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Abstract

We introduce semi-flexible majority rules for public good provision with private val-
uations. Such rules take the form of a two-stage, multiple-round voting mechanism
where the output of the first stage is the default alternative for the second stage and the
vote-share thresholds used in every round of binary voting (a) vary with the alternative
on the table for a public-good level and (b) require a qualified majority for approving
the alternative on the table by stopping the procedure. We show that these mechanisms
implement the ex post utilitarian optimal public-good level, provided valuations can
only be high or low. This public-good level is chosen after all potential socially opti-
mal alternatives have been picked for a voting round. We explore ways to reduce the
number of voting rounds and develop a compound mechanism when there are three
or more valuation types.

1 Introduction

A society has to choose the level of some public good, which is financed through uni-
form taxes. Individuals are heterogeneous regarding their preferred public-good level,
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and such preferences (and, thus, the individuals’ type) are private.! For this Bayesian
setup, we introduce a family of voting mechanisms—called semi-flexible majority
rules (SFMR), see below for more details—which implements the level of the public
good that is optimal from an ex post perspective (end justice), provided individuals
are of two types. Our family of mechanisms also satisfies desirable properties from a
procedural viewpoint (procedural justice) and can be modified when individuals are
of three or more types.

The starting point for our endeavor are so-called flexible majority rules (FMR), as
surveyed in Gersbach (2017). FMR involve several voting rounds and work as follows:
in every round, a binary vote takes place between the option to approve the proposal on
the table—namely, a particular public-good level—and the option to stop the procedure
with the last approved public-good level (or with the lowest feasible public-good level
as a default option if no public-good level is approved). The successive proposals to be
voted upon in this voting procedure are ordered increasingly from the lowest possible
public-good level to the highest one. The vote-share thresholds needed to approve a
given public-good level change with the proposal on the table. They increase from one
vote to unanimity across the voting rounds in a way that mirrors the order in which the
different public-good levels are voted upon. Equivalently, the vote-share thresholds
needed to stop the procedure decrease from unanimity to one vote. Gersbach (2017)
shows that FMR implement the ex post utilitarian optimum no matter the ex post
citizens’ type distribution if citizens are of two types—those who want a low public-
good level (low-type) and those who want a high public-good level (high-type). The
voting procedure does so by granting a minority in every voting round either the right
to approve a public-good level or the right to stop the procedure.

FMR are not without their drawbacks. As acknowledged in Gersbach (2017), “One
particular feature [...] might be viewed as critical. It allows a minority to engineer a
small change in the status quo.” Another problem with FMR is that a small minority
may stop the procedure against the will of a large majority. Gersbach (2017) addresses
these drawbacks by raising those vote-share thresholds used in FMR that are below
the majority rule to at least half plus one of the votes. This is the method in some real-
world procedures of successive voting rounds with varying vote-share thresholds.?
However, this approach leads generically to second-best ex post utilitarian outcomes,
even if individuals are of two types.

Our approach is different and aims at implementing the first-best ex post utilitarian
outcome (whenever it is Bayesian incentive-compatible). We do this by introducing
SFMR, which consist of two stages. The first stage is akin to FMR, so public-good
levels are arranged in increasing order, with the vote-share thresholds needed for
approving public-good levels varying from one vote to unanimity. When a vote-share
threshold is not reached and the first stage ends, the mechanism does not stop but simply
moves to the second stage, with the last approved public-good level being called the
default (option). In the second stage, public-good levels are arranged in decreasing

! The features we impose on our problem of public good provision suffice for any alternative to be identified
by a number, which is the assumption we need for our analysis. This means that our results carry over to
other setups in which this magnitude is e.g. a tax levy or the minimum wage.

2 We refer to the examples provided by Gersbach (2017) and Gershkov et al. (2017) regarding some voting
schemes used in US states such as Nebraska and Florida.
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order and a majority of votes is required for choosing the level of the public good on
the table by stopping the mechanism. The exact vote-share thresholds then depend on
the default chosen in the first stage and are not arranged monotonically: they decrease
for public-good levels higher than the default, and they increase for lower levels. In
the basic description of SFMR, the lowest public-good level is considered to be the
status quo and is chosen as the default if no first-stage threshold is attained, while the
default is the final outcome of the mechanism if no second-stage threshold is attained.
For the analysis of the dynamic game underlying SFMR, we focus on perfect Bayesian
equilibria in pure strategies. Moreover, to avoid implausible outcomes, agents itera-
tively eliminate weakly dominated strategies, moving backwards in the game tree.
If individuals are of two types regarding public-good provision, we then show that
SFMR implement the ex post utilitarian optimal public-good level—see Theorem 1.
Hence, SFMR can replicate the outcome of FMR.3

SFMR are a response, albeit only partial, to the drawbacks of FMR discussed
above. By construction, SFMR (but not FMR) require a majority of votes to approve
the public-good level on the table by stopping the procedure; we call this property
majority approval. It can be seen as a desirable procedural feature. However, SFMR
are still subject to the criticism that a minority can engineer a change in the status
quo. Indeed, when the majority is of low type, no second-stage vote-share threshold is
attained, and then the default approved in the first stage only by the minority of high
type is the output of SFMR. This outcome can be avoided (a) on the equilibrium path
if we modify the baseline setup so that each individual incurs a small, but positive cost
in every voting round, and () on and off the equilibrium path if we modify SFMR so
that the second stage is repeated until a vote-share threshold is attained. This means
that (suitable extensions of) SFMR satisfy different versions of majority approval and
that taken together, all these properties can address the tyranny of the minority that
FMR exhibits more satisfactorily.

In contrast to FMR, with SEMR all public-good levels that are utilitarian optimal for
some realization of the citizens’ valuations—called core alternatives—are picked on
the equilibrium path for at least one voting round; we call this property inclusiveness.
It can be seen as a procedural tenet in itself, since it guarantees that all core alternatives
can be debated ahead of voting. Inclusiveness also means that every core alternative
has a chance of being chosen. This feature can be particularly appealing when there
is uncertainty about types at the individual level and/or the aggregate level, and it can
lead to better outcomes compared to FMR. We illustrate these insights in a stylized
extension of our baseline model.

The particular two-stage, multiple-round structure of SFMR enables this mecha-
nism to deliver better outcomes than FMR also if the preferences of some citizens
are not independent of the preferences of other citizens—i.e., if there are externalities
at the preferences level—and if such preferences can be inferred from previous vot-
ing rounds. We illustrate this property of SFMR in another stylized extension of our
baseline model, yet a comprehensive analysis of the subject is left for further research.

3 With two types, the output of the first stage—the default—is already the ex post utilitarian outcome.
Hence, the second stage of SFMR serves as confirmation of FMR.
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Two other contributions of our paper are worth highlighting. They apply to SFMR—
our focus—but also to FMR (and, more generally, to other similar voting procedures
implementing the ex post utilitarian optimum). First, we investigate how to reduce
the number of voting rounds in equilibrium, which is of the order of the number of
individuals. This number is small if our setup describes a (small) committee, say a
few citizens acting as elected members of Parliament. With more individuals, one can
(i) skip rounds according to some statistical information, e.g. if there is a correlation
of preferences, or one can (ii) relax the utilitarian criterion and aim at approximating
it with some margin of error.

Second, we also explore ways to move beyond two-type societies. With more than

two types, we show that no Bayesian incentive-compatible mechanism can always
implement the ex post utilitarian optimal solution. Yet, one can envision a number of
mechanisms that elicit the citizens’ ex post type distribution and maximize ex post
utilitarian welfare in certain cases, of which we explore one instance.
The paper is organized as follows: In Sect.2 we review the papers that are most
connected to our contribution. In Sect. 3 we set out the model and introduce our voting
mechanism. In Sect.4 we present our main result with two types of citizens. In Sect. 5
we discuss the case with three or more citizen types. Section 6 concludes. The proofs
are in the Appendix.

2 Relation to the literature

Mechanisms based on fixed vote-share thresholds, e.g. the majority rule, have numer-
ous advantages (Black 1948; May 1952; Maskin 1995; Moulin 2014). But they also
have drawbacks (Arrow 1950; Gibbard 1973; Satterthwaite 1975; McKelvey 1976).
For example, fixed majority rules cannot elicit the intensity of preferences, which
makes the utilitarian optimum unattainable via such voting procedures (Green and
Laffont 1977).

One can reconcile voting and ex post utilitarian welfare maximization by using
flexible majority rules (FMR) (Bowen 1943; Gersbach 2017). Gershkov et al. (2017)
prove that every unanimous and anonymous dominant-strategy incentive-compatible
mechanism is outcome-equivalent to a successive procedure with decreasing thresh-
olds in the form of FMR. We show that adding a confirmation stage to FMR does not
change the outcome but makes the resulting procedure compatible with procedural
concerns captured by majority approval—and, thus, by the majority rule.* According
to Dahl (2008) and Sartori (1989), among others, the majority rule is a necessary
procedural criterion of democracy.

There exist other mechanisms that make utilitarian welfare maximization com-
patible with voting, e.g. by using transfers (Ledyard and Palfrey 1994, 1999; Kwiek
2017).> Our mechanism renders utilitarian welfare maximization compatible with vot-
ing if there are two types but cannot generically achieve this if there are more types.

4 Hence, our results can be read as justifying the use of FMR or much simpler direct revelation mechanisms
as shortcuts of SFMR.

5 We consider a mechanism with additional restrictions based on procedural considerations, so we depart
from the standard mechanism design literature—see Bierbrauer and Sahm (2010) or Bierbrauer and Hellwig
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The latter is in accord with the literature (see e.g. Gershkov et al. 2017) and occurs
because intermediate types have incentives to misreport their valuations. Yet we offer
one route how to extend the principles of our mechanism to the case of multiple types.
Our analysis connects our paper to other strands of the literature. First, Gersbach et al.
(2021) show that it is beneficial for society to grant the initiative in proposal-making to
the minority, with the majority having the opportunity to counter-propose. Our main
finding complements this result. Instead of granting the first proposal, our setting
enables a minority of the citizenry to have a say in setting the default that will be used
in the final voting stage.

Second, when citizens are of two types, the problem which decision to adopt can
be seen as a bargaining problem between two sets of agents, each corresponding to
all citizens of the same type. There is an extensive body of literature on dynamic
bargaining models where the outcome of one round is taken as a disagreement point
for the next round (see e.g. Fershtman 1990; John and Raith 2001; Diskin et al. 2011;
Grech and Tejada 2018). Our paper adds to this literature by studying a mechanism
where both sets of agents jointly determine the disagreement point for the second
stage.

3 Model
3.1 Setup

We consider a society of n individuals who decide about the level of a public good.
We let n > 2 and assume that n is odd for ease of presentation.® Individuals are
indexed by i, with i € {1, ..., n}. Public-good levels are denoted by x or y, with
x,y € [0, 0o). The marginal cost of any unit of investment in the public good is ¢ > 0.
Costs are distributed equally among individuals. There are two types of individuals,
drawn from the type space 7 = {t%, t"'}, where t’ and t" denote low type and high
type, respectively (0 < & < ). The type of individual i is denoted by ;, with
t; € 7. 1f an investment x is made, individual i derives utility from the public good
equal to

v ) =1 f(x) — % X, 1)

with f(-) being a real-valued function on [0, +00) that is twice differentiable and
satisfies f(0) = 0, f'(x) > 0, f"(x) < 0 forx > 0, lim,_, o+ f'(x) = +o0, and
lim,_ o0 f/(x) = 0. An example is f(x) = +/x. The first term, #; - f(x), is the benefit
from the public-good level x, while the second term, . - x, is the per capita cost. Hence,
from the implementation of any public-good level individuals of type ¢t benefit more
than individuals of type t~. According to Eq. (1), individual i’s utility is maximized

(2016) for recent papers where such considerations are central. Yet it is worth noting that the mechanism
we suggest is incentive-compatible, anonymous, unanimous, and non-manipulable.

