by panels F-J
in Fig. 2, this leads to the elimination of turbulence from the
medium. Small filament fragments shrink and disappear, and
the single filament spanning the volume gradually becomes
straight.

The principal phenomena underlying elimination of tur-
bulence can be better investigated by considering evolution
of a scroll ring in the presence of periodic forcing. To char-
acterize a scroll ring, its mean radius can be used. We define
1t as

1 2
= J dop(6). 3)
m™Jo

Here p and @ are the local polar coordinates of the filament in
its horizontal projection, with the center of the coordinate
system coinciding with the center of the scroll ring. Note that
for expanding rings, which eventually become transformed
into a complex tangle of filaments, this definition is mean-
ingful only at a relatively early stage, as the filament still
preserves its circular shape and remains approximately pla-
nar.

First, action of rapid forcing on expanding scroll rings is
considered. In Fig. 3, the time dependence of the mean ra-
dius of a scroll ring is shown for different forcing amplitudes
by and forcing frequencies w, (all larger than the rotation
frequency w, of the scroll). The respective dependence in the
absence of forcing is also shown for comparison here, within
a time when the shape of the filament is not too complicated
to allow the correct definition of the mean radius. We see
that, by varying the forcing parameters, it is possible to sta-
bilize expanding rings and to induce their contraction. It can
also be seen that, in addition to this principal effect, the
forcing leads to periodic modulation of the ring radius, i.e. to
breathing of the ring. When the forcing frequency wy is de-
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FIG. 3. Time dependence of the mean radius of unforced (empty circles)
and forced (black circles) expanding scroll rings. (A) Different forcing fre-
quencies: w;=1.35 (gray) and w;=1.15 (black), keeping b,=0.015. (B) Dif-
ferent forcing amplitudes: b;=0.01 (gray) and b;=0.02 (black), keeping w;
=1.15. Each point corresponds to the mean radius averaged over one rota-
tion period (7=6.5, w,=0.97). Simulations for a system of size 160X 160
X 160 pixels with Ax=0.4 and Ar=0.01. Model parameters are a=1.0, &
=0.02, and »=0.17.

creased, coming closer to w, such breathing becomes stron-
ger [Fig. 3(A)]. On the other hand, an increase of the forcing
amplitude b, has a strong effect on the expansion rate, but
does not lead to a dramatic increase in the amplitude of
breathing. In Fig. 4, the evolutions of filament without forc-
ing (0y=0.97) and with a sufficiently strong forcing (w;,
=1.15) are shown. Although turbulence soon develops start-
ing from a scroll ring in the absence of forcing, this does not

Z

w

FIG. 4. (A) Snapshots of the filament without forcing for ¢
=5, 15, and 25 T. (B) Snapshots of the filament under periodic forcing
(by=0.02 and w,=1.15) for the same temporal steps. Simulation parameters
as in Fig. 3.
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FIG. 5. Time dependence of the mean radius of a unforced (empty circles)
and forced (black circles) collapsing scroll rings. (A) Different forcing fre-
quencies w;=0.9 (gray) and w,=1.0 (black), keeping b;=0.01. (B) Different
forcing amplitudes b,=0.007 (gray) and b;=0.01 (black), keeping w;=1.0.
Each point corresponds to the mean radius averaged over one period of
rotation (T=4.5, wy=1.40). Simulations for the medium of size 160X 160
X 160 pixels with Ax=0.4 and Ar=0.01. Model parameters are a=1.0, &
=0.02, and »=0.135.

happen when forcing is applied. Instead, the ring contracts
and eventually disappears.

