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Abstract: Longevity risk affecting older adults can be transferred to the insurance market 
by purchasing a lifetime annuity. Special-rate life annuities, which are priced, among 
other factors, on the basis of health and lifestyle factors, go beyond traditional considera-
tions of age and sex by using modified mortality tables. However, they are not available 
in many countries. In regions where life annuities are priced solely via standard mortality 
tables, retirees with below-average life expectancy may face unfair pricing. This study 
aims to quantify this actuarial unfairness and proposes an alternative annuitisation strat-
egy for these retirees. The strategy allows them to transfer longevity risk by acquiring a 
life annuity on the basis of their actual mortality probabilities, thereby mitigating actuarial 
inequities. Additionally, the paper examines how tax incentives can exacerbate actuarial 
unfairness and, specifically for Spanish tax regulations, compares different alternatives 
under two scenarios related to the sources used for purchasing life annuities. 
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1. Introduction 
The increasing life expectancy (LE) in developed countries presents both a remarka-

ble achievement and a significant challenge. As people live longer than they did a few 
decades ago, the sustainability of public pension systems may be at risk (Sánchez-Serrano 
and Peltronen 2020). Extended lifespans lead to longer periods of retirement, placing ad-
ditional financial strains on public resources designed to support retirees. To address this, 
several countries have undertaken reforms aimed at adjusting pensions to this new reality 
(Scott 2023). 

On the other hand, the retiree population faces longevity risk, which involves the 
possibility of outliving the financial resources accumulated during their active years. This 
risk can be compounded by health issues in retirement, resulting in increased expenses, 
particularly in advanced age. Yaari (1965) suggested that the optimal strategy for hedging 
longevity risk in complete markets is to purchase actuarially fair life annuities with life-
long payments. Subsequent studies (see, e.g., Sinha 1986; Mitchell et al. 1999; Davidoff, 
2009; Lockwood 2012; Sutcliffe 2015; Atta Mills and Anyomi 2023) expanded on this idea, 
considering factors such as incomplete life annuity markets and subjective preferences 

Academic Editors: Tak Kuen Ken Siu 

and Hailiang Yang 

Received: 25 November 2024 

Revised: 29 January 2025 

Accepted: 14 February 2025 

Published: 19 February 2025 

Citation: de Andrés-Sánchez, Jorge, 

and Laura González-Vila Puchades. 

2025. Longevity Risk and  

Annuitisation Decisions in the  

Absence of Special-Rate Life  

Annuities. Risks 13: 37. https:// 

doi.org/10.3390/risks13020037 

Copyright: © 2025 by the authors. 

Licensee MDPI, Basel, Switzerland. 

This article is an open access article 

distributed under the terms and 

conditions of the Creative Commons 

Attribution (CC BY) license 

(https://creativecommons.org/license

s/by/4.0/). 



Risks 2025, 13, 37 2 of 27 
 

(e.g., bequest motive). They unanimously agree that using a portion of accumulated 
wealth to purchase life annuities is a natural way to manage longevity risk. However, 
developed countries exhibit lower voluntary demand for life annuities than expected 
(Lambregts and Schut 2020), a phenomenon known as the annuity puzzle (Cannon and 
Tonks 2011), underscoring the disparity between economic theory and individuals’ actual 
behaviours. For example, focusing on Spain, Berges and Manzano (2023) state that saving 
in pension funds, one of the main instruments to complement the public retirement pen-
sion if its accumulated balance is converted into a lifetime annuity, is far from being min-
imally relevant by desirable standards. Additionally, financial products for pension sav-
ings represent a very small share of the financial assets of Spanish households compared 
to their European counterparts, accounting for barely 3% of the gross wealth of Spanish 
households. There is no single explanatory reason for the annuity puzzle; rather, it results 
from a set of factors of different types. Some are attributable to individuals’ psychology, 
such as the bequest motive, the underestimation of longevity risk, or the perception that 
this risk can be personally managed (Brown et al. 2008; Benartzi et al. 2011; Alexandrova 
and Gatzert 2019). Others are associated with the culture and economic system to which 
retirees belong. In systems with more extensive public benefits, such as in Spain, the need 
for private life annuities is lower (Brown 2001; de Andrés-Sánchez and González-Vila 
2020). There are also economic and financial factors, such as low-interest-rate environ-
ments, low returns on life annuities (de Andrés-Sánchez and González-Vila 2020), or the 
fact that life annuities offered in the insurance market are not tailored to the individual 
circumstances of the person (Alexandrova and Gatzert 2019). This study must be under-
stood within the context of this latter factor, which triggers the annuity puzzle, especially 
among groups of retirees who are potential buyers of life annuities to complement those 
provided by public pension systems. 

It is well known that mortality varies among individuals of the same age and within 
the same municipality, region, or country. Considering heterogeneous lifespans involves 
assuming that a population is composed of subgroups subject to different mortality laws 
(Pitacco 2019). Several factors influencing longevity heterogeneity have been extensively 
documented. Clear examples are sociodemographic factors such as sex, income level, ed-
ucation, or marital status. Women tend to have a greater LE than men. Individuals with 
higher income levels exhibit greater survival rates, partly because they can afford better 
healthcare services. Moreover, those with higher educational attainment and/or those 
who are married tend to adopt healthier lifestyles (Chetty et al. 2016; Ayuso et al. 2017; 
Bravo et al. 2021). On the other hand, other factors, such as congenital characteristics, are 
harder to observe (Pitacco 2017). 

Although longevity heterogeneity among a specific population is a widely docu-
mented phenomenon, insurers in most countries offer standard life annuities, i.e., rated at 
a uniform price for all individuals of the same age and sex (if regulations allow), without 
additional segmentation among annuitants, assuming that they share the same LE. This 
approach results in unfairness for those with below-average or substandard LE (SSLE), as 
the expected value of received payments is much lower than the premiums paid (Ho-
ermann and Ruß 2008). The term “SSLE” refers to a reduced LE relative to the number of 
years a person of a certain age is expected to live based on statistical averages for a specific 
population, often due to health conditions such as chronic illnesses, lifestyle factors (e.g., 
smoking or obesity), or other risk factors that shorten an individual’s LE. Different authors 
may use varying terminology to refer to this concept, such as “impaired life”, “substand-
ard life” (as opposed to standard life), or “reduced LE”, in both actuarial and health con-
texts, all conveying the same idea (Kita 2006; Robb and Willets 2006; Ozasa et al. 2008). In 
an insurance market where only standard life annuities are available, individuals of the 
same age who pay the same single premium will receive the same periodic payments, 
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regardless of their LE. This means that a person with an SSLE and another with a standard 
LE (SLE) will receive identical annuity payments, but the SSLE person will likely do so for 
a shorter duration. As a result, part of the premium paid by this individual effectively 
subsidises the periodic payments for annuitants with a longer LE. Special-rate life annui-
ties address this by considering various health and lifestyle factors, estimating mortality 
probabilities and adjusting periodic payments accordingly. This ensures actuarial fair-
ness, providing equitable pricing for individuals with SSLE (Pitacco and Tabakova 2022). 

The significant pressure that the ageing populations of developed countries place on 
public pension systems has led governments to promote the growth or establishment of a 
third pillar for old-age provision. This initiative encourages individuals to compensate for 
potential reductions in public retirement pensions by increasing private savings, essen-
tially reallocating a portion of their income during their working years to fund their re-
tirement and providing incentives to consume these savings gradually during retirement. 
Therefore, some countries offer tax incentives to promote life annuity demand (Brunner 
and Pech 2008). Tax incentives, when available only for standard life annuities in a market 
without special-rate life annuities, create a dilemma for retirees with SSLE (Kling et al. 
2014). They face the choice of either not using part of their wealth for a life annuity, which 
is unattractive for tax reasons, or opting for a fiscally appealing annuity with an unjust 
price. The latter results in the loss of part of the tax benefit, as the annuity is acquired at 
an extra cost compared with an equitable scenario. 

These considerations motivate this work, which explores three issues that, to the best 
of our knowledge, have not been previously researched: 

Issue 1. We measure the unfairness faced by SSLE retirees when contracting a lifetime 
annuity priced with standard probabilities. To do so, it is considered that purchasing a 
lifetime annuity is the default strategy adopted in insurance markets where special-rate 
life annuities are unavailable, regardless of the retiree’s LE. This measure is based on the 
concept of the transfer rate in Ayuso et al. (2021). 
Issue 2. Under the assumption of no personal income taxation, we propose an alternative 
annuitisation strategy for SSLE retirees in markets where special-rate life annuities are 
unavailable. This alternative involves purchasing a standard temporary annuity designed 
to cover the expected remaining years of life with a high probability (e.g., 95%), thereby 
reducing the transfer rate. 
Issue 3. We consider personal income taxation to determine the amount of payments that 
SSLE retirees receive. Focusing on tax regulation in Spain, where special-rate life annuities 
are not available, life annuity purchases are examined under two possible scenarios that 
comprehensively cover most cases in which a person might acquire a life annuity, each 
involving a completely different tax situation. In the first scenario, the life annuity is pur-
chased via the accumulated balance from a pension plan. In the second scenario, the re-
tiree uses a portion of their personal assets to buy the annuity. 

Notice that Issues 1 and 2 apply to any country where special-rate life annuities are 
unavailable, as they address the challenges faced by retirees in markets offering only 
standard-rate life annuities. Issue 3, which emphasises the role of personal income taxa-
tion in annuitisation decisions, is also relevant to personal financial planning worldwide. 
Thus, although the analysis conducted in this study focuses on Spanish regulation, the 
methodology applied can be adapted to other countries by taking into account their spe-
cific regulations governing life annuities. Likewise, it should not be overlooked that Spain 
is a significant destination for migrant retirees (Valero-Escandell et al. 2022) as their coun-
try for permanent residence. Therefore, the focus on Spanish tax regulation provides val-
uable insights for actuarial practitioners regarding the tax planning of retirees in similar 
situations across different countries. 
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The paper is organised as follows. Section 2 explains the classification and pricing of 
special-rate life annuities, focusing on some characteristics and a practical pricing method. 
This section aims to describe the variety of products encompassed by special-rate annui-
ties and determine how we will model the excess mortality of SSLE individuals. This mod-
elling will be performed through the mortality factor, which is derived from a widely used 
approach in practice (Olivieri 2006). Section 3 begins with a brief discussion of the concept 
of actuarial fairness and describes a method for measuring the actuarial unfairness expe-
rienced by retirees with SSLE in markets where special-rate life annuities are not available. 
Section 4 presents an alternative annuitisation strategy that partially mitigates this unfair-
ness for such retirees. Section 5 considers tax incentives to promote life annuities demand, 
when available only for standard life annuities in markets without special-rate options, as 
a factor that exacerbates the actuarial unfairness for SSLE individuals. It specifically com-
pares, under Spanish tax regulation and for two different scenarios related to the origin 
of the sources used to purchase life annuities, the payment amount to be received when a 
standard lifetime annuity is purchased, when the alternative strategy proposed in Section 
4 is implemented and when a special-rate lifetime annuity is contracted if possible. Section 
6 summarises the main findings of the paper. 

2. Special-Rate Life Annuities: Concept and Pricing 
2.1. Some Aspects of Special-Rate Annuities 

In many countries, retirees have limited options for purchasing life annuities, often 
based solely on age and sex or only on age, as seen in the European Union, where pricing 
by sex is prohibited (European Council 2004). However, some nations have innovated 
their annuity markets with advanced risk-underwriting strategies, introducing special-
rate life annuities. These consider factors such as residence, lifestyle, and health status 
(Pitacco and Tabakova 2022; Olivieri and Tabakova 2024). By incorporating these factors, 
special-rate life annuities provide higher periodic payments compared to standard annu-
ities, reflecting a shorter predicted LE for the insured (Gatzert and Klotzki 2016). 

