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Abstract: In this paper, we study the stability of the concentration inequality for one-
dimensional complex polynomials. We provide the stability of the local concentration
inequality and a global version using a Wehrl-type entropy.

1. Introduction
The Paley—Wiener space consists of square integrable functions f € L*(R) that are

band-limited, i.e. supp f C [—m/2, 7 /2]. The well-known Donoho-Stark conjecture
[DS89] states that, among all functions f in the Paley—Wiener space and all measurable

subsets 2 of the real line with fixed Lebesgue measure |2] = ¢, the concentration
operator
|f ()] dx
Calf) = 2T OL 0 ;
Jr If@)|?dx

achieves a maximum when €2 is an interval, i.e. Q2 = [a — £/2, a + £/2]. The conjecture
has been proved in [DS93] provided £ < 0778, but the general case remains an open
conjecture.

A natural finite-dimensional analogous problem is to replace the band-limited func-
tions with polynomials of bounded degree endowed with a suitable L? norm. Let us con-
sider the space Py of polynomials of degree less than or equal to N. If z = x +iy € C,

dm(z) = n(dﬁ—/‘\j%z defines a probability measure on C, which is the push-forward of the
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normalized Lebesgue measure in the sphere of radius f in R? by the stereographic
projection. We endow Py with the Hermitian product given by

P
(P, Q)y = (N + 1)/ (Z)Q(Z)d (). P.QePy.

+zIHN
The corresponding norm for P € Py is defined as

P(2)?
1P = (N + 1)/mdm(z).

The normalizing factor (N + 1) is chosen so that ||1||y = 1.
We define the concentration operator in Py for any measurable set 2 C C and any
P € Py as

(N +1) [ LLOL dm(2)

(L+zHY
2
121y

The problem analogous to the one in the Donoho—Stark conjecture is to find the maximum
of suppcp, Cn o(P) among all measurable sets Q C C such that m(2) = £. This was
accomplished in [KNOCT23] and [Fra23]. The maximum is achieved when 2 is the
disc centered at the origin of measure £ and P is a constant, i.e.

Cy,(P) < Cn o:(1), (D

where Q* is the disc centered at the origin with m(Q2*) = m(2) = £. All the other
extremal sets €2 are discs (with respect to the chordal distance, which are also Euclidean
discs on the plane) of measure ¢, for which Cy o (P) achieves the maximum when P is
a multiple of the reproducing kernel, which we describe below, at the center of the disc
(the chordal disc center, not the Euclidean center).

Lete,(2) := (N ) Tforn=0,1, , N. With the normalization of the Hermitian

n

Cn.a(P) =

product that we have picked, {e, (z)}N o 1s an orthonormal basis of Py. Therefore, Py
endowed with the Hermitian product is a reproducing kernel Hilbert space with kernel

N
kn(z 0) =) en(@en(@) = (1+20)"

n=0
Thus, forall P € Py andallz € C

(1 +zH)VP©)

A+ icpyy e

P() = (P, kn(,2))n = (N + 1)/
C
By the extremal property of the reproducing kernel we have that

|P(2)?

sup ——>— < || P|I3
et (T+ ]y = 1IN
We finally denote by «y ; the normalized reproducing kernels, given by

knG o) +z0)N
lkn G, Ol (L+[gPN/2

k¢ (2) =



Stability of the Concentration Inequality on Polynomials Page30f35 112

Our aim is to study the stability of the concentration inequality (1). That is, we want
to prove that whenever we have a measurable set 2 C C and a polynomial P € Py
with norm one, if the concentration Cy o (P) is close to the maximal among all sets of
measure m(£2), then 2 and P must be close to a disc and to a normalized reproducing
kernel, respectively.

As we can see from the form of the reproducing kernel ky (z, ¢), the space of rescaled
polynomials Py resembles as N — oo the Fock space F? of entire functions such that
f(C |f(Z)|2e_”|Z‘2dz < +00. The reproducing kernel for such space is k(z, ) = e%.

The analog to (1) in the Fock space is proved in [NT22], while its stability is well
studied in [GGRT24]. These results may be seen in terms of the energy concentration for
the short-time Fourier transform (STFT) with the Gaussian window. They can also be
interpreted as a quantitative Faber-Krahn inequality for the localization operator defined
in terms of the STFT.

Our stability estimates are modeled after the ones in [GGRT24] for the Fock space,
but there are some points where necessarily our results are technically more delicate.
Formally, the results in the Fock space can be obtained from the results in the space of
polynomials. This is carried out in detail in Sect.4.

In order to state our results, we define the distance of any P € Py with ||P|ly =1
to the normalized reproducing kernels in Py as

Dy (P) = min { H P— ey

:aeC,Oe[O,Zn]}. )
N

Notice that D{(P) = 0 for all P € P; with || P|; = 1. The following statements also
hold for N = 1 but the proofs are immediate, so from now on we will assume N > 2.

Our first result is the stability of (1), which can be also read as how close a polynomial
of unit norm is to the normalized reproducing kernels if its concentration is close to the
maximal one:

Theorem 1.1. There exists a constant C > 0 (independent of N) such that for any

measurable set 2 C C with positive measure and any P € Py with |P||y = 1, there
holds

Cra(P) = (1= C (1 =m@)"" Dy(P)?) Cy.a (D),
where Q* is the disc centered at z = 0 with m(2*) = m(S2). Equivalently,
1 N+1 172
D(P) = (¢ =m@)~ ™V sy (P 2)
where

SN(P,Q)=1-—

m(z).
3)

Observe that (P, 2) is the combined deficit in the parlance of [GGRT24], which
measures how close P is to be an optimal polynomial for the concentration in the domain
Q.

We now turn our attention to quantify the closeness of 2 to the extremal sets of
the concentration. In order to do that, we introduce a measure of such closeness: Let

CvaP) _ | N+1 / PGP
Cy.a+(1) L= (1 —m@)"! Jo (L+1zPHN



112 Page 4 of 35 M. A. Garcia-Ferrero, J. Ortega-Cerdd

Q1, Q2> C Cbetwo measurable sets such that m (21) = m(£2,). We define the following
distance between them:
m(21\822) + m(22\21)

A (1, Q22) = )

The Fraenkel asymmetry of a set 2 C C measures its .4,,-distance to the closest disc of
the same measure, i.e.,

A (Q) = inf {4, (2, Dy (2)) : m(D,(2)) =m(Q),z € C},
where
|z — w]
fJ<1+|z|2><1+|w|2)

Here d(-, -) is the chordal distance. Notice that D, (z) = 1D, (¢) for some p and ¢, where
D, (¢) denotes the usual disc in the Euclidean metric centered at . If z = 0, then ¢ = 0
and p = %

aN1-nr?’

Proposition 1.1. Under the same assumptions of Theorem 1.1, for all N € N we have

D(z)=3weC:d(izw) =

(1 . m(Q))73(N+1)/2

172
) Sn(P, )/~

An(Q) =C

We finally study similar stability results for the measure of the concentration of the
reproducing kernels in terms of the Wehrl entropy. Namely, for any P € Py, its Wehrl
entropy is defined as

P 1P (2))?
Wi = (N”)/a e ((1+|z|2>N)d'"(Z)’

where ﬁ(z) = P(z)/|| P||n.In addition, given a convex, non-linear, continuous function
® : [0, 1] - R with &(0) = 0, we can define a generalized Wehrl entropy as follows:

p 2
s =-ve [ o 20 i
C

(1+z[HN

In [Lie78] it was conjectured that Sy (P) is minimized when P is a reproducing
kernel. This was proved in [LS14] (see also [LS16]), after some partial results in [Sch99,
Bod04]. Furthermore, the reproducing kernels are the unique minimizers. That was
shown independently in [KNOCT?23] and [Fra23].

The next result quantifies the distance of P to the reproducing kernels in terms of the
difference of its generalized Wehrl entropy to its minimum value.

