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LETICIA PARDO-SIMÓN, DAVID J. SIXSMITH

Abstract. A major open question in transcendental dynamics asks if it is
possible for points in a wandering domain to have bounded orbits, and more
strongly, for a wandering domain to iterate only in a bounded domain. In this
paper we give a partial answer to this question, by constructing a bounded
wandering domain that spends, in a precise sense, nearly all of its time iterating
in a bounded domain. This is in strong contrast to all previously known examples
of wandering domains.

1. Introduction

Let f : C → C be an entire function, and let fn denote the nth iterate of the
function f , for n ≥ 0. We define the Fatou set F (f) as the set of points z ∈ C
where the iterates {fn}n∈N form a normal family in some neighbourhood of z, and
the Julia set as its complement J(f) ..= C \ F (f). Roughly speaking, the iterates
of f are stable at points in the Fatou set. For an introduction to the properties of
these sets, and in particular the dynamics of transcendental entire functions, see,
for example, the well-known survey [Ber93].

In this paper we are interested in wandering domains. A wandering domain is
a component of the Fatou set, U , with the property that fn(U)∩ fm(U) ̸= ∅ only
when n = m. A famous result of Sullivan [Sul85] implies that no polynomial has a
wandering domain, making the study of these objects in transcendental dynamics
of particular interest. Following Baker’s first example of a transcendental entire
map with a wandering domain from 1976, [Bak76], numerous further examples have
been provided; e.g. [Bak84, Her84, EL87, FH09, Bis15, Laz17, MS20, EGP23].

A significant open question in transcendental dynamics asks if it is possible for
a point, and thus all points, of a wandering domain to have a bounded orbit. A
stronger version of this question is whether there is a wandering Fatou component
with bounded orbit. In other words, is there a transcendental entire function f
with a wandering domain U such that its forward orbit,

⋃
n≥0 f

n(U), is bounded?
We give a partial answer to this question by constructing an example of a such a
wandering domain U which has a nearly bounded orbit ; there is a bounded domain
D such that

lim
k→∞

#{n ≤ k : fn(U) ⊂ D}
k

= 1. (1.1)
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In other words, the set of natural numbers n for which fn(U) is contained in D
has upper (and lower) natural density one. This is in particularly strong contrast
to all existing examples of wandering domains, for which the quantity in (1.1) is
equal to zero for any choice of bounded domain D.

We construct our example using classical approximation theory, a method first
used to construct wandering domains by Eremenko and Lyubich in 1987, [EL87],
and refined more recently in [BEF+22, BT21, MRW22]. As with previous exam-
ples, our construction is quite delicate, particularly in the handling of approxima-
tion errors. We construct a sequence of entire functions f1, f2, . . . that converges
locally uniformly to a transcendental entire function f . We control the errors at
the k-th step by pulling back certain sets under fk, and then use these sets to
define fk+1, “holding up” the images of the wandering domain, near the origin, by
using the repelling fixed point of the Möbius map Φ(z) ..= 3z.

Our main result is as follows, and is, in fact, somewhat more general. Recall
that a compact set K ⊂ C is full if C \ K is connected, and that a domain is
regular if it equals the interior of its closure.

Theorem 1.1. Let U be a regular domain whose closure in C is a full compact
set, and suppose that (nj)j∈N, (mj)j∈N are sequences of natural numbers, (mj)j∈N
being strictly increasing, and set n0 = m0 = 0. Then there is a bounded domain
D, and a transcendental entire function f for which U is a wandering domain with
the following property. For each n ∈ N, the set fn(U) is either contained in D or
in C \D, and fn(U) ⊂ D if and only if

p∑
i=0

ni +mi < n ≤

(
p∑

i=0

ni +mi

)
+ np+1 (1.2)

for some p ≥ 0.

Note that (1.2) implies that U spends n1 iterates inside D, then m1 iterates in
its complement, then n2 iterates inside D, then m2 in its complement, and so on.
In particular we have the following easy corollary.

