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Abstract

In this thesis, we investigate some alternative stochastic models to the Black-
Scholes model and use Monte Carlo methods to visualise some of the theo-
retical properties of these models. We confirm the benefits of Stochastic Lo-
cal volatility models in capturing market properties like the leverage effect,
volatility clustering, and volatility smile. Additionally, we obtain sensitivity es-
timates for the Stochastic Local Volatility models with jumps using Malliavin
calculus. Besides these, we discuss the two-factor stochastic volatility model
with jumps (2FSVJ) and the Heston-Lévy model and derive option pricing
decomposition formulas. The option price approximations performed well
numerically under at-the-money and out-of-the-money conditions. Also, for
simple jump structures like Gaussian jumps, the decomposition methods
outperformed the Fourier integral method.



List Of Papers

This thesis is based on the following articles. The first three have been pub-
lished and the last is under review.

Paper |

El-Khatib, Y., Goutte, S., Makumbe, Z.S., and Vives, J. (2022). Approximate pric-
ing formula to capture leverage effect and stochastic volatility of a financial
asset. Finance Research Letters, 44, 102072.

Paper |l

El-Khatib, Y., Goutte, S., Makumbe, Z. S., and Vives, J. (2023). A hybrid stochas-
tic volatility model in a Lévy market. International Review of Economics &
Finance, 85, 220-235.

Paper Il

El-Khatib, Y., Makumbe, Z. S., and Vives, J. (2024). Approximate option pricing
under a two-factor Heston-Kou stochastic volatility model. Computational
Management Science, 21(1), 3.

Paper IV

El-Khatib, Makumbe, Z. S., and Vives, J. (2024). Decomposition of the option
pricing formula for infinite activity jump-diffusion stochastic volatility model.



Acknowledgements

"For since the fabric of the universe is most perfect and the work of a most
wise Creator, nothing at all takes place in the universe in which some rule of
maximum or minimum does not appear.”- Leonhard Euler.

Before and during my doctoral journey, there have been several people who
have made a lasting impact on me, and | would like appreciate all of them.
Due to the lack of time and space, | would like to mention the key people who
have made a difference.

Firstly, | would like to acknowledge the following groups that marked sig-
nificant moments in my research career. | am grateful to other researchers
whose books, theses, and articles have enriched the scientific community.
The organisers of the International Conference of Computational finance (ICCF)
2019 at A Corunfa, Spain, where | met many interesting people and learnt a
lot from my peers. The organisers of the Society of Financial Econometrics
(SoFiE) 2021 summer school at Kellogg School of Management who put to-
gether avery insightful meeting that demystified financial mathematics. The
sponsors and organisers of the Master of Financial Engineering at WorldQuant
University for providing amazing tuition that exponentially improved my com-
putational finance knowledge and skills. And finally, the PhD coordination
team at the University of Barcelona for giving me a chance.

My eternal gratitude to both of my advisors who have been of great help to
me for the duration of my studies. | am grateful to Prof. Youssef El-Khatib for
helping me connect with senior researchers and build my research career.
He has been a valuable mentor who has helped me build on my strengths
and overcome my inexperience, setbacks and many doubts. Also, without
Prof. Josep Vives | would not be here. His willingness to take me on and
make room for me was a godsend. | am grateful for Prof. Josep Vives' vast
experience and diligent oversight, which have made me a better researcher.

My family has been there throughout this long journey. They have endured



my temporary absence as | worked towards this work. To my wife, Sipho, my
son Nicklson, and two daughters Cleo and Zoe | say "Thank you for putting
up with me. You mean the world to me.”

Special mention goes to my father. Thank you, father, for the support and
encouragement. | could not be where | am with out you.

To my late mother: "Look at what your son has done! | miss you.”



Contents

1 Introduction

11

1.2
1.3
1.4
1.5
1.6

The History of Options Pricing . . . . ... .. .. .. ...

Option Greeks/Sensitivities . . ... ... ... . .. .. . .. . . .. ...
StochasticModeling . . . ... ... . .. . e
Objectives . . . . . . e
Summary of Researchwork . . . .. .. ... .. ... .. o
StructureoftheThesis . ... ... .. .. .. . .. . .. .. ... .. ...

2 Preliminaries

2.1

2.2
2.3
2.4
2.5
2.6

Definitionsand Theorems . . . . . ... .. ... . .. . . .. ...
Monte CarloSimulation. . . ... ... . .
Calibration. . . . . . . e
Malliavin Calculus . . . . . . ... .
Option Price Decomposition . . . ... ... ..
Conclusion . . . . e e e

3 Hybrid Stochastic Volatility Models

4 Pricing of options in Hybrid models

5 Two-factor Heston-Kou Stochastic Volatility Model Decomposition

6 Decomposition Pricing in Infinite activity Lévy Models.

7 Conclusion

7.1
7.2

Concluding Remarks . .. ... . . . . . . e
Future Research . . . . . . . . . .. e

A Derivatives of the Black-Scholes Formulae

B Derivation of Useful Processes

B.1

Future Average VarianCe proCesSeS . . . v v v v v v v v v e e e e e e

34

42

59

88

18
118
119

123

125



C Characteristic Functions and Options Pricing. 131
Cl Gil-PelaezResults . . . . . .. . . e 131

List of Tables

21 CIR Euler-Maruyamaschemes. . . .. ... .. .. . . .. . o .. 18



1. Introduction

“All models are wrong, but some are useful” - George Box

1.1. The History of Options Pricing

The term derivative is an umbrella term that encompasses options, futures,
forwards, and swaps. These are contracts between parties where one entity
purchases the right to buy (call option) or sell (put option) goods or services at
a future date at a predefined price. There are a plethora of flavours of deriva-
tives, however, we discuss European call options which are contracts that give
the holder the right (but not obligation) to purchase an asset at a predefined
price (K), known as the strike at a predefined future date (T'), known as the
maturity. Though buying a derivative sets an upper bound on potential prof-
its, it also protects against downside risk. This makes trading options a safer
bet than trading the underlying asset itself.

As a result, this field has generated a lot of interest, and researchers are ac-
tively pursuing the development of the most realistic models, the best pric-
ing mechanisms, and optimal risk management measures/practices. This
manuscript aims to contribute in each of these areas.

In the study of options pricing, Fischer Black, Myron Scholes, and Robert
Merton came up with the famous Black-Scholes-Merton (BSM) formula (see
Black and Scholes and Merton ) that assumed that the price of the
underlying asset S;, follows a log-normal distribution with mean p and stan-
dard deviation o where ;s and o are constants. They expanded upon the work
started by Bachelier who postulated that if an asset is initially worth S
then its future price S; at time t is given by an "appropriately scaled Brownian
motion” as follows

St = S[] +O'Wt.
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where (W;)o<i<7 is standard Brownian Motion and ¢ > 0 is the volatility of
Bachelier's model.

Bachelier had a significant and long-lasting influence on finance by connect-
ing probability theory and stochastic analysis. However, his formulation had
a non-trivial probability that S; can be negative. Nevertheless, his model is
called upon when significant market movements cause prices to become
negative as they did during the 2008 global financial crisis (Choi et al. ).
According to researchers like Choi et al. , the COVID-19 pandemic had
such a severe impact on oil markets that they recorded negative oil futures
prices. Accordingly, the Chicago Mercantile Exchange (CME) and Interconti-
nental Exchange (ICE) temporarily resorted to the Bachelier model in 2020.

About 59 years after Bachelier’s findings, Osborne reintroduced the Gaussian
process into finance, noting that the process Y, = log(S;../S;) has the follow-
ing distribution:

1 2 2
¢(y) = \/m exp(_y /20 T)

which is the "distribution of a particle in Brownian motion”. Later, Samuelson,
who found inspiration in Bachelier's thesis, proposed a Geometric Brownian
motion to model asset prices as follows:

dSt = O'Stth7
So = x.

Both formulations by Osborne and Samuelson significantly improved on Bache-
lier's model. See their papers Osborne and Samuelson . Itisagainst
this backdrop that the celebrated BSM model came into being. They as-
sumed instead that the asset evolved according to the following stochastic
differential equation

dSt = /LStdt‘i‘O'Stth,

SO = .
As a result, the mean instantaneous return and variance of the asset would
be given by
dS;
E|l—| = pdt
|: St :| ILL 7
dsS,
Var {?j} = o?dt
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respectively. In this thesis, unless otherwise stated, it is understood that the
market dynamics are defined by a filtered probability space (2, F,F,P) where
P is the risk-neutral probability measure and F = (F;).c0,17 is the filtration. The
European option pay-off at maturity A(Sr) is given as

h(ST) = (ST — K)+ = maX{ST - K, 0} (-]-])
Thus the option price at time t is given as
P(t) =E; [e " T n(Sy)] (1.2)

where we have used the simplifying notation E, [-] = E [-|F]. The closed-form
Black-Scholes-Merton option price is as

ES(t,St’02> _ StN(d+) . Ke—'r(T—t)N(d_) (13)
with )
In (5 T—1t 2T
g, - NG =l VorT =) (1.4)
o(T —t) 2
where

N(u) = /u ¢(z)dz and
1

¢(Z> _ \/ﬂe—zQ/Q

are the cumulative probability function and probability density function of
the standard normal law respectively. By letting X; = In(S;) an alternative but
equivalent formulation can be obtained as

BS(t, X;,0%) = e*N(dy) — Ke "IN (d_) (1.5)

with

Xy = In(K) +r(T = 1) , /(T =1

d pr—
. o2(T — t) 2

1.2. Option Greeks/Sensitivities

As a risk management tool, traders derive sensitivities or Greeks of the option
price to measure the responsiveness of the option price to changes in some
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value or parameter in the model. They estimate the potential gain or loss the
option price may accrue if the parameter changes. Suppose ~ is a parame-
ter in the model. Then, holding all other parameters constant, one considers
the option price to be given as P = P(t;~). In particular, when assuming the
option price is defined for a general pay-off function, analysts commonly an-
alyze the following Greeks.

opP . . .
- Delta A = — measures the responsiveness of the price to changes in
the underlying asset S,

oP : : .
- Vega V = — measures the responsiveness of the price to changes in
.00
the volatility o,

oP . . :
- Theta ©® = ——— measures the responsiveness of the price to changes in
. T
the time to maturity r =T — ¢,

- Rhop= a—P measures the responsiveness of the price to changes in the
interest raT‘Ee r,and
2p
- Gamma I' = ——> measures the responsiveness of the delta to changes
in the underlying asset S.

If we know the option price in closed form, as in the Black-Scholes case, we
can easily compute these derivatives. However, this is not always the case.
Hence, the rate of change of the option price with respect to the parameter of
interest can be approximated by either one of the following finite difference
formulae:

dP P(t;y + Ay) — P(t;y)

%(tw) = Ay +O(A9), (17)
Lty = HEEEDZEI =2 4 (897, and 08
P Ptiy+Ay) —2P(ty) + Pty — Ay) 2

ozt = )2 +0((Ay)?). (1.9)

Novel methods to compute these sensitivities or Greeks like Malliavin cal-
culus have arisen. In particular, Malliavin Calculus methods are very useful
where Monte Carlo methods are used as they have the capacity to signifi-
cantly speed up the computations. Consequently, we use Malliavin Calculus
in this thesis in Chapter 3.
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1.5. Stochastic Modeling

The Black-Scholes-Merton (BSM) model and formula have become very pop-
ular quickly and are one of the most used models by practitioners up to this
day. Nevertheless, many of the assumptions of the original Black-Scholes op-
tion pricing model have embedded some weaknesses or shortcomings into
the model. For example, it is assumed that returns are log-normal yet in prac-
tice they are not and rather tend to be leptokurtic, and hence outliers are
more common than expected. More specifically, the return distribution has
fat tails and jumps in the underlying price are more common than expected.
The model also assumes that volatility is constant and was at first obtained
by estimation using historical data and is known as realised volatility. Empiri-
cal evidence suggests that this assumption is inconsistent with reality. Later,
implied volatility was used to estimate the volatility as it was a more futuristic
estimate. However, plots of implied volatility against strike price were found
to have a 'smile’ which suggested that the assumption of constant volatility
was not consistent with observed data. As a result of the above-mentioned,
there is a risk that the computed prices are not fair giving rise to the study
of a wide range of models that seek to deal with these issues. Among such
innovations in literature are the Local Volatility models, Stochastic Volatility
models, and jump models. In this work, we focus our attention on the con-
stant volatility problem and the non-lognormal return distribution by employ-
ing Stochastic Volatility, Stochastic Local Volatility, and jumps. Several types
of Stochastic Volatility models appeared to overcome this faulty assumption.
In a Stochastic Volatility model, the same option pricing problem is studied,
but the volatility is assumed to be a stochastic process while a Local Volatility
model assumes the volatility depends on the underlying asset.

1.4. Objectives

This thesis aims to contribute to continuous research addressing some of the
issues in the derivatives pricing pipeline.

First of all, we analyse several alternative models whose aim is to better re-
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flect market dynamics. These alternative asset models span Local volatility,
Stochastic volatility, Stochastic Local Volatility (SLV), multi-factor models, and
jump-driven models. To aid comparisons, in some instances, these models
are calibrated to real data and the analysis of the stylised properties of the
models is carried out. Here we find that hybrid Stochastic Local Volatility
models add a parameter that deepens the volatility smile. In addition, the
leverage effect is more pronounced as seen in the plots in Chapter 3 and El-
Khatib et al.

Our second and most significant objective is the pricing of options. Here we
conduct a brief survey of existing pricing methods and propose some pric-
ing mechanisms and then compare them to existing methods. We consider
methods like Monte Carlo methods, Fourier integral methods as well as ap-
proximative decomposition methods. We find that decomposition methods
performed well numerically. Decomposition pricing models have computa-
tional speeds that are far better than Monte Carlo methods and noticeably
better than the Fourier integral method under simple jump structures like
log-normal jumps. More is said about this in future chapters.

Thirdly, we aim to compute the option price sensitivities for risk management.
Because the SLV models rely on Monte Carlo methods, we use the Malliavin
techniques to improve the computational speed.

1.5. Summary of Research work

1.5.1. Papers|andll

These papers are summarised as one since the models were related. These
papers deal with the pricing and hedging of European options in a hybrid
stochastic local volatility model with jumps termed Heston-CEV model with
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jumps (HCEVJ) defined as follows:

dS, = pSidt + S°\/Y; (th +e / yN(dt,dy)), (110)
R

S(0)=z>0,

dY, = k(0 — Y,)dt + £\/Y,dZ,, (11)

Y0)=y>0

where Z, = pW,++/1 — p2B, such that (W,),;>o and (B,);> are independent Brow-
nian Motion processes, —1 < p < 1 is the correlation, « is the elasticity of the
underlying asset variance, « is the rate at which Y, reverts to 6, and 6 long-
run average price variance, and lastly ¢ is the volatility of the volatility or vol
of vol while the parameter ¢ € {0,1} activates or deactivates the jump part.
Its special cases include the Black-Scholes model, Merton model, CEV model,
Heston model, Bates model and the SABR model. We cover the continuous
case in the first paper El-Khatib et al. where Monte Carlo and decom-
position methods are used to compute the option price. Some special cases
are calibrated in the second paper El-Khatib et al. and their empirical
properties are investigated using Monte Carlo techniques. Our findings deter-
mine that the hybrid model inherits the leverage effect, volatility clustering,
volatility smile and many more. Moreover, Malliavin techniques are applied
to compute some option price sensitivities.

1.5.2. Paperlll

This work extends Merino et al. work in two directions.

Firstly, we consider a two-factor model with either double exponential jumps
or Gaussian jumps as follows:

ds;

S = (= kN VY (prdWiy + V1= pidByy) (112)
- V

N
+ Yoy <P2dW27t + /1 — deBZt) + dZ(eZi _ 1)

i=1

dYi: = k(01 — Yi)dt + &/ Y1:dWey (113)

dYar = Ka(Oy — Yo )dt 4 &ar/ Yo :dWoy (1.14)
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where (B;)icio,r) and (Wit )wepp,r) @re pair-wise independent Wiener processes
fori=1,2. The i.id. jumps (Z;);en have a known distribution and are indepen-
dent of the Poisson process N, and the Wiener processes. The parameters
ki 0;, & and p; are as defined in the above section. Secondly, we incorporate
the higher order decomposition formula derived in Gulisashvili et al.

and derive a decomposition formula. Furthermore, using the Fourier integral
method as a benchmark, we verify the speed and accuracy of the decompo-
sition formula. We also consider various jump structures like Gaussian and
double exponential jumps. We find that, under Gaussian jumps, the decom-
position formula gives faster computations, unlike in the double exponential
case. Overall the method produces accurate results.

1.5.3. Paper |V

This work extends the works by Merino et al. and El-Khatib et al. by
considering infinite activity jumps. It is a different treatment to the problem
covered by Jafari and Vives who derive a decomposition formula under
the conditions of Hull and White and Alds . Our paper considers
the following return process:

1 t t t N
Xi=x+(r—c)t— 5/ Y.ds + / Y, dZ, + / /yN(ds, dy). (1.15)
0 0 0o Jr

whereY; isdefined in Papers|, Il,and Il and the Lévy process is of infinite activ-
ity but finite variation. We derive two decomposition formulae from different
angles. The first formula is:

P(t) = B(t, X, Vi) (116)

1 T
+ gEt[ / e‘T(S‘t)FQB(s,XS,V;)d[M,M]S]
t

T
+ gEt[ / e—’“@—“AFB(s,XS,m)\/Zd[W,M]S}
t

T
+ ]Et|:/ /e_T(S_t)AB(s,XS,Vg)y(dx)ds].
t Jr

where

AB(s, X, Vy) = B(s, Xs +z,Vy) — B(s, X5, Vi) — (¢ — 1)0, B(s, X, V)
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and the processes V;, and M, are defined in later sections. However, obtain-
ing a computationally tractable version of this formula is an open problem.
The second formula applies Lévy process estimation methods outlined in As-
mussen and RosinskKi essentially converting an infinite activity problem
to a finite activity problem. The error bounds are defined and numerical es-
timates are obtained and compared to benchmark prices. Though Monte
Carlo methods were required the method was accurate but slow.

1.6. Structure of the Thesis

The rest of the chapters in this thesis are written in the form of papers that
have been published, accepted, or submitted as scientific contributions. It is
organised as follows.

In Chapter 2 we lay down the theoretical preliminaries and technical tools
necessary for this manuscript. Concepts such as Lévy Processes, simulation,
sensitivity analysis, Malliavin Calculus, and decomposition formulae are ex-
pounded among many other topics.

Next, Chapters 3, 4, 5, and 6 provide a summary of the research and the find-
ings of this study are recorded and offer a preview of the publications born
out of this work.

Chapter 7 is devoted to discussion, conclusions, and possible future research
work.

In the Appendix, we consider auxiliary results and material needed to under-
stand or reproduce the results in this manuscript.



2. Preliminaries

In this chapter, we formally review notation, definitions, theorems, and some
intuition on the mathematical objects relevant to the thesis. Section 2.1 in-
troduces several definitions and theorems in Stochastic Calculus, Section 2.2
describes Monte Carlo techniques, Section 2.3 covers model calibration, while
Sections 2.4 and 2.5 introduce Malliavin Calculus and option price decompo-
sition methods respectively. Lastly, Section 2.6 concludes the chapter.

2.1. Definitions and Theorems

Thissection primarily relies on Cont and Tankov , Lamberton and Lapeyre

, With supporting references from Applebaum and Sato . We
start with a set ) sometimes known as the sample space. It represents the
set of all possible market scenarios and its elements w € €2 are known as sce-
narios of randomness that may or may not be observable.

Definition 2.1.1 (s-algebra). If Q is a given set, then a o-algebra F on Q is a
family of subsets of Q with the following properties

1. JeF,
2. If A e Fthen Ac € F where A° = — A is the complement of Ain €, and
3. If Ay, Ag,--- € Fthen U, A; € F.

By convention, collections of sets including o-algebras are represented by

curly capital letters. Each element of the o-algebra is known as a measurable
set. Let's consider another way to generate a o-algebra.

Definition 2.1.2. Given a collection A of subsets of E, there exists a unique o-
algebra denoted o(.A) such that if any o-algebra F' contains A then o(A) C
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F'. o(A) is the smallest o-algebra containing A and is called the o-algebra
generated by A.

In the case where E = R for example, the o-algebra generated by all open
subsets is called the Borel g-algebra and is denoted by B(E) or simply B. Each
set B € Bis known as a Borel set.

Definition 2.1.3. Let £ be a o-algebra of subset of E. (E, ) is called a measur-
able space. A (positive) measure on (E,€), is defined as a function

p: € — [0, 00]
A p(A)

such that

- pu(0) = 0.

- For any sequence of disjoint subsets of A,, € €

ﬂ( Un>1 An) = ZM(An)'

n>1

An element A € € is called a measurable set and u(A) is its measure.

The Lebesgue measure (defined on £ = RY is a well-known example of a
measure. It computes a d-dimensional volume for a set A € B as follows:

Mm:[Fx

Another example is the Dirac measure §, associated with the point z € E
defined as follows:

5,(A) = 1 ifzeA,
e 0 ifzdA.

In Stochastic Calculus, the notions of probability measures and probability
spaces are fundamental concepts and they are defined below.

Definition 2.1.4 (Probability Measure and Probability Space). Let Q2 be a non-
empty set and F be a o-algebra on (), then the pair (2, F) is called a mea-
surable space. A probability measure on (Q, F) is a positive finite measure P
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with total mass 1. It assigns a probability of between zero and 1 to each set
in F. Hence
P:F —10,1]

and (2, F,P) is known as a probability space.

Any subset A € F is known as an event. A is said to be null if it is a subset of a
zero probability event (thatis A C B and P(B) = 0). To be specific, A is referred
to as a P-null set. Also, if P(A) = 1 the even A is said to occur P-almost surely
(or P a.s. for short).

Definition 2.1.5 (Filtration). A filtration F on the probability space (Q, F,P) is
an increasing family of o-algebras F = (F;)i>o In F where forany 0 < s <
t, F, C F C F. Moreover, a probability space equipped with a filtration is
known as a Filtered probability space and is denoted as (12, F,F, P).

A filtration represents the evolution of information with time (See for exam-
ple Lamberton and Lapeyre ). Naturally, financial decisions depend on
the amount of information available and we assume that each investor has
complete access to the available information at each given time and that in-
formation available changes over time. We also assume that the filtration is
completed by the P-null sets and that these null sets are in F, thus all zero-
probability events are known beforehand.

Definition 2.1.6 (Stochastic Process). A random variable X is a measurable
function taking values in a set E such that

X: Q- F

Moreover, a stochastic process is a family of random variables (X;)icjo,0) iN-
dexed by time where for each realisation of randomness w € Q, X(w) : t —
X, (w) defines a sample path of the process.

In our discussion we assume that £ = R? and we say that a random variable
X is F-measurable if for any Borel set U ¢ RY, X ~1(U) € F. Additionally, we say
that (X;):>o is adapted to F if for any ¢t > 0, X; is F;-measurable.

Definition 2.1.7 (The history of a process). The history of a process X is the
information flow (F;X )01 Where F;* is the o-algebra generated by the past
values of the process, completed by the P-null sets, N'

F=oX,:s€[0,4)\/ V.
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Note that F* is the smallest o-algebra on Q containing all sets of the form
X, 1(U) for all open sets U C R

Definition 2.1.8 (Lévy Process). An R? valued stochastic process (X;)i>o 0N
(Q, F,P) is called a Lévy process if it satisfies the following properties

- Xp=0.
- Independent increments: for any increasing sequence of times ty, . .., t,,
the random variables X, X;, — Xy, ..., X, — X;,_, are independent.

- Stationary increments: the law of X, — X; does not depend on t.

- Stochastic continuity: forany e > 0 and t > 0, Ihmrg P(| Xi1n — X¢| > €) =0.
—

Cont and Tankov define the Lévy process as a cadlag process without
loss of generality. recall that a cadlag process is right continuous with left
limits. They claim that every Lévy process has a unique modification that is
cadlag.

A well-known example of a Lévy process is the Brownian Motion. It is de-
scribed below.

Theorem 2.1.9. A Lévy process (X;);>o IS a Brownian Motion if for any 0 < s <
t < o0 Xy — X, is a normal random variable with mean u(t — s) and variance
o?(t — s) where pand o > 0 are constant real numbers.

Moreover, Brownian Motion is referred to as standard if Xo =0P a.s, E[X;] =0,
and E[X}] = t. These characteristics are essential for the simulations in later
sections. In this thesis, Standard Brownian Motion is denoted as (W;):>o.

Another key Lévy process is the Poisson process defined as follows:

Definition 2.1.10. Let (T;);>1 be a sequence of independent, identically, expo-
nentially distributed random variables with parameter A > 0 (i.e. their den-
sity is equal to \e 1,.). Let 1, = ZT"' We call the Poisson process with

=1
intensity X the process N; defined by

Ny = Z Lir,> = Z Nl <t<mii}-

n>1 n>1
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Foranyt > 0, N, follows a Poisson distribution with parameter \t:

Vn e N, P(NV, =n) = e M <)\t) )

nl

Clearly, by definition of the Poisson distribution E[N;] = At and Var[V,] = At.
We can also define a centred Poisson process N, as

Nt - Nt —)\t

N, is an F,-martingale and is called the compensated Poisson process and At
is known as the compensator of N,. For some Lévy process X; the jump of X,
attime ¢ > 0 is defined by

AX; = X, — X,-.

In the case of the Poisson Process AN, € {0,1}. Asaresult, itsjump structure is
not rich enough to model general financial processes. So we need to consider
compound Poisson processes as well as general Lévy processes.

Definition 2.1.11. Let X, be a cadag process, the jump measure of X is a ran-
dom measure on B([0,) x R) defined by

N(t, A) = #{t .= AX, 20 and (t,AX,) € A}

where if U is a countable set #U means the number of elementsin U. In gen-
eral, the jump measure of a set of the form [s,¢] x U counts the number of
jumps of size AX € U which occur in the time interval [s, t].

Definition 2.1.12. Let X be an R-valued Lévy process. The measure defined

by
v(U) = E[N(1,U)]

forsome U € R is called the Lévy measure of X.