Underwriting special-rate life annuities differs significantly across countries and in-
surers. In the UK, for instance, postcode-based life annuities do not require specific un-
derwriting, as insurers utilise mortality data linked to postcodes, which act as proxies for 
social class and mortality expectations (Telford et al. 2011). Minor risk factors like marital 
status or smoking habits are similarly assessed, reflecting limited health deterioration. UK 
insurers, with extensive market experience, often use automated, rule-based systems for 
pricing based on additional health details such as blood pressure or cholesterol levels. 
Online platforms facilitate rapid pricing for conditions like hypertension and diabetes, 
while significant health issues, such as cancer or heart disease, require more personalised 
underwriting through questionnaires and medical exams (Ridsdale 2012). Complex cases 
involve expert systems adjusting mortality estimates using disease-specific mortality ta-
bles, further refined for combinations of conditions and individual circumstances. Fully 
individualised underwriting processes are applied for some special-rate life annuities. In 
contrast, underwriting practices outside the UK are less standardised. In the USA, some 
insurers employ established systems to process health data and estimate mortality effi-
ciently (Drinkwater et al. 2006). Others rely on medical underwriters or use prediction 
models and medical databases for diseases like diabetes or multiple sclerosis. Some insur-
ers adhere to life insurance underwriting guides. Regardless of the method, accurately 
pricing special-rate life annuities depends on estimating mortality probabilities (see Sec-
tion 2.2) to adjust annuity payments appropriately. 

The specific denominations given to the various types of special-rate annuities are 
not the same in all markets. Therefore, this paper follows the terminology commonly 
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found in markets where they are most prevalent, such as in the UK, as discussed in Pitacco 
(2017) and Olivieri and Tabakova (2024). Thus, we differentiate the following types1: 

• Lifestyle annuities. They are priced by considering various risk factors, such as the 
postcode of residence, smoking habits, alcohol consumption, marital status, profes-
sional activity, and physiological characteristics. Mortality probabilities in these an-
nuities are marginally higher compared to standard life annuities. 

• Enhanced life annuities are determined based on the individual’s medical history, 
which leads to a reduced LE. In this case, mortality probabilities are greater than 
those associated with standard and lifestyle annuities. 

• Impaired life annuities are specifically designed for individuals whose medical con-
ditions significantly reduce their anticipated lifespan (for example, due to diabetes, 
chronic asthma, cancer, etc.). In such cases, mortality probabilities are substantially 
higher than those for standard annuities and greater than those for enhanced annui-
ties. 

• Care annuities are intended for individuals experiencing severe impairments or 
those in a state of senescent disability. Such products can be understood as a form of 
long-term care insurance. Owing to the individual’s critical health circumstances, 
higher mortality probabilities and a lower LE are adopted in comparison to the afore-
mentioned annuity types. 
Although some of these life annuities, particularly lifestyle annuities, may be subject 

to potential annuitants misrepresenting their personal circumstances, such as smoking 
status or residence, to obtain greater pay-outs, these circumstances can generally be as-
sessed through a standard underwriting process. For example, smokers, even if in good 
health, exhibit numerous indicators of their status that can be easily detected through their 
medical history or even a routine medical examination (Chauhan et al. 2013). Similar con-
siderations apply to individuals who consume alcohol (Abidi et al. 2018). With respect to 
postcode, it can be verified whether the applicant has only recently moved to a “favoura-
ble” postcode or if it is genuinely their usual residence. Both routine medical examinations 
and the verification of postcode through corresponding official documentation are 
straightforward and cost-effective procedures that do not compromise the viability of us-
ing these factors in life insurance pricing. In fact, in countries where special-rate life an-
nuities are offered, substance consumption and postcode are commonly used factors in 
pricing (Telford et al. 2011). Nonetheless, the insurer must consider, in the management 
of special-rate annuities, the potential existence of moral hazard behaviours. This is be-
cause a greater annuity payment may enable individuals to invest more in healthcare 
while simultaneously motivating them to pursue greater longevity (Tricker 2018). 

2.2. Pricing Special-Rate Annuities 

2.2.1. Actuarial Pricing of Life Annuities 

Let us consider a retiree aged 𝑥𝑥 who wants to purchase a life annuity. We denote the 
annual probability of dying at age 𝑥𝑥 + 𝑗𝑗  as 𝑞𝑞𝑥𝑥+𝑗𝑗 , 𝑗𝑗 = 0, 1, … ,𝜔𝜔 − 𝑥𝑥 , where 𝜔𝜔  is the maxi-
mum attainable age. The probability that the retiree will live to age 𝑥𝑥 + 𝑡𝑡, 𝑝𝑝𝑡𝑡 𝑥𝑥 , is as fol-
lows: 

𝑝𝑝𝑡𝑡 𝑥𝑥 = ��1 − 𝑞𝑞𝑥𝑥+𝑗𝑗�
𝑡𝑡−1

𝑗𝑗=0

. (1) 

Suppose that the retiree has Π monetary units (m.u.) to acquire an immediate life an-
nuity whose annual payments are, for simplicity, constant and equal to 𝐶𝐶. If payments are 
lifelong, i.e., a lifetime annuity is purchased: 
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𝐶𝐶 =
Π
𝑎𝑎𝑥𝑥

, (2) 

where 

𝑎𝑎𝑥𝑥 = �(1 + 𝑖𝑖)−𝑡𝑡
ω−𝑥𝑥

𝑡𝑡=1

𝑝𝑝𝑥𝑥𝑡𝑡 , (3) 

and 𝑖𝑖 is the annual interest rate used to price the annuity, i.e., the so-called technical inter-
est rate. 

In the case of purchasing an 𝑛𝑛-year temporary life annuity, 𝑛𝑛 < 𝜔𝜔 − 𝑥𝑥 the payments, 
𝐶𝐶𝑛𝑛, would be as follows: 

𝐶𝐶𝑛𝑛 =
Π
𝑎𝑎𝑥𝑥:𝑛𝑛|

, (4) 

being 

𝑎𝑎𝑥𝑥:𝑛𝑛| = �(1 + 𝑖𝑖)−𝑡𝑡 𝑝𝑝𝑥𝑥𝑡𝑡

𝑛𝑛

𝑡𝑡=1

. (5) 

If the amount of the annual payments is determined on the basis of the average life 
probabilities for the age and sex (when permitted) of the annuitant, the retiree is acquiring 
a standard life annuity. Alternatively, if the amount of the annual payments is obtained 
by considering the individual’s specific probabilities, they purchase a special-rate life an-
nuity. In this last case, the specific one-year mortality probabilities are denoted as 𝑞𝑞𝑥𝑥+𝑗𝑗∗ . 
From these probabilities, the adjusted probability that the retiree will live to age 𝑥𝑥 + 𝑡𝑡, 𝑝𝑝𝑡𝑡 𝑥𝑥

∗ 
is obtained via (1). If 𝑝𝑝𝑡𝑡 𝑥𝑥

∗ are considered in (3), we will write 𝑎𝑎𝑥𝑥∗ . Moreover, the amount of 
the annual payment of the special-rate lifetime annuity, 𝐶𝐶∗, can be obtained by writing 𝑎𝑎𝑥𝑥∗  
in (2). 

2.2.2. Fitting Mortality Probabilities for Special-Rate Life Annuities 

From a theoretical standpoint, an appropriate approach to capturing the mortality of 
a population subgroup and pricing special-rate life annuities involves constructing spe-
cific mortality tables for that subgroup. Such tables are common in actuarial practice (e.g., 
for smokers or based on postcodes) and have inspired a highly active academic literature. 
Thus, within a broader population, there may be subgroups for which specific mortality 
adjustments are relevant, such as those at advanced ages, certain geographic areas within 
a country (Ahcan et al. 2014), or those associated with a specific insurance portfolio 
(Atance et al. 2025). In this context, the contribution of Dowd et al. (2011) can be under-
stood as a development of the concept of adjustment based on the existence of a joint 
centre of gravity for two related populations. Similarly, Jarner and Kryger (2011) apply 
the SAINT method to adjust the mortality of a relatively small population (Danish people 
over the age of 70) by referencing the mortality behaviour of that segment of the popula-
tion to the combined population of 19 OECD countries. Ahcan et al. (2014) propose ad-
justing the mortality tables of smaller countries, such as Slovakia, by referencing them to 
geographically larger and relatively close countries, such as those in the European Union. 
Likewise, the methodologies proposed in the works of Wan and Bertschi (2015) and 
Atance et al. (2025) aim to adjust specific mortality tables for the management of pension 
funds and life insurance. 

In this work, the approach we use to price special-rate life annuities is based on a less 
sophisticated method than those mentioned in the previous paragraphs but is frequently 
observed in actuarial practice: the “numerical rating system” (Olivieri 2006), which is de-
scribed in the following paragraphs. This approach requires the use of a reference 



Risks 2025, 13, 37 7 of 27 
 

mortality table, which we refer to as the standard mortality table2. After analysing various 
risk factors related to the health and lifestyle of the insured, a mortality table adjusted to 
their specific situation must be derived from this standard table. 

Olivieri (2006) describes two alternatives to determine adjusted mortality probabili-
ties: 

𝑞𝑞𝑥𝑥+𝑗𝑗∗ = 𝑞𝑞𝑥𝑥+𝑘𝑘+𝑗𝑗 ,  (6) 

𝑞𝑞𝑥𝑥+𝑗𝑗∗ = α + β𝑞𝑞𝑥𝑥+𝑗𝑗 , (7) 

where, from the standard annual probabilities, 𝑞𝑞𝑥𝑥+𝑗𝑗 , 𝑗𝑗 = 0, 1, … ,𝜔𝜔 − 𝑥𝑥 , 𝑞𝑞𝑥𝑥+𝑗𝑗∗   are the ad-
justed individual annual probabilities for an SSLE retiree. The adjusted mortality proba-
bilities in (6) are obtained by increasing the retiree’s current age by 𝑘𝑘 years based on the 
estimation that their LE is equal to that of a person aged 𝑥𝑥 + 𝑘𝑘. Similarly, in (7), 𝑞𝑞𝑥𝑥+𝑗𝑗∗  are 
obtained by increasing the standard mortality probability with a summative coefficient, 
α, and a multiplicative coefficient, β, usually called the mortality factor, which depend on 
the risk factors intended to be reflected. 

Equation (7) allows for the inclusion of the potential variability of risk factors over 
time. There may be risk factors that increase mortality probabilities only during a specific 
term, with no further influence once this term has passed. These cases are typical of certain 
diseases that lead to early death or recovery within a specific term. In such cases, the pa-
rameters in Equation (7) may be α > 0 and β > 1 for only a certain number of years. Once 
that term has elapsed, mortality probabilities return to the standard level (Olivieri 2006). 

In this article, it is assumed that in (7) α = 0 and β > 1, referred to as the multiplica-
tive model. This is a simplifying assumption that has been used in actuarial assessments 
(Olivieri 2006). Thus, this approach can be found in studies on life insurance ratemaking 
(Kita 2006), life settlement valuations (Xu and Hoesch 2018), and, of course, pricing spe-
cial-rate life annuities for SSLE individuals (e.g., Hoermann and Ruß 2008; Gatzert et al. 
2012; Kling et al. 2014; Olivieri and Pitacco 2016; de Andrés-Sánchez et al. 2020; Olivieri 
and Tabakova 2024). In this framework, each person is characterised by a factor β, and 
their individual mortality probabilities are given by β  times the mortality probabilities 
from a standard mortality base table. Therefore, an insured person with an individual 
factor β > 1 has an above-average mortality probability (or, equivalently, a below-aver-
age LE). Given that 𝑞𝑞𝑥𝑥+𝑗𝑗∗ = 𝛽𝛽𝑞𝑞𝑥𝑥+𝑗𝑗, it must be ensured that 0 < β < 1

𝑞𝑞𝑥𝑥+𝑗𝑗
 since 0 ≤ 𝑞𝑞𝑥𝑥+𝑗𝑗∗ ≤ 1. 