Theorem 1.2. Let @ : [0, 1] — R be a non-linear, convex, continuous function with
®(0) = 0. Then there exists a constant C > 0 (depending only on ® and not on N)
such that for any P € Py with | P||y = 1, it holds

Dn(P)* < C (Sn,0(P) — Sy,a(1)).
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The analog result in the Fock space is studied in [FNT24], which quantifies the
inequality in [Lie78,Car91,LS14] (see also [Luo00], and [KNOCT23,Fra23] for the
uniqueness of the minimimizers), which in turn answered positively to the Wehrl’s
conjecture in [Weh79].

As in the case of the previous estimates, these results can be formally inferred from
ours in the space of polynomials (see Sect.4). Theorem 1.2 follows the scheme in
[FNT24], but again, our proof faces some additional difficulties.

We notice that all the previous results are optimal regarding the power of the distance
to the reproducing kernels Dy (P) or of the deficit §(P, €2). See Sect. 5 for more details.

We finally remark that the preceding statements are also valid for operators Py — Py
that are positive-semidefinite and have unit trace. In the same spirit the polynomials de-
fine pure states (and in particular, coherent states in the case of normalizing reproducing
kernels), these operators turn out to express mixed states. For more precise details, see
Sect. 6.

The rest of the article is organized as follows: In Sect.2 we state and prove some
technical lemmas in which we estimate the measure of the superlevel sets of the weighted
polynomials. Section 3 is devoted to the proofs of the main results. In Sect. 4 we recover
the results for the Fock space by taking the limitas N — oo of our main results. Section 5
focuses on the sharpness of the stability estimates, and in Sect. 6 we collect the results
and the proofs for general operators. In Sect.7 we conclude with some remarks on the
concentration operator in Schatten p-spaces.

2. On the Measure of Super-Level Sets

Given P € Py, we introduce the following notation:

u(z) = P@P
(I+[z[HN
T = supu(z),
zeC

u@) = m({u(z) > t})
‘We notice thatif P =1, then 7 = 1 and

() = A =Ny = po(). 4)

Moreover
IP@)° = (P kn(, D)1 < IPI3 (1 +1zH)Y.

Therefore, if |P|ly = 1, then T < 1 and the equality is attained only when P is a

unimodular constant times a normalized reproducing kernel. Finally, we observe that

for any P € Py with || P||y = 1l it holds fol w()dt = ﬁ and, in particular,

t 1
| o= o) = [ (16 = o) )
t

forany r € (0, 1).

This section is devoted to the study of the functions w(¢) and its relationship with
1o(T). The results and their proofs mimic those in Section 2 of [GGRT24] in the Fock
space, which can be recovered from ours if N — oo. Nevertheless, our proofs are more
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intricate, since we do not only need to carry the dependence on N of all the estimates, but
to work with the measure dm (z). Moreover, while in [GGRT24] they can inherit some
estimates on w(¢) from [NT22], we need to introduce here Lemma 2.1, where related
estimates are provided.

Lemma 2.1. For every ty € (0, 1), there exists a threshold Ty € (ty, 1) and a constant
Co = Co(tg) > 0 with the following property: If P € Py is such that | P||y = 1 with
T > Ty, then

A\ N
u() <A +Co(1-T)) (1 - <7> ) vt € [to, T]. (6)

Proof. The proof is split into five steps.

Step 1: Decomposition of P. We can assume without loss of generality that u(z) attains
its supremum at z = 0, and that, in particular, P (0) = /T . This in addition implies that
P’(0) =0, ie. (P, e;)y = 0. We then write

P(z) =T +£0(2),

where
N N
Q@) = quen(@. 1015 =D laal*=1. (7)
n=2 n=2

The assumption on the norm of Q implies
=P —VT|3=1+T —2JTRe(P, )y =1—T. (8)
With the previous decomposition, we obtain
IPQ)P < T+6*0@)| +2VTeRe Q(2) ©)

By (7) and the Cauchy-Schwarz inequality, we estimate Q(z) as follows:

N N N N
10 < (Z |qn|2> (Z |en(z)|2> => (n)|z|2” =(1+zHY = 1= Niz”.
n=2 n=2 n=2 (10)
In particular,
1017 < (1 +]zHY — 1. (11)

Step 2: Estimates for Re Q. Throughout this step, we are going to use the inequalities

2 2
D=l Qi) e oo
n nn—1)\n—2 n nn—1)\n—2

First of all, arguing as in (10) and using the first inequality in (12)

N 2 N 2
N N N N
2 < 2n < 2n < 4 1+ 2 N.
[0(2)] _nE:2<n>IZ| == n2=2 <n_2)|2| == [z[" (1 +|z])
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Differentiating Q and using similar arguments, we infer

N N
o2 2(NY,.20-1) 2 N 2n—1) 2.2 2N
Q'@F =) ()l =Ny (L)l < N2z + )Y,
n=2

n=2

We differentiate Q again and we make use of the second inequality in (12) to obtain

N N
7”082 2 2(N 2(n—2) 2 2N -2 2(n—2)
Q" =Y n*n—1D*( )izl =SBV B [
n=2

n=2

If N > 4 we can use again the first inequality in (12) to bound the last term as follows:

inz( )| |2(n 2) < C(1+N|Z| )+NZZ<N 2>| |2(n 2)
n=2 4

< CA+N2[z[M) + N[ * (1 +z[HY 2
Notice that if N < 4, the same estimate holds. Hence,

10"(2)> < CN?(1+ N|z|H*(1 + |zHN 2.

Let h(z) := Re Q(z). Since |h(z)| < |Q(2)|, we have

lh(z)] < [|z| (1+]zHN/2. (13)

Furthermore, the Cauchy-Riemann equations imply that |[VA(z)| = |Q’(z)| and

ID? h(2)| = V210" (2)I.

Hence, one gets the following estimates for the first and second radial derivatives of
h(re'?), which are independent of the angular variable:

D) = Nra N, (14)

a,,h(re”)) < CN(1+Nr2)(1+rHN/2-1, (15)
Step 3: Star-shaped domains in {u(z) > t}. From (9) and (11), we have

o) _ |P(re?)|? - T — &2 +2/Teh(re'?) e

e = TipN = (1 +r)N

Then
(@) =m({ure'®) > 1)) <m({(t — A +rHY —2V/Teh(re'®) < T —&%)).
Let s € [0, 1] be an extra variable and define for any 6 € [0, 27) the function

t—¢? 2N 23/Te

go(r,s) = T_82(1+r sth(reie).
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We also introduce the sets
E, ={re'? e C: go(r,s) < 1}
Therefore, as faras T — 2 =2T — 1 > 0,ie. T > %, we have

p(t) < m(Ep). (16)

In order to estimate m(E1) we will see that the sets E; are star-shaped domains with
E,; C Ey fors < s’. Finally, using that / is a real-valued harmonic polynomial and the
results in Step 2, we will be able to estimate m(Ey) in terms of m(Ey).

The fact that E; is star-shaped with respect to the origin follows from g4 (0, s) < 1

and 9,g9(r,s) > O forany s € (0, 1) and 0 € [0, 27). Indeed, gy (0, s) = ;1‘;22 < 1.
Moreover, using (14) and recalling that N > 2,
t—¢? 2J/Te

5 +rHN=h - - 82s8,h(rei9)

orgo(r,s) =2N

2
‘- JT
> ONr(1 + )N~ (T S ~ C sl +r2)1N/2)
— & — &
2
t—e2 —JT
> 2Nr(1 +r2)N_l%. (17)

Given 1o € (0, 1), let T > max {1, %} such that

1
52+\/T8:1—T+\/T(1—T)§50. (18)
Then, for any ¢ € (ty, T),

1
980(r.5) = — CNr(L+rHV s 0, (19)

Step 4: Estimates for the radial distance of Es. Given s € [0, 1] and 8 € [0, 27),
let r4(@) > 0O be the unique solution of gy(r,s) = 1. Clearly, ro(0) = ro given by

(1+ rg)N = {_;;22 In addition, using (19) and since T — ¢? < 1, one obtains

r
1
go(r, s) > gp(0, 5) +f toNp(1+ pH)Ndp > 5(’(1 +r)N,
0

so (1+r,(0)HN < %
Applying the implicit function theorem, we have
0580(rs, 5) _ 2\/T<9 h(rxe"e)
0r80(rs, ) T —¢? 8r89(rs’S).