6 If n were even, we would need to specify what the outcome of any binary voting is when the threshold
of some voting round is exactly n/2 and there are n/2 individuals voting in favor of one option and n/2 in
favor of the other. Different rules for such decisions may yield different votes along the equilibrium path,
but they all implement the utilitarian optimal solution.
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at peak x; := x(#;) > 0 defined by

£ = ——. @)
n-t
Equation (1) defines a (strict) preference relation for citizen i, denoted by >;, over any
finite set of public-good levels. This preference relation is single-peaked, with peak at
X;, given the natural order according to which higher public-good levels are labeled
with higher indices. Although equilibrium behavior for our mechanism is pinned down
by {>;}?_,, utilities {v(-, #;)7_,} are needed for the computation of utilitarian welfare.
Citizen types are privately drawn from a joint (prior) distribution that is common
knowledge with the following property: for every k € {0, ..., n}, the probability that
there are exactly k individuals of the low type is positive. We do not specify the joint
distribution as the properties of the mechanism that we consider do not depend on it.”
Next, we determine the level of investment that maximizes utilitarian welfare. This
investment level is denoted by x*?¢ and can be computed from Eq. (1) as follows:

C

St

It is convenient to introduce the notation %7 = rll Y7 ti. The value *°° can be
interpreted as the socially optimal (virtual) type. Finally, for all j € {0, ..., n}, we let
v/ denote the public-good level defined by

Flte) = 3)

c

Y(yly =
PO =Gy

which yields a unique solution for y/. That is, y/ is the preferred level of investment
for a society with n — j individuals of type t* and ; individuals of type tH, as well
as for a society consisting of n imaginary citizens of identical type "n;’ b+ ﬁ -t
Since 1 < t# and f'(.) is decreasing, y' < y/ if and only if i < j. Then we define
the set of alternatives

Yi=00 " “)
Set Y consists of all the public-good levels that are utilitarian optimal for different
combinations of individual types. Note that y* > 0 forall i € {0, ..., n}. Sometimes

we refer to the elements of ) as core alternatives—see Sect.3.3. Unless specified
otherwise, we assume that yO is the status quo.

3.2 Semi-flexible majority rules

Next, we introduce Semi-Flexible Majority Voting Rules (SFMR). They are a family
of mechanisms that consist of two stages. The first stage is akin to flexible majority
rules (Gersbach 2017) and yields a default option x for the second stage, where the
final outcome is chosen. The sequence of events is as follows:

7 The validity of Theorem 1 does not hinge on the assumption that the prior type distribution has full
support, but proceeding with this assumption facilitates the analysis.
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Stage 1

Round 1.1: A vote is held between (a) moving to Stage 2 with ¥ = y° and
(b) approving X = y! and moving to Round 1.2. At least one vote is required
for the latter.

Round 1.(n — 1): A vote is held between (a) moving to Stage 2 with x = y”_2

and (b) approving ¥ = y"~! and moving to Round 1.n. At least n — 1 votes
are required for the latter.

Round 1.n: A vote is held between (a) moving to Stage 2 with x = y"~' and
(b) approving x = y" and moving to Stage 2. Unanimity is required for the
latter.

1

Stage 2 Let x = yk, with k € {0, ..., n}, be the outcome of Stage 1.

Round 2.1: A vote is held between (a) moving to Round 2.2 and (b) approv-
ing y" as the final outcome and stopping the mechanism. Unanimity is required
for the latter.

Round 2.(n — r + 1) (with r > k): A vote is held between(a) moving to
Round 2.(n — r + 2) and (b) approving y" as the final outcome and stopping
the mechanism. At least max {r, "TH} votes are required for the latter.8

Round 2.(n — r + 1) (with r < k): A vote is held between (a) moving to
Round 2.(n — r 4 2) and (b) choosing y" as the final outcome and stopping

the mechanism. Unanimity is required for the latter.

Round 2.(n + 2): If this round is reached, x is chosen as the final outcome and
the mechanism stops.

One can easily verify that all the public-good levels in ) are the outcome of SEMR for
certain voting behavior, so our mechanism satisfies onto-ness. Some further remarks
are then in order. First, we assume that in every round all citizens vote simultaneously,
and that the precise outcome of the vote is not made public. This means that what
citizens see is whether they have moved to the next voting round within the same
voting stage, whether they have moved to the next voting stage, or whether they have
reached the end of the mechanism.’

Second, in Stage 1, increasing thresholds have to be met to set higher levels of the
public good as the default for Stage 2. This conveys the idea that higher levels of the
public good as the default for subsequent voting necessarily require stronger support

8 Ifweseth =n + 1 — r, the majority threshold considered in Round %, with 2 € {1,...,n + 1 — k},
is fk(h) ;= max {n+ 1 —h, (n+ 1)/2}. It turns out that for Theorem 1 to hold (see Sect.4), it suffices
to consider that {fk(-)}Z:O is a collection of non-increasing, onto functions fk H{L...,n+1—k} —
{max{(n + 1)/2,k}, ..., n} such that f¥+1(:) < £%(.). This is discussed in the Appendix.

9 Thus, SFMR guarantee privacy even for small groups of agents. Concerns about privacy in the context
of voting, or more generally in the context of social choice, can be connected to concerns about freedom
of choice (see e.g. Brandt and Sandholm 2005; Chevaleyre et al. 2007). Our results hold for more detailed
disclosure policies.
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Fig. 1 Stage |—Number of z
votes (z) required to approve a
public-good level and move to
the next voting round. The n- °
mechanism starts with yO as L

default public-good level and .
then considers a number of . .

voting rounds where the : .
public-good level y” is on the .7

table, with r starting at 1 and .
increasing one by one up to n k+ L

1+ I
= t—— = y t L,

L— t
yn yk ykfl---yO Y ,ykykyk* Y
+

(a) Case k > 234 (b) Case k < 251 (with k = 2£L).

1 -ov .0

Fig. 2 Stage 2—Number of votes (z) required to approve a public-good level and stop the mechanism,
with x = yk as the default set out in Stage 1. The mechanism starts with x as default public-good level and
then considers a number of voting rounds where the public-good level y” is on the table, with r starting
at n and declining one by one down to 1

from the citizens. This property is illustrated by Fig. 1. Stage 1 corresponds to flexible
majority rules as introduced in Gersbach (2017).

Third and last, in every voting round of Stage 2, a qualified majority of votes is
required to approve an alternative from set ) as the final outcome and to stop the
mechanism. These thresholds depend on the outcome of Stage 1, viz. X for some
k € {0, ..., n}. More specifically, the required threshold is minimal for x and rises as
the level of the public good deviates from x. For levels below x, in particular, unanimity
isrequired. The specific vote-share thresholds for the different voting rounds of Stage 2
are shown in Fig.2. Unlike in Stage 1, the thresholds in Stage 2 are not arranged
monotonically.
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3.3 Voting mechanisms: procedural justice and endstate justice

Our focus are SFMR, which are two-stage mechanisms with multiple binary voting
rounds in each stage that take the outcome of the first stage as default for the second
stage. To choose a public-good level, one could look more generally at voting mech-
anisms.'% These can be defined as mechanisms with a (finite or infinite) number of
stages and with multiple (finitely many) binary voting rounds in each stage, where the
outcome of one stage—viz., some public-good level—is taken as default for the next
stage. Moreover, there is an initial default, and in some voting rounds (not necessarily
all) the mechanism can stop altogether.!! Flexible majority rules (FMR) as surveyed
in Gersbach (2017) are another instance of a voting mechanism, but there are many
more, including some variations of SEMR that are defined in Sect.4.3.

For now, we consider two properties of voting mechanisms. These properties specify
procedural conditions that have no direct connection to outcomes. We follow Moulin
(2008) and adopt the commonplace that “means matter as well as ends.” To the best
of our knowledge, neither of these properties has received scholarly attention in the
mechanism design approach to public good provision until now.

Majority approval: A majority of votes is required for the voting mechanism to
approve the alternative on the table (viz. a public-good level) in some voting round by
stopping the mechanism.!?

Majority support is essential for democracy. Giving too much decision power to a
minority, no matter if this is only done nominally or effectively, may be recognized
as a tyranny of such a minority. This could cast doubts on the legitimacy of the
democratic decision-making scheme in question. Or it may be against the law. The
legitimacy of decisions taken by voting mechanisms has long been the preoccupation of
some philosophers and political scientists. Majority approval addresses some of these
concerns formally. In Sect.4.3, we discuss alternative versions of majority approval
that capture such concerns from a different angle.

By definition, majority approval does not impose any requirement on vote-share
thresholds for rounds where the mechanism cannot stop, as e.g. any first-stage voting
round for SFMR. Not requiring a majority of votes for proposal-making is common
in democracies.!3 It enables political action to be initiated by minorities. Majority
approval also builds on this premise.

10 We use the term voting as coined by Bierbrauer and Hellwig (2016), which means that “[...] the public
good that is provided depends on the number of people preferring this level over the alternatives, without
regard to the intensities of people’s preferences.”

11 Many democratic decision-making procedures are based on up-or-down (or binary) votes. Binary votes
are simple and can prevent inefficiencies such as coordination failures.

12 We assume that no abstention occurs. Hence, absolute majority is equivalent to relative majority.

13 In Switzerland, 100,000 valid signatures are enough to propose a change to the Federal Constitution by
triggering a popular vote in which the parliament can propose a counter-project instead of the status quo.
A double majority (of votes and of cantons) is required to approve the change. See https://www.bk.admin.
ch/bk/de/home/politische-rechte/volksinitiativen.html, retrieved on 29 October 2020.
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Inclusiveness (w.r.t. )): All alternatives from set ) must be part of at least one voting
round of the voting mechanism on the equilibrium path.'*

Recall that set ), as defined in (4), contains all (core) alternatives that can be socially
optimal from an ex ante perspective. Focusing on procedural aspects, inclusiveness
is appealing for the following reasons. First, it ensures that citizens directly express
their vote on all core alternatives. Second, inclusiveness therefore enables that all core
alternatives are discussed ahead of voting. Thus, it can also be considered a property
of deliberation. Third, suppose that the process through which individuals update their
beliefs about the preferences of other citizens from the observation of voting outcomes
is noisy. Consider those alternatives that citizens believe have a positive probability
of being socially optimal from an interim perspective. Then, inclusiveness allows all
such alternatives to be considered for a voting round.

Finally, as we show in Sect.4.4, inclusiveness can also be an appealing property
from an outcome perspective, at least in certain extensions of our baseline setup.
More generally, the particular two-stage, multiple-round structure of SFMR enables
these mechanisms to sometimes yield better outcomes than FMR. This is illustrated
in Sect.4.5.

4 Analysis

In this section we present our main result and provide a number of extensions.