Nevertheless, this condition may not hold for all ages in the standard mortality table. 
Therefore, 𝑞𝑞𝑥𝑥+𝑗𝑗∗  is rewritten as 

𝑞𝑞𝑥𝑥+𝑗𝑗∗ = min�1, β𝑞𝑞𝑥𝑥+𝑗𝑗�. (8) 

The multiplicative model is the foundation of the so-called numerical rating system, 
which is the model used in all the works cited in the paragraph above. According to the 
numerical rating system, 

𝛽𝛽 = 1 + �𝜌𝜌(𝑖𝑖)
𝑛𝑛

𝑖𝑖=1

, (9) 

where 𝜌𝜌(𝑖𝑖) is a coefficient that quantifies the increase or decrease in mortality relative to 
the standard, depending on the 𝑖𝑖 th risk factor. Thus, if 𝜌𝜌(𝑖𝑖) < 0 , we are dealing with a 
credit, which reduces the mortality probability, while if 𝜌𝜌(𝑖𝑖) > 0, it is a debit, increasing 
the mortality probability (Pitacco 2019). In practice, there is a vast array of risk factors that 
can generate debits and credits, encompassing physiological, psychological and lifestyle 
variables, which can be assessed with varying degrees of granularity (Cummins et al. 
1983, pp. 131–220). To adjust for the excess mortality generated by impairments, general-
ised linear models may be particularly useful (Meyricke and Sherris 2013). 
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Theoretically, determining the mortality multiplier β for a given individual involves 
summing the coefficients 𝜌𝜌(𝑖𝑖) associated with each existing debit and credit, which should 
be interpreted as “expected values” (Pitacco 2019). These coefficients are linked to specific 
symptoms of health deterioration or improvement, such as physical or psychological con-
ditions. Sometimes, the adjustment of β may extend beyond simple aggregation, taking 
into account other relevant factors, such as common comorbidities, the influence of age 
on the considered factors, or lifestyle. The coefficients and adjustments are typically tab-
ulated by the insurer (Cummins et al. 1983, pp. 131–220). In actuarial practice, it is also 
common to use LE certificates, which provide detailed information on the impairments 
that justify the mortality multiplier β and the corresponding applicable mortality table 
(see, for example, the certificate by TwentyFirst 2024). These certificates are constructed 
based on the individual judgment of a medical evaluator, considering the personal cir-
cumstances of the assessed individual (Xu and Hoesch 2018), and align with the represen-
tation of β as a parameter, as suggested by the literature on mortality heterogeneity mod-
eling (Olivieri 2006; Kling et al. 2014; Pitacco 2019). A more academic approach involves 
the use of generalised linear models, which can be particularly useful for adjusting for the 
excess mortality generated by impairments (Meyricke and Sherris 2013). In this way, the 
coefficients adjusted through regression for each type of impairment can be assimilated to 
the coefficients used in the calculation of 𝜌𝜌(𝑖𝑖). 

The values of the mortality factor are often divided into intervals that define different 
risk classes, each with its own specific mortality table. Hence, the final value obtained for 
𝛽𝛽 is not applied directly via Equation (7) but rather through a mortality law common to 
the group in which the individual is classified (Cummins et al. 1983, pp. 113–20; Kita 2006; 
Olivieri and Pitacco 2016; Olivieri and Tabakova 2024). In life insurance ratemaking for 
substandard lives, it is common practice to use an SLE table as a reference and, on this 
basis, establish tables for different levels of SSLE (Cummins et al. 1983, pp. 131–220). 

3. Actuarial Unfairness for SSLE Retirees in the Absence of  
Enhanced Annuities 
3.1. Measuring the Unfairness of Standard Annuities for SSLEs 

The concept of actuarial fairness, also known as actuarial justice or equity, has been 
studied extensively and debated alongside actuarial discrimination. According to Frezal 
and Barry (2020), actuarial fairness can be understood either as solidarity among a group 
of insured individuals pooling their uncertain results or as a fair contract between an in-
sured person and an insurer. Due to the growing influence of neoliberal theories, the def-
inition and application of actuarial justice have evolved over time. Initially, it focused on 
the collective pooling approach based on statistical averages, but it later shifted toward 
individualised assessments to promote fairness (Meyers and Van Hoyweghen 2017; Fre-
zal and Barry 2020; Heras et al. 2020; Frees and Huang 2023). In this paper, we consider 
actuarial fairness as the principle that insurance products should reflect in the risk profiles 
of insured individuals, ensuring equitable treatment in terms of pricing and benefits, as 
discussed by Donnelly (2015), Landes (2015), and Chen and Vanduffel (2023). 

Insurance regulators have played a significant role in shaping the application of ac-
tuarial fairness. For example, European and American regulators, driven by a desire to 
avoid unfair discrimination, have reached differing conclusions. Although women gener-
ally have a higher LE, European regulations prohibit sex-based pricing to ensure equal 
treatment between men and women (European Council 2004; Court of Justice of the Eu-
ropean Union 2011). This approach defines fairness as “equal treatment”, disregarding 
statistical arguments and limiting the adjustment of prices on the basis of risk costs. 
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In recent years, actuarial fairness has faced new challenges with the rise of artificial 
intelligence (AI) in insurance pricing. Several authors (e.g., Barry 2020; Barry and Char-
pentier 2023; du Preez et al. 2024; Xin and Huang 2024) note that while AI offers the po-
tential for more precise risk assessments through the analysis of large datasets, it also 
raises ethical concerns. The use of AI in pricing could inadvertently perpetuate or worsen 
disparities if it leads to more granular but less transparent discrimination. Therefore, 
maintaining actuarial justice requires ensuring that AI applications in insurance pricing 
adhere to standards of fairness and transparency. 

Although a detailed examination of actuarial justice and discrimination falls outside 
the scope of this article, it is important to emphasise that actuarial justice should apply to 
all insurance products. Special-rate life annuities exemplify this application by adjusting 
pay-outs on the basis of individuals’ health and lifestyle factors. These products provide 
higher annuity payments to individuals with SSLE, ensuring a fairer income relative to 
the premium paid. This personalised approach reflects the principle of actuarial fairness 
by recognising the diverse health conditions of retirees and their implications for life an-
nuity pricing. 

According to Gatzert et al. (2012), special-rate life annuities were introduced in the 
UK in the mid-1990s. They emerged as a response to inequities in the traditional life an-
nuity market. Retirees who benefited from tax exemptions on pension plan contributions 
were required to purchase life annuities, often resulting in unfair treatment for those in 
poorer health. Standard life annuities provided the same rates to all annuitants, irrespec-
tive of their individual LEs. Special-rate life annuities address this disparity by offering 
prices tailored to health and lifestyle, thereby promoting a fairer allocation of retirement 
income (Pitacco and Tabakova 2022). 

When special-rate life annuities are unavailable, annuitants with SSLE effectively 
subsidise those with SLE, as in exchange for the same premium, the latter group benefits 
from longer payment periods without accounting for health disparities. Thus, individuals 
with shorter LEs may be financially disadvantaged. This section describes how to measure 
the unfairness that SSLE annuitants face when purchasing a standard annuity in markets 
where special-rate life annuities do not exist. This is performed on the basis of the concept 
of the transfer rate introduced by Ayuso et al. (2021). 

Hedging longevity risk is the purpose of purchasing life annuities. Achieving a com-
plete hedge of this risk necessitates the acquisition of a lifetime annuity. In markets where 
only standard life annuities are available, individuals with SLE who acquire a lifetime 
annuity do not experience wealth loss as they are offered actuarially fair prices. In other 
words, the wealth they invest in a life annuity, which is Π, matches the wealth they re-
ceive, which is equal to 𝐶𝐶 · 𝑎𝑎𝑥𝑥. 

However, this is not the case for SSLE annuitants. Following the approach outlined 
in Ayuso et al. (2021), if SSLE individuals were given actuarially fair annuities, they would 
not lose wealth and, consequently, Π = 𝐶𝐶∗ · 𝑎𝑎𝑥𝑥∗ . However, since only standard life annui-
ties can be purchased, the actual situation is that they receive 𝐶𝐶 · 𝑎𝑎𝑥𝑥∗ . Therefore, by consid-
ering (2), it can be argued that in such markets, SSLE individuals, upon contracting, tran-
sition from wealth Π to wealth Π𝑎𝑎𝑥𝑥∗

𝑎𝑎𝑥𝑥
. Consequently, SSLE annuitants implicitly transfer a 

portion of their wealth to SLE annuitants. We define the transfer rate that the SSLE annu-
itants afford as 

𝑇𝑇𝑇𝑇 =
Π − Π𝑎𝑎𝑥𝑥

∗

𝑎𝑎𝑥𝑥
Π

= 1 −
𝑎𝑎𝑥𝑥∗

𝑎𝑎𝑥𝑥
. (10) 

This can be interpreted as the amount that the SSLE annuitants transfer to annuitants 
who buy standard lifetime annuities for each m.u. they allocate to their acquisition. 
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Numerical Application 1. Table 1 shows the transfer rate, 𝑇𝑇𝑇𝑇, with a lifetime annuity of 
Π = 1 for several technical interest rates and mortality factors in the case of 𝑥𝑥 = 65, 75, 80 
years. With respect to standard mortality probabilities, we have considered those in-
cluded in the Human Mortality Database (2021), Spain, and both sexes to avoid potential 
underestimations introduced by mortality models (Lledó and Atance 2023). The different 
mortality factors used in this numerical application can be understood as originating from 
various mortality tables (Kita 2006; Cummins et al. 1983, pp. 131–220). Thus, 𝛽𝛽 = 1.5 cor-
responds to a mortality table associated with a subgroup where the standard mortality 
table is loaded by 50%. Similarly, β = 2 implies the use of a mortality table for a subgroup 
with a higher mortality level, reflecting a 100% load, and so on. 

Table 1. Transfer rate, 𝑇𝑇𝑇𝑇, with a standard lifetime annuity. 

𝑥𝑥 = 65 
𝛽𝛽 
𝑖𝑖 

1.5 
𝐿𝐿𝐿𝐿 = 18.05 

2.0 
𝐿𝐿𝐿𝐿 = 16.02 

5.0 
𝐿𝐿𝐿𝐿 = 10.16 

10 
𝐿𝐿𝐿𝐿 = 6.53 

1.5% 0.128753 0.218884 0.493228 0.674575 
3.0% 0.113452 0.195553 0.458465 0.643050 
4.0% 0.104416 0.181559 0.436648 0.622649 

𝑥𝑥 = 75 
𝛽𝛽 
𝑖𝑖 

1.5 
𝐿𝐿𝐿𝐿 = 10.92 

2.0 
𝐿𝐿𝐿𝐿 = 9.37 

5.0 
𝐿𝐿𝐿𝐿 = 5.30 

10 
𝐿𝐿𝐿𝐿 = 3.10 

1.5% 0.173109 0.287622 0.601223 0.779901 
3.0% 0.159585 0.268154 0.577734 0.762514 
4.0% 0.151324 0.256102 0.562641 0.751086 

𝑥𝑥 = 80 
𝛽𝛽 
𝑖𝑖 

1.5 
𝐿𝐿𝐿𝐿 = 7.82 

2.0 
𝐿𝐿𝐿𝐿 = 6.54 

5.0 
𝐿𝐿𝐿𝐿 = 3.36 

10 
𝐿𝐿𝐿𝐿 = 1.78 

1.5% 0.207482 0.339738 0.678156 0.853162 
3.0% 0.195245 0.322891 0.661138 0.843064 
4.0% 0.187661 0.312319 0.650105 0.836395 

Source: Own elaboration. 