Corollary 1.2. Suppose that λ ∈ [0, 1]. Then there is a transcendental entire
function f with a wandering domain U and a bounded domain D such that

lim
k→∞

#{n ≤ k : fn(U) ⊂ D}
k

= λ. (1.3)

Observe that Corollary 1.2 follows from Theorem 1.1 choosing, for example, the
sequences, for j ∈ N,

mj = j, and nj
..=

{
j2, λ = 1,⌈

λ
1−λ

· j
⌉
, otherwise.

In the case that λ = 1, roughly speaking, the wandering domain in Corollary 1.2
spends “nearly all” of its iterates in D. Clearly, by choosing the sequence (nk) to
tend to infinity quickly, we can ensure the limit in (1.3) tends to one as fast as we
wish.
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It is natural to ask if more “pathological” behaviours are possible. Stating the
most general possible results is difficult, and not particularly illuminating. We
restrict ourselves to sketching a proof of the following.

Theorem 1.3. Let U be a regular domain whose closure in C is a full compact
set, let (zj)1≤j≤p be a collection of distinct points in C \ U and let (λj)1≤j≤p be a
finite sequence of positive real numbers whose sum is at most 1. Then there is a
transcendental entire function f for which U is a wandering domain and so that
for any collection of pairwise disjoint domains (Dj)1≤j≤p with zj ∈ Dj,

lim
k→∞

#{n ≤ k : fn(U) ⊂ Dj}
k

= λj, for 1 ≤ j ≤ p.

Remark. For each wandering domain U constructed in this paper, and for every
R > 0, there exists n ..= n(R,U) ∈ N such that inf{|z| : z ∈ fn(U)} > R. Thus, it
remains an open question whether wandering domains with bounded orbit exist.

Acknowledgments. The question of whether wandering domains such as in Co-
rollary 1.2 exist was raised when the first author visited the Analysis group at the
University of St Andrews. She thanks them for their hospitality.

2. Preliminaries

2.1. Notation. We denote the closure of a set A ⊂ C by A, and its interior by
int(A). For c ∈ C, we denote the translate of A by A + c ..= {z + c : z ∈ A}, and
the Euclidean distance between c and A by dist(c, A). For sets A,B ⊂ C, we write
A ⋐ B to indicate that A is compactly contained in B, that is, A is compact and
A ⊆ int(B). For a ∈ C and r > 0, we denote by D(a, r) the open disk of radius r
centred at a.

2.2. Approximation. We will use the following stronger version of Runge’s classi-
cal approximation theorem ([Run85]) as stated in [BT21, Theorem 4]; see the
appendix in [BT21] for a proof.

Theorem 2.1. Let A1, . . . , An ⊆ C be pairwise disjoint and full compact sets. For
each 1 ≤ k ≤ n, let Lk ⊂ Ak be a finite set of points, and hk : Ak → C be a
holomorphic function. Then for every ε > 0, there exists an entire function f such
that, for all 1 ≤ k ≤ n,

|f(z)− hk(z)| < ε, for z ∈ Ak; and

f(z) = hk(z), f
′(z) = h′

k(z), for z ∈ Lk.

Some of our arguments will follow the constructions of wandering domains in
[BT21, MRW22]. We shall borrow from [MRW22] the following two lemmas on
approximation of univalent functions and their iterates.

Lemma 2.2 ([MRW22, version of Lemma 2.3]). Let U, V ⊆ C be open, and let
ϕ : U → V be a conformal isomorphism. Let A ⊆ U be a closed set such that
dist(A, ∂U) > 0 and µ ..= infz∈A |ϕ′(z)| > 0. Then there is ε > 0 with the following
property: if f : U → C is holomorphic with |f(z)− ϕ(z)| ≤ ε for all z ∈ U , then f
is univalent on A, with f(A) ⊆ V . Moreover, |f ′(z)| > µ/2, for z ∈ A.
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Lemma 2.3 ([MRW22, version of Corollary 2.7]). Let U ⊂ C be open, and let
g : U → C be holomorphic. Suppose that G ⊂ U is open, K ⊆ G is compact and gn

is defined and univalent on G for some n ≥ 1. Then, for every ε > 0, there is δ > 0
with the following property. For any holomorphic f : U → C with |f(z)−g(z)| < δ
for all z ∈ U , fn is defined and univalent on K, and |fk(z)− gk(z)| < ε on K, for
k ≤ n.