In Fig. 5, action of slow forcing with w;<w, on collaps-
ing scroll rings is illustrated. In this case, application of
strong enough forcing induces expansion of the rings. As the
forced ring expands, it undergoes the same kind of bending
instabilities as an expanding ring in the absence of forcing
and eventually gives rise to turbulence. The initial stage of
this process of slow periodic forcing (w;=1.0) is seen in Fig.
6, where the respective dependence for a collapsing ring

Z

w

FIG. 6. (A) Snapshots of the filament without forcing for ¢
=5, 15, and 25 T. (B) Snapshots of the filament under periodic forcing
(by=0.01 and w;=1.0) for the same temporal steps. Simulation parameters
as in Fig. 5.
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(wp=1.4) in absence of forcing is additionally shown. Note
that slow forcing of collapsing scroll rings also induces their
periodic breathing and the amplitude of breathing is in-
creased as the resonance condition ws=w, is approached.
Thus, numerical simulations of the Barkley model with non-
resonant forcing suggest that its effect may be understood as
consisting of some renormalization of the filament tension in
the medium. The filament tension is apparently increased
when rapid forcing with o> wy is applied and decreased
when the forcing is slow (w;<w,). The magnitude of the
effect increases for stronger forcing amplitudes and when the
resonance condition is approached. Additionally, the forcing
always induces periodic breathing of the scroll ring, with the
amplitude and period of breathing depending on the proxim-
ity to the resonance.

In the next section, we construct an approximate analyti-
cal theory of forced scroll rings which allows to reproduce
these principal numerical observations.

lll. KINEMATICS OF FORCED SCROLL RINGS

The kinematic theorys’“’m’33 provides a phenomenologi-

cal description of excitation waves in weakly excitable me-
dia, when the intervals between subsequent waves are large
and the medium undergoes complete recovery before the
next excitation pulse arrives. In this approach, the finite
width of an excitation wave is not taken into account and the
wave is modeled as a (infinitely) thin oriented propagating
curve. The motion of this curve is completely determined by
its local curvature. If a curve has a free end (the tip), it can
grow or contract there, depending on the local curvature at
the end point. This simple approach already allows to de-
scribe spiral waves and to consider their response to spatial
gradients and periodic forcing.21 Near the boundary of the
subexcitable region, where the rotation period of spiral
waves diverges, it yields the power-law scaling with an ex-
ponent of 3/2 for the rotation period, in agreement with the
recent more detailed analysis.31

The kinematic description is also applicable for excita-
tion waves in 3D media.>'"*? In three dimensions, an exci-
tation wave is modeled as an oriented traveling surface
which may have an open edge. Again, the motion of the
surface and its growth or contraction at the edge are com-
pletely determined by the geometry of the surface. Each el-
ement of the surface moves in its normal direction with the
velocity V=V,—2DH that depends on the local mean curva-
ture H of the surface (given by an arithmetic average of its
two local principal curvatures). At its free edge, the surface

grows or contracts at a velocity G=Gy—2yH,— 7’/? that de-
pends not only on the mean surface curvature near the end

(H,), but also on the local geodetic curvature k of the edge
line. Thus, an excitable medium is completely characterized
in this kinematic description by a set of five kinematic pa-
rameters V,, Gy, D, vy, and y'. These phenomenological pa-
rameters should be found by separate numerical calculations
for a particular model of an excitable medium™ or deter-
mined from the experimental data (as has been done for the

spiral waves in the 2D Belousov-Zhabotinsky medium™).
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A

FIG. 7. Meridian cross section of a scroll ring. The gray circle is the wave
filament.

Note that the parameter G, plays a special role in this
description. Spiral wave solutions in 2D media and scroll
wave solutions in three dimensions exist only if Gy>0 and
their rotation period diverges as G,— 0. The line G(=0 in
the parameter space defines the boundary of the subexcitable
region and the condition of weak excitability is Gy <<V,

To introduce periodic forcing into the kinematic descrip-
tion, we shall assume that G is periodically modulated with
time,

Go=Gy(l +€ cos(wt + ¢y)) (4)

where w; is the forcing frequency and ¢, is the forcing
phase. The modulation is weak and e<<1 will be considered
as a small parameter of the problem.

In its meridian cross section, a scroll ring represents a
spiral whose core corresponds to the filament. The edge line
of the scroll is a circle; the geodetic curvature of this line is

lﬁc/=—p‘1 cos a. The mean curvature of the scroll surface at
the edge is Hy=(k—p~' sin @)/2, where k is the curvature of
the spiral in the cross section, taken at its free end, and p is
the radius of the edge circle (see Fig. 7). For scroll rings with
a large radius R, we have p=R.

