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ABSTRACT: The vacuum entanglement entropy of a general conformal field theory (CFT) in
d = 5 spacetime dimensions contains a universal term, F'(A), which has a complicated and
non-local dependence on the geometric details of the region A and the theory. Analogously to
the previously known d = 3 case, we prove that for CF'Ts in d = 5 which are holographically
dual to Einstein gravity, F(A4) is equal to a four-dimensional version of the “Willmore
energy” associated to a doubled and closed version of the Ryu-Takayanagi (RT) surface of
A embedded in R5. This generalized Willmore energy is shown to arise from a conformal-
invariant codimension-two functional obtained by evaluating six-dimensional Conformal
Gravity on the conically-singular orbifold of the replica trick. The new functional involves an
integral over the doubled RT surface of a linear combination of three quartic terms in extrinsic
curvatures and is free from ultraviolet divergences by construction. We verify explicitly the
validity of our new formula for various entangling regions and argue that, as opposed to
the d = 3 case, F'(A) is not globally minimized by a round ball A = B%. Rather, F(A) can
take arbitrarily positive and negative values as a function of A. Hence, we conclude that the
round ball is not a global minimizer of F(A) for general five-dimensional CFTs.
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1 Introduction

In the context of algebraic quantum field theory [1], the entanglement entropy (EE) of
spacetime regions provides a canonical measure of statistical properties of the vacuum
state restricted to the algebras attached to those regions. Similarly to vacuum expectation
values of local operators in the standard approach [2], it is reasonable to expect that a full
characterization of a given theory should be achievable from the knowledge of the vacuum
EE of arbitrary regions [3-11]. Of course, the EE is not well-defined in the continuum due
to the presence of infinite correlations between fluctuations localized arbitrarily close to the
entangling surface — see e.g., [12, 13]. Hence, one is forced to either resort to alternative



well-defined measures such as the mutual information [14, 15] or to regulate the theory by
introducing some sort of ultraviolet (UV) regulator. The idea is that some of the terms in
the EE expansion in powers of the regulator should be independent of the regulator choice,
hence capturing “universal” information about the corresponding continuum theory. This
is indeed the case, and the EE universal terms have been shown to contain a remarkable
amount of information, such as: trace-anomaly coefficients, renormalization group charges,
stress-tensor and other conserved currents correlators, thermal entropy charges, conformal
bounds involving ratios of some of those quantities, unitarity bounds and more — see e.g., [15—
38]. In characterizing such terms for general quantum field theories in various spacetime
dimensions d, the interplay between the dependence on the entangling region shape and the
one on the theory under consideration turns out to play a crucial role. The situation is rather
different depending on whether d is even or odd, as we review next. We focus on the latter
case, which will be the one of interest in the present paper.

1.1 EE in odd dimensions, shape dependence and holography

For a smooth entangling region A in a general state of an odd-dimensional CFT, the EE
admits an expansion in powers of any suitable UV regulator § of the form

(d—1)
2

d—2 d—4
SEE(A):cd_2(H> +cd_4(H> borad ) SR (0ddd) (1L1)

0 0 )

Here, the constants c4_s,...,c1 are all cutoff dependent, H is some characteristic length
scale of A, and F(A) is a universal, highly non-local and state-dependent constant which
captures information about the continuum theory.

In the vacuum state, and in the particular case of a round ball, Fy = F (A = Bdil)
coincides with the Euclidean free-energy of the CFT, Fy = —log Zga [18, 24]. For small
deformations of the round ball, the leading correction to Fy is quadratic in the deformation,
positive-definite and proportional to the stress-tensor two-point function charge Cr of the
corresponding CFT [26, 39]. As a consequence, the round ball is a local minimum of F'(A) for
general small deformations of A = B! and for general theories in arbitrary dimensions. A
much more challenging question is whether or not it is a global minimum, namely, whether or
not F'(A) > Fj holds for arbitrary regions and for general theories. Answering this question
is difficult because — as opposed to the case of even-dimensional CFTs — the universal term
F(A) does not reduce to some combination of fixed theory-independent integrals over the
entangling surface controlled by a few theory-dependent coefficients. Rather, in general, the
dependence of F'(A) on the geometry of A and on the theory under consideration is extremely
complicated. In fact, there are very few known actual models for which an expression for
F(A) can be written more or less explicitly for general regions.

