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Abstract

We solve the Ein-Lazarsfeld—-Mustopa conjecture for the blow up of a projective space along
a linear subspace. More precisely, let X be the blow up of P” at a linear subspace and let L
be any ample line bundle on X. We show that the syzygy bundle M defined as the kernel
of the evalution map H 0(X,L)® Ox — L is L-stable. In the last part of this note we focus
on the rigidness of M, to study the local shape of the moduli space around the point [M ].
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1 Introduction

Let (X, L) be a polarized smooth projective variety with L a globally generated line bundle.
The syzygy bundle M is the kernel of the evaluation map ev : H(X, L) ® Ox — L. Thus,
M; is a vector bundle of rank h®(X, L) — 1 sitting in the following exact sequence:

0— M, —H'X,L)® Ox — L — 0.

Arising in a variety of geometric and algebraic problems, the syzygy bundles M have
been extensively studied from different points of view. In particular, many efforts have been
invested on knowing whether M7, is a stable vector bundle with respect to some polarization,
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and in [10] L. Ein, R. Lazarsfeld and Y. Mustopa conjecture that M is L-stable for a smooth
polarized variety (X, L), when L is very positive (see Conjecture 2.2).
As far as we know, the stability of M has been proved in the following cases:

(1) (X,L)=P", Opn(d)) withn > 1(see[l, 15]if char (k) = Oand [2,5]if char (k) > 0),

(2) (X, L) where X is a smooth projective curve of genus ¢ > 1 and deg(L) > 2g + 1 (see
[9, Proposition 1.5]),

(3) (X, L) where X is asimple abelian variety and L an ample globally generated line bundle
(see [4, Corollary 2.1]),

(4) when (X, L) is a sufficiently positive polarization of an algebraic surface X (see [10,
Theorem A]),

(5) (X, L) where X is an Enriques (resp. bielliptic) surface and L an ample globally generated
line bundle if char (k) # 2 (resp. if char (k) # 2, 3) (see [20, Theorem 3.5]), and more
in general

(6) (X, L) where X is a smooth minimal projective surface of Kodaira dimension zero, and
L an ample globally generated line bundle if char (k) # 2, 3 (see [20, Corollary 3.6], [3,
Theorem 1] and [21, Theorem p.2]).

More in general, in [17, Question 7.8], M. Hering, M. Mustatd and S. Payne asks for which
choices of polarizations of a projective toric variety (X, L), the syzygy the syzygy bundle
M is semistable (see Question 2.3).

In this paper we contribute to this conjecture for the blow-up Bl (P") of a projective space
P along a linear subspace Z C P". We assume that the base field K has characteristic 0, and
we prove that for any very ample line bundle L on Bl (P"), the syzygy bundle M, is L-stable
(Theorem 3.3). To prove this result we identify Blz(P") with a suitable projective bundle,
which endows a toric variety structure. The theory of toric varieties deploys a correspondence
between multigraded commutative algebra and geometry. We use this dictionary to give
information about the geometric structure of the syzygy bundle M} by using the syzygies of
monomial ideals over non-standard bigraded polynomial rings. This allows us to strengthen
Coandd’s argument (Lemma 2.4) proving that M is L-stable.

One remarkable consequences of M being L-stable is that it can be seen as a point [M ] in
its corresponding moduli space M = Mx(N—1;c1, ..., Cmin{N—1,n}) Where N = ho(x, L)
andc; = ¢;(Mp) for1 <i < min{N — 1, n}. Many few properties, either local or global, are
known for the moduli spaces, however in the last part of this note we are able to find that for
n > 2 the syzygy bundle M is infinitessimally rigid and hence [M[ ] is an isolated point in
M. Furthermore, for n = 2 M|, is always unobstructed and we can compute the dimension
of the tangent space of M at [M].