Here and in the remaining of the proof, the explicit dependence on 6 of ry is omitted.
Differentiating again with respect to s and taking into account that gy depends linearly
on s, it follows that

as rg = (20)

0rs80 (s, §)0sr, Os s
Ogshs = — rs 8677 2 — -~ (0rrgo (rs, $)0srs + 0r580(rs, 5))
9r80(rs, s) 980 (rs, 8)
_ _23r389(rm §)0srs + 0rr 8o (rs, S)(asrs)z

B argﬁ(rs’s)

21
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Using (13) and (19) in (20), we finally obtain

V2Te 2)1-N/2,
fo

[05rs| <

rs(1+7; (22)

2
Let¢(s) = and notice that

105¢ (s)] _ 2|05rs| S2|asrs| V 8(]+ )lfN/2 <
(s) rs(l"'rsz) s

2 <log4

where in the second-to-last step we have used (18). Hence, for any s € [0, 1],

;(s) /s d5¢(0)
0

do <log4
E(O) {o)

and therefore,

<40 23)

By (14) and (15), we observe

2J/Te

10780 0 9)| = 5 13rh(re'®)]

2\/‘5' )N/2

< SNr(L+r

2f€

2
t_
0rr g0 (ro5)| < 2N ‘92(<1+r2)N*‘+2(N—1)r2(1+r2)N*2)
— &

3rrh(re’0)‘

=

C
N1 +Nr2) (1 +rHN =2,
T — &2

Using these estimates, (19) and (22) in (21), we get

Te? 20-n, | 2\1-N 2
[0ssFs| < C—2 (+ry) +t_(1 +7ry) (L+Nre) ) ry.
1y 0

Taking into account that the function (1 + N (1 + Nx) attains its maximum at x =
(N(N —2))~! for N > 2 and therefore can be bounded by 2, we finally obtain

Te?
[05s7s] < Cl‘_?’NrS. (24)
0

Step 5: Estimate of m(E7). Since Ej is a star-shaped domain, we can write its measure
in terms of rz(0) as follows

rs ()

1 2
M(s) :=m(E;) = g/o Tor(07 PTIE
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Recalling that r(6) is uniformly bounded and so are |ds7(0)| and |ds575(0)| according
to (22) and (24), respectively, we can differentiate M (s) under the integral obtaining

1 (7 reds
M'(s) = _/ &dg
0

(1+ r2)2

2 2 2
M//(S) _/ ((1 3r )(0s7) + 75 O0gsTs )d@

(1+72)3 (1+72)2

On the one hand, M’(0) = 0. Indeed, by (20), (17) and recalling that ro(6) = rg, we
have

M) = —TN / " hroetydo
(L+rHN+2 Jo ’
where C7 y is a constant depending on 7" and N. By the mean value theorem for the

(harmonic) function &, we know fOZ” h(roe'?)do = 2roh(0) = 0, which concludes the
proof of the claim.

On the other hand, using (22) and (24) together with (23), we can bound M” (s) as
follows

2 2 2 2 2
M (s)] < c/ Psrs " 751055751y c—Tg 46 < m).
- 0 1+ rsz z‘o 0 1+ rsz - tg

Combining the previous observations with the Taylor’s formula for M (s), we con-
clude that

M T 2
M(s) = M(0) + ——— ( %) 52 < <1+C—8> M(0), (25)
i
where o € (0, s). Finally, we recall that
2 2

M) = where (1 +r3)N =

0
2 9
+ ro
Then,

2\ UN
M(O):l—(l 8) ,

T — &2

1/N
with 62 < 75/2 by (18). Let f(x) = 1— (T ) for x < 7/2. By the mean value
theorem, for any x < t/2 there exists some x € (0, x) such that

f@=fO _ 1 T-t _
=IO =g O

Since f is a non-decreasing function in (0, ¢/2) and t — x > t/2, the following estimate
holds:

_ 1/N
MS 4 <Z >(1_f(0))_;T(Z_1)(%>

1/N 1/ \UN 1
< )?(7) =270
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Taking into account that ¢ > fy, we finally infer
4
fx) = 1+t—x f(0).
0

Since M(0) = f (€2), we conclude

82 t 1/N
MOy <(1+2—|[1—-(=
1o T
C
3

Combining this with (25) for s = 1 and recalling (8), the result follows with Cy = P
0
and Ty = max{%, 10, Ty}, where Tj satisfies the equality in (18).

As we have previously announced, the following lemma moves away from the series
of lemmas in [GGRT24]*Section 2, but contains results that resemble some in [NT22]
for the Fock space.

Lemma 2.2. Let P € Py with |P||y = 1 and T < 1. Then,

1
WD) = - (1= ). 1€©.7). (26)
In addition, the functions

() = po@®) Jo (1(@) = po(x))de
—n . ad : [I+1/N

are non-increasing in (0, T).

Proof. The fact that p is absolutely continuous and the differential inequality (26) are
proved in [Fra23] inside the proof of Lemma 12. Let F(r) = % Then applying

(26), which becomes an equality for 11((¢), we conclude that F'(z) < 0.
Finally, we have that

1
(1+1/N = ;G(t)’

(fé (n(x) - uo(r))dr)/

where

1
1+—
N

1 f(; F(t)t/Ndz

G() =

pt) — po(@) (

(/N

) Jo (1) = po(0))de

t1+1/N

Taking into account that F (¢) is non-increasing, we infer

1\ F() [3 t'/Ndr
Git) < F@t)— (1 + N) #
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Lemma 2.3. Let P € Py with |Pl|yn = 1 and T < 1. Then there exists a unique
t* € (0, T) such that

u(t) = po(t) if t € (0,17,
u(t) < po(t) ift € [t*, T].

In addition there exists a universal constant T* € (0, 1) (independent of N) such that
< T

27)

Notice that not only p(t*) = uo(t*), but also ©(0) = po(0) = 1. In addition, in the
proof it can be seen that a sharper upper bound for * could be given if we allow it to
depend on N.

Proof of Lemma 2.3. Letus consider the set {t € (0, 1) : u(t) = uo(?)}. By (5), itis not
empty, whereas by the second part of Lemma 2.2, we know that it is a connected, non-
empty interval. We now prove that the set has an empty interior, arguing by contradiction.

Let us assume that u(t) = uo(t) fort € (¢t1,1) C (0, T) and T < 1. In this interval

we will have that (26) is an equality. Let A; = {u(z) > t} = { (1‘5|(zz|)zl)21v > t}. From the

proof of [Fra23]*Lemma 12, we conclude that if equality in (26) holds at any ¢ € (1, t2)
then A; isadisc. If wefixt € (1, t2) we may assume that A, has center 0 after a change of
variables if necessary. Since P has no zeros in A,, then log | P|> = log u+ N log(1+|z|?)
is harmonic in A;. Moreover it is constant on the boundary of A,. Thus | P|, and therefore
P, is constantin A;, which would imply that u(#) = puo(¢) forallr € (0,1). Thus7 =1
which is a contradiction.

In order to see the existence of an universal upper bound for ¢*, let us apply Lemma 2.1
with g = % Ift* > 1 = % and T > Ty, where Ty is the threshold for ty = % we can

apply (6) at r = t* with Cp = Co(%). Since u(t*) = puo(t*) we have

£\ VN
1= 9N < (1+Co(1 =1)) (1 - <?> ) )

oo CoTVN(—T) N
“\1=TUN+Cy(1 - T)

This implies

Taking into account that the right-hand side is an increasing function of 7 in (0, 1), we

infer
N
< CO—N .
“\1+CyN

Finally, we notice that the right-hand side decreases with N, so

< .
~1+Cy

Ift* <1 = % or T < Ty, then it also holds that

1 C
t* < T* := max —,TO,—O <1
2" T+,
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Lemma 2.4. Let P € Py with ||P||y = land T < 1. For every ty € (0, 1) there holds

1 S0y 4 @)dm(2)
- ) 28)
N+1 1= = )™

1
/ (o) — u@))der < (1 — M(to))—(NH) (
[*

where t* is the unique value in (0, T) satisfying (27).
Proof. Lets* = u(t*) = uo(t*). Then

1 1
1= [ ot = pandr = [ (o) (o) sa
t* t*

-/ (' - o) as

where for the last identity we have applied suitable changes of variables. Recall that

o' () = (1 =M.