A paradigmatic case is the one of d-dimensional holographic CFTs. When the gravitational
sector of the bulk theory is given by Einstein gravity with Newton constant Gy, the Ryu-
Tayakanagi (RT) formula [40-42]

Sen(A) = 4(1;NA(ZA), (1.2)
allows one to compute the EE as the area of the RT surface A (X4), a minimal surface in the
bulk which is homologous to the entangling region defined in the anti de Sitter (AdS) boundary,



where the CFT is defined. Using this, one can obtain expansions of the form (1.1) for arbitrary
boundary regions, where § is a geometric regulator along the holographic direction. With
some more work, and in the particular case of d = 3, it is possible to write an explicit
geometric formula for the universal term F(A). In the vacuum state, this reads [43—46]

L? 1 _
F(A) = SGNW3 (2%4) , where W3(2%4) = 7 . d%y\ /A K?, (1.3)
A

which holds for holographic Einstein gravity. Here, Ly is the AdS radius, 2X 4 is the surface
resulting from taking two copies of the RT surface homologous to A and sewing them together
through A, and 7, K are, respectively, the induced metric and the trace of the extrinsic
curvature K, of 2% 4 embedded in R3. The W functional is well-known in the mathematical
literature due to its special properties, and is usually called the “Willmore energy” [47, 48].
In particular, it follows straightforwardly that F'(A)/Fy > 1 for general regions and that the
round disk provides a global minimum of F'(A). This holographic result hints at a more
general one, namely, that disks globally minimize F'(A) for general three-dimensional CFTs.
As shown in ref. [49] using a combination of geometric arguments and the strong subadditivity
property of EE, this is indeed the case, namely,

F(A)JFy>1 YA VCFT3, and F(A)=F < A=D8. (1.4)

Additionally, this result selects Fj as a natural normalization for performing comparisons
of the EE for different theories. Indeed, it has been recently conjectured that F(A)/Fy for
general regions and three-dimensional CF'Ts is bounded above by the result corresponding
to a free scalar field, and below by the one corresponding to a free Maxwell field, giving
rise to new sets of conformal bounds [38].!

In view of these results, an obvious question arises: what happens in d = 57 Do all or
some of these three-dimensional results possess five-dimensional counterparts? In particular,
prior to this paper it is not even know whether or not F'(A) has a definite sign in general and
whether or not it is bounded from above and/or from below. In order to start addressing
these questions, in this paper we generalize eq. (1.3) to five-dimensional holographic theories
dual to Einstein gravity. In the vacuum state, we find that the corresponding universal
term is in this case given by

L4

F(A) = 56 Ws (25) (1.5)

where the “generalized Willmore energy” reads

1 Y - . i
W; (28,4) = 18 b dy\/7 [(8[()2 —~ KKK Ky + 1761(4 : (1.6)
A

In this case, the doubled RT surface 2¥ 4 is embedded in R®. Just like in the three-dimensional
case, this expression is, by construction, free of UV divergences and can be used to evaluate

'In particular, applied to the case of slightly deformed disks, this implies that Cr/Fy < 3/(4nlog2 —
6([3]) ~ 0.14887 for general three-dimensional CFTs. This conjectural universal bound has been shown to
hold for a plethora of theories in ref. [38].



F(A) for d =5 holographic Einstein gravity for general regions once the corresponding RT
surface has been determined. From this expression, which is novel in the physics literature,?
we can derive a number of general results. On the one hand, it follows that eq. (1.4) does not
go through to the five-dimensional case. Namely, at least for holographic theories, F'(A) does
not have a sign and, as we show explicitly below, it can take positive, negative and vanishing
values for different entangling regions. In particular, while the round ball B* remains a local
minimum — which holds true for general theories due to Mezei’s formula [26, 39] — it is
possible to find continuous families of regions for which F(A) first grows as one deforms
the ball, then it reaches a maximum, then it vanishes again for some other region and then
it takes arbitrarily negative values — see figure 5. As we explain below, a close look at
the five-dimensional free-scalar and free-fermion results for F'(A) available in the literature
reveals that F'(A) does not have a sign in those cases either, so it is reasonable to expect
this to be a general feature of d = 5 CFTs.

Our derivation of the above formula for W5 departs from the techniques utilized in refs. [43—
46] for the derivation of W3 in the holographic context. It relies on the so-called Conformal
Renormalization method, which we explain in some detail in the following subsection.

1.2 Conformal Renormalization and holographic EE

Because of the geometric properties of asymptotically AdS (AAdS) manifolds, the gravitational
on-shell action as well as any other local functional of boundary-anchored hypersurfaces —
such as the holograhpic EE — are divergent. As such, in order to define finite functionals,
one needs a renormalization prescription. In refs. [57-60], the prescription of holographic
renormalization (HR) was developed, wherein a series of boundary counterterms which are
defined in terms of the induced metric and its Riemannian curvature are added at the AdS
boundary, such that the on-shell gravitational action is rendered finite and its variational
principle is made into a well-defined Dirichlet boundary problem. Later, in refs. [61, 62], it was
shown that the HR counterterms for Einstein-AdS gravity can be obtained asymptotically at
the AdS boundary by embedding the theory into Conformal Gravity (CG). This is possible in
four bulk dimensions because every solution of Einstein gravity, with or without a cosmological
constant, is also a solution of CG. Moreover, for Einstein-AdS spacetimes, the CG on-shell
action is equal to the renormalized on-shell action of Einstein-AdS gravity, expressed in
Macdowell-Mansouri form. [63]. Also, in ref. [64] it was shown that the Weyl-squared action
of CG is finite when evaluated for any four-dimensional AAdS manifold.

In the case of six-dimensional AAdS manifolds, Lii, Pang and Pope (LPP) have shown that
there is a unique combination of the three point-wise conformal invariants in six dimensions
which admits the Schwarzschild-AdS black hole as a solution [65, 66]. Interestingly, all
Einstein spaces are solutions of this same linear combination of conformal invariants [67, 68].
We shall refer to this six-dimensional version of CG as “LPP CG”. Furthermore, when the

LPP CG action is evaluated in Einstein-AdS spacetimes, it becomes finite as it reduces to

20n the other hand, W has previously been derived using different methods in the mathematical literature.
In that context, the construction of W5 has included various papers with conflicting results which have finally
converged to a functional which agrees with the one presented in eq. (1.6) — see refs. [50-56] and references
therein.



the renormalized Einstein-AdS action [67]. This procedure for renormalizing Einstein-AdS
gravity by embedding it into CG was dubbed Conformal Renormalization.

In the computation of holographic EE, the Conformal Renormalization prescription
provides a natural way to isolate the finite term in odd-dimensional CFTs dual to Einstein-
AdS. This is because the EE can be computed directly from the gravitational on-shell action,
using the generalized gravitational entropy formula [69]. The finiteness of the latter gets
inherited by the former. Following this idea, in ref. [70] the holographic EE functional
for Einstein-AdS gravity in four bulk dimensions was derived starting from CG. This is
achieved by applying the generalized gravitational entropy formula to the CG action, which
is evaluated on the conically singular orbifold obtained via the replica trick [16] and using the
relations given in ref. [21]. Then, the resulting functional was identified with the integrand of
the Graham-Witten anomaly [71], which corresponds to a pointwise conformally invariant
functional defined on the codimension-two hypersurface localized at the conical singularity.
This functional was explicitly used to derive not only the renormalized holographic EE of
Einstein-AdS, but also the so-called “reduced Hawking mass” and Willmore energy functionals
which, in other contexts, are related to interesting quantities such as the entanglement
susceptibility and to global bounds on information [45].

For the computation of the renormalized holographic EE for CFTs dual to Einstein-AdS
in six bulk dimensions, one expects that the finite part could be obtained directly starting
from the holographic EE functional of the LPP CG, as it is the latter action which reduces
to the renormalized Einstein-AdS action when evaluated on Einstein manifolds. In the
mathematics literature on conformal invariants, the functional which corresponds to the
area anomaly of an extremal codimension-two boundary anchored hypersurface in seven-
dimensional asymptotically hyperbolic Einstein manifolds is the Graham-Reichert energy [52].
As we will see in this work, this functional, up to boundary terms that will be completely
fixed for Einstein spacetimes, defines a codimension-two four-dimensional conformal invariant
which gives rise to the finite (renormalized) part of the holographic EE for Einstein-AdS
gravity in six bulk dimensions and, as a consequence, also defines a well-motivated version
for a higher-dimensional generalization of the Willmore energy — namely, W35 as defined in
eq. (1.6). We also provide numerous examples, by explicit computation, that this generalized
Willmore energy matches the finite part of the RT functional, and also that it can be directly
computed by considering the covariant version of the renormalized holographic EE that
is directly obtained from the Graham-Reichert energy (with fixed boundary terms) when
evaluated for Einstein manifolds.

The remainder of the paper is as follows. In section 2 we review the derivation of Willmore
energy W3 and reduced Hawking mass I3 from evaluating the four-dimensional CG action
in a manifold with a conical defect. This recipe generates a codimension-two functional L,
known as Graham-Witten anomaly, from which W3 and I3 appear as particular cases. In
section 3 we extend the derivation presented in the previous section to the six-dimensional
LPP CG action, which, after evaluating in the conically singular manifold, produces a four