Finally, we will use the following result on plane topology.

Lemma 2.4 ([MRW22, Lemma 2.9]). Let K ⊆ C be a compact and full set.
Then there exists an infinite sequence (Kj)j≥0 of compact and full sets such that
Kj ⊆ int(Kj−1) for all j ∈ N and K =

⋂
j≥0Kj. In addition, each Kj may be

chosen to be bounded by a finite disjoint union of closed Jordan curves.

3. Proof of Theorem 1.1

3.1. Behaviour near the origin. We start by describing the behaviour of our
map near the origin. Recall the map Φ : z 7→ 3z.

Lemma 3.1. There exist 0 < r1 < 1/9 < r2 < r3 < 1/3 and 0 < ε < r2/2 with
the following properties. Define

D ..= D(0, r1), and

B0
..=
{
z : |z| ∈ (r2, r3) and | arg z| < π

4

}
.

If f is holomorphic on D(0, 1
9
), with |f(z) − Φ(z)| < ε, for z ∈ D, then f is

univalent on D. Moreover, for each n ∈ N there is a unique component of f−n(B0)
contained in D, and these preimage components are pairwise disjoint.

If, in addition, f(0) = 0, then there exists a decreasing sequence ρn → 0 such
that f−n(B0) ∩D ⊂ D(0, ρn).

Proof. Set r2 = 5
27
, r3 = 7

27
. Choose r1 ∈ (0, 1

9
) sufficiently close to 1

9
to ensure

that (D ∪ B0) ⋐ Φ(D). We can then apply Lemma 2.2 to obtain a value ε > 0
such that any function f holomorphic on D(0, 1/9) and within ε of Ψ on D is
univalent there. By decreasing ε slightly further, if necessary, we can guarantee
that (D ∪ B0) ⋐ f(D), and so the next part of the result follows. Disjointness of
the preimages of B0 follows from injectivity of f together with the fact that D and
B0 are disjoint. Note that by Lemma 2.2, |f ′(z)| > 3/2 for all z ∈ D, and so its
inverse map is a contraction with derivative bounded away from 1. Thus, whenever
f(0) = 0, the final claim follows from the Banach fixed-point theorem. □

3.2. Setting and idea of proof. Let us fix D, B0 and ε > 0 as in Lemma 3.1,
so that the conclusions of the statement hold, and set

A ..= D

(
−1

4
,
1

9

)
. (3.1)
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Let N0
..= 0, and for each j ∈ N, define

Nj
..=

j∑
i=1

ni +mi,

where (nj)j∈N, (mj)j∈N are given sequences of natural numbers, n0 = m0 = 0, and
(mj)j∈N is strictly increasing. In order to simplify our exposition, we will also
assume that m1 > 1.

Let U be a fixed regular domain whose closure K ..= U is a full compact set.
Using Lemma 2.4 we can choose a sequence of compact sets (Kj)j≥0 with the
following properties:

• Kj+1 ⊂ int(Kj) for all j ∈ N,
• K =

⋂∞
j=0Kj.

In addition, by applying an affine transformation, we may assume without loss of
generality that 0 /∈ K0. We can similarly assume that

Φj(K0) ⋐ D, for 0 ≤ j ≤ n1, and Φn1+1(K0) ⋐ B0. (3.2)

For each j ∈ N, let us choose a full, compact, 2−j-dense subset Pj ⊂ ∂Kj. In
other words, Pj is such that for any z ∈ ∂Kj, dist(z, Pj) ≤ 2−j. In particular, ∂K
is the Hausdorff limit of the sets Pj. These sets will belong to attracting basins of
the map f and are introduced to ensure that ∂K ⊂ J(f), so that our wandering
set has the prescribed shape.