Firstly, we observe that the function

-1
n=(s)
IO(S) = 1, NS [01 l)
Mo ()
is non-decreasing. Indeed, the sign of p’(s) is determined by the sign of
- (o)) _ 1 -
w6 = = n ) = s i)
oy (5) wp=s) 1-s

Taking t = 1~ (s), p'(s) > O for s € [0, 1) if and only if
++L >0 fort € (0,T),
wi@)  1T—p@)

which holds by Lemma 2.2.

Forany 0 < s; < 52 < L, let [(s1,52) = [ (p,(;‘ (s) — ! (s)) ds. With this
notation, (28) is equivalent to

_ (= (o)=Y
- N +1

1

n(u, 1)

where
1 =1(0,5%) =—I(s*, 1),

1(0, s0)
Jo' ng )ds”

Case 1: ty > t*, i.e. 59 > s*. Arguing as in the previous case, we have

1 50
1(s*, 50) > (p(so) - 1) / () ds,

1
I(s0,1) < (p(io) _ 1)/ 1 (5)ds.

0

n(u, t) = s0 = (o).




112 Page 14 of 35 M. A. Garcia-Ferrero, J. Ortega-Cerda

and hence, since p(s*) = 1,

Y s)ds
I:_I(S*sl):_I(S*vso)_I(SOa 1)5_ 1+Sl— I(S()vl)
s wl(s)ds

) B— 1
< M[(Q s0) < N— 100, s9) = C(s0)

fo),
T _
o M L(s)ds fso Mo

where

o Mal(s)ds

Mt 0 50) "M — 1 < (1= 59) "
Ko (s)ds
50

C(so) =
Case 2: tg > t*, i.e. sp < s*. Taking into account the monotonicity of p, we obtain

10,50) = (1 - p(s0)) fo " s)ds.

s*

I(s0, %) < (1 — ,O(So))/ 1o (s)dt.

S0

Combining the previous inequalities, we infer

o (s)ds
I =1(0,5%) =1(0,s0)+I(s0,s™) < |1+ fmo— 1(0, 50)
O [,LO (s)ds
s* 1 1
Lo (s)ds =T 1
< f°°—1<0, $0) = o ——1(0,50) = (. 10)-
0o Mo ( )ds o Mo (s)ds N+
O
Lemma 2.5. There exists a constant C € (0, 1) such that for any P € Py with | P||y =
land T < 1it holds
! C
/ (o (?) — p(1)) dt = N(l - 1), (29)
t*

where t* is the unique value in (0, T) satisfying (27).

Proof. Let T* be the universal bound for #* in Lemma 2.3. Then, provided T > T*,

1 T
1= / (ot — () dt = fT (ot — p(0)) dt.
t* *

Now we apply Lemma 2.1 with fo = T*. Then there exists 7o > T* such thatif T > Ty,
fort € [T*, T] it holds

T
I 2/ g(t)dt,
T*
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where

/N
gty =1—1"/N— (1 +Co(1 — T)) (1 — <%) )

_ (1 . TI/N> (%)UN — Co(1 —T) (1 . <%)1/N> .

Using that (N + D(1 = TY/N)y> 1 —-Tand T < 1,
1—-T
‘ >—1 T (t]/N—C N+1 (1—:‘/N))=— 0.
g(t) N s ( ) o( ) N+1)’()

Notice that y (¢) is an increasing function with y (1) = 1. Let T1 € (Tp, 1) be sufficiently
close to 1 so y(7T1) = c¢; > 0. Finally, let us fix 75 € (Tp, T1) large. If T > T,

'>/T2 0di = =Ly — 1y = A2 T”(l 7).
_T]g _N+1V12 1) = N+l

If T < T, (which in particular includes the case T < T*), we exploit that t* < T to
conclude

1 1
I> f (o(t) — n(0))dt = / (1 — tl/N> dt
T T

N (1—T)2 1—-D
=(1—T>—m<1—T“”N)z N sy =D

Therefore, taking C = min {cl (T, — —*2 1. the desired estimate holds.

3. Proof of the Main Results

In this section, we present the proofs of the results in Sect. 1. In addition to the lemmas
in Sect.2 we need the following technicality:

Lemma 3.1. Let P € Py with ||P||y = 1. Then
Dy(P)? =2(1 —T).

Proof. Foranya € Cand 6 € S!

‘ y Re P(a)e™"?
0 2 2 —
1P = ¢kally = 2(1 = Re(ka, e P)) —2<1 T (A +1aP)N2

Optimizing in 6 one gets

min{| P — e%kq]|. 6 € S} =2 (1 — ﬂ) =2 (1 - \/u(a)) .

(1 [aP)V7

Since sup,.c u(z) = T, the result follows.
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Proof of Theorem 1.1. Let ty € (0, 1) be such that u(f9) = m(£2). Combining Lem-
mas 3.1, 2.5 and 2.4 we obtain

N+1
Dy (P)? 1 —m( —<N+1)(1— / d >
N(P)? < C (1 —m(%) gyl N0

Finally, since m(Q) = m({u(z) > 1o}),

/ u(z)dzZ/u(z)dz
{u(z)>t0} Q

and the claim follows. O

Proof of Propositionl.1. Throughout this proof, we skip the subindex N in éy and m
in A,, and we define K = (1 — m(2))"M*1 = 1. We seek then to prove that

3/2

A(Q) < c}fé’ma(P, Q)12 (30)

Arguing as in Step 1 of the proof of Lemma 2.1,we assume
P(z) =T +£0(2),

with |Qlly = lande2 =1—T. By Lemmas 2.4 and 2.5,

1/2

¢ < Co(Kad(P, Q) (31

Ife > % (1 —m@Q)N+! = ﬁ, applying (31) we directly achieve (30) since

1
AQ) < — < Koe < CKJ*s(P, )2

m(Q) — m(Q)

From now on, we focus on the case ¢ < % (1 — m(2))N*!, which in particular
satisfies that

A=) —m@Q))N —4e > %(1 —mQ)N. (32)

We divide the proof into different steps.
Step 1: General considerations. Let tq € (0, T) be such that u(tq) = m(£2). We denote
by Aqg = {z € C: u(z) > to} and define

d(Q):/ u(z)dm(z)—/ u(z)dm (z).
Aq Q

By the qualitative inequality in Theorem 1.1
-1

1—-K
d(Q) < / uo(2)dm(z) — / u(2)dm(z) = ——— 2_5(P, Q).
Q Q +1

Moreover, for any z € C it holds

_ 2 —
TZ1PQPE _IWWT = POINTHIP@I _ ) oo (33

0@ =@ =Y = Tz G+ 1zp)? =
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Hence,

tq +2¢

{zeC:uo(z)z T

to—2
}CAQC{ZECZMO(Z)ZQ 8}.

This implies

to +2¢ tg — 2¢
— ) < Q) <
uo( T >_m()_,uo< T )

and therefore,
TA-m@Q)Y —2e <tq <TA-m@ Q)N +2e.