For a complete treatment of Lévy processes see Applebaum , Sato

Theorem 2.1.13 (It6-Lévy Decomposition). Let (X;);>0 be a Lévy process on R
and v it's Lévy measure where f|y|<1y2u(dy) < oo and f w1V v(dy) < oo. Then,

t
X, =7t + 0B, +/ / yN (dy,ds) + |Im/ / N(dy,ds) — V(dy)d5> (2.1)
0 Jly|>1 e<|y\<1

The terms are independent and the convergence in the limit is almost sure
and uniform in t on [0, T).
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The Lévy process in equation (2.1) can be written in differential form as follows:

dX; = ~dt + odB; + / yN(dy, dt) + lim y(N(dy,dt) . y(dy)dt). (2.2)
lyl>1 0 Jecpyl<1

Such processes are called It6-Lévy processes. For the following theorem, we

consider Lévy processes where [, y*v(dy) < co.

Theorem 2.1.14. Consider the following Lévy stochastic differential equation
(SDE) in R

dX; = ~(t, X,)dt + o(t, X,)dB; + / a(t, X, y)N(dy, dt), (2.3)

n

XO = X, (24)

where N (dy,dt) = N(dy, dt) —v(dy)dt and ~ : [0, T] xR — R", ¢ : [0, T] x R* — R™*™,
and a: [0,T] x R* x R*" — R™! satisfy the following conditions

- (At most linear growth) There exists a constant C, < oo such that

l
lo(t, 2)|I + |y (¢, =) * + / > ot 2, y) Pri(dye) < Cr(1+ [af)
R k=1

for all x € R™.

- (Lipschitz continuity) There exists a constant Cy < infty such that

lo(t, ) — ot )" + Iy(t,2) — ¥(t, 2)]* +

/Z|ak (t,2,y) — ar(t, z,9) Pre(dys) < Colz — 2%,
R p=1
for all z,z € R™. Then there exists a unique cadlag adapted solution X;
such that
E[|X?]] < o0

for all t.

Because of the |td-Lévy decomposition, Lévy processes can be completely
characterised by the triplet (v, o, v) known as the characteristic triplet or Lévy
triplet. Following from this we can obtain the Lévy-Khinchin formula used to
obtain characteristic functions of Lévy processes.
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Theorem 2.1.15 (Lévy-Khinchin Representation). Let (X;);>0 be a Lévy process
on R with characteristic triplet (v, o0,v). Then

E[eiuXt] — etw(u)’u eR

where ¢(u) = iuy — s0%u® + [7_(e™* — 1 — jualjy < )v(dz)

Note that under different conditions there are various versions of the above
theorem. If |, |z[v(dz) < co we have that

(u) = iuy. — %mf + /00 (e™* — 1 — jux)v(dr)

where 7. known as the center of the process X, is such that E[X,| = 4.t and

Ve =7+ zv(dzx). Moreover, in the finite variation case
|z|>1

o

(u) = iub — %Ju2 + / (™ — 1)v(dx)

—00

where b =y — f\x|<1 zv(dx). See Cont and Tankov Sections 3.4 and 3.5 for
further details.

Definition 2.1.16 (Martingale). A stochastic process (M;).co.1) IS called a mar-
tingale if it is non-anticipating (F;-adapted), E[|M;|] < oo foranyt € [0,T), and
forany s,t € [0,T] such that s >t > 0 then

E[Ms‘f;‘/] = Mt

Another property used in the study of stochastic processes is the Markov
property named after Andrey Markov and describes the memoryless prop-
erty of stochastic processes. That is, the future behaviour of a process after
a certain time t is independent of its historical behaviour before time t. We
provide a formal definition as follows:

Definition 2.1.17. Let f be a bounded measurable function fromR" toR. Then,
forany s <t
E[f(Xo)|F] = E[f(X0)]X,].

Theorem 2.1.18 (The multidimensional It& formula. Di Nunno et al. ). Let
X = (Xi)i>0 be an n-dimensional Ité-Leévy process of the following form

J K
dXiy = gt + Y Bi(t) AW, + ) / Vi (t, 2) Nio(dt, dzy,) (2.5)
k=1 Ro

J=1
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fori=1,2,....,n. Let f:(0,00) x R" — R be a function in C*?((0,00) x R") and
define

Sft = f(tJ‘Xt)J t Z 0.
ThenY =Y (t) is a one dimensional It6-Lévy process and its differential form
is given by

of
dy, = tXtdt+Z tXtozz dt+zza (t, X;)Bi;(t)dW;

i=1 j=1

J
3 (X)) 0 (26)

K

+ ; /R 0 £t X +9W(8,2)) = f(E Xi) = o

oz,

=1

(t Xt )%k(t,zk) I/k(dzk)dt

=

+2 /R 78X 902, 2)) = (2 X )| Nildt, dzy)

k=1

where 4% js the column number k of the n x K matrix v = [y].

2.2. Monte Carlo Simulation

As an alternative to the closed form option pricing one can use Monte-Carlo
methods which we rely on in this thesis in part. To begin with, we will assume
that we have a stochastic differential equation defined on an interval [0, T] of
the form:

dX; = p( Xy, t)dt + o( Xy, t)dW,. (2.7)

where u, 0 : Rx[0,7] — R. The Euler-Maruyama discretization method and the
Milstein method are well-known methods of simulating such processes in
literature. These are presented below while following the notation and ideas
widely used in literature.

Firstly, the interval [0, T] is partitioned such that we have 0 =ty < t1,...,ty =T,
where At = L = t,., —t;and t; = t, +iAt fori = 0,1,...,N. Let X; be the
discretised version of the stochastic process X, at time ¢;, that is X (¢;) = X;. So,
given a general SDE (2.7) the Euler-Maruyama discretisation is given by

X1 = Xi+ ,U(Xi, ti) At + O'(Xiy ti) AW; (2.8)
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and the Milstein method would give
. . . . 1 . ;

where AW; = W;., — W; = VAt Z for some Z ~ N(0,1) and ¢’ is the derivative
with respect to X. The Euler-Maruyama method is fast and is of order one.
However, since the Cox-Ingersoll-Ross (CIR) process

dY, = K(0—Yy)dt + &/ Y,dW,,
}/0 = Yo,

is not globally Lipschitz it has been found that the convergence of the dis-
cretisation schemes is not guaranteed. In addition to that, the discretisation
can cause the process to be negative which is undesirable. Assuming that
the Euler-Maruyama discretisation of the CIR process is given as:

Yiear = [(Y2) + k(0 — f2(Y)At + &/ f(Y0) AW, (2.10)
Yo = g (2.1)

where the functions have to satisfy the following conditions: f;(xz) = « for all
r > 0andi: = 1,2,3, and fi(z) > 0forallz € Rand i = 1,3. By choosing
from some special functions fixes to the discretization problem have been
proposed as given in Table 2.1 where z* = max(z,0). See Lord et al. and
the references therein for further details. Where required, we employ the full
truncation scheme.

Table 2.1. CIR Euler-Maruyama schemes.

Scheme [ f(x) [ fale) | fi(=) |

Absorption " xT xt

Reflection || || ||

Partial Truncation T x xt

Full Truncation T xt xt
Alternatively, Broadie and Kaya proposed an exact simulation method
for the CIR process but Lord et al. and other researchers find that it is
computationally intensive and the Euler-Maruyama technique yields good
results, especially with variance reduction methods. Andersen also pro-

pose a scheme based on the study of the properties of affine stochastic volatil-
ity models however, their approach is not covered in this thesis.
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We apply Cholesky's decomposition in order to simulate the correlated Brow-
nian motion paths as AW, (t;) = VAt Z; and AWs(t;) = VAt <p21 +4/1— pQZQ)
where Z,, Z, ~ N (0, 1%).

2.2.1. Monte Carlo Method and Reduction of Variance

The Monte Carlo method numerically approximates solutions by employing
the law of large numbers which says that if {X;,i > 1} is a sequence of inde-
pendent and identically distributed (iid) random variables whose mean and
standard deviation are p and o then

lim 2= X (212)
n—oo n
Var(¥) =2 (213)

This Monte Carlo approximation is useful in the calculation of the premium
or option price and normally involves the simulation of several realisations of
the terminal value of an asset.

In the context of options pricing, the price of the European option (1.2) can
be priced either by specifying the distribution of Sy or by obtaining several
estimates of Sy through simulation and taking the average. According to

Glasserman for some n > 1 the approximation
WL S P 214
P, = h(S, :
— > _(Sp) (214)

i=1

is a strongly consistent unbiased estimate of the option price meaning that

A

P, — P asn — oo with probability 1.

Approximations, in general, have an inherent error and according to equation
(2.13) the variance of the Monte Carlo method reduces only if we use more
sample points. However, there is a group of techniques that reduce both the
number of sample points needed for good estimates and the variance of the
results. These methods called Antithetic methods or variance reduction tech-
niques improve efficiency, accuracy, and improve convergence rates. In our
work, we occasionally employ the Antithetic method and moment matching.
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Suppose Sk = S(w;, T) is the it realisation of the terminal price of the asset ob-
tained using the Euler-Maruyama discretisation given in (2.8). We represent
(2.8) by the function A(-, -) below and (2.10) is represented by the function g(-, -).
We simulate 2n > 0 realisations by using the algorithm below

~ K
. Generate a set of Normal random vectors Z"¥ and Z' = —Z" where k = 1,2

. Compute the trajectories of the volatility as V = ¢(Z*,2?) and V = g(zl, 22)
wherei =1,2

. Generate the trajectories/vectors of the price function as Sy = h(V,Z')
and $; = h(V,Z)

. Compute the call price using 2n realisations of the stock price Sy and Sr.

Inthis manuscript, we evaluate European options using the Monte Carlo meth-
od, the decomposition technique discussed in section 2.5, and Fourier inte-
gral methods for comparison. Some of the parameters used are obtained
from calibration to market data in Chapter 3. Hence, we discuss the calibra-
tion method next.

2.3. Calibration

Given a set of N market quotes denoted by
Cl?nkt = C’antoa’ S’iaﬂa K’L)

we would like to find a set of model parameters p such that the model prices
Cmed(p) = Cmod(r, S;, T;, K;, p) are as close as possible to the market quotes. It
is assumed that there is sufficient market data of liquid options that can be
easily valued according to Kienitz and Wetterau . They specify several
measures of the distance between market and model prices as follows:

- Mean Square Error

N 2
MSE(P) = 3 (ar - cri(p)) 215)
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- Root Mean Square Error

RMSE(p J ! 3 (qut - C{”"d(p)>2. (2.16)

=1

- Average Absolute Error

N
1
AAB(R) = - D IO — Cri(p)). (217)
=1

- Average Percentage Error

|kat Cmod( )|
APE(p Z o (2.18)

N
A 1
where C™* = N > oo,

- Average Relative Percentage Error

kat Cmod
APE(p NZ| Gt (P)| (219)

In calibration, the aim is to find the set of parameters p* that minimise the
distance measure f(p) as follows:

p* = argmin f(p).
o)

If f(p) is differentiable, there are many fast gradient-based methods to ob-
tain p*. These include the the Damped Gauss-Newton method (Levenberg—
Marquardt) and the L-BFGS Quasi-Newton method among many others. Re-
fer to Kienitz and Wetterau for a complete discussion of these methods.
The calibration problem is often an ill-posed optimisation problem with many
local minima. Thus, our calibration procedure involves a two-stage global and
local optimisation which closely follows the outline given by Hilpisch

Chapter 11 which involves an initial brute-force grid search which returns a
point, pj, as close as possible to the global minimum if it exists. Next, using
the output of the brute-force search as a starting point, a polish-up local min-
imisation is done using the Nelder-Mead simplex algorithm. A complete de-
scription of the algorithm is available from Nelder and Mead and Kienitz
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and Wetterau . In some cases, to encourage the algorithm not to wander
too far from the initial guess, an optional penalty function given as
[P — P (2.20)

where pj is the initial parameter vector is applied. We avoid gradient-based
approaches because they assume differentiability of the objective function
f(p) albeit our model is slow and inefficient. However, advanced methods
that take into account robustness considerations are discussed in the liter-
ature by many researchers. In the context of the CEV model Ballestra and
Pacelli uses the maximum likelihood method while Yuen et al. esti-
mates the CEV model parameters from time series of the underlying. Kienitz
and Wetterau consider a wide range of gradient-based techniques to
calibrate the Heston and Bates models.

Following a similar pattern to He et al. , we calibrate the hybrid Heston-
CEV model with finite activity jumps and some of its special cases defined
as:

S, = rSidt +\/Y,5° (dzt+ / ZN(dt,dz)), So =1 (2.21)
Ro
dY, = w(0—Y)dt + AW, Yo = v (2.22)

where Z;, = pW, + th for some independent Wiener processes (W;):>o
and (B;)>o. Constraints were imposed on the parameters as follows:

- —1 < p < 1since this is the usual correlation coefficient,

- £ > 0 since volatility is positive,

- 0<yyand o<1,

- k> 0 for positive mean reversion,

- the Feller Condition 2x8 > £2? (see Feller ) to guarantee the positive-
ness of the process Y;, and

- a < 1to model the leverage effect.

The procedure is as follows: using the mean square error function (2.15) as
a distance function, first calibrate the Heston parameters using the global
and local approach. Next, calibrate the jump and elasticity parameters con-
ditioned on the Heston parameters previously obtained. Finally, refine the
search on all parameters while imposing the constraint (2.20).
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2.4. Malliavin Calculus

Malliavin calculus was first applied to finance by Fournié et al. and Fournié
et al. to compute option Greeks or sensitivities. Their innovation ad-
dressed the convergence of the computation of Greeks using the Monte Carlo
method and the finite difference method for diffusion models. According to
Davis and Johansson their method was particularly useful in comput-
ing Greeks or sensitivities of options with discontinuous payoffs. Since then
researchers have extended their method in many different directions. For
instance, El-Khatib and Privault consider processes driven by Poisson
processes, Davis and Johansson analyse jump diffusion problems with
a separability constraint extending the work by Ledn et al. , While Solé
et al. considers more general Lévy processes.

In this manuscript, we adopt the view of Petrou and we present their
theory and notation in a manner that suits our needs. Let the following be
defined

i — 0,7 wheni=1,2
0,T] x R wheni=3
dW; wheni=1,2
dQi =

N(-,-) wheni=3

With slight abuse of notation we are taking that dQ; = N(,-). Also, we have
that,
d\ wheni=1,2

d(Q;) =
d\xdv wheni=3

where d\ is the Lebesgue measure and dv is a Lévy measure. Additionally,
define the following set

G oo jn = {(u{1,~-- o)y e U, 0<ty < <ty < T},
where j;, =1,2,or3fori=1,2,...,nand

. ti whenil=1,2
uk -
(ty,z) whenl=3
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Given a deterministic function, g;, ... j, € L*(Gj,... ;,), in this framework we de-
fine the n-fold iterated integral as follows:

JT I (g i) :/ Gjro g (Ul - ul)AQy, (W) -+ - dQ;, (wlr) (2.23)

Gjla“'vj’n

Theorem 2.4.1 (Chaotic Representation Property). Given a random variable
F € L*(Fr,P), there exists a unique sequence of {g;, ... ;. }>2, C L*(G,,.... j,) such
that

F=E[F|+Y Y Jo(g, ). (2.24)

n=1j1,,jn=1,2,3

Furthermore, we have the isometry

o0
IFZ2py =BIFP+Y - Y 199 g )l -

n=1 ji,-,jn=1,2,3

At this point, we would like to introduce the directional derivatives with re-
spect to the Wiener processes and the Poisson random measure. We will
use the notation G% _ ; (t) presented in Petrou which is G, ... ;, with the
k" element deleted. In particular,

k _ .7 ”\j: An .
Gjl,-",jn (t) - {(ullv T vukk T ’UZL ) S Gj1,~",jk—17jk+1,"',jn :
0 <ty < <ty <t<tk+1---<T}

where 4 means we omit the v element.

Definition 2.4.2 (Directional Derivative). Let g;, ... j, € L*(Gj,... ;,) and 1 =1,2,3.

Then
l . .. . y yoe 7A‘Z.7...7'n
D&)Jéjh ’]n)(9j1,---,jn) = Z l{ji:l}Jr(LJ—ll iy o] )(gjl,---,jn(' coal >]]_G§1,‘“,jn(t)>

Ji,sin=1,2,3

(2.25)
is called the derivative of J¢* ") (g, ...} in the I' direction.

Definition 2.4.2 inspires the definition of a corresponding space D% contain-
ing all random variables that are differentiable in the [** direction which is
given below. The respective differential operator of such random variables is
given as DY for any I = 1,2,3. Moreover, the directional derivatives D® actu-
ally represent the following: DM = D1, D® = DW2 gnd D®) = DN where the
latter is a difference operator rather than a differential operator.
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1. Let D® be the space of all random variables in L?(Q) that are differen-
tiable in the ** direction, then

DY = {F € L*(Q), F=E[F|+ 37, E]l 171_12:«;‘]01 (gjl dn)
220:1 Zju-' Jn=1,2,3 Z?:l Liji=ny fUi ]n( . =ul’ s >||%2(G

AQi)(u') < oo},

2. Let F € DY, Then the derivative in the I** direction is given as

l n
DVF =" > N 1y )<9j1,-~,jn(“' Jul, - ")]10;21,_4.,jn(t)>'

n=0 j1,,jn=1,2,3 i=1
(2.26)

Theorem 2.4.3 (General Clark-Ocone-Haussman Formula). Let F € DONDA N
3) Then,

/ZE V| Fp-]dWit / E[D{ F|F-|N(dt,dz).  (227)
Ro

i=1,2

To conclude the preliminary concepts in Malliavin Calculus, we introduce two
more key concepts one of which is the chain rule for differentiation in the
direction of the Wiener processes, and the other is the Skorohod integral.

Theorem 2.4.4. Let F € DU forl = 1,2 and let f be a cont/nuous/y differen-
tiable function with bounded derivative. Then f(F) € DY and the following
chain rule holds:

DY f(F) = f'(F)D{"F. (2.28)

Lastly, it is necessary to formally define the adjoint operator for the derivatives
given above known as the Skorohod integral. The following is extracted from
Petrou Definition 3 and Proposition 3.

Definition 2.4.5 (The Skorohod Integral). Let §¢ be the adjoint operator of
the directional derivative DY where | = 1,2,3. The operator maps L*(Q x U;)
to L?*(Q2). The set of processes h € L*(Q2 x U;) such that

[ [ (DOh(Q)]| < eIF) 2.29)
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for all F € DY, js the domain of 6© and is denoted Domdé®. ¢ is a constant
dependent on h. For every h € Domdé") we can define the Skorohod integral
in the I*" direction §©(h) for which

B[ [ (00)hd(@0)] = EFS©(0), (2:30)

Moreover, given h(u) € L*(U;) and F € L*(Q) with chaos expansion (2.24), then
the I"" directional Skorohod integral is

sO(Fh) = /U E[F]h(uy)dQ;(uy) (2.31)
+nzl zz Lol L e,

X :H‘{tk <t<tk+1}de1 (ujll) s dek (u?ck )dQl (u)dek+1 (uﬁ:ll ) den (u%n )7

if the infinite sum converges in L?*(Q)

2.4.1. 1to Formula

In the continuous case, an equivalent 1t6 formula can be derived. See Alds

and Nualart for a complete discussion on this in the classical Malli-
avin calculus setting where the classical Derivative D and its domain D, , are
defined.

Working in the canonical space, Petrou showed that the classical Malli-
avin Derivative described in Nualart for example, is equivalent to the
one in their manuscript. Specifically, they provide the following proposition:

Proposition 2.4.6. On the space DY the directional derivative is equivalent
to the classical Malliavin derivative D, that is D = DW. Respectively on D®)
the directional derivative D® s equivalent to a difference operator D.

As a result, we include the necessary definitions for us to provide the equiva-
lent continuous process It formula derived in classical Malliavin calculus as
follows:

Let H = L?([0,7]) and let
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be the Wiener integral of a function h € H. Let S be a set of random variables
defined as:

S = {F: FW (1), W(hy)) : f € C®(R™), where h, -+, hy € Hyn > 1}.

They define the derivative as a random variable

D,F = Z ol o W (hn))hi(z), t € [0,T).

Let D2 be the closure of S with respect to the norm defined by
IF|3, = HFH%Q(Q) + ||DWFH%2([O,T]><Q)

and let L' := L*(Q;D"?). Now we are ready to provide the It6 formula for
anticipating processes.

Theorem 2.4.7 (Albs ). Let us consider a process of the form X, = X, +
fot d(Xs)ds + fo Y,)dW, where X, is an F,-measurable random variable and
let ¢ and ¢ be odapted functions in L*([0, T|xQ)). Consider also a process Y; =
f(f 0,ds for some 0 € L'2. Let F : R? — R be a twice continuously differentiable
function such that there exists a positive constant C such that, forallt € [0,T],
F and its derivatives evaluated at (t, X;,Y;) are bounded by C. Then it follows
that

F(t, X, Y;) — F(0, X, Yy) = %F(s X,,Y.)ds (2.32)
0 S

OF LOF
X, Ys)d X, — (s, X, Ys)dY.
[ xvaixe+ [ O X vy,

L OPF
o O0xdy
t 2|
b 2(
2 ), Ox

(s, Xs, Ys)dXs(D7Y)s1)sds

s, Xs, Yy )2ds

where (DY), = [ DY, dr.

For the complete introduction and proof see Alds and Nualart
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2.4.2. Differentiability of Stochastic Differential Equations

Let (X;)>0 be an n-dimensional stochastic process defined in a general setting
as follows:

dXt:p(t,Xt_)dt+a(t,Xt_)th+/ v (t, 2, X, ) N(dz, dt),
Ro (2.33)

onxv

where z € R", (W}).e0.17 is @ d-dimensional Wiener process, and N is the com-
pensated Poisson random measure. We assume that 4 : R x R* — R”, o :
R xR" - R*" xR% and v : R x R x R" =+ R" x R are continuously differentiable
with bounded derivatives and satisfy the following linear growth condition:

it )12+ o (t, )| +/R Iy (t, 2, 2)[Pr(dz) < C (1 + ||=]?), (2.34)
0
foreacht € [0,7], x € R", C a positive constant and p: R — R such that

17 (t, 2, 2) = (¢ 2, 9)[l < Dlp(2)llz = yll, (2.35)

where D is a constant. In the process of computing sensitivities, the so called
first variation process V; = A, X; will be commonly seen where V, satisfies

dVi = ' (t, X, ) Viedt + o} (t, X ) Vi dW! +/ v (t, 2, X;-) Vi- N(dz, dt),
Ro (2.36)
Vo=1,

and prime denotes the derivative with respect to X and I is the identity ma-
trix.

Remark 2.4.8.
- The derivative of X, in the Wiener direction is

DX, = ViV o (Xo-) Liseny, (2.37)

for s < t.

- From here onwards, in order to be as general as possible, we assume
that the payoff function is given as h = h (X, ..., Xs,,) . Hence the price
of the claim would be given by

w=Eh(X,,.... X, )]. (2.38)
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- We assume that matrix o is uniformly elliptic. That is, there exists a con-
stant k such that for all y,x € R"

y' ol (t,x)o(t, x)y > kly[*. (2.39)

2.4.3. Variations in the SDE

To compute the Greeks defined in Section 1.2 we need to establish several
propositions as described in Petrou and Davis and Johansson

Variation in the Drift Coefficient

We desire to evaluate the sensitivity of the option to variations in the drift
coefficient. Thus for some scalar ¢ and some bounded function ( consider
the perturbed process X; defined as

dX; = (u(t,Xf)+e((t,X§))dt+a(t,X§)th—i—/ y(t,z,X;,)J\?(dz,dt),

Ro
X5 = =z
Proposition 2.4.9. Let o be a uniformly elliptic matrix and denote u‘(z) as
u(z) = E[h(X5)).

Then,
ou ()
Oe

:E{h(XT) /0 (07 (6, X, ) C (8, X)) AWy . (2.40)

e=0

Variation in the Initial Condition

In the sensitivity analysis of options, we are interested in the effect of the ini-
tial condition and this includes Delta for example. First define the following
set of square integrable functions:

I = {g c L*([0,T)) : /Oti ((H)dt =1,Vi=1,... n} . (2.41)

Thus we state the following proposition:
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Proposition 2.4.10. Assume that the diffusion matrix o is uniformly elliptic.
Then forall( eT

(Au(x))T:]E{h (Xroo o X0 /O ) (o (6, X ) Y )T dimy | (2.42)

Variation in the Diffusion Coefficient

In order to investigate the impact of the diffusion coefficient we consider the
following perturbed process

X7 = e X+ (8 XE) 4 X)) Wit [ (62X N(dz. ),

Ro
X, = w,
whereeisascalarand (isacontinuously differentiable function with bounded
gradient. Define also the variation process 7§ = 8;?6 as follows:

AZg = ! (1. X7 ) Zg-dt + (o (4. X7 ) + €1, X)) Zi W, + C(0, X)W
* / 7, (ta 2 XtE—) Zte—ﬂ(dzv dt)7 (2'43)
Ro

Z& = 0.

In this context, we need to define the following set
t;
r, = {w € L*([0,7)) : / Y(t)dt =1,¥i=1,... n} : (2.44)
ti—1

Proposition 2.4.11. Assume that the diffusion matrix o is uniformly elliptic,
and that for B, = V;'Z,, i = 1,...,n we have o~ !(t,X;-)Y,8, € Domd"V for all
t € [0,T]. We denote u(x) as

u(x) = E[A(XT)].

Then, forally €T,
ou(z)

5 =B X)) (07 (6 X ) Vi B ) | (2.45)

e=0

where

Bt = Z ¢<t) (ﬁtl - 5151;1) 1{ti§t<ti}a (246)
i=1
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for t, = 0. Moreover, if 3 € DY) then

n

s (0—1 (t, X4-) W*Bt) = Z [63;/ P(t) (0—1 (t, X4-) V})Tth

t;
i—1 ti1

- /t v Tr ((DV8) 07 (1. X0 ) Vi ) dt (2.47)

- /tt () (07 (6, X ) Vi B ) th] .

i

Note that for a square matrix B, x, the trace Tr(B) is the sum of all main diag-
onal entries given as

Tr(B) = Xn: bi,i
=1

where b;; is the row i column i entry of the matrix B.

2.5. Option Price Decomposition

The decomposition methods covered in this manuscript find their roots in the
Hull-White formula introduced in Hull and White and later extended in
Alos . Given a stochastic volatility model:

dS, = ¢St + /Y, dW,,
dY, = uYdt+ £Y,dZ,.