As shown in previous publications, in the quasi-
steady approximation the dynamics of the scroll ring is gov-
erned by a set of four ordinary differential equations for the
variables k, «, p, and z, specifying the location of the scroll
ring in the direction along its symmetry axis,

5,11,33

‘ o\ .,
k=§B K=(Go = k)

WAL
+E<§<BO) kK**(ysin a+ (y' - D) cos a),
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a={VoyD)"’k>? + k(G — vk)

1
+ 1_2(7 sin a+ (y' — D)cos a)k,

1 (5)
p=-V,sin a— E(D + (ysin a+ (y' = D)cos a)cos a),

1
z=V,cos a— 1;(7/ sin @+ (y' — D)cos a)sin «,
where {=0.685 is a numerical coefficient.

A. Perturbation analysis

The evolution equations (5) include two small param-
eters: the dimensionless forcing amplitude € and the inverse
radius k=1/R of the scroll ring. In the following, we develop
a perturbation theory and construct expansions in terms of
these small parameters of the problem.

For convenience, we introduce a formal vector notation
S=(k,a,p,z). The components of this vector are the vari-
ables used for the characterization of the dynamics of scroll
rings. Thus, the four evolution equations are concisely writ-
ten as

S =£(S,G) + xh(S) (6)

with

1/2
§<E> KX(Go~ k)

D
£(S.Go) =| {(VoD)'"*k + k(Go = vk) |,
- Vysin a
Vi cos a
(7)
Vo2
A, cos(a+ @)L D K2
h(S) = A, cos(a+ ¢k ,

—D-A, cos(a+ ¢)cos(a)
— A cos(a+ ¢)sin(a)
where A,=(y*+(y'=D)*)"? and ¢,=arctan(—y/(y —D)).
Note that Gy=Gy+ 6G1=60(1+ecos(wft+ ?y).

The vector S can be expanded into a series in powers of
€ and «,

S=S(0.0)+ €S(1.0)+ kS(0.1) + €KS(y + EKSy+ . (8)

Substituting this expansion into Eq. (6) and equating the
terms with the same powers of the small parameters € and «,
the following set of dynamical equations is obtained:

S.(0,0) = f(s(o,o)’éo),

IH(S,G,)
Sy = s . So.1) +h(S)).
(9f(s, GO) &f(s, GO)
S =——S —G,, 9
(1,0) s Suot G, 9)
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_ FH(S.Gp) - (S, G,) S
=" ogr DoSon _7%532i;_ 19(0,1)

H(S,Gy) h(S)

" S a.n* oS S0

1 #£(S,Gy) , #£(S,G,)

Sen=3""¢3 StoSon+ 38%9G, GiS0.nSx1.0

£(S,G,) #£(S,G,)
TS(I 0Sa.n+ SIG GiSu.
af(stO)

P S

where the derivatives are calculated at S=S; ) and Gy=G,.
We have taken into account here that f is linear on G and h
does not depend on G,

Next we integrate these equations, starting from the
lowest-order terms.

The zeroth-order solution Sy represents a straight
scroll (i.e., the ring with an infinite radius) in absence of
forcing. It coincides with a solution for a spiral wave in the
2D medium. For this solution,

V,
cos(wot +do), 200 = -2 sin(wg! + ¢y), (10)

P0,0) =
o= 1O0) ()

where ¢y is the initial phase. The scroll wave rotates with the

)Gy~ around a filament of the

frequency wy=Z(VyD
radius Vowy':

The first-order term S(; ) takes into account in the linear
approximation the effect of periodic forcing on straight scroll
waves (k=0). Thus, it corresponds to periodic forcing of
spiral waves.”! Close to the resonance, for |wf— wo| < wy, it
gives rise to periodic meandering of the spiral wave

2 Voy
4 (0~ wp) (Y +

Pa,0) = Dz)”zsin[(wf— wo)t + = by — &,

(11)

3 Voy
° Dz)l/zcos[(“’f_ wo)t + = g — 61,

0= Z(wf_ wo) (V" +

where d=arctan(-y/D). As p=ppo+puo and z=z(y)
+2(1,0) the tip of the spiral wave performs a cycloidal motion
with two frequencies @, and w;— w,.