In particular, it follows that
4 de
{ZGCZMO(Z)EI0+7}CAQC{ZECZMQ(Z)Elo—?}. (34)

where 1o = (1 — m())V.
Step 2: The set B. Let T : Ag\Q — Q\Agq be a transport map that sends m|ag\q to
m|q\Aq, Whose existence is guaranteed by Brenier Theorem. Let
B={z€Aa\Q: T > [z’ + Cay),
where Cq and y will be chosen later to ensure that

u(z) —u(7(z)) >y VzeB. (35)

Combining this with the direct estimate

/B () = w(T(2))dm(z) < d(S),

one has that

Q) _ (1- Ks_zl)a

m(B) = =N+ 1Dy

(P, ). (36)

In order to obtain (35), we start observing that (33) implies

u(z) —u(7(2)) = Tluo(z) — uo(7 (2))| — 4e

L+l \" 7
> Tuo(2) (1 - (m) ) I

On the one hand, by (34), for any z € Agq,

4e
up(z) = 1o — T

Recalling that 7 = 1 — g2 and to = (1 — m())", we use (32) to finally infer

Tup(z) > %l‘o. (38)
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On the other hand, if z € B, it holds that

N

1_( L+ 1z ) sl P 1T@P 2P
I+ T@P) = 1+ITQP 1+ + (TP - 2)

If |17 ()% = |z]2 > 1, noticing that A +— is increasing for A > 0, we have

A
1+]z| 2+

N
1+z)? 1 1 N
1— - N
(1+|T(Z)|2) > TP z 3 (uo(2))

If on the contrary |T(z)|2 — |z|2 <1 (and |T(z)|2 — |z|2 > Cqy),

N
L+ f2f? Coy _ Cay N
1-— < - '

(1 + |T(Z)|2) =25 P T 2 (u0(2))

Combining (37) with (38) and the last two estimates one gets

1
u(@) —u(T() = gmin{l, Coyliy™ ™ — 4.

Choosing Cq = 401, "'/ and & < y < Co(Kad(P, 2))'"/%, (35) holds provided

Cay <40CoKy?8(P, Q)" < 1.

Otherwise, the estimate (30) is immediate.
Step 3: Estimate for A(Q2, Aq). Notice that
2m(Ag\Q) 2

A2, Ag) = mQ)  mQ)

(m(B) + m((Q\T(B))\AQ)). (39)

In view of (36), it remains to estimate m((Q\’T(B))\AQ).
The inclusions in (34) together with

Q\7(B) C {Z e Q\Agq : lz)? < Coy + |w|? for some w € AQ}

yield to
(Q\T (B)\Aq C Dg,\Dg,,

where

R2=C LAT
i=Coy+ t()_7 -1,

R? = t+48 _I/N—l
2=\ T

with 79 = (1 — m(2))". Then,

1 1
<R?—R3.

m((Q\T (B)\Ag) < m(Dg,) — m(Dg,) = TR TR
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ino i o _ 1 1
Taking into account that ¢ < 550 < 39-80T > 5, we have

C _ &
m(@\T (B)\Ag) = Cay + 1g “*”N);

< C(Cqy +Kqe).

1/2

Recalling that Cq = CKgq and ¢ < y, it suffices to take y = CO(KQB(P, SZ)) to
conclude from (36) and (39) that

C Ko —1

AQ, Ag) < —— [ =2 —+k*)s(P,)'/?
m(Q) \ k2*
@ (40)
K32
<C—2_s5(P, )"

m(2)
Step 4: Estimate for A(2). Let Q* be the disc centered at the origin with m (2*) = m ().
Actually, Q* = {z € C : ug > t9} = Dg with R? = to_l/N — 1. Taking into account that

Q\Q* C (Q\Ag) U (A\Q")
we easily observe that
A(Q) < A(Q, Q) < AR, Ag) + A(Aq, Q7).

Recalling (34) and arguing as in Step 3, it follows that

1 4e\ /N 4\~ VN K32
AlAg, Q) = —— ((10 - —8> - <t0 + —8> <C—L5P, '

m(S2) T m(£2)

This together with (40) yields to the desired result (30). o

Proof of Theorem 1.2. We follow the first proof of [FNT24]*Theorem 3. Since & is
convex, i.e. @’ is non-decreasing, but non-linear, there exists a, b such that 0 < a <
b < 1and ®'(a) < ®'(b).

Given P € Py with |P|ly = 1. If T = 1, then P a unimodular multiple of a
normalized reproducing kernel and the result is trivial. We assume thus that 7 < 1 and
let t* € (0, T) be as in Lemma 2.3. Then

 Se(P)— So(l)
- N +1 -

1
— [ @0 = )00 - no)ar

1
S /0 @' (1) (1o () — pu(n))dt

If a < b < t*, using the monotonicity of ®’, we have
a
5= [ (@0 = ) o) — no)a

= (@0) = @) [ (00— pow)dr.
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Similarly, if t* < a < b,

1
S = (¢/(b) - ¥/ (a) fb (10(6) — ().

Finally, ifa < t* < b,
1
S Z(‘Dl(b) - q”(t*))fb (Mo(l‘) - M(f))dl‘

(@0 = @) [0 = o).

Therefore, considering either 75 = a or f9 = b and in virtue of (5), it remains to
prove that there exists a constant C such that

Dy(P)?

fo
/0 (n@) = no())der = C Vi

If fp < t* < 1, using the last monotonicity result in Lemma 2.2, we have

f0 )N 1+ !
/0 (@) — po())dt = (;) /0 (@) = po(0))dt = 1 / (1o () — () dr.
t*

Applying Lemma 2.5, one finally obtains

to C 2
/O (1) = po(0) dt = <G (1 =T).

If to > ¢* we distinguish three cases depending on the position of 7" with respect to
1o:
Case 1:to > T.Since u(t) =0fort > T,

1 1
N 1+1/N
1o(t) — u(t) dr=f (I—t'"Mydr =1—1— ——(1 —1,"'™)
/m< ar= | -y
2
- (1—10).
- 2N

Case2:2(1 —T) > 1 —1gand to < T. Arguing as above,

1 1 1
[ o0 =) ar = [ (uow —uo)ar = [ =i ar
1o

- (1—=T)2 _ -1

- 2N T 4N
Case 3: 2(1 — T) < 1 — to. This estimate directly implies that 7y > 7. We notice that
the function H(s) = fsl (,uo (1) — u(t)) dt is concave in (t*, T) because we know that
py — i/ > 0in that interval. Thus, H(’;):ﬁ](’z) < H(ZZT):II;(T). Therefore,

1-=7).

*

1 2
— d
o / (o(t) — (1)) L

1
f (o(t) — (1)) dr < 7
t* -

1
f (1o(1) — (1)) dt.
to
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Applying Lemma 2.5, we finally obtain

1 —
/ (ko) — p(0)dt = =20 — 7).
o N

2
Combining all the previous estimates with Lemma 3.1, which implies
Dy(P)? <2(1-T) <1,

the result follows. O

4. Quantitative Estimates in the Bargmann—Fock Space

Let F2 be the Bargmann—Fock space of entire functions f(z) with

||f||2}-2 = /(C |f(Z)|2€7”|Z|2dz < 00

and define the Hermitian product
_ 2
(f. 82 =/(Cf(Z)g(Z)e " dz,

where dz = dxdy for z = x + iy € C. The Bargmann—Fock space > endowed with

the previous product is a reproducing kernel Hilbert space with kernel k(z, £) = e%.
In this section, we obtain quantitative estimates for the concentration inequality and
for a generalized Wehrl entropy bound as the limit when N goes to infinity of The-
orems 1.1 and 1.2. In this way, we recover the results in [GGRT24] and [FNT24],
respectively.
We start studying the limit as N — oo of the quantities involve in the main results
of Sect. 1. Given any polynomial P, we define the following rescaling

PN =P (ﬁz) .
bid

Lemma 4.1. Let P, Q € Py. Then

lim (PN, QV)y = (P, Q).
N—oo
so in particular limy_ oo | PV |y = || P f2.

Proof. For any N > M and performing a suitable change of variables we have

PN(2)0N(2)

N N _ =

(PN, 0Myy = (N +1) P
N+1 P(2)0()

Z
N C 7T‘Z|2 N+2
<1+—N )
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Therefore, by the dominated convergence theorem,

lim (PY, 0M)y =

N—o0

. N+1 P(2)0()
lim N2 4%
cN—oo N (1+n|z\2)
N

= / P(2)0@e ™ dz = (P, 0) .
C

For any set Q2 C C, we define the following rescaled sets

oV = [Xa.
N

Moreover, A(€2) denotes the Fraenkel asymmetry associated with the Lebesgue measure
given by

212\D, (2)]

AQ) = inf{ o

D, (D) =12,z € (C} .
Lemma 4.2. Let Q@ C C be a measurable set of finite Lebesgue measure. Then
lim (1—m@"))"*" =19l
N—o00
lim A, (QY) = AQ).
N—o00

Proof. Let R > 0 and denote by Qr = Q2 N Dg. Since

1 w22\
m(Q%):N/ <1+ N ) dz,
QR

-2

R? Q Q
LN T L I A L )
N N N

it holds

Applying these estimates to bound (1 —m(QN ))NJrl from above and below and taking
limits as N — oo in both sides, we get

1% <timinf (1 — m(@")"" <timsup (1 — m(@"))"*" < 1%l
N—o0 N—o00

Taking limits as R — oo, the first claim follows.