Hull and White used distribution arguments to show that the European
option price was given by:

P(t)=E [BS(t, Xt,?t)m} (2.48)

where BS(t,z,y) is the Black-Scholes-Merton option pricing formula and

_ 1 T
Y, = —— Y.ds 2.49
=71 (2:49)
is the future average variance. Hull and White considered the uncorre-
lated case while Alos considered the non-zero correlation case and em-

ployed Malliavin Calculus to obtain the decomposition formula. Later, a dif-
ferent derivation employing classical 1td calculus techniques was introduced
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in Alos in the Heston case. They replaced the future average variance

with the expected future average variance
_ 1 T
Vi=ElY=+— E,[Y;]ds (2.50)

which changed the problem to a non-anticipative problem. In this case, we
know that the European option price was given by

P(T) = BS(T, X1, Vr) (2.51)
and it is also known that the process
e ""P(t) = e " BS(t, X, V;)

is a martingale. Then applying the appropriate 1té formula to the discounted
option price e " P(t) yields a general decomposition formula. When using the
anticipative process Yy Itdé formula (2.32) is used while when Vi 1t6 formula
(2.6) is employed. To simplify the computations two relations are used:

1 0BS H? 0
o(T —t) do (t,0) = (@—@>BS(M,U), (2.52)
LoBS(tw,0) = 0, (2.53)

which are namely the Gamma-Vega relationship and the Black-Scholes op-
erator which will be introduced at the appropriate time.

For a log-price process given by

1 t t _
Xi=x+rt— 5/ Y.ds +/ VY (pdWs + /1 — p?Wy), (2.54)
0 0

with W and W two independent Brownian motions, the formula according to
Alos is

P(t) = BS(t,X, V) (2.55)

T
+ gB[ [ €002 - 0, BS (s, X, Vi) dar, M),
t

T
+ gEt[ / e”"(s*t)(ai—81)8xBS(s,XS,X@)d[M,W]S}
t

where p is a correlation parameter, W is the Brownian motion and V and M
are defined in Lemma B.O.1.
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Formula (2.55) has been extended in different directions during recent years,
but in particular, in Merino et al. , it has been extended to stochastic
volatility models with finite activity jumps, like for example, the Bates model.
However, this decomposition version is difficult to employ in option price cal-
culations. Thus, researchers employed a "freezing” technique where the inte-
grands in (2.55) are frozen obtaining the approximative version:

P@t) = BS(t, X, V)

1 T
+ (3§ — 8$)2BS<1:, Xt, ‘/t)]Et |:§ / e_r(s—t)d[M7 M]S]
t

T
+ (0= 0.)0,BS (L, X, V)R [2 / AN
t

This simplification introduces an error that is estimated using the following
Lemma:

Lemma 2.5.1 (Alos ). Foreveryn > 0, there exists C = C(n) such that

C

A'TBS(1,xz,y)| < ———

(2.56)

where

A=0,, and T =09, —0,.

In deriving decomposition formulae, several intermediate mathematical ob-
jects are routinely employed. These are summarised and proved in Appendix
B.

2.6. Conclusion

In this chapter, we laid the foundations for the remaining chapters where
we add to the literature in the areas of alternative models, pricing formulae,
and sensitivity analysis. We outline relevant theory in Stochastic processes,
Monte Carlo simulation, option price decomposition methods, model calibra-
tion, and Malliavin calculus.



3. Hybrid Stochastic Volatility
Models
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Keywords: In this paper we investigate, since both, the theoretical and the empirical point of view, the
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two typical behaviors of financial assets: (i) the leverage effect and (ii) the stochastic volatility.
We prove theoretically that the CEV-Heston model covers the leverage-effect and show empiri-
cally the volatility clustering property. Then, we utilize a decomposition of the option price to get
an approximate formula for European call options. The accuracy of this estimate is compared with
the Monte Carlo method. The results show the efficiency of our approximate formula.

1. Introduction

The Black-Scholes option pricing formula, based on the Osborne-Samuelson model (see Black and Scholes, 1973), is today
extensively used by practitioners. Nevertheless, many of its assumptions have embedded some weaknesses into the model. For example
it is assumed that returns are log normal but in practice they are not and rather tend to be leptokurtic and hence outliers are more
common than expected. The model also assumes that volatility is constant and can be estimated using historical data by what is known
as realized volatility. However, empirical evidence suggests that this assumption is inconsistent with reality. Later, the so-called
implied volatility, based on market expectations, was used to estimate the volatility. However, plots of implied volatility against
strike price were found to have a smile which suggested that the assumption of constant volatility was not consistent with observed
data. As a result of the above mentioned facts, there is a risk that the computed prices using Black-Scholes formula are not fair. This
gave rise to the introduction of the idea of stochastic volatility (SV), and several stochastic volatility models appeared in the literature
to overcome this faulty assumption.

In the present paper we consider a hybrid SV model based on two of the most famous stochastic volatility models, the Constant
Elasticity of Variance (CEV) model (Cox, 1975) and the Heston model (Heston, 1993). Our study confirm that the considered model
preserves the advantages of each of the two models. It aim is, firstly, to investigate the problem of pricing European options under the
considered model, and secondly, to discuss the properties of the model, or in other words, the stylized facts shown by the model, that
address the limitations of the Black-Scholes model stated above. To study the option valuation, we provide an estimate of the option
price using a decomposition method as in Alos (2012), Merino and Vives (2015) and Merino and Vives (2017). In addition, a numerical
computation of the option price using Monte Carlo techniques is obtained. In particular, we use numerical methods to provide
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simulations of the hybrid model and to explore several of their stylized facts.

Hybrid CEV-SV models have been studied in several papers. Among others, Lord et al. (2010), Choi et al. (2013), and El-Khatib and
Hatemi-J (2014). Its advantage is that they capture the leverage effect. In Choi et al. (2013), the volatility is assumed to be an
Ornstein-Uhlenbeck (OU) process and asymptotic methods are applied to the pricing problem. In El-Khatib and Hatemi-J (2014), the
price PDE is derived and an optimal hedging strategy is found, in this case under the true CEV-Heston model, that is, with a volatility
described by a CIR process. In Lord et al. (2010), simulation schemes for different CEV-SV models are developed, including CEV-OU
and CEV-Heston cases.

The rest of the paper is structured as follows: In section 2 we present the hybrid model as well as its properties. In section 3, a
decomposition of the pricing formula under the hybrid CEV-Heston model is obtained and moreover, it is used to obtain an
approximate closed form formula for option pricing. In Section 4 we give some numerical price simulations and we use the Monte Carlo
method to price European options under the CEV-Heston model. Several illustrations for asset price trajectories and option prices are
provided. Lastly, section 5 concludes the paper.

2. The Hybrid Heston-CEV Model

Consider two independent Brownian motions W := (W¢)c(o 1) and B := (Bt),c (o r defined on a filtered probability space (Q,.7, F, P),
where [ := (7¢),¢)o 77 is the complete natural filtration generated by W and B and .7 = Fr.
As in El-Khatib and Hatemi-J (2014), we consider the Hybrid Heston-CEV model

dS, = rSdt + TS dZ,, Sy >0 ¢3)
dv, = k(0 —v,)dt + E/v,dW,, vy > 0. 2)

Here, « is the mean reversion rate, 0 is the long run variance and ¢ is the volatility of the variance process v. Like in Heston and SABR
models, the two Brownian motions are assumed to be correlated in order to take into account the leverage effect. Thus, we set Z; = pW;
++4/1 — p2B; with |p| < 1. Remark that taking parameter a = 1 our model reduces to the classical Heston model.

Our model is calibrated to match market dynamics by taking into consideration the following characteristics. Parameter x regulates
the skew and must be very small, while £ must be significant in value, and 0 has to be very close to the implied volatility. These
parameters are chosen such that 2«6 > &2, which is known as the Feller condition, in order to guarantee the positivity of the variance
process v. The Heston model achieves calibration to today’s observed plain vanilla option prices by balancing the probabilities of very
high volatility scenarios against those where future instantaneous volatility drops to very low levels.

On the other hand, the CEV model was introduced by Cox (1975) to capture the leverage effect where the underlying asset price is
obtained from our SDE (1) where /v is replaced by constant volatility ¢. In this case, a is known as the elasticity parameter and ¢ is the
volatility scale parameter. For different values of a the CEV model reduces to other models covered in the existing literature. When a
= 1 the CEV model reduces to the constant volatility geometric Brownian motion process employed in the Black-Scholes model, when a
= 0, the model reduces to the classical Bachelier’s model and for a = % the model reduces to square-root model of Cox, Ingersoll and
Ross.

Of the several well known stylized facts that we desire to verify, we consider the leverage effect and the volatility clustering
property. In Figure 1a we notice that simulated returns are non-normal in that their distribution has a higher peak and is not perfectly
symmetrical. In addition, the g-q plot of returns in Figure 1b shows also the non-normality of its distribution.

Next, we consider the leverage effect where we find that the hybrid model inherits leverage properties from the CEV and Heston



Y. El-Khatib et al. Finance Research Letters 44 (2022) 102072

Returns (252d)
o
°
S

—0.15 1

0 2000 4000 6000 8000 10000

0.075 1

0.070 4

5 0.065

I

8

< 0.060 1 M
>

2 (055 Foman e »

5 0055 ol -V

S

> 0.050 4

0.045 +

ity

0.040
0 2000 4000 6000 8000 10000

Fig. 2. Rolling mean returns for Sp = 2.9, K = 2.8 and a = 0.5 when vy = 0.16,r=0.06, 0 =0.16, k=1, =2,p = — 0.8

models.
Proposition 1. The returns of the Hybrid Heston-CEV model (1)-(2) satisfy the leverage effect provided a < 1 and p < 0.

Proof. Consider log-returns R, = In(S,). Define moreover

! 1
R, =In(S,) — / <r — EyuSi(“”))du.
0

By It6 formula the dynamics of R is given by the following pair of stochastic differential equations:
dR, = e VRdz, = \Ju,pSt AW, + \/u\/1 — p*S*~'dB,
dv, = k(0 —v)dt+ EJUdW,.

Clearly, R, has zero expectation,

"t ~ 't
Var(R,) = [E{(/ \/lz—ue("’l)R“dZu)z} = [E/ —211" du
0 o S0

and

Yy
1—
Si-e

't
Cov(R,,v,) = p.f[E/ du.
0

Note that this last quantity coincides with Cov(logS;, v;), and therefore under the hypotheses p < 0 and a < 1 is a negative quantity
that in absolute value increases when S decreases and vice versa. []

Figure 2 illustrates the leverage effect for the hybrid model. Notice that Figure 2 also shows the volatility clustering characteristics.
Large changes in the asset returns are followed by large changes, and small changes are followed by small changes, and there is an
inverse relationship between returns and volatility.

3. Decomposition formula for the option price
In this section we derive a closed form approximate option price formula under our Hybrid CEV-Heston model. Our model (1)-(2) is

a particular case of the general price model

ds, = u(t,S,)dt + O(t,S,,v,)dZ,,

introduced in Merino and Vives (2015), for ©(t,S;,v¢) = \/U¢S¢ and u(t,S;) = rS;. When necessary we will write ©, : = O(t,S;, ;).
Let

(BS)(1,S,,0) = S®(d,) — ¢ "®(d_)

be the usual Black-Scholes formula, where ®(z) is the cumulative probability function of the standard normal distribution and

_ In(S/K) + (r £ 6*/2)(T — 1)
B oVT —1t '

d,
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For the case p(t,S;) =rS;, recall that if we define the Feynman-Kac operator
1
y@ = a; +§®t2655 + rSas - r,

we have Z4(BS)(t,S;,0;) = 0.

We introduce moreover the following operators which will be useful in our presentation: I' = szag, A=S8dsand > =T -I. We
intend on pricing options driven by the Hybrid CEV-Heston model as corrections of the Black-Scholes model following (Merino and
Vives, 2015), (Merino and Vives, 2017) and (Alos, 2012). So, we proceed as below.

It is well-known that the price of an European call option where the stochastic volatility is independent of the asset price is given by

P(t) =, {(BS) (t, S\, )] 3)

— T . . . . —
where 7, = & [, vsds is known as the future average variance, expectations are taken under a risk neutral measure and E,[.] = E[.|.7].
Pricing in this case requires anticipative calculus techniques, so instead, we define the adapted version of future average variance as

1 T
V; :ﬁ ; E,[l/s]ds.

Define also M; = foT E.[vs]ds. Therefore

1 T
Vt = ﬁ (Mr — A l/_cd5>

and
1
dVr = ﬁ(th + (Vt - I/,)dl)

Denote (BS), := (BS)(t,S:, v/V;). From Merino and Vives (2015) we can deduce the following decomposition formula for the Hybrid
CEV-Heston model.
Theorem 1. (Decomposition Formula for the Hybrid CEV-Heston model) ~ For all t € (0, T], we have
Efe™" (BS)7] = 7" (BS),

1 T
+5E, { / ey, (S2e) — I)F(BS)Mdu}
t

1
+‘%[E1 { / ¢ JTRST AT (BS), dM, W]u]
13

1 T
+§[E, [ / e "T*(BS),dM, M]“}
t

From the previous theorem we can deduce the following approximate formula which is obtained by applying Theorem 1 to its terms
as in Gulisashvili et al. (2020).

Proposition 2. (Approximate Formula for the Hybrid CEV-Heston model) ~ The decomposition formula in Theorem 1 can be written as

Ele" (BS),] = e "'(BS), + e (57" — 1)1(BS),C,
+e 'S ' AT(BS),R; + e "T*(BS),U; + ¢

where ¢ is an error term and

C = %[E, / i = %(9(T O+ (- 0)(p(t)> :

R, =2 [ \/vud[M, W],

= 5—52<QK(T — 1)+ (v = 20)kep(t) + k(T — 1)(0 — ,/[)e—x(ﬁg)’
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U = %[E, { / ", M]u}

= (0 0+ 0= 3000 + - 0020500 ~ 010

= 2T = 1)) + 6, (1)),

1 1
N==-(1- —&(T—1) d 1 = 1— —2k(T—1) .
o) = (1=¢*), and  gy(1) = (1—e )
If we assume that the error ¢ is very small we can apply the below approximate formula

Ele " (BS),] ~ e "(BS), + ¢ " (S — 1)T'(BS),C, 4

+e ""S* ' AT'(BS),R, + ¢ "T*(BS),U,, “
to estimate the option price. In the next section we compare two numerical methods to estimate the option price: Monte Carlo method
and the approximate formula (4). It is shown from the illustrations that (4) has a better performance. The empirical experiments
conducted in the coming section show that ¢ is negligible, and we expect to obtain the same conclusion by investigating an estimation
of the error ¢ using the same methodology as in Alos et al. (2015). This is a subject of current work outside the interest of this study
which emphasizes on proving empirically that the approximate formula (4) provides a good estimation of the option price better than
the traditional Monte Carlo method in the case of our Heston-CEV model.

4. Simulation and Numerical results

In this section we outline our approach to the Monte Carlo approximation of the option price. We first deal with the discretization of
the stochastic differential equations and the simulation of the underlying asset price.

4.1. Simulation of the hybrid Heston-CEV model

Since the square-root process (2) is not globally Lipschitz then the convergence of the discretization scheme is not guaranteed and it
can cause the process to be negative, which is undesirable. Several fixes have been proposed to this problem namely absorption,
reflection and full truncation as given by Lord et al. (2010). Broadie and Kaya (2006) proposed an exact simulation method for the CIR
process but Lord et al. (2010) and other researchers find that it is computationally intensive and the Euler-Maruyama technique yields
good results especially with variance reduction methods. In addition, they verify that among the fixes full truncation is the best. As for
the discretization scheme, Lord et al. (2010) highlight that the second order schemes do not add any advantage, and indeed find that
they improve neither the accuracy nor the speed of computation especially if the full truncation method is used in the square-root
process. In our study, we apply the Euler-Maruyama and Milstein schemes and find that they give similar results. In short, the most
important numerical scheme is to handle the possible negatives of the CIR process.

We employ discretization schemes for equations (1) - (2) as follows:

e Naive Euler Maruyama scheme :

i/\,ur] :Z/\,-FK(G—E;r)At-Ff i/\:rAW,

+
i+1

Si+l = S,‘ + rS,-At + A/ I./I-JFS,‘D[AZ7

Vip1 =V

where x* = max(x, 0), and Uy := vg, and S, are two positive given constant.
e Kahl-Jackel scheme (using an Implicit Milstein scheme on the volatility and an additional discretization of the log stock process in
order to ensure that S; > 0 for any t) :

~ 1 ~ o~ ~F ~+
= (057 )] artey/oT AW, w =T,
Virt = T A [1/ +1<< v, +&\/v; Vi1 = Uy

IS4y = InS; + (r - %Sf‘“*”) At +\/UFSAZ.

4.2. Numerical Pricing of the European option

The value of plain vanilla option price under the hybrid model (1)-(2) cannot be calculated in closed form since the law of the
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Table 1
Call option prices when Sy = 100, p = —0.6, r = 0.05, x = 1.5, 0 = 0.02, vp = 0.04, ¢ = 0.15
T K =90 K =100 K =110
MC Decomp. MC Decomp. MC Decomp.
0.5 12.223 12.222 2.490 2.469 0.000 0.000
1.0 14.374 14.389 4.877 4.877 0.000 0.000
2.0 18.566 18.565 9.530 9.516 1.166 0.468
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Fig. 3. Plot of the option price against various parameters where for various Sp, K when vy = 0.16, r=0.06, 0 =0.16, k=1, =2,p = — 0.8

random variable S; is not known. Hence, we utilize Monte Carlo method and the decomposition technique to evaluate the option price

(3). In our work we employ the Antithetic method as well as moment matching.

1 2N

We approximate the option price as P ~ 55y "1 f(S;(T)), where 2N is the number of simulations carried out, and S;(T) = S(w;, T) is

the i realization of the terminal price of the asset obtained using the Euler-Maruyama discretization.

We have done 2N = 2000 simulations with n = 1000 steps, with the terminal time being T = 1.0. In order to reduce the number of
necessary computations, variance reduction techniques on the generation of the uniform random variables were done. This has the
added advantage of improving the convergence rate. Trajectories were generated as above for the approximation of the stock price
path and the obtention of the S realizations, among other computations. We evaluate the option using the Monte Carlo method as well
as the decomposition technique discussed in Section 3 using parameters obtained from Medvedev and Scaillet (2010). A Core i7 (8th
Gen) CPU 1.90 GHz 2.11GHz with 16GB RAM computer with Windows 10 (x64) is used to do the necessary computations in iPython
and the results are obtained in table 1. The table illustrates a comparison between two prices for the vanilla option under our Hybrid
model (1) -(2), one using the Monte Carlo method and the other using the approximate decomposition formula of Proposition 2. We
find that the Monte Carlo estimate and the decomposition estimate are very comparable, often differing only in the third decimal place.
Applying the Milstein discretisation resulted in the exact same results.

The analysis of the price differences reveals that the approximate pricing formula based on the decomposition method provides a
reasonable estimate under in-the-money (ITM) or at-the-money (ATM) conditions and to a lesser extent under the out-of-the-money
(OTM) conditions. However, the computational convenience is astounding. The calculation based on the decomposition method,
for all the values in Table 1, took 0.02 seconds, while the same computations took 2.80 seconds via Monte Carlo simulation. As a
conclusion, to use the developed approximate formula based on the decomposition method under our model is a viable alternative in
short maturity pricing of ITM and ATM options. OTM option pricing error is higher for long maturities.

In addition, the approximate price formula enables plots of the price as shown in Figure 3a and 3 b which would take a great deal of
time under Monte Carlo methods.

5. Conclusions

Stochastic volatility models are a strong tool that offers better representation of financial asset price fluctuations. However, solving
the pricing problem under such models is more complicated and in general closed form solutions are not available. In this paper we
have studied a hybrid CEV-Heston stochastic volatility model. An approximate formula based on the decomposition method is derived
and used in the estimation of option prices. Numerical simulations are conducted and show that CEV-Heston model covers more
stylized facts compared to Black-Scholes, Heston or CEV models alone. Moreover several illustrations comparing vanilla option prices
obtained by Monte Carlo method and applying Proposition 2 demonstrates the efficiency of our new approximate formula. Future
studies should target to generalize our results to a model with jumps.
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ARTICLE INFO ABSTRACT
Keywords: This paper deals with the problem of pricing and hedging financial options in a hybrid stochastic
European options volatility model with jumps and a comparative study of its stylized facts. Under these settings,
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Stochastic volatility Black and Scholes Formula
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the market is incomplete, which leads to the existence of infinitely many risk-neutral measures.
In order to price an option, a set of risk-neutral measures is determined. Moreover, the PIDE
of an option price is derived using the It6 formula. Furthermore, Malliavin—-Skorohod Calculus
is utilized to hedge options and compute price sensitivities. The obtained results generalize the
existing pricing and hedging formulas for the Heston as well as for the CEV stochastic volatility
models.

1. Introduction

The valuation of financial derivatives is a crucial problem in risk management. One of the hard challenges for all specialists in
this area is how to model the underlying asset price’s trajectories. That is, the selected predicted model has a vital effect on the
accuracy of the derivative’s price. An ultimate query is then how to construct a valid prediction model for the underlying asset
prices. An equally important fact to remember when pricing financial derivatives is how to determine the asset price volatility
which aims at measuring the degree of asset price variations. A large number of studies are reported in the literature to address this
subject. Earlier research has highlighted that several features need to be considered in order to enhance the prognostic quality of
asset price models. Consequently, many papers on the good properties of an asset price model offer an improved derivative price.
There have been numerous studies on this issue relating market observations to the goodness of a model. With the huge advance
in new technology, taking properties of an asset from market observation has become easier and more accessible. A large number
of existing studies investigate the stylized facts which are nontrivial statistical evidence captured from financial markets (Cristelli,
2014). Therefore, appropriate prediction models and volatility properties are subject to stylized facts detected from the market. As it
has been earlier stated in the literature, a prediction model is more precise if the asset dynamic shows stochastic volatility, numerous
scholars have developed models for pricing derivatives under stochastic volatility (Broadie & Jain, 2008; Cont, 2001; Elliott et al.,
2007; Heston, 1993; Hull & White, 1987; Stein & Stein, 1991). Among the utmost prevalent models in the literature are the Heston
and the CEV stochastic models. Each of these models covers several stylized facts that the other one misses. In comparison, to
exemplify, the CEV model and the Heston model have diverse relative properties regarding the leverage and the smile effects.
Likewise, of the numerous stochastic volatility models in practice the Heston model (Heston, 1993) and the CEV model (Cox, 1975)
are some of the most popular. Researchers like El-Khatib and Hatemi-J (2014), Choi et al. (2013), and Lord et al. (2010) studied
a Hybrid Heston—CEV model in order to capture as many of the qualities of the CEV model and the Heston model as possible.
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Empirical evidence suggests an inverse relationship between the stock price and its variance which can be explained by both the
operating and financial leverage effect according to Beckers (1980). On the other hand, a significant part of the literature has used
processes with jumps to model asset prices (Bates, 1996). Hence, in addition to the evidence outlined in the discussion above, we
seek to analyze a continuous time Lévy version of the model in El-Khatib and Hatemi-J (2014) bringing more randomness to the
model.

After the groundbreaking research of Merton (1973) and Black and Scholes (1973), researchers have sought alternative models
to deal with the shortcomings of the Black-Scholes-Merton model by catering for the stylized facts observed in practice. As a result
of these stylized facts, there is a risk that the computed prices are not fair giving rise to the study of stochastic volatility (SV) models,
local volatility (LV) models and models with jumps. Some practitioners have come up with various models aimed at capturing such
stylized facts observed in practice that include SABR (see Hagan et al., 2002) and Heston (see Heston, 1993) which belongs to the
stochastic volatility group of models, CEV (see Cox, 1975) which is a local volatility model, and hybrid (see El-Khatib et al., 2021)
models among many others.

Research on these kinds of models is still ongoing and it has been noted that SV models are indeed an improvement in the
progression of models. However, they lack the flexibility to accommodate sudden movements, that is, they are not able to model
market jumps. As a result, adding jumps has been proposed by many researchers as well. The study of such models has given rise to
a wide spectrum of models which are of different complexity. Early models that incorporate a compound Poisson process in addition
to Brownian motion like those of Merton (1976) and Bates (1996) were referred to respectively as a jump-diffusion model and a
stochastic volatility model with jumps (SVJ).

More general models consisting of various Lévy processes have been proposed and these models seem to fall into three families
as follows. First, we have the generalized hyperbolic models that cover the Variance Gamma (VG), Hyperbolic, and Normal-Inverse-
Gaussian (NIG) models. Secondly, KoBol models (so named after Koponen, 1995 and Boyarchenko & Levendorskii, 2000) like the
CGMY model, and lastly, the Meixner models. Refer to Schoutens (2003) and the references therein for a rough overview of the
jump-type models in the literature. Additionally, Geman (2002) provides another survey by looking at Lévy distributions and their
mathematical properties with regards to asset pricing. It is reasonable to consider Lévy models to model price processes since jumps
have been noted in data as well as the fact that due to obvious reasons, assets are traded in discrete time rather than continuous
time. Tankov and Voltchkova (2009) emphasizes that jumps in models allow one to quantify and take into account the possibility
of large stock price changes in risk management. However, he notes that Lévy models also have some blind spots such as the fact
that they are not sensitive to new market information because of the stationarity of increments. In particular, for a Lévy process, the
law of X, for any given time horizon ¢ is completely determined by the law of X,. Consequently, models involving a combination
of stochastic volatility and jump processes seem to be the most powerful like the model proposed by Bates (1996).

The main objective of this paper is to investigate a hybrid CEV-Heston model for the underlying asset prices driven by a Lévy
process, in particular, merging several existing models and to investigate solutions for pricing and hedging financial derivatives as
well as the computation of its sensitivities. The paper will combine stochastic volatility and Lévy processes for price trajectories.
Malliavin—-Skorohod calculus tools are going to be used for hedging and computation of price sensitivities following works of
application of this calculus to Finance as Leén et al. (2002), Solé et al. (2007), Petrou (2008), El-Khatib and Privault (2004) or
the book (Di Nunno et al., 2009) among others.