The other first-order term S, ;) takes into account in the
linear approximation the effects of curvature k=1/R of the
scroll ring in absence of periodic external forcing. In this
order of the perturbation theory, neglecting small terms of
order Gy/V,, we have

. 3VoA, vy
Po.1)= -D + e (’}/2+D2)1/2 COS(¢1 ),
(12)
3 VoA y
Z01)= . l(yz D)2 sin(¢; - 9).

Hence, we reproduce here the old results'' for the scroll
rings: a scroll ring drifts along its symmetry axis with the
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velocity «Z( ;) and shrinks (or expands, depending on the
sign) in the radial direction at the rate xpq ;). Substituting
explicit expressions for A, ¢, and &, we find that the fila-
ment tension I'j is determined by the kinematic parameters
(see Refs. 5 and 11) as

3VoAD(Y -D)+v]
4G, ¥+ D?

When the tension is positive (I'y>0), the scroll ring shrinks.
If it is negative (I'j<<0), the scroll ring expands.

The second-order contribution S, ;) takes into account
an interplay between external periodic forcing and the cur-
vature effect of the scroll ring. Keeping only slowly varying
terms with the difference frequency (w;—w,), we find

F():D—

3 yA
kan=--—5—= — )i+ b= dhy -
(1,1) 5 )/2 + D2 COS[(wf wp) ¢f bo— 1]
3. A .
- 4_1()/2+D2)”2 Sln[(“’f‘ wo)t + = po— oy + 4],
(13)
15 woyzAl
aan=- 8~ 5
Go(¥* + D?)(ws— wy)
Xsin[(wp— o)t + ¢p— o — ¢]
9 Yoo,
+ . p—
8 Go(¥ + D))"y - wy)
XCOS[((Uf— a)o)[+ ¢f_ ¢0— ¢1 + 5]
Further, we have
pa,1 == Vo cos(wpt) aq 1y + Vo sin(wot) aqp ) (o,1)
(14)
Z.(l,]) =- VO sin(wot)a(l,l) - V() COS(wot)a(l,o)a(o’l).
Substituting expressions for «(; 1), @) and a ), it can be

checked that this second-order term gives rise only to oscil-
lations in the radius and vertical position of the ring, induced
by external forcing.

Finally, we calculate the third-order coefficients S ;).
Thus, we obtain

b% 3w
u)ok(2 1) + -

k(Z,l) =- D 2 D COS((I)fl"F ¢f)k(1 1)
wyy’ lw ?’2
=3——kaogpkan+z )~ COS(wft+ d’f)k 1.0K0,1)
G,D G,D
90)07
g =2 — —ka.oka.oko,)
G2D
3wyy 3wy
Gon=5"_" G, ken+— & kaok,n
0
3 w073
"6 & —, kaoka.oko.n, (15)
0
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Py =~ Vo cos(wot) a1y + Vo sin(wot) ey )11

1
+ EVO COS((I)QI) 0[(1’0)61’(1’0) 01(0’1),

2.1y == Vo sin(wpt) (1) = Vo cos(wot) a1 o)y 1y
1 .
+ EVO Sln(wot)a(lyo)a(l’o)a(o’l).

Analyzing the time dependence of the variables yielded
by these equations, we can notice that k(, ;) and «; ;) include
only rapidly oscillating with frequencies w, and 2w+ wy,
which are of little interest to us. In the expressions for p(, 1)
and 7, ), the dominant role is played by the second terms
because they are proportional to (wy— wo)”! and therefore
large near the resonance. Retaining only these terms, we find

9V, ¥A o)
P = 32 GO(YZ+D2)3/2 wp— g

X[cos(q‘)l—5)—§28in(¢)1—5)]’
2y
(16)
9Vy YA o
32G, (7 + D7 w0 wy

L=
X [sin(¢1 -8 - %% cos(¢; — 5)} .