For any z € C let B = D,(z) with 7p?> = |Q|. Then BY = D /7w, (zn), where
IN = \/%z. In addition, let By = Dy, (zx) such that m(By) = m(QN).

Let

~ m(QV\BY) + m(BN\Q")

AN m(QN)

El
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which looks like A, (Y, BY) except for the uncertainty about m(QN) = m(BM).

Since By and B N are concentric discs, one may observe that

_ Im®By) —m(B")] _’ _ m(B")
- m(N) n m(QN)

An(@Y, By) = Ay|

m(BN) 1Bl
e - g as N — oo and hence,

Arguing as for the first claim, one gets

fim ‘Am(szN, By) — AN‘ —o,

N—o0
. 2|Q\B|
lim Ay = .
N—o0 |2]
Therefore
2|Q2\B
lim A, (QY, By) = 2\ '.
N—oo |2

Taking the infimum in z € C the second claim is shown.

O

In the Fock space, the concentration operator for any measurable set €2 is given by

2 -z
Catpy = DOy g2
1%

We also define the distance of any f € F2 with | f ||§_.2 = 1 to the normalized

reproducing kernels given by «,(z) = e™" lal?/2gmaz yg

D(f) =min{|| f — €'’ 4l z2 :a € C,0 € [0, 27]}.

Now we obtain Cq(P) and D(P) as the limit of Cy o and Dy for suitable rescaled

polynomials and domains.

Lemma 4.3. Let P € Py with |P|lz2 = 1 and let Q@ C C be measurable with finite

Lebesgue measure. Then

lim Cy ov(PY) = Cq(P),
N—o0 ’

lim Dy(PY) = D(P),
N—o0

AN o PN(Z)
where PV (z) = TPV
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Proof. By Lemma 3.1 and an analog result in the Fock space (see Lemma 2.5 in

[GGRT24))
N
DN(ﬁN)zzz(l_ | 1PY@) >

IPNIly cec (1+12IHN/2

B 16
”PN”Nze(C (1 + %)N/z

s

D(P)? =2 (1 — sup |P(z)|e_”|z|2/2> .

zeC

Then, limy_ 0 Dy (I3N)2 = D(P)? by Lemma 4.1 and the monotonicity of the
functions involved, which allows to interchange the order of the limit and the supremum.
The limit for the concentration follows from Lemma 4.1 and

1PN (2))? _N+1 |P(2)?

2
N+1 7= z / P(2)2e ™l gz,
( ) oV (1 + |Z|2)N+2 N Q (1 . nlz\2>N+2 N—ooo Q| (@)1
N

O

Corollary 4.1. There exists a constant C > 0 such that for any measurable set 2 C C
with positive Lebesgue measure and any f € F> with | f|| 72 =1, there holds

Ca(f) = (1= CeD(f)?) Car (),

where Q¥ is the disc centered at z = 0 with |Q2| = |Q*|. Equivalently,

D(f) < (C™es(r, )2,
where
Ca(f) |f@)Pe 1 dz
5(f,9)=1—cm(]1)=1—fQ =T .
Moreover,
23121/2
AQ) <C a S(P, )2,

Proof. If f is a polynomial, the estimates follow from the combination of Theorem 1.1
and Proposition 1.1 with the limits in Lemmas 4.2 and 4.3. By density, the general results
hold. ]

Finally, we deal with the generalized Wehrl entropy in F2, given by

So(f) = —/CCD(If(Z)Ize_”‘Z'Z)dz,

where || f|| 72 = 1 and @ : [0, 1] — Ris a convex, non-linear, continuous function with
®(0) =0.
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Lemmad4.4. Let ® : [0, 1] — R be a convex, non-linear, continuous function with
®(0) =0andlet P € Py with |P|| 2 = 1. Then

lim Sy o(PY) = Se(P).
N—o0
Proof. After a suitable change of variables, we obtain

Sy,o(Py) = _/cq> (un(z)) dz,

12122
(1 + ”T)
where

1PV (@)1
N
1PVIR (1+75E)

Notice that limy o uy(z) = u(z) = |P(z)|2e_”|z|2. Now we observe

un(z) =

SN,¢(PN>—S¢(P>15/ [Plun) = PG, /|q>(u)| %_ﬂmz dz.
(1+ ”‘Z'z 1+ 72
N

Using the continuity of ® and the dominated convergence theorem, it follows that the
right-hand side goes to 0 as N — oo. O

Corollary 4.2. Let ® : [0, 1] — R be a convex, non-linear, continuous function with
®(0) = 0. Then there exists a constant C > 0 such that forany f € F2 with lfllp2 =1
it holds

D(f)* < C (So(f) — Sa(D)).

Proof. The result can be proven as Corollary 4.1 using also Lemma 4.4. O

5. Sharpeness

In this section we study the sharpness of Theorems 1.1 and 1.2 and Proposition 1.1
regarding the powers of §y (P, €2) and the extra dependence on m(£2). We can inherit
this from the sharpness of the corresponding inequalities in the Fock space, which were
proved in [GGRT24] and [FNT24].

Indeed, the factor 8y (P, ©)'/? cannot be replaced by Sy (P, Q)% with o > % inde-
pendent of N in Theorem 1.1 and Proposition 1.1. Otherwise, arguing as in Corollary 4.1,
we would obtain the same dependence in the case of Fock, contradicting Corollary 6.2 in
[GGRT?24]. Similarly, in Theorem 1.1, we could not substitute 1 — m(2) by 1 — cm(2)
with ¢ < 1.

Furthermore, in [FNT24] it is claimed that in Corollary 4.2 we cannot replace D( f)?
by D(f)* with @ > 2. This can be seen taking f as a small perturbation of 1. Since
the computations are not present, we include here a direct proof of the optimality of
Theorem 1.2.
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Proposition 5.1. There exists constants C, C' > 0 such that for any N > 2 there exist
pPe € Py with || pelln = 1 such that for € small enough

Dy(pe) = &6
NPS_Nss

Sn(pe) —Sn(1) < Nzt

Proof. Consider the function

1+ez
V1+&2/N

which belongs to the space Py and has norm || p. ||y = 1. We denote by

ho(D) = pe@P 1 [1+ezf
T AHEPN T e (42PN

Step 1: Computation of Dy (p.). By Lemma 3.1,

Dy (pe)? =2(1 = VT) =2(1 — /su(cpug<z>>.

It can be seen that the maximum of u, is attained at

_ VN2+4e2(N-1)—-N ¢

2
= = — + .
%0 2e(N — 1) y Toer)
Hence
1 (1 +¢z0)? N-1, 6
T= =Y T 065,
M;;(ZO) Ce (1 +Z(2))N 2N3 £ (8 )
Therefore
Dy (pe)’ = <56+ 0°). (41)

Step 2: Estimation of Sy (pe). We split the entropy in three terms as follows
$w(p) ==V +1) [ o2 logus ()dm(c)

=(N+ 1)/ Us(z) <N log(1+ |Z|2) +logcs —log|l + SZ|2) dm(z)
C
=(N+1)(A. + B, — C,).

