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1. Introduction

Let (A,m) be a Noetherian local ring with an infinite residue field A/m and I an
m-primary ideal. Let M be a finitely generated A-module of dimension d. Then the
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Hilbert-Samuel function H} 2 (n) == LA(M/I" 1 M) agrees with a polynomial, so-called
Hilbert-Samuel polynomial, HPI{ o (n) for all n > 0. If we write

HP} 3(n) = eo(I, M) (” ; d) — ey (I, M) (” ;r d | 1) o (21 deq(1, M),
then the integers eo(I, M), ..., eq(I, M) are called the Hilbert coefficients of M with respect
to I.

There are intensive studies on finding bounds on several Hilbert coefficients. We refer
the interested readers to the book [17] for main developments and rich references. Our aim
is to give new bounds on the first two Hilbert coefficients in terms of ey(I, M) for Cohen-
Macaulay modules. Recall that eq(I, M), e1(I, M), e2(I, M) > 0 and that eg(I, M) could
be negative, see [12, Theorem 1], [11, Theorem 1 and Theorem 2] and [17, Introduction
to Chapter 3].

In this paper we establish two upper bounds on e; (I, M). The first one (Proposi-
tion 3.1) holds for Cohen-Macaulay modules and is a slight improvement of the bound
given by Rossi and Valla for filtrations in [17, Proposition 2.8 and Proposition 2.10].
Moreover, in the case of dimension one, we can give conditions for this bound to be
attained (see Proposition 3.5 and Proposition 4.2). In difference to the approach in [17,
Section 2.2], we use here local cohomology modules of the associated graded modules
G1(M). As a consequence, we can show that if TM C mPM for some b > 2, then
er(I,M) < (e"(l’;w)*b), see Proposition 3.2. In the ring case, this result was given by
Elias [3, Proposition 2.5 and Remark 2.6] under an additional condition, which was then
removed by Hanumanthu and Huneke in [6, Corollary 3.7]. This part can be also seen as
a preparation for our study on the eo(I, M) in Section 5.

The second upper bound on ey (I, M) (Theorem 4.6) only holds for M = A and is
based on the bound given by Elias [4] in the dimension one case. When b > 2, this new
bound provides a much better bound than the above mentioned bound (80(1 ’;)_b), see
Remark 4.7.

For ex(I, M) we can give a new upper bound in terms of eq(I, M) and b, see Theo-
rem 5.1. As we know that the first upper bound on e3(I, M) was given by Rhodes, see
[15, Proposition 6.1(iv)] (also see [9, Corollary 4.2] for modules over a semi-local ring).
In [5, Theorem 2.3] a much better bound is given. However, all bounds on ey(f, M) in
[15,9,5] involve e; (I, M), while our bound only depends on eg(I, M) (and the largest
number b such that IM C mPM ). Moreover, we can characterize when this bound is
attained (Theorem 5.3). Like Proposition 3.5, the conditions in Theorem 5.3 are given
in terms of Hilbert series as well as in terms of the Castelnuovo-Mumford regularity of
the associated graded module G;(M). In the case M = A and b > 2, using Theorem 4.6
one can get a better bound than the one in Theorem 5.1, see Theorem 5.9.

We now give a brief content of the paper. In Section 2 we recall some basic no-
tions and give some estimations on the Hilbert function of G;(M) and of G;(M) =
Gr(M)/H¢, (Gr(M)). In Section 3 we give two bounds on e; (I, M) (see Propositions 3.1
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and 3.2) and characterize when the first bound in Proposition 3.1 is attained, provided
dim M = 1. In Section 4 we restrict to the case M = A. Here we give further structures
of I and A such that the first bound in Proposition 3.1 is attained, see Proposition 4.2.
Then we prove an essentially new bound on e;(I) (Theorem 4.6). Main known upper
bounds on e;(I) of an m-primary ideal I of an one-dimensional Cohen-Macaulay ring
(A, m) such that I ¢ m? are summarized in Remark 4.8. In the last Section 5, we prove
the new bounds on ey(I, M) (Theorems 5.1 and 5.9), and give equivalent conditions for
the bound in Theorem 5.1 to be attained (Theorem 5.3).

2. Preliminaries

Let R = ®p>0R, be a Noetherian standard graded ring over a local Artinian ring
(Ro,mg). Let FE be a finitely generated graded module of dimension d. The function
Hg(n) := lg,(E,) is called Hilbert function of E. For all n > 0, it agrees with the
so-called Hilbert polynomial denoted by HPg(t), that is a polynomial of degree d — 1.
The number

pn(E) := min{n| Hg(t) = HPg(t) for all t > n},

is called the postulation number of Hg.
If we denote by R := @,>0R, the irrelevant ideal of R, then we set

a;(E) := sup{n| Hp (E) # 0},
0 <i < d. The Castelnuovo-Mumford regularity of E is the number:
reg(F) := max{a;(F) +1i| 0 <i < d}.

Let (A,m) be a Noetherian local ring with an infinite residue field A/m and I an
m-primary ideal. Let

G(I) == ®psol™ /1"

be the associated graded ring of I. It is a standard graded A/I-algebra. If M is a finitely
generated A-module, the associated graded module of I with respect to M is the following
graded G(I)-module:

Gr(M) := @p>ol"M /T M.

There is another way to define the Hilbert coefficients e;(I, M) already defined in the
introduction. We recall here this approach from [17, Section 1.3]. The function

Hrn(n) = HGI(M)(TL) = EA(InM/In'HM)
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is called the Hilbert function of M. The Hilbert polynomial of M is HP; n = HPg,(ur)-
By the Hilbert-Serre theorem, the Hilbert series

Pra(z) =Y Hiu(n)z", (2.1)
n>0

is a rational function of z, that means one can find a polynomial Q7 a(2) € Z[z] such
that Q7 am (1) # 0 and

Qrm(z
PI,M(Z) = (1—25)‘3
Let dim M = d. If we set for every i > 0
@)
@@Mpfﬁﬂl7 (2.2)

i!

where Qy)M denotes the i-th derivation of Q7 as, then for all 0 < ¢ < d, this value of
e;(I, M) agrees with the one defined in the introduction. Moreover, unlike the definition
in the introduction, using (2.2) we can talk about the Hilbert coefficients e;(I, M) with
i > d. This simple observation is useful in the study of the second Hilbert coefficient,
where we can reduce the case of dimension two to dimension one.

Together with Hilbert series, the power series

Pha@) = 3/ anyzn = P EL

n>0

is also often used; this is called Hilbert-Samuel series.
In the sequel we use the following notations

pn(I, M) = pn(Gr(M)) = min{n| HP; p(t) = Hr am(t) for all ¢t > n},

and if M = A then we write H; := Hj 4, HP; := HPy 4, pn(I) := pn(l, A), e;(I) =
e;(I, A) and so on.