B. Summary of analytical results

The perturbation analysis has allowed us to determine
the first terms in the expansion in powers of the forcing
amplitude € and inverse radius k=1/R of the scroll ring, S
~S0.0)+€S(1.0)+ kS 1)+ 62KS(2J). We have retained in these
terms only the contributions which become dominant near
the resonance w;=w.

To compare with the numerical simulations for the Bar-
kley model, we are primarily interested in the expressions for
the rate p of shrinking (or expansion) of the filament and for
the velocity 7 of its vertical motion. Putting together the
dominant slowly varying terms with frequency (w;—wy) in
the perturbation series, we find that p and 7 are given by

1
p=- Feff]_e + €A cos[(w;— wo)t + ¢y~ Py — ], (17)

i=- Aeffll_e - €A sinf(wp— wo)1 + ¢y — ¢y — 4. (18)

In these equations, I, represents the effective tension
coefficient of the filament. It can be written as

I,p=T +i (19)
T - g
with
3VyVD(y -D
TO=D——_—OY[ (y )2+72] (20)
4G0 (’y2+D)
and
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! E !
N (DY =D)+ 7))+ D2D =) |.
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The coefficient B is positive, if 4D+y?/D>'. This condi-
tion, which we assume in the following, holds for a wide
range of kinematic parameters (e.g., when y' <y or y' <D).

The term I'j, yields the filament tension coefficient in
absence of forcing, whereas the second term in expression
(19) takes into account effective renormalization of the ten-
sion coefficient due to periodic external forcing. The renor-
malization correction is quadratic in the small parameter €
and inversely proportional to w;—w,, which is also a small
parameter of the perturbation expansion. To justify the per-
turbation approximation, the correction must be small, so
that (@~ wy)/ wy> €. This renormalization correction be-
comes significant when the first term I’ is small, i.e., near a
boundary in the parameter plane where the contraction of
scroll rings is changed into their expansion.

The coefficient Ay, given by

_3Voy(y -2D) 9 € wy
"4 Go(y* + D?)

Vo'
32 = @9 GyD(5* + D?)?

x[(y' —2D)—§D(1 +D—(Y;Z_D)>],

(22)

determines the velocity and the direction of the drift of a
scroll ring along its symmetry axis. Similar to Iy, it in-
cludes renormalization due to periodic forcing, quadratic in
the forcing amplitude.

In the limit R— <, the terms with 1/R disappear from
Egs. (17) and (18). The remaining terms are linear in the
forcing amplitude €. Here, the coefficient A is

a2 Vor
- 4(,y2+D2)1/2‘

These terms describe circular oscillations of the filament
position in the radial cross section of the ring, i.e., in the
plane (p,z), which can be characterized as breathing of the
scroll ring. Such slow oscillations have frequency w;—wy
and their amplitude (the breathing radius) is given by

(23)

R1=EA/|(Df— w0|. (24)

Note that the breathing of the filament corresponds to
meandering of spiral waves induced by periodic external
forcing.ﬂ’23 For a large, but finite radius R of the ring, the
breathing is superposed with the slow expansion or contrac-
tion of the scroll ring filament. In the perturbation theory,
relative changes in the radius of the scroll ring filament are
assumed to be small. Therefore, the breathing radius must be
small as compared with the radius of the ring, R; <R, which
again puts a restriction on the closeness to the resonance
condition ;= ay.

The most important results of our analytical investiga-
tion is the Eq. (19) for the effective filament tension coeffi-
cient I'.. The periodic forcing of scroll rings leads to a
correction in the linear tension coefficient of the filament
which is proportional to €/(w;—w). When the frequency of
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forcing is larger than the characteristic frequency of rotation
of the scroll ring (w;> wy), this correction is positive and it
increases the tension of the filament. If the filament tension
in absence of forcing is negative (I'y<<0) and the scroll ring
expands, application of sufficiently strong rapid forcing can
make the effective filament tension positive (I'y>0) and
thus convert expanding scroll rings into the collapsing ones.
On the other hand, if the natural filament tension is positive
and the scroll rings contract, application of sufficiently
strong slow forcing (w;<w,) would allow us change the
sign of the filament tension coefficient and make it negative,
thus inducing the expansion of scroll rings and, eventually,
the Winfree turbulence.