The first integral is:

N dm(z) N - )
Ae = 1+ezllog(1 + |z*) ——0o— = /1+82 loa(1 + |z
& e /(Cl |~ log( |z )(l RN o (C( |z]7) log( 1z]9)

_N 1 2 L 1
- ((N+1)2 e (N2 - (N+1)2))

dm(z)
A +[zHN
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The second term is:

log(ce)
B, = logcg/(cus(z)dm(z) = %
The third term is:
Ce :/(Cue(z)log|1+sz|2dm(z)
— f ue (@) log |1+ ezPdm(z) + f ue (@) log |1+ e2%dm(z) = Cps + Cag
elzl<1/2 elz|>1/2

For the first part we have

1 m(z)
. z_/ (1+&%|z]? +2¢Rez) log |1 + ez ——=—
¢ lzl<1/2 (1+[zHN
4e dm(z)
=— Rezlog|l + ez| ——5—.
elz|<1/2 1+ |Z|2)N

The last equality holds because v(z) = log |1 + £z|? is a harmonic function in the disc
glz| < 1/2, with v(0) = 0 and we use the mean value property in each circle.

Since log |1 +ez| = Y o0, %ﬂﬂgﬂ Re(z") uniformly in the disc |ez| < 1/2, we

integrate again in circles and we get

m(z)
Cl & Z_/ 2
|z\<1/2 | |2)N

dm(z) 262 , dm(z) 262
| | 2 N - |Z| NN = - C3,€
(1+1z]%) Ce Jepz=12 (1 +1z]) N(N + 1)c,

Finally, we can see that both C; ;. and C3 , decrease faster than gtase — Ofor N > 2.
This is based on

1 2AM—1
LM(S)Z/ ——dz =M V(1+0(1)), M=>1.
elz|>1/2 (1+ |Z|2)M ( )

Indeed,

c |1 +ez|* C 4/ |z|* C 5
Cre < — —————d7 < —¢ — gz < —Yn(e) = 0(ed),

ce Jez|>1/2 (1 + [z|HN+2 ce Jejzi=1/2 (1+|z|H)N+2 ce

¢ 2/ K € 5
C3o < —¢ —  _dz=—s"1n41(e) = 0(&).

e Jeppm1/2 (L4 [z2)NH2 Ce -

Putting all together
Sn(pe) = (N + 1)(Ag + Be — Cy)

1/ N &2 4
= log(ce) + — <N+1 N(N+1))+0(8 )
= N 1 84+0(8 )

N+1 2N2
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Therefore,

Ly 4
Sn(pe) — Sn(1) = INZE +o0(g7). (42)

The conclusion follows from (41) and (42).

6. Stability of General Operators

Theorem 1.1, Proposition 1.1 and Theorem 1.2 remain valid when we consider general
operators instead of simple projections to the space generated by some P € Py . Namely,
let p : Py — Pn be a positive-semidefinite operator such that Tr p = 1. Both the
concentration operator in €2 and the (generalized) Wehrl entropy for p can be defined as

fQ u(z)dm(z)
Jou@dm(z)’

Snolp]l =—(N + 1)L¢(M(Z))dm(z),

Cy.ale]l =

where

u(z) = (kn,z, (KN )N

and @ is as in Theorem 1.2.
Notice that if p is the projectionon P € Py, with | P||y = 1,1.e. p(q) = (g, P)N P,
then both quantities agree with the ones defined in Sect. 1, since

5 Pz |

T+ 2PN

u() = (kN 20 (kn 2o PYNPYN = [(Po ke 2) y |

The concentration Cn q[p] achieves its maximum among all sets of measure ¢ and
all operators as described above when €2 is a disc with m (€2) = £ and p is the projection
on the normalized reproducing kernel at the (chordal) center of the disc, i.e.

q(a)
p(q) =Ty ,(9) = (g, kN.a)N KN.a = WKN,(“ q € Pn.

In particular, this happens if 2 is the disc centered at the origin and p = 1, understood
as the identity operator. In turn, the (generalized) Wehrl entropy attains its minimum for
the same kind of operators.

From Sects. 2 and 3, with mild adaptations, we can estimate how close an operator is
to the projections on the normalized reproducing kernels in terms of the distance of its
concentration or entropy to their critical values. In order to do so, we define the following
distance for any positive-semidefinite operator p with Tr p = 1:

Dy[p] = minfllp — iy ll1 2 a € C},

where [[p[|1 = Tr [p].
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Theorem 6.1. There exists a constant C > 0 such that for any measurable set @ C C
with positive measure and any positive-semidefinite operator operator p : Py — Py
with Tr p = 1, there holds

1/2
Dxlpl = (€ (1= m@)™* snlp. 1)

where
Calpl
Sylp, Q] =1— ——.
N Cor[1]
Moreover,
1— Q —3(N+1)/2
An(@) < L7 swlp, @112,

m(2)

Theorem 6.2. Let @ : [0, 1] — R be a convex, non-linear, continuous function with
®(0) = 0. Then there exists a constant C > 0 such that for any positive-semidefinite
operator p : Pn — Py with Tr p = 1 it holds

Dy[pl* < C (Sn,0lp] — Sn,0[1]).

Once more, these two results give us the analog ones in the Fock space, obtained in
[FNT24], when N — oo.

There is an interpretation of our results on concentration of operators and estimates
of the Wehrl entropy in the formalism of quantum mechanics: Given a collection of
P; € Py with ||P;|[y = 1 (not necessarily pairwise orthogonal) and a sequence of
weights w; with the property that 0 < w; < 1and }_ jwj = 1, we define the density
operator p : Py — Py of a mixed state as

p(@) =) wilg, PInPj.
j

This representation is not unique and it defines a positive-semidefinite operator with
Tr p = 1. When the rank of p is equal to one, i.e., p(¢) = (¢, P)y P with | P|| = 1,
then p is the density operator defining a pure state. If P is a normalized reproducing
kernel, we have a Bloch coherent state. Thus, our results provide a quantification of the
fact that coherent states minimize the Wehrl entropy and maximize the concentration
among all mixed states. For further details, the interested reader may consult for instance
[Sch22] and references therein.

Proofs of Theorem 6.1 and 6.2. As we have announced, these proofs work as the cor-
responding ones in the case of polynomials instead of operators. Nevertheless, some
adaptations must be done, which we collect below.

First of all, we notice that since p is a positive-semidefinite operator with Tr p = 1,
then there exists an orthonormal basis {P j}?/:o of Py and w; > 0 with Z;\;O wj =1
such that p can be written as

N
p(q) =) wjig, PjInP;. (43)
j=0
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Let J ={j €{0,..., N} : w; # 0}. Therefore,

g wilPj()I?
u(@ = S wy (P e Py = 2= EHOT (44)

= (1+1z2)"

We now observe that most of Sects.2 and 3 deal directly with the function w(¢) and
not with the particular expression for u(z). Consequently, we only need to review those
parts where the expression for #(z) has a major role and verify whether the conclusions
there do not differ from the ones in the simple case where J has one single element.
Lemma 2.1. The first point where we have to work directly with u(z) is in Lemma 2.1,
and more precisely, in the first two steps.

Step 1:Let Pj(z) = Zfl\/:o Djnen(2), with ZQ’ZO |Pjn |2 = 1. Without loss of generality,
we assume p; o is a non-negative, real number. Arguing as above, we can estimate

N N N
PP < p2o+ (Z |pj,n|2> (Z Ien(z)|2> +2pj.oRe (Z pj,nen(z)>
n=1 n=1 n=1

(45)
N
<pio+(=pip ((1 +]zHN — 1) +2pjoRe (Z p,»,nen@)) :

n=1
If we assume u(z) attains its supremum at z = 0 as in the simple case, we have
.n2
dowirio=T.
jeJ

Z wjpjopj1=0.
jeJ

The second claim follows from the fact that 3,u(0) = 0 implies
Combining the previous identities with (45), one gets

N
> wilPi@P <T+(1—=T) ((1 +1zHN - 1) +2) wipjoRe (Z pj,nen<z)> :
n=2

jeJ jeJ

jes Pi(O)PI(0) =0.