Recall that an element = € I is called M-superficial (of order one) for I, if there
exists a non-negative integer ¢ such that

(I"M'M :2)NI°M = I"M,

for all n > ¢. When M = A we simply say that x is a superficial element for I. This
is equivalent to the condition that its initial form z* € G(I) has degree one and it is a
filter-regular element on the associated graded module G;(M), which means

[0:¢,(ar) ¥]m = 0 for all m > 0.
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(See, e.g., the equivalence of (1) and (5) in [17, Theorem 1.2].) Note that if depth(M) > 0,
then an M-superficial element is M-regular. A sequence x1,...,xs € I is called M-
superficial sequence for I if x; is an M/(x1,...,x;—1)M-superficial element, for I for
i=1,...,s.

The following result is now standard and useful for proceeding by induction.

Lemma 2.1. (See, e.g., [17, Proposition 1.2]) Let M be a d-dimensional A-module. Let
x € I be an M -superficial element for I. Then

(i) dim(M/aM)=d -1,

(ii) e;(I, M/xM) = e;(I,M) for every j =0,...,d — 2,

(iii) eq_1(I, M/xM) = eq_1(I, M)+ (—=1)4=2£(0 : 2),

(iv) There exists an integer ng such that for every n > ng — 1 we have

ea(I, M/xM) = eq(I, M) + (—1)¢ ié(I”lM cx/I'M) — (n+1)00:2)|,
=0

PI,AI/wM(Z) .
—an

(v) z* is a regular element on Gr(M) if only if P (z) = P} M/wM(z) =
only if © is M -reqular and eq(I, M) = eq(I, M/xM),
(vi) If depth(M) > d — 1 then x is M-regular.

We would like to comment that in the above statements (iv) and (v), eq(I, M/xM)
is the one defined by (2.2).

The Ratliff-Rush closure of an ideal introduced in [14] plays an important role in the
study of Hilbert functions, see e.g. [16,17]. It is defined by

I"M = | J I"**M : 1" = 1" M - I' for some | > 0. (2.3)
k>1

Using this notion, we can compute the zero-th local cohomology module of G;(M) with
respect to G4 1= @®,>11"/I" ! as follows (see, e.g., [16, p. 26]):

ItiMnItM
[Hng(G[)M))}n = STy (2.4)

We set G(M) = G(M)/Hg, (G1(M)).

Lemma 2.2. Let M be an one-dimensional A-module. Let b be a positive integer such that
IM CmPM. Then

(i) ([1, Lemma 2.5]) £(G1(M),) > b.

(ii) If eo(I, M) # eo(m®, M), then ((G(M),) > b+ 1.
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Proof. (i) is [1, Lemma 2.5]. It is based on the fact ¢(G;(M),) = U(E), where E =
M/IM, and the strict inclusions:

ED>mED---D2m’E. (2.5)
(i) Assume that m*E = 0. Then m* M C IM. By (2.3), it implies that
Il+1M g Il (mbM) g ]‘H’l]w'7

for some [ > 0. Hence I'*'M = mbPI'M. Let ¢ be an integer such that m*¢ C I', then
for all n > 0, it yields

IH—nM _ (mb)nIlM ) (mb)n-i-cM'
Hence

(n+ Deo(I, M) — ey (I, M) = ¢(M/I*"M)

< 0/ (m¥)eAD) = (1 + e (m®, M) — ey (m®, M),

for all n > 0. This implies eg(I, M) < eg(m®, M), whence eo(I, M) = eo(m®, M), a
contradiction to the assumption. So, we must have m*E # 0. From (2.5) we then get

UG(M),) =L4(E) > b+ 1, as required. O

Lemma 2.3. Let R be a Noetherian standard graded ring over a local Artinian ring and E
an one-dimensional Cohen-Macaulay graded R-module. Let A := A(E) be the mazimal
generating degree of E. Then

(i) He(A) < Hg(A+1) < --- < Hg(pn(E)),
(ii) He(n) > (n—A)+ Hg(A) for all A+1<n < pn(E).

Proof. Let z € R; be an FE-regular element. Since F is a Cohen-Macaulay module,
pn(E) = pn(E/zE) — 1. Note that A(E/zE) < A = A(E) and since dim E/zE = 0,
Hg.p(t) > 1 for all A(E/2E) <t < pn(E/zE) —1 = pn(E). Hence the statements
follow from the following equality

Hg(n) = Hg(A) + Z Hg/.p(i). O
A+1<i<n

The following result is a slight improvement of [17, Proposition 2.7] and the remark
after it.

Lemma 2.4. Let M be an one-dimensional Cohen-Macaulay A-module such that IM C
mbM. Then
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() a1(Gr(M)) = pn(I, M) =1 > ag(G1(M)) and reg(G1(M)) = pn(I, M),
(ii) Hypm(n) >n+ b+€(Hg+ (Gr(M))y,) for all0 <n <pn(I,M),
(iii) ([17, Proposition 2.7(2)]) pn(I,M) < eo(I,M) — b. If the equality holds, then

UG(M),)=n+b for all0 <n < pn(I,M).
If, in addition, eo(I, M) # eo(m®, M), then we further have:

(iv) Hru(n)>n+b+1 +€(H%+(G1(M))n) for all0 <n <pn(I, M),
(v) ([17, Remark (b) after Proposition 2.7]) pn(I, M) < eo(I, M) —b—1. If the equality

holds, then ((Gr(M),)) =n+b+1 for all0 <n < pn(I, M).

Proof. (i) By [10, Theorem 2.1] ag(G1(M)) < a1(Gr(M)). From the Grothendieck-Serre
formula

HLM(TL) — HPLM(’HJ) = HG;(M)(”) — HPGI(M)(TL) =
= ((Hg, (G1(M))n) — L(Hg, (G1(M))n),

it follows that pn(I, M) = pn(G;(M)) = a1 (G (M)) + 1.
(ii) From the short exact sequence

0 — H¢ (G1(M)) — Gr(M) — G(M) := G{(M)/H¢, (G1(M)) — 0,
we get
Hra(n) = (Gr(M),,) + ((HE, (Gr(M))y).

From (i) it follows that

pn(I, M) = a1 (G;(M)) + 1 = pn(Gr(M)).

Note that A(Gr(M)) = 0, and by Lemma 2.2(i), {(G1(M),) > b. Since G;(M) is a
Cohen-Macaulay module, by Lemma 2.3, we have

Hyai(n) = L(Hg  (G1(M))n) + Hg (1)
> ((H, (Gr(M))s) + Hg,q5(0) +n (2.6)
> L(HE, (Gr(M))n) +b+n, (2.7)

for all 0 < n < pn(G;(M)) =
(iii) Since Hy p(n) < eo(I, M
we immediately get

pr(G1(M)) = pn(I, M).
) (see, e.g., the remark after Lemma 2.1 in [17]), from (ii)

p < eo(I, M) =b—(Hg (G1(M)),) < eo(I, M) — b,



570 L.X. Dung et al. / Journal of Algebra 633 (2023) 563-590

where p := pn(I, M). If the equality holds, then from (2.6) and (2.7) we must have
Hear(0) = b and Hg r37(p) = p + b. From Lemma 2.3 we then get

(G (M),) = Hg-gp(n) = n+ b

forall 0 <n <p.
(iv) and (v) If, in addition, ey(I, M) # eo(m®, M), then using Lemma 2.3(ii), instead of
(2.7), we get a little bit stronger inequality:

Hya(n) > €(HE (Gr(M))n) +b+1+n,
which then implies (iv) and (v). O
3. The first Hilbert coefficient of a module

In this section we always assume that M is a Cohen-Macaulay module over a local
ring (A,m) and [ is an m-primary ideal. We start with a slight improvement of [17,
Proposition 2.8 and Proposition 2.10]. Its proof is also a modification of the one of [17,
Proposition 2.8]. Note that [17, Proposition 2.8 and Proposition 2.10] are formulated for
an arbitrary filtered module (not necessarily Cohen-Macaulay).