The correction to the filament tension coefficient, due to
periodic forcing, is inversely proportional to the distance
w;—w, from the resonance and grows as the resonance con-
dition is approached. It may seem therefore that stabilization
of expanding scroll rings and suppression of the Winfree
turbulence can be best achieved if one works very close to
the resonance condition. This is not, however, true. When the
resonance condition w;=wy is approached, the amplitude of
breathing at the difference frequency w;—w, increases as
1/(@s— wy). This large-scale breathing motion is linear in the
forcing amplitude €, whereas the renormalization corrections
to the filament tension are quadratic in €. Thus, the linear
breathing effect is dominating the behavior of scroll rings
very close to the resonance.

IV. NUMERICAL TESTS OF KINEMATIC PREDICTIONS

In this section, we test the main predictions of the kine-
matic analysis by comparing them with the results of numeri-
cal simulations of the Barkley model. It should be noted that
the analytical study has been performed previously under a
number of assumptions, such as weak excitability (i.e., close-
ness to the subexcitability boundary), weak forcing, proxim-
ity to the resonance, and a large radius of the scroll ring
filament. The phenomenological kinematic parameters are
not known for the Barkley model. Additionally, forcing in
the simulations is never so weak and the scroll radius is
never so large, that the conditions of the perturbation theory
are fully satisfied. Therefore, direct quantitative comparison
between the two descriptions is not possible. Nonetheless,
we go beyond merely noticing qualitative agreements be-
tween the two classes of results and check whether certain
functional laws, independent of particular parameter values,
are valid.

According to the kinematic analysis, a periodically
forced scroll ring should breath with the frequency w;—wy
where oy is the forcing frequency and wj is the principal
rotation frequency of the scroll wave. Describing numerical
simulations in Sec. II, we have noted the presence of peri-
odic breathing. Now, this behavior will be examined in more
detail and compared with the respective analytical predic-
tions.

We are not interested here in the developed turbulent
regime and consider here only the initial expansion stage of
a scroll ring, when it remains approximately circular and the
axial symmetry is preserved. Assuming such axial symmetry,
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0.8

FIG. 8. Power spectra of tip motion for periodically forced (solid line) and
unforced (dashed line) scroll rings. The model parameters are a=1.1, &
=0.02, b=0.18, b;=0.01, and w;=1.45.

the angular variable does not enter into the description of
scroll rings and the problem becomes effectively 2D (with
the Laplacian written in the cylindrical coordinates):

u (&Zu 1 du &2u> 1 < v+b>
—=D|\—S+——+ = |+ ull-u)|u- ,
€ a

+
ot o* rar 0

(25)

v

—=u-v.

ot
The scroll ring is seen in the meridian cross section as a
spiral wave, with the cross section of the filament corre-
sponding to the spiral wave core. Further, the free edge of the
scroll wave is represented then by a tip of the spiral.

We have performed a series of reduced 2D simulations
of forced scroll rings. In each simulation, the tip positions
were identified and the tip motion was recorded. By perform-
ing fast Fourier transform of this data, the power spectra of
the tip motion were computed. An example of such spectrum
for the periodically forced expanding scroll ring is shown in
Fig. 8. For comparison, we have also displayed here the
spectrum or a scroll ring in absence of forcing in the same
medium. Without forcing, the spectrum has only one peak at
the frequency w, representing the rotation frequency of the
unforced scroll ring. When forcing is introduced, an addi-
tional strong peak at the low frequency w; appears. This
peak is associated with periodic breathing of a scroll ring.
Moreover, we can notice that the peak at a higher frequency,
corresponding to the scroll rotation, shifts toward lower fre-
quencies in the presence of forcing. Thus, the rotation fre-
quency of scroll rings depends on the amplitude b, and fre-
quency o, of external forcing, wy=wy(by, wy). Although the
effect is small, this dependence becomes significant close to
resonance conditions. Figure 9 shows the actual rotation fre-
quency of scroll rings for different forcing conditions.
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FIG. 9. Primary rotation frequency wy of the scroll as function of the forcing
frequency w, for three different amplitudes of forcing: b;=0.005 (black
circles), b;=0.010 (gray circles), and b,=0.015 (white circles). The same
model parameters as in Fig. 8.