Step 2: Let h(z) = > jeswjpjoRe (Z;11V=2 pj,nen(z)) and 0;(z) = Y0, pjnen(2).
By the Cauchy-Schwarz inequality,

P < [ Y wipio | | D w;

jeJ jeJ

2

N
> pinen(2)

n=2

=T w;|Q;)

jeJ

We now note that |Q j(Z)|2 and their derivatives satisfy the previous estimates for Q
with an extra multiplicative term 1 — P?,o —1pj1 ?P<1- p?,O' Therefore,

N N2 N N2 N
h@P =Y wi = plo el (1+1:2) = 4= D)=-laf* (1+12)
jeJ
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Arguing similarly, we infer

18,7 (re'®)| < VT—TNr(1+rH)N/?2,
10, h(re'®)| < VT = T2N?r(1+r)N/2,

Defining ¢ = 4/1 — T and putting all together, we achieve:

T — &2+ 2JTeh(re'?) 5
+¢&
(1+r2)N

u(reie) <

with & a harmonic function satisfying (13),(14) and (15). Therefore, from now on, the
proof of Lemma 2.1 can be continued as in Sect. 2.
Lemma 2.2: Here, the bound for Av, where v = % log u, plays a key role. We can see
that the same bound is satisfied for u as in (44).

Notice that

1 1 ) N 5
v=logu = log > w;|P() — 5 log(1 + 2.

2 °
jelJ

Then, Ay logv > =27 N if and only if A log (Zjej U)j|Pj(Z)|2) > 0. But

log X:wj|Pj(z)|2 = sup log Zeiefijj(z)z,
I oielo2n] |y

and the supremum of subharmonic functions is subharmonic, provided it is upper semi-
continuous as in our situation. Thus, it has positive Laplacian.

Lemma 3.1: Slightly different from what the lemma states, now we have Dy[p] <
24/1 — T. Notice that despite the small difference in the right-hand side and that the
equality may not hold, the subsequent combination of lemmas and inequalities leads to
the same conclusions.

The estimate can be proved as [Fra23]*Lemma 6. Let P € Py with | P||y = 1 and
consider p = (-, P)n P. Notice that for any ¢ € Py, p(q) — i, ,(q) € span{P, kn q}.
Therefore, we can restrict our attention to the subspace spanned by P and k.. Working
in the orthonormal basis { P, P}, the operator p — I, , takes the form of the matrix

( 1= [P, kn.a)NI? —(P,kN.a)N(KN.as Pim)
—(PY kN a)N kNG PN =P kv a)n]?

This can be diagonalized so in the suitable basis p — I, , can be expressed as a diagonal

matrix with diagonal elements =| (P, KN.a)N| = j:\/l — (P, kn.q)n|*. Hence,

o = My Il =2
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Now, let us consider a general p as in (43). Then

_P@P?
(1+1a2)"

o = My lt <Y wjlls PN Py = Ty lh <2 w;

jeJ jelJ

. P 2
<2 |1- Z}e] wjl J](V“)| =2m.
(1+1al?)

Therefore,

Dylp] < min {2\/1 “u(a), ae (C} —2J1=T.

With the observations above and arguing as in Sect. 3, the first part of Theorems 6.1
and 6.2 follow. It remains to review the second part of Theorem 6.1, which seeks to
reproduce Proposition 1.1.

Proposition 1.1: We only need to obtain an estimate like (33) with ¢ = /1 — T. Let
u and P; be as in the step about Lemma 2.1 at the beginning of this proof. Recall in

particular that 3, ; w; p?,o = T. Then

2
Pjo 1P} (2)] lpj0— Pj@)| pjo+I|Pi2)l
Tuo(2) —u(2) = ) =D w N\N/2 N\N/2
jed (1+1zl ) ier o (1+1z?) (1+12%)
1/2
|1910 Pj(2)] Ipjo— Pi(2)I?
<W_Zv Nz =2 ij NN
jeJ ) jelJ (1 +z] )
We note that
N
lpjo— Pi@I
2R <pjo— Pilly =D Ipjal* =1=pi.
(1+1z?) n=1
and therefore,
1/2
Tuo(x) —u@ <2 > wid—pig| =2V/T-T =2
jeJ
With this, all the necessary modifications are done and the results follows. O

7. The Schatten p-Norms of the Localization Operator

Given a set 2 C C the localization operator Lg : Py — Py is defined as

1 N
Lalpl) = (N +1) / (( ”w)
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Equivalently Lo[p] = I1(xqp), where ITis the orthogonal projection of L (—(N +L)dm(z) >

(1+[zHN

to its subspace Py. The integral kernel of the projection is given by (1 + zw)™. It is

clearly a positive self-adjoint operator with ordered eigenvalues 0 < Agp < --- < Ay and

corresponding normalized eigenfunctions ¢y, . . . , ¢ . Since the reproducing kernel can

be obtained from any orthonormal basis, we have that Y "_ ¢; (2)¢i (w) = (1 + zw)N.
It is easily checked that the operator norm ||Lg|| = Ay is given by

[Lell = sup Cn.a(p).
PEPN\(0}

We have already seen that among all sets 2 with a fixed measure m (2), the disc Q* is
the one that gives rise to the biggest norm.

One could also consider other norms on the operator. For instance, the Schatten norm
1Lal, = (A +---+12)7 for1 < p < oo and || Lalleo = Ax. When p = 1, this is
known as the trace class norm, for p = 2 it is the Hilbert-Schmidt norm and for p = oo,
it is the operator norm.

We can ask what is the domain that maximizes the Schatten p-norm of the concen-
tration operator among all sets with a fixed measure. The case p = 1, the trace class, is
particularly simple because

N
ZA —Z Lolgil, ¢i)n

1 —  d
— (V1 / Z /Q ((1++|Z“|’2))N¢,(w>dm(w>¢,-(z) @)

(I+]zHN

2N
=(N+ 1)2/ / [ +2w)] dm(z)dm(w)
eJc (1+]

wHN (L +[z[HNY

= (N + 1)/ dm(w) = (N + Dm ().
Q

Thus, ||Lgll1 = (N + 1)m(£2) and hence the norm does not depend on the shape of €2,
only on its mass.

The case p = 2, the Hilbert-Schmidt norm, was considered in the context of the Fock
space and the Bergman space in [NR25]. We see now that the same type of result holds
in Py. The Hilbert-Schmidt norm is given by

N
ILals = ILal3 =g+ - +iy = > _(Lald;l. Laléil)
i=0

N - N s+\N
3 (1+ 2i)N ¢y (w) (1+20)VGi©) dm ()
- /c;/ ey M o Taremy O T

- 5 - oy dm(Q) dm(w)
=(N+1) /:/;zxgl(l"'w;)l (1+|§_|2)N (1+|w|2)N'

Letd(w,¢) = —— w8l pe the chordal distance in the complex plane inher-
N AHE D) (14 w]?)

ited from the stereographic projection from the North Pole in a sphere of radius ﬁ;
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Then
|1+ cw) >N
(L+ 12N (1 + w2V

= (1-mde. )" =p@e.w.

where ¢ (1) = (1 — 72N isa decreasing function in [O, \/LE] .

We use now the following spherical version of the Riesz rearrangement inequality, a
proof of which can be found in [Bae19]*Corollary 7.1:

Theorem 7.1. Let f and g be nonnegative measurable functions onS" and let ¢ : R* —
R* be decreasing. Then

[[,.... oo ndemdem < [ Fwetopae mdowis )

where o is the normalized Lebesgue measure in S and f* is the symmetric decreasing
rearrangement of f in the sphere.

Remark 7.1. The statement in [Bae19]*Corollary 7.1 is written with the geodesic dis-
tance in the sphere dg> instead of the chordal-arc distance d, but since d = \/L:? sin d%z,

then d is an increasing function of dg2, and both statements are equivalent.

Since dm is the push-forward measure of do by the stereographic projection, we can
write the Hilbert-Schmidt norm as

ILalis =& [ tatoxaiede, y)dowda)

where A C S? is the preimage of Q2 C C by the stereographic projection, ¢ () =
(1—1%)N,and d(x, y) is the chordal distance from x to y. An immediate consequence of
Theorem 7.1 is that || Lo ||%;¢ < I|La+ I35, where Q* is a disc such that m () = m(Q*).
Thus, the behavior of the ||Lg||, norm is the same when p = 2 and p = oo, while
for p = 1 the problem becomes trivial. Other p-Schatten norms are more difficult to
analyze due to the lack of integral expressions.
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