The rest of this discussion is structured as follows. Section 2 describes the model. In Section 3 we compare our HCEV-Jumps
model to CEV, Heston, CEV-Heston, and Bates models. In addition to that, in Section 4 we obtain the equivalent martingale measure
and the hedge strategy. In the process, we discuss the pricing of the option. Furthermore, Section 5 covers some sensitivities for
a Vanilla European option and Section 6 lays out some numerical computations including the price and the sensitivities. Finally,
Section 7 concludes the paper.

2. The model
Let (2, F,F, P) be a complete filtered probability space. Recall that a real valued F-adapted process {x(t)},5o with x(0) = 0 a.s.

is called a Lévy process if x(7) is continuous in probability and has stationary and independent increments.
Our model of interest for a price process (S)),5¢ is the following:

dS, = uS,dt +o6(t,S,.Y,)dL, )
S(O)=x>0
dY, = k(0 = Y,)dt + E/Y,dW, (1) 2
Y(0)=y>0

where (L,)y,<7 is the Lévy process driving the stock and
o(t, S, Y,) = \/V,S¢

or any other structure suitable to the financial situation. In addition, « is the elasticity of the underlying asset variance, 0 is the
long run average price variance, « is the rate at which Y, reverts to 0, and lastly, ¢ is the volatility of the volatility, or vol of vol.
We let (W} (1), W,(1),(0) be a two dimensional Brownian motion such that d(W;, W,) = pdt where p € (-1,1) or

W) = pWy () + V1 = p2 Z(1)
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Table 1

Calibrated parameters.
Parameter CEV Heston HCEV Bates Our model HCEV-Jumps
K - 19.621 17.265 28.691 20.072
0 - 0.024 0.025 0.023 0.024
4 - 0.961 0.915 1.156 0.961
p - —0.826 —0.748 —0.845 —0.845
vy 0.8? 0.034 0.036 0.037 0.035
A - - - 0.00025 0.410
u - - - 0.009999 —0.202
c - - - 0.4508 0.001
a 0.796 - 0.995 - 0.999

where Z(¢) is another Brownian motion independent of W;. In addition to that, N(z, A) = N(z, A)—v(A)dt is the compensated random
measure of the Poisson Random Measure N(¢, A) with compensator v(A) = E[N(1, A)].

We assume F = (F,),o.r; is the natural filtration generated by (W} (1)),cio.r (Wa()icro.r and (N,)io.7y-

Following the model derivation outlined by Chan (1999) we consider (L,)o,<r to be the Lévy process defined as

t
L,:ch(t)+/ / zN(dt,dz) + at
0 JRy

where a = E[fo1 /Ro zN(dt,dz)], and v is a Lévy measure.
We assume that given 0 < hy, h, < o then, for all 4 € (—hy, h,)

/ e v(dx) < o
{Ix[>1}

which guarantees finite moments of all orders. We will neglect the term ar for simplicity and will assume that the Lévy part of
the process (1) is of finite variation (i.e /R |z|dv(z) < o0) because according to Cont et al. (2004) and Schoutens (2003), in general
adding the Wiener process to an infinite variation version will not add any significant insight to the model.

3. Model justification

Combining three important stylized facts which are critical for asset pricing: volatility, leverage effect, and jumps, we can offer a
more accurate prediction model for the underlying asset prices. To have the three properties together, we incorporate jumps to the
Hybrid Heston-CEV model. Then, the benefit of our suggested model is not only that it encompasses among others three of the most
common stylized facts, but it generalizes three of the most popular existing prediction models, namely, Heston, CEV, and Bates, and
preserves the benefits of these three models. To show these properties, firstly, we calibrate each of the models, and then next we
explore the model characteristics by comparing the Heston—-CEV-Jumps model to the CEV, Heston, CEV-Heston, and Bates models
to determine the empirical and statistical properties of our model of interest.

The model parameters are calibrated to the EURO STOXX 50 European option quotes of 30 September 2014 where for a set of
N market quotes we minimize the following mean-square-error (MSE) objective function:

N
1 2
MSE =min— ¥ (€™ - c™(p))
i=1
where CI.'""’ is the ith market price and Ci”'"d is the ith model price for a given set of parameters, p. The CEV, Heston, and HCEV
parameters were obtained via a two-step global and local optimization process. However, the CEV model converged slowly and had
a relatively higher error. The HCEV-Jumps and Bates models required a global and local optimization for the non-Heston parameters
and then a local optimization for the entire parameter set with a penalty function:

llpo = plI-

Our calibration procedure follows closely the outline given by Hilpisch (2015) The results of the calibration are given in Table 1.

Secondly, we analyze some of the stylized facts of the models in question by studying the Monte-Carlo simulations of the sample
paths for each model. Clearly, as seen in Fig. 1 the HCEV-Jumps model exhibits a strong leverage effect as seen by the negative
correlation between the returns and the volatility. Moreover, Fig. 2 indicates that the returns and the volatility of the hybrid models
(HCEV and HCEV-Jumps) have a larger negative correlation as compared to the other models. In addition, the CEV and the Heston
model can have a positive correlation between the returns and the volatility. Hence, in this regard, the hybrid models perform
better.

Next, we investigated the volatility smile and the impact of the elasticity parameter «. The HCEV-Jumps model inherits the
capacity to model the volatility smile from the Heston model as expected. Also, it is known that the jump parameters impact the
curvature of the volatility smile. In this part we investigate the influence of the elasticity parameter and we find that « impacts the
curvature of the volatility smile at the money where the larger the « the gentler the volatility smile. For small values of « the smirk
is more pronounced as seen in Fig. 3 where the volatility smile for the HCEV model is obtained.
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Fig. 1. (a) Rolling mean annual return (blue) and volatility (red) and (b) Rolling annual correlation for the HCEV-Jumps model. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 2. Correlation between rolling annual returns and rolling volatility for the CEV, Heston, Bates, HCEV, and HCEV-Jumps models.
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Fig. 3. Implied volatility.

After testing for skew and excess kurtosis (that is kurtosis minus 3), we found that the HCEV-Jumps model has more negative
skew and higher excess kurtosis in comparison to the other model with a significant p-value (see Table 2). Clearly, by analyzing
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Table 2
Statistical tests for the skew and kurtosis.
Skew p-value Kurtosis p-value
CEV 0.63835 0.09057 0.50630 0.03775
Heston 0.20898 0.29251 —0.42150 0.01957
CEV-Heston 0.58826 0.0000 0.49358 0.04155
Bates —0.02953 0.78350 —1.07455 0.00000
HCEV-Jumps 1.01496 0.00000 1.50808 0.00001

the histogram of returns and the qq-plots we see that the HCEV-Jumps has a higher peak than the other distributions. Also, the left
tail of the histogram is longer and the left end of the qq-plot deviates widely from the ideal normal quantiles. See Fig. 4 for further
details.

4. Pricing and hedging

Another central aspect of the market is completeness. Recall that a market is said to be complete if every contingent claim® in
the market is reachable, i.e., there exists a self-financing strategy whose value at maturity equals the claim’s value.

It is well-known that there are no arbitrage opportunities if there exists at least one probability O equivalent to the historical
probability P filling the fact that the discounted price process (S,e™"),¢[o 7 is @ Q-martingale. If it exists, the probability Q is called
a P-Equivalent Martingale Measure (P-E.M.M.) and is known in the literature as a risk-neutral probability. Moreover, the market is
complete if and only if there exists a unique E.M.M. (First and Second Fundamental Theorem of Asset Pricing, see Harrison & Kreps,
1979; Harrison & Pliska, 1981).

4.1. EMM

The market considered in this paper is incomplete. An equivalent martingale measure is not unique in our case. The next
proposition derives the set of all equivalent martingale measures for our model. See the book of Miyahara (2011) for a more general
discussion on incomplete markets and equivalent martingale measures.

Proposition 1. Let P be a historical probability of a particular stochastic process (S,),c(or| defined in Eq. (1). Then Q € M is an
Equivalent Martingale measure defined as

dQ = Z,dP
where Z, is the Radon-Nikodym derivative satisfying

dZ, = Z(p,dW, + p,dW, +/ pyN(dt, dz))
Ry

provided p,, p, and p; > —1 are chosen to satisfy

O
u—r+ EI <ﬁ1 + b, +/ ﬁ3zv(dz)> =0 3)
t Ry
where o, = S} \/7, for simplicity.
Proof. We want e™"'S,Z, to be a martingale. Then
d(e™S,Z)=d(e™)S,Z, + e "d(S,Z,) 4
=78, [ p—r+ 26, + b, +/ pizv(dz)) | dt
Sy Ry
O
+(B1 + pH)AWL () + frd Wy (1)
t

+ 2 z(1+ﬁ3)N(dt,dz)+/ [33N(dt,dz)] 0 )
S; Jr, Ry

1 A contingent claim can broadly be defined as a random variable H that signifies the payoff at time T from a vendor to a purchaser. In our case the payoff
of a European call option, is H = h(S;) = (S; — K)*.
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Remark 1.

+ Under measure Q, (S,))<<r can be written as

S, = rS,dt + a,(dWl(z)Jr/ zN(dt,dz))
Ry

where, dW; = dW, — f,dt for i = 1,2 and N(dt,dz) = N(dt,dz) — 3v(dz)dt.
« For convenience, we have considered g, = 0 for all i = 1,2,3 and as such, we shall operate a risk neutral setting while keeping
the usual notation without loss of generality.

4.2. Pricing

Suppose the function C(t,.S,,Y,) describes the value of the European option with pay-off 4(Sy;) = (S; — K)*, then by the Markov
property we have that

C(t,S,.Y,) = EC[e T h(Sp)|F,]. 6)
Assuming that the discounted price is a martingale under an equivalent martingale measure Q we can obtain the PIDE as shown

in the next proposition.
Proposition 2. Let C(t,.S,,Y,) denote the price of the European option at time t € [0, T] for the model (1)-(2). Then the corresponding
PIDE for the underlying option price is given by

rC = 0,C + S,(s; + a,4,)9,C + pd,C

1
+3 [(0, + b,4)*0,,C + 2p(c, + b, 4,)00,,C + 620,,C|

+ / [Ct. S + (c0, + cyb,A)z) — C(1, S, Y)
Ry

—0,C(t,8,Y)(c)0; + ¢b,4)z| v(d2), )
with terminal condition C(T, Sy, Yr) = h(St)
Proof. Suppose that there exists a smooth function C € C!22([0,T] x (0, ) x (0, 0)) such that C(z, S,,Y,) represents the price of

the European option at time ¢ € [0, 7] whose terminal condition is C(T, Sy, Yr) = h(Sy). By the multi-dimensional It6 formula we
obtain

dC = 9,Cdt +0,CdS° +0,CdY

1
+ 35 [0,,Cd(S®,5) +20,,Cd (S, Y) +9,,Cd(Y,Y)|
+ [ [Ct.S+06,2)-Ct,S,Y)-0,C(t,S.Y)o,z|W(dz)dt
Ro
+ [Ct, S +0,2)— C(1,S,Y)|N(dt,dz) ®)

Ry

Simplifying this satisfies
dc = (a,c +18,0,C + K(6 - Y)9,C
1
+3 [670,,C + 2pE6,1/Y,0,,C + £2Y,0,,C] 9

+ / [C(t.S +0,2.Y) = C(t,5,Y) = 0,C(t,S,Y)o,z] v(dz))dt
Ry

+0,0,CdW, + &/Y,0,CdW, + / [C(t. S +06,2,Y) - C(t,S,Y)| N(dt,d2).
Ro

Also, the discounted price is a martingale. Hence, the terms in dr in the expression for d(e™""C(1,S,,Y,)) are zero. The result

follows. []

4.3. Hedging

Lévy driven models are incomplete with the exception of Poisson processes and Brownian type processes (see for exam-
ple Schoutens, 2003). As a result, we do not have the classical techniques at our disposal. Tankov and Cont (2003) gives a description
of techniques of hedging like Merton’s approach, super-hedging, utility hedging, and quadratic hedging. However, we shall use the
Mean-Variance Hedging by Malliavin Calculus (MVHMC) as outlined in Benth et al. (2003) (martingale setting) and Follmer and
Sondermann (1986) (Semi-martingale setting) which is an extension of the Quadratic Hedging strategies and Local Risk Minimizing
(LRM). This technique has found wide use with researchers such as Farnoosh and Bakhshmohammadlou (2019) and El-Khatib (2006).
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Definition 1. A predictable process ¥ (1) = (5(¢), &(7)) is called admissible if

n T n
E [;/0 ’I’jz(t)(; o;; +/RO vt z)v(dz)dz)] < 0.

Let the set of all F-admissible portfolios be denoted by Ap.
Next we will be using several tools from Malliavin calculus. A key concept for the computation of the hedge using Malliavin
calculus tools is called the General Clark—-Ocone-Haussman Formula. It can be found in Solé et al. (2007).

Proposition 3. Let V; be a self financing portfolio of a claim C; = (T, Sy) € Fr given by
Vi=nA + &S, (10)
The minimal variance portfolio (n},&;") that minimizes the hedging error
; 4 2| _ Ak 2
min B |07f ~ h(T. $p) ] -E [(VT — (T, Sp) ] .
is given by
3)

E[D{h(Sp)IF 1+ pEIDP (SPIF1 + [, v(DEIDh(SpIF,]

* _ 11
& e "6 (S, Y;) + /Ro e"’a(S,,Y,)yz(z)v(dz) (1)

V—¢&S
=S (12)

Proof. Let V = e~"'V be the discounted portfolio satisfying
A T T ~
Ve =Vy+ / Ee o, dW, + / ge " o,zN(d1, dz).
0 o Jry
where 6, = 5%1/Y, as before. Also, by the Clark-Ocone formula we find that

T 5 R
H(Sp) = Ethspl+ Y A ELDPh(Sp)|F,1aw,”
i=1,2

T
+ / / E[D® n(Sp)|F,IN(dt,dz) 13)
0 JRy ”
Using the isometry and taking the derivative with respect to &, the result follows. []

5. Price sensitivities

As has been agreed in the literature, any financial trading position built on financial instruments has five price sensitivities used
principally for reducing the risk. Price sensitivities, or Greeks, as they are sometimes known, are measures of the responsiveness of
the risk neutral option price to the change of different parameters. The main Greeks are called Delta, Gamma, Vega, Theta, and Rho.
While Delta provides the change of the trading position with respect to the price of the underlying asset under the ceteris paribus
condition, Gamma is the variation of the Delta for a portfolio of options with respect to a marginal change in the underlying asset
price. On the other hand, Vega, Theta, and Rho capture the change of the trading position with regard to an infinitesimal change
in the volatility, or in the time to expiry, or in the risk-free rate respectively.

There are several approaches to the price sensitivities in literature. Classical techniques involve the finite difference approach
which can be considered as a biased procedure and the Monte Carlo method which involves a high number of simulations and
hence has a slow convergence rate according to Davis and Johansson (2006). Another method is pathwise method which requires
a differentiable payoff function and is not good for complicated options like barrier or digital options.

Alternatively, Malliavin approach is especially convenient in calculating the price sensitivities mainly if the financial derivative
pricing problem does not have a closed form solution. That is, the Malliavin calculus allows to transform the differentiation into
a product by a weight and thus deliver an unbiased measure of each price sensitivity. Moreover, it is in general more efficient in
terms of convergence.

Next, we utilize the Malliavin Calculus approach which has been found to reduce the number of computations needed for the
estimates to be made and hence has a much faster convergence rate. It has found wide applications depending on the types of models
to be analyzed. Davis and Johansson (2006) and El-Khatib and Privault (2004) are some examples in literature of application of
Malliavin calculus in the computation of Greeks for processes driven by jumps.

Below we define the n-dimensional stochastic process X, in a general setting as follows

dX,=b(t,X-)dt+o (1, X-)dW, +/ v (t.z. X,-) N(dz,d1)
Ry 14
Xo=x
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where x € R", {W,},cor) is a d-dimensional Wiener process, N is the compensated Poisson random measure. We assume that
b:RxR" - R", 6RxR" » R"xR? and y : RxRXxR"” - R” x R are continuously differentiable with bounded derivatives and
satisfy the following linear growth condition:

||b<r,x>||2+||cr(r,x>||2+/]R ll7(t, 2, 0)I*v(dz) < C (1 + [Ix]|?) 1s)
0

for each 1 € [0,T], x € R", C is a positive constant and

ly(#, z,x) — v, z, )|l < D|p(2)|llx - ¥, (16)

where D is a constant. In the process of computing sensitivities, the so called first variation process V; = V, X, will be commonly
seen where V, satisfies

dv,=b (t,X,-) Vi-dt + o (t. X,-) V,-d W} +/ Y (t.2,X,-) V- N(dzdr)
Ry a7
Vo=1
and prime denotes the derivative with respect to X and [ is the identity matrix.
Remark 2.
+ The derivative of X, in the Wiener direction is
DOX, = VYo (XE) ey as)

fors <t
» From here onwards, in order to be as general as possible, we will assume that the payoff function is given as h =
h (th e Xy ) Hence the price of the claim would be given by

u=Elh (X, X, )1 (19)
» We will assume that matrix o is elliptic. That is, there exists a constant k such that for all y,x € R”
yTaT(I, x)o(t,x)y > k|y|2. (20)

5.1. Variations in the SDE

In order to compute the Greeks we need establish several propositions as is described in Petrou (2008) and Davis and Johansson
(2006)

5.1.1. Variation in the drift coefficient
We desire to evaluate the sensitivity of the option to variations in the drift coefficient. Thus for some scalar ¢ and some bounded
function ¢ we need to consider the perturbed process X7 defined as

dX{ = (b(t, X{) +€C(t, XE)) dt + o(1, X{)dW, +/ v (1.2, X2 ) N(dz,d1)

Ry

€ _
Xo—x.

Proposition 4. Let ¢ be a uniformly elliptic matrix and denote u(x) as
U (x) = E[A(X5)].
Then

ouc(x)
de

=& [o0x) [ (o7 (X)) aw)] 2

e=0

5.1.2. Variation in the initial condition
In the sensitivity analysis of options, we are interested in the effect of the initial condition and this includes delta for example.
First define the following set of square integrable functions:

7
I = {CELz([O,T)) : / S(tdt = 1,Vi = 1,...,n} (22)
0

Thus we state the following proposition:
Proposition 5. Assume that the diffusion matrix o is uniformly elliptic. Then for all { € I’
T T
(Vu(x)" = E [¢ (X0 X,,) / £ (o7 (1. X,-) X;-) dm] (23)
0
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5.1.3. Variation in the diffusion coefficient
In order to investigate the impact of the diffusion coefficient we consider the following perturbed process

dX{ = b(t,X{)dt + (o(1, XL) + €L (1, X[)) dW, + /R v (1.2, X2 ) N(dz dr)
0
X5 =x
where ¢ is a scalar and ¢ is a continuously differentiable function with bounded gradient. Define also the variation process Z; = —*
as follows:
dZf =b (6, X5 ) Zidt+0' (1, X)) ZEdW, +{(t, XE)dW,
+ / v (2. X)) ZE jidz, di) 24
Ro
Z;=0
In this context we need to define the following set
fi
Fn={y/€L2([O,T))2/ u/(t)dt:l,Vi:l,...,n} (25)
fim1

Proposition 6. Assume that the diffusion matrix ¢ is uniformly elliptic, and that for f, =V, Z,, i =1,...,n we have o', X,-)Y,B, €
DoméY for all t € [0, T] We denote u(x) as
uf(x) = E[A(X])].

Then for all y € T,
ou(x)
de

n

L =E [qs (th,...,Xr )5(“ (7 (1. X,-) VJ:)] (20)

where
ﬂ} = Z w (1) (ﬂt, - ﬂt,'_l ) 1{’i5’<’i} ”
i=1

for ty = 0. Moreover, if § € D© then
n 1
W (e (t, X~ ) Vi-B,) = 2 {p,T/ w@) (o7 (1, X,-) V;—)T aw;,
i=1 fim1

- /t T ((D;O)ﬁ,‘) o (,X,-) Vr)dt (28)

i—1

1 T
_/ w(t) <a—1 (t,X,_)V,_ﬂti_l) dW,}
t

i-1

5.2. Option greeks
For the purposes of the following discussion we shall write the model (1)—(2) in a general form and compute the Greeks.

Proposition 7. Let the model (1)—(2) be given as:

dX, = b, X,)dt + o(t, X,)dW, + / v (t.z.X,-) N(dz,dr) (29)

Ro
rS, _ \/?,S,a 0 _ z YI—S;I, ]
| "(”X')‘[:pﬁ, :mﬁ}“"d”“’xﬁ—[ "o | Then the first

where X, = [ St ], b(t, X,) = [
Y,
variational process V is given by

av, =V (1, X, ) Viedt + 0, (6, X, ) ViedW D + 6} (1, X, ) V- d W,

30
+/ Y (t.z. X,-) V- ii(dz,dr) (30)
Ry

a—1 Sru 0 0
o - ] =] v X :
’ ép 0

SIX
YSa—l 20y
where , b = [ 0 2 and y' = [ az\/_r t 2\/Y; ] In particular, we have
0

— P01 = 0 0= 1-p
2V, 2%, 0
AV (1) = rVy)dt + ayY, S (0 )aw, )
+a\/17,57—1/ ZV,,(T)N(d1, dz) (31
R,

0
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o
i

AV, () = rV,(t)dt + <a\/}_’,Sf"1V“(t_) + sz(t_)> awV

t

s@ .
+ (a\/?,s;’—‘V“(t—)Jr L V22(t‘)>/ zN(dt,dz) (32)
2\/? Ro

t

1-— 2
AVo(t) = —xVy(t)dt + 2 Var(dw, M + é:—V”sz(t)dwf” (33)
Y, 2VY

where V5, = 0 since Y, does not depend on S, V;;(0) =1, V5,(0) = 1, and V},(0) =0

Proposition 8. As a result the following Greeks are defined:

* Delta:
T 1% T 1%
A=F e_’Th(ST)% Yuw aw - L @ aw®
0 Y,S¢ V1=p2Jo Y,S¢
» Vega(vy):
Vv
A—E[e"Th(ST)l< 12(u) aw®
T\ Jo +fy,se
S () )
u
0 \&VI=-p2VY, V1-p\/Y,S¢
* Rho:

T Sl—a T Ky
Rho =E |eTh(Sy) / u_qu(l)_/ LLdWM@)
0 \/Yu 0 \/1—/72 \/Yu

Proof. Proof of Delta and Vega(v,):
By the definition of ¢ we find that

1
0
ol = \fzsw |

p
Vi—p2Vyse  e/1-p2\/yse
Thus, post-multiplying by V' we find that

Vi Vi
oV = VY se VY se
- —PVi v Vi

22 _
VI_p2VYse  e/1-2VY  VI-p2\Yse

It then follows that

Vi ) Vi ()]
——dW") - ————dW
LT Y s« Vi-p2 /Y s2
O™ V) dW =)
M2 g Vo Vi AW D
VY sa ANI-22VY  V1-p2\Y s

Taking ¢ = % and applying Proposition 5 we obtain Delta from the first row and Vega(v,) from the second row and are done.
Proof of Rho:

Letting ¢ = [ );1 ] we find that

1- —
(c7'¢) aw = S gm0 2 05T e,
VY, V=p?

So applying Proposition 6 the result follows. []
6. Numerical computations

Monte-Carlo methods help in the simulation of the asset price and computation of the option price. The asset price and its
volatility are approximated using a Euler-Maruyama scheme where we assumed T = 1 and 4¢ = T/1000. The volatility process Y
can have negative values with positive probability if the Feller condition, 2x@ > &2 is not satisfied. However, as outlined in Lord
et al. (2010), negative values will routinely arise due to the discretization. The full truncation method is known to perform better at
handling this challenge. However, due to the ¥~!/2 term we have to consider reflection as an alternative in order to avoid division
by zero.
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Table 3

Price and sensitivities.

International Review of Economics and Finance 85 (2023) 220-235

Value 95% Confidence interval
Lower lim. Upper lim.
Price 102.30283 102.14932 102.45633
Delta 0.60148 0.59407 0.60890
Rho 459.52607 453.55302 465.49912
Vega(u,) 384.28123 371.59014 396.97232
0.651 4007
0.601 ] 3001
S
% 0.551 ~1200-
o
A 0.501 )
> 100
0.451
0 ]
0.401
0 2000 4000 0 2000 4000
Number of Trials Number of Trials
(a) Delta. (b) Vega.
Fig. 5. Option Delta and Vega (V).
5001 —e— Malliavin
5501 Finite Diff
4501
5001
o (@] [ o—o
é 4:00 1 'é ’/0——0——4\.__//./.‘
4501
3501
4001
300
0 2000 4000 0.01 0.02 0.03 0.04

Number of Trials Interest Rate

(a) (b)

Fig. 6. Option Rho. (a) Malliavin computation against number of trials, (b) Comparison with the Finite Difference method.

5000 computations were obtained with each one requiring 1000 realizations of the underlying asset price. We used a 64-bit,
Intel®Core™ i7-7600 CPU 2.80 GHz computer with 16 GB RAM running on Windows 10 Pro. Table 3 gives the Monte Carlo price,
Option Delta, rho, and Vega (Sensitivity to initial volatility v,) and their 95% confidence intervals for maturity 7" = 0.25 and interest
rate r = 0.01. Figs. 5(a), 5(b), and 6(b) and describe the sensitivities as the number of trials increase (see Fig. 7).

7. Conclusion

Financial derivatives are very important in modern risk management. Accurate evaluation of these products is subject to the
selected underlying asset price model. In this study we considered a hybrid Heston-CEV model driven by a finite activity Lévy
process. The suggested model offers an asset price prediction model that encompasses two of the most popular asset prices prediction
model the CEV and Heston models and add jumps. We showed empirically and analyzing some statistical properties that the
suggested model has better characteristics in contrast with CEV, Heston, CEV-Heston and Bates models.

Equivalent martingale measures were obtained in order to satisfy the first Fundamental Theorem of Asset Pricing. The price of
the option is determined using Monte Carlo methods for some elasticity values and we realize that the price is higher due to the
added uncertainty from the jump process. Hence, both the price and a confidence interval were provided. Also, we obtained the
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—e— Malliavin —— Abs. Error
Finite Diff 1
0.9/ 0.35
0.301
0.81
0.251
0.71
8
g 0.201
L .
0.61 ././4\.\.//\ ‘.\
0.151
0.51
0.101
0.4
0.051
0.3+ \ \ \ \ \ \ \ \ \
3210 3214 3218 3223 3227 3210 3214 3218 3223 3227
Initial Asset Price, S Initial Asset Price, S

Fig. 7. Comparing Monte Carlo and Malliavin computations of Delta.

