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We show that there is a fundamental flaw in the application of modified gravity theories in cosmology, taking

f(R) gravity as a paradigmatic example. This theory contains a scalar degree of freedom that couples to the matter
stress-energy tensor but not to gravitational energy. However, when applied to cosmology this theory is unable
to distinguish between gravitational and non-gravitational energy. Hence the cosmological version of the theory
does not coincide with its own macroscopic average, and we show that this leads to order-one discrepancies.
We argue that the same inconsistency is common to many other modified gravity theories with extra degrees of
freedom. Our results put into question whether these theories can make sense as the cosmological average of a
fundamental theory, hence challenging their physical significance.

Our understanding of the large scale structure of the universe is
based on the cosmological principle: the idea that, on very large scales,
the universe is homogeneous and isotropic. This allows one to describe
the geometry of the universe in terms of Friedmann-Lemaitre-Robertson-
Walker (FLRW) metrics,

d§? = —dr* + a(t)?d=?, @

where the spatial metric d¥? is maximally symmetric and has constant
curvature. The application of Einstein’s equations to these cosmolog-
ical metrics then yields the Friedmann equations for the scale factor
a(t), which determine the evolution of the universe. Furthermore, Ein-
stein’s equations also rule the behavior of perturbations on top of this
background and are able to explain the growth of structure and the
inhomogeneities in the CMB power spectrum among other observed phe-
nomena.

But a fundamental question is whether one can actually apply Ein-
stein’s equations to the cosmological metrics in the first place. In fact,
the cosmological metric gw (denoted with a hat) is not the same as the
fundamental metric g,,,

EnF 8 (2)
because the spacetime is actually not homogeneous at short scales.
Rather, §,, must be regarded as an average metric over very long dis-
tances. Thus, even if g, satisfies Einstein’s equations, one cannot im-
mediately conclude that g, also satisfies them,

G, =8zGT,, = G, =7 3
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where G, and G v are the Einstein tensors of each of the metrics. In-
deed, this is a challenging question known as the averaging problem
in cosmology [1-7]. As it turns out, the analysis of the “averaged” or
“macroscopic” Einstein field equations (i.e., the equations satisfied by
the cosmological metric) reveals that these are different from the orig-
inal Einstein field equations one starts with due to the nonlinearity of
the Einstein tensor. Although this difference — due to the backreaction
of inhomogeneities — has been argued to be small in our universe [6],
one should always bear in mind that the equations of motion satisfied by
the cosmological metric do not take the same form as the fundamental
equations of motion of our theory.

Now, these considerations have so far been largely unexplored in
the case of modified gravity theories — see [8-10] for a few excep-
tions though. Theories such as f(R) gravity [11], Horndeski [12] and
other extensions of GR — see [13-17] for a few examples — have been
extensively used in the cosmological context in order to explain the ac-
celerated expansion of the universe, dark matter or inflation — see the
reviews [18,19]. Thousands of scientific papers routinely utilize these
theories, but however, basic questions about the meaning and validity
of these theories are often forgotten.

In the light of our previous discussion, the following question is
pertinent: if one of these theories is assumed to correspond to the funda-
mental description of gravity, can one still apply the equations of motion
of that theory to cosmological metrics? Is this a good approximation to
the result of averaging the theory? In this note, we argue that the an-
swer is no, as the direct application of these theories to cosmological
metrics leads to a different prediction with respect to the one obtained
from averaging the theory over large distances.
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Importantly, this difference can be an order-one effect, meaning that
the effect of averaging is as important as the effect of the deviations to
GR that we are trying to implement with these modified gravity theories.
Hence, the naive application of these theories in cosmology would be
inconsistent.

Interestingly, the origin of this clash is not related to the backre-
action of inhomogeneities, but instead it is related to a violation of the
strong equivalence principle. Namely, some of these theories couple dif-
ferently to gravitational energy with respect to other types of energy,
but their naive cosmological versions do not capture that feature. In or-
der to illustrate this, we begin by imagining a simplified version of our
universe.

A vacuum universe We can conceive a “vacuum” universe formed only
out of gravity. To this end, let us for the time being consider Einstein’s
equations in the vacuum

G,y =0, @

where for simplicity we are setting the cosmological constant to zero,
but a nonzero A would not change our discussion. We take this as our
fundamental theory of gravity and we wish to study its implications for
the large scale evolution of the universe. Obviously, a solution of (4) is
simply the Minkowski spacetime but certainly not the only one. A black
hole is also a solution, and more generally, a system of randomly dis-
tributed black holes, moving under their mutual gravitational influence,
is also an exact solution.! On top of this, we can also include a stochastic
background of gravitational waves, which also solve the Einstein field
equations in the vacuum. Let us note that the Ricci curvature of this so-
lution is identically vanishing, while all the dynamics is encoded in the
Weyl curvature.