This short note is organized as follows. In Sect. 2, we collect all the preliminary results
needed to prove our main result. We have subdivided this section into two subsections. First,
in Sect. 2.1, we state the basic notions on stability of syzygy bundles. In Sect. 2.2, we recall
the relation between blow-ups of projective spaces along linear subspaces and projective
bundles, and its toric variety structure. In order to give a more self-contained exposition, we
also gather in this subsection the basic definitions and results on toric varieties to establish the
algebraic-geometric dictionary used in the sequel. Finally, the core of this note is presented
in Sect. 3. A first algebraic result on the syzygies of a monomial ideal yields information on
the minimal locally free resolution of the syzygy bundle My, (Corollary 3.2). Together with
Coandd’s Lemma (Lemma 2.4), it allows us to prove our main result, namely that My is
L-stable for any ample line bundle L on Blz(IP") (Theorem 3.3). Finally, we end this note
by studying in Sect. 4 the rigidness of the syzygy bundles M, and the local properties of the
moduli space M around the point [M ] (Theorem 4.1).
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2 Preliminaries

Let (X, L) be a polarized smooth variety defined over an algebraically closed field k of
characteristic zero and let L be a globally generated line bundle. The syzygy bundle M|,
associated to L is defined as the kernel of the evaluation map ev : HO(X, L) ® Ox —> L.
Thus, M is a vector bundle of rank h®(X, L) — 1 fitting in the following short exact sequence

0— M, — H'X,L)® Ox — L — 0. (1)
In particular we have:

o c1(Mp) = —ci(L),
o tk(My) =h%X,L)—1,

o ur(Mp) = ﬁ

where for any vector bundle £ on the polarized variety (X, L), we recall that u () =
c1(&)-L"!

*E) is the so-called slope of €.

2.1 Stability of syzygy bundles

In this paper we are interested in determining the stability of syzygy bundles. Let us recall
the basic definitions and the key results.

Definition 2.1 Let (X, L) be a polarized smooth variety of dimension n. A vector bundle E
on X is L-stable (resp. L-semistable) if for any subsheaf F C E with 0 < rk(F) < rk(E),
we have

ca(FHL™ ! c(EyL"! < c(FyL"! cl(E)L”1>
< €S <
rk(F) rk(E) rk(F) rk(E)

In[10, Corollary 2.6], L. Ein, R. Lazarsfeld and Y. Mustopa posed the following conjecture:

Conjecture 2.2 Let A and P be two line bundles on a smooth projective variety X. Assume
that A is ample and set Ly := d A + P for any positive integer d. Then, the syzygy bundle
My, is A-stable for d > 0.

Related to this conjecture, in [17, Question 7.8], M. Hering, M. Mustatd and S. Payne
consider the following question:

Question 2.3 Let L be an ample line bundle on a projective toric variety X. Is the syzygy
bundle M, semistable, with respect to some choice of polarization?

Note that the (semi)stability of M with respect to L is equivalent to the (semi)stability
of the pull back ¢j Tp of the tangent bundle of P := PHY(X, L)), where oL - X —
PHY(X, L)) is the morphism associated to L. The goal of this paper is to answer posi-
tively this last question for the blow up of a projective space along a linear subspace (see
Theorem 3.3).

We end this subsection by stating a preliminary result on which our proof rests, it is a well
known cohomological characterization of the stability.
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Lemma 2.4 [5, Lemma 2.1] Let (X, L) be a polarized smooth variety of dimension n. Let E
be a vector bundle on X. Suppose that for any integer q and any line bundle G on X such
that

0<qg<tk(E) and (G-L" Y > qur(E)
one has H*(X, N\ E ® GV) = 0. Then, E is L-stable.

2.2 Blow-ups of projective spaces and toric varieties

In this work we focus on proving the stability of the syzygy bundle M, for any ample line
bundle L on a blow-up Blz (") of a projective space P"* along a linear subspace Z C P". In
this subsection, we recall how the blow up Blz(IP") endows a toric structure. We start with
the following classical result

Proposition 2.5 Let Z C P" be a linear subspace of dimension r — 1. Then, the blow-up of
P" along Z is isomorphic to the projective bundle P(Of,s @ Ops (1)), where s =n —r.

Proof See [11, Proposition 9.11]. O

Remark 2.6 There is a conflicting notation in the literature on projective bundles. We use the
definition of P(£) := Proj(Sym &) as found in [7]. It is worthwhile noticing, to avoid any
confusion, that in some texts like [11], some authors define a projective bundle: “P(€) =
Proj(Sym £Y)” that would be, in our notation, P(EY).