4.1 Utilitarian welfare implementation

For our analysis, we consider perfect Bayesian equilibria in pure strategies and fur-
ther assume that citizens eliminate weakly dominated strategies iteratively by moving
backwards in the voting mechanism, and that this is common knowledge.!> We obtain
the following result:

Theorem 1 The outcome of Semi-Flexible Majority Rules (SFMR) is x*°C.
Proof See Appendix. O

According to Theorem 1, SEFMR implement the utilitarian social optimum ex post.
Although uniqueness of beliefs is not guaranteed, all equilibria yield the same outcome.
For the intuition behind the above result, consider first Stage 2. For high-type citizens,
approving the proposal on the table and stopping the mechanism weakly dominates
voting to proceed to the next round in all rounds that consider public-good levels that are
higher than, or equal to, the default x set in Stage 1. In turn, for all rounds considering
a lower public-good level than x, it is optimal for any citizen of the high type to vote
to proceed to the next voting round. This is because unanimity is required for these
rounds, and hence each high-type citizen knows that s/he can ensure that x is eventually

14 Different possibilities for set ), and thus for inclusiveness, are discussed in Sect.4.6.

15 Jterative elimination means that, starting from the last voting round and moving backwards across voting
rounds, all individuals eliminate iteratively all weakly dominated strategies for each voting round.
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chosen if s/he always votes against stopping the mechanism and implementing a lower
public-good level. As for low-type citizens, voting for the proposal on the table and
stopping the mechanism is weakly dominated by voting to proceed to the next round
in all rounds considering public-good levels that are higher than or equal to x, and it
is also optimal for the remaining rounds (except the last one).

The most subtle decisions occur in the rounds considering a lower public-good
level than X, in which unanimity is required to stop the mechanism: If a low-type
citizen votes for the alternative on the table by stopping the mechanism, her/his vote
might help to choose such a policy. If, on the contrary, s/he votes for the procedure
to continue to the next round, the default determined in Stage 1 may be chosen if all
remaining alternatives are subsequently rejected. Nevertheless, provided it is common
knowledge that all citizens play no weakly dominated strategies in subsequent rounds
and that high-type citizens hold correct beliefs about whether all agents are of the
low type, each low-type citizen knows that her/his vote in these rounds is only pivotal
when no citizen is of the high type (since unanimity is required to stop the mechanism
in all such rounds and high-type individuals never vote to stop). In such a case, all
low-type citizens ensure that the lowest public-good level is chosen by always voting
to proceed to the next round until the last voting round of Stage 2 is reached.

Consider now Stage 1, assuming that citizens behave in Stage 2 as described above.
It then turns out that the final outcome cannot be worse (better) for high-type (low-
type) citizens as larger values of the default determined in Stage 1 are considered. This
holds irrespective of the type composition of the electorate and the exact beliefs that
the citizens have about it. Accordingly, voting to proceed to the next round in Stage 1
yields higher or equal utility for high-type individuals than choosing to stick to the
last approved alternative and moving to Stage 2. For low-type individuals, the optimal
voting decisions in Stage 1 are reversed.

4.2 Majority approval and inclusiveness

The next complementary result, which follows directly from the way SFMR is con-
structed and from the proof of Theorem 1, identifies further properties of this voting
mechanism.

Corollary 1 SFMR satisfies majority approval and inclusiveness with respect to ).

The appeal of majority approval and inclusiveness—and hence of SFMR—has been
discussed in Sects.3.3 and is further developed in Sects.4.3—4.5. Majority approval
is built into the mechanism, while inclusiveness depends on equilibrium behavior,
and in particular on the individuals’ rationality. In our public-good provision setup,
inclusiveness follows from the order in which the alternatives from set ) are considered
for binary voting: an ascending order in the first stage, and a descending order in the
second stage.

In the proof of Theorem 1, we show that the alternative that maximizes utilitarian
welfare, say yk € ), is already chosen in the first stage of SFMR as default for the
second stage, sometimes only with the explicit approval of a minority. It means that
the second stage of SFMR serves as confirmation of the first stage, and hence of
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FMR. This property can be used as a theoretical justification for employing (much
simpler and shorter) revelation mechanisms. Due to the way SFMR are constructed,
alternatives yl, e, yk € Y are therefore considered for a round of binary voting in
the first stage.

As for the second stage of SFMR, we distinguish two cases. On the one hand, when
a minority of citizens are of the low type (i.e., when k > (n + 1)/2), alternatives
y",...,y* € Y are considered for a round of binary voting in Stage 2. In the last
round of SFMR on the equilibrium path, the mechanism stops with a majority of votes
in favor of y*.

On the other hand, when a majority of citizens is of the low type (i.e., when k <
n+1)/2),y", ..., yo € Y are considered for a round of binary voting in Stage 2, and
thus the second stage runs over all voting rounds. In all of these rounds, no alternative
gathers the necessary votes to stop the mechanism, so the default chosen in the first
stage is the outcome of SFMR. The fact that the first-stage default is only approved by
a minority in such a stage does not contradict our formulation of majority approval,
but it might be undesirable. It arises due to the rules of SEFMR that regulate the scenario
where no vote-share threshold is attained. However, there exist extensions of our setup
and/or variations of our basic description of SFMR that do not feature this property.
This is discussed next.

4.3 Two variants of majority approval

In our baseline setup, citizens do not discount payoffs that are attained at later voting
rounds, and organizing a voting round does not lower the citizens’ utility. Under these
assumptions, citizens do not care about how many rounds occur until a given outcome
is reached.

What happens if either citizens discount future payoffs, albeit very little, or if the
citizens’ utility decreases a bit every time a voting round takes place? If low-type
agents are the majority and SFMR is run, the path described after Theorem 1 is no
longer part of all equilibria if there is at least one agent of each type.'® Indeed, at the
round of the second stage where citizens must decide whether to proceed to another
voting round in which a public-good level lower than the first-stage default x could
be chosen, namely Round 2.(n — k 4 1), citizens already know the aggregate ex
post type distribution. In particular, they know that there is at least one citizen of the
high type. Hence, all citizens can anticipate that no threshold will be attained in the
remaining rounds of the second stage, leading to implementation of x. Since this same
outcome can be obtained if all citizens vote in favor of stopping the mechanism in
Round 2.(n — k + 1), all citizens would prefer to do so to avoid the costs of having
superfluous voting rounds. Following the logic of the proof of Theorem 1, one can
verify that the latter will be part of one equilibrium, provided there is at least one

16 If all individuals are of the same type, the problem is trivial.
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citizen of each type.!” Thus, SFMR satisfies the following property in at least one
equilibrium:

De facto majority approval: A majority of votes is required for the voting mechanism
to approve the alternative on the table (viz. a public-good level) in some voting round
by stopping the mechanism. Moreover, the final outcome of the mechanism must
be chosen on the equilibrium path by attaining a vote-share threshold that stops the
mechanism and requires at least half of the votes plus one.

For finite voting mechanisms, one must specify the outcome if no threshold is
attained. In the basic description of SFMR, y° and X are the defaults for Stage 1 and
Stage 2, respectively. An alternative is the following: Stage 2 is repeated indefinitely
(with x chosen in Stage 1 as default) if no threshold is attained, which requires agents
to discount payoffs attained at later voting rounds. Hence, x cannot be implemented
unless it gathers a majority of the votes, and this property must hold on and off the
equilibrium path. As above, if high-type citizens are the minority and there is at least
one of them, there is one equilibrium in which all citizens will unanimously vote to
stop the mechanism in Round 2.(n — k + 1) the first time Stage 2 is run. Thus, SFMR
satisfies the following property in at least one equilibrium:

De iure majority approval: A majority of votes is required for the voting mechanism
to approve the alternative on the table (viz. a public-good level) in some voting round
by stopping the mechanism. Moreover, the final outcome of the mechanism must be
chosen by attaining a vote-share threshold that stops the mechanism and requires at
least half of the votes plus one. Finally, the mechanism must end on the equilibrium
path after a finite number of voting rounds.

Finally, we recall that Gersbach (2017) shows that the ex post utilitarian optimum is
chosen by FMR in any equilibrium. This implies that FMR will neither satisfy de facto
majority approval nor de iure majority approval. This could be used as a justification
for employing SFMR (or variants) instead of FMR.

4.4 Inclusiveness from an outcome perspective

In practice, individuals may be uncertain about which alternative they prefer since
there is uncertainty about the consequences of collective decisions. To illustrate this
possibility briefly, suppose the simplest case in which there are two states of the
world, # (unmixed) and m (mixed). At the onset, the priors about the state of the
world, denoted by w, are P[w = u] = p and P[w = m] = 1 — p, with p positive
but arbitrarily small. If w = m, the preferences of all individuals are given as in our
baseline setup. By contrast, if w = u, we assume that all individuals are of the low
type. In each voting round, individuals receive a signal about the state of the world.

17 The proof of Theorem 1 remains valid for all rounds after Round 2.(n — k + 1). Now, all agents voting
to stop at Round 2.(n — k + 1) yields x, but deviating also yields x, albeit possibly with some additional
cost or discount. Hence, all agents voting to stop at Round 2.(n — k + 1) yields x, and each of them is
best-responding to each other. Yet there might be other choices where they best-respond to each other. At
Round 2.(n — k + 1), neither choice is weakly dominated. The analysis of any previous round remains the
same.

@ Springer



690 H. Gersbach, O. Tejada

The accuracy of these signals increases with the number of different core alternatives
that have been put on the table so far, until the accuracy is perfect if and only if
all core alternatives have been part of one voting round and the voting behavior has
revealed the voters’ types. Since p is very small, FMR will lead to implementation
of the public-good level that is optimal if w = m. The reason is that deviations from
the equilibrium supporting such an outcome involve potential individual gains that are
arbitrarily small, while the potential individual losses are not arbitrary small.

The picture changes with SFMR. If w = m, the outcome is the same as in our
baseline setup, so the ex post utilitarian optimum is chosen. By contrast, if w = u,
SEMR leads to implementation of y, which is also the ex post utilitarian optimum
in such a state of the world. To see why this is the case, note that once the first-
stage default, X, is the proposal on the table in the second stage (and, thus, all core
alternatives have been on the table at least once for a round of voting), all individuals
know the state of the world. If w = m, the outcome will therefore be x. If w = u,
the outcome will be y°. Both results can be easily derived by mirroring the logic of
the proof of Theorem 1. Finally, before x is the proposal on the table in the second
stage, all individuals behave as if the state of the world was m. As with FMR, this
follows from the fact that deviating from the strategies supporting that outcome of
Theorem 1 involves potential individual gains that are arbitrarily small, while the
potential individual losses are not arbitrary small.

4.5 SFMR from an outcome perspective

As we have seen in the previous section, SFMR can be more appealing than FMR
from an outcome perspective in an extension of our baseline setup. This is also the
case if voting in the first stage offers valuable information for the second stage, due
to the two-stage structure of SFMR. In Stage 1, each voter casts his/her ballot based
solely on his/her individual preferences, without knowledge of the stance of all other
voters on the issue. However, once the outcome of the first stage is known, voters can
gain valuable insight into the voters’ profile and this may affect their preferences.

As an example, suppose that a small, low-income town proposes a public good
package that includes the creation of parks, the renovations of homes and buildings, and
improvements to infrastructure.'® Initially, low-type citizens may oppose the plan due
to potential tax hikes. However, after the first stage of voting, if the voter demographic
reveals acceptance of the high level of the public good above a certain threshold, low-
type citizens may be convinced to accept the high public-good level, as they are now
aware of the long-term benefits of such renovations, e.g. increased tourism income,
more business opportunities, improved education and healthcare, and a better quality
of life, despite the short-term tax hike. Essentially, the presence of a sufficient number
of high-type citizens exerts a positive externality on low-types.