Figure 1 shows the variation in the transfer rate for a lifetime annuity, Π = 1, with 
respect to the mortality factor and the technical interest rate, specifically for Numerical 
Application 1 and with 𝑥𝑥 = 65. 

The sensitivity analysis provided by Table 1 and Figure 1 suggests that both the mor-
tality factor 𝛽𝛽 and the interest rate influence the transfer rate. It is observed to increase 
with respect to the mortality factor and to decrease with respect to the interest rate. Fur-
thermore, it is more sensitive to 𝛽𝛽 than to the interest rate applied in the pricing of the life 
annuity. Finally, the results in Table 1 suggest that, under the same conditions for the 
mortality factor and interest rate, the transfer rate increases with respect to the retiree’s 
age. 



Risks 2025, 13, 37 11 of 27 
 

 

 

Figure 1. Variation in the transfer rate 𝑇𝑇𝑇𝑇. Source: Own elaboration. 

3.2. Some Properties of the Transfer Rate 

3.2.1. Behaviour of the Transfer Rate with Respect to the Mortality Factor 

We now assess the behaviour of the transfer rate TR with respect to the mortality 
factor. Let us first analyse the values of TR in the limiting case where β→ 1

𝑞𝑞𝑥𝑥
 (the probability 

of dying in the next year is 1). 
If β→ 1

𝑞𝑞𝑥𝑥
, the life annuity has no payments. Therefore, 

lim
𝛽𝛽→ 1

𝑞𝑞𝑥𝑥

𝑇𝑇𝑇𝑇 = 1 −
0
𝑎𝑎𝑥𝑥

= 1. (11) 
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As shown in Numerical Application 1, 𝑇𝑇𝑇𝑇 increases with the mortality multiplier, β. 
By considering (10) and calculating the derivative of 𝑇𝑇𝑇𝑇 with respect to β, 

𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕β

=
𝜕𝜕 �1 −∑ (1 + 𝑖𝑖)−𝑡𝑡ω−𝑥𝑥

𝑡𝑡=1  𝑝𝑝𝑡𝑡 𝑥𝑥
∗

𝑎𝑎𝑥𝑥
�

𝜕𝜕β
. 

 

(12) 

Given that, from (1), 𝑝𝑝𝑡𝑡 𝑥𝑥
∗ = ∏ �1 − min�1, β𝑞𝑞𝑥𝑥+𝑗𝑗��𝑡𝑡−1

𝑗𝑗=0   and 𝑝𝑝𝑥𝑥+𝑗𝑗∗ = 1 − min�1, β𝑞𝑞𝑥𝑥+𝑗𝑗� , 

then 

𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕β

=
∑ (1 + 𝑖𝑖)−𝑡𝑡ω−𝑥𝑥
𝑡𝑡=1  ∑ 𝑞𝑞𝑥𝑥+𝑗𝑗 ∏ �1 − min{1, β𝑞𝑞𝑥𝑥+𝑘𝑘}�𝑡𝑡−1

𝑘𝑘=0
𝑘𝑘≠𝑗𝑗

𝑡𝑡−1
𝑗𝑗=0

𝑎𝑎𝑥𝑥

=
∑ (1 + 𝑖𝑖)−𝑡𝑡ω−𝑥𝑥
𝑡𝑡=1  ∑ 𝑞𝑞𝑥𝑥+𝑗𝑗 ∏ 𝑝𝑝𝑥𝑥+𝑘𝑘∗𝑡𝑡−1

𝑘𝑘=0
𝑘𝑘≠𝑗𝑗

𝑡𝑡−1
𝑗𝑗=0

𝑎𝑎𝑥𝑥

=
∑ (1 + 𝑖𝑖)−𝑡𝑡ω−𝑥𝑥
𝑡𝑡=1  𝑝𝑝𝑡𝑡 𝑥𝑥

∗ ∑
𝑞𝑞𝑥𝑥+𝑗𝑗
𝑝𝑝𝑥𝑥+𝑗𝑗∗

𝑡𝑡−1
𝑗𝑗=0

𝑎𝑎𝑥𝑥
. 

(13) 

Thus, it is easy to check that 𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕β

> 0. Therefore, the shorter the LE of the insured (i.e., 

the greater β), the greater the wealth transferred since, for the same single premium, they 
are receiving annual payments for a much shorter term than what would correspond to 
them if their actual mortality probabilities were considered. 

Similarly, by naming 𝑝𝑝𝑡𝑡 𝑥𝑥
∗∗ = 𝑝𝑝𝑡𝑡 𝑥𝑥

∗ ∑ 𝑞𝑞𝑥𝑥+𝑗𝑗
𝑝𝑝𝑥𝑥+𝑗𝑗
∗

𝑡𝑡−1
𝑗𝑗=0  and 𝑎𝑎𝑥𝑥∗∗ = ∑ (1 + 𝑖𝑖)−𝑡𝑡ω−𝑥𝑥

𝑡𝑡=1  𝑝𝑝𝑡𝑡 𝑥𝑥
∗∗, (13) can be 

rewritten as a quotient of two present values: 

𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕β

=
𝑎𝑎𝑥𝑥∗∗

𝑎𝑎𝑥𝑥
. (14) 

Note that ∆𝑇𝑇𝑇𝑇≈ 𝑎𝑎𝑥𝑥∗∗

𝑎𝑎𝑥𝑥
∆β can be interpreted as a measure of the sensitivity of 𝑇𝑇𝑇𝑇 to fluc-

tuations in the annuitant’s health status. Thus, ∆β can be understood as the direct result 
of a fluctuation in debits and credits, as the outcome of a change in the annuitant’s classi-
fication (such as transitioning from a standard LE to qualifying for a special-rate life an-
nuity), or as moving from one risk group (and thus a specific mortality table) to another, 
which changes the mortality table used in the pricing process. 

3.2.2. Behaviour of the Transfer Rate with Respect to the Interest Rates 

Now, let us examine the behaviour in the cases where 𝑖𝑖→0, meaning no preference 
for liquidity, and where 𝑖𝑖→∞, indicating an infinite preference for liquidity. Note that the 
first situation could resemble the conditions in many OECD countries during much of the 
2010s and the early 2020s when risk-free interest rates were practically zero. 

In the case where 𝑖𝑖→0 , 𝑎𝑎𝑥𝑥 = ∑ (1 + 𝑖𝑖)−𝑡𝑡ω−𝑥𝑥
𝑡𝑡=1 𝑝𝑝𝑥𝑥 =𝑡𝑡 ∑ 𝑝𝑝𝑥𝑥𝑡𝑡

ω−𝑥𝑥
𝑡𝑡=1   and, analogously, 𝑎𝑎𝑥𝑥∗ =

∑ 𝑝𝑝𝑡𝑡 𝑥𝑥
∗ω−𝑥𝑥

𝑡𝑡=1 . Therefore, (10) becomes analogous to that in Ayuso et al. (2021) since 𝑎𝑎𝑥𝑥 and 
𝑎𝑎𝑥𝑥∗  turn into the LEs for SLE and SSLE annuitants, respectively. That is to say, 

lim
𝑖𝑖→0

𝑇𝑇𝑇𝑇 = 1 −
𝑒𝑒𝑥𝑥∗

𝑒𝑒𝑥𝑥
. (15) 

On the other hand, if 𝑖𝑖→∞, 

lim
𝑖𝑖→∞

𝑇𝑇𝑇𝑇 = 1 −
𝑝𝑝𝑥𝑥∗

𝑝𝑝𝑥𝑥
=
𝑝𝑝𝑥𝑥 − 𝑝𝑝𝑥𝑥∗

𝑝𝑝𝑥𝑥
. (16) 

Regarding the derivative of 𝑇𝑇𝑇𝑇 with respect to 𝑖𝑖, from (10): 
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𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝑖𝑖

=
𝜕𝜕 �1 − ∑ (1 + 𝑖𝑖)−𝑡𝑡ω−𝑥𝑥

𝑡𝑡=1  𝑝𝑝𝑡𝑡 𝑥𝑥
∗

∑ (1 + 𝑖𝑖)−𝑡𝑡ω−𝑥𝑥
𝑡𝑡=1 𝑝𝑝𝑡𝑡 𝑥𝑥

�

𝜕𝜕𝑖𝑖

=
∑ 𝑡𝑡(1 + 𝑖𝑖)−𝑡𝑡−1ω−𝑥𝑥
𝑡𝑡=1  𝑝𝑝𝑡𝑡 𝑥𝑥

∗ · ∑ (1 + 𝑖𝑖)−𝑡𝑡ω−𝑥𝑥
𝑡𝑡=1 𝑝𝑝𝑥𝑥𝑡𝑡

(𝑎𝑎𝑥𝑥)2

−
∑ (1 + 𝑖𝑖)−𝑡𝑡ω−𝑥𝑥
𝑡𝑡=1 𝑝𝑝𝑡𝑡 𝑥𝑥

∗  · ∑ 𝑡𝑡(1 + 𝑖𝑖)−𝑡𝑡−1ω−𝑥𝑥
𝑡𝑡=1 𝑝𝑝𝑥𝑥𝑡𝑡

(𝑎𝑎𝑥𝑥)2 . 

(17) 

Rearranging it, expression (17) becomes 

𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝑖𝑖

= −
∑ ∑ (ℎ − 𝑡𝑡)ω−𝑥𝑥

ℎ=𝑡𝑡+1 (1 + 𝑖𝑖)−(𝑡𝑡+ℎ)ω−𝑥𝑥
𝑡𝑡=1  � 𝑝𝑝𝑥𝑥ℎ 𝑝𝑝𝑡𝑡 𝑥𝑥

∗ − 𝑝𝑝ℎ 𝑥𝑥
∗ 𝑝𝑝𝑥𝑥𝑡𝑡 �

(1 + 𝑖𝑖)(𝑎𝑎𝑥𝑥)2 . (18) 

Since 𝑝𝑝𝑥𝑥ℎ 𝑝𝑝𝑡𝑡 𝑥𝑥
∗ − 𝑝𝑝ℎ 𝑥𝑥

∗ 𝑝𝑝𝑥𝑥𝑡𝑡   can be rewritten as 𝑝𝑝𝑥𝑥𝑡𝑡 𝑝𝑝𝑡𝑡 𝑥𝑥
∗� 𝑝𝑝𝑥𝑥+𝑡𝑡 − 𝑝𝑝ℎ−𝑡𝑡 𝑥𝑥+𝑡𝑡

∗
ℎ−𝑡𝑡 � , 𝑝𝑝𝑥𝑥𝑡𝑡 ≥

0, 𝑝𝑝𝑡𝑡 𝑥𝑥
∗ ≥ 0 and 𝑝𝑝𝑥𝑥+𝑡𝑡 ≥ 𝑝𝑝ℎ−𝑡𝑡 𝑥𝑥+𝑡𝑡

∗
ℎ−𝑡𝑡  in the case of an SSLE individual, 𝜕𝜕𝜕𝜕𝜕𝜕

𝜕𝜕𝑖𝑖
≤ 0. Thus, this re-

sult aligns with the reasoning that a higher interest rate leads to greater life annuity pay-
ments being received, which, in turn, results in less wealth being transferred for the same 
single premium. 