Moreover, the projectivization of a decomposable vector bundle on a projective space P*
can be seen as a toric variety. In the following section, we make use of this structure to study
the syzygy bundles M, on Blz(IP"). For the sake of completeness, the remaining part of this
subsection gathers the basic notions of toric varieties needed in the sequel. For further details
on the geometry of toric we refer to [7].

Let X be a toric variety of dimension n associated tothe fan ¥ € NQR = R", where N =
7" is alattice. If T = (K*)" is the algebraic torus actingon X, let M = Hom(T, K*) = Z" be
the lattice of characters and, so, we have N = Hom(M, Z). For any cone o € X, we denote
0¥ C M ® R its dual cone. We set Sy := 0¥ N M and K[S,] the corresponding semigroup
and semigroup algebra, and U, := Spec(K[S,]) is the corresponding affine toric variety. If
7 is a face of o, we write T < o. There is a character m € M such that S; = S, + Z{m).
Thus, localizing by x™ we have K[S;] = K[S;],». In particular, there is an inclusion of
affine toric varieties U; — Uy, and X is recovered from the fan X by glueing all affine toric
varieties U, for 0 € ¥ along their intersections. X (s) denotes the set of all s-dimensional
cones in X. There is a one to one correspondence between T-invariant orbits of codimension
s and cones o € X(s). In particular, T-invariant Weil divisors correspond to rays p € 2(1).
Moreover, if X has no torus factors then the class group of X, CI(X), is presented as

0->m% @ zp, - Clx) >0, )
peX(l)

where for any character m € M, ¢ (m) = Zp(m, p).
The Cox ring of X is the polynomial ring S = K[x, | p € ¥(1)] endowed with a grading
by CI(X):

deg(x,) = [D,] € CI(X), forany ray p € X(1).
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For any cone o € X, we consider the squarefree monomial x° := [ péo(1) Xp> and we define

the irrelevant ideal B = (x‘A7 | o € ¥). The localization of S at x9 is also a CI(X)-graded
algebra S ;, and there is an isomorphism K[S,] = (S,s )0, sending x™ to the monomial

xf'"'p') x ™) for any m € S,.

Keeping this definitions in mind, we have a correspondence between CI(X)-graded S-
modules and quasi-coherent sheaves on X (see for instance [7, Chapter 5]). By [7, Proposition
5.3.7], for any o € CI(X) and for any Weil divisor D = Zp ap, D, such that @ = [D], there
is a natural isomorphism S, = I'(X, Ox (D)). Namely, we have the following result:

Proposition 2.7 (i) If E is a CI(X)—graded S-module, there is a quasi-coherent sheafE
on X such that I'(Uy, E) = (E )0, forany o € X.
(ii) Conversely, if € is a quasi-coherent sheaf on X, there is a C1(X)—graded S—module
E suchthat E = &. In particular, E is coherent if and only if E is finitely generated.
(iii) E = 0 ifand only if B'E = 0 for all | > 0.
(iv) There is an exact sequence of Cl1(X)—graded modules

0 — H%(E) - E — HY(X, E) — HL(E) — 0.

Where H 1’,} (E) is the ith local cohomology module of E with respect to the irrelevant ideal
B, and H,(X, €) := EB%CI(X) H' (X, E()).

In particular, for any quasi-coherent sheaf € on X and any o € Cl(X) we identify
HO(X, E()) with the degree a—piece of the S—module Hg (X, &).

Proof See, for instance, [7, Proposition 5.3.3, Proposition 5.3.6 and Proposition 5.3.10] for
(i)—(iii); and [12, Proposition 2.3] for (iv). O

We end this preliminary subsection by presenting the projectivization of a decomposable
bundle over P* as a toric variety and computing all intersection numbers needed later.