Situations involving the above externalities can be captured by another extension
of our baseline model. Let £ C {1,...,n} be the set of all low-type individuals
and H C {1, ..., n} be the set of all high-type individuals. For some ke {1,...,n}

I8 This example is stylized and much more sophisticated examples could be considered.
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and p € (0, 1), let also

1 if|H| <k,
1, (|H]) = N
(7D {’ﬂ if |H| > k.

I

Instead of being given by (1), the utility of individual i is now given by

v(x, ;) = - fO) —c-y with probability 1 — p,
o ti - f(x) -1 (J/H]) — ¢ - % with probability p.

Hence, if it turns out that the share of high types is sufficiently large, positive external-
ities might be created with probability p and the utility of all low-type citizens rises
to the level of high-type citizens.

First, consider FMR. If p is below some threshold p > 0 that depends on the
parameters of the model, with positive probability the outcome does not correspond
to the ex post utilitarian welfare optimum. To see this, it suffices to focus on the
case where there are exactly k high-type individuals. Clearly, the voting process will

reach alternative y*, at which point individuals can only know that there are k or
more individuals of the high type. Now, none of the low-type individuals will vote to
proceed to alternative y* and to mimic the behaviour of high-type individuals, since the
potential individual gains are arbitrarily small and the potential individual losses are
k+1

not arbitrary small. Hence, with FMR, the alternative y will never be tried despite

its positive probability of being socially preferred over y*. Since with probability p
the socially optimal alternative is y”, further, and potentially even more preferred,
alternatives are not tested.

Second, consider SFMR. It is straightforward to show that the outcome will be
the ex post socially optimal alternative. In Stage 1, all agents vote according to their
preferences and would approve y' until y* if, for instance, there are k high-type
individuals. At this point, all individuals know that there are exactly k high-type
individuals and they have observed whether positive externalities have been created
and thus whether the process in Stage 1 continues or not. In Stage 2, the voting
process starts with y”. If externalities are present, this alternative is socially optimal
and is adopted by stopping the mechanism. If externalities are not present, the process
continues and the default chosen in Stage 1 is implemented, which is also socially
optimal.

4.6 Further discussions

Several further discussions of Theorem 1 shed light on its relevance and implications.
Some of our insights apply beyond SFMR.

Fewer rounds

The large number of voting rounds—both on and off the equilibrium path—when
SFMR is run is the consequence of the following: (i) the mechanism yields the ex post
utilitarian optimum, (ii) the mechanism is detail-free, and (iii) the mechanism only
considers rounds of binary voting, without any (explicit) proposal-making stage.
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Nevertheless, one can reduce the number of voting rounds in certain cases if we
relax some of the above features.!” First, if the joint distribution of types has small
support—e.g. because the preferences of different individuals are highly correlated—,
all rounds can be skipped in which the alternative considered for voting cannot be
a socially optimal alternative for some preference profile. On the other hand, an
approximately socially optimal solution may suffice when the number of citizens
is considerable. If n is large and the citizens’ types are i.i.d., in particular, the Central
Limit Theorem guarantees that the socially optimal type is distributed approximately
normally, with a mean u and a variance o that could be estimated. Then one could add
a criterion to our procedure to exclude the tails of the distribution and hence exclude
the most extreme policies. For instance, for a given « > 0, the set

X = {x:f’(x):L,tzu-tL+i-tH,u—a-a
n-t n n
n—j
n

<

< ~tL+£-tH§pL+a-a}

could be considered to run the mechanism instead of the entire set ) as defined in
(4). In such case, the maximal total number of rounds of the modified mechanism
would be approximately equal to twice the cardinality of X'. Parameter o determines
the (expected) loss of efficiency that such a mechanism would induce. The larger «,
the lower the loss.

Second, one could consider an arbitrary finite subset Z = {z1, z2,...} € Y con-
sisting of a (small) number of provision levels of the public good, with z; < z; if
and only if £ < [. One possibility is that Z consists of public-good levels proposed
by political parties, by regions within the same country, or by a popular initiative (in
direct democracies). As before, one could then easily adapt SFMR to run only over the
rounds corresponding to elements of Z, with the corresponding vote-share thresholds.
While such variation of SFMR would not implement the utilitarian optimal solution in
general, it would yield the element in Z that is closest to the socially optimal level. This
modified mechanism would satisfy majority approval and inclusiveness with respect
to 220

Less demanding majority thresholds

SFMR requires qualified majorities in Stage 2 for changes to the outcome of Stage 1,
and unanimity, in particular, for public levels that are lower than the one specified in
the default chosen therein. For a range of rounds, however, a whole family of qualified
majority thresholds ensures utilitarian optimality, which includes the thresholds set
out in Sect. 3. This is shown in the Appendix (see also Footnote 8). More specifically,

19 This can be justified in several ways. For instance, drawing on the work on rational inattention by Sims
(2003), one might want to limit the voting rounds as otherwise voters will abstain in many rounds. It can
also be justified by administrative costs of organizing voting rounds.

20 Set Z could also contain all public-good levels that maximize a given weighted utilitarian social function.
Following the logic of the proof of Theorem 1, one can verify that the entire Pareto frontier could be traced
out by running SFMR for all such social choice functions over Z. This means that variations of SFMR can
produce outcomes in which some types have a particular weight in the collective decision.
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given that y* is the outcome of Stage 1, it suffices for the majority thresholds of
Round 2.1 to Round 2.(n + 1 — k) to be non-increasing, ranging from unanimity
to a certain qualified majority (never lower than half plus one of the votes). This
guarantees that high-type citizens cannot impose a public-good level that is higher
than the socially optimal level. By contrast, the unanimity rule required in any voting
round after Round 2.(n + 1 — k) grants any individual the veto power to impose the
default as the final outcome, which ensures optimality for any number of citizens of
the low type.

The vote-share thresholds of Stage 2 can be lowered further when the possible
number of high- or low-type individuals is bounded, and in particular when individual
types are not drawn independently from each other. For instance, suppose that the
number of high-type individuals has support {0, n,n + 1, ..., n} for some n with
1 < n < n. Then the unanimity thresholds that apply to public-good levels lower
than the default can be lowered to max{n —n + 1, %}. The reason is that situations
with only a few high-type individuals (below n) cannot occur. In these circumstances,
each high-type individual enjoys a de facto veto power enabling her/him to block the
approval of any alternative that requires more than the support of n — n citizens of the
low type. Knowing this, low-type citizens also vote to proceed to the next round, since
their vote only makes a difference if there are no citizens of the high type at all.?!

Two voting bodies

Some of the voting processes that are used in democracy entail two distinct stages,
with the output of the first stage being taken as input for the second stage.>> Semi-
flexible majority rules have the same structure. Proceeding in two stages also allows
separating the final decision-making phase from an initial phase of proposal-making,
thereby making it possible for each stage to be subject to different desiderata.

What would be the outcome of SFMR if two different groups (with different aggre-
gate preferences) participated in each stage of the mechanism? As it follows from the
proof of Theorem 1, the first-stage group would choose the alternative maximizing the
first group’s utilitarian welfare as default for the second stage. In Stage 2, however,
the second group might end up choosing a different public-good level. Depending on
the preferences of the two groups, this level could either maximize the first group’s
utilitarian welfare or the second group’s utilitarian welfare, or neither. Regardless of
the outcome, our mechanism would elicit the aggregate preferences of both groups,
since all individuals would vote sincerely according to such preferences.

21 Another example is a situation where the number of low-type individuals has support {n — 1,7, ..., n}
for some n with 1 < < n. In this case, the second-stage thresholds for the approval of public-good
levels that are higher than the one prescribed by the default determined in Stage 1 can be lowered to

max{n — 7+ 1, 5L,

22 In direct democracies, citizens can make a proposal that is later amended, approved, or rejected by
Parliament. For example, this is the case in Switzerland. In representative democracies, it is common for
either the executive or one legislative chamber to make a first proposal that has to be either ratified or
dismissed by a second legislative chamber (sometimes only one chamber is involved in the process). Such
two-stage processes are used in countries such as the US, Germany, and Spain.
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Conditioning on types

By construction, SFMR depends on the citizens’ utility function, since the elements
of set ) are calculated with the benefit function f. However, SFMR could be eas-
ily adapted to hinge on types rather than on policies if types are constant—though
private—and the function f can take several forms. This would expand SFMR’s appli-
cability to a wider range of problems.?*> For such a procedure to be implementable,
it should be legal to base a democratic procedure for public-good provision on the
aggregate type distribution, e.g. on the aggregate income distribution, rather than on
the policies themselves.

Voting costs

In our baseline setup, citizens incur no voting costs. If voting is costless for citizens,
abstaining in any round can be ruled out by sequential elimination of weakly dominated
strategies. If voting were costly, citizens would like to vote only in those rounds where
they are pivotal—if they want to vote at all. Yet, if the cost of voting in each round is
small relative to the benefits from public good provision divided by the total number
of rounds, our results would remain valid, as the well-known underdog effect would
be avoided (see e.g. Borgers 2004).

Different default alternative

In our analysis of SFMR, we have proceeded on the assumption that the initial default
alternative is y°, which coincides with the status quo (if there is one). It is the lowest
level of public good that all societies accept. This situation could correspond to one-
shot decisions on the provision of a certain public good such as building a high-speed
train network of a given size from scratch, as then the status quo is zero by definition.
In other cases, the decisions on public goods are recurrent, and the outcome of one
decision becomes the status quo for the next decision. This is typically the case for
expenditures on education—say, on public schools—or on defense. There are two
ways in which SFMR could be used in such cases.

First, suppose that only increments on the public-good level can be approved. Then,
our baseline model can simply be recast to assume that y is the status quo inherited
from the previous execution of the mechanism. Second, suppose that the status-quo
public-good level can be increased or decreased through SEMR. This can be captured
by our baseline setup with the modification that if no threshold is attained in the first
stage, the status quo inherited from the previous execution of the mechanism (viz.,
some y*, with k € {0, ..., n}) becomes the default for the second stage. With the
description of SFMR, if all citizens are of the low type, they would have to vote for y!
as the default for the second stage to ensure that one threshold is met and y* is chosen
as default. Yet our proof of Theorem 1 shows that y° would then be chosen in the
second stage, and thus the ex post utilitarian optimum would also be attained in that
case. Because flexible majority rules consist only of one round, they would not display
this property when all individuals are of the low type.

23 See Footnote 25.
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Alternative rationality assumptions

The equilibrium notion we have used in our analysis requires that it is common knowl-
edge that all citizens iteratively eliminate weakly dominated strategies by moving
backwards in the game. Yet, Theorem 1 could also be obtained if citizens used cut-off
strategies in Stage 2, according to which an individual can only change her/his vote
(proceed or stop) at most once along the different voting rounds of a stage. Iterative
elimination of weakly dominated strategies by moving backwards in the game can thus
be seen as a foundation for such cut-off (behavioral) rules, in the case of two-stage,
multiple-round voting mechanisms.>*

5 Multiple Types

In the previous section, we have assumed that individuals are of two types, low and
high. In this section, we address the general case in which individuals can be of any
finite number of types. First, we prove that for three or more types there is no Bayesian
incentive-compatible mechanism that implements the ex post utilitarian optimum.
Second, we explore one way to extend the application of SFMR when citizens can be
of three or more types. The purpose of this second part is to show that it is possible to
reconcile to some extent the principles behind SFMR if there are two types of agents
with the impossibility result of the first part of this section.