In a rough sense, the orbit of K under f will be as follows. After iterating n1

times in D, where f approximates Φ, fn1(K) will iterate m1 times in translated
copies of B0, where f acts approximately like the translation z 7→ z + 1. That is,
fn1+ℓ(K) ⊂ B0 + ℓ− 1 for 1 ≤ ℓ ≤ m1. In particular, fN1(K) ⊂ B0 +m1 − 1. At
this point, our construction will ensure that fN1+ℓ(K) ⊂ D for 1 ≤ ℓ ≤ n2 while,
again, fN1+n2+ℓ(K) ⊂ B0 + ℓ − 1 for 1 ≤ ℓ ≤ m2. Note that the crucial steps in
the construction occur in the sets B0 +mj − 1, for j ≥ 1. This is why assuming
m1 > 1 simplifies exposition without loosing significant generality. A finer analysis
on where the iterates of K lie when outside D will be required, and thus, we will
define inductively a collection of sets (Bj)j∈N, such that Bj ⊂ B0 + mj − 1 for
j ≥ 1; see Figure 1. Additionally, we will use the following notation:

B̂j
..= Bj +mj+1 −max{mj, 1}, for j ≥ 0,

and we will show that B̂j ⋐ B0 + mj+1 − 1. In particular, we will be able to
guarantee injectivity of our map f on D and on the collection of compact sets
(Bj)j∈N together with some of their translates; namely, on

Uj
..= D ∪

j⋃
l=0

ml+1−max{ml,1}−1⋃
k=0

(Bl + k), for j ≥ 0.

Finally, we set the collection of nested closed disks

∆0
..= {0} and ∆j

..= D(0,mj − 1), for all j ≥ 1.



6 LETICIA PARDO-SIMÓN, DAVID J. SIXSMITH

Note that, since ε < r2/2 < r3/2 < 1/6,

B0+mj−2+ε ⋐ ∆j, while B0+mj−1−ε ⋐ C\∆j for each j ≥ 1. (3.3)

A

D

B0

B1
B2

Q1

V1

B̂0

B̂1
K1

C1− 1
4

∆1 ∆2

Figure 1. Schematic of the sets and functions in the construction.

In order to prove Theorem 1.1, it suffices to show the following:

Proposition 3.2. There exists a transcendental entire function f such that for all
j ≥ 1,

(a) f(A) ∪ fNj+1(Pj−1) ⊂ A;
(b) fNj+1(Kj) ⊂ C \∆j;
(c) Re f j(z) > −1 for all z ∈ int (Kj);
(d) f ℓ(Kj) ⊂ D if and only if Np < ℓ ≤ Np + np+1 for some 0 ≤ p ≤ j;
(e) f(0) = 0;

(f) For each domain D̂ ⊂ D containing the origin, there exists C ..= C(D̂) ∈ N
such that f ℓ(Kj) ⊂ D̂ if and only if Np < ℓ ≤ Np+max{np+1−C, 0} for some
0 ≤ p ≤ j.

Before proving Proposition 3.2, we show how Theorem 1.1 follows from this
result.

Proof of Theorem 1.1, using Proposition 3.2. By (a) together with Montel’s theo-
rem, all points in A ∪

⋃
j≥0 Pj are contained in attracting basins of f , and so

they have bounded orbits. On the other hand, by (b) all points in K have un-
bounded orbits. Consequently, any neighbourhood of any z ∈ ∂K contains both
points with bounded and unbounded orbits, which prevents the family of iterates
to be normal on it. We conclude that ∂K ⊂ J(f). By (c) and Montel’s theorem,
int(K) = U ⊂ F (f), as U is regular. Then, since U is connected, it is a Fatou
component. By (b) and (d), U cannot be periodic or preperiodic, and so it must
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be a wandering domain. Finally, equation (1.2) in the statement of the theorem
follows from (d), concluding our proof. □

Remark. For the proof of Theorem 1.1, we do not require our function f to satisfy
items (e) and (f) in Proposition 3.2. In particular, a version of Proposition 3.2
without (e) and (f) can be proved using Runge’s classical approximation theorem
instead of Theorem 2.1. However, fixing points becomes necessary in the proof of
Theorem 1.3. It is also required in the proof of Corollary 3.3, which is a stronger
version of Corollary 1.2. Thus, seeking consistency, we have opted for using the
same approach in all proofs.