Recall that the only smooth projective toric variety with Picard group Z is the projective
space P" and, when n > 1, the stability of the syzygy bundle associated to ample line bundles
Opn (d) was established in [5, 8, 19]. Now we turn to smooth projective toric varieties with
Picard group Z?. They were classified by Kleinschmidt in [18] who proved that if X is
a smooth projective toric variety with Pic(X) = Z2, then there are integers r, s > 1 with
s+r = dim X andintegers0 < a; < --- < a, suchthat X = P(Ops ®Ops (a1)®- - - Ops (a,))
(where P(£) := Proj(Sym¢), see Remark 2.6). To describe the fan of X in the lattice
N = 7Z* xZ" we fix the standard basis {ey, ..., es}and { f1, ..., f} of Z* and Z", respectively
(see [7, Proposition 7.3.7]). We set

poi= cone(—ej — -+ — e +arfi + - +a f,) noi= cone(—fi =+ = f)
pi:=cone(e;)) 1 <i<s nj:=cone(f;) 1<j=r,

andfor 1 <i <sand1 < j <r we define the r + s—dimensional cones

Ojj = CONC(00, - -+ s Pis--ns Pss 05« vvs)jsenes )

Then 2()={po, ..., ps, N0, - .-, 0/} and Tpax = {0jj |1 =i <, 1 = j < r}. From the
exact sequence (2) we obtain the class group of X:

CI(X) = coker ¢ = 7> = Z([Dy,1, [Dy, ).
Moreover, we have:

[Dp]1=1[Dylforl <i <s and [Dy;1= —a;[Dpy]l + [Dyy] forl <j<r.

@ Springer



226 R. M. Miré-Roig, M. Salat-Molté

In particular, the Cox ring of X is the polynomial ring K[xo, ..., xs, Yo, ..., ¥-] with
deg(x;) = (1,0) for 0 <i < s, deg(yo) = (0, 1) and deg(y;) = (—a;, ) for1 < j <r.

Finally, a line bundle Oy (a, b) := Ox(a[D,,] 4 b[Dy,]) is ample (respectively, nef) if
and only if a, b > 0 (respectively, a, b > 0). The anticanonical divisor is given by

—Kx =D+ 4Dy +Dpy+---+Dy =(+1—a1—-—a)Dpy+ (r + 1)Dy.

In particular, X is Fano (i.e. —Ky is ample) if and only ifa; + --- 4+ a, < s+ 1.

In this setting, [D,,] represents the class of the projective fiber 7*Ops (1) and [Dy,]
represents the class of the tautological line bundle Ox (1). On the other hand, using the
intersection theory of toric varieties, we know that [D,]---[D,,] = [Dy,]---[Dy,]1 = 0.
In particular, we have [Dpo]k =0fork > s+ 1, and [Dy,[([Dyy] — a1[Dpy1) - - - ([Dyy] —
ar[Dy,]) = 0. From this we deduce that

0 j <0

so=1 j=0
Sj=018j-1—028j_1 + -+ (—1)j+]O'jS() 1 < j < min{r, s}
Sj=018-1 —028j—1+---+ (=D to.sy r < j<s

[Dp 7 [Dy I =

where oy = oy (ay, ...,a;) = Zl<i1<--»<ik<r a;, - - - a;, are the elementary symmetric poly-
nomials.

3 Stability of syzygy bundles on blow-ups of the projective space

We devote this section to prove our main result (Theorem 3.3). From now on, we restrict our
attention to blow up Blz(P") of P along a linear subspace Z C P" of dimension r — 1. We
set s := n — r, and by Proposition 2.5, Blz(P") is identified with X := P(Op, & Ops(1)).
We fix an arbitrary ample line bundle L = Ox(a, b) := Ox(a[Dp,] + b[Dy,]) on X, with
a,b > 0. Our goal is to prove that the syzygy bundle M fitting into the exact sequence

0— M, —HX,L)®@0x — L — 0

is L-stable. We start with an algebraic result which plays an important role in the structure
of M L-

Proposition 3.1 Ler S = K[xo, ..., X5, Y0, - - . , ¥r] be the Zz—gradedpolynomial ring with
deg(x;) = (1,0) for 0 <i <, deg(y;) = (0,1) for0 <i <r — 1 and deg(y,) = (—1, 1).
For any integers a, b > 0 we consider the syzygy module K of the monomial ideal

Lop = (0 xOybo 3o ag 4+ +as=a+b,, bo+---+b =b).
Then, K| is minimally generated by elements of degree (a + 1, b) and (a, b + 1).