Malliavin sensitivities as well as their numerical values. The benefit of this technique is that it is unbiased and it necessitates less
computational time compared to other existing methods. Graphs were provided to illustrate some quantities of interest.

In summary, our model offers a more precise option price in comparison with the Heston or CEV option prices alone. Moreover,
the price sensitivities computed by the Malliavin calculus contribute to enhanced risk management.
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Appendix. Malliavin calculus

We begin by presenting notation as given in Petrou (2008) in a manner that suits our needs:

[0,T] when [/ = 1,2
U=
[0,T]xR when!/=3

dw; when [/ =1,2
Q1 = -
N(,.) when!=3

232



Y. El-Khatib et al. International Review of Economics and Finance 85 (2023) 220-235

With slight abuse of notation we are taking that dQ; = N(.,.). Also we have that,

4(0)) = dA when/=1,2
"7 Ydixdv wheni=3

where d 4 is the Lebesgue measure. Additionally,

Gj .. = {(wlll,..~,uf,”)el'[i"=1Uji 10<t < <1, <T},

where j; =1,2,or 3 fori=1,2,...,n and

)t when/ =1,2
(t;,x) when!=3

Given a deterministic function, g; 1

e / 8y, wd0; (), .., dQ; ) (A1)

J1s-Jn

Theorem 1 (Chaotic Representation Property). Given a random variable F € L*(Fy,P), there exists a unique sequence of {g (N M
L(G;, ;) such that

F=E[Fl+Y Y 3" . (A.2)

n=1 jp,.jy=1.2.3

Furthermore, we have the isometry

[s9)
2 _ 2 Useeendn) 2
IFIR, = ELFP+ Y 3, Il R -

n=1ji,..0jy=0,1

At this point we would like to introduce the directional derivatives with respect to the two dimensional Wiener process and
the Poisson random measure. We will use the notation G;.‘] j presented in Petrou (2008) which is G;.‘I j with the kth element
woeesdn veeodn
deleted. In particular,

k _ J1 Jk=1  Jit1 Jn n .
Gt ={al e e ML U, 0<n <<, < T

Definition 2 (Directional Derivative). Let g;, ; € LZ(GJ-IWJn) and / = 1,2,3. Then

b/

D) 7U1se-esdn)
Du[Jn] "(g; ) =

oo endn) I _
2 Lyt <gjl,---,jn(“"“ )t <r>)~
Jioeeerin=1,23 Ll

.....

Remark 3.

+ The above Definition 2 inspires the definition of a corresponding space of variables, D/ containing all random variables that
are differentiable in the /th direction which is given below. The respective derivative of such random variables is given as D%
for any / = 1,2,3.

+ Moreover, the directional derivatives D' actually represent the following: D) = p"1, D® = p"2 and D® = DN

1. Let D/ be the space of all random variables in L*(£2) that are differentiable in the /th direction, then

o0
D' = {F €LXQ.F=E[FI+Y Y g/ )
n=1ji....jp=123

Z Z Z Lj=n /U ”gjl,m,jn”L2(Gl-lw._jn)d<Ql>(ul> < 00}

n=1 jieenjy=0,1 i=1
2. Let F € D'. Then the derivative in the /th direction is given as

pVF =
u

© n R
(lsenesdioeeendn) ! .
Y X Xyt <gj1.m.jn(“"“ W)HG;I,_,_J“(:)>~

n=0 ji,..jp=123 i=
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Theorem 2 (General Clark-Ocone-Haussman Formula). Let F € DY n D@ A D® Then,

T ) ) T ~
F=E[F]+ / Z E[DVFIF-1aw + / / E[DS)Z)FW,_]N(dt,dz) (A.3)
0 =12 0 JRy ’

Lastly, it is necessary to formally define the adjoint operator for the derivatives given above known as Skorohod integral as given
in Petrou (2008) in definition 3 and proposition 3.

Definition 3 (The Skorohod Integral). Let 5 be the adjoint operator of the directional derivative DY) where I = 1,2,3. The operator
maps L*(2 x U)) to L*(£2). The set of processes h € L>(22 x U;) such that

B / (DDh,d(0))]] < cllFl (A4)
U,

for all F € DY, is the domain of 6/ and is denoted Dom&"). For every h € Domé) we can define the Skorohod integral in the /th
direction 6)(h) for which

E[ / (Dh,d(Q))] = ELF5"(h)] (A.5)
U,
Moreover, given h(u) € L?(U;) and F € L*(2) with chaos expansion (A.2). Then the /th directional Skorohod integral is
sOFh) = / E[F1h(u;)dQ,(ul) (A.6)
U
+ / / / / / S bl
nzzgjl,...,jz,,‘il,z,SkEl Uj, Ujep JU U5 JU;, e Jrendn
XLy <ren,y4Q;, @) ... dQ; (W9)dQ,w)dQ;, (W .. dQ; M) (A7)

if the infinite sum converges in L*(Q)
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1 Introduction

In the quest to enhance option pricing models in order to reproduce the volatility
smile or smirk observed in derivative markets, researchers like Heston (1993)
and some others, came up with stochastic volatility models to cater this styl-
ized fact. Recall that in a stochastic volatility model, the price process under a
risk-neutral measure is assumed to depend not on constant volatility as in the
Black—Scholes model, but on a stochastic volatility described by a second sto-
chastic differential equation driven by a Brownian motion correlated with the
Brownian motion that drives the price process. Later, in order to improve them,
jumps following a compound Poisson process were added to the price process,
as in Bates (1996a, b). Currently, Heston and Bates models (see Heston (1993)
and Bates (1996a) respectively) are standard models regularly used in the finan-
cial industry. Bates model is the Heston model with the addition of jumps in
the price process described by a compound Poisson process with normal ampli-
tudes. In Bates (2000), in order to overcome some inconsistencies of Heston and
Bates models in trying to generate volatility surfaces similar to those observed
in derivative markets, a second factor was added to the volatility equation, mod-
eling separately the long-term and the short-term volatility evolution. This idea
was later developed by several authors, see for example Christoffersen et al.
(2009) and Andersen and Benzoni (2010).

Certainly, most of previous models, have the advantage of having exact semi-
closed pricing formulas, however, they involve numerical integration which is
computationally expensive especially when calibrating models. See the recent
papers Orzechowski (2020), Deng (2020), and Orzechowski (2021) for discus-
sions about the efficiency of different methods to compute approximately these
formulas. The last two papers cover the 2FSVJ model and in fact, Deng (2020)
extends the 2FSVJ model including jumps in the volatility equations.

In general, the need for fast option pricing has driven, during the last years,
the research of closed approximate formulas. A different line in this direction is
the one started by Alos (2012), who derived an exact decomposition of an option
price in terms of volatility and correlation in the case of the Heston model, that
can be well approximated by an easy-to-manage closed approximate formula.
In this approach, the problem is not how to do fast numerical integration in the
price closed formula but to obtain another type of approximate formula based
on a Taylor type decomposition. This point of view is not only interesting since
the computational finance point of view, but also since an intrinsic point of view
that shows the impact of correlation and volatility of volatility in option pricing.

The ideas in Alos (2012) were exploited in Alos et al. (2015) to develop an
alternative method to fast calibration of the Heston model on the basis of a mar-
ket price surface. This approximate formula for the Heston model was improved
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in terms of accuracy in Gulisashvili et al. (2020). Moreover, the same ideas were
extended beyond Heston model in several papers. In Merino and Vives (2015)
the decomposition formula was extended to a general stochastic volatility models
without jumps, in Merino and Vives (2017), stochastic local volatility and spot-
dependent models were considered, and in Merino et al. (2018) the case of Bates
model was treated. Recently, in Merino et al. (2021), similar results for rough
Volterra stochastic volatility models have been obtained.

It is important too to comment on the advantages of this line of research
with alternative methodologies in relation to accuracy and computational effi-
ciency in pricing derivatives. In Alos (2012), results are compared with another
approximate formula developed by E. Benhamou, E. Gobet and M. Miri based
on Malliavin calculus techniques, see Benhamou et al. (2010) and the references
therein. In Alos et al. (2015), accuracy and computational efficiency is compared
with results in Forde et al. (2011) based on a an alternative closed form approxi-
mate formula. In Merino et al. (2018), one of the main references for the present
paper, the accuracy and computational efficiency of the obtained approximate
formula for Bates model is compared with transform pricing methods based on
a semi-closed pricing formula. Concretely, the new formula is compared with
the Fourier transform based pricing formula used in Baustian et al. (2017),
resulting in a three times faster method with similar accuracy. As a summary,
approximate formulas based on the mentioned decomposition formula, beyond
its advantages in terms of computational efficiency, allow to understand the key
terms contributing to the option fair value and to infer parametric approxima-
tions to the implied volatility surface.

In the present paper, in line with the mentioned previous papers, the goal is
to obtain a decomposition formula and a closed approximate option pricing for-
mula for a two-factor Heston—Kou 2FSV] model, as described in Bates (2000)
and Christoffersen et al. (2009). Our study brings some innovations to the exist-
ing and mentioned literature on three fronts. Firstly, we consider a two-factor
model which to the best of our knowledge has not been studied in the context
of the mentioned decomposition formula. Secondly, we get a second-order for-
mula like in the case of Gulisashvili et al. (2020) while most research in this line
obtains first-order formulae only. Lastly, in addition to log-normal jumps, double
exponential jumps as in Kou (2002) and Gulisashvili and Vives (2012) are con-
sidered, and in this sense, this is a generalization of Merino et al. (2018). Our
results are compared with the Fourier integral method obtaining faster results.

The rest of the paper is divided as follows: in Sect. 2 we introduce the model and
outline some key concepts and assumptions. In Sect. 3 the generic decomposition for-
mula is obtained. In Sect. 4 we derive the first and second-order approximate formulae.
Section 5 describes the numerical experiments and results while Sect. 6 outlines the
conclusions of our research.
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2 The model

Assume we have an asset S 1= {S,,7 € [0, T]} described by the SDE

ds
= (r—kddi + ,/Ylg,(pldwl,, /1= p1d317t>

t

N, (N
+ Yz’,<p2dW2’, +/1= pdez,,) +d Y -1
i=1
dy,, = k0, = Y, )dt + v/ Y, ,dW,, 2)
dY,, = k)0, = Y, )dt + v;1/ Y, ,dW,, 3)

under a risk-neutral probability measure, where (B ,),c(0 7 and (W; ) (o 71 are mutu-
ally independent Wiener processes fori = 1, 2. The i.i.d. jumps (Z,),cy have a known
distribution and are independent of the Poisson process N, and the Wiener processes.

In order to compute the decomposition formula we need a version of the vari-
ance processes suitable for our computations. We use an alternative adapted spec-
ification that is suitable for It6 calculus, that is, the expected future average vari-
ance defined as

T

v, ! E,[Y;,]ds fori = 1,2,

Tt

where E, denotes the conditional expectation with respect to the complete natural
filtration generated by the five processes involved in the model.
The following lemma will be useful in the remainder of the paper.

Lemma 1 The process V;, satisfies the differential form
1

Vi = =— (dM;, + (V;, — Y, )dt) fori = 1,2,

where
T
M;, = / E,[Y;)ds fori=1,2
0
is a martingale. In particular,

dM;, = vy ()4 Y, ,dW;, fori=1,2 4
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where

T
Wi(t) = / e KD g = l(l _ e—K,-(T—z)).
t

K;

Proof Integrating (2) and (3) on [, s] and taking conditional expectations yields:

Yi,S = Yi,l + Kl/ (0l - Yl,u)du + Vl / ‘\ / Yi,udWi,u
t t

and
N
E Y] =Y, +x / 0, — E,[Y;,]du.
t
Transforming the second expression via an integrating factor we get the following
differential equation:
d(erS[Et [st]) = k;0;e""ds.
Integrating and multiplying by e~ reveals that
E, [st] =0+ (th - Oi)e_’(i(s_t)'
Integrating the above on [z, 7] yields

T
/ E, Y |ds = 6T — 1)+ Kl(yl.,, —0;)(1—exT), (5

1

Now, from the definition of Vl-,t

T
dv,, = L[Vitdwd/ [Et[Yis]ds]
, T—t » ; ,

where

T
d / E,[Y.]ds = [0, - (Y;, — 0,)e™""]dr + 1 (1-e*T)ay,,
t K;

1

= [0, = (Y, = 6;)e™ "]t

+ _(1 _ e—K'i(T—t)) (Kl(el —_ Yl,l)dt + Vl- Yi,ldWi,l‘>

1

V.
—ic.(T—
= - Y, dt+ K—ll(l — e I0) Y, AW,

Then, the differential form of V;, follows.
In relation with the expression of dM,,, note that using (5) we have
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t
M;, = / Y, ds+ 0T — 1)+ (Y;, — 0,)w;(0)
0

and

dM;, = Y, dt — 0,dt + w,(DdY,;, + (Y;, — 6,)w! (t)dt

Substituting the expression of dY; ,, the differential form of M, ,, (4), follows. O

R

Remark 1 Recall that in the two-factor Black—Scholes model, we transform the dif-
fusion term as follows:

0,dW,; + 0,dW,, = lolldW,

where

and

—~

1
th - w (O-ldWLl + szWZ’t)

Thus, taking the above remark into account and letting X, = In(S,) we have

Nt
dX, = (r — kA — %)_/t)dt +/Y,dW,+d ) Z, (6)
i=1

where

=~ 1 / ra—— / ra—
th = FI: Y],[<p1dW],f + 1 - p]dBl,l> + YZ,t<p2dW2,t + 1 - p2dB2,l>]
Yl‘

and
Yl == Yl,l‘ + stt.

The process 7, has an expected future average variance whose differential form

v, = ﬁ (dM, +(V, - Z)dt)
can easily be derived since it is a linear combination of independent processes. Here,
1 T

Vtzﬁ , E,[Y,]ds
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and

T
M, = /0 E,[Y,]ds.

3 Decomposition formula

Having defined the terms and processes related to the volatility, we recall some nota-
tion according to the Black—Scholes formula. Let B(¢, x, y) be the Black—Scholes
function that gives the acclaimed plain vanilla Black—Scholes option price with vari-
ance y, log price x, and maturity 7

B(t,x,y) = ¢€'N(d,) — e " "DKN(d_)
where N is the standard normal cumulative distribution function and
—In(K) + (r+y/2)(T — 1)

’ W(T =1
d_=d, —\y(T—1).

Recall that EyB(t, x,y) = 0 where Ey is the Black—Scholes operator

2

£y=—r+a,+<r—k/l—§>a +2aj

We begin by obtaining a generic decomposition formula which is instrumental
throughout our discussion. It will be particularly useful in deriving the approximate
versions of the decomposition formula as discussed in the “Appendix”.

Lemma2 Let

t
)?,=X0+/ <r—k,1 >dt+/\/ Aw,
0 2 0

be the continuous part of X,, and let the function
A € C**([0,T] X R x [0, o))
satisfy

0,A(t,x,y) = %(T — (07 — 0)A(1, X, ). ™

Suppose that G, is a continuous semi-martingale adapted to the complete natural
filtration generated by W, , and W, ,. Then, the following generic decomposition for-
mula holds:
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E, [e"(T_’)A(T, %, VT)GT] = AW R, V)G,

T
+F, / eCAGs, X, VS)dGS]
t

2 T
1 .
+->E “6=0G T2A(s, X, V)M, M.
8 ; t[[ e Ky (S K s) [ i z]s
2 T
1 —r(s—t) S 37
+5 Y | [ ¢TGN /Y, ATAG, X, V)W, M),
j— t
T A —
+ Z piE, [ / e~ /Yi,sAA(S’XS’ Vd[W,, G]s]
j: t

T
/ e "SITA(s, X, V)dIM,, G, |,

i=1 t

where A =0T = 0§x —0,.
Proof Refer to Theorem 3.1 in Merino et al. (2018). O

Remark 2 Note that in the Lemma 2 function A is a generic function. Moreover,
condition (7), which is satisfied by the Black—Scholes function, is used only to sim-
plify terms in the decomposition. The proof is based on the Itd6 formula. Therefore,
the methodology used in this paper is completely general. Properties of the Black—
Scholes function and of any concrete stochastic volatility model can be useful to
obtain some simplifications, but the ideas behind the decomposition formula, are
general and can be developed for any stochastic volatility model and any function.

Corollary 1 Assuming that A(t,x,y) = B(t,x,y) and G = 1 in Lemma 2, we have

P(1) = B(1,X,,V,)

2 T
1 e 5 = .
+Z§[E,l /t el ’)FQB(s,XS,Vs)d[Mi,Mi]sl(I.l)

i=1
T o
E, l / e "0 Y, ATB(s, X,, V)d[W,, M,.]Sl (ILi)
t

1
Remark 3 Though this formula can be written similarly to the one derived by Merino
et al. (2018), it is different due to the two driving stochastic volatility terms

2
+

(SRR

i=1

- —
dlW,M], = —(/’1 Y, AW, M,], + p, Y2,td[W2’M2]t>

"

d[M,M], = d[M,,M,], + d[M,,M,],
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Hence, our decomposition formula can be resolved into five terms instead of three
terms.

In Merton (1976) and Merino et al. (2018) the treatment of a jump model prob-
lem is reduced to a treatment of a continuous case problem by conditioning on
the number of jumps. Assuming that we observe k jumps in the time period [z, 7]
we have

Ny
Xp=Xr+ Y Z=X+X, - X, +1L,
i=1

where L, = Z:.;l V4
From now on we will write for simplicity D, := X, + X, — X, for any s > 1.
Note that D, = X,. Define moreover
H(5,D,, V) = E,, |BG.D, + 1, V)

Thus, it follows that we can set

P(t) = E, [e"(T")B(T, X, VT)]

8

NT
= ) pu(AT - D)E, [ TTOB(T, Xy + ) 2, Vo) |NT -N, = k]
i=1

k=0

8

= Y (T = 0)E, | TVF [B(T. Dy + L, V)|
k=0

8

= X AT = 0)E, [ THU(T, D, V)|
k=0

where in general, for any positive 7,

k
—
-,
pk(n) =€ k!’
and then,

- AT =)

pMT =) = e -

is the probability of observing k jumps in [z, 7.

This enables us to deal with our problem in a continuous setting. Following
that, we obtain the decomposition of the 2FSVJ model.

Applying Lemma 2 recursively to A = H, and G = 1 we obtain the following
corollary:
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Corollary 2 The price of the plain vanilla European call option is given as

P(t) = ) p(AT = D)H,(t,X,, V)
k=0

2 o r
+ 2 XY pT = D)E, [/ T DS’V“‘)d[M"’M"]Sl

i=1 k=0
had T
& — —r(s—t) =
+ ; > ;pk(ﬁ(T N)E, [ /t e \/Yi,ATH,(s,D,, V)d[W, Mi]sl
®)

4 Approximate formulae

In the study of decomposition formulas, it has been found that formulas like (8)
are not easy to compute in their present form. But they allow building closed-form
approximation formulas that are computationally tractable.

The idea is to freeze the integrands in formula (8), to compute the difference
between the original and the frozen approximate formulas, and decompose this error
formula in a series of decreasing terms. Adding to the approximate formula terms of
the error formula up to a certain order allows us to obtain good approximations; see
Gulisashvili et al. (2020).

Freezing the integrands of the formula in Corollary 2 gives

P(t) = ) pi(AT = D)H(1,X,, V)

k=0

+

=~

N
IS ||Ml\)
—

ol T
Z Pr(AT — t))Fsz(t,Xt,Vt)[E,lé / d[Mi,Mi]sl
=0 t
had T
o Pi
+ ;0 P(AT — )ATH(1, X, \/,)Et[E /t NOA I ATAR

i=1 k

+e(T—1)

where (T — t) denotes an error term that has to be estimated.
From now on we will denote

1 T
R;, = SE, l/ d[Mi’Mi]sl’
5 8 p
0 T
Ui,t = j[El/ Yl,Sd[Wl’Ml]Sl
t

and
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T
Qi,, = pE l/ Yi,sd[Wi’ Ui]sl’
t

Using this notation, the first naive version of the approximate formula is given by

P(t)= Y p(MT = D)H,(t.X,.V,)
k=0

+ Y AT = )R, + Ry JIPH(1. X, V)R,
k=0

+ 2 pu(UT = D), , + U, JATH(£,X,, V) + e(T = 1)
k=0

Before giving precise approximate formulas, we recall two lemmas:

Lemma 3 (Alos 2012) For any n >0 and 0 <t < T, there exists a constant C(n)
such that

C(n)

(VYT =yt

Lemma4 (Alos et al. 2015) The following relations hold::

AN'TB(t,x,y) <

1
Wz(t) < -
Kl
1.
T
/ E,[Y;,|ds > Y ,w,(0).
t
2.
T 9 2
E,|Y; ]ds> Wl (D).
3. '
v: T
R, =— / E[Y;, Jw?(uwdu.
8 J, M
4.
T
PiVi
Uy==3 | wiwE[Y,]du
t
5.
2.2 T T
PiVi k(=
0= 3 /'EMA</ &>%@&>
t u
6.
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v3 T v2
dR,’J _ ?l </ e—Ki(Z—t)wi(Z)ZdZ> Yi,dei,t - glwiz(t)yi,tdt
t

7.
2 T
piV; o iVi
dUi,t = </ e t)l//i(Z)dZ> Yi,tdWi,; -7 V/i(t)Yi,tdt
8. 2 i
piv; [T '
inJZ : / e—K,-(u—t) / e—lq(z—u)ll/i(z)dz du Yi,dei,t
t u
9.

2.2

% r
_%</ e—;c,-(z—z)wi(z)dz> Y, dt
t

Following Gulisashvili et al. (2020) we derive higher order approximations by
applying the generic decomposition formula in Lemma 2 for appropriate choices of
A(t,X,,V,) and G, as follows. Under this approach, it is necessary to evaluate the
respective error bounds.

Proposition 1 We have the following approximate formula:

P(t)= Y p(MT = 0)H(t.X,. V)
k=0

+ ) PMT = )Ry, + Ry )T H (1. X,. V)
k=0

+ 2\ PeAT = 0)(Uy, + Uy JATH(1,X,, V)
k=0

+ Y (AT = D), , + U, PN T H, (1, X,. V,)
k=0

+ ) (AT = D)Q,, + @, JNTH, (1, X,, V)
k=0

+e(T —1)

where
|€(] _f)| < (_1 /\(7 _t))c(gl,ez,Kl,Kz)VS
r

where C(0,,0,, k|, k,) is a constant that depends only on parameters 0, and k; and
v =max{v, v, }.
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Proof See the “Appendix”.

O

Remark 4 Note that this approximated option price is the Black—Scholes price plus
appropriate correction terms. It is worth mentioning that this formula provides
significant generality within the framework of the 2FSVJ model. Furthermore, it
encompasses and extends the formulas presented in the references cited, namely
Heston (1993), Bates (1996a). Christoffersen et al. (2009), Merino et al. (2018), as
well as some of the results obtained in Gulisashvili et al. (2020), which can be con-
sidered specific instances of our more comprehensive formula.

While the above approximate formula is second-order one, we can obtain the
first-order version as it is given in the following corollary.

Corollary 3 We have the following approximate formula:

where

P(t)= Y pu(MT = D)H,(t.X,. V)
k=0

+ ) PeAT = )Ry, + Ry )T H (1. X,. V)
k=0

+ 2 AT = 0)(Uy, + Up JATH (1, X,, V)
k=0

+e(T —1)

1
6T = D] <G5 A (T = D)C(O,. 03,1, 1)
2 2
X Z{ [vizvj2+vl.2vj|pj|] +|pl~|v?+v
i=1 \_j=1

2
+ 3 [1odv? + Iail 1o lviv|
j=1

4

i

+ |/’i|2V,-2 + |Pi|V,-3}

where C(0,, 0,, k,, k,) is a constant that depends only on 0,,0,,k, k,.

Proof See the “Appendix”.

Remark 5

1. Expanding the scope of the approximate options pricing formula to include other
types of options, such as barrier or American options, presents great potential.
However, it is important to note that the decomposition results are derived from
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the Black—Scholes formula, which is specifically applicable to European options.
Therefore, extending these decomposition formulae to include additional option
types requires extensive investigation and comprehensive studies to establish
a robust framework. Such explorations have the potential to open up new ave-
nues for research and provide valuable insights into the pricing and analysis of a
broader range of option types.

2. Incorporating real-data examples would not only enhance the credibility of the
research but also offer valuable contributions to the field. Nevertheless, there are
numerous challenges that contribute to the difficulty in obtaining real market data
examples for the application of option pricing formulas, such as our decomposi-
tion formula. The challenges include limited availability, market complexity, and
potential deviations from model assumptions, such as risk-neutral assumptions.
It is worth noting that the lack of real-data examples presents an opportunity for
new directions of future research to explore and provide valuable insights into
the practical application and performance of the formula using real market data.

5 Numerical computations

Though our focus is on a class of Heston—Kou like models with two factors, this
model is general enough to cover other jump structures studied in the literature.
Thus, from henceforth we shall assume that jumps are defined by the Compound
Poisson process

;=Y (& -1)

i

I
—_

where Z; is a double exponential random variable whose distribution is given by

Jf) =pne”™ 1,50, + gnpe” " Iycop

where n, > 1, n, > 0, p,q € (0, 1) such that p + g = 1. Assuming that k jumps are
recorded then the convolution of the law of k jumps is

k
* —nu ] 1 j—
= '
¢ o
ren Qk,f’fzm(—”)]_l Lico)
j=1 '

where

k—1 . i—j k—i
n= (50D GRs) e
TN i) AN R m + 1y
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foralll <j<k-—1,and

k—i i—j
_ k—j—1 k n ¢ k=i i
QkJ_;( i=Jj ><i><’71+’12> <’11+’12> .

for all 1 <j < k—1with P, = p* and Oy, = ¢*. See Kou (2002) and Gulisashvili
and Vives (2012).
Consequently,

Hk(ta D;a Vt)
=, [B(t, D, +L,, V,)]

= / B(t,D, + u, V,)f*®(u)du

[S.o]
(S8

= / B(t,D, +u, V)

—o0

i 1, (—u )"
(ZPkJ(]_ 1)' m Il{u>0 Zka/ . ]l{u<0}>d1/l

Then, we want to compute

' pu(A(T = D)H,(t. D, V).

k=1
And this is equal to
/ B(t, D, + u, V)K(u)du 9)

where

o |

K(u) = 2 G- 1)'(;1’au’ le~ " 50) +;1’ﬂ( uy~ le’hy]l{ <))

j=1

with
0= Y P (AT = 1)
k=i

and

B = Z Qp;px (AT = 1).

k=j
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To compute the integral (9) we truncate it at +30.5. Additionally, we consider that
there are a total of 150 jumps. We are assured that the approximation converges well
since several terms converge to zero very fast.