Note that (17) is also 

𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕𝑖𝑖

= −
(𝐼𝐼𝐼𝐼)𝑥𝑥𝑎𝑎𝑥𝑥∗ − (𝐼𝐼𝐼𝐼)𝑥𝑥∗𝑎𝑎𝑥𝑥

(1 + 𝑖𝑖)(𝑎𝑎𝑥𝑥)2 . (19) 

where (𝐼𝐼𝐼𝐼)𝑥𝑥 and (𝐼𝐼𝐼𝐼)𝑥𝑥∗  represent the present value of an increasing life annuity. 
Expression (19) can be interpreted similarly to the duration of fixed-income securi-

ties, allowing it to be used to approximately determine the sensitivity of 𝑇𝑇𝑇𝑇 to changes in 
the interest rate. Specifically, ∆𝑇𝑇𝑇𝑇≈ − (𝐼𝐼𝐼𝐼)𝑥𝑥𝑎𝑎𝑥𝑥∗−(𝐼𝐼𝐼𝐼)𝑥𝑥∗ 𝑎𝑎𝑥𝑥

(1+𝑖𝑖)(𝑎𝑎𝑥𝑥)2
∆𝑖𝑖. Since the interest rate used to price 

life annuities is typically closely related to the long-term interest rate on national govern-
ment debt, fluctuations in ∆𝑖𝑖 can be assessed based on changes in the yields of medium- 
and long-term government debt, which may be considered structural. These structural 
changes could be attributed, for instance, to long-term monetary or fiscal policy decisions. 

4. Mitigation of Actuarial Unfairness for SSLE Retirees 
Let us consider a market where life annuities are rated exclusively using standard 

mortality probabilities. We propose an alternative strategy to purchase a life annuity for 
those SSLE retirees who want to hedge their longevity risk and, at the same time, reduce 
the transfer rate they provide to SLE annuitants, i.e., reduce the actuarial unfairness they 
face. 

This alternative consists of purchasing a standard temporary life annuity covering 
the remaining number of whole years of life with a probability greater than or equal to 
1 − ε. This probability is determined based on the retiree’s degree of aversion to longevity 
risk, and the determination of such a number of years depends on the mortality factor 𝛽𝛽 
through the random variable “remaining number of whole years of life” 𝑵𝑵. 

The values of the random variable 𝑵𝑵 are {0,1,2, … , ω− 𝑥𝑥 − 1} with respective proba-
bilities �𝑞𝑞𝑥𝑥∗ , 𝑞𝑞1| 𝑥𝑥

∗ , 𝑞𝑞2| 𝑥𝑥
∗ , … , 𝑞𝑞ω−𝑥𝑥−1| 𝑥𝑥

∗� , where 𝑞𝑞𝑡𝑡| 𝑥𝑥
∗   is the modified probability that the retiree 

aged 𝑥𝑥 dies between ages [𝑥𝑥 + 𝑡𝑡, 𝑥𝑥 + 𝑡𝑡 + 1], i.e., 

𝑞𝑞𝑡𝑡| 𝑥𝑥
∗ = 𝑝𝑝𝑡𝑡−1 𝑥𝑥

∗ · 𝑞𝑞𝑥𝑥+𝑡𝑡∗ .  (20) 

The 1 − ε percentile of 𝑵𝑵 is as follows: 

𝑞𝑞𝑵𝑵1−ε = min
𝑗𝑗

|� 𝑞𝑞𝑘𝑘| 𝑥𝑥
∗

𝑘𝑘≤𝑗𝑗

≥ 1 − ε. (21) 
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The temporary life annuity to be purchased under this alternative will have 𝑛𝑛∗ = 𝑞𝑞𝑵𝑵1−ε 
payments, and the amount of the payments of the annuity, 𝐶𝐶𝑛𝑛∗, is obtained by substituting 
𝑛𝑛∗ in (4): 

𝐶𝐶𝑛𝑛∗ =
Π

𝑎𝑎𝑥𝑥:𝑛𝑛∗|
. (22) 

It is worth noting that this alternative does not provide a complete hedge against 
longevity risk since the retiree may survive more than 𝑛𝑛∗ years, and if so, they will not 
receive annuity payments once this number of years has passed. In other words, the trans-
fer rate to SLE annuitants is reduced at the cost of assuming a certain level of longevity 
risk. 

To calculate the transfer rate in this case, a similar reasoning to that in Section 3.1 is 
followed but considering temporary life annuities. Therefore, SSLE individuals, at the 
time of contracting the 𝑛𝑛∗-year temporary life annuity, transition from wealth Π to wealth 
Π

𝑎𝑎𝑥𝑥:𝑛𝑛∗|
𝑎𝑎𝑥𝑥:𝑛𝑛∗|
∗ . Then, the transfer rate, 𝑇𝑇𝑇𝑇𝑛𝑛

∗
, is now 

𝑇𝑇𝑇𝑇𝑛𝑛
∗

=
Π − Π

𝑎𝑎𝑥𝑥:𝑛𝑛∗|
∗

𝑎𝑎𝑥𝑥:𝑛𝑛∗|

Π
= 1 −

𝑎𝑎𝑥𝑥:𝑛𝑛∗|
∗

𝑎𝑎𝑥𝑥:𝑛𝑛∗|
. 

(23) 

Thus, in a standard life annuity market, the SSLE annuitants reduce the transfer rate 
with this annuitisation strategy. This reduction is measured by combining (10) and (23) as 

∇𝑇𝑇𝑇𝑇𝑛𝑛
∗

= 𝑇𝑇𝑇𝑇 − 𝑇𝑇𝑇𝑇𝑛𝑛
∗

=
𝑎𝑎𝑥𝑥:𝑛𝑛∗|
∗

𝑎𝑎𝑥𝑥:𝑛𝑛∗|
−
𝑎𝑎𝑥𝑥∗

𝑎𝑎𝑥𝑥
, (24) 

where ∇𝑇𝑇𝑇𝑇𝑛𝑛
∗
≥0. 

Notice that 

𝑎𝑎𝑥𝑥:𝑛𝑛|
∗

𝑎𝑎𝑥𝑥:𝑛𝑛|
=
∑  𝑝𝑝𝑡𝑡 𝑥𝑥

∗

𝑝𝑝𝑥𝑥𝑡𝑡
𝑤𝑤𝑡𝑡

𝑛𝑛
𝑡𝑡=1

∑ 𝑤𝑤𝑡𝑡 𝑛𝑛
𝑡𝑡=1

, (25) 

where 𝑤𝑤𝑡𝑡 = (1 + 𝑖𝑖)−𝑡𝑡 𝑝𝑝𝑥𝑥𝑡𝑡  , for 𝑡𝑡 = 1,2, … ,𝑛𝑛 . Therefore, (25) can be understood as a 

weighted average of the survival probability ratios 𝑝𝑝𝑥𝑥∗𝑡𝑡
𝑝𝑝𝑥𝑥𝑡𝑡

 weighted by 𝑤𝑤𝑡𝑡. Since 𝑝𝑝𝑡𝑡+1 𝑥𝑥
∗

𝑝𝑝𝑥𝑥𝑡𝑡+1
= 𝑝𝑝𝑥𝑥∗𝑡𝑡

𝑝𝑝𝑥𝑥𝑡𝑡
·

𝑝𝑝𝑥𝑥+𝑡𝑡
∗

𝑝𝑝𝑥𝑥+𝑡𝑡
 and 0≤𝑝𝑝𝑥𝑥+𝑡𝑡

∗

𝑝𝑝𝑥𝑥+𝑡𝑡
≤1, it holds that 𝑝𝑝𝑥𝑥∗𝑡𝑡+1

𝑝𝑝𝑥𝑥𝑡𝑡+1
≤ 𝑝𝑝𝑥𝑥∗𝑡𝑡

𝑝𝑝𝑥𝑥𝑡𝑡
. That is, when a new payment is added to the 

temporary annuities 𝑎𝑎𝑥𝑥:𝑛𝑛|
∗  and 𝑎𝑎𝑥𝑥:𝑛𝑛|, the new survival probability ratio is lower than the 

existing ones, thereby decreasing the weighted average 
𝑎𝑎𝑥𝑥:𝑛𝑛|
∗

𝑎𝑎𝑥𝑥:𝑛𝑛|
. And, considering (23), it can 

be stated that 𝑇𝑇𝑇𝑇𝑛𝑛
∗
 increases respect to the number of payments. 

Analogously, 

𝑎𝑎𝑥𝑥∗

𝑎𝑎𝑥𝑥
=
∑  𝑝𝑝𝑡𝑡 𝑥𝑥

∗

𝑝𝑝𝑥𝑥𝑡𝑡
𝑤𝑤𝑡𝑡

ω−𝑥𝑥
𝑡𝑡=1

∑ 𝑤𝑤𝑡𝑡 ω−𝑥𝑥
𝑡𝑡=1

, (26) 

can be seen as a weighted mean. It averages the rates 𝑝𝑝𝑥𝑥∗𝑡𝑡
𝑝𝑝𝑥𝑥𝑡𝑡

, for 𝑡𝑡 = 1,2, … ,𝑛𝑛, and, addition-

ally, 𝑝𝑝𝑥𝑥∗𝑡𝑡
𝑝𝑝𝑥𝑥𝑡𝑡

  for 𝑡𝑡 = 𝑛𝑛 + 1,𝑛𝑛 + ,2, … , ω − 𝑥𝑥 . Since these last survival probability ratios 

weighted in 𝑎𝑎𝑥𝑥
∗

𝑎𝑎𝑥𝑥
 are lower than those common to both quotients of present values, it turns 

out that 
𝑎𝑎𝑥𝑥:𝑛𝑛|
∗

𝑎𝑎𝑥𝑥:𝑛𝑛|
≥ 𝑎𝑎𝑥𝑥∗

𝑎𝑎𝑥𝑥
. 

In the limiting case where 𝑛𝑛∗→∞, Equation (23) turns into Equation (10) and, conse-
quently, the reduction in the transfer rate is zero. Therefore, this reduction decreases with 
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the number of payments of the temporary life annuity. Additionally, since a higher degree 
of longevity risk hedge (i.e., a smaller ε) represents a greater 𝑛𝑛∗, the corresponding tem-
porary annuity implies a smaller reduction in the transfer rate. Conversely, the transfer 
rate can be reduced at the cost of reducing the longevity risk hedge. Finally, the highest 
possible hedge of the longevity risk corresponds to ε = 0 and, accordingly, to the mini-
mum reduction in the transfer rate. 

Numerical Application 2. Table 2 lists the transfer rate with an 𝑛𝑛∗-year temporary life 
annuity, 𝑇𝑇𝑇𝑇𝑛𝑛

∗
, for ε = 0.05. The technical interest rates, mortality factors, standard mor-

tality probabilities, and ages are the same as those in Numerical Application 1. Table 3 
shows the reduction in the transfer rate with that temporary annuity, ∇𝑇𝑇𝑇𝑇𝑛𝑛

∗
. 

Table 2. Transfer rate with a standard temporary life annuity is 𝑇𝑇𝑇𝑇𝑛𝑛
∗
, for ε = 0.05. 

𝑥𝑥 = 65 
𝛽𝛽 
𝑖𝑖 

1.5 
𝑛𝑛∗ = 30 

2.0 
𝑛𝑛∗ = 27 

5.0 
𝑛𝑛∗ = 20 

10 
𝑛𝑛∗ = 14 

1.5% 0.119250 0.194294 0.405526 0.516776 
3.0% 0.106437 0.176602 0.384307 0.501590 
4.0% 0.098714 0.165711 0.370673 0.491646 

𝑥𝑥 = 75 
𝛽𝛽 
𝑖𝑖 

1.5 
𝑛𝑛∗ = 20 

2.0 
𝑛𝑛∗ = 18 

5.0 
𝑛𝑛∗ = 11 

10 
𝑛𝑛∗ = 7 

1.5% 0.155431 0.252573 0.468436 0.589064 
3.0% 0.145230 0.238817 0.456924 0.582067 
4.0% 0.138852 0.230097 0.449401 0.577459 

𝑥𝑥 = 80 
𝛽𝛽 
𝑖𝑖 

1.5 
𝑛𝑛∗ = 16 

2.0 
𝑛𝑛∗ = 13 

5.0 
𝑛𝑛∗ = 8 

10 
𝑛𝑛∗ = 4 

1.5% 0.187305 0.286425 0.547460 0.650207 
3.0% 0.178241 0.276161 0.539165 0.646859 
4.0% 0.172503 0.269559 0.533721 0.644653 

Source: Own elaboration. 