5.1 A counter-example

With two types, SFMR implements the utilitarian optimal solution and elicits the
information about how many individuals are of each type. Two noteworthy features
occur when there are only two types of agents. First, there are as many different
thresholds and different ratios of citizens of the two types as there are citizens in the
population plus one. This makes it possible for the citizens to express the distribution
of types through rounds of binary voting. Second, with two types, individuals have
single-peaked preferences regarding public good provision with peaks at one of the
two extremes of the set of alternatives ), viz. yO or y".25

The picture changes dramatically when individuals are of three or more types.
To see this, we consider the following example: f(x) = /x,c¢ = 1, n = 3 and
T = {tL, M tH}, with £ = 1, t™ = 2, and t" = 4. The individual peaks for each

24 Monotone (or cut-off) strategies have been used by Gershkov et al. (2017). They have also been justified
by an iterative process of elimination of weakly dominated strategies. The subtleties, however, are different
in our paper. One reason is that the last step of the procedure considered by Gershkov et al. (2017) consists of
a vote between the last two exogenously given alternatives, while our procedure consists of a vote between
the default determined endogenously in Stage 1, namely X = yk, and the status quo, yo.

25 This property is independent of the actual values of L and +# . For Theorem 1 to hold, it suffices for
low-type citizens to know they are of the low type and for high-type citizens to know they are of the high
type. But they neither need to know L nor ¢ 1, Only the designer needs to know these values to determine
the set of admissible alternatives. For Theorem 1 to hold, it is not necessary that the number of votes cast
for each alternative in any voting round is made public either. It suffices to know the alternative that was
set as default for Stage 2.
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type are

9
X(tL)zz, x(t™)y=9, and x(t¥)=36.

Using Eq. (3), the socially optimal level is equal to

S0 _ (t + 1 + 13)*
=0

where #; € 7 is the type of individual i € {1, 2, 3}. Types are drawn i.i.d. from a
probability distribution such that for any individual 7,

Plti=t"1=1-2¢ and Pl =t =Pl =" =¢,

where ¢ is strictly positive but arbitrarily small. Then consider the direct mechanism
where individual i € {1, 2, 3} reports #; € 7 and the following public-good level is
implemented:
p_ (@ + i +13)?

= 1 .
This mechanism would be the only direct mechanism that implements the utilitarian
optimum, provided that individuals report their types truthfully. Clearly, for individuals
of types t~ and %, it is weakly dominant to report their type truthfully. What about
individuals of type t™? By reporting their type truthfully and anticipating that the
other two individuals are of type % with very high probability, they expect a payoff
Utruth’ with

(&)

gty (@D )y 1142 L A+1427 8
4 ’ 2 3 4 3

If individuals of type t™ report t* instead, they expect a payoff v*® "#" with

3~ vtruth

L Hy2 2
vnotrulh%v (2t% + 1) tM 22.1+1+4_l.(1+1+4) _
4 ’ 2 3 4
Hence, the direct mechanism is not Bayesian incentive-compatible, and by invoking
the revelation principle, there is no mechanism that is Bayesian incentive-compatible
and can implement the ex post utilitarian optimal solution x*°¢ in general.

5.2 A generalized voting mechanism

Next we show that with any finite number of types we can design a mechanism based on
SFMR that implements the utilitarian optimal solution in some cases and that always
elicits the information about how many citizens there are of each type. A similar line
of reasoning could be applied to other voting mechanisms, in particular with FMR.
Yet our focus on SFMR allows to see how majority approval and inclusiveness can be
extended to multiple types.
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Accordingly, suppose that there are 7 > 2 possible types and let the type of
individual i be denoted by #;, where f; € 7 = {r',...,tT}and 0 < ¢! < ... <
tT. The utilitarian optimal outcome is still given by Eq. (3). This means that any
(voting) mechanism intending to implement such an outcome should involve the set
of alternatives )/, where now

T T
V= {y:f/(y)z =Y w1y m=nneNforalll e(l,...,T)
=1 =1

and n; is the number of individuals of type #;. Then define the public-good level ylj
foralll e {1,..., T —1}and j € {0,...,n} by

c

reody

as well as the set
V=00 (6)

We note that ylj is the optimal public-good level when n — j individuals are of type ¢
and j individuals are of type t/*!. By construction,

T-1
Uycy.

=1

Sets V1, ..., Yr—1 donot cover set ), but there is a mapping from ) to the set of type

distributions such that every element of ) can be written as a linear combination of
T-1

the mapping of elements in | J ). The optimal policy (i.e., the peak) for type tlis
=1

y) e, )

for type t7 is
Yr_1 € Vr-1, (®)

while for type !, with {2,..., T — 2}, the optimal policy is

=y eVoin. )

To construct our compound mechanism for multiple types, we introduce an initial
communication stage, denoted by Stage 0. In this communication stage, citizens can
express their preference as to which set of alternatives should be chosen for running
SFMR—see set Z below. To describe this communication stage, we introduce further
notation.
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Given citizen i’s preference relation >; over the set of alternatives ), define the
preference relation >iT over the set (of sets)

Z:= {yl?""yT*l}
as follows (with j, j € {1,..., T — 1}):

Vi =1 Vjr = = =i y) forally € ¥,y € Vjr,
and y >; y' forsome y € V;, y € V).

In words, Y; >iT Yj if, for individual i of type ¢, (a) no alternative in ) is better
than an alternative in )); and (b) there exists at least one alternative in )/; which is
better than some alternative in );». Due to the way we constructed the elements of set
Z, relation >l.T orders such elements completely. Moreover, from (7)—(9) it follows
that >l.T is single-peaked (given the order (}/q, ..., Yr—1)) with peak ) if citizen i’s
type is th peak Yr_ if citizen i’s type is tT, and peak(s) in {V;_1, V;} if citizen i’s
typeist! (I € {2,..., T —2}).% If we assume that citizens play no weakly dominated
strategies, it is clear that to decide which two elements of Z should be chosen for
SFMR to be run, citizen i chooses according to >iT.

For citizen i, let 7; € Z denote his/her peak (or type) according to >iT. Then
consider

G:Z" > Z

(z1,+.ovzn) = G(21, .5 Z0)

to be any (direct) mechanism, possibly non-deterministic, that assigns reported types
(7i)?_, (i.e., a vector of elements of Z) to an element of Z. We assume that G is
Pareto efficient, anonymous, and dominant-strategy incentive-compatible. By Moulin
(1980), we know that such mechanisms exist, e.g. generalized median mechanisms.

Taking G as given, the G-generalized SFMR is a (non-deterministic) mechanism
that specifies the following course of events:

Step 0: Apply G to Z. We let p; = p(t{, ..., 1,,) denote the probability that ),
with [ € {1,..., T}, is the outcome of G when citizens send messages (t/)}_,.
The numbers py, ..., pr—1 > 0 satisfy ZJT:_II pj = 1 and are not made public.

Step 1: Apply SFMR to )1, which yields as outcome an element yi‘ € V1. Then

define N'! e{O,...,n}blezn—il.

ir—1

Step T — 1: Apply SFMR to Vr_1, which yields as outcome an element y~; €
Yr_1.Thendefine NT=! € {0,...,n}by NT=' =n —ir_y.

T

26 For type tl, with [ € {2,..., T — 2}, the peak depends on the values of tl, ..., t" as well as on the

beliefs held by the citizens.
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Step T: The final outcome is the allocation y € ) chosen in accordance with the

following rule:
n—N!

i with probability pi,
y= .
n_NT-1 . o
B with probability pr_j.

The G-generalized SFMR operates as follows. The (final) outcome is chosen randomly
from one of the (potential) outcomes of 7' — 1 applications of SFMR, each of which
considers a different set of alternatives. The weights according to which the non-
deterministic mechanism chooses one particular application of SFMR are determined
by the individuals themselves prior to running all SFMR applications, although they
are not disclosed.

With most of the formal analysis in the Appendix, some remarks about the G-
generalized SFMR are in order here.

Principles behind the G-generalized SFMR

The first observation is that the G-generalized SFMR captures to some extent the
principles behind inclusiveness and approval. As for inclusiveness, all elements of
UZT:_1 1Y) are voted upon in at least one round of the corresponding application of SFMR.
With multiple types set )) can be extremely large, so focusing on UIT:_1 Ly might suffice.
As for majority approval, each application of SFMR satisfies the property and the final
outcome is the outcome of one of such applications. Hence, the concerns that majority
approval tries to address are also dealt with to some extent by the G-generalized SFMR
in the case of multiple types.

Any fairness and efficiency property of G carries over to the G-generalized SFMR.
For instance, if G chooses the median generalized type (Moulin 1980), the G-
generalized SFMR combines majoritarian concerns in a first step, and utilitarian
concerns in a second step. From Moulin (1980), we know that generalized median
mechanisms (i.e., the set of all strategy-proof voting mechanisms) can only imple-
ment order statistics such as the median but not the mean. Thus, with the G-generalized
SFMR we offer a way of accommodating two principles—strategy-proofness and util-
itarian welfare maximization—that are conflicting when there are three or more types.

Elicitation of types

For every application of SFMR, individuals report their preferences sincerely. This
follows from (7)—(9) because (within each SFMR) individuals iteratively eliminate
strategies that are weakly dominated, and, in particular, they never play strategies
that are weakly dominated. Take )j, for example. Individuals of type ¢! prefer the
lowest possible public-good level (within );). Individuals of type 2, ..., ! prefer
the highest possible public-good level (within );). Because the outcome of SFMR
running over )} does not depend on any other application of SEFMR, every individual
who is not of type ! votes as if s/he were of type r2. Analogous comments hold for
the application of SFMR to sets Vs, ..., Yr—1. This means that if we let N T — pand
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solve
ni = Nl,
10
n+...+nr_ =NT-1, (1o
n+...+nr_1+nr =NT,

then n; is equal to the number of individuals of type t, with € {1,..., T}. Hence,

the G-generalized SFMR elicits the information how many individuals there are of
each type.?’

Outcome of the G-generalized SFMR

In general, x*°¢ is not implemented by the G-generalized SEMR (see the Appendix
for a detailed account of the equilibria of the underlying game). Yet, the outcome of
the G-generalized SFMR is an element of UIT:_IIJJZ.

Let us consider the case where agents are only of two types. We also assume that
citizens receive sufficiently informative, yet noisy, public signals about the type dis-
tribution. This can be a good representation of societies that are polarized on some
issue if the power to make proposals is in the hands of two organized groups. Let

tE,tR (L, R € {1,..., T — 1}) be the two types that are present in the population,
with L < R — 1. For simplicity, we focus on the case where G selects the median
(with probability one).

We start by considering the case where L = R — 1. Then, the utilitarian optimal
solution belongs to Y. This outcome would be chosen by the G-generalized SFMR
if there are more individuals of type ¢~ than of type ¢®. If there are more individuals
of type X than of type %, then y% € Vg would be chosen, which is itself close to the
utilitarian optimum. Next, consider the general case, in which L < R — 1. Then the
utilitarian optimal solution belongs to set UlR:f Y. The outcome of the G-generalized

SFMR would be y; € Vi (¥ € Yr—1)if j > n— j (j < n — j), where j denotes
the number of individuals of type rL.