Besides the double-exponential jumps, we also consider the case where (Z;) are
1.1.d. normal random variables with mean y; and standard deviation ¢;. In this case,

see Merino et al. (2018),

where the modified risk-free rate r* = r — A(e’ 5 D+k

Table 1 Model parameters

2
— — o
J
Hk(t, Dt’ Vl) = B [, Dl’ Vt + kﬂ
2 o2
/'{J+71 .
a1 used.
Sy, = 100.0 Yip= 0.1625 Y0 = 0.08683 m=9 wu,=-240
K =100 k; = 1.967 Kk, = 8.451 p=05 o;,=.318
r=20.01 0, =0.17819 0, =0.05267025 n, =5
A=0.079 v, =0.245 v, = 0.205 q=0.5
p; =-0.865 p, =-0.997
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Fig. 1 Pricing error against strike price under double exponential jumps
1st order Rel. Abs. Error 2nd order Rel. Abs. Error
x1073 x1073
25.0 \\ -4- DEC 1% 14 #* 24 T
DEC 2" ! N
2251\ ; 12 / 22 N
\ —e— Fourier i 2.0 N
1 B \.
° 20.0 \\ 1.0 /I *
2 175 N ! 1.8 \.\
= ] 1 ",
& . e T T \
P AN 081 == N / 1.6 S
£15.0 \ \ ! \
5 A 0.6 \ ! 14 N
12.5 N \ ! o
\ /
~ \ / 1.2 <
10.0 S 0.4 S N Pt
~ N 1.0 S —
A N e
7.5 ~a 0.2 \x 08 g
80 90 100 110 120 80 90 100 110 120 80 90 100 110 120

Strike Price, K

Strike Price, K

Fig. 2 Option pricing error against strike price under log-normal jumps
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1st order Rel. Abs. Error

2nd order Rel. Abs. Error
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Fig. 3 Pricing error against underlying price under double exponential jumps
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Fig.4 Option pricing error against underlying price under log-normal jumps

x10-2 2nd order Abs. Error
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Fig.5 Second order pricing error against strike price for various maturities under log-normal jumps

The parameters used in our computations are obtained from Pacati et al. (2018)

who consider a similar model with log-normal jumps. Unless otherwise stated, the
parameters used are given in Table 1.
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x10-2 2nd order Abs. Error
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Fig. 6 Second order pricing error against strike price for various maturities under double exponential

jumps

Comparing the first-order and the second-order decomposition methods to the
Fourier integral method based on Gil-Pelaez (1951) and we find that the decompo-
sition methods perform very well in relation to the Fourier integral method under
both the log-normal and double exponential jumps. See Figs. 1, 2, 3 and 4. Take
note that the error is so small that the three option price plots for the Fourier integral
(green), the first-order decomposition (blue), and the second-order decomposition
(orange) cannot be distinguished by the naked eye. The first-order approximation
indicates that the method performs well under out-of-the-money conditions. Moreo-
ver, we analyze the impact of time to maturity on the method performance in Figs. 5
and 6. Finally, in Figs. 7 and 8 we show the impact of the vol-of-vol in the pricing
error for different strike prices and different jump regimes. Generally, our method
behaves well for short-dated options. In addition, we find that the method is faster
and more accurate for log-normal jumps as compared to double exponential jumps.

Additionally, to investigate the computational performance of our method we
computed option prices for five different strikes and measured the average time
taken. This experiment was repeated 1000 times and the results in Table 2 show

le-3 K =90 1e-3 K =100 le-3 K=110
1.6 ’,x 1.26 4
1.28 2 /
1.25 //
1.5 > /
o 1.26 I/ /
E Y 1.241 J
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[ < S
. k
1.20 T 121 e s
124 - . X
< o= T emef
T T T T 1.18 T T T T T T T -
0.5 1.0 1.5 2.0 0.5 1.0 1.5 2.0 0.5 1.0 1.5 2.0

Vol of vol le-1

Vol of vol

le-1 Vol of vol

Fig. 7 Pricing error against Vol. of vol. v, for S, = 100 under Double Exponential jumps
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1le—3 K =90 le-3 K =100 le—4 K=110
1.20
x| 7.70 ’
L7 118 i
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1.16 e /
g 16 / 7.60 |
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= < /! 7.55 1 7
E, 1.5 1.12 /)‘ /
% “ x 7.501 % /
2 1.10 N /
1.4 Wl 7.45 S A
< 1.08 = N g
-~ N /
P 7.40 -
1.3 1064 N e
- ~ a0
T T T T ol T T T T 7354 T 'v T T
0.5 1.0 1.5 2.0 0.5 1.0 1.5 2.0 0.5 1.0 1.5 2.0
Vol of vol le—-1 Vol of vol le-1 Vol of vol le-1

Fig. 8 Pricing error against Vol. of vol. v, for S, = 100 under Log-Normal jumps

Table2 Computational speed

Log- 1j Doubl .J
comparison in seconds og-norma jumps oubTe eXp. Jumps
Fourier time 0.195 0.156
Decomp time 0.152 27.623

that the decomposition is at least 20% faster than the Fourier integral method
under log-normal jumps.

6 Conclusion

This paper investigates the valuation of European options under an enhanced model for
the underlying asset prices. We consider a two-factor stochastic volatility jump (2FSVIJ)
model that includes stochastic volatility and jumps. A decomposition formula for the
option price and first-order and second-order approximate formulae via It6 calculus
techniques are obtained. Moreover, several numerical computations and illustrations
are carried out, and they suggest that our method under double exponential and log-
normal jumps offers computational gains. The results of this paper generalize the exist-
ing work in the literature in relation to the decomposition formula and its applications.
As in the other cases cited in the introduction, the given approximate pricing formula is
fast to compute and accurate enough.

Appendix 1: First order approximation

We consider the formula in Corollary 2:
P() =Y p(AT - t))(Hk(t, X, V)+ L1 +12+11+ 11.2)
k=0

and apply the generic formula in Lemma 2 for appropriate choices of A and G.
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Term Li

Consider

T
Li= %[Et l/ eI Hy(s, Dy, Vs)d[MiaMi]sl'
t
Let A = I?H, and G, = R;,. Then we have

Li=T?Hy(t,X,, V)R,

2 - T
1 —r(s— 7
+§ZE, [ e"0OR, T*H,(s, D, Vs)d[A/Ij,Z\/Ij]sl

i [T ly
4 Z _][Ez / e TG~ I)R AF3Hk(S D, v )d[ j]sl
t

+

Term ILi

Consider

T
Ili= %E, [ / e,/ Y, , ATH(s, D, Vs)d[Wl-,Ml.]Sl )
t

Let A = AT'H, and G, = U;,. Then we have

ILi = ATH(1,X,, V)U,,

2 - T
1 —r(s— —
+ g Z [Ez /t e (s—1) Ul.’SAI_GHk(S, Ds’ Vb)d[M/’%]Al

=1
2 ) r

" Z EJ[Et / —r(s— t)U A/Y, A2F2Hk(s Dy, % Hd[W; j]s]

J=1 !
+pl l/ —r(s 1) / A21"Hk(s DY,V )d[ l

1 T —
+ E[E; l/ —r(s Z)AFZHk(S D,V )d[M:, U] l

t
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We look now at the error of approximating each term /.i and /1.i.

Error of Term Li

Letbea, = \/V,(T — 1) fori = 1,2and @, = \/ V(T — 1). It is clear that

max(a,,, a,,) < a,. (10)

This fact will come in handy for the calculations below.
We have

|Li — T2H,(t,X,, V)R,,|

2 T
1 —r(s— 17
§Z[Etl [ e ’)Ri,serHk(s,Ds,Vs)ld[Mj,Mj]sl

j=1
2 1ol g -
+ Z - E l / e "R, 1Y, |AT°H, (s, Dy, vs)|d[Wj,Mj]s]

j=1 f

T
+ |p;|E, l/ e Yi,slArsz(S’ Dy, Vs)ld[WiaRi]sl
1
T
1 —r(s—1) |13 -
+3E| [ eI HGs DL V)l Ry
t
and
|Li — T2H(t,X,, V)R, |

2
1 —r(s—
<z Z l / G=OR, 1(0® — 30 +30* — 0T H,(s,D,, V )|d[Mi,Mj]sl

)l _
+ Z Tj[Et l [ e R, A/ Y107 = 20F + 0T H, (s, D,, vs)|d[Wj,Mj]Sl
Jj=1

+ |pilE, [/ e[V, 102 — 0HTH, (s, D, V)|d[W, ]

1 —r(s—
+5[E, [/t 6010 — 207 + 0HTH, (s, DS,V)|d[Ml,R]l
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Hence, we have

|Li — T2H(t,X,, V)R,,|

2 T
L Z[Et [/ =022 (S)als< C N 3_C + 3_C + E)d[i\/lj,l\/lj]s]
a @ @ a

~6a

|p 2, C
1p;l / DY, VYA, —+ d[W;, M;],
as as
T
, %Et [ [e(S __g)v;w;@azsds]
t a as

J=1

N

T
| wnfC 20 C
+ 1—6[Et [/ e ( t)(—_S + —y + _—3)\/141/113(5')6112’5]
! as as as

i — T2H(t,X,, V)R,,|

and

8
C T 1 2 1
+ —E, T b S 4 = iy
16 / c\FtatE )i

which simplifies to

|Li — T2Hy(t,X,, V)R, |

2 Cviy? T 1
y ~r(s=1) 1,3,3
< o E, [/l 78 (S)I/IJ(S)< > + a + 1>ds
2 2
Cvovip|
+y L7 [Et ey (s) 1 ds

J=1

V-3|Pi| T
+CIT[EI / e EL wi(s)ds | .
1t

Applying Lemma 4 again we find that
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wis)  wis) g
< <
2 2 0.x.

and using the fact that

d 1
/ e Mdu < = AN(T —-1)
; r
it follows that

|Li = T?H(t,X,, V)R,,| < C(0,,0,,K,, KZ)G A(T - t))

2 2
2.2 2 3 4
{ ViV +Zvivj|pj|+vi|pi|+vl. }
j=1 j=1

where C(0,, 0,, k|, k,) is a constant that depends only on 8,, 0,, k|, k.

Error of Term ILi

‘We have

|ILi — ATH,(t,X,, V)U,,|
2

T
SE, l / e, |AT*Hy (s, D,, vs)|d[Mj,Mj]sl
=1 U

<

o0 | —

2
;] T —
+ Z TJ[E, [ / e TU, )Y |NT2H (s, Dy, V) d[W,,
=1 !

T
+ |p|E, [ / e Y, INTH (s, Dy, V) dIW,, U,-]sl
t
T

+ %[Et l/ e"r(s_’) |AF2Hk(S, Dsa V;)ld[Mz’ Ui]sl

t

and

|
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ILi = ATH,(1,X,, V)U,,|

2 T
5% E, [ / e”"STU, (02 = 207 + 0)TH, (s, D, vs)|d[Mj,Mj]sl
j=1 !
2 ijl T —
+ ) —E, l / e U, A Y19 = O)TH, (s, Dy, Vs)ld[vvj,%]sl
j=1
T —
+ |p,|E, l / e Y, |0°TH, (s, Dy, V)|d[W, Ui]sl
t
1 g —
+ E[Et l / e”"5(92 — 02T H, (s, Dy, V)|dIM,, U,.]Sl.
t
Then,

|Ill - Aer(t, Xta V[)Ui,tl
2

1 T 1 T
Sg FZI E, [/t e_r(s_’)z <[E/S p,-V,-ll/l-(u)Y,-,udu)
0% =20 + 3T H, (s, D,, V,)|dIM,, Mj]s]
2, 1ol Tl [T

+ ; B[] 3E] (Pviw (W)Y, du) 1Y,

@2 = ODTH, (s, Dy, V)ldIW,, M
g — pV? r
+ |p,IE, / o7 Yi’x|a§l—‘Hk(S, D, V)| Tl </ €_K"(”‘-‘)l//i(u)du>ds
t N

1 d — v r
+ =E e"6D)(@? — 0HTH, (s, D, V)| —= w,(s) ey (u)du | Y, ds
2 t X X k s K 2 i i is
4 s

and
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|ILi — ATH,(t,X,, V)U,,|

2 T
1 s c,2_¢
S1—6 Z |pilvi[Et [[ e t)wi(s)a?,s(a—_é + Y + = d[jwj,jwj]s]

a as
2
lp; Iplllv T y (€ .C

Z ] l/ " Z)W’(S)azs is\ =5+ = AW Myl

=1 t dy dy
|ﬂi|2V-2 !

n 5 i E, / e~ [)l// (s)Y, s_£3ds
t a,

lp.|v3 T cC C
[ARS —r(s 1) —
t a as

and hence we have

|I1.i — ATH(t,X,, V)U,,|

C : E, ! —r(s—1) 1 2 1 2 2 d
= 2 v, ey 5+ S+ 5 Jvivs)aids
j=1 as a as

N

lo;l1p;lv; ! 1
. [ A —r(s 1) . 2
C Z — E, /t w;(s) a3 a? vjaj’sds

]:1 S
|2 2

lpil~v; !
+C 5 i [Et l/ —r(s— t)wl(s) ds
t

S

oIV} !
C—E, / Ty (s) ds
t s s

ILi — ATH,(t,X,, V)U,,|

C r 12 2
2 —r(s—1)
$1—62|Pi|vivj[E,l/t et zwl.(s)q/j(s)<a— +5—+1>dsl

S N

2
lp;l1p;|v;v; T _
B[ ()

lpil=v; !
PP [ oy
t S
lpilv; ! 12
+C— l [Etl/ e "0y (S)( _l>dsl-
t ag a

Q
Q||>—t

and

Lastly,
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|ILi — ATH,(t,X,, V)U,,|

2 2
1
< €0, 00, k1,5 (- A (T =1) { N 1oivi? + X Ioillplviv; + 1PV + oilv] }
j=1

J=1

Appendix 2: Second order approximation

The terms

p; T —
1i3j=>F, [ / e, [V N TP Hi (s, Dy, vs)d[W,-,%]sl
t

and

T
11.i4 = p;E, [ / e\ Y, N’TH,(s, D, V)d[W, U,.]sl
t

are of order 2 and need to be expanded further to obtain a higher order of precision.
Following similarly as before we find that:

Ii4 = N’TH,(1,X,, V)0,

2 T
1 —r(s— EV4
+3 D, l / e, A’ T3H, (s, D,, Vs)d[Mj,Z\/Ij]sl
j=1 4
| < d —
+3 2 piE, [ / e 00 A/ Y AT H (s, Dy, Vs)d[Wj,]\/Ij]Sl
j=1 !

T
+ p,E, l / e”"004 Y, N’TH,(s,D,, V)d[W, Q,.]Sl
t

T
+ %IE, l/ e—r(s—t)Azl—‘ZHk(s’ Ds’ Vs)d[Ml., Qi]sl .
t

The fact that Q; , has a term vl.z, dM;, a term v; and dQ;, a term vl.3 guarantees that
[I1i4 — N°TH (1, X,, V,)O,,|

is of order v? where v := max{v,,v,}.
On the other hand,
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11.i3,j = NT*H(t,X,, V)U,,U,,

12 l / ey, U, A2F4Hk(s,DS,Vs)d[Ml,Ml]sl

T
p,E [ / e T f>U,sU]s,/ AT H (s, DS,V)d[Wl,Ml]l
=1

T
p,[E, l / e Y, NT?H (s, D,, V,)d[W,, U,.Uj]sl
t

2 T
Z [Et l/ e_r(s_t)AzrsHk(s, DS? Vs‘)d[Ml’ Ul[]j]Yl °
=1 !

oo

Ll
2

+

1M

L1
2

Note that from the independence of W, and W,, d[M;, U;U;]; is equal to U, (d[M,, U, ];
if / = 1and equal to U, (d[M,, U, ] if | = 2 and similarly for d[W;, U;U,];.

As before, here U, has a coefficient v;, dU; coefficient vl.z, and dM; a coefficient

v.. Therefore, all terms are of order v? where v := max{v,, v,}.
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Abstract

Let the log returns of an asset X; = log(S;) be defined on a risk neutral filtered probability
space (Q, F, (Ft)tefo,]; P) for some 0 < T" < co. Assume that Xy is a stochastic volatility jump-
diffusion model with infinite activity jumps. In this paper, we obtain an Alds-type decomposition
of the plain vanilla option price under a jump-diffusion model with stochastic volatility and infinite
activity jumps via two approaches. Firstly,... we obtain a closed-form approximate option price
formula. The obtained formula is compared with some previous results available in the literature. In
the infinite activity but finite variation case jumps of absolute size smaller than a given threshold
are approximated by their mean while larger jumps are modelled by a suitable compound Poisson
process. A general decomposition is derived as well as a corresponding approximate version. Lastly,
numerical approximations of option prices for some examples of Tempered Stable jump processes
are obtained. In particular, for the Variance Gamma one, where the approximate price performs well

at the money.
Keywords: Lévy processes, Stochastic volatility, Option Price Decomposition, Tempered Stable,

Variance Gamma

AMS Codes: 68Q25, 68R10, 68U05

1 Introduction

It is well-known that stochastic volatility jump-diffusion models, under a risk-neutral measure, are
useful to reasonably describe the plain vanilla option price surface observed in derivative markets. See
for example Gatheral (2011) for general information about stochastic volatility models with and without

jumps, and for its utility in market modeling.
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The most famous stochastic volatility jump-diffusion model is Bates model, see Bates (1996), that
adds finite activity jumps to the price in the celebrated Heston model, see Heston (1993). This class of
models can be widely enlarged if we consider not only finite activity jumps but infinite activity ones,
considering for the jump part, a pure jump Lévy process. In this sense, this paper has to be considered an
extension of Merino et al. (2018) and a different treatment of the problem considered in Jafari and Vives
(2013) (see also the survey Vives (2016)).

In modelling prices with jumps two main approaches are considered in the literature. One is to
consider jumps diffusion models, like the Bates model, where the price is essentially modelled by a
diffusion process and punctuated by jumps at random intervals that represent rare events like crashes.
Alternatively, we have the so-called infinite activity models, that describe prices by pure jump Lévy
processes with an infinite number of jumps on every interval. The fact that price processes are observed
on a discrete grid makes it impossible to discard any of these two options and therefore, to choose
between the two options is a question of modeling convenience. See Cont and Tankov (2003), Chapter
4, for a detailed explanation of these ideas.

Results given in Asmussen and Rosiniski (2001) show that under weak hypotheses, infinite activity
models can be well approximated by jump-diffusion models, approximating small jumps by a Brownian
motion. This seems to reinforce the jump-diffusion modelling option. But the results given in Asmussen
and Rosinski (2001) are not completely general. For instance, in the case of tempered stable models of
a low stability index (near zero) the approximation is not good enough. See Cont and Tankov (2003),
Chapter 4, for more details. This fact implies that to obtain formulas for approximate pricing under
Lévy models with infinite activity but finite variation jumps is interesting, because these models cannot
be approximated, or are poorly approximated, by jump-diffusion models. This justifies the utility of the
extension of Merino et al. (2018) to infinite activity but finite variation Lévy models.

In Alos (2006), a decomposition of the vanilla call option price formula in the Heston model is
obtained using Malliavin calculus techniques, extending the well-known Hull and White formula of
option pricing under uncorrelated stochastic volatility models. Recall that the Hull and White price
formula for a call option with strike price K, time to maturity 7" and under a market of fixed interest rate

r is given by

P(t) = Ey[B(t, X¢, Y1)] (1.1)

where X denotes the log-price process, Y the variance process and Y; the average of future variances

defined as



7
Yi=— [ v 1.2
! T—t/t N (1.2)

and function B is given by

B(t,z,y) = ¢*®(dy) — Ke "M Dd(d—) (1.3)

with

x—logK +r(T —1t) y(T —t)
y(T —t) 2 ’

where @ is the cumulative probability function of the standard normal law. Recall that E; stands for the

dy = (1.4)

conditional expectation with respect to a given filtration at time .

The so-called Alés formula in Alos (2006), based on Malliavin calculus, was extended in Jafari and
Vives (2013) to jump-diffusion models with infinite activity jumps, both in the price and in the volatility.
See also the survey Vives (2016).

In Alos (2012), a similar decomposition is obtained, but from a point of view different from the Hull
and White one. In this case, the first term is written in terms of the adapted projection of the average of
the future variances and, because of the fact that only non-anticipating processes are involved, only It6
calculus techniques are required.

For a log-price process given by

1 st t N
Xi=x+rt— 5/ Y.ds —I—/ VYs(pdWs + /1 — p?Wy), (1.5)
0 0

with W and W two independent Brownian motions, the formula is

P(t) = B(t, Xy, V) (1.6)

T
b B[ [ 0@ - 0.2 (s, X, V(M M)
t

T
+ L& /t e D@2 — 0,)0: B(s, X, Va)d[M, W]
where p is the correlation parameter, W is the Brownian motion driving the variance process,

_ 1 T
Vi=ElYi) = 7 [ Edv.Jds (1.7)

and M is the martingale



T
Mt = / Et(}/s)ds
0

Recall that [+, -]; stands for the quadratic covariation and 0, is the partial derivative with respect to the
second variable of B. For convenience, from now on, for any function F’ differentiable enough, we will
write AF := 0, F and I'F' := (Oy; — 0,)F. Moreover, in relation with function B defined above we
recall that

co(d)  KeT0g(d.)

PR = T = T AT

Formula (1.6) has been extended in different directions during recent years, but in particular, in

Merino et al. (2018), it has been extended to stochastic volatility models with finite activity jumps, like
for example, the Bates model. Recently, on the line opened by Alos (2012), a theoretical formula for the
fractional Heston model with infinite activity jumps has been given in Lagunas-Merino and Ortiz-Latorre
(2020). In Arai (2021) and Arai (2022), a detailed analysis of pricing under the Barndorff-Nielsen and
Shephard (BNS) model is studied. Also, in El-Khatib et al. (2024) a two-factor model with double
exponential jumps is considered.

The present paper aims to extend the results in Merino et al. (2018) to infinite activity jumps, follow-
ing the treatment in Alos (2012). Jafari and Vives (2013) and Vives (2016) analysed a similar problem
under the point of view of Alos (2006) based on Malliavin-Skorohod calculus. Concretely, we have two
purposes: to obtain a general decomposition formula and a useful approximating formula for the call
option price.

The paper is structured as follows: Section 2 presents our stochastic volatility Lévy model with in-
finite activity but finite variation jumps. The main contribution lies in Section 3, where an approximate
decomposition formula for the option price within our model is derived. This formula replaces the in-
finite activity Lévy process with a compound Poisson process and a suitable approximation for small
jumps. In Section 4, we conduct numerical simulations to assess the performance of the approximate de-
composition. The results indicate favourable performance at the money and less favourable performance
out of the money. Finally, in Section 5, we conclude the paper by offering remarks on future directions

for research.



2 The Model

Let {X;,t € [0,T]} be the log price process defined on a filtered probability space (€2, F,F,P)

where P is a market chosen risk-neutral probability. X} is defined as:

1 t ot
X, =47t — §/ sts—{—/ VY.dZs + T, 2.8)
0 0

where Z; = pW; + m W,, with W and W two independent Brownian motions, and J is an infinite
activity pure jump Lévy process with Lévy triplet (v, 0, ) independent of W and W. The variance
process Y is assumed to be a square-integrable stochastic process adapted to the completed natural
filtration generated by W and J.

We assume that our probability space is the product of the canonical spaces of W, W and .J such that
Q=0 x W x 0/,
F=FVxFV x F/,
Fo=FVxFV x F/,

P:PWxPWxP(].

Hence, the filtration F = (ft)te[o,T} is assumed to be the completed natural filtration generated by

W, W and J. Due to the well-known Lévy-Itd decomposition, we can write

Jy = 70t+/ / N(ds,dy) +hm/ / N (ds, dy)
y\>1 el0 <|y|<1

where N is the Poisson measure, v is the Lévy measure and N (ds,dy) = N (ds, dy) — v(dy)ds is the
compensated Poisson measure. The limit is a.s. and uniformly convergent on compacts.

Consider the following constants for ¢ > 0, provided they exist

o0 yk
C; = g/R ?V(dy)

Note that,

co= [ e'v(dy), c1= [ (Y —1)v(dy), and co= [ (Y —1—y)v(dy).
R R R

In order for e "*eX* to be a martingale, we require that f| y>1 eYv(dy) < oo and

Yo = — /R(ey — 1=yl =1)v(dy),



see Cont and Tankov (2003), Section 3.9. This ensures that » has moments of any order £ > 2 and it

follows that .J; can be written as

t o
Jy :/0 /RyN(ds,dy) — cat. (2.9)

Therefore, without loss of generality, our model can be written as

1 st t t _
Xe=x+(r—c)t— 5/ Y.ds + / VY. dZ, +/ / yN (ds, dy). (2.10)
0 0 0 JR

For convenience, sometimes we will write X; = X¢ + X{ where

1 gt ¢
X7 :zm—l—(r—cz)t—i/ sts—l-/ VYsdZ
0 0

and

¢ 5
X¢ ::/ /yN(ds,dy).
0o JrR

Further, if we assume that [ |y|v(dy) < oo, in other words, if v has first-order moment, the process
has infinite activity but finite variation and c; is finite. Naturally, we can express co in terms of ¢; as

c2 = ¢1 — Jgryv(dy) and then,

t B t
/ / yN (ds,dy) — cot = / / yN (ds,dy) — cit.
0 JR 0 JR

Therefore, it follows that .J; can be written as
t
Ji :/ /yN(ds,dy) — cit. (2.11)
0o JR
and our model can be written as
1 [t ¢ ¢
Xe=z+(r—c)t— 5/ Y.ds +/ VY. dZ, +/ / yN(ds, dy). (2.12)
0 0 0 JR

The following results will be useful in the remaining of the paper.