Table 3. Reduction of the transfer rate with a standard temporary life annuity, ∇𝑇𝑇𝑇𝑇𝑛𝑛
∗
, for ε = 0.05. 

𝑥𝑥 = 65 
𝛽𝛽 
𝑖𝑖 

1.5 
𝑛𝑛∗ = 20 

2.0 
𝑛𝑛∗ = 18 

5.0 
𝑛𝑛∗ = 11 

10 
𝑛𝑛∗ = 7 

1.5% 0.009503 0.024590 0.087702 0.157799 
3.0% 0.007015 0.018951 0.074158 0.141460 
4.0% 0.005702 0.015848 0.065975 0.131004 

𝑥𝑥 = 75 
𝛽𝛽 
𝑖𝑖 

1.5 
𝑛𝑛∗ = 20 

2.0 
𝑛𝑛∗ = 18 

5.0 
𝑛𝑛∗ = 11 

10 
𝑛𝑛∗ = 7 

1.5% 0.017678 0.035049 0.132787 0.190837 
3.0% 0.014356 0.029338 0.120810 0.180447 
4.0% 0.012473 0.026004 0.113240 0.173627 

𝑥𝑥 = 80 
𝛽𝛽 
𝑖𝑖 

1.5 
𝑛𝑛∗ = 16 

2.0 
𝑛𝑛∗ = 13 

5.0 
𝑛𝑛∗ = 8 

10 
𝑛𝑛∗ = 4 

1.5% 0.020177 0.053313 0.130696 0.202954 
3.0% 0.007015 0.018951 0.074158 0.141460 
4.0% 0.015159 0.042760 0.116384 0.191742 

Source: Own elaboration. 
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Table 2 implements Equation (23) and shows the transfer rate for different considered 
ages and mortality factors. As observed, a higher mortality factor results in a higher trans-
fer rate. Additionally, the transfer rate decreases as the interest rate increases. 

Table 3 illustrates the reduction in the transfer rate achieved by applying the strategy 
introduced in this section. For each specific scenario (age, mortality factor, and interest 
rate), the reduction is calculated via Equation (24), which determines the difference be-
tween the values in Tables 1 and 2. As shown, the use of temporary life annuities as a 
means to reduce the transfer rate is more advantageous for individuals with higher β. 

5. Tax Incentives, Annuitisation and SSLE Retirees 
The tax regulations of various countries include a range of incentives designed to 

encourage the demand for life annuities that supplement public retirement payments, 
thereby enabling retirees to transfer their longevity risk to the private insurance sector. In 
countries where special-rate life annuities do not exist, these incentives create a disad-
vantage for SSLE individuals because they can only benefit from them at unfair prices 
(Kling et al. 2014). 

Tax incentives for life annuities vary by country. Since it is not possible to cover all 
scenarios, we limit our work to the tax incentives in Spain, focusing on two different sce-
narios that are comprehensive enough to encompass the situations a Spanish retiree might 
encounter: 

1. Life annuities are purchased using the accumulated balance from a pension plan. 
2. Life annuities are acquired using a portion of the SSLE retiree’s personal assets. 

For these two scenarios, we compare the annual payment amounts received by the 
SSLE retirees in three cases: 

• Purchasing a standard lifetime annuity. 
• Implementing the alternative strategy proposed in Section 4. 
• Contracting a special-rate lifetime annuity if possible. 

5.1. Using the Accumulated Balance from a Pension Plan 

Like in other countries, pension plans in Spain allow workers to reduce their tax lia-
bility by contributing to them when the marginal tax rates they have are high and with-
drawing funds from the plans’ accumulated balance when their marginal tax rates are 
low. This provides workers with incentives to save for their own retirement. According to 
Rydqvist et al. (2014), these incentives are based on two key principles: the tax exemption 
of pension plan contributions during working years and the smoothing of tax payments 
over retirement, which together reduce lifetime tax liability. 

According to Jefatura del Estado (2006), payments from an annuity funded with a 
pension plan’s accumulated balance are classified as labour earnings. Consequently, the 
taxable amount of annuity payments is determined by the marginal tax rate associated 
with this category of earnings, denoted as 𝑔𝑔𝐿𝐿, which fluctuates on the basis of the retiree’s 
income due to progressive taxation. This work assumes that the marginal tax rate on la-
bour earnings for the retiree, 𝑔𝑔𝐿𝐿, remains constant throughout the period during which 
life annuity payments are received. 

If the accumulated balance in the pension plan equals Π: 
• When a standard lifetime annuity is purchased, the after-tax amount of annual pay-

ments for SSLE retirees is, bearing in mind (2), as follows: 

𝐶𝐶𝐴𝐴𝐴𝐴 =
Π
𝑎𝑎𝑥𝑥

(1 − 𝑔𝑔𝐿𝐿). (27) 
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• The alternative strategy consists of purchasing a standard temporary annuity with 
𝑛𝑛∗ payments, where 𝑛𝑛∗ is obtained as described in Section 4. The payment to be re-
ceived by an SSLE retiree after taxes, 𝐶𝐶𝐴𝐴𝐴𝐴𝑛𝑛

∗, is, considering (22): 

𝐶𝐶𝐴𝐴𝐴𝐴𝑛𝑛
∗ =

Π
𝑎𝑎𝑥𝑥:𝑛𝑛∗|

(1 − 𝑔𝑔𝐿𝐿). (28) 

• Similarly, if special-rate lifetime annuities were available, the annual payment to be 
received after taxes, 𝐶𝐶𝐴𝐴𝐴𝐴∗ , would be as follows: 

𝐶𝐶𝐴𝐴𝐴𝐴∗ =
Π
𝑎𝑎𝑥𝑥∗

(1 − 𝑔𝑔𝐿𝐿). (29) 

Numerical Application 3. The marginal tax rate associated with labour earnings in 
Spain currently takes different values depending on the annual amount of income. These 
values are 0%, 19%, 24%, 30%, 37%, 45%, and 47%, respectively. To avoid unnecessarily 
lengthening the extension of the results, only 𝑔𝑔𝐿𝐿 = 19%, 30%, 45%  is considered. The 
same ages, technical interest rates, mortality factors, and standard mortality probabilities 
as in Numerical Application 1 are used and also ε = 0.05. For every 100 m.u. of accumu-
lated balance in the pension plan, Table 4 shows the amount of the annual payment after 
taxes to be received with a standard lifetime annuity; Table 5 depicts the amount of the 
annual payment after taxes with a standard temporary life annuity; Table 6 contains the 
amount of the annual payment after taxes to be received if special-rate lifetime annuities 
were offered. 

Table 4. Annual payment after taxes with a standard lifetime annuity for every 100 m.u. of accumu-
lated balance in the SSLE retiree’s pension plan. 

𝑥𝑥 = 65 
𝑖𝑖 𝑔𝑔𝐿𝐿 = 19% 𝑔𝑔𝐿𝐿 = 30% 𝑔𝑔𝐿𝐿 = 45% 

1.5% 4.72 4.08 3.20 
3% 5.56 4.81 3.78 
4% 6.16 5.32 4.18 

𝑥𝑥 = 75 
𝑖𝑖 𝑔𝑔𝐿𝐿 = 19% 𝑔𝑔𝐿𝐿 = 30% 𝑔𝑔𝐿𝐿 = 45% 

1.5% 7.15 6.18 4.86 
3% 8.04 6.95 5.46 
4% 8.65 7.47 5.87 

𝑥𝑥 = 80 
𝑖𝑖 𝑔𝑔𝐿𝐿 = 19% 𝑔𝑔𝐿𝐿 = 30% 𝑔𝑔𝐿𝐿 = 45% 

1.5% 9.52 8.23 6.47 
3% 10.46 9.04 7.10 
4% 11.10 9.59 7.54 

Source: Own elaboration. 

Table 5. Annual payment after taxes with a standard temporary life annuity for every 100 m.u. of 
accumulated balance in the SSLE retiree’s pension plan. 

𝑥𝑥 = 65 
 𝑔𝑔𝐿𝐿 = 19% 𝑔𝑔𝐿𝐿 = 30% 𝑔𝑔𝐿𝐿 = 45% 
𝛽𝛽 
𝑖𝑖 1.5 2.0 5.0 10 1.5 2.0 5.0 10 1.5 2.0 5.0 10 

1.5% 4.79 4.89 5.57 7.12 4.14 4.23 4.82 6.15 3.25 3.32 3.78 4.83 
3% 5.62 5.72 6.36 7.87 4.86 4.94 5.50 6.80 3.82 3.88 4.32 5.34 
4% 6.21 6.30 6.91 8.39 5.37 5.44 5.97 7.25 4.22 4.28 4.69 5.70 

𝑥𝑥 = 75 
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 𝑔𝑔𝐿𝐿 = 19% 𝑔𝑔𝐿𝐿 = 30% 𝑔𝑔𝐿𝐿 = 45% 
𝛽𝛽 
𝑖𝑖 1.5 2.0 5.0 10 1.5 2.0 5.0 10 1.5 2.0 5.0 10 

1.5% 7.37 7.56 9.69 13.66 6.37 6.54 8.38 11.80 5.00 5.14 6.58 9.27 
3% 8.23 8.41 10.49 14.44 7.11 7.27 9.06 12.48 5.59 5.71 7.12 9.80 
4% 8.82 9.00 11.03 14.97 7.63 7.78 9.53 12.94 5.99 6.11 7.49 10.16 

𝑥𝑥 = 80 
 𝑔𝑔𝐿𝐿 = 19% 𝑔𝑔𝐿𝐿 = 30% 𝑔𝑔𝐿𝐿 = 45% 
𝛽𝛽 
𝑖𝑖 1.5 2.0 5.0 10 1.5 2.0 5.0 10 1.5 2.0 5.0 10 

1.5% 9.85 10.45 13.56 23.41 8.51 9.03 11.72 20.23 6.69 7.10 9.21 15.90 
3% 10.76 11.33 14.39 24.25 9.30 9.79 12.43 20.96 7.31 7.69 9.77 16.47 
4% 11.38 11.93 14.95 24.82 9.84 10.31 12.92 21.45 7.73 8.10 10.15 16.85 

Note: Values of 𝑛𝑛∗  for 𝛽𝛽 = 1.5, 2.0, 5.0, 10  are for 𝑥𝑥 = 65 , 𝑛𝑛∗ = 30, 27, 20, 14 ; for 𝑥𝑥 = 75 , 𝑛𝑛∗ =
20, 18, 11, 7; and for 𝑥𝑥 = 80, 𝑛𝑛∗ = 16, 13, 8, 4. Source: Own elaboration. 

Table 6. Annual payment after taxes with a special-rate lifetime annuity for every 100 m.u. of accu-
mulated balance in the SSLE retiree’s pension plan. 