Proposition 3.1. Let M be a Cohen-Macaulay module and of dimension d > 1. Let b be
a positive integer such that IM C m®M. Then

I,M)—b+1
er(I, M) < (60( ’ ; * >+b—£(M/IM). (3.1)
If d = 1 and the equality in (3.1) holds, then we have

(i) ao(G1(M)) <0,
(ii) Either reg(Gr(M)) =pn(I,M) = eo(I, M) —b or eo(I, M) € {b,b+ 1},
(i) Hrpm(n) =b+n foralll <n <pn(I,M)—1.

Ifd =1 and eo(I, M) > eg(m®, M), then

eo(I, M) —b

el(I,M)§< 5

>+b+1—€(M/IM). (3.2)
If the equality in (3.2) holds, then we have
(") ao(G1(M)) <0,

(i") Either reg(G(M)) =pn(I,M) =eo(I, M) —b—1 oreg(I,M) € {b+1,b+ 2},
(iii") Hrm(n)=n+b+1 foralll <n <pn(I,M)-1.
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Proof. For simplicity, set eg := eo(I, M), e :=e1(I, M) and p := pn(I, M). By standard
technique (using Lemma 2.1) we may assume that d = 1. We have

p—1 p—1
e1 = (eo— Hr(i)) = eo — Hrar(0) + Y (o — Hrar(i)).
P i=1

Using Lemma 2.4(ii) and (iii), we get

p—1
e < ey— H[’M(O) + Z(eo —1—b— f(Hng (G[(M))l)
i=1
ep—b—1
< (o —i—b—L(HE, (Gr(M));) +eo — L(M/IM) (3.3)
eo:)—l
< (o — i — b) +eo — £(M/IM) (3.4)
_ (eo _2b+ 1) +b— O(M/IM).

If e; = (™) +b— ¢(M/IM), then from (3.3) and (3.4) we must have:

(a) Hg+(GI(M))i:0for all 1 <i<ey—b—1,
(b) Hrpm(i)=b+iforalll <i<e—b—1,
(c) p=ey—bifeg—b>2.

Since p < eg—b by Lemma 2.4(iii), (b) implies (iii). By Lemma 2.4(i), p—1 > ao(G(M)).
Hence (a) implies (i). Since a1 (Gr(M)) > ao(Gr(M)) (by Lemma 2.4(i)), reg(Gr(M)) =
a1(Gr(M)) 4+ 1. Using again Lemma 2.4(i), we get reg(Gr(M)) = p. Then (c¢) implies
(ii).

Finally, if eo(I, M) > eg(m®, M), then by Lemma 2.4(v), p < eg — b — 1. Hence as
above, we get

eg—b—2
1< Y (eo—i—b—1—L(HE (Gr(M));)+eo — L(M/IM) (3.5)

80727 (eg —i—b—1)+eq— £(M/IM) (3.6)

IN

- (602_ b) +b+1—£(M/IM).

The proof of (i), (ii’) and (iii’) is similar to that of (i), (ii) and (iii), where (3.5) and
(3.6) are used. O
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Assume that A is a Cohen-Macaulay ring. Elias [3, Proposition 2.5] showed that if
I C m?® for some b > 2, then under an additional condition we have:

(D) < (eo(zg—b)_

Using integral closures of an ideal, Hanumanthu and Huneke were able to remove that
additional condition (see [6, Corollary 3.7]). We can now extend this result to the case
of modules.

Proposition 3.2. Assume that M is a Cohen-Macaulay A-module of positive dimension

and I is an m-primary ideal of (A, m) such that IM C wm®M for some b > 2. Then

er(I, M) < (60(1’];4) - b).

Proof. Using standard technique we may assume that d = 1. If eq(I, M) > eg(m®, M),
then the statement follows from Proposition 3.1 (3.2), since
((M/IM) > ((M/m°M) > b.
Assume now that eg(I, M) = eg(m®, M). For n >> 0, we have
eo(I, M)(n+1) — ey (I, M) = £(M/I"H M) > ¢(M/(m>)"*+1 M)
=eo(m®, M)(n +1) — ey (mb, M).
Hence ey (I, M) < e;(m®, M). Note that for n > 0,
(M) ()" M) = o(M/(m"HYP M) = eg(m, M)(n 4 1)b — ey (m, M).

This implies eo(m®, M) = beg(m, M) and e;(m®, M) = e;(m, M). Applying Proposi-
tion 3.1 (3.1) to the case b =1 we get

er(m, M) < (e(’(“;’ M)>.

(Of course, this inequality is known in [8, Theorem 2].) If eq(m, M) = 1, then the above
inequality gives e;(I, M) < e;(m, M) = 0 and the statement trivially holds. Assume
eo :=eg(m, M) > 2. Since b > 2, we have beg — b > ey. Hence
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Let us examine when the bound in Proposition 3.1 (3.1) holds in the case dim M = 1.
Let b be the largest positive integer such that IM C mPM. Note that eo(I, M) >
eo(mb, M) = beo(lﬁ7 M) > b.

Lemma 3.3. If eq(I, M) = b, then Proposition 3.1(3.1) becomes an equality. Moreover,
eo(I, M) = b if and only if M = A’, A’ is an one-dimensional regular ring and I = (z*),
where m = (z).

Proof. We have b < ((M/mPM) < ¢(M/IM) < eo(I,M). If eo(I,M) = b, then
L(M/mM) =1, eg(m,M) = 1, and from the inequality Proposition 3.1 (3.1) we get
e1(I, M) <0, whence e1(I, M) = 0. Then Proposition 3.1(3.1) becomes an equality. Re-
placing A by A/Ann(M), one can now conclude that eyg(I, M) = b if and only if M = A,
A is a regular ring and I = (2%), where m = (z). O

Lemma 3.4. Let M be a Cohen-Macaulay module of positive dimension d and I an m-
primary ideal. Let b be the largest positive integer such that IM C mPM. Assume that
eo(I, M) > b and

er(I, M) = (eO(I’ M; —oF 1) b — O(M/IM).
Then b =1.
Proof. Assume that b > 2. First assume that d = 1. We have
er(I, M) = (oM=L 4 b ¢(M/TM)
= (oMb e (1, M) — £(M/IM).