22
Denote by ¢ the standard Gaussian kernel ¢(z) = ﬁ(f?. Consider the orthonormal Hermite

polynomials defined by
H,(x):= (_1)716%\/271'(;5(71)(1‘) n>0
n . m ,n = U
Recall that



(5] 1)kgn—2k
- X:: n—2k: k!(n — 2k)12F @13
and
= k
n(x+y) = Z Hk(y). (2.14)

We have the following lemma.

Lemma 2.1. Let X be a normal random variable with mean ji and variance 0. We have

3]
E(H, (X)) = Y. (o - 1.

=0 (n - 2])'2jj

Proof: Note first of all the we can write X = 1 4+ Y where Y is a centered normal random variable

with variance o2. It is well-known that if n is odd we have E(Y") = 0 and if n = 2p we have

2p)!
E(Y2p) — ( 'p) O_2p'
pl2p

Then, from formula (2.14) we have

E(Hn(X)) = E(Hu(n+Y)) Z s E(Hn(Y). (2.15)

From (2.13) we have

E(Hn(Y)) = z_: (m — 2k)12F

Note that if m is odd, all powers m — 2k are odd and then E(H,,,(Y")) vanishes.

On the contrary, if m = 2p we have



m
F
g
F<
=
I

k‘ 0
k(2p — 2k)lo?P 2k
k:' k)120—k(2p — 2k)12F

k:E Y2p Zk)
|
V( k' (2p — 2k)12F

IcO

( 1 k 2p 2k
— 1/ |
N k'p k)12p

kO
— V () k 2p 2k
l
2pp k=0
(0 - 1P
2pp'

Applying this to (2.15) we finish the proof.
We are interested in estimate A"I'BS(¢, X;—, V;). Note that from the definition of Hermite polyno-

mials we have

Ke—r(T—t)
Vy(T' —1)

o—r(Tt)
- Ky(T—t)(—l)"mqb(d(t»xvy))H"(d(t’x’y))'

On other hand, note that, conditionally we know all the trajectory of variance process V and jump

A'TBS(t,z,y) = o™ (d_(t,z,y))

process J, that is, conditionally to the o—algebra G; := F; V ]—"}/V */ we have that d_ (t, Xy, V;)is a

normal random variable with a certain mean that we call 1§ and variance

(1-— pz)X/}(Tl—t) /Otsts.

Then, it is possible to compute E[A"T'BS(¢, X;—, V;)|G¢].

Lemma 2.2. For any n > 0 we have the estimate

Cr

(Vy(T =)+t
where C., is a generic constant that depends only on n.

[A"TBS(t, z,y)| <

Proof: See Alos (2012).

3 Decomposition Formula

Recall the call option price under the classical Black-Scholes model is given by B(t, Xy, Y;) where

B is the function in (1.3)-(1.4). Recall also the Black-Scholes operator



L, =0+ %yag (- %)83; —y (3.16)

which satisfies £, B(t, z,y) = 0.
The goal of this section is to extend formula (1.6) to process X given in (2.10).

In relation to martingale M recall we have

T t
Mt:/ Et[Ys]ds:/ Yds + (T — t)Vi. (3.17)
0 0

and then,

1
av; = ﬁ(th + (Vi = Yy)dt). (3.13)

Recall also that V' is a process with continuous trajectories.

Let us denote

AIF(SyX&‘/s) = F(S7XS +xa‘/s) - F(SaXSa‘/S)v

Al'xF(S’XS?‘/S) = F(SvXS +x7V9) - F(S7X87V;) - xa$F(saX57‘/:97)

and

AF(s,Xs,Vs) = F(s,Xs+ 2, Vs) — F(s, X5, V) — (¥ — 1)0, F (s, X5, V5).
We have the following general decomposition formula:

Theorem 3.1. Let F' € C1°*2([0, T] x R x R), Gy a continuous and square integrable stochastic process
adapted to the filtration generated by W and J. Assume F' satisfies

L,F(t,z,y) =0

and

T—1t
8yF(ta$,?/) = TFF(t,ﬂ?,y)

Then, we have the following decomposition:



E, {e”"(T’t)F(T, Xr, VT)GT} (3.19)
= F(t, X, V})Gy

T
+ E / e (s, X, V,)dG
t

T
+ gEt / ="~ YDA F (s, Xs_, Vo) Ged [W, M],
t

T
+ éEt/ e TETOT2R(s, Xy, Vi) Gad [M, M,
t

T
£ B[ T VYA (s X VWG,
t
1 T
+ CE / eI F(s, X, , Vi)d[M, Gl
t
T
+ E /e_r(s_t)AF(s,Xs,,%)Gsu(dw)ds. (3.20)
t R

Proof: See Appendix A.

For the particular case of the Black-Scholes function B(t, x,y) we have the following result
Corollary 3.1.
P(t) = B(t,X;,V) (3.21)
1 T
+ gE [T (s, X VA M),
t
T
+ fEt / e "IN B(s, Xy, Vi)V Yod[W, M],
+ Et/ / “r—OAB(s, X, Vo) (da)ds.
Proof: The result follows from (3.19), choosing F'(s, x,y) = B(s,z,y) and G = 1.
Remark 3.1.
1. Formula (3.21) is the extension to the jump case of the pricing formula in Alos (2012).

2. Formula (3.21) is the adapted version of formula 3 in page 13 of Vives (2016).

3. Inthe case V is constant, the so-called exponential Lévy case, we have

P(t) = B(t, X;, Vi) —|—Et// “r=OAB(s, X,_, Vo) (da)ds.

4. In the case of v is the Lévy measure associated to a Poisson compound process with normal jumps,
formula (3.21) is a version of the formula in Merino et al. (2018) for Bates model.

5. Changing v(dx)ds by v(ds,dz) for a certain measure v on [0,T] x R under suitable conditions

we can extend formula (3.21) to the additive case.

10



4 Decomposition formula by approximating the Lévy process

Though the results obtained in the above section are interesting, obtaining a computationally conve-
nient version of (3.21) is not easy. Thus, in this section an alternative derivation that involves approxi-
mating the Lévy model by a compound Poisson process is formulated.

Following Cont and Tankov (2003) and Asmussen and Rosifiski (2001) we can obtain a reasonable
approximation of J in three different ways depending on our error tolerance and the underlying char-
acteristics of the Lévy distribution. Firstly, one could ignore all jumps smaller than a given threshold
€ > 0. However, that would introduce a large error which we would like to control. Secondly, one could
replace the jumps of absolute size smaller than € > 0 by their expectation. Lastly, for a particular class
of Levy processes, a scaled Wiener process is added for extra precision. Please refer to Asmussen and
Rosiniski (2001) for a complete discussion of the topic. Precisely, in the finite variation case, the process

in equation (2.11) is approximated by:

t
T () = /0 /R YLy e N (ds, dy) — K()t. 4.22)

where
K@) = [ (e =1=yLyuldy) @23)

and

t
//y1|y\>€N(d57dy)
0 JR

is a compound Poisson process with Lévy measure v°(dy) = 1,-.v(dy), jump intensity \* = [5 v°(dy),

and jump size distribution Q°(y) = %. Further scrutiny of the term K (¢), it shows that it is equal to

K(e) =c1 —mf(e)

where m(e) = [, <. yv(dy).

Note that we have

¢ 5
R; = J,— J; :/0 /Ryll‘mSaN(ds,dy).

Then,

(R = [ [ svldiyis = ooy

where

11



Define

1t t
Xf:x+rt—§/ Y;ds—k/ VYsdZs + J. (4.24)
0 0
Upon employing these approximations a question arises: what impact will these approximations have
on the computation of option prices? Cont and Tankov (2003) quantify the error as follows:

Lemma 4.3. Let f(x) be a real valued differentiable function such that | f'(x)| < C for some constant
C and suppose the Lévy process (2.8) is approximated by (4.24). Then

[E[f(X0)] — ELf(X7)]| < Co(e)VT. (4.25)

Under the Lévy approximation (4.22) our model (2.12) takes the form

1 t t nt
Xf:x+(r—K(5))t—§/ Y3d8+/ \/stZS—FZzi (4.26)
0 0 i=1
where L, = >, z; is a compound Poisson process with intensity A* and jump size distribution Q°. In

this context, let the Black-Scholes operator be

Ly =0+ %y@% +(r—K(e) - %)az -r (4.27)

Consequently, we are then able to obtain a general version of the generic decomposition formula

derived by Merino et al. (2018).

4.1 Decomposition Formula

Assume X°¢ is defined as in (4.26). For the variance, assume the equation of the Heston model, that

18,
dY; = k(0 — Yy)dt + £/ Y,dW;
where «, 6 and ¢ are positive constants.
Theorem 4.2. Let X§ := X — Ly, be the continuous part of the return process X¢ given in (4.26).
Then, the decomposition formula of a vanilla option price based on th is given by
Et[e BT, X5, V)| = B(tX, V) (4.28)
1 T -
+ g / eI B(u, X5, V,)d[M, M), |
t

T ~
+ gEt[ / e 0 /Y, AT B(u, X5, Va)d[W, M),
t

12



Proof: Refer to Appendix B

4.2 Approximate Formula

It is noted that though the decomposition formulae in this manuscript look similar to the ones ob-
tained in Alos (2012) and many more, a new computational approach is required as a result of the
approximation approach defined in Asmussen and Rosifiski (2001). Recall that our return process X°¢,

defined in (4.26), is the sum of the continuous version and a compound Poisson process. That is to say,
~ 't
X=X, +>
i=0

where n, is a Poisson process as discussed before. Assume that k& jumps are recorded in the interval [¢, T']

then similar to the treatment in El-Khatib et al. (2024)
X7 = Dp+ L.

where D7 = X7 + X% — f(f and Ly = Zf:o z; then the conditional Black-Scholes option price is given

as

Pi(t) = E [e‘r(T_t)B(T, X, VT)} (4.29)

o nrmr
= Y pE [e"”(T_t)B(T, X5+ 37, Vr)| ]nT —ny = k] . (4.30)
k=0 =1

where p; = P(nr = k). Setting D := X7 + X2 — X7 for any s > ¢ and defining Ey,, [¢] = E{o |Ly, =
k

Z zl} we have the following by the integrability of the Black-Scholes function,
i=0

Pty = S piE, [6—7"<T ~OE,, [B(T, Dy + Ly, VT)]} 4.31)
k=0
= > piE [e T HW(T, Dy, Vi) 432)
k=0
where
Hy(T, X%, Vr) = Er, |B(T, X5 + Ly, Vr)]. (4.33)

Finally the decomposition formula for our process X ¢ is given by the following corollary:

Corollary 4.2. We have the decomposition

13



PE(t) = piHy(t, X5, V) (4.34)
k=0

1 & T
+ 3 LopiE] [ eI (0, Dy, Vi) dM M),
n=0
00 T
+ g > piE| /t e 0 /Y AT Hy(u, Dy, Va)d[W, M) |
k=0

Proof: Applying Theorem 4.2 to Hj, for each k in N yields the result.

In the literature, it has been found that the last two terms in Corollary (4.2) are not easy to evaluate
as highlighted in Gulisashvili et al. (2020) and Alos (2012) among others. As a result, they have derived
further simplifications. So, similarly, we obtain a computationally suitable form of the decomposition.

For that reason, we introduce the following terms that will be important in error computation:
Lemma 4.4. The following relations are defined:

1. ft E: [Ys] ds > Yip(t)

2. [FE V] ds > &t

3. R = £ [TEY)e? (u)du

4. Uy = % [T o(u)E[Y,] du

5. dRy =5 (S e e (2)2d2 ) VYW, — 6P (1) Yidt
6. dU, = 25 ([ e "C0p(2)dz ) VVidW; — Gp(t)Yidt

By definition of the remainder or error term R; we have that X; = X7 + R§. Clearly, lin(1) R; =0
E—

since lin%) X; = Xi. Moreover, X; and R; are independent. Thus, the following corollary holds:
E—

Corollary 4.3 (Approximate Formula). The approximate decomposition formula is given as

P(t) = > piHi(t, X5, Vi)
k=0

o0
+ ) piTH(t, X5, Vi) Ry
n=0

+ > AT Hy(t, X5, Vi) U,
k=0

+ > P (4.35)
k=0

14



where Ry = éEt [ftT d[M, M]S}, Uy = 5E { ftT VY, d[W, M]u} and the error term is defined as:

T
Q. = 7Et[ /t e‘T(”_t)RuF4Hk(u,Du,Vu)d[M,M]u]

T ~
+ LB /t e 0 Ry /Y AT® Hy(u, X5, Va)d[W, M) |

T ~
£ pE[ [ e YAy, X5 VW, R

1_ ¢ 7T 5
+ 5B / e*r(“*”r?’ﬂk(u,xg,Vu)d[M,R]u}
-Jt
1 - T
+ 2B / e‘r(“_t)UuAF?’Hk(u,Du,Vu)d[M,M]u]
-Jt
~ T .
+ gEt‘/)ef*@*”L@\/Y;AQFQLQ(urxﬁ,V;yﬁﬂdﬂfh}
-Jt

T -
B[ [T (X5 VAW, UL,
t
1 r —r(u—t) 2 €
n 5Et[/ e AD? Hy(u, X5, Vi) d[M, U],
t
which is bounded above by E(k, 0, p,&,r, T, ) where
1
e b6 Te) = €(E+106) (57 (T-0)Guix0)
9 1
+ 1le (€ 4 10l€) (A (T =1) ) Gal,0)
Proof: Refer to Appendix C.

Remark 4.2. Strictly speaking the price P® obtained in Corollary 4.2 is an e-approximation to the actual

price. Denote approximative formula as P (t) then we have

PE(t) := P°(t) — ipzﬁk.
k=0

The approximation error obtained above pertains to approximating the e-price P=(t) by the approx-
imate decomposition formula. The actual approximation error of estimating the option price P(t) is

given as

P~ PE()| = |P(t)— Po(t) + Po(t) — PA(1)]
< Co(eWT +E(k,0,p,&,7,T,¢)|

Clearly, the above formula performs better for small £ and short maturity options.
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5 Numerical Results

Since we are using the approximation in Asmussen and Rosifski (2001) the problem of obtaining the

price is converted into the one of computing

Ho(T, X5, Vy) = ELk[B(T,XngLk,VT)} (5.36)

= /R B(T, X5 +y, V) f*(y)dy (5.37)

where f** is the convolution of the jump density. Alternatively, Monte-Carlo methods can be employed
if f *k is not available. Here we choose the second option and obtain Figures (1) and (2). Following the
details in Cont and Tankov (2003), Asmussen and Rosifiski (2001), Schoutens (2003), Asmussen and
Glynn (2007) and the references therein, we analyze a special case of Tempered Stable Lévy processes
and obtain numerical results. We consider a modification of the stable process where for some func-

tion L(y), which varies slowly to zero; we have v(dy) = |yL‘$"i)a. In particular, L(y) = e leads to

exponential tempering, thus

where C, A4 > 0and 0 < a4 < 2.

The following are special cases found in the literature and widely used in Quantitative Finance.
1. The CGMY model when Cy =C_ =Candar =Y >0

2. The variance Gamma (VG) model when aoy = 0, and C, A1 > 0. It’s characteristic exponent is

k(s) = CLT(=Y)[(M — 8)Y — MY]+ C_[(G — s)¥ — GY]

The following terms are defined for a general Tempered Stable Lévy processes:

Table 1: Tempered Staple Lévy processes Terms

’ ‘ O<ayr <2 ‘
a1 | Cil(—a)[(A — 1) = AT ]+ C_T(—a)[(A- —1)* — AT
A(e) CiAT T (—ay, Aye) + C_AT T(—a_, A_e)
m(e) C+)\i+7( ap, Ape) + O\ y(—a_, A _¢)
o2(e) C’+)\i+ V(2 — o, Ape) + CA* "2 —a_, A_e)

Here, v(z,2) = [;t* 'edt and T'(z,2) = [°t*"le~®dt are the lower and upper incomplete
gamma functions respectively. In the special case when oo = 0, we get the Variance Gamma process and

the following terms are defined:
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Table 2: Variance Gamma Terms

| | =0 |
c1 V%log(l —0*v* — if)
A(e) C[E\(eM) + Ei(eGQ)]
m(e) %[e*EG—l]—i—% 1 — e Me
a2(e) | C| S (8 + ﬁ) et (e + é)

where

1 1
CZl/V*’ G: 9**2 2 ’ M: 0**2 2 ’
(V)_|_01/_€zx (V)+U2V +92’/

1 2 2 1
and Ey(z) = [° %dt is known as the exponential integral. We have added a superscript * for clarity

only. See Madan et al. (1998) for a treatise on the Variance Gamma process and its parameters. For

le—1
1.6 ,X,—‘_—._;:::zé:.'.:.‘&ﬁ::m:::.-%
P e -«
1.41 B 8
...... @ @@ @@
8 1.2 e 5
= £ 61
H [ea]
,a' 1.01 T)
& 2,
E 0.81 --—-e-- K=90.0 3
< K =95.0 =
0.61 -+~ K =100.0 21
0.41 et K =105.0
Tl —se- K =110.0
0<
0.0 0.1 0.2 0.3 0.4 0.00 0.02 0.04 0.06 0.08

&

Figure 1: Absolute Relative error of Option price against € when Sy = 100 and time to maturity T = 0.25 for

various strike prices K.

the following parameters under the Variance Gamma Levy process: So = 100.0 » = 0.01, T" = 0.25,
Yo = 0.1625, k = 1.967, 8 = 0.17819, £ = 0.245, p = —0.865, ¢* = 0.1213, §* = —0.1436, and
v* = 0.1686 we use Monte Carlo methods to compute equation (5.37).

Analysing the approximation error against €, we find that the error does not follow a linear pattern.
In Figure 1 for € between 0.025 and 0.04 the lowest approximation errors are obtained. As a result, in
computing the option prices in Figure 2 we used ¢ = 0.035. Clearly, time to maturity has a bearing
on model performance. It performs better for short-dated options compared to options with a longer

duration. Moreover, in Figure 1 we observe that the method performs well in the in-the-money (ITM) and

17



at-the-money (ATM) conditions. The accuracy under out-of-the-money (OTM) conditions is marginally

WOrse.

Rel. Abs. Error
= N N N N
<o o N i o))

=
o]

le-2
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95

100

105

Strike Price, K

3.04

2.5

2.04

1.51

1.04

0.51

6.0

5.5

5.0

4.5+

4.0

3.5

90

95

100

105

Strike Price, K

110

90

95

Strike Price, K

100

105

Figure 2: Option price Absolute Relative error for e = 0.035 when Sy = 100 and K = 100 for various time to

maturity T.

6 Conclusion

A decomposition formula and an approximate version were derived. The numerical computations

indicate that the error under an infinite activity and finite variation Lévy process is much higher than

in the compound Poisson case because of the decomposition error as well as the compound Poisson

approximation to the Lévy model. Moreover, the computational time in our case is higher since we have

to use Monte Carlo methods to compute (5.37). Future research may include speed improvement and

infinite activity plus infinite variation Lévy models among many other possibilities.

A Proof of Theorem 3.1

Applying the suitable 1t6 formula to e™"*F'(s, X, V5)Gy between ¢ and T, see Cont and Tankov

(2003) (page 280) or Applebaum (2009) (page 255), we have
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eirTF(T, X7, VT)GT
e " F(t, Xy, Vi) Gy

T
R
t
T Y,
+ / e 7,_02_7)8F(s X3, Va)Gads
t
T
+ / e"”siaxxF(g’X&Vs)Gst
t
T
+ / e_rsaxF(Sast‘/S)\/?sGstS
t
T -
+ / 648/ O F (s, Xs—, Vs)GsyN (ds, dy)
t R
T
+ / —TsQ, F(S Xs;‘/s) G dM;
t
T 1
+ / "9, F (s, X57V) (V Ye)Gads
t
T
+ / e " F(s, X, Vi)dGs
t
T 1
sz 59 Vs) 5 Gsd[ M, M|
T /t e 2any(s,X V)(T—S)QG [ ]
T 1
b €TI0 F (s X V) p Ve GudW. M,
t _
T
+ / e_rsamF(Saxs—')‘/S)d[Xc’G]s
t
T
+ / €_r58yF(57XS*’VS)d[V’ Gls
t
T -
+ / 6—1”3/ Asz<saXs—7V:9)GSN(ds’dm)
t R

T
+ / e_rs/AmF(S,XS_,VS)Gsl/(dx)ds
t R

Writing things in terms of operator £, and using the fact that G is adapted only to the filtration

generated by W and J we have
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+

_|_

e*TTF(T7 XT7 VT)GT
e "G (t, Xy, V;)

T
/ e " F(s,Xs, Vs)dGs
t

T
[ e (cym, Xy Vi) + 5 (Y = Vi) (82— 02) Fis, X, Vs>) Gids
t

r —rs Vs =Y
/ e ( T OyF (s, X5, Vi) — 20, F (s, X5, VS)> Gds
t

— S

T
/e*rsx/YgaxF(s,Xs,‘/s)Gsts
t

T ~
/ e‘”/ 0:F (s, X5, Vs)GsyN (ds, dy)
t R

r —rs GS
/te T_SﬁyF(s,XS,V;)dMS

1T 1
i/t e 8ny(S,XS,V9)mG5d[M,M]S

T 1
/ e—rsaxyp(s,xs,X/S)p\/igﬁesd[w, M),
; _
T
p [ e TVTOF (s X V)W, G,
t
T —Ts 1
/t e Ti_sayF(S,Xsﬂ Ve)d[M, G
T ~
/ /e*’"sAmF(s,XS_,VS)GSN(ds,dx)
t R

T
/ / e A F (s, Xs—, V5)Gsv(dr)ds.
t JR

Taking expectations, multiplying by e"* and using that

we obtain

2= [ (e = 1= y)ldy)
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Ele "V (T, X7, V)Gr]
- GtF(t,Xt,‘/t)
T
+ [ eTOTR(s XL V)G,
t
T —r(s—t) 1 2
+Ef e LyF (5, X, Vi) + 5 (Vs = Vi) (82 = 02) Fls, X, Va) ) Gids
t
T _
+ Et/ e_r(s_t)uﬁyF(s,Xs,Vs)Gsds
t T—s

1
S God[M, M),

1 [T
5 0y F (s, X, Vi) 35
+ 5[ oG AT

T 1
4 / &0y F (s, X, Vi) py/ Ve — G W, M],
t — S

T
+ R / e Y0, F (s, Xs_, Vo)d[W, Gl
t

T
4 E / e*“H)Tl 0,F (s, Xs_, V,)d[M, G5
t

— S

T
+ Et/ /e_r(s_t)AF(s,Xs,,Vs)Gsy(dx)ds.
t R

Now, applying the hypotheses on £’ we finish the proof obtaining

Ee " TVF(T, X1, V)G
== GtF(ta Xt; W)
T
+ E / e (s, Xy, V,)dG
t

1 T
+ g/ e " T2F (s, X,, Vs)Gsd[M, M|,
t

T
+ g / e TSATF (5, Xy, Vo)V YGd[W, M
t
T
+PE / e /Y0, F (5, X, Va)d[W, Gl
t
1

T
+ 5B / e TOTF (s, X, Vo)d[M, G,
t

T
+ Et/ /e_T(s_t)AF(s,Xs_,Vs)Gsy(dx)ds.
t R

B Proof of Theorem 4.2

We first present a generic formula as follows: Let G; be a continuous semi-martingale w.r.t Fy, let

A(t,z,y) be a C22([0,T] x Ry x Ry) function and let V; and M; be as defined before. Suppose X
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is the continuous part of X} then

E; [67T(T*t)A(T, X%, VT)GT}

t

Assuming that A satisfies

OyA(t,z,y) =
then the above equation gives:
Er|e " TA(T, X5, V)Gr| = A(t, X5, V)G

1

2

Et[/tT

1
2

_|_

+

el

r(u t)

tT—

rut/aAqu

1—p2Et[/O e VY0, Alu, X5, Va)d[W, G

T—1

22

A(t, X5, Vi) Gy
T -
E; {/ e_T(“_t)GuEUA(u, X, Vu)du}

T ~
| /t e Afu, X5, V) dG|
T efT(uft)
: T—u
T ~
[T = Vi) O — D) Al X5, Vi) Gudul
t
—r(u—t)

2 €
(T =y Cu A X5 VI, M,

(Vi = Ya)Gudy A(u, X5, V) du

u—t)
\/Yuag

T(u t)

Alu, X5, Vi) Gud[W, M],|

0

0, A(u, X5, Vi)d[M, G,

A(u, X5, V) Gud[W, M1,

Va)d[W, Gl

(ag - ax)A(tv €T, y)

(B.38)

A /t " emrum0 4y, X V)G,

T
[/ e—r(u—t)Gu(ag
t

rut\/>882

e[

— 0,)2A(u, X2, V,)d[M, M]u}
02) A(u, X2, V) God[W, M]u}

rut\/ia

Ow) A(u, X5, Vi) Gud[W, M},

T ~
[ 002 - 0,) A, X, V)M, G
t
T -
pE:| /t e 0 /Y0, Alu, X5, Va)d[W, Gl

T - -
%] / e Y0, Alu, X5, Va)d[W, G
0

Letting A = B and taking G = 1 yields the result.



C Proof of Corollary 4.3

C.1 Approximation terms

Let (4.28) be given as

Py = BS(0,Xo, Vo) + (I) + (II)

where the last two terms are further decomposed by applying equation B.38 for appropriate expressions

of A and G as follows:
Term (I)

Letting A = T2 Hy,(t, X7, V;) and Gy = Ry = %Et[ftT d[M, M}u}, then we obtain

I =

C.1.1 Term (II)

e T2 Hy(t, X5, Vi) Ry

1 T
<l / e DRI Hy (u, Dy, Vi) d[M, M},
t

T
gEt [ / e Ry /Y AT Hy (u, Dy, Vi) d[W, M1, |
t
T
pE:| /t e "0\ /VuAT? Hy (u, Dy, Vi d[W, R), |

1 T
SEr [ / e "D, (u, Dy, V) )d[M, R]u]
t

Letting A = AT Hy(u, X5, V,) and Gy = Uy = §E¢| ;7 v/Yud[W, M}, , then we obtain

11 =

_'_

AT H(t, X2, Vi) Uy

1 T
< / e DU, AT Hy (u, Dy, Vi)d[M, M,
t

T

gEt[ /t e "YU Y A T2 Hy, (u, Dy, Vi, )d[W, M]u}
T

pE| [ e VYA B, Do V)W, UL

T
%Et [ / e "D AT2H, (u, Dy, Vi, )d[M, U]u}
t

Compiling the terms that remain unused from the above three sections €2y ; is obtained.