Proof Since I, , isamonomial ideal generated by forms of degree (a, b), then K, is generated
by syzygies of degree (a + p, b + g) of the form fw; — gw; = 0 with f, g monomials of
degree (p, q) (withg > 0 and p > —¢q), and wy, wa € I, , monomials of degree (a, b).
First of all notice that if p = —¢, then f and g would be monomials of degree (—¢, g), so
f = g = y!. In particular, fw; — gws = y{ (w; — wy) which cannot be a syzygy, being
wi and wy different monomials. Therefore we can assume from now on that ¢ > 0 and
p > —q + 1. Let us write

_ o Is  mo m __ap as by b
f_xo ...x;yo ...yrr wl_xo ...xSSyO ...yrr

Ao ks IO 1z ao as  Bo B
g:xo ...xssyo ...yrrwzz_xo "'xSSy() ...yrr'

@ Springer



Ein-Lazarsfeld-Mustopa conjecture for the blow-up of a... 227

Let us consider any syzygy fw; — gwy = 0 with deg(f) = deg(g) = (—¢q + 1 + z, g¢) with
eitherz > lorg > 1. We will see that fw; — gwy = w(f'wj — g'w}) for some monomial w
of degree either (1, 0) or (0, 1), and monomials f’, g’ of degree either (—g + 1+ (z — 1), q)
(assuming z > 1) or degree (—g + 1 + z,qg — 1) (assuming g > 1), and w/l, wé € lyp. We
distinguish two main cases:
Case 1 thereis 0 <i < s suchthat/; > 1.
Case2lp=---=1;,=0.

We start analyzing Case 1 and we distinguish two subcases (A) and (B) as follows:
(A) Thereis anindex O < iy < s such that both /;, > 1 and A;, > 1. Then, we have

fwr —gwr =x;, (iwl - iwz) =0,
x,-o x,-o

and [/ = % g = f are monomials of degree (—g + 1 + (z — 1), q).
(B) Otherwise, we may aossurne without loss of generality (permuting {xo, ..., x5} if nec-

essary), that [o > 1, Ao = O and for any 1 < i < s, [;A; = 0. In particular, we have

oo = ap + lp > 1. In this case, we have two options:

(B.1) thereis anindex j with 1 < j < s suchthatA; > 1, orelse
B2) Mp=---=Ai;, =0.

If (B.1) holds, then we may write

f g waX;
fwy; —gwa = xp (—wl - ),
X0

Xj X0
wox; wax; .
If wy # =+, then we may set = %, wy=wp, g = x% and w) = ~, - Otherwise, we
X0 :
would have [ = i—j, so fw) —gwy = x%(xowl — xjwy) would be a multiple of a syzygy

of degree (a + 1, D).

On the other hand, if (B.2) holds it implies that ¢ > 1. Indeed, if ¢ = O then g = --- =
iy = 0 and we would have 0 = 1 + z, which cannot occur since in this case z > 1. We
distinguish four more subcases:

(B.2.1) Thereis0 < j <r — lsuchthatm; > land u; > 1

(B.2.2) Thereis0 < jo <r — lsuchthatmj, > landmj;u; =0forall0 < j <r — 1.
(B.2.3) Thereis0 < jo <r — lsuchthatuj, > landm;u; =0forall0 < j <r — 1.
B24) mo=--m_1=po=--=pr—1 =0.

If case (B.2.1) holds, then we may write
_ f g
fwir—gwy=y; | —wi— —wa,
Yj Yj

and we have deg(vij) = deg(yiij) =(—qg+14+2z,9—-1).

On the other Hand, in both cases (B.2.2) and (B.2.3) we may assume without loss of
generality (permuting {yo, . .., y-—1} if necessary) that jo = 0. If (B.2.2) holds, then my > 1
and po = 0. In particular, By = bg + mop > 1 and we distinguish two situations:

e Thereis 1 <k <r — 1 such that ux > 1. We have

f g W2k
fwr—gwy =y | —wy — — .
Yo Yk Yo
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If wy # %, then we take f/ = yio’ w) =wy, g = fék and w) = % If not, we
have f = %, so fw; — gwy = yik(yowl — yrwy) is a multiple of a syzygy of degree
(a,b+1).

e Otherwise we may suppose ptg = --- = i,—1 = 0, but then deg(g) = (—¢, ¢) which is
a contradiction.