3.3. Proof of Proposition 3.2. Roughly speaking, we will obtain f as the limit
of a sequence of functions (fj)j≥0. In order to define them, we use a sequence of
auxiliary functions (ϕj)j≥0, so that fj approximates ϕj in a neighbourhood of a
compact set Tj ⊂ ∆j+1, up to an error εj. In turn, ϕj has been defined to be
fj−1 in ∆j; see Figure 1. In addition, we will later define inductively a collection
of compact sets (Bj)j≥1, so that our construction has the following properties, for
each j ≥ 0:

(i) ∆j ⊂ Tj ⊂ ∆j+1;

(ii) f
Nj+1

j (Kj) ⋐ B̂j ⊂ B0 +mj+1 − 1;

(iii) f
Nj+1

j is univalent on Kj;
(iv) fj is univalent on Uj ⊂ Tj;

(v) f
Nj+nj+1+max{ml,1}+k
j (Kj) ⋐ Bl + k ⊂ Uj ∪ B̂j for all 0 ≤ l ≤ j and 0 ≤ k ≤
ml+1 −max{ml, 1};

(vi) εj < ε/4j;
(vii) fj(0) = 0 and f ′

j(0) = 3.

To start the induction, let D, A and B0 be the sets fixed in the previous sub-
section and set

T0
..= D ∪ A ∪

m1−2⋃
k=0

(B0 + k).

Note that T0 is a disjoint union of compact sets such that C \ T0 is connected.
Consider the auxiliary function ϕ0 : T0 → C given by

ϕ0(z) ..=


Φ(z), z ∈ D,

−1
4
, z ∈ A,

z + 1, otherwise.

Observe that ϕ0 is holomorphic on T0, ϕ
N1
0 is univalent on K0 ⊂ D, by (3.2),

and ϕ0 is univalent on U0.

Claim 1. There exists ε0 < ε/4 such that if g is any function that approximates
ϕ0 up to an error 2ε0, then

• gN1 is univalent on K0 and g is univalent on U0;
• gℓ(K0) ⊂ D for all 0 ≤ ℓ ≤ n1, while gn1+1+k(K0) ⊂ B0 + k for all
0 ≤ k ≤ m1 − 1.
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Proof of claim. Note that ϕ0 extends holomorphically to an open neighbourhood
of T0, so that ϕ0 is univalent on it. By applying Lemmas 2.2 and 2.3 to this
neighbourhood and T0, the first part of the claim follows. By our assumption on
K0 in (3.2) and the definition of ϕ0, for all ε0 small enough the second part also
holds. △

We apply Theorem 2.1 to obtain an entire map f0 satisfying (vii) that approxi-
mates ϕ0 on T0 up to an error ε0. In particular, by Claim 1, (ii)-(vi) hold. Since
∆0 = {0} ⊂ D and by (3.3), so does (i). This concludes the first step on the
induction argument.

Let j ≥ 1, and suppose that fj−1, Bj−1 and εj−1 have been defined. Let us apply
Lemma 2.4 to the set Kj to find a compact set Lj ⊂ Kj−1 such that Kj ⊂ int(Lj).
We denote

Qj
..= f

Nj

j−1(Lj).

Observe that Lj, and hence Qj are both compact and have an interior. Since by

the inductive hypotheses f
Nj

j−1 is injective on Kj−1 and f
Nj

j−1(Kj−1) ⊂ B̂j−1, we

have that f
Nj

j−1(Pj−1) ⋐ B̂j−1 and f
Nj

j−1(Pj−1) ∩ Qj = ∅. We can then choose a

neighbourhood of f
Nj

j−1(Pj−1) compactly contained in B̂j−1 and disjoint from Qj.
We denote the closure of this neighbourhood by Vj.

The following claim provides us with a set Cj ⊂ D where Qj, and so f
Nj

j−1(Kj),
will be mapped to under our next model map.

Claim 2. There exists a compact set Cj ⊂ D with non-empty interior such that
the following hold:

• f
nj+1−1+mj

j−1 (Cj) ⋐ B̂j−1 \ (Qj ∪ Vj).