Since eo(I, M) > ¢(M/IM), the above equality together with the inequality in Proposi-
tion 3.2 implies that

er(I, M) = (SO(IvM)b)

) (3.7)

and eg(I, M) = ¢(M/IM). Since M is an one-dimensional Cohen-Macaulay module,
eo(I, M) = ¢(M/xM) for some z € I. This implies IM = zM, i.e. we can assume that
I is a parameter ideal. Then e;(I, M) = 0, and by (3.7), eo(I, M) < b+ 1. By the
assumption, we get eq(I, M) =b+ 1.

Since b+ 1 = eo(I, M) > eg(m®, M) = beo(m, M) and b > 2, we can conclude that
eo(m, M) = 1. Let y € m such that eg(m, M) = {(M/yM). Note that ¢(M/yM) >
O M/mM) = p(M) - the minimal number of generators of M. Hence, we must have
yM = mM and M is generated by one element, say M = Au. Replacing A by A/Ann(M),
we may assume that M = A. Then A is a regular ring, m = (y), see Lemma 3.3. Since
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x € m® and b is the largest number satisfying this property, it implies that 2 = ry® for
some unit . But then eo(I, M) = eg(z, A) = b, a contradiction. Hence, the assumption
b > 2 is wrong and then b = 1.

Now assume that d > 2. Let z1,...,x4_1 be an M-superficial sequence for I. Let
N =M/(z1,...,2q-1)M. Then dim(N) =1 and

er(I,N) = (60(1’ N)Zf bt 1) +b— ¢N/IN).

Since IN C m®N, we must have b=1. O
Below are some characterizations for the equality in (3.1).

Proposition 3.5. Let M be an one-dimensional Cohen-Macaulay A-module and I an m-
primary ideal. Let b be the largest positive integer such that IM C mPM. Assume that
eo(I, M) > b+ 2. Then the following conditions are equivalent:

(i) er(I, M) = (EM=) 4 — o(M/IM),

. eo (I, M)szi
ii) PIM( ) = e(M/IM)+(b+1 e(zvlf/_IZM)) +>70, 7

(
(iii) ao(Gr(M)) <0 and reg(Gr(M)) = eo(I, M) — b,
(iv) reg(Gr(M)) = (U= 1 p e (I, M) — (M/IM) — 1.

If one of the above conditions is satisfied, then b =1 and eq(I, M) = ep(m, M).

Proof. For simplicity, in this proof we set eq := eg(I, M), e; := e;(I,M) and p :=
pn(I, M).

(if) = (i) is immediate from (2.2).

(i) = (ii) Assume that e; = (80721’“) +1—4¢(M/IM). Since ey > b+ 2, by Propo-
sition 3.1(ii) and (iii), p = eo — b, Hrm(n) = i+bforall 1 < i <e —b—1 and
Hiam(n) = ep for all n > ep — b. Substituting these values into the definition (2.1) of the
Hilbert series we then get (ii).

(i) = (iii) By Proposition 3.1(i), ag(Gr(M)) < 0. Since eg > b+2, by Proposition 3.1(ii),
reg(Gr(M)) = eg — b.

(iii) = (ii) By Lemma 2.4(i), we have p = reg(G1(M)) = eg — b. Since ao(G(M)) <0,

(I'M/TM) = He, ) (t) = He, (1) for all ¢ > 1.

On the other hand, by Lemma 2.4(iii),

Hean ()

Jt+b if0<t<e—b-1,
€0 iftzeo—b.

Hence
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Proy(z) = 6M/IM) + Y07 7+ b)2t + 3,0,y €02

(M /TM)4+(b1—L(M/IM)) 24350 ° 2
- 1—2 '

(i) = (iv) Using (i) < (iii), we have
reg(Gr(M)) =eg— b
= (O = () +er +UM/IM) —b—e; — ((M/IM) +b—1
= (“0) +b—ey — ((M/IM) — 1.
(iv) = (i) By [, Proposition 2.1}, reg(G1(M)) < eg — b. Therefore
reg(Gr(M)) < ey —b
= (O = () +er +UM/IM) —b—e; — ((M/IM) +b—1
< (") +b—ex — £(M/IM) — 1 (by Proposition 3.1).

By virtue of (iv), this implies ey = () + 1 — ((M/IM).
Finally assume (i). By Lemma 3.4, b = 1. Further, since eg—1 > 2, we have (8051) +
(%). Hence, if eg # eg(m, M), by virtue of Proposition 3.1(3.2), we cannot have (i

contradiction. 0O

1<
) a

Example 3.6. Let A = k[[t?,t3]] and M = m. Then eq(m, M) = eg(m) = 2, while 1 (m) =
1 and eq(m, M) = 0. Hence, the condition (i) of Proposition 3.5 is satisfied for both
pairs (m, A) and (m,M). Note that £(m”/m"*!) = 2 for all n > 1. So, pn(m) = 1
and pn(m, M) = 0. The ring G(m) and the module G;(M) are Cohen-Macaulay, but
reg(G(m)) = 1 = ep(m) — 1, while reg(Gn(M)) = 0 < eg(m, M) — 1 = 1. This shows
that none of the conditions (ii), (iii) and (iv) in Proposition 3.5 holds. So the condition
eo(I, M) > b+ 2 in Proposition 3.5 cannot be omitted.

Using (iv) and (v) of Lemma 2.4 and (i’), (ii’) and (iii’) of Proposition 3.1, similar
arguments of the proof of Proposition 3.5 give:

Proposition 3.7. Let M be an one-dimensional Cohen-Macaulay A-module and I an m-
primary ideal such that I C m®, eo(I, M) > eo(m®, M) and eo(I, M) > b+ 3, where b is
a positive integer. Then the following conditions are equivalent:

(i) er = (02D 4 p 41— o(M/IM),
eg(I,M)—b—1 _;
(i) Proag(e) = MM b2t/ IND)= 130, =

(iii) ao(Gr(M)) <0 and reg(Gr(M)) =eo(I,M) —b—1,
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(iv) reg(Gr(M)) = (U= 1 p — ey (I, M) — €(M/IM).

Remark 3.8. Using the standard technique one can immediately deduce that the con-
clusions of Proposition 3.5 hold for any d-dimensional Cohen-Macaulay module M with
depth(G;(M)) > d—1. We don’t know if the assumption depth(Gy(M)) > d —1 can be
removed.

We cannot do the same with Proposition 3.7, since the condition eq(I, M) > eg(m®, M)
could be not reserved when going to lower dimension (see the reason before Lemma 4.5).

4. The first Hilbert function of an m-primary ideal

In this section we consider the case M = A, that is we study the first Hilbert coefficient
of an m-primary ideal I of a Cohen-Macaulay local ring (A, m). If b > 2, see Theorem 4.6
below. If b = 1, then the Rossi-Valla bound in the statement (i) of the following lemma
is clearly much better than the one in Proposition 3.1.