𝑥𝑥 = 65 
 𝑔𝑔𝐿𝐿 = 19% 𝑔𝑔𝐿𝐿 = 30% 𝑔𝑔𝐿𝐿 = 45% 
𝛽𝛽 
𝑖𝑖 1.5 2.0 5.0 10 1.5 2.0 5.0 10 1.5 2.0 5.0 10 

1.5% 5.42 6.04 9.31 14.50 4.68 5.22 8.05 12.53 3.68 4.10 6.32 9.85 
3% 6.27 6.92 10.27 15.58 5.42 5.98 8.88 13.47 4.26 4.70 6.98 10.58 
4% 6.88 7.52 10.93 16.32 5.94 6.50 9.45 14.10 4.67 5.11 7.42 11.08 

𝑥𝑥 = 75 
 𝑔𝑔𝐿𝐿 = 19% 𝑔𝑔𝐿𝐿 = 30% 𝑔𝑔𝐿𝐿 = 45% 
𝛽𝛽 
𝑖𝑖 1.5 2.0 5.0 10 1.5 2.0 5.0 10 1.5 2.0 5.0 10 

1.5% 8.65 10.04 17.94 32.50 7.48 8.68 15.50 28.09 5.87 6.82 12.18 22.07 
3% 9.56 10.98 19.04 33.85 8.27 9.49 16.45 29.25 6.49 7.46 12.93 22.98 
4% 10.19 11.63 19.77 34.75 8.81 10.05 17.09 30.03 6.92 7.89 13.43 23.59 

𝑥𝑥 = 80 
 𝑔𝑔𝐿𝐿 = 19% 𝑔𝑔𝐿𝐿 = 30% 𝑔𝑔𝐿𝐿 = 45% 
𝛽𝛽 
𝑖𝑖 1.5 2.0 5.0 10 1.5 2.0 5.0 10 1.5 2.0 5.0 10 

1.5% 12.02 14.42 29.59 64.85 10.38 12.46 25.57 56.04 8.16 9.79 20.09 44.04 
3% 13.00 15.45 30.87 66.65 11.23 13.35 26.68 57.60 8.83 10.49 20.96 45.26 
4% 13.67 16.14 31.73 67.86 11.81 13.95 27.42 58.64 9.28 10.96 21.54 46.08 

Note: LEs for 𝛽𝛽 = 1, 1.5, 2.0, 5.0, 10 are 𝑥𝑥 = 65, 21.06, 18.05, 16.02, 10.16 and 6.53; for 𝑥𝑥 = 75, 13.33, 
10.92, 9.37, 5.30 and 3.10; and for 𝑥𝑥 = 80, 9.90, 7.82, 6.54, 3.36 and 1.78. Source: Own elaboration. 

Numerical Application 3 allows two conclusions to be drawn: 

- In all cases where the retiree has an SSLE (𝛽𝛽 > 1), given that 𝑎𝑎𝑥𝑥 > 𝑎𝑎𝑥𝑥:𝑛𝑛∗|, the strategy 
of purchasing a temporary life annuity is preferable to acquiring a standard lifetime 
annuity, even when it is calculated with mortality probabilities not adjusted to the 
individual’s situation. This strategy only covers the number of years set according to 
the probability of longevity risk ε, resulting in an increased annual annuity payment. 

- When a fair actuarial annuity can be purchased, i.e., a special-rate lifetime annuity, 
the annual payment amount is always greater than that of a standard lifetime annu-
ity. Furthermore, if the annuitant’s LE is significantly reduced, this amount can be 
more than six times greater than that obtained with a temporary life annuity. 
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5.2. Using a Portion of the SSLE Retiree’s Personal Assets 

In this case, and again focusing on Spanish taxation, it is assumed that the life annuity 
is purchased using a portion of the SSLE retiree’s assets, which may require the moneti-
sation or liquidation of those assets. Depending on the nature of these assets, their liqui-
dation may or may not be subject to taxation. For example, using the available balance in 
a bank account does not incur income tax. However, winnings from lotteries or gambling 
may be subject to taxes. Additionally, the sale of real estate that has appreciated in value 
since the purchase or the sale of equity securities for more than their acquisition cost may 
also be taxable, as these are capital gains resulting from asset transfers. These capital gains 
could be exempt under certain conditions. These exemptions, applicable when specific 
requirements are met, include the following: 

- Capital gains resulting from the sale of assets by individuals over 65 years, if the total 
amount obtained from that selling is used to purchase a lifetime annuity for which 
the individual is the beneficiary. 

- Capital gains derived from the sale of the habitual residence by individuals over 65 
years of age or those in severe or significant dependency situations when the pro-
ceeds are received as a lump sum or exchanged for a temporary or lifetime annuity. 

- Capital gains arise from the difference between contributions made to individual sys-
tematic savings plans3 and their final accumulated value at the time of purchasing 
lifetime annuities. 
In summary, the total amount obtained from liquidating a retiree’s assets, which will 

be used to buy a life annuity, may or may not be subject to taxes. Thus, the percentage of 
this amount that is taxable, 𝑝𝑝, can be equal to or different from zero. When 𝑝𝑝 ≠ 0, the re-
tiree’s marginal tax rate on capital gains must be considered. 

Spanish tax legislation provides incentives for contracting a life annuity using funds 
that do not come from the accumulated balance of a pension plan. These incentives allow 
only a percentage of the annual payments received to be subject to taxes. For a lifetime 
annuity, the taxable percentage is based on the retiree’s age, whereas for a temporary life 
annuity, it is based on the term of the annuity. Once the appropriate percentage is applied, 
the resulting amount must be included in the savings taxable base. 

To compare, as in Subsection 5.1, the amount of the annual payment to be received 
by an SSLE retiree when purchasing a standard lifetime annuity, an 𝑛𝑛∗-year temporary 
life annuity, and a special-rate lifetime annuity, we define the following variables: 

𝑔𝑔𝐾𝐾: Retiree’s marginal tax rate on capital gains. 
𝑘𝑘𝑥𝑥: Percentage of the annual amount of a lifetime annuity subject to tax in the savings 
taxable base, depending on the retiree’s age at the time of purchasing. For the age ranges 
relevant to this paper, Spanish taxation specifies 𝑘𝑘𝑥𝑥 = 24% for those aged between 60 and 
65 years, 𝑘𝑘𝑥𝑥 = 20% for those aged between 66 and 69 years and 𝑘𝑘𝑥𝑥 = 8% for those aged 
70 years or older. 
𝑘𝑘𝑛𝑛: Percentage of the annual amount of a temporary life annuity subject to tax in the sav-
ings taxable base, depending on the term of the annuity, 𝑛𝑛, measured in years. In Spain, 
for 𝑛𝑛 ≤ 5, 𝑘𝑘𝑛𝑛 = 12%; for 5 < 𝑛𝑛 ≤ 10, 𝑘𝑘𝑛𝑛 = 16%; for 10 < 𝑛𝑛 ≤ 15, 𝑘𝑘𝑛𝑛 = 20%; and for 𝑛𝑛 > 15, 
𝑘𝑘𝑛𝑛 = 25%. 
𝑔𝑔𝑆𝑆: Retiree’s marginal tax rate on saving. It is assumed that it remains constant throughout 
the period in which life annuity payments are received. 

Every one m.u. obtained from liquidating a retiree’s assets is subject to taxes amount-
ing to 𝑝𝑝 𝑔𝑔𝐾𝐾. Therefore, the amount available to purchase a life annuity is 1 − 𝑝𝑝 𝑔𝑔𝐾𝐾. If the 
amount obtained from the assets’ liquidation is equal to Π, the single premium to pur-
chase a life annuity is Π(1 − 𝑝𝑝 𝑔𝑔𝐾𝐾). 

Following similar reasoning as in Section 5.1, the results below are obtained. 
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• The amount before taxes of annual payments when a standard lifetime annuity is 
purchased by an SSLE retiree is as follows: 

𝐶𝐶𝐵𝐵𝐵𝐵 = Π 
1 − 𝑝𝑝 𝑔𝑔𝐾𝐾

𝑎𝑎𝑥𝑥
. (30) 

Therefore, considering the retiree’s marginal tax rate on savings, 𝑔𝑔𝑆𝑆, and (30), the af-
ter-tax amount is as follows: 

𝐶𝐶𝐴𝐴𝐴𝐴 = Π
1 − 𝑝𝑝 𝑔𝑔𝐾𝐾

𝑎𝑎𝑥𝑥
(1 − 𝑘𝑘𝑥𝑥 𝑔𝑔𝑆𝑆). (31) 

• The alternative strategy consists of purchasing a standard 𝑛𝑛∗-year temporary life an-
nuity. The amount of payments to be received by an SSLE retiree before taxes is 

𝐶𝐶𝐵𝐵𝐵𝐵𝑛𝑛
∗ = Π 

1 − 𝑝𝑝 𝑔𝑔𝐾𝐾
𝑎𝑎𝑥𝑥:𝑛𝑛∗|

, (32) 

and, consequently, after taxes, 

𝐶𝐶𝐴𝐴𝐴𝐴𝑛𝑛
∗ = Π

1 − 𝑝𝑝 𝑔𝑔𝐾𝐾
𝑎𝑎𝑥𝑥:𝑛𝑛∗|

(1 − 𝑘𝑘𝑛𝑛∗𝑔𝑔𝑆𝑆). (33) 

• If special-rate lifetime annuities were offered, the amount of the annual payment after 
taxes were received, 𝐶𝐶𝐴𝐴𝐴𝐴∗ , would be as follows: 

𝐶𝐶𝐴𝐴𝐴𝐴∗ = Π
1 − 𝑝𝑝 𝑔𝑔𝐾𝐾

𝑎𝑎𝑥𝑥∗
(1 − 𝑘𝑘𝑥𝑥 𝑔𝑔𝑆𝑆). (34) 

Numerical Application 4. The marginal tax rate on savings in Spain currently takes 
different values depending on the annual amount of savings. These values are 0%, 19%, 
21%, 23%, 27%, and 28%, respectively. For every 100 m.u. obtained from liquidating the 
SSLE retiree’s assets, Table 7 shows the amount after taxes of the annual payment to be 
received with a standard lifetime annuity; Table 8 contains the amount of the annual pay-
ment after taxes with a standard temporary life annuity; Table 9 lists the amount of the 
annual payment after taxes to be received if special-rate lifetime annuities were offered. 
The same technical interest rates, mortality factors, and standard mortality probabilities 
as in Numerical Application 1 are used and also ε = 0.05. Additionally, to avoid length-
ening the extension of the results, only 𝑔𝑔𝑆𝑆 = 19%, 23%, 28%, 𝑥𝑥 = 75 and 𝑖𝑖 = 3% are con-
sidered. 

Table 7. Annual payment after taxes with a standard lifetime annuity for every 100 m.u. obtained 
from liquidating the SSLE retiree’s assets, 𝑥𝑥 = 75, 𝑖𝑖 = 3%. 

 𝑝𝑝 𝑔𝑔𝐾𝐾 = 0% 𝑝𝑝 𝑔𝑔𝐾𝐾 = 5% 

𝑔𝑔𝑆𝑆 
19% 23% 28% 19% 23% 28% 
9.77 9.74 9.70 9.28 9.25 9.22 

 𝑝𝑝 𝑔𝑔𝐾𝐾 = 10% 𝑝𝑝 𝑔𝑔𝐾𝐾 = 20% 

𝑔𝑔𝑆𝑆 
19% 23% 28% 19% 23% 28% 
8.80 8.77 8.73 7.82 7.79 7.76 

Note: For 𝑥𝑥 = 75, 𝑘𝑘𝑥𝑥 = 8%. Source: Own elaboration. 

Table 8. Annual payment after taxes with a standard temporary life annuity for every 100 m.u. 
obtained from liquidating the SSLE retiree’s assets, 𝑥𝑥 = 75, 𝑖𝑖 = 3%. 