Now, over very large scales, this distribution of black holes and gravi-
tational waves would look like a cosmic fluid with certain energy density
and pressure. Since the distribution is homogeneous and isotropic, at
large scales one would describe this universe by a FLRW metric (1).
Naturally, this FLRW metric satisfies Einstein equations with a source

G,, =8zGT,,. (5)

where Guv is the Einstein tensor of the FLRW metric and TMV is an
effective stress-energy tensor corresponding to a perfect fluid. These
equations applied to (1) lead to the Friedmann equation

_81G
=73 P
where H =ad/a and p = T,t is the average energy density. Observe that,
since we did not have any matter in our starting equation (4), this energy
density is in fact gravitational energy in the form of black holes and grav-
itational waves. Indeed, the effective stress-energy tensor in (5) emerges
due to the fact that, in GR, gravity couples to itself. While in (4) we do
not see this energy, which is encoded in the nonlinear form of the Ein-
stein’s equations, the averaging process makes it manifest in (5). This is
the reason why, even in our own universe, the energy density of matter
and radiation contains as well a gravitational contribution in the form
of black holes and gravitational waves.

We therefore have these two dual descriptions of the same universe:

H? (6)

+ Fundamental description: the spacetime is Ricci flat, there is no
matter and all the dynamics of gravity is encoded in the Weyl cur-
vature.

» Cosmological description: the geometry is described by FLRW met-
rics sourced by an emergent stress-energy tensor. Ricci curvature is
non-trivial due to this, while Weyl curvature is vanishing.

1 There has been recent progress in numerically simulating this kind of uni-
verses in cosmology, which have been called “black hole lattices” [20].
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It is particularly interesting that the averaging procedure somehow
swaps Weyl and Ricci curvature, which makes it clear that the metrics
in each description are different objects.

Now, we remark that it is non-trivial to establish the validity of (5)
starting from (4), and this has been the subject of intensive research
[1-7]. In fact, (5) would contain additional terms in the right-hand-
side on account of the backreaction of inhomogeneities. However, those
additional terms have been shown to be small [6], so that (5) is indeed a
good approximation to describe the average evolution of the universe.?
This is what justifies the application of Einstein’s equations together
with a perfect-fluid stress-energy tensor to describe cosmology. But, can
we say the same about modifications of GR?

Cosmological versus fundamental theories As a consequence of the previ-
ous observations, it should already become clear that, if we write down
our favorite theory of gravity, it is not the same to apply that theory to
the effective cosmological metric as applying it to the fundamental met-
ric and then deriving the consequences for cosmology, understood as an
average. These two approaches will in general lead to inconsistent an-
swers — see [22,23] for some explicit examples. Here we point out a
new type of inconsistency that, as we argue, applies to a broad class of
theories.

Let us illustrate this in the case of the well-studied f(R) gravity, with
an action

1
Siw = Terg / d*x\/-¢f(R), @)

and the additional assumption that it is minimally coupled to matter.
Thus, the theory has equations of motion

SRRy, = 5 f (R = (V,V, = 8, 0) f'(R)=81G T, ®

Let us then study the consequences of this theory for the vacuum uni-
verse we just constructed.

We first consider the “fundamental” point of view in which this uni-
verse is a soup of black holes and gravitational waves, and assume that
the equations (8) govern gravity at a fundamental level. Then, since we
have no matter, we set T,,v =0 in (8). Now, our original vacuum uni-
verse in Einstein gravity had R,, =0, but this is also a solution of f(R)
gravity, since all Ricci flat metrics remain exact solutions of (8) with
T, = 0.2 One can even prove that black hole solutions must be given
by the GR solutions for reasonable choices of f(R) [24,25]. Therefore,
f(R) gravity would in principle leave unaffected this vacuum universe.
At the very least, we can say that it does not necessarily introduce mod-
ifications to this solution. Obviously this also means that the large-scale
evolution of the universe — which arises upon averaging this solution
over large distances — remains unchanged and hence it is described by
the usual Friedmann equation (6). Thus, from the fundamental perspec-
tive, f(R) gravity has no effect whatsoever on our vacuum universe.