Analyzing the spectra, we have identified the low fre-
quency ; associated with the filament breathing. The de-
pendences of this frequency on the forcing frequency w; for
three different amplitudes of forcing are shown in Fig. 10.
For comparison, we also display in this figure the analyti-
cally predicted dependences w;=w;—wy(bs,wy), where we
use the actual values of the principal rotation frequency of
the scroll ring shown in Fig. 9. An excellent agreement with
the analytical prediction is evident.

The breathing amplitude of forced scroll rings has been
further determined. When breathing takes place, in its merid-
ian cross section the filament performs circular motion of
some radius R; which can be chosen as the amplitude of
breathing. Figure 11 shows the dependence of R; on the forc-
ing frequency for three different amplitudes of forcing. As it
is expected from the kinematic result [Eq. (24)], the radius
R, should diverge as R, (w;— )~ when the resonance is
approached. To test this prediction, we have plotted in Fig.
11 the curves R;=C(w;~ w,)~! where the coefficient C was
fitted to obtain the same value in the closest point to the
resonance. Here, we have used again as w the actual rotation
frequencies wy(by, wy) of the forced scroll rings, as displayed
in Fig. 9. The agreement is good for weak forcing Fig. 11(A).
When the forcing amplitude is increased, the predicted de-
pendence holds only sufficiently closely to the resonance.

A different numerical test of the kinematic theory in-
volves stabilization of expanding scroll rings by periodic
forcing. As follows from Eq. (19), expanding scroll rings

W———T——T1—T1— VT 77 20
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FIG. 10. Breathing frequency w; of forced scroll rings as function of the
forcing frequency w; for three different amplitudes of forcing: b,=0.005
(black circles), b,=0.010 (gray circles) and b;=0.015 (white circles). The
curves show the analytical predictions for w,=ws—wy(by,w;). The same
model parameters as in Fig. 8.

(I'y<0) can be stabilized (I'.4=0) by applying forcing (4)
with the amplitude proportional to the small parameter € if
its frequency wy satisfies the equation

B
wr— Wy = —é.
! IT|

(26)
In the simulations with the Barkley model, the forcing am-
plitude is by Moreover, as we have already noted, the rota-
tion frequency of scroll waves is modified by forcing, w,
=wy(bs, wy). Thus, stable forced scroll rings should be found
in the Barkley model along a line in the parameter plane
(by, wy) satisfying the equation

H)f— (,l)o(bf, (l)f) = Fbj%’ (27)

where F' is a numerical coefficient which remains unknown.

To verify this prediction, we have performed simulations
of scroll rings (under an assumption of axial symmetry),
where periodic forcing of frequency w; was applied to ex-
panding scroll rings. By varying the forcing, its critical am-
plitude by, at which expansion changes to collapse and stable
scroll rings are therefore observed, has been determined.
Moreover, by analyzing the power spectra of tip motion, the
rotation frequency wy(bs, wy) of stabilized scroll rings was
also computed. In Fig. 12, the difference w;—wy(by, ) is
plotted versus the forcing amplitude b, (black circles). The
solid curve is the numerical fit of the data to the quadratic

15 15

10 10

FIG. 11. Breathing radius of scroll
rings as function of the forcing fre-
quency wy, for three different ampli-
tudes of forcing: (A) b;=0.005, (B)
b;=0.010, and (C) b;=0.015. The
curves show best fits to the analyti-
cally predicted dependence (o,
~ by, ).
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FIG. 12. Numerical test of the kinematic prediction (27). Filled circle sym-
bols indicate expanding scroll rings, stabilized by periodic forcing. The solid
curve shows numerical fitting of this data to a quadratic parabola. The same
model parameters as in Fig. 8.

parabola with F=2.3 X 10°. We see that the predicted depen-
dence (27) is indeed valid for the Barkley model.