 𝑝𝑝 𝑔𝑔𝐾𝐾 = 0% 𝑝𝑝 𝑔𝑔𝐾𝐾 = 5% 

𝛽𝛽           𝑔𝑔𝑆𝑆 
𝑛𝑛∗       19% 23% 28% 19% 23% 28% 
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1.5 20 9.68 9.57 9.45 9.19 9.10 8.97 
2.0 18 9.89 9.79 9.66 9.40 9.30 9.17 
5.0 11 12.45 12.35 12.22 11.83 11.73 11.61 

10.0 7 17.28 17.17 17.03 16.42 16.31 16.18 
 𝑝𝑝 𝑔𝑔𝐾𝐾 = 10% 𝑝𝑝 𝑔𝑔𝐾𝐾 = 20% 

𝛽𝛽            𝑔𝑔𝑆𝑆  
𝑛𝑛∗      19% 23% 28% 19% 23% 28% 

1.5 20 8.71 8.62 8.50 7.74 7.66 7.56 
2.0 18 8.90 8.81 8.69 7.91 7.83 7.73 
5.0 11 11.21 11.12 11.00 9.96 9.88 9.78 

10.0 7 15.56 15.45 15.32 13.83 13.74 13.62 
Note: For 𝑛𝑛∗ = 20, 18, 𝑘𝑘𝑛𝑛∗ = 25% ; for 𝑛𝑛∗ = 11, 𝑘𝑘𝑛𝑛∗ = 20% ; for 𝑛𝑛∗ = 7, 𝑘𝑘𝑛𝑛∗ = 16% . Source: 
Own elaboration. 

Table 9. Annual payment after taxes with a special-rate lifetime annuity for every 100 m.u. obtained 
from liquidating the SSLE retiree’s assets, 𝑥𝑥 = 75, 𝑖𝑖 = 3%. 

 𝑝𝑝 𝑔𝑔𝐾𝐾 = 0% 𝑝𝑝 𝑔𝑔𝐾𝐾 = 5% 
     𝑔𝑔𝑆𝑆  
𝛽𝛽 19% 21% 23% 19% 21% 23% 

1.5 11.63 11.59 11.54 11.05 11.01 10.97 
2.0 13.35 13.31 13.26 12.69 12.64 12.59 
5.0 23.14 23.07 22.97 21.99 21.91 21.83 

10.0 41.15 41.02 40.85 39.09 38.97 38.81 
 𝑝𝑝 𝑔𝑔𝐾𝐾 = 10% 𝑝𝑝 𝑔𝑔𝐾𝐾 = 20% 

     𝑔𝑔𝑆𝑆  
𝛽𝛽 19% 21% 23% 19% 21% 23% 

1.5 10.47 10.43 10.39 9.30 9.27 9.23 
2.0 12.02 11.98 11.93 10.68 10.65 10.60 
5.0 20.83 20.76 20.68 18.51 18.45 18.38 

10.0 37.03 36.91 36.76 32.92 32.81 32.68 
Note: For 𝑥𝑥 = 75, 𝑘𝑘𝑥𝑥 = 8%. Source: Own elaboration. 

From Numerical Application 4, the following conclusions can be drawn: 

- When 𝛽𝛽 > 1, purchasing a temporary life annuity results, for the given age, in a per-
centage 𝑘𝑘𝑛𝑛∗ higher than that of a lifetime annuity, 𝑘𝑘𝑥𝑥. Furthermore, the potential for 
capital gains exemptions when purchasing a lifetime annuity, which may not apply 
to a temporary annuity, is also significant. Thus, in situations where 𝛽𝛽 = 1.5, the pay-
ment for the temporary annuity is slightly lower than that of a lifetime annuity for 
the same value of 𝑝𝑝 𝑔𝑔𝐾𝐾 . However, for 𝛽𝛽 = 2, the payment for the temporary life an-
nuity is, in most cases, slightly higher than that for a lifetime annuity. This difference 
becomes more significant in the simulation analysed for 𝛽𝛽 ≥ 5. Conversely, in situa-
tions where a capital gain exemption applies to acquiring a lifetime annuity, the SSLE 
retiree would be in the case where 𝑝𝑝 𝑔𝑔𝐾𝐾 = 0, with a lifetime annuity, but might be in 
a situation where 𝑝𝑝 𝑔𝑔𝐾𝐾 ≠ 0%, when a temporary life annuity is purchased, making 
the lifetime annuity clearly more advantageous. 

- Once again, if it could be contracted, the annual payment amount of a special-rate 
lifetime annuity would be greater than that of any other alternative, and this differ-
ence would increase with 𝛽𝛽 . Additionally, since these annuities are lifelong, they 
could benefit from the capital gain exemptions described. 

  



Risks 2025, 13, 37 22 of 27 
 

6. Conclusions 
This paper sheds light on the inherent actuarial injustice faced by retirees with sub-

standard life expectancy (SSLE) in markets where special-rate annuities are unavailable. 
The concept of actuarial fairness, which emphasises equitable pricing based on individual 
risk profiles, is compromised when life annuities are priced uniformly using standard 
mortality tables. In such markets, retirees with SSLE end up subsidising those with stand-
ard life expectancy (SLE). This dynamic, where SSLE individuals receive, for the same 
single premium, the same annuity payments as their healthier counterparts but over a 
potentially shorter period, represents significant actuarial unfairness. 

With respect to Issue 1, the analysis provided in this study quantifies this unfairness 
through the concept of the transfer rate, a metric that captures the implicit wealth transfer 
from SSLE retirees to those with SLE when a standard lifetime annuity is purchased. The 
results underscore the extent of this transfer, highlighting the disproportionate burden 
placed on SSLE individuals who are unable to access life annuities tailored to their actual 
mortality risk. 

As far as Issue 2 is concerned, the study proposes an alternative annuitisation strat-
egy for SSLE retirees to mitigate the unfairness associated with the lack of enhanced an-
nuities under the hypothesis of no personal income taxation. This strategy involves pur-
chasing a standard temporary life annuity designed to cover the expected remaining years 
of life with a high probability, thereby reducing the wealth transfer to SLE retirees. While 
this approach does not entirely eliminate actuarial unfairness, it offers a pragmatic solu-
tion in the absence of special-rate annuities, allowing SSLE retirees to manage their lon-
gevity risk without excessively subsidising others. 

Issue 3 examines how tax incentives can exacerbate actuarial unfairness. In countries 
such as Spain, where tax incentives are offered to encourage the purchase of life annuities, 
SSLE retirees face a difficult decision. They must decide between forfeiting tax benefits by 
not purchasing a life annuity or accepting a standard life annuity at an unfair price to gain 
a tax advantage. This dilemma further intensifies the inequity faced by SSLE individuals, 
as the tax incentives intended to promote annuitisation inadvertently push them toward 
financially disadvantageous decisions. The article explores two scenarios based on the 
source used by SSLE retirees to purchase the life annuity: either the accumulated balance 
from a pension plan or a portion of their personal assets. While acquiring a standard tem-
porary life annuity is the best strategy to minimise actuarial unfairness when a pension 
plan balance is used, this may not be the case when the source is personal assets. 

The findings of this work have significant implications for policymakers and insur-
ance regulators in many countries. The absence of special-rate annuities in the insurance 
markets of many countries reveals a critical gap in the financial products available to SSLE 
retirees. Introducing special-rate annuities that account for individual mortality risk 
would promote actuarial fairness and ensure a more equitable distribution of retirement 
income. Additionally, policymakers should carefully design tax incentives to avoid wors-
ening the disadvantages faced by SSLE retirees. Adjusting tax policies to address the ac-
tuarial inequities inherent in standard life annuities could help alleviate the financial bur-
den on these individuals and support more equitable retirement planning. 

The analysis presented also has significant implications for personal financial advi-
sors. This study demonstrates that having an accurate estimate of an individual’s actual 
LE is crucial in retirement financial planning. This becomes even more important for re-
tirees with an SSLE when there are no life annuities priced according to their actual mor-
tality probabilities. Therefore, when determining the optimal type of life annuity to hedge 
longevity risk, the annuitant’s LE is just as important as personal income taxes. 

We are aware that certain legal principles, such as non-discrimination based on sex, 
may influence the design of special-rate life annuities. In such cases, although a particular 
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risk may affect men and women differently, the excess mortality derived from this risk 
should not be reflected differently between both sexes in markets where sex discrimina-
tion is prohibited, such as the European Union (European Council 2004). An example of 
this situation could be special-rate life annuities offered in a ‘standardised’ manner (for 
instance, impaired life annuities for people with diabetes). On the other hand, for a care 
annuity, where the risk evaluation is individualised, the in-depth consideration and anal-
ysis of all the factors associated with the retiree could ultimately implicitly account for sex 
differences. 

The simulations regarding the measurement of unfairness in standard life annuities 
for SSLE individuals have been implemented by modelling their mortality probabilities 
using the numerical rating system. This system involves applying a factor to a standard 
mortality table and is widely used in actuarial practice (Olivieri 2006). As a practical 
method, it may present some inaccuracies (Atance et al. 2025). However, its simplicity 
allows for the incorporation of various factors that can increase or decrease mortality 
probabilities relative to the standard ones in the form of “credits” and “debits”. This pro-
vides, for our purposes, an adequate way to measure the extent to which the retiree pre-
sents an SSLE, as the interpretation is intuitive. 

Anyway, both the measurement of the transfer rate in (10) and, for a given ε, the de-
termination of the number of payments of a temporary life annuity that allows for a re-
duction in that transfer rate can be implemented without major difficulties using mortality 
tables adjusted to the reference population through more sophisticated methods (Dowd 
et al. 2011; Jarner and Kryger 2011; Ahcan et al. 2014; Wan and Bertschi 2015; Atance et al. 
2025). In fact, the application of these methodologies and the numerical rating system are 
not mutually exclusive. For example, a mortality table tailored to a specific company 
(Atance et al. 2025) or adjusted to a particular age group in a specific geographic area 
(Jarner and Kryger 2011) can serve as a basis for estimating the mortality of individuals 
with a significant SSLE by applying a mortality factor obtained through the numerical 
rating system. 

Although Issue 3 is developed with Spanish tax regulations, its applicability extends 
beyond Spain. The analysis can be adapted to the tax characteristics of life annuities in 
other countries. In any context, taxation considerations share two common elements. The 
first is the potential existence of tax incentives related to the source of purchasing a life 
annuity, which can increase the annuity payments. The second is that the annuity pay-
ments are subject to personal income tax in such a way that the difference between coun-
tries lies in the after-tax annuity payments. Moreover, it is worth noting that Spain is one 
of the largest recipients of migrant retirees in the European Union (Valero-Escandell et al. 
2022), making Spanish life annuity regulations particularly relevant for retirees consider-
ing relocation to Spain. 

Finally, our work models mortality using a static standard mortality table, which is 
common in practice. Nevertheless, a dynamic standard mortality table could also be em-
ployed to account for different LEs linked to SSLE individuals. Such a table can be ad-
justed using one of the Lee–Carter-based methodologies proposed in the literature (see, 
e.g., Bravo et al. 2021; Atance and Navarro 2024) or directly obtained from legal resources, 
as in the case of the PERM/F 2020 mortality tables for Spain (Ministerio de Asuntos 
Económicos y Transformación Digital 2020). 
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Notes 
1. In the actuarial literature, there is no single classification for this type of annuities. Moreover, their denomination is not uniform 

either. For instance, they may be referred to as “underwritten annuities”, or “substandard annuities” (as opposed to standard 
annuities). 

2. Although the remainder of this work refers only to standard mortality tables, all the developments presented can be applied, 
without loss of generality, to cases where a different mortality table is used as a baseline. That baseline mortality table may be 
derived using the methodologies reviewed in the first paragraph of this Subsection. 

3. Individual systematic savings plans are long-term life savings insurance products that allow individuals to obtain a life annuity 
using their contributed resources. The Personal Income Tax Law in Spain offers tax incentives for these plans when certain 
requirements are met. 
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