Lemma 4.1. Let (A,m) be a d-dimensional Cohen-Macaulay ring and I an m-primary
ideal. Then

(i) ([16, Theorem 3.2])

er(I) < (eoéf)) - (“(Ig_d) —UAJT) + 1, (4.1)

where u(I) denotes the number of generators of I.
(ii) (A partial case of [16, Theorem 3.2]) Ifd =1, then we also have

er(l) < <60§I )> - <’“‘(f >2_ 1) —0(A)T) + 1.

Proof. There is an unclear step in the proof of [16, Theorem 3.2] in the case d = 1:
from the context, X in [16, (8)] should be £(A/I), see at the beginning of [16, Section 3].
Therefore we give here a correction of this part. So, we may assume that d = 1 and we
need to show

er(l) < (e‘f)) - (”U)Q_ 1) —(AJT) + 1. (4.2)

If u(I) = 1, then I is a parameter ideal, which implies e1 (/) = 0 and the inequality holds
true. Now let u(I) > 2. By [16, Theorem 3.1],

en(I) < <60§I )> _ (g N 1) —0A/T) +1, (4.3)
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where

g=0I/12)+ 3¢ (%)

S \IIi+4 I+
At the end of the proof of [16, Theorem 3.1], it is shown that
g > 0(I/I2 + Im) + (12 + Im/Im)
= ¢(I/Im) = £(I/1) + p(I).

Set [ := ¢(I/I). Then we get

<9; 1) UA)T) > (’“‘(D 5 ! ”N) + (AT

_ <u(1)2— 1) N wJJ(A/D
. <u(1)2— 1) n @ + 0(A/T) (since p(I) > 2).  (4.4)

If [ =0, then £(A/I) = ¢(A/I). If [ > 1, then
m%l) +0(A/T) > T+ 0(A)T) = L(A/T). (4.5)

In both cases, from (4.4) we get

-1 ~ I)—1
(g 5 ) oA/ > <”( )2 ) FU(A/D. (4.6)
Combining this with (4.3) we immediately get (4.2). O

Using the Rossi-Valla bound (4.1) we can immediately see that if I satisfies the con-
dition (i) of Proposition 3.5 (with M = A), then u(I) < 2. However, if I is a parameter
ideal, then e;(I) = 0, while (“{V) + 1 — £(A/T) = (“{")) +1 — eo(I) > 1, provided
eo(I) > 3. This contradicts the condition (i). So, u(I) = 2. Below are more information
on the structure of I and A itself, when I satisfies the condition (i) of Proposition 3.5,
or equivalently, when the Rossi-Valla bound (4.1) is attained, provided pu(I) = 2.

Proposition 4.2. Let (A,m) be an one-dimensional Cohen-Macaulay ring and I an m-
primary ideal such that eq(I) > 3 and e1(I) = (e(’él)) +1—¢(A/I). Then we have

(i) I=m, I? =mI and p(I) = 2.
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(i) pu(m) € {2,3}, and

(iii) If u(m) =2, then I = m and G(m) is a Cohen-Macaulay ring.

(iv) If u(m) = 3, then I™ = m" for alln > 2 and £(A/I) = 2. In this case depth(G(I)) =
0.

Proof. We set eg := eg(I). (i) u(I) = 2 was shown above. By Proposition 3.1(ii), b =1
and pn(I) = eo(I) — 1. Hence, by Lemma 2.4(iii), £(G(I)o) = 1. By (2.4), we then get
A/T) = ¢(G(I)) = 1. Since I C m, we must have I = m. By Proposition 3.1(iii),
¢(I/1?%) = 2. Since 2 = u(I) = ((I/mI) < ((I/I?) = 2, we get I? = ml.

(ii) Since u(I) = 2, the equality in (4.1) also holds for I. From (4.4), (4.5) and (4.6) we
must have £(I/I) < 1. Since I = m, we get £(A/I) < 2, and by Lemma 4.1(ii), we now

have
<€20> +1-L(A/T) = e < (620) _ (u(m; 1>.

This implies (“(")™) < 1, whence u(m) < 3. By Proposition 3.5, eg(m) = eo(I) > 3.
Hence A is not a regular ring, which implies pu(m) > 2.

Assume that a is an element in a minimal basis of I. We first show that a ¢ m?.
Assume by contrary, that a € m2. Since I = m, we get

aem®nl=(?nICl?NI.
By Proposition 3.5(iii) and (2.4), we get

NI
0=Hg, (GI) = Tz

which implies
2nl=1I% (4.7)

Hence a € I2, a contradiction.

The condition that any element in a minimal basis of I does not belong to m? implies
that the images of a1, as of a minimal basis of I in m/m2 are linearly independent. This
means that {a1,as} is a part of minimal basis of m.

(iii) If p(m) = 2 then I = m and HgJG(I))O = 0. Since ag(G(I)) < 0 (by Proposi-
tion 3.5(iii)), Hg+(G(I)) =0, and G(m) = G(I) is a Cohen-Macaulay ring.

(iv) Assume now that p(m) = 3. As shown above £(A/I) < 2. So we must have ¢(A/I) =
2. Assume that m = (a1, a9, a3), where {aj, a2} is a minimal basis of I. Moreover, we
may assume that both elements a1, as are non-zero divisors of A. Since I = m, by (4.7),
we have

atas € IN(N2CINT2=1% = (a1,a2)>.
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Hence

araz = y1ai + yaaias + y3a§, (4.8)

for some y1,y2,y3 € A. Replacing ag by as — y1a1 — y2a2 in the above relation, we may
assume that

araz = ysas.
Analogously, we can find z1, 29, 23 € A such that
asaz = zla% + z0a1a9 + 23a§. (4.9)
Then

agag = zla%ag + zoa1a20a3 + 23a§a3
_ 2 3 2
= z1a1Y3a3 + 22y3a; + z3a3as.

Since as is a non-zero divisor, this implies
2 _ 2 2
a3 = 21Y3a1a2 + z2Yy3a; + z3aga3 € I°.
Together with (4.8) and (4.9), this shows that I? = m?. For n > 3, by induction we have

" = Iln_l _ [mn—l 2 Ian—2 —_ QOn—Z _ mn)
which yields I™ = m™. In this case, by (2.4), HgJG(I))O = % = 7 #0, depth(G(1)) =
0. O

Remark 4.3. The Cohen-Macaulayness of G(m) in (iii) of the above proposition is known
long time ago, see, e.g. [18, p. 19].

If u(I) > 2, then the Rossi-Valla bound (4.1) is much better than the one in
Proposition 3.1, provided b = 1. An ideal, for which the Rossi-Valla bound (4.1) is
attained, may have an arbitrary number of generators. For an example, take I = m in
A= k[[t*,te*, . #2971]],a > 3. Then ep(m) = a and

er(m) —a—1= (eo(2m)) 3 (u(m; — 1>.