V. DISCUSSION AND CONCLUSIONS

The idea of control of scroll rings by periodic forcing
has been proposed a long time ago.27 However, resonant pe-
riodic forcing was considered then as sufficient to realize
such control. Scroll rings of a large radius represent spiral
waves in the cross section. Under resonant periodic forcing,
a spiral wave undergoes a linear drift which direction de-
pends on the forcing phase. Thus, it was believed that, by
choosing an appropriate forcing phase, this drift can be made
to compensate for the expansion of the scroll ring and thus
stabilize it. The simulations with resonant forcing, which we
have also performed and which are in the agreement with
previous results,” show that stabilization by resonant forc-
ing, proposed in Ref. 27, cannot be reached. First, the rota-
tion frequency of a scroll ring changes under external forcing
and it also depends on the ring size, so that it is practically
impossible to keep the system under an exact resonance.
Moreover, when the negative tension instability is present,
the expanding filament deforms and deviates from a circular
shape. Depending on the local orientation of various filament
fragments, the action of external forcing would then be dif-
ferent and the forcing phase cannot be uniquely adjusted.

The numerical and analytical investigation, which results
have been briefly reported in our previous publication4 and
are described in detail in the present article, is based on the
application of nonresonant periodic forcing for the control of
scroll rings.

Under the conditions of negative filament tension, scroll
rings expand and, through a transverse instability of fila-
ments, give rise to the spatiotemporal regime of Winfree tur-
bulence. By numerical simulations of the Barkley model, we
have shown that expansion of filaments can be prevented and
Winfree turbulence can be suppressed by applying uniform
periodic forcing with a frequency higher than that of the
scroll ring and a sufficiently high amplitude. We have also
found in our numerical simulations that application of suffi-
ciently strong slow periodic forcing, with the frequency less
than the frequency of scroll waves, converts collapsing scroll
rings into the expanding ones and thus induces Winfree tur-
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bulence in the medium. An additional effect of periodic forc-
ing, seen in our simulations, was that the scroll rings breath,
i.e., their radius is periodically modulated at a frequency
given by the difference of the forcing frequency w; and the
own rotation frequency w, of the scroll ring. In the frame-
work of a phenomenological kinematic approach, the re-
sponse of scroll rings to periodic forcing has been analyti-
cally investigated. The analysis has been performed in a
perturbation approximation, using the forcing amplitude and
the inverse radius of the scroll ring as small parameters in the
perturbation expansions. Moreover, proximity to the reso-
nance condition was assumed in this analysis. The dominant
terms, up to the second order in the forcing amplitude and
the first order in the inverse radius, have been retained in the
perturbation expansion.

We have found that the filament tension coefficient un-
dergoes effective renormalization in the presence of periodic
forcing [see Eq. (19)]. The renormalization correction is qua-
dratic in the forcing amplitude. Its sign depends on the rela-
tionship between the forcing amplitude w; and the rotation
frequency wy of scroll rings. When w;> wy, the correction is
positive and leads to an increase of the filament tension. If
o<y, it is negative and the filament tension is reduced.

Thus, application of strong enough forcing should con-
vert expanding scroll rings into the collapsing ones. The
boundary in the parameter plane, where this transition takes
place, is given by Eq. (26). We have shown that there is a
good agreement between this analytical prediction and the
simulation data for the Barkley model. Further, the kinematic
theory predicts breathing of filaments at frequency w,—wy
and with the amplitude inversely proportional to the breath-
ing frequency. This analytical result has been also tested
against numerical simulations and good agreement has been
found.

Therefore, we conclude that the phenomenological kine-
matic theory is able to provide an explanation of the phe-
nomena observed in the numerical simulations. Because this
theory is not restricted to a particular reaction-diffusion
model, its predictions are general. Hence, similar effects of
periodic nonresonant forcing are expected for different mod-
els of excitable media.
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