• f
nj+1−1+mj

j−1 is univalent on Cj;

• f ℓ
j−1(Cj) ⊂ D for 0 ≤ ℓ < nj+1, while f

nj+1−1+max{ml,1}+k
j−1 (Cj) ⋐ Bl + k for

all 0 ≤ l ≤ j and 0 ≤ k ≤ ml+1 −max{ml, 1}.

Proof of claim. The idea of the proof is as follows. We want to pull back a subset

of B̂j−1 \ (Qj ∪Vj), using the right inverse branches of fj−1, mj +(nj+1− 1) times.
We shall do so in such a way that the iterated preimages remain in Uj−1, where
we can guarantee injectivity of fj−1.

To start with, by injectivity of fj−1 in Uj−1, for each 0 ≤ l < j and 0 ≤ k <
ml+1 −max{ml, 1}, fj−1|Bl+k is a conformal isomorphism to its image. Thus, we
can consider the restrictions of the inverse branches

Fl,k
..= (fj−1|Bl+k)

−1 : fj−1(Bl + k) ∩ (Bl + k + 1) → Bl + k,

whose domains and codomains lie in Uj−1 ∪ B̂j−1 and are non-empty by (v). Set

E ..= fj−1(Bj−1 +mj −mj−1 − 1) ∩ B̂j−1 \ (Qj ∪ Vj),

which is non-empty and has non-empty interior by (v) and the definition of Vj and
Qj. Define the map

F ..= (F0,0 ◦ · · · ◦ Fj−1,mj−mj−1−1) : E → B0,
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which is a conformal isomorphism to its image. By (v), F (f
Nj

j−1(Kj−1)) is well

defined and equals f
Nj−1+nj+1
j−1 (Kj−1). Hence, F (E) is non-empty, and so there

exists a neighbourhood of f
Nj

j−1(Kj−1) in E whose image under F is in B0. Let us
choose some closed set X with non-empty interior in such neighbourhood minus

f
Nj

j−1(Kj−1). In particular,

F (X) ⊂ B0 \ f
Nj−1+nj+1
j−1 (Kj−1). (3.4)

Next, using Lemma 3.1, there exists an nj+1-inverse branch of fj−1,

G ..= (fj−1|)−nj+1 : B0 → D,

which is a conformal isomorphism to its image. Then, by injectivity of fj−1 in D,
Lemma 3.1 and (3.4), the claim follows choosing Cj

..= G(F (X)). △

Denote

Bj
..= f

nj+1−1+mj

j−1 (Cj),

and let hj : Qj → Cj be a non-constant affine contraction such that

hj(Qj) ⋐ Cj.

Finally, set

Tj
..= ∆j ∪ Vj ∪Qj ∪

mj+1−mj−1⋃
k=0

(Bj + k),

which is a disjoint union of compact sets such that C \ Tj is connected. Since

Bj ⊂ B̂j−1 and using (3.3),

Bj +mj+1 −mj − 1 ⊂ B0 +mj+1 − 2 ⊂ ∆j, (3.5)

and (i) follows. We define ϕj : Tj → C as

ϕj(z) ..=


fj−1(z), z ∈ ∆j,

−1
4
, z ∈ Vj,

hj(z), z ∈ Qj,

z + 1, otherwise,

noting that ϕj is holomorphic on Tj. Note that

ϕ
Nj+1

j |Kj
= (τmj+1−mj ◦ fnj+1−1+mj

j−1 ◦ hj ◦ f
Nj

j−1)|Kj
, (3.6)

where τ is the translation map z 7→ z +1. Hence, by (iii), the definition of hj and

Claim 2, ϕ
Nj+1

j is univalent on Kj as a composition of univalent maps. In addition,

by (iv) and definition, ϕj is univalent on Uj−1 ∪
⋃mj+1−mj−1

k=0 Bj = Uj, and

ϕ
Nj+1
j (Pj−1) = ϕj ◦ f

Nj

j−1(Pj−1) ⊂ ϕj(Vj) = {−1/4} ⊂ A. (3.7)

Claim 3. There exists εj < εj−1/4 such that any function g that approximates ϕj

up to an error 2εj satisfies the following:

(1) gNj+1(Pj−1) ⊂ A;
(2) gNj+1 is univalent on Kj and g is univalent on Uj.
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(3) gNj+ℓ(Kj) ⊂ D for 1 ≤ ℓ ≤ nj+1, while gNj+nj+1+max{ml,1}+k(Kj) ⋐ Bl + k
for all 0 ≤ l ≤ j and 0 ≤ k ≤ ml+1 −max{ml, 1}.