In the case (B.2.3), we have my = 0 and 1o > 1, which in particular gives bg = Bo+ o >
1. We have two subcases:

e Thereis 1 < k <r — 1 such that my; > 1, then we have

fwiye g
fwy —gwr=yo | — w)
Yk Y0 Yo

and it follows as before.
e Otherwise, mg = --- = m,_1 = 0, in particular we have m, = po + --- + u, > 1.
Since we are assuming that /o > 1, there is 0 < i < s such that a; > 1. Hence, we have

[ wiyrxo 8
fwi—gwry =y | ——— — w2
XoYr Yo Yo

and this subcase follows as before, since deg(y,xo) = (0, 1).
Finally, if (B.2.4) holds, then we would have deg(g) = (—u, ir), which is a contradiction.
To finish the prove, we have to analyze Case 2, that is we assume lp = -+ = [ = 0.
Moreover, we may assume by symmetry that 1o = --- = Ay = 0, otherwise if A; > 1 for
some 0 < i < s, changing the role of f and g we would be again in Case 1. We distinguish
two cases (A) and (B) as follows.

(A) Thereis 0 < j <r — 1 suchthatm; > 1 and pu; > 1. Then, we have

_ f g
Jwr—gwy=y;| —wi— —wa ).

YVj Yj
(B) Otherwise, we assume that for any 0 < j <r — 1, m;u; = 0. Then, there are indices
0<j,v<r—1lsuchthatm; > 1and u, > 1. Indeed, if eithermo = --- =m,_1 =0
or o = -+ = (r—1 = 0 we would have deg(f) = (—m,, m,) or deg(g) = (—r, i),

which is a contradiction. Thus, without loss of generality we may suppose j = 0 and
v = 1. Hence,

i g way1
fwr—gw2 =y | —wy — ——— .
Y0 Y1 Yo

As before, if w; # % the result follows directly. Otherwise, wiyy = w;y; and
Sfwi — gw is a multiple of a syzygy of degree (a, b + 1). Now the proof is complete.

[}

This result has a geometric consequence on the structure of the syzygy bundle My, :

Corollary 3.2 Let X = P(Oh, @& Ops(1)) be a blow-up of P°*" at a linear subspace of
dimensionr — 1. Let a, b > 0 be two integers and L = Ox (a, b) be an ample line bundle on
X. Then, the minimal graded free resolution of the syzygy bundle M| associated to L begins
as

O(—1,0* ® 00, =) — My — 0,
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for some integers A, i > 0.
In particular, for any g > 1 we have the beginning of the minimal graded free resolution

Of/\q Mrp:

q
P o-aq.—gfre -~ \ Mo,
q1+492=q

for some integers By, 4,-

Proof Notice that the Cox ring of X is the Z>—graded polynomial ring S = Kl[xo,
ceey Xg, Y05 - - -5 yr] Withdeg(x;) = (1,0) for 0 <i < s,deg(y;) = (0, ) for0<i <r—1
and deg(y,) = (—1,1) and My (—L) = 1?2 is the sheaffification of the syzygy module of
the monomial ideal

Iop = (80 xBy00 -yt lag+---+as =a+by, bo+---+b =b).
By Proposition 3.1, we have the minimal free resolution of K, begins as:
S(—a—1,-b* ® S(—a, —b — D" — K1 — 0.
Hence, the result follows by sheaffifying and then twisting this presentation by Ox (a, b). O

Finally, we are able to establish the main result of this note.

Theorem 3.3 Let X = P(Oh, @ Ops (1)) be the blow-up of P' ™ along a linear subspace of
dimension r — 1. Fix any ample line bundle L = Ox(a, b) on X, with a,b > 0. Then, the
syzygy bundle My is L-stable.

Proof Letusdenote N = N(s,r,a,b) = ho (X, Ox(L)). By Lemma 2.4, it is enough to see
thatforany 0 < ¢ < N —1 and any linebundle G = Ox (x, y) suchthat G- L' ™~ < ¢4 ﬁj; ,
we have HO(X, A? My (x,y)) = 0. Notice that G needs to be effective, thus we may assume
that x +y > 0 and y > 0. Moreover, by Corollary 3.2, if x + y < g then we have already
HO(X, /\q My (x,y)) = 0. Indeed, recall that /\q M (x, y) corresponds to an S—module A

presented as

P sa-a.y—g)fne - a0
q1+42=q

By Proposition 2.7, we obtain that H 0(x, AL My (x,y)) = Ag (the degree 0 € CI(X) piece
of A). On the other hand, for any pair of non-negative integers (g1, ¢2) such thatg; +¢> = ¢,
we have that S(x — g1,y — q2)0 = S(x—q1,y—¢»)- Assume by contradiction that there is a

monomial x(° - - - x& 0 - - Y2 € S(x—g1.y—gn)- Then
ap+---+ag=x—qy+b, andbyg+---+b, =y — .