If I = m the Rossi-Valla bound (4.1) is Elias’ bound given in [2, Theorem 1.6]. In [5,
Theorem 3.1], there is a characterization in terms of Hilbert series for an one-dimensional
Cohen-Macaulay ring such that the Elias’ bound is attained. See also [16, Proposition 3.3]
for a shorter proof.
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Example 4.4. Let a > 3 and A = k[[t*, o7, t¢"=0=1]] and I = (%, ¢t**1). Then

HAJT) = 2, eo(T) = eo(m) = a, ex(I) = e1(m) = (g) 1= (eog)) +1 - 6(A/D),

This is the situation in (iv) of the above proposition. Note that G(m) is a Cohen-Macaulay
ring only in the case a = 3. This was indicated in [18, p. 19] in the case a = 3 and in [2,
Proposition 4.6(2)] for a > 4.

We now give a new bound on e;(I) for an m-primary ideal I C m® and b > 2. It is
in fact a correction of the bound given in [4, Proposition 1.1]. The following result was
stated there for any dimension d > 1, but its proof is valid only for d = 1, because in
general one cannot find an element € m such that it is simultaneously superficial for
both m and 1.

Lemma 4.5. [/, Proposition 1.1] Let I C m® be an m-primary ideal of an one-dimensional
Cohen-Macaulay ring A. Then

e1(I) < (eo(m) = 1)(eo(I) — beg(m)) + €1 (m).

Modifying the bound in the above lemma, we can give a new bound on e (/) for any
dimension.

Theorem 4.6. Let A be a Cohen-Macaulay ring of dimension d > 1. Let I C m® be an
m-primary ideal, where b > 1. Then

el(I)SﬁCo(I)QbJrl)_(u(m;d>.

Proof. First consider the case d = 1. By Lemma 4.5,
e1(I) < (eo — 1)(eo(I) — beo) + e1(m),

where we set e; := e;(m). By [2, Theorem 1.6],
€o p(m) — 1
< — .

(€0 — 1)(eq(I) — beg) + <olg=t) _ (nm)=1)

Hence

IN

e1([)

6%(—1)4‘ %) + 60(60(1) + b— %) - 60([) — (u(m2)71).

The function
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F(#) = (b + )1 + (eo(T) +b— )t — colT)

eo(D)+b—3

reaches its maximum at tg = —=2 and
2(b—3)
~ (2e0(I)—20+1)2 1 eo(I) —b+1 1
f(to) = 8(2b—1)  2b—1 2 Ty

For a real number «, let |a] denote the largest integer a such that a < «. Note that
|™te] = [ 2] for any integers n > 1, m and a real number 0 < o < 1. Hence

er(I) < [f(to)] — (*™)7Y)

- I—Tl_l(EO(I)Q—b-H)J _ (u(mQ)—l)

< g () = (1Y),

Now let d > 2. Let « € I be a superficial element. Then eg(I/z) = eo(I), e1(I/x) = e1(I),
I/x C (m/x)® and p(m/x) > p(m) — 1. Hence, the conclusion follows by induction on
the dimension. O

Remark 4.7. Let b > 2. Then Theorem 4.6 gives

ex(I) < L% <e°(l);b+1)J - (“(m;_d). (4.10)

It is easy to check that

L%(eo(l) ;b+1>J . (eO(IQ)—b).

This gives another proof of Corollary 3.2 in the case M = A. The bound of Theorem 4.6
in this case is clearly better than the bound of Corollary 3.2 if m is generated by at least
d + 2 elements. If eq(I) > b+ 5, then from (4.10) we get a much better bound:

oll) < %<eo(2—b) - (,u(m;—d)

Remark 4.8. We now give a brief account of upper bounds on e;(I) of an m-primary
ideal I of an one-dimensional Cohen-Macaulay ring A such that I ¢ m?2.

(i) The first Rossi-Valla bound (4.1):

61(.[) S bl(I) .

Il
RS
)
=)
N —~
~
N~—
N~
|
7 N
=
—
~
S~—
|
—
"
|
=
b
~
~
S~—
+
=
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(ii) The second Rossi-Valla bound (see Lemma 4.1(ii)):

eom) . <u(f) -1

el(I)SbQ(I) S( 9 9

) —((A/T) +1.
(iii) The case b = 1 of Elias’ bound (see Lemma 4.5):

e1(I) < b3(I) := (eg(m) — 1)(eo(!) — eg(m)) + e1(m).

(iv) The Hanumanthu-Huneke bound [6, Corollary 2.9]: Under the additional condition
that A is an analytically unramified local domain with algebraically closed residue
field, we have

eo(I) — 0(A/T) + 1)

61(I)Sb4(1) = < 9

where I denotes the integral closure of 1.
(v) The case b =1 of Theorem 4.6

er(I) < bs(I) := (eoéj)) - (u(m;_ 1)'

Note that the bounds in (i) and (v) can be lifted to higher dimensions, while we could
not do the same for the other bounds. We now give examples to show that these bounds
are independent.

(a) If I = m and p(m) > 3, then bg(m) = e;1(m) is not a bound, while

ba(m) = bafm) =) = (57 ) = (M0 7Y <) = (“57).

(b) Consider the following example in [6, Discussion 3.8]:
I=(t¢10 ¢ ¢15) ¢ A = k[[t7,5,¢°,¢1]).

The computation there shows that I = I = I, eq(I) = ey (I) = 9 and by(I) = 21 <
b1(I) = by(I) = 31. Since ey (m) =9, we have bs(I) = 21, while b5(I) = 33.

(c) Consider the ring A = k[[t%,t**! ... t2971]],a > 7, in Remark 4.3. We have eg(m) = a
and e;(m) =a — 1.
(c1) Let I = (t*). Then I = I, while I = m. We have eo(I) = a, e;(I) = 0, and

bs(I) = bs(I) = a—1 < by(I) = bo(I) = (g) —a+1<by(I) = (;‘)
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(c2) Let 3 = (t2¢=1). Then J = J, while J = (£2*~',¢2%,...), since for any m > 2a we
have (#™)22~1 = (t2a=1)m ¢ 32¢_ We have e(J) = 2a—1, ;(J) = 0 and £(A/T) = a.
Therefore,

bs(J) = fala—1) <b3(J) =ala—1) < bs5(3) = 3a(a—1)
< b1<j) =by(J) = (a— 1)(2a —3).

(c3) Now let J = (t*,t**!). For any 2 < m < a — 1, we have t*T™ ()"~ =
(taJrl)m € J™ and taer(taJrl)afm — (ta)aferQ c Jaferl. Hence j —m= j Then
eo(J)=a, e;(J)=a—1and

ba(J) = b3(J) = bs(J) =a—1 < bi(J) = <‘2L> —a+2<by(J) = (;)

(d) Note that by(I) = by(I) and bs(I) = bs(I). Hence, by [4, Proposition 1.2], in most
of cases, b3(I) < min{by(I), ba(I)}. However, we may have the reverse inequality.
Let A = K[[t?,#3]) D I = (t3) = (¢3,¢°,15,...). Then I = I, while I = (3, t*). Hence
e1(I) =0 and

bl(.[) = bQ(I) = b4(I) =1< b3([) =2< b5(I) =3.