C.2  Error Computation

In computing the error bounds below, we primarily rely on Lemma 2.2 as shown below.

23



C.2.1 Error of Term (I)
Using the definitions in Lemma 4.4 the error for the first term is bounded as follows:

I F2Hk<t X7, Vi)Ry|

1 77“(u t)g r 4 2y
< 5E| | E[YiJu(s)?ds | T Hy(u, Dy, Va)E2Yuth (u) du
p 62 T .
+§Et[/ e (u=t) ( E,[Y. )2d5> \/YUAF?’Hk(u,XZ,Vu)f\/}z@b(u)du}
t u
T 53
+pEt[/ e "D /Y AT Hy, (u, Doy, Vi) > (/ R g)(s) )fdu]
t u
T 4 T
—|—;Et[/ e "D Hy (u, Dy, Vi )§ P(u) (/ e_”(s_t)iﬁ(s)st) Yudu}
t u
Rearranging and using the fact that ¢)(¢) is a decreasing function we have
I — T2H,(t, X{, Vi) Ry |
4 T T
< g—Et[ / e—“u—t)w(u)‘lyu / B [Yi]ds(9E — 307 + 30} — 03T H(u, Dy, Vi) du
t u
&|pl —r(u—t), ) (0 \3 T 4, 53
T Et[ e Y)Y, | EYi]ds(93 — 204 + 03T Hy(u, Dy, Vi) dul
t u
§3|P| T —r(u—t) 393 2
T B [ e Y () (92 — OT Hi(u, Dy, Vi) du
t
4
+f oEe| / e 00 () 'Y, (9] — 205 + 02T Hy(u, Dy, Vi)

Employing Lemma 2.2

|1 —T2Hy(t, X;, Vi) Ry|

¢t T u—t) c 3¢ 3¢ C
< 2 - -
64Et[/t ¢ ¥(w)’a (a LT a§>du}

5
£3|P‘ —r(u—t) c 20 c
+ e, [/t vl (g +E+%)du}
£3|p| T —r(u—t) 2.2 c c
w2 e [ e w2l (o + )l

€4 —r(u—t) 3.2 ¢ 2C ¢
+16Et[/t e Y(u)’ay(— + — + a—s)du}
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|1 —T2Hy(t, X7, Vi) Ry|

¢t T -, L 3 3
<6—CEt{/t e Y(u) (*3+@+*+1)d“]

ay,

3 T
o[ [ et DpwR + 2+ 1l

; az o oay
§3|P| T —r(u—t) 2 1 1
PR [ e (g + ]

4 1 2 1

& CEt[/ e T DY) + 5 + —)du
16

It follows that:

I —T?Hy(t, X5, Vi) Ry
¢ - 2\
<gCEt[/t e t)d’(wg((ﬁew(u)?) (

2
el [ ) 4 )
€3pCEt[/tT er(ut)w(u)2(<,§91/;2(u) ) ( 2)1/2

+fZCEt[/T er("t)iﬁ(u)g((wj(uy) +2 (;wj(u) > (/@91/12(“)2)1/2)&4

) (ww )1/2 + 1)

Simplifying we have that:

| — D2 Hy(t, X§, Vi) Ry|

<fo [l e [ (w)?’/? ML (;)Ww(u)Q + (w)?]du
§3|P| / —r( +2 (;) 1/2zp(u) —H/J(U)Q}du
g [ (ﬁg) (2) sl

fl‘o/f 0] (;)3/2 +2 (59) ) + (;)m Y ()] du

Using the upper bound of ) we have

I — T2Hy(t, X{, Vi) Ry|

54 3/2 6 2 \ /2 1 T —r(u—t)
—64C[<,<;0> + 29+3< 59) +?}/t ‘ du
53!p| SRR By L

(/~e3«9> +?]/t e
1/2
—r(u—t)
K </<;50) }/t ‘ du

>3/2 ( >+ (é)lﬂ)} /tTer(ut)du

25

53!p|

%\wce\w

i+
‘l
foel



T 1
Lastly, using the fact that / e "Dy, < = A (T — t) we have that
t T

1= P2 H( X V)R] < € (€4 10l¢) (5 A (T = 0) €1(5.0) ©39)
where & is a positive function
C.2.2 Error of Term II
The following proof follows a similar outline as above

]U — e " AT Hy(t, X, Vt)Ut’

<;Et[/t eT‘“t”§ (/ E,(Y. ds)AFSHk(u D, Vi) E2Y 1 ()|

+2g,| / L ( / Er(Ya)u(s >ds) VYN T2 Hy(u, Dy, Vi)Yt (u) |
2 ¢ 2 u

+ypyEt[ /t =)\ /Y, A’T Hy.(u, Dy, Vs, )p52 ( /u e”(St)w(s)ds> \/Edu}

2
T 3 T
+%Et[ /t e "D AT? Hy (u, DU,V)”5 Yot (u )( /u ““Mp(s)ds) du}

Using the fact that ¢(t) is a decreasing function and grouping terms we find that

]U — e "'ATH,(t, XE, Vt)Ut’

‘p‘§3 T —r(u—t) 4 3
<= B Yo (u Et )ds — 20} + O30 Hy (u, Dy, Vi) du|
t

+’P’z§2Et[/tT w0y, (u (/ E.(Y. ds) — T Hy(u, Du,V)fdu}

2 T
e R AR

!p|€3

T
&/ [ eI () (0 - 0T Hi(w, D vu>Yudu}
t
Employing Lemma 2.2

|11 — e AT Hy (¢, X7, Vi)Ui|

3 T ¢ 20 C
< [ [ erttpal(S + 20+ 5

S a)  al
2 T _ _ C C
’P’ 3 CEt[/ o—r(u t)w(u)ai(a75+a74)du]

+W0Et[/t e T(u— t)¢( )a a%du}

u

|P|§3 CEt[/T e*’"(“*t)w(u)%Z(g 4 E)du}
t
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1 9 1/2
Simplifying and usmg ( 0002 )
K

|11 — e AT Hy(t, X, Vi) U

<o [ (i) 2 (rogae) o

’P| 520/ =ty (y 7<,€9¢2(u)2>1/2+1}du

|P| 22 —r(u—t) 2 912
C/ Plu 59¢(u)2} du

e oo ) ) e

Which leads us to find that

|11 — e AT H (1, X5, V) U
|p|53 o 2w?\"*
C/ ( )+2< b > + ()2 du

252 / < )1/2 ¢(u)}du

2 12

|p|§3/ - ( >+<2¢$>2>”}du

And finally, we find that

IT — e " AT Hy (t, X¢, Vt)Ut\ <|pl¢ (52 + \pyg) (i A (T — t)) Es(k, 0)
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7. Conclusion

1.1. Concluding Remarks

We set out to contribute to the derivatives pricing pipeline in three directions.
Firstly, to propose and analyse alternative price models. Secondly, to provide
alternative options pricing methods, and lastly to compute option price sen-
sitivities.

7.1.1. Alternative Price Models

We study several alternative price models like the Hybrid Heston-CEV jump
model (HCEVJ) and its special cases. Our findings showed that this model in-
herited key properties from the Heston and CEV models like stochastic volatil-
ity, leverage effect, volatility clustering, and volatility smile. It is worth men-
tioning that the Hybrid models preserved the negative correlation between
the returns and volatility. Additionally, the elasticity parameter was found to
affect the volatility smile adding to the model's flexibility. Due to the nature
of the HCEVJ models Monte Carlo methods were used to price the options.
However, a decomposition method was used as well for a specific sub-case.

Besides the above, we also analysed a two-factor stochastic volatility model
with finite activity jumps (2FSVJ) and a stochastic volatility Lévy model. How-
ever, we did not discuss their advantages over traditional or well-established
models.
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7.1.2. Option Pricing Methods

Option price decomposition methods are significantly fast and easy to un-
derstand for those familiar with the Black-Scholes-Merton (BSM) model. The
decomposition approximates the option price as the sum of the BSM model
price with appropriate corrections. This method requires that the approxi-
mation errors be quantified. As such we obtained several decomposition for-
mulas for the 2FSVJ and the finite activity Heston-Lévy model. The approx-
imation errors were found to be small for in-the-money and at-the-money
options as well as for short-dated options.

The jump structure has a direct bearing on the computation speed. In the
case of the 2FSVJ model, the decomposition model was significantly faster
than the Fourier integral method when log-normal jumps were employed
due to the simplicity of the pricing formula. On the other hand, double ex-
ponential jumps require several integrals to be numerically computed thus,
the decomposition is slower. The same applies to the infinite activity case.
Overall, novel approaches to the European pricing models were introduced
fulfilling our second objective.

7.1.3. Option Greeks

In this area, a marginal contribution was made. We computed some first-
order Greeks using the Malliavin calculus and Monte Carlo techniques. It is
now a well-known fact that Malliavin Calculus significantly improves the com-
putation of sensitivities on two fronts: speed and convergence. This is partic-
ularly true when the options pricing method of choice is Monte Carlo asin the
HCEVJ model. Computational speed and accuracy are significantly improved
by employing Malliavin Calculus.

7.2. Future Research

The ideas in papersthree and four can be extended in several ways. One could
use the decomposition formulae to compute the implied volatility estimates



7.2. Future Research 120

and possibly estimate the Greeks. This may provide faster estimates whose
errors can be quantified.

In the case of the Infinite activity Lévy model, several improvements can be
made. Our research followed two paths that resulted in two alternative Gen-
eral decomposition formulae. In the first direction, we obtained the following
exact formula:

P(t) = B(t,X:, V) (7.1)

1 T
b B[ e IT B s X VM, M),
t

T
+ gEt / e COATB(s, Xy, Vo)\/Yad|W, M,
t

T
+ E / / e T AB(s, X, Vo )v(dzx)ds.
t R

However, deriving a computational version of equation (7.1) is still an open
problem because of the term in blue.

To circumvent this problem, Lévy approximation methods were employed,
in the finite activity case, which required Monte Carlo methods to compute
the option prices. However, this approach may be improved by deriving the
convolution of the jJump density. It remains to be seen if this approach will
improve the computational time and or the accuracy. Our study led us to
compute a decomposition formula for the finite activity case only. The infinite
variation case is still an open problem.

7.2.1. Decomposition Formula: Infinite Variation Case

Moving on to the infinite variation case the return process is approximated
as:

1 t t B N
X;=z+(r—K(e))t — 3 / Yids + / VYdZs + ()W, + Zzl (7.2)
0 0 i=1
where K (e) is how given as
K(e) = cg — m(e).

We find that the decomposition formula has an extra term as follows:
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Theorem 7.2.1. Let X{ := X{ — L, be the continuous part of the return process
X7 givenin (7.2)and suppose G, is a continuous semi-martingale w.r.t 7, and
let A(t,z,y) be a CY>=2([0,T] x R, x R, ) function then, the generic decomposi-

tion formula is

€_TTA(T, X;, VT)GT] =

+

+

Alt, X5, V)G, (73)
T ~
E, [ / e~ Ay, X2, Vu)dGu]
t
T ~
_F, [ / e DG T2 Au, X2, V,)d[M, M]u}
t

%02(6)1[:‘:15[/ (=D YN Au, X2, V)G du}
t

MEt[/ (=0 /Y, AL A(u, XE, V,)Gud[W, M), }
%Et [ /t ' e A(u, X2, V,)d[M, G]u}

pEt[/ e\ /Y N A(u, X, V,)d[W, Gl }
ﬂm[/ e VYA, X5 V)W G,

Letting A = B and taking G = 1 then the decomposition formula of a vanilla
option price based on X¢ is given by

E, [e*TTB(T, Xz, VT)}

= B(t X}, Vi) (7.4)
17 )
+ gEt[ / e—“u—t)F?B(u,Xg,Vu)d[M,M]u]
t

T
A / e /Y, AU B(u, X, V,)d[W, M),

2 L

1 T i
+ 30%E| / e "N B(u, X, V,)dul
t

Proof. Similar to the proof for Theorem 4.2 in Chapter 6. ]
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The new term in (7.4) presents some difficulties in obtaining a computation-
ally suitable version as seen below. Using the same arguments as in Section
4.2 of Chapter 6 we have the following:

Corollary 7.2.2. We have the decomposition

P(t) =Y piHi(t, X, V) (7.5)
k=0

1 (=1 g —r(u—
3 L pE[ [ eI L, D Vid[M, M

P T
+EY piE[ [ e VAT H, Dy Vi)W, M)

t
T ~
+—02(5)ZpiEt[/ e_r(“_t)AQHk(u,Xj,Vu)du]
t

Proof. Applying Theorem 7.2.1 to H;, for each k in N yields the result. ]

Estimating the error for the second and third terms gives the following ex-
pressions

11— T2 Hy(t, X5, V) Ry < (& + |ole) (2 A (T — 1) &, 0)
1R, | [ e O VTN Hy(t, X7, Vi) Rudu (7.6)

1T — e " AT H(t, X5, Vo) Uy < [pl& (€2 + [pl€) (3 A (T — 1)) Ea(#,0)
1R, | [ e O VTINT Hy(t, X7, Vi) Uydu. (77)

Gathering the blue terms from Corollary 7.2.2 and equations (7.6) and (7.7) we
get the following:

2 o0
7 2<5> > Pk, [ [Fer=n (AQHk(u, X2, Vo) + VYL A T2 Hy(t, X¢, Vi) R,
k=0

VYL AT Hy(t, X, Vt)Uu) du]

whose upper bounds could not be obtained using the methods in this manuscript.



A. Derivatives of the
Black-Scholes Formulae

Let BS(t,z,y) be the Black-Scholes formula defined in (1.5)-(1.6). Also, let the
following operators be defined A = 9, and I" = 9,, — 0,. Then the following
derivatives of BS(t,z,y) with respect to z are defined:

ABS(t,x,y) = e*N(d,), (A1)
exp(x — =

ATBS(t.2,y) = EET————-@/ T—1) ) (A2)

P2BS(t x,y) — (y(exp(x);g/j\i_( Vy(T —t)d, — 1> (A.3)

A%BS@xw)::(J”%%;j}_@j—QMT—ﬂdp+MT—O—J>, (A.4)
d2

AT?BS(t,2,y) — (‘7mf1$;;l_( &+ /y(T —)d2 + (3 —y(T — 1)),
N t)),and (A.5)

N°T?BS(t,z,y) = (y(ea:p_(:z);/;\;_( —3Vy(T — t)d> + 3(y(T —t) — 3)d>,

(9= y(T — t)y(T —1)dy +3 — 3y(T — t)). (A.6)

The following derivatives were obtained with the aid of Lee et al.

Let BS(t,z,y) be the Black-Scholes formula defined in (1.3)-(1.4). Also, let the
following operators be defined A = S9s and I' = S%2945. Then the following
derivatives of BS(t, S,y) with respect to S are defined
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- S >
I'BS(t,S,y) = ——=e /2 A7
ATBS(t,S,y) = 5 (1 o ) e~ %/% and (A.8)
T oV 2rT Vo?r ’

5 d2 1 2
I?BS(t,S,y) = 5 (* di + T) e d/2 (A.9)

o2 \ 0?7 o2r 02



B. Derivation of Useful Processes

Lemma B.0.1. The following relations are defined in the Heston case:

T
I Let ¢;(t) = / e "y be defined fori = 1,2. Then if Ky < ks it follows

that 1 () > @a(t).
2. [T [Yi]ds > Yie(t)
3. [TE [Vi]ds > %2 (t)
4. Cy = 1B, [ Ydu = %(9(T — )+ (Y, — 9)@5)),
5.dCy = —%dt + S(t)V/YidW,,

6. The future average variance is defined as V;, = == f E:[Ys|ds thus, dV, =
Vgt + /Y dW,

7. My = [ E[Y]ds = € [ o(s)\/YdW,

9. U, =2 [T p(w)E[Y,,] du
10. Q =28 [TE| (f e (2)dz ) du
odR, = 5 () e 0002z ) VYW, — § () Yidt

12, dU, = %( I e_”(z_t)go(z)dz> VYW, — E(t)Ydt

13, th e [ —n(u t>(f () )dz)du] JYdW,
<ft w0 (2)dz )Ytdt

The following sections prove the results in Lemmma B.O.1. Results 2 and 3 are
proved in Alos et al.
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B.1. Future Average Variance processes

Let the variance process Y; satisfy the following stochastic differential equa-
tion:
dY, = k(0 — Y,)dt + £3/Y,dW,. (BJ)

Integrating (B.1) on [t, s] and taking the expectation conditioned on Y, yields:

Y, = }/t—l_/{/ (Q_Yu)du+§/ \/YlLqua
t t

B[V, = Y+ n/j(e R, [Ya])du.
Transforming the second expression via an integrating factor we get the fol-
lowing differential equation:
d(e™E, [Y;]) = kbe™ds.
Integrating and dividing by e"* reveals that:
E Yy = ey, 40 (1—e ")

Integrating the above on [t, T yields

[ s = om0+ 00000 82)

T
1 .
where p(t) = / e "Dy = = (1 — e """} and proving result number 4. Now,
K

from the defirfition of V;

v, = Vg 1 d/TE v d
T A
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where

[Wilds = [0 (Vi —0)e "] dt + % (1—e ) ay,
¢ [Yslds = [—9 —(Y; —0) e*K(T*t)] dt

N % (1= e 1) (m(& —Y,)dt + fﬁdwt)

T
d / E,[Y)]ds = —Ytdt+%(1—e‘”(T‘”) VYidW,
t

then with ¢(t) = 1(1 — e*"=Y) then 5 and 6 are verified.

B.1.1. Derivation of U,and dU,

This section proves 9 and 12 in Lemma B.0.1. Starting with the definition we

have that

Ui

’g,| [ VYod[W, M] ]
2 t \ s ) s
P — T§Y 1/1(3)615]
2 t \ S
T
%5 E,[V.]o(s)ds
2 [ lo+ (= ) (o)
pé r —k(s—t) —k(T—s)
o [0+ (Y —0)e j(1—e )ds

e[, [T T
> Q/ 1— efn(TfS)dS + (Y; _ 9)/ efn(sft) . ef/s(Tft)dS
t t

PO — 1~ (1)) + (¥ ~ B)(o(t) — (T — )T
P NG(T — 1= p(0) + (¥ — O)((t) — (T — )T




B.1. Future Average Variance processes 128

U; can be written alternatively as:

U = £ [0 /tT o(s)ds + (Y; —6) /tT e’“(s’t)gp(s)ds}

2
Thus,
dU, = % [( —9) (,f /tT o0 p(5)ds — W)))dt
| / e i (s)ds ) ;|
= % [( —0) (/@ /tT e "D p(s)ds — go(t)))dt

+ / eV (s5)ds ) (5(0 — Yt + €3/YidW, )|
= (00— (v~ 0)p(t) )t +- € / ) e (s)ds ) /YW .

2

Simplifying gives that:

9 T
au, = %(/ e_“(s_t)go(s)ds> \/?tth — %é}/}go(t)dt.
t

B.1.2. Derivation of R; and d R,

In like manner to the above, we prove 8 and 11in Lemma B.0.1 as follows:

R, = 1Ihi,t[/Td[M,M]S}

8
= éEt [ /tT 523/390(8)2d8]
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52 T
R, = = [/ [0 4 (Y, — 0)e ")(1 — 2T 4 e_QH(T_S))dS}
¢

8K2

52 T
- S 9/ (1 . 2671€(T78) +€72K(Tfs)>d8
t

8k2
T
+ (Y‘t - 0)/ (efﬁ(sft) . 2675(T7t) + 672/£T+2msfﬁs+ﬁt)>d8
t

52

8k?2

O(T — t — 2p(t) + pa(t) + (Y, = 0)(p(t) — 2(T — t)e"T + 6_”(T_“90(t))]

where ¢,(t) = &£ (1 — e 2*TY) R, has a convenient representation given as fol-

R, = %Q[Q/tTgp?(s)dH(n—e) /tT —rls=t) 52 (5 )ds}

dR; = %2[( —Op(t) + (Y: — 0) (m /tT e 5 5 (5)ds — gp(t)))dt
+ (/tT e*”(sft)gf(s)ds) (/1(0 —Y,)dt + 5\/?tth>}

_ %2[( — 0p%() = (%, = )¢ (1) )t + & /t ' e G2 (s)ds ) /YW

Thus: , . ,
dR, = %(/ (= ds) VYidW, — §—Yt<p( t)dt
t

B.1.3. Derivation of (); and d();

To prove 10 and 13 in Lemma B.O.1 recall that

/t NG

_ %52 /t TJEt[Y;]< / Te_“(z_s)cp(z)d,z)ds

Qt = gEt

Then
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Now,

dQ, = p_€2 [( -0 /T e (2)dz

+ (Y;—0) (/1 /tT et ( /ST e_”(z_s)gp(z)dz> ds — /tT e‘”“‘“g&(s)ds))dt
+ /T et ( /T e_”(z_s)go(z)dz> ds (Ii(@ —Y,)dt + §\/§7tth)]

S

= %52 [( —0 /T e_”(z_t)go(z)dz

- Y1 —0) /tT e‘““‘“g&(s)ds))dt

T T
s oeVT( [ et [T o dds)aw)
t

S

Simplifying gives that:

pg® r ! pé? ’
40, = _\/}715 / e—n(s—t) / e_“(z_s)go(z)dZdS dW, — 7Y;f(/ e‘fi(s—ﬂgp(s)dS) dt
t S t

2



C. Characteristic Functions and
Options Pricing.

The characteristic function-based pricing method used in this thesis is based
on the note by Gil-Pelaez who based their results on the work by Lévy

. Heston was one of its early adopters in the field of financial mathe-
matics. Since then, many variations have arisen. Ng gives an extensive
treatise to this and other methods in options pricing and we will give some
of their results here without proof.

C.1. Gil-Pelaez Results

Proposition C.1.1 (Gil-Pelaez ). Let F(z) be the cumulative distribution of
some random variable X. Furthermore, let

¢@o::/WQJWdF@»

—00

be the associated characteristic function. Then we have

+ lim T ezu:pgb(_u) _ efiuacqb(u)

1
il : du.
2 5l0,T1oo [ 2miu

%(F@ﬁ+l%rﬁ>:

A more convenient representation of the integrand is required for a smooth
implementation of the above proposition.

Lemma C.1.2. We have the equality

=—-R

2w s

eiuz¢(_u) _ 6—iux¢(u) 1 <€_ium¢(u)>
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where for z € C, R(z) is real part of z.

As a result of the above lemmma the Gil-Palaez formula can be written as:

L(F@) + Fla)) = 2+ 2 /0 TR o)) du

2 2 7 u

The cumulative distribution functions we deal with in this thesis are always
continuous. Thus, Gil-Palaez's formula simplifies to:

Foy=L4l /0 OOR(e_iwgb(u))du. ()

3
This leads us to the computation of option prices as follows:

Proposition C.1.3. Let P be the risk-neutral price of the contingent claim h(T') =
(Sr — K)*" and Q is the risk neutral measure. Then

P(T,K) = Spll; — Ke " 1l,,

00 _ N\ piulog K
o [ R )

where

and
iulog K

Y )

in which ¢r(u) = E emlagsT}, St is the stock price at time T, and expectations
are taken with respect to Q.

C.2. Characteristic Functions

To complete the discussion on options pricing using the characteristic func-
tion we give the characteristic functions for the stochastic models studied in
this report.

C.2.1. Stochastic Volatility Models

Below are some characteristic functions used in the preceding chapters.
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Heston Model

This is the characteristic function as described in Albrecher et al.

Opest(u) = exp(riut + A(u,t) + B(u, t)vg) Wwhere (C.2)
k0 log(1 — g(u)e~4t)
Awt) = 5 ((c(u) —d(u))t — 2 i ) (C.3)
c(u) —d(u)) (1 — e Wt
clu) = K—1ip€u (C.5)
d(u) = e(u)? + €2(iu + u?) (C.6)

Bates Model

The Bates characteristic function is obtained according to Albrecher et al.
and Pacati et al.

PBates(u) = exP((r — Auy)iut + At(¢y(u) — 1) + A(u,t) + B(u, t)vo)  (C.7)

where A(u,t) and B(u,t) are defined above and ¢;(u) is the characteristic func-
tion of the jJump amplitudes and p; = ¢;(—i) — 1 is the mean jump size.

Heston Multi-factor Model with jumps

2

$arsva(u) = exp((r— Aup)iut + Xt(¢(u) — 1) + Y (Ai(u,t) + Bi(u,t)vio))(C.8)

=1
where (4;(u,t) and B;(u,t) are defined as in the Heston case above fori = 1,2
with the appropriately indexed parameters. ¢,(u) and u; are as defined in the
Bates case.

Heston-Lévy Model

The Heston-Lévy model in Chapter 6 incorporates an independent infinite ac-
tivity Lévy process into the Heston model. Its characteristic function is given
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as follows:

¢HL(U) = ¢Hest (u)¢Lévy (U) (C9)

where ¢p..(u) is the Heston characteristic function and ¢, (u) is the charac-
teristic function of the Lévy part.

C.2.2. Lévy Processes

In Chapter 6 the general tempered stable process is used to enhance the
Heston model. It is a six-parameter infinite activity process that encapsulates
several special cases like the CGMY and Variance gamma processes. We give
the characteristic functions of some of the special cases below. See Kuchler
and Tappe and Cont and Tankov Sec. 4.5:

Proposition C.2.1. Let (X;)>o be a generalised tempered stable process. In

. _ 1 ; .
the general case ay ¢ {0,1} its characteristic exponent ¢(u) = 7 log E[e™*] is

w(u> = ZU’VC + 90<U’7 C+7 Oy, )\+) + (P(—U, 0—7 O, )‘—)7 (C-lo)
op(—ay[(1— W) g g e _
where o(u, C, a, \) = CA\T( @{(1 A) 1+ } If oy = 1,
w<u) = zu('yc + C+ - O*) + 90<U7 C+7 Ay, )‘+) + 90(_/&7 C,7 a—, )‘*)7 (Cﬂ)

where (u, C,a, \) = C(A — iu) log (1 - %) and if a, =0,
w(u) = ZU’Yc + QO(U, C+7 Qy, )‘+) + QD(—U7 077 a, A*)a (C12)

where ¢(u,C,a, \) = —C(%u + log <1 — %))
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