Let us then consider the other perspective and treat f(R) gravity as a
cosmological theory. Thus we directly apply the equations (8) to FLRW
metrics. This means that we put a hat on top of every quantity of (8)
(denoting that they are evaluated on cosmological metrics) and we also
include a perfect-fluid stress-energy tensor ”IA‘MV. This contains the aver-
age energy density and pressure of the cosmic fluid. In the case of our
vacuum universe, its origin would be purely gravitational, just like in
(5). We remark that this is the standard way in which f(R) gravity and
other theories are used for cosmological applications in the literature:

2 There is still some debate about whether backreaction effects can become
important [21]. However, we do not wish to go into this question as the issue
that we raise in this paper is not related to backreaction.

3 For this we only need to assume that f(R) is differentiable at R = 0 and that
we do not have a cosmological constant. If we had a nonzero cosmological con-
stant, f(R) gravity also preserves all the solutions of vacuum Einstein gravity,
up to a renormalization of the cosmological constant.
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one simply includes a perfect-fluid stress-energy tensor in the right-hand
side of the equations of motion.

In this approach, one can see that f(R) gravity indeed leads to con-
sequences for cosmology with respect to Einstein gravity. For instance,
if f(R)=R+ % R2, then the first Friedmann equation becomes

2 =2a ey - %) - 1] + 28, ©

where ¥ = H? + EH . In general, ¥ provides a new degree of freedom
that cannot be set to zero, and it affects the evolution of the scale factor.
One can see that, for a universe that contains a matter density — which
behaves as p,, « a~3 — the evolution is necessarily modified with respect
to GR on account of (9) (the term proportional to @ cannot vanish). This
would include the case of a universe containing only black holes, which
act like a matter density when averaged over large distances. However,
we just saw that from the fundamental perspective, f(R) gravity does
not modify this kind of universe. Therefore we have reached a contradic-
tion. Certainly, this must come from the naive expectation that one can
apply (8) directly in the cosmological setup. Somehow, the averaging
process must change these equations in a fundamental way.

Adding matter In order to get a deeper understanding of the reason
why cosmological f(R) gravity is inconsistent, we can now consider a
universe where we have usual matter and radiation, along with gravita-
tional “matter” and radiation in the form of black holes and gravitational
waves. While f(R) theories do not modify black hole solutions — or any
other Ricci-flat metric — they do affect the gravitational field of matter
distributions (in particular, the exterior field of a spherically symmet-
ric body is not described by the Schwarzschild metric [26,27]). This is
because non-gravitational energy acts as a source for the scalar mode
propagated by f(R) gravity, while this mode is inert to gravitational
energy.

Thus, in the presence of actual matter one can expect that f(R)
gravity indeed leads to a modification of the evolution of the universe.
However, the application of (8) to cosmological metrics would again
be inconsistent, because f"”v would contain all types of energy, also
the gravitational one. While the fundamental f(R) theory distinguishes
between gravitational and non-gravitational energies, its cosmological
version couples universally to all forms or energy. In particular, the
equation (9), which does not discriminate between gravitational or non-
gravitational energy density, cannot arise from the macroscopic average
of f(R) gravity and must be fundamentally wrong.

This is better understood if we transform f(R) gravity into the Ein-
stein frame, in which case it becomes Einstein gravity plus a minimally
coupled scalar field

4 2
16G/d VETR—-w@ ~V@)]+ Su- 10)

The scalar field couples to the trace of the stress energy tensor giving
rise to equations of motion of the form

1 1
Gyv - and)avqs - Egﬂv['(d)) =8zG T:‘l/aner s an

Vip-V'(¢)=
where L(¢) = —%(aqﬁ)z — V(¢) and h(¢) is a function that determines
the coupling of the scalar to the matter.

However, the cosmological averaged equations would give some-
thing like

h(¢)T1natter , (12)

G,, a,, $o, ¢ — gMVE(qS) 87G Tj{f , 13)
V2¢ _ V (¢) — h(q’S)Tmatter , (14)

where now the effective stress-energy tensor in Einstein field equations
contains as well a gravitational contribution,

j—ftf Tgrav + Tmatter 15)

Hv
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which appears for the same reason we got a nonzero 7A"Mv in (5). Note
however, that in the scalar equation we still have the averaged matter
stress-energy tensor, but not the total effective stress energy tensor.