(e) Let A= k[[t5,t°,¢7]] D I = (t°,15,¢'4). We have eo(I) = 5. Since t7(t°)% = (t5)%t° €
I3, t7(t%)3 = (%)% € I* and t"t"* = (¢°)3t% € I?, I = m, which also implies I = m.

Hence e1(I) = e1(m) =6 and
bg([) =6< b1(]) =8< bQ(I) = b5<I) =9< b4([) =10.
5. The second Hilbert coefficient

Rhodes [15, Proposition 6.1(iv)] proved that eq(I, M) < (el(lz’M)). Combining with
the bound in Proposition 3.1, we get ea(I, M) < geo(I, M)*. In the case I = m and
M = A, there is a much better bound given in [5, Theorem 2.3]. The bound also involves
e1(m) and some rather technical invariants. As a consequence, it was shown there that
ez2(m) < (61(2'“)) - (“(mz)_d), which is of course better than Rhodes’ bound in the case
I = m. Applying known bounds on e;(m) to the bound in [5, Theorem 2.3], one can
show that ez(m) < Zeg(m).

The aim of this section is to give a new bound on e3(I, M) in terms of ey(I, M),
which is less than %eO(I ,M)3, and to characterize when this bound is attained. In the
case M = A, after finding some relationships between the reduction number and the
Hilbert coefficients, using Theorem 4.6 we can give a better bound for a large class of I,
see Theorem 5.9.

Theorem 5.1. Let M be a Cohen-Macaulay module of dim(M) =d > 2 over (A,m). Let
I be an m-primary ideal such that IM C mbPM, where b is a positive integer. Then
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I,M)—-b+1
es(I, M) < (60(’ o )

Proof. By standard technique we may assume that d = 2.

Let z € I\I? be an M-superficial element for I. Let N := M/xM. By Lemma 2.1(ii)
and (iii), e;(I, M) = e;(I,N) for i = 0,1. For short, we write p := pn(I, N) and eg :=
eo(I, M) = eg(I,N). Then

Prx(s) = Hyn(0) + 3070 (Hrn (i) — HIiN_(z'Z— 1))2" + (eo — Hr n(p — 1))z 5.1)

By (2.2), we have

o (i = V)i(Hy n (i) — Hy n(i — 1)) + p(p — 1)(eo — Hy n(p — 1))

SQ(I,N) = 2'
p—1
= *;ZHI,N(i) —+ p(p; 1)60
p—1
= i(eo — Hyn (i)
i=1
ep—b—1
< i(eo — Hr,n (7)) (by Lemma 2.4(iii)) (5.2)
i=1
ep—b—1
< Z i(eg —i—b—L(HE, (Gr(N));) (by Lemma 2.4(ii))
co bt eo—b+1
< ileg—i—b)y={" . (5.3)
2, =)

Since M is a Cohen-Macaulay module, by Lemma 2.1(iv),

- I HIM
ex(I,N) = ex(I, M)+ ¢ <Tm> > ey(I, M). (5.4)
=0

Hence the inequality (5.3) gives ea(I, M) < (eo—gb-l—l). -

Remark 5.2. Assume that IM C mPM. If eg(I, M) < b+ 1, then by the above theorem,
we get ea(I, M) < 0. From the famous result of Narita [11, Theorem 1] on the non
negativity of the second Hilbert coefficient (see [17, Proposition 3.1] for a short proof in
the module case), this implies eo(I, M) = 0. Hence we can omit this case when dealing
with the border case of the above theorem. The following result says that if the above
bound is attained, then b = 1 and I satisfies the conditions of Proposition 3.5.
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Theorem 5.3. Let M be a Cohen-Macaulay module of dim(M) =d > 2 over (A, m) and
I an m-primary ideal. Let b be the largest integer such that IM C mPM. Assume that
eo(I, M) > b+ 2. The following conditions are equivalent:

(i) ea(I, M) = (oMD=041),

2 e (1 M)—b S
i) PI,M( ) = O(M/IM)+(14+b— z((z\l/[/g\g)) +>°:2 ,

(
(iii) depth(Gr(M))>d—1 and ei(I, M) = (M=) 1y ¢(M/IM),

(iv) depth(G;(M)) >d—1, reg(G;(M)) =eo(I) — b and aq—1(G;(M)) <1 —d,

(v) depth(Gr(M)) > d—1 and reg(G(M)) = (UMD =0T2) e (1, M)—6(M/IM)—

PRy

If one of the above conditions holds, then b= 1.

Proof. For simplicity, we set e; := e;(I, M), i € {0,1,2} and G := G(I). First, let d = 2.

By (2.2) it is clear that (ii) implies (i). Assume (i), i.e. e3 = (6073”1). Let x € I\ I* be
an M-superficial element for I. Let N := M /xM. By Lemma 2.1, e;(I,N) = e;(I, M) =
e; fori =0,1,and by (5.4), e2(I, M) < ex(I, N). Since ex(I, N) < (e°_3b+1) (see (5.3)), we
must have ey (I, N) = ex(I, M) = (“~*!). By Lemma 2.1(v), the initial form z* € I/I?
is a regular element on Gj(M). This means depth(G;(M)) > 0. Note that Gy(N) =
Gr(M)/x*G(M).

Moreover, since eg > b+ 2, using (5.2) and (5.3) we also have p = eg — b, where
p:=pn(I,N), and Hr y(n) =n+bforall 1 <n <p. By (5.1) we then get

U(NJIN) + (1 +b—€(NJIN))z + 3¢°5° 2
1—=z

Prn(z) = (5.5)
Therefore, using Lemma 2.1(v) again, we get (ii). Thus (i) < (ii) and they imply
depth(G;(M)) > 0.

(ii) = (iii) The first part depth(G;(M)) > 0 was just shown, while the second part
immediately follows from (2.2).

(ii) = (iv) and (v) The first part depth(G;(M)) > 0 was shown above. Since z* is a
regular element on G;(M), by Lemma 2.1(v), it implies that (5.5) holds. This means
(I, N) satisfies the condition (ii) of Proposition 3.5. By the conditions (iii) and (iv) of
Proposition 3.5, we get

reg(Gr(N)) = (%) +b—e; — {(N/IN) -1,
reg(G1(N)) =eo — b and ag(Gr(N)) < 0.

Note that reg(Gr(M)) = reg(Gr(M)/z*G(M)) = reg(Gr(N)) and ¢(M/IM) =
¢(N/IN). Hence

reg(Gr(M)) = (%) +b— ey — L(M/IM) — 1,
reg(Gr(M)) =eg —b.
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Thus (v) is proved. Further, since ag(G(N)) < 0, from the exact sequence
0= Hg, (G1(N)), = Heg (G1(M)/2*Gr(M))y — He, (Gr(M))n—1 — Hg (Gr(M))n,
we get inclusions

HE, (G1H(M))u s = Y, (Gr(M))a,

for all n > 1. This implies that Hé+(G1(M))n = 0 for all n > 0, or equivalently,
a1(Gr(M)) < —1. Summing up, (ii) also implies (iv).