Equation (1) implies that all citizens have concave utility in the public-good level,
and hence that they are risk-averse. This means that if the probability that either type
is the majority is close to 1/2, it would be in the best interest of both groups of
individuals to run SEFMR with only two types—t’ and r®—instead of running the
G-generalized SEMR over the entire set Z, which corresponds to types ¢!, ..., ¢T.
The former mechanism would implement the utilitarian optimal solution.

Finally, consider large populations. Then a social planner could randomly sample
a (representative) subpopulation of individuals, who would then participate in the vot-
ing mechanism. The social planner would observe the actions taken by the individuals
from the subpopulation when participating in the mechanism. S/he would also com-
mit to transferring an amount of money to the participants that matches the utility
these individuals would have gotten had the public-good level been implemented with
the G-generalized SFMR, plus a sufficiently large fixed amount to ensure individual

27 One could also envision that this information is used by a social planner. It would suffice if citizens
cannot foresee how this information is going to be used. Then they cannot inform their decisions in the
G-generalized SFMR to manipulate the information collected by the social planner in their favor.
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rationality in the augmented mechanism which includes the prior stage in which indi-
viduals can either accept or decline to be part of the sample. Then, with the information
yielded by the mechanism, the social planner could implement a public-good level that
approximates the utilitarian optimum for the entire population with arbitrarily high
precision. It would suffice to sample sufficiently many individuals. With a very large
population, the relative size of the sample would be negligible, and so would be the
required transfers. These transfers could be financed by lump-sum taxes by the rest of
the population.

The insight that large populations can approximate the utilitarian optimal solution
when a voting procedure based on qualified majority rules is used is not new. Gershkov
et al. (2017) show that the mean can be approximated by the right order statistic in
large societies when types are continuous. Our approach, however, is different since we
propose to build on the properties (i) that our voting mechanism elicits the preferences
of a (representative) sample of participants and that (ii) by the law of large numbers the
preferences of these voters will represent those of the entire population with arbitrarily
high precision.

6 Conclusions

We presented a new (voting) mechanism that implements the utilitarian optimum in a
standard problem of public-good provision when there are two types of citizens. Unlike
other known mechanisms which use multiple-round voting with varying thresholds,
we imposed the property that such thresholds require more than half of the votes to stop
the mechanism and approve the public-good level on the table. This is a restriction
often encountered in real settings. It reflects the majoritarian logic of democracy;
we called this property majority approval and investigated several versions of this
property. Our mechanism also displays the property that, on the equilibrium path, all
potential socially optimal proposals are considered for voting at some point in time,
which can foster deliberation. This property, which we have called inclusiveness, may
also be desirable in real voting applications.

Our insights are also relevant from a purely positive perspective. It is known that
reference points as default policies may have an impact on the outcome of voting pro-
cedures through various channels (see e.g. McKelvey 1976; Kahneman and Tversky
2013). We showed that the utilitarian optimal outcome can be attained when the ref-
erence point—i.e., the default—and the vote requirements for changing this reference
point are chosen appropriately in an endogenous way by the population of individuals.
This could be useful for the (optimal) design of thresholds for political action initi-
ated by citizens, be it through signature gathering or through other means by which
minorities can be granted the right to propose policies.

Finally, there are avenues for future research. For instance, one could characterize
semi-flexible majority rules by using approval and inclusiveness together with other
properties.

Funding Open Access funding provided thanks to the CRUE-CSIC agreement with Springer Nature.
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Appendix

In this appendix, we do three things. First, in Sect. A.1, we introduce a family of
voting mechanisms that includes SFMR, the voting mechanism analyzed in the main
text of the paper. All our results apply to each element of this family of mechanisms.
Second, in Sect. A.2, we provide the proof of Theorem 1, which is itself structured
along several items, following the logic of backward induction. Third and last, in
Sect. A.3, we provide the details needed in addition to the discussion of Sect. 5 for the
proof of the result about the generalized SFMR.

A.1 A family of voting mechanisms based on semi-flexible majority rules

As discussed in Sect.3—see Footnote 8—, the result of Theorem 1 not only holds
for the voting mechanism described in this section, but also for a broader family of
voting mechanisms (or voting procedures) containing the former as an instance. Each
voting mechanism of this family is contingent on the choice of certain non-increasing
sequences of majority thresholds to be applied to the first rounds of Stage 2, more
specifically, to the rounds involving policies y”, y"~!,..., and y¥ = x (the default
chosen in Stage 1) as defined in Sect.3.2. Formally, for each k € {0, ..., n} let

Ak =(1,2,....n+1—k)

and

While we interpret AX as round indices (which, in turn, are associated with voting
over particular alternatives), the elements of B¥ are majority thresholds to be used

for voting—see below. Note in particular that Bk = {k,...,n}if k > % For each
k €{0,...,n}, withx = yk being the default chosen in Stage 1, let
frak — Bt
h— f ()
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be a function that is non-increasing and onto.?8 This means, in particular, that f k () =
n and

fk(n+1—k)=max{n+l,k}. (11)

We further assume that
iy = ), forallh € AMY = 1{1,...,n — k). (12)

Every choice of { f k(')}Z=o then defines a voting mechanism. This generalizes the
two-stage voting mechanism defined in Sect. 3 in that now, for Round 2.4, with h €
AK ={1,..., n+1—k}, the majority threshold required to adopt the proposal y" /1
on the table is f k (h).Foreachk € {0, ..., n}, we denote by F’ k the set of all functions
satisfying the above properties.
First, if k > %, there is only one possible element of F k namely
Xy =n+1-nh.

This is precisely the threshold function considered in the main body of the paper.
Second, if k < %, we have

Now define

1
ik(h):zmax{n+1—h,n; }

and

7k(h)=min{n,w—k—h}.

2
Then note that

1 1
n+1—hz—”;r <:>h§n;r (<n+1-k)

and
3n+1) n+1
nzT—k—h@hzT+l—k(>l),
SO +1
S =n and ik(n+1—k):n2
and 1
) =n and 7"(n+1—k)=”2 .

28 A mapping f : A — Bisontoifforall y € B thereis x € A such that y = f(x).
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Fig.3 Generalized z
Stage 2—Number of votes (z)
required to approve a policy,
with £ = yX the default set out n+e--. e ®------ °
in Stage 1. The mechanism starts TN L

with y". Case k < % (with RN f (h)

k= % and k = "2;1 + k). fk(h) AN
Functions f* () and 7k (-) are > T A o
depicted by dotted lines

Because [ k(h) and ?k(h) are clearly non-decreasing in %, both functions therefore
belong to F' k In particular, i k (+) is the threshold function considered in the main body
of the paper. It is also straightforward to verify that for each f*(-) € F* and h € AF,

Eo < Ay < T, (13)

The shape of the possible functions f*(-) € F* is illustrated by Fig.3 for the case
where k < % It shows that F¥ is the convex hull of S k() and Tk(~), which are the

supremum and the infimum of the set of functions, respectively.?’

For each default x = y" chosen in Stage 1, F k has been defined as the set of
possible majority thresholds for voting rounds in Stage 2 where the proposal on the
table specifies a public-good level higher than, or equal to, the one specified by the
default chosen in Stage 1. This set is reminiscent of the class of decreasing thresholds
considered by Gershkov et al. (2017). Indeed, when x coincides with the status-quo,
namely yo, our class of thresholds coincides with the subclass of thresholds considered
by Gershkov et al. (2017) satisfying the additional property that no threshold can
be below half plus one of the number of citizens. Such a class of thresholds can
be rationalized from a mechanism-design viewpoint when the majority requirement
is imposed beyond standard properties such as anonymity, unanimity, and incentive
compatibility.

A.2 The proof of the main result

In this section we solve the game induced by any of the voting mechanisms described
above, and, in particular, by the voting mechanism considered in the main body of the

29 Note that S k (h) and Tk (h) are functions that assign integers (and their corresponding alternatives) to
integers, so the convex hull refers only to functions of the same type.
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paper, viz. SEFMR. We analyze the game backwards. We thus start with the analysis
of Stage 2.

Proof of Theorem 1 First, we analyze Stage 2, then we analyze Stage 1. Finally we
discuss the equilibria of the game.

Analysis of Stage 2

Let ¥ = y* be the outcome of Stage 1, with k € {0, ..., n}. We start by considering
Round 2.4 of Stage 2, with h € {n + 1, ..., 1}. We next prove the following claim:

Claim 1 In any round 2.h, withh € {n + 1, ..., 1},

(i) Any high-type citizen votes to implement the proposal on the table if h €

{1,...,n—k+ 1} (i.e, if we consider the initial rounds of Stage 2) or to proceed
to the next round ifh € {(n —k+2,...,n+ 1} (i.e., if we consider the last rounds
of Stage 2).

(ii) Any low-type citizen votes to proceed to the next round in all rounds except the
final round of Stage 2, i.e. except in Round 2.(n + 1).

To prove the above claim, we distinguish three cases.

Casel:h=n+1

The decision in Round 2.(n + 1) consists in choosing either y* or ¥ = y* as the
final outcome. If kK = O, there is no real choice, and x = yo is adopted regardless
of the citizens’ vote. Hence, let k > 0 and thus yO < X. In this case, unanimity is
required for approval of y°. Then for any observed history of previous play, it is in any
citizen’s best interest to vote for the alternative that yields higher utility, either y© or X,
because doing so makes a positive difference when the vote is pivotal—i.e., when
all other citizens vote for yo—and makes no difference otherwise. In other words,
voting for the proposal on the table is weakly dominated for high-type citizens by
voting to proceed to Round 2.(n 4 2), while the weak-domination relation is reversed
for low-type citizens. Hence, if citizens play no strategies that are weakly dominated,
low-type citizens vote for y? and high-type citizens vote to proceed to the last round,
where x is automatically adopted.

Casell:n—k+1<h<n+1

The decision in Round 2.4, withn —k+1 < h < n+ 1, consists in choosing between
accepting y" /1 as the final outcome and proceeding to Round 2.(% + 1). Unanimity
is required for y"~"*1 to be adopted. This implies that any individual has the (veto)
power to ensure that the procedure continues to the next round and ultimately to
Round 2.(n + 2), a round in which x is adopted—if in all these rounds such a citizen
votes in favor of this possibility.

Let us first consider an individual i of type ##. Such an individual votes to proceed
to the next round until Round 2.(n + 2) is eventually reached. The reason is that s/he
prefers ¥ = y* over y"~"*1 (recall thatn —k+1 < k) and s/he anticipates that weakly
dominated strategies (in particular, her/his own strategies) will be eliminated in future
rounds. Indeed, consider Round 2.n as a base case for an induction argument. Then
citizen i knows that in Round 2.(n + 1) s/he will vote to proceed to Round 2.(n + 2),

@ Springer



706 H. Gersbach, O. Tejada

as doing otherwise is weakly dominated for her/him. This has been proven in Case I
above. Assume now that citizen i’s vote is pivotal in Round 2.#, i.e., all other citizens
vote for the proposal on the table y! (in all other cases, citizen i’s vote does not matter
for the outcome). If citizen i votes for the proposal on the table, y! is implemented. If,
by contrast, citizen i votes to proceed to the next round, namely to Round 2.(n + 1),
then x will be implemented. Since individual i prefers alternative ¥ to alternative y',
s/he votes in Round 2.n to proceed to the next round.