Since we assume that x + y < ¢ = ¢q1 + ¢2, we get a contradiction 0 < ap + -+ - + a5 =
x—q1+b <x—q1+y—q2 <0. Therefore, S(x — g1, y — g2)0 = 0 and we obtain that
Ao = 0 as wanted.

As a consequence, we may also assume that G satisfies x + y > ¢, and next we see that
in this case we have the inequality:

LH-S
N —1

G- L't 1> q 3)
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finishing the proof.
We use the description of the intersection products on X given before to express both sides
of (3):

r +S i rbs—1—i i rebs—1—i
G- Lr—H (X[DPU] + y[DTlO]) Z < )albr—H 1 [Dp()] [Dno] +s—1
i=0

s—1
N . —1
SRS (r +“; )a’b’*‘*l*’ + <r +z )afb’*‘y

i=0

s—1
-1\ . . —1
— ! ((x 9y (r —Hj )a,bsﬂ n (r +s )a‘vy) '
im0 l N

Similarly, we have

s—1
s—1\ : ~1
Lr+s—] = b <(a 1 b) Z (” +;‘ >azbs—l—z + <I‘ +z >as> . 4)
i=0

Thus (3) is equivalent to

s—1
r+s—1\ . . r+s—1\ .
(x—i—y)Z( ; )a’bs ’+< Rk )a‘y
i=0

b ((Cl +b) le;é (V—Hlj—l)aibsflfi + (r+§—l)a§)
1 N1 : )

Since x + y > ¢g and y > 0 we can bound the left hand side of (5) as

s—1

s—1
r+s—1\ ; r+s—1 r+s—1\ ; 1.
bSl > b lbs l. 6
(x+y)i§=0< ; )a +< s )ay q E( ; )a (6)

i=0

Thus, reducing the proof of (5) into seeing

s—1
(N—l—a—b)2<r+j_l>aibs_i><r+j_1>a“. )

i=0
Let now § = Klxg, ..., Xs, Yo, ---, Y] be the Cox ring of X. Then, the vector space

HO(X, Ox(a, b)) is isomorphic to the degree—(a, b) homogeneous piece of S. In partic-
ular,

b .
r—14+b—i\(s+a+i

N =

(00

i=0

r—1+b\[(s+a bt r—1+b—i\/(s+a+i s+a-+b

+ +

r—1 = r—1 K s
r—14+b\/(s+a

r—1 K

+(a+b)(a+b+1)2;22(2+a+b)-.-(iEﬁrb).-.(waw)
s!

v

+1+a+b
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r—14+b\(s+a
= +1+a+b.
r—1 K

Applying this inequality and the fact that b > 1 we can finally show (7), ending the proof:

s—1 s—1
res—1\ . . s+a r+s—1\ ;
N—-1—-a-»b E ' > E !
( “ ( i )a _r( s ) ( i )a

i=0 i=0

(s—i—a)(r—l—s—l) s—1 (s+a)(s—1+a)---(1+a)s<r+s—l) -1
>r ad l=r - a
K s—1 s(s—1)---1 r K

-1 -1
>(s—|—a)<r+s )a5_1>(r+s )as.
s s

4 Rigidness of syzygy bundles

In Sect. 3 we have seen that the syzygy bundle M, corresponding to an ample line bundle L
on a blow-up X = Blz(P") of P" along a linear subspace Z C P" of codimension r — 1, is
L-stable. Thus, we may consider the moduli space M = Mx (N —1; ¢y, ..., Cmin{N—1,n)) Of
stable vector bundles £ with Chernclasses¢; (E) = ¢; := ¢;(Mp)forl <i < min{N—1, n}.
In general, few structural results about moduli spaces are known. In this section we use the
stability of M, to study locally around [M/,] the moduli space M, and we see that the syzygy
bundles M, are infinitesimally rigid unless n = 2 and L = Ox (a, b) witha > 1 and b > 2.
In this particular case we prove that My is unobstructed, so [M ] is a smooth point in M,
and we compute the dimension of the Zariski tangent space T, M of the moduli space M
at [Mp].
Let us recall that the Zariski tangent space of M at a point [ E] is canonically given by

TipM = Ext'(E, E) = H (X, E® EY).