(4) gNj+1(Kj) ⋐ B̂j.

Proof of claim. By (3.6) and (3.7), items (1) and (2) hold for g = ϕj, and so they
are possible by Lemmas 2.2 and 2.3. Note that by definition,

ϕ
Nj+1
j (Kj) ⊂ ϕj ◦ f

Nj

j−1(Lj) = ϕ
Nj+1
j (Lj) ⋐ Cj.

By this, Claim 2, and the definition of ϕj, (3) and (4) hold for g = ϕj. Hence,
reducing εj if necessary, items (3) and (4) follow. △

We apply Theorem 2.1 to obtain an entire function fj satisfying (vii) that
approximates ϕj in Tj, up to an error of at most εj. By Claim 3, the first part of

(ii) and (iii)-(vi) hold. We are left to check that B̂j ⊂ B0+mj+1−1, which follows
from (3.3) and (3.5). This concludes the inductive construction.

By our choice of the sequence (εj) satisfying (vi), we have that (fk)
∞
k=j is a

Cauchy sequence when restricted to the set Tj. Since, by (i), ∆j ⊂ Tj and⋃∞
j=1∆j = C, given the assumption of (mj) being strictly increasing, we have

that the functions fj converge locally uniformly to an entire function f .

We are left to check that f satisfies the properties in the statement of the
proposition. Note that for any j ≥ 0 and z ∈ Tj,

|f(z)− ϕj(z)| ≤
∞∑
k=j

|fk+1(z)− fk(z)|+ |fj(z)− ϕj(z)| ≤
∞∑
k=j

εk ≤ 2εj,

and so the conclusions in Claims 1 and 3 hold for f . Since ϕ0(A) = f0(A) = −1
4
,

we have that f(A) ⊂ D(−1
4
, 1
18
) ⊂ A. By this and item (1) in Claim 3, (a) follows.

Moreover, (b) holds by (4) and (3.3), and (c) and (d) follow from (3). Finally, (e)
is a consequence of (vii), and (f) follows from (3) together with Lemma 3.1. This
concludes the proof of Proposition 3.2.

3.4. Proof of Corollary 1.2. The fact that f is constructed to fix zero allows us
to prove the following stronger version of Corollary 1.2.

Corollary 3.3. Suppose that λ ∈ [0, 1], let U be a regular domain whose closure
in C is a full compact set, and choose a point p ∈ C \ U . Then there is a tran-
scendental entire function f for which U is a wandering domain and such that for

any sufficiently small neighbourhood D̂ of p, we have that

lim
k→∞

#{n ≤ k : fn(U) ⊂ D̂}
k

= λ. (3.8)

Proof. By applying an affine transformation, we may assume without loss of gene-
rality that p = 0. Let us choose the sequences mj = j, for j ∈ N, and

nj
..=

{
j2, λ = 1,⌈

λ
1−λ

· j
⌉
, otherwise,
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and let us apply Theorem 1.1 for the given domain U and this choice of sequences.

Let D̂ ⊂ D be any other domain containing 0. Then, by Proposition 3.2(f), there

exists C ∈ N, depending on D̂, such that equation (1.2) in Theorem 1.1 holds for
the sequences

n̂j
..= max{0, nj − C}, m̂j

..= mj +min{nj, C}, for each j ∈ N,

with D̂ taking the role of D.

For each k ∈ N, denote ∆(k) ..= #{n ≤ k : fn(U) ⊂ D̂}/k. We want to show
that limk→∞ ∆(k) = λ. Observe that for each k ∈ N, there exists pk ∈ N such that

N̂pk ≤ k < N̂pk+1, where for each j ∈ N, N̂j
..=
∑j

i=1 n̂i + m̂i. Hence,∑pk
j=1 n̂j

N̂pk+1

≤ ∆(k) ≤
∑pk+1

j=1 n̂j

N̂pk + n̂pk+1

.