For the above reasoning, we have used the following facts. First, it is common
knowledge that agents recursively eliminate those strategies that are weakly dominated
by moving backwards, and in particular that it is common knowledge that agents do not
play weakly dominated strategies. Second, we have used the fact that citizen i knows
that s/he himself/herself will take part in the binary voting of Round 2.(n + 1). This
means, in particular, that s/he can form correct beliefs about whether all citizens are of
the low type (s/he knows they are not). Then, iterating the above argument backwards
from Round 2.n to Round 2.(n — k + 2), we obtain that for any observed history of
previous play, any high-type citizen votes in favor of proceeding to the next round in
all Rounds 2.k, with h € {n — k + 2, ..., n}. This results in adoption of x regardless
of the vote of the remaining citizens whenever there is at least one individual of the
high type.

We now consider an individual of type #~. In Round 2.1, s/he faces a more subtle
choice than a citizen of type #. If s/he votes in favor of the alternative on the table,
y"~"*1 her/his vote may theoretically help to guarantee that such a policy is chosen.
If, by contrast, s/he votes for the procedure to continue to the next round, the risk s/he
takes is that the default ¥ will eventually be chosen if all alternatives y" ", ..., y?
are subsequently rejected. Because s/he prefers alternative y* "1 to x = yk (recall
that n — k + 1 < h), the choice is not obvious. Nevertheless, we next show that for
an individual i of type ¢, it is always optimal to vote to proceed to the next voting
round.

We develop a further induction argument and consider Round 2.n as a base case.
We focus on the situation where citizen i’s vote is pivotal, as her/his vote does not
matter for outcomes otherwise. If s/he votes for the proposal on the table, alterna-
tive y! is implemented. Instead, if s/he votes to proceed to the next round, namely
to Round 2.(n + 1), then either y° or X will be implemented. Citizen i knows that
the latter will occur if and only if there is at least one citizen who is of the high type.
Moreover, since it is common knowledge that (high-type) citizens eliminate iteratively
weakly dominated strategies, a high-type citizen votes in Round 2.n to proceed to the
next round and hence citizen i’s vote is not pivotal in this round. That is, a necessary
condition for i’s vote to be pivotal in Round 2.7 is that all agents are of the low type. In
this case, our previous analysis has shown that y° is implemented in Round 2.(n + 1).
This means that if, in Round 2.n, citizen i votes for the proposal on the table when
all agents are of the low type, y' is implemented. In contrast, if in this same case
citizen i votes to proceed to the next round, namely to Round 2.n, alternative y° is
implemented. Since individual i prefers alternative y° to alternative y!, s/he votes in
Round 2.n to proceed to the next round.

For the above reasoning, we have used the fact that citizen i of type t* knows
that citizens of the high type can form correct beliefs about whether all agents are
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of the low type. Then, iterating the above argument backwards from Round 2.n to
Round 2.(n — k 4 2), we obtain that for any observed history of previous play leading
to correct beliefs about whether all citizens are of the low type or not, any low-type
citizen votes to proceed to the next round in all Rounds 2.4, withh € {(n—k+2, ..., n}.
This results in the adoption of y° if and only if all individuals are of the low type. If
not, x is implemented.

Caselll: 1 <h<n—k+1

Again, the decision in Round 2./, now with 1 < h < n — k + 1, consists in choosing
y"~h+1 a5 the final outcome or proceeding to the next stage. (Note thatr =n+1—h
is the index used in Sect.3 to describe policy y”.) This time, however, a majority
of fK(h) of votes is required for y*~"*! to be adopted.>® If such a majority does
not materialize, the procedure continues, yielding some outcome y € ) satisfying
the property that y < y""*1 with y"~"*1 > x = y* Recall thatn — k + 1 > h.
This means that if the procedure does not stop at Round 2.4, the outcome will leave
high-type individuals worse off and low-type individuals better off (if h < n —k+ 1),
or will leave high-type individuals weakly worse off and low-type individuals weakly
better off (f h =n — k + 1).

We distinguish two cases. First, assume that 7 < n — k + 1. Then, high-type
individuals vote in favor of y*~"*! and low-type individuals vote to proceed to the
next round. The reason is that for any high-type citizen i, voting in favor of the proposal
on the table weakly dominates voting to proceed to the next round. For this result to
hold, no assumption about future voting behavior by other agents is needed. Similarly,
for any low-type citizen, voting to proceed to the next round weakly dominates voting
in favor of the proposal on the table. For this result to hold, the fact that agents will
iteratively eliminate weakly dominated strategies in all future rounds and can form
correct beliefs about whether all agents are of the high type does not matter. These two
properties hold independently of the majority required in the voting round, viz. f*(h).
Second, let us examine the case i = n — k + 1. Consider first a citizen i of type t . If
s/he votes for the proposal on the table, i.e. for y, s/he may contribute to the adoption
of such a proposal if her/his vote is pivotal (in any other case, her/his vote makes no
difference for the outcome). If, on the other hand, citizen i’s vote is pivotal for the
procedure to continue to the next round, s/he knows that s/he can ensure that x = yk
will also be adopted in subsequent voting rounds thanks to her/his veto power. The
latter requires that citizen i knows that s/he will vote in these subsequent rounds, and
in particular that s/he can form correct beliefs about whether or not all citizens are of
the low type. Yet, it is clear that, in Round 2.(n — k + 1), voting to proceed to the
next round is weakly dominated for citizen i by voting for the proposal on the table,
since doing so would produce an outcome y < y* = x. This holds independently
of the fact that s/he can use her/his veto power in all subsequent rounds. Consider
now a citizen of type #~. Reversely, voting to proceed to the next round produces an
outcome y < y* = X, which is strictly preferred over y* in the case where y < y* (an
outcome that is attainable for certain voting behavior). That is, for a low-type citizen,
voting to proceed to the next round weakly dominates voting for the proposal on the

30 We stress that in the main body of the paper, we have considered fk(h) = max {%, n+1-— h}.
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table, y*. This holds independently of the majority required in the voting round, viz.
fn+1—k) = max{%, k}. This completes the proof of Claim 1.

Having established the citizens’ behavior in all voting rounds of Stage 2, we now
let k (with X = y¥) vary from 0 to n and obtain the outcome of Stage 2 for different
distributions of citizen types. More specifically, we next prove the following claim:

Claim 2 The outcome of Stage 2 for different distributions of citizen types as function
of x is given by the following table:

The numbers r*(k, j) are defined in (15) below. To prove the above claim, we build
on the insights provided in Cases /—111 in the proof of Claim 1.

First, if j = 0, all citizens—who are of the low type—always vote to proceed to
the next voting round, until Round 2.(n + 1) is reached, where all of them vote in
favor of the proposal on the table, y°. Second, if 0 < j < %, all low-type citizens,
who constitute a majority of the electorate, will block the approval of any proposal
of Rounds 2.1 to 2.(n + 1 — k). The reason is that a (qualified) majority is needed in
all these rounds for the approval of the proposal on the table. However, since there is
always at least one citizen of the high type, any such individual can guarantee that the
default x is eventually chosen. Third, if "TH < j < n, a majority of the electorate is
made up of citizens of the high type. If j = n, in particular, all citizens, who are of
type 11, vote for y”, and the procedure ends just after Round 2.1.

Accordingly, we are left with the constellation

n+1
2

=j<n. (14)

Note that because there is always one citizen of type t, the procedure yields some
proposal y with the property that y > y* = x. We distinguish two cases, depending
on the default chosen in Stage 1, viz. X.

Table 1 Outcome of Stage 2 as a function of the default x = yk (rows) and the optimal utilitarian type
150¢ = % by % -t (columns)

“\ss0c L n=1_.L 1. H n+l L n—1,H n—=1.L n+l . H 1.L n—1_.H H

A e LA T T TR T wowlt T

n yO n yn yn yn W

yn—l yO yn—l yn—l yn—l yn—l yn

ntl ntl ntl ntl _

yzo 0oy ¥ 2 y 2 oyt N

n—1 n—1 n—1 *0n *((p_ _

Y0 " oy Y @=D/2.(kD/D) -y (=D/2n=1)
* * _

y1 yO y1 y1 yr (1,(n+1)/2) yr (1,n—1) yn
* * _

yO yO yO yO yr 0,(n+1)/2) yr 0,n—1) yn

@ Springer



Semi-flexible majority rules... 709

Case A: % <k<n

In this case, for h € A¥ = {1,...,n+ 1 —k}, we have fX(h) = n+ 1 — h as the
majority threshold required for the approval of the proposal on the table of Round
2.h, namely y"T!=" The reason is that for k > (n + 1)/2, the only non-increasing,
onto function belonging to F* is f*(h) = n + 1 — h, since A* and B* have the same
cardinality. Because in each of these rounds all individuals of the high type vote in
favor of the proposal on the table and all individuals of the low type vote to proceed
to the next voting round, the outcome of the procedure is max{y/, X}, where ¥ = yk
is the default and j is the number of citizens of type #/7. In particular, if ¥ = y/, the
outcome is the default chosen in Stage 1.

Case B: 0 <k < "T_l

For h € A = {1,...,n 4+ 1 — k}, we again have f*(h) as the majority threshold
required for the approval of the proposal on the table of Round 2.4, namely y"*+1=",
As in Case A, in each of these rounds all individuals of the high type vote in favor
of the proposal on the table and all individuals of the low type vote to proceed to the
next voting round. Accordingly, the final outcome of the procedure is max { y’*(k %),
where ¥ = y is the default, j is the number of citizens of type #7, and3!

r*k, j) = max{r : ffn+1—-r) < j}. (15)

That is, y""*-/) is the highest level of the public good that the j citizens of the high
type can guarantee as an outcome throughout Rounds 2.1 to 2.(n + 1 — k), given the
default ¥ = y¥ chosen in Stage 1. Using Eqgs. (11) and (14), we obtain

o on+1 {n+l
= = max ,

5 k}:fk(n—i—l—k).

It then follows that r*(k, j) is well-defined and that r*(k, j) > k. Moreover, r*(k, j)
is non-decreasing in k, due to Eq. (12), and non-decreasing in j, by construction. We
further note that also due to Egs. (11) and (14), we have

-1 n+1 n—1 n+1
(n—l)/2 1—n = = <7
f <n+ > ) max{ SRR } > <]

This implies®?
" N ) n—1
ri=rin=1/2,)) 2 —— (16)

Trivially, Eq. (14) also implies that

,>n—1
=7

a7

31 For notational convenience, we have suppressed the dependence of r*(k, j) on the function f k.

32 Similar statements can also be shown for values of k below (n — 1)/2. Indeed, for k € {0, (n — 1)/2},
we have fk(n +1—k) =max{(n +1)/2,k} = (n+ 1)/2 < j. The first equality follows from Eq. (11)
and the inequality is due to Inequality (14). This implies r*(k, j) = max{r : fk mn+1—-r)<j} >k
Using k = (n — 1)/2, in particular, we obtain r* = r*((n — 1)/2, j) > (n — 1)/2.
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We claim (and prove next) that
r*<j. (18)

Indeed, we start noting that Egs. (16) and (17) guarantee thatn +1—r*andn+1—j
belong to the domain of function f”~1/2(.). For proving Inequality (18), we then
note that

_ . _ . n+1 |
fOOPmr1- )= 1>/2<n+1—1)=max{ 5 ,J}

== fO VR -,

The above chain of inequalities can be explained as follows: The first inequality is
due to Eq. (13). Note that Eq. (17) guarantees that n + 1 — j belongs to the domain
of f"=D/2(.yand f*=1/2(.). The first equality is a direct consequence of the defini-
tion of f(-). The second equality holds because j > # Lastly, the second inequality
holds by definition of r* = r* ((n — 1)/2, j). Since f®~D/2(.) is non-increasing,
Inequality (18) follows from the above chain of inequalities.