If [E] is a smooth point, the dimension of 7{g) M tells us the dimension of the irreducible
component in M containing [E]. In particular, we say that E is infinitesimally rigid if [E]
is an isolated point, or equivalently dim 7jg}M = 0. We have the following result:

Theorem 4.1 Let X = P(O%L, @ Ops (1)) be the blow-up of ' along a linear subspace of
dimension r — 1. Fix any ample line bundle L = Ox(a, b) on X, with a,b > 0. Then, the

syzygy bundle My, is infinitesimally rigid, unless r + s = 2 and b > 2. In this case, M is
unobstructed and we have

b2 h(x,L)
dimg Tjp, )M = [Z(a + i):| .
i=0

Proof Let us start studying H' (X, M} ® MLV). We consider the exact sequence
0—>ML—>O§N—>L—>O. (8)

taking the long exact sequence of cohomology we obtain that H' (X, M) = 0 for all i > 0.
On the other hand, twisting by Ox (—L) we have the following description of the cohomology
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of My (—L):

H (X, M(~L)) =0
H'(X, M1 (~L)) = H (X, Ox) @ H' (X, Ox(~L))®"
H (X, ML(=L)) = H (X, Ox(—L))®", fori > 2
On the other hand, dualizing the exact sequence (8) and tensoring it by M, we obtain:

0— Mp(-L) > MPN — M, ® M} — 0.

Taking again the long exact sequence of cohomology and using the above vanishings, we
obtain that

H (X, M, ® M)) =H (X, M (~L)), foralli > 0. 9)

In particular H' (X, M} ® M)) = H2(X, Ox(—L))®N, and by Kodaira’s vanishing we have
that, if dim(X) > 2, H2(X, Ox(—L)) = 0 and hence M is infinitesimally rigid.

It only remains to study the case X = P(Op1 @ Opi(1)). For any integers ¢’ and b/, using
the projection formula we obtain that,

H (X, Ox(a', b)) = H (P(), 7*Opi (a') ® Op(e) (D))
H' (P!, Sym” £ @ Opi (d)), =0
=~ Jo, b =-1 (10)
H2 (P!, Sym ™' 28 @ Opi (=1 —a))Y, b < —2.

A

Hence for any ample of the form L = Ox(a, 1) in X, we already have that M| is infinites-
imally rigid. Now, we consider an ample line bundle L = Ox(a, b), with a > 1 and
b > 2. Using that & = Op1 ® Opi (1), so Sym’ & = @'_, Sym*™ Op1 @ Sym’ Op: (1) =
@Di_y Opi (i), by (10) we have

H?(X, Ox(—L)) = H'(P!, Sym* 2 £ ® Op1 (—1 +a))”
bh—2
=@PHP O@+i-1)". (1)
i=0
Thus, we have that H>(X, Ox(—L)) = 0 if and only if a + b < 3 which cannot happen.
Hence, to finish the proof, we ought to see that if L = Ox(a, b) is an ample line bundle on
X with b > 2, then M| is unobstructed. Indeed, recall that the obstruction space at [M[ ] is a
subspace of Ext>(My, M) = H*(X, M, ® M)). By (9) we have that H(X, M; ® M)) =
H3(X, M (—L) = 0 since dim(X) = 2, therefore M is unobstructed. In this case we may
use (11) to compute the dimension of the Zariski tangent space 7}y, 1M of the moduli space
Mat[Mp]:

b2 N
dimg Ty, M =h'(X, My @ M)) = h*(X, Ox(—L)N = [Z(a + i):| )
i=0
O

Remark 4.2 For general results about the deformation of generalized syzygy bundles (not
necessarily stable) the reader can look at [13, 14].
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