Thus, if we have a universe where all the energy content is gravi-
tational — in the form of black holes and gravitational waves — then
f""l"vm"" =0, the scalar field is not active and the evolution corresponds
to the standard Friedmann equation. However, if we have actual mat-
ter, then the scalar field is excited and it leads to modifications from GR.
In general, we have an intermediate situation where the scalar field is
active but the energy density that sources it is not the same energy den-
sity appearing in the Friedmann equations. We remark that this is not
the usual way in which this theory is treated in the literature, where a
distinction between the types of energy is not considered. Furthermore,
this distinction is problematic in the original formulation (7), because
in that case the scalar degree of freedom is nonminimally coupled.

Other theories Similar comments apply to many other modified gravity
theories. For instance, we can generalize the previous discussion to any
theory built from the Ricci tensor, £ = f (R,,)- All these theories admit
Einstein spacetimes as exact solutions, so they do not induce modifica-
tions to a vacuum universe consisting of black holes and gravitational
waves. However, they yield nontrivial effects if treated as cosmological
theories, i.e., if we evaluate their equations of motion on an FLRW met-
ric and add a perfect-fluid stress energy tensor. Thus, we have the same
kind of inconsistency between both approaches. We expect the same
problem in any theory with extra gravitational degrees of freedom that
couple universally to matter, like in the case of Horndeski theories. In
all those cases, the extra degrees of freedom are sourced by explicit mat-
ter energy but not by gravitational energy, and therefore the standard
application of those theories in cosmology — where one assumes that
the stress-energy tensor that enters into Einstein field equations is the
same one that sources the extra degrees of freedom — is inconsistent.
In some cases one could fix this problem by reformulating the theory
in a way that it can distinguish between the different types of energy,
but this may not always be possible in all cases, especially if the extra
degrees of freedom are nonminimally coupled.

Discussion We have found a clash in the naive application of some the-
ories of modified gravity in the cosmological context. The reason of the
clash is the following: some of these theories contain extra degrees of
freedom that couple differently to gravitational and non-gravitational
energy. This is very clear in the case of f(R) gravity, where we have
a scalar mode that is not sourced by gravitational energy (e.g., black
holes), but it is sourced by usual matter with an explicit stress-energy
tensor. However, in the standard application of these theories in cosmol-
ogy one includes an effective stress-energy tensor that, by construction,
contains all types of energy, also gravitational one. This leads to in-
consistent answers depending on how one interprets the theory: as an
effective cosmological theory, or as a fundamental theory from which
one extracts the cosmological dynamics by averaging over large dis-
tances. The contradiction is most evident when we consider a universe
where all the “matter” content is gravitational (black holes and gravi-
tational waves): from a fundamental perspective these theories do not
modify any prediction of GR, but in a direct cosmological approach they
do. We remark that this effect would be relevant for the application of
modified gravity theories to our own universe if, for instance, a large
fraction of dark matter turned out to be black holes.

Now, let us be clear about the implications of this result. This incon-
sistency does not mean that one cannot use these theories as cosmolog-
ical models. However, it means that the origin of these models as the
average of a fundamental theory is unclear. In fact, a relevant question
would be whether for any cosmological modified gravity there is a fun-
damental theory of gravity for which the former arises as a macroscopic
average description. We have shown in this letter that cosmological
f(R) gravity cannot come from the average of the same (or actually
any) f(R) theory, and similarly for other related theories. We have no
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hint at this point of what that theory could be — if it exists at all. Our
result implies anyway that one cannot use one of these theories simul-
taneously to explain cosmology and to explain gravity as a fundamental
interaction.

Establishing the map from fundamental to cosmological theories is
indeed a challenging question that we need to address if we wish to per-
form tests of fundamental physics with cosmology. Bringing attention
to the relevance of this poorly understood problem was one of the main
goals of this letter.

In fact, our findings may also have implications for theories that
are traditionally ignored for cosmological applications. This is the case
of the effective field theory (EFT) of GR [28-30], which captures gen-
eral corrections to vacuum Einstein gravity. In this theory one includes
higher-derivative terms formed from Weyl curvature, and as such they
are irrelevant for FLRW metrics which are conformally flat. However,
when one understands cosmology as an average theory, those terms
could induce modifications. EFT corrections indeed introduce modifica-
tions to black hole solutions, and by extension, they also affect a universe
filled with black holes, potentially affecting the large scale evolution. In
this way, EFT modifications of GR, which are naturally expected from
high-energy physics, could unexpectedly be relevant for cosmology —
especially during the very early universe. Establishing the cosmological
theory arising from these EFT corrections is an interesting problem.
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