To sum up, building on our entire analysis, we can arrange the outcome of Stage 2
for different default chosen in Stage 1 as was done in Table 1. This completes the proof
of Claim 2. That is, as we are considering a larger value of x, the final outcome cannot
be worse (or better) for high-type (low-type) citizens, whatever the type composition
of the electorate. Note that together with the fact that £¥(-) is non-increasing and onto,
Eq. (18) is crucial for Table 1. Moreover, the outcome is strictly better (worse) in some
cases. This completes the analysis of Stage 2.

Analysis of Stage 1

Next we consider the problem which actions are taken by the citizens in each Round 1.4
of Stage 1, withh € {n, ..., 1}. Because agents eliminate weakly dominated strategies,
we can focus our analysis on the case where a citizen’s vote is pivotal for the outcome of
the voting round. Let us focus on high-type citizens first. From Table 1, it immediately
follows that in Round 1.n, voting for y" as default yields higher or equal utility than
voting for y”~!, no matter the composition of the electorate, and hence regardless of
the beliefs held by the citizens about such composition. As a matter of fact, unless a
citizen of type #7 believes that all citizens are of the same type (+% or t7), voting to set
X = y" as default yields higher utility than voting to set ¥ = y"~!. This means that in
Round 1.n, for any citizen i of the high type, (a) it is always optimal to set x = y" and
move to Stage 2, no matter the previous play of game, and (b) it is never optimal to set
% = y"~! and move to Stage 2, unless citizen i believes that all agents are of the high
type. Because i herself/himself is of the high type, s/he cannot believe that all agents
are of the low type.>3 However, if the prior distribution of types has full support, i.e.,
the probability measure that assigns to every number k € {0, ..., n} the probability
that there are k individuals of the low type at the beginning of the first voting round
has full support, then at the beginning of Round 1.(n — 1), where only n — 2 binary
voting rounds have taken place, no individual can be certain that all individuals are of

33 This would contradict Bayesian update given i’s private signal about her/his own type.
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Table 2 Outcome y of Stage 2 as a function of the optimal utilitarian type 5°¢

soc L n—=1.,L , 1.H n+l L n—=1,H n—1,L n+l H 1.L n—1_.H H
! t n 4 +nt Znt + 2nt 2nt + 2nt nt + n 4 4
1 n—1 ntl 1
y oy T y 2 Y "

the high type after having observed the play and updated their beliefs using Bayes’
rule.

At any prior round of Stage 1, in turn, voting to proceed to the next round yields
higher or equal utility than voting to stick with the current default. This property holds
no matter the composition of the electorate, and hence regardless of the beliefs held
by the citizens about such composition. This means that for any citizen of the high
type, voting to proceed to the next voting round in Stage 1 is optimal in any Round 1.4
(with 1 < h < n). To see whether there are other optimal choices for some given
beliefs, we distinguish two cases depending on what the proposal on the table, "~
is. Recall that we are focusing on the case where the vote of a citizen i of the high
type is pivotal for the outcome of the voting round. If % <h—1<n—1,then
voting to proceed to the next round yields higher utility than voting to stick with the
current default unless citizen i believes that all citizens are of the high type. As before,
if the prior distribution of types has full support, then at the beginning of Stage 1.h
no individual can be certain that all individuals are of the high type, after having
observed the play and updated their beliefs using Bayes’ rule. If 0 < h — 1 < %,
voting to proceed to the next round yields higher utility than voting to stick with the
current default unless (possibly) citizen i believes that the majority of the citizens are
of the high type. However, if the prior distribution of types has full support, then at the
beginning of Round 1.A, where only /2 — 1 binary voting rounds have taken place, no
individual can be certain that a majority of the individuals are of the high type after
having observed the play and updated their beliefs using Bayes’ rule.

For low-type individuals, the optimal decisions in Rounds 1.4 (with 1 < h < n)
are reversed. It is then important to point out that for the voting decision to hold as best
responses for both citizen types, it is necessary for it to be common knowledge that
in Stage 2 agents will iteratively eliminate weakly dominated strategies by moving
backwards and that they will be able to form correct beliefs about whether all agents
are of type t~.

It then follows that if citizens vote as described above, the elements of the off-
diagonal of Table 1 are chosen in Stage 1. This yields the following table (recall that
at least k votes are needed to set X = y*):

In short, combining the first-stage result with the second-stage result produces the
outcome y/, where j is the number of high-type citizens.

Analysis of equilibria

We start by noting that if citizens vote in Stage 1 as described above, then at the end
of this stage they reveal exactly how many citizens are of each type. This property
is obtained from any initial type distribution (with full support) through Bayes’ rule
because high-type individuals always vote to proceed to the next voting round, while
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low-type citizens always vote for the proposal on the table (with the exception of
Round 1.1 where high-type citizens vote for y" and low-type citizens vote for y"~1).
Accordingly, ¥ = y* if and only if k individuals are of the high type and n — k
individuals are of the low type. This means that all citizens can form correct beliefs
at the beginning of Stage 2 about how many citizens there are of each type, and in
particular about whether all citizens are of type t© (and that this is common knowledge).
To sum up, any pair of strategies and beliefs is a perfect Bayesian equilibrium if they
satisfy that

(i) in any but the last voting round of Stage 1, all citizens of type t (type t7) vote to
(not to) set the proposal on the table as default for Stage 2,

(i) in the last voting round of Stage 1, all citizens of type t~ (type t/) vote to
set y*~1 (y") as default for Stage 2,

(iii) in any voting round of Stage 2, all citizens of type ¢~ vote to proceed to the next
round (except for the last round, namely for Round 2.(n + 1), where they vote
for yo),

(iv) in any voting round of Stage 2, all citizens of type ¢/ vote in favor of the proposal
of the table if and only if it prescribes a higher or equal public-good level than in
the default x determined in Stage 1,

(v) the beliefs of all citizens at the end of Stage 1 are such that all citizens know the
distribution of the types, and in particular whether all citizens are of the low type,
and that this is common knowledge.

First, the actions taken at any voting round of Stage 2 are best responses given the
beliefs and the strategies for the current and subsequent voting rounds of Stage 2 (if
any). Second, the decisions taken at any voting round of Stage 1 are best responses
(regardless of the exact beliefs of each individual at these nodes), given the strategies
for the remaining voting rounds of Stage 1 and for all voting rounds of Stage 2. Third,
as mentioned above, the beliefs at the end of Stage 1 can be computed through Bayes’
rule from the prior beliefs. Moreover, the resulting beliefs are consistent with the play
along the rest of the equilibrium path. Accordingly, we have proved that the utilitarian
optimal solution x*°¢ is an equilibrium outcome. Moreover, for any pair of strategy
and beliefs satisfying the above conditions, citizens choose pure strategies that survive
iterative elimination of weakly dominated strategies by moving backwards in the game,
as is required by our equilibrium notion.

Are there other equilibria in the game underlying SFMR ? As we have shown
above, if (v) holds, then in any perfect Bayesian equilibrium in which players eliminate
iteratively weakly dominated strategies, (ii), (iii), and (iv) must, in turn, hold. Being
independent of the beliefs in Stage 1, also (i) must hold. Therefore, if there are other
equilibria, it must be the case that (v) does not hold. However, no citizen of the high
type can hold wrong or non-conclusive beliefs about whether all citizens are of the
low type at any node of the game, as this would contradict Bayesian updating.

To sum up, we obtain that the utilitarian optimal outcome x*°¢ is implemented
uniquely by the mechanism. This completes the proof of Theorem 1.

O
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A.3 The case of multiple types

In this section, we complete the analysis of Sect.5.2.

We start by noting that because we assume that individuals do not play strategies
that are weakly dominated and eliminate such strategies iteratively, to find out what
individuals do in Steps 1 to 7 — 1 in any equilibrium, we can apply the logic of the
proof of Theorem 1 to each instance of SFMR. This is for three reasons: (i) once a
particular instance of SFMR is chosen (randomly) through mechanism G in Step O,
the outcome is entirely determined by the actions chosen by the individuals in this
application of SFMR; (ii) when participating in any instance of SFMR, individuals
act as if this instance will be eventually chosen, since if it is not chosen their actions
are irrelevant for payoffs; (iii) as discussed in Sect.5.2, for each set ), agents of
typest!, ..., t! behave as if they were of type ¢/, while all other individuals behave as
if they were of type /1.

Analogously to Claim 1, we therefore obtain the following claim about Stage 2 for
any Step t of the G-generalized SFMR:

Claim 3 Inany round?2.h of Step T of the G-generalized SFMR, witht € {1, ..., T—1}
andh e{n+1,...,1},

(i) Any citizen of type t', with| € {t + 1, ..., T}, votes to implement the proposal on
the table if h € {1...,n —k+ 1} (i.e., if we consider the initial rounds of Stage 2)
or to proceed to the next round ifh € {(n —k +2,...,n+ 1} (i.e., if we consider
the last rounds of Stage 2).

(ii) Any citizen of type t', withl € {1, ..., T}, votes to proceed to the next round in all
rounds except the final voting round of Stage 2, i.e. except in Round 2.(n + 1).

As for the first stage of each of the instances of SFMR, one can proceed in a similar way
and apply the counterpart of Claim 2 in the proof of Theorem 1 to each step, starting
from the last step, and then using induction across all of them. As mentioned in Sect. 5,
the latter combined with Claim 3 elicits the information how many individuals are of
each type through the system of linear equations in (10).

Finally, we focus on Step 0. One can easily verify that for an agent of type ¢!, it is
weakly dominated to report any ); # ) due to the properties of >l.T and mechanism
G. A symmetric reasoning shows that individuals of type 7 vote for Yr_ . Take now
l €{2,..., T —1}. Areasoning along the same lines shows that an individual of type
t! votes either for V;_; or ) but never for another set. The exact vote depends on
the exact values of types /=1, !, and '+, and the beliefs the citizens have about the
aggregate type distribution.

To sum up, recall that for any typel € {1, ..., T}, we use n; to denote the individuals
who (report they) are of type #/. Then also recall from (10) that letting N7 = n,

ni =N1,

ni+...+nr_q =NT-1,
n+...+nr—1+nr = NT,
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Thatis, forl € {1,..., T}, N! denotes the number of individuals of types b
Then we have shown the following:
1. In Step O,
e any individual i of type ¢! reports =),
e any individual i of type th(withl e {2,...,T —1}) reports either rl./ =Y
ort/ =),

e any individual i of type 7 reports T =Yr_1.
2. The outcome of Step 1 is

° y{’_Nl with probability py(zy, ..., 7,),

° yl”*Nl (with [ € {2, ..., T — 1}) with probability p;(zy, ..., 1),

n
n—NT-1 . 1: / /
o yi | with probability pr_1(z{, ..., T,).
3. The numbers ny, ..., n7 reflect the actual shares in the population in terms of
types.
O
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