Equivalently,

1

1 +
n̂pk+1+

∑pk+1

j=1 m̂j∑pk
j=1 n̂j

≤ ∆(k) ≤ 1

1 +
∑pk

j=1 m̂j∑pk+1

j=1 n̂j

. (3.9)

Now,

lim
p→∞

∑p
j=1 m̂j∑p+1
j=1 n̂j

= lim
p→∞

∑p
j=1 m̂j + n̂p+1 + m̂p+1∑p

j=1 n̂j

=

limp→∞
p(p+1)/2+pC+(p+1)2+(p+1)

p(p+1)(2p+1)/6−pC
= 0, λ = 1,

limp→∞
p(p+1)/2+pC+ λ

1−λ
·(p+1)+(p+1)

λ
1−λ

·p(p+1)/2+p−pC
= 1−λ

λ
, otherwise,

and so, since pk → ∞ as k → ∞, (3.8) follows from this together with (3.9). □

4. Sketch of proof of Theorem 1.3

For this result we need to modify the construction in Theorem 1.1. Let us
fix a domain U , a collection of points (zl)1≤l≤p and numbers (λl)1≤l≤p as in the
statement of the theorem, with p ≥ 2. We may assume without loss of generality
that

∑p
l=1 λl = 1, since otherwise we can create an extra domain Dp+1 and λp+1

..=
1−
∑p

l=1 λl. For each 1 ≤ l ≤ p, let Dl be a translated copy of the disk D provided
by Lemma 3.1, centred at zl, and let Bl

0 be the corresponding translation of the
set B0. For simplicity, we will assume that the sets

{Dl, B
l
0 + k, for some l ≤ p, k ≥ 0}

have pairwise disjoint closures, and that U ⊂ D1 and Φ(U) ⊂ B1
0 . Otherwise,

we simply scale and rotate them, and modify the translations in our construction
appropriately.

For each 1 ≤ l ≤ p and j ∈ N, define
ml

j
..= j, and nl

j
..=
⌈
λl · j2

⌉
.

Our domain U will spend n1
1 iterates inside D1, m

1
1 outside

⋃p
j=1Dj, n

2
1 iterates

insideD2, and so on. In a rough sense, the proof proceeds essentially as in section 3,
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with p copies of each of the sets defined in the proof of Proposition 3.2. The main
novelty is that hl

j(Q
l
j) ⊂ C l+1

j−1 for l < p, and hp
j(Q

p
j) ⊂ C1

j ; see Figure 2. Hence,
each step in the previous construction is replaced by a cyclic one, where U passes
through all Dl before returning to D1. In addition, our maps fj will fix all the
points zj, and the discs ∆j are replaced by squares of side-length m1

j − 1.

A

B0

B1
1

B2
1

B3
1

z3

∆1

z2

Q1
1

Q2
1

Q3
1

B̂1
0

B̂2
0

C2
0

C3
0

z1

C1
1

B̂3
0

Figure 2. Schematic of the sets and functions in the construction
of f satisfying Theorem 1.3.

We claim that the limit function f built this way satisfies the requirements of
the theorem. To see that, for each k ∈ N and 1 ≤ l ≤ p, denote ∆l(k) ..= #{n ≤
k : fn(U) ⊂ Dl}/k. We want to show that limk→∞∆l(k) = λl. For each j ∈ N,
let Nj

..=
∑p

l=0

∑j
i=0 n

l
i + m̂l

i, and observe that for each k ∈ N, there exists qk ∈ N
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such that Nqk ≤ k < Nqk+1. Hence,∑qk
j=1⌈λl · j2⌉

p
∑qk+1

j=0 j +
∑qk+1

j=0 j2
≈
∑qk

j=1 n
l
j

Nqk+1

≤ ∆l(k) ≤
∑qk+1

j=1 nl
j

Nqk + nl
qk+1

≈
∑qk+1

j=1 ⌈λl · j2⌉
p
∑qk

j=0 j +
∑qk+1

j=0 j2
,

where we have used that
∑p

l=1 λi = 1. Then, a calculation similar to the one in
the proof of Corollary 3.3 yields the desired bounds.
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