If one of the conditions (iii), (iv) and (v) is fulfilled, then one of the conditions (i),
(iii) or (iv) in Proposition 3.5 holds for the pair (I, N). Hence by Proposition 3.5(ii)

Prn(z) = 5(N/IN)+(b+1751(1V;)IN))Z+nggbZi
(M /IM)+(b+1—6(M/IM))z+350," 2
- =) .

Using Lemma 2.1(v), we then get (ii). The proof of the case d = 2 is completed.

Assume now d > 2. Then (ii) = (i) follows from (2.2).

Assume (i). Let = € I\ I? be an M-superficial element for I and N := M/xM. Then
dim(N) = d — 1 and the pair (I, N) satisfies the condition (i). By induction hypothesis,
depth(G(N)) > d — 2. Using Sally’s descent (see [7, Lemma 2.2] or [17, Lemma 1.4]),
we can deduce that depth(Gr(M)) > d — 1. This implies that * is regular on G;(M).
By Lemma 2.1(v), (ii) follows. Further, we have reg(Gr(M)) = reg(Gr(N)). Using the
exact sequence

HE 2(Gr(N))n = HE 2 (Gr(M) 2" Gr(M)y — HE (G (M))u—1 — HE G (M),

one can see that aq_2(Gr(N)) < 2—d implies ag—1(Gr(M)) < 1—d. Since (I, N) satisfies
the condition (iii), (iv), (v), we then get that also (I, M) satisfies these conditions.

Conversely, assume that depth(G;(M)) > d — 1. Then, by Sally’s descent, we get
depth(G;(N)) > d — 2 and x* is regular on G;(M). Hence, we have the following exact
sequence

0 = HE *(Gr(N))n = HE (Gr(M)/2*Gr(M))n = HEH(GH(M))n-1.

From this one can see that ag—1(Gr(M)) < 1 —d implies aq4—2(Gr(N)) < 2 — d. Since
ei(I,M) = e;(I,N) for all ¢ < 2, if (I, M) satisfies one of the conditions (iii), (iv) and
(v), then the same condition holds for (I, N). Therefore, (i) holds for (I, N), whence also
holds for (I, M).

Finally, if one of conditions (i),...,(v) is satisfied, then from the condition (iv) we see
that (I, M) satisfies the condition in Lemma 3.4. Hence b=1. O
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Example 5.4. Using Example 4.4, we can see that the pair (I, M) satisfies the conditions
of Theorem 5.3, where

I = ("% g, ugoy) C A= K[t 19 490 g uga]],
(a>3,d>2)and M = A.

The above theorem says that if eg(I, M) > b+ 2 and b > 2, then the inequality in
Theorem 5.1 is strict. For the case M = A, using the bound of Theorem 4.6, we can give
a better bound in the case b > 2. We need some more preparation.

Recall that the ideal J C I is called an M -reduction of I if "M = JI™M for all
n > 0. The number:

ry(I, M) =min{n > 0| I""'M = JI"M}

is called the M -reduction number of I with respect to J. This notion is a slight modifi-
cation of the classical notion of reductions of an ideal introduced by Northcott and Rees
n [13]. An M-reduction of I is called minimal if it does not strictly contain another
M-reduction of I. The number

r(I, M) = min{r;(I, M)| J is a minimal M-reduction of I}

is called the M -reduction number of I. The above definitions of reductions and reduction
numbers remain valid for any ideal I of a Noetherian ring R and any finitely generated
R-module M.

Remark 5.5. We recall here some facts on reductions, see for instance [17, Section 1.2].
Let I be an m-primary ideal and dim(M) = d.

(i) A minimal M-reduction of T is generated by exactly d elements, also see [13, Theorem
1 of Section 6].

(ii) A minimal M-reduction of I can be generated by a maximal M-superficial sequence
for I, also see [19, Lemma 3.1].

Below are some relationships between the reduction number and Hilbert coefficients.

Lemma 5.6. Let M be an one-dimensional Cohen-Macaulay module and I an m-primary
ideal such that IM C mbM for some positive integer b. Then

r(I,M) <ey(I,M)—b.

Proof. Assume that x € I is an M-superficial element for I such that r(I,M) =
Ty (I, M). Then (I, M) = r(z+)(G+,Gr(M)), where x* € G(I) is the initial form of .
By [19, Proposition 3.2],
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T(2) (G4, Gr(M)) < reg(G1(M)).

By Lemma 2.4(i) and (iii), reg(Gr(M)) = pn(I, M) < eo(I, M) — b. Hence r(I, M) <
eo(I,M)—0b. O

Lemma 5.7. Let M be an one-dimensional Cohen-Macaulay module and I an m-primary
ideal. Then

ea(I, M) < (r'(I, M) —1)e1 (I, M),
where we set r'(I, M) := max{1,r(I, M)}.

Proof. Assume that « € I is an M-superficial element for I such that r := r(I, M) =
T (I, M). Set r" := max{1,r}. By [17, Lemmas 2.1 and 2.2],

r—1
er(I, M) =Y 4" M/zI' M).
j=0
Hence
ex(I, M) = Y021 je(I7 1 M/ 1P M)
< (7 = 1) Xy U M /s M) = (' = 1)es (I, M). O

Using the above two lemmas, we can give a new bound on ey (I, M).

Proposition 5.8. Let M be a Cohen-Macaulay module of dimension d > 2 and I an m-
primary ideal such that IM C m°M for some positive integer b. Assume that eq(I, M) >
b+ 1. Then

62(I7M) < (60(I7M) —-b- 1)61(I?M)
Proof. By standard technique, we only need to consider the case d = 2. Let x € [
be an M-superficial element for I. Set N = M/xzM. Then N is an one-dimensional

Cohen-Macaulay module. By the assumption, eq(I, M) — b > 1. Hence, by Lemma 5.6,
r'(I, M) < eq(I, M) —b. Applying Lemma 5.7 to N, by Lemma 2.1(ii) and (iii), we get

es(I,N) < (' (I, M) — 1)ey (I, M)
< (eO(IvN) —-b— 1)61(I’N> = (eO(IvM) —b— 1)61(17M)'

By (5.4), ea(I, M) < es(I, N). Hence ex(I, M) < (eq(I, M) —b—1)e1(I,M). O
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Combining the above result with Theorem 4.6 we get the following bound, which is
clearly better than the bound of Theorem 5.1 in the case M = A and b > 2.

Theorem 5.9. Let I be an m-primary ideal of a Cohen-Macaulay ring (A, m) of dimension
d > 2 and such that I C m® for some positive integer b. Assume that eq(I, M) > b+ 1.
Then

eall) < 5 (eom Ut 1) — (eo(I) ~ b - 1)(“(‘“; B d).

Proof. We may assume that d = 2. For simplicity we set e; := e;(I), ¢ = 0,1,2. By
Theorem 4.6,

Hence, by Proposition 5.8,

€2 S (60 —b— 1)61

<o —b={z ("3 - ()]
_ ep—b+1 L —2
= () — (- b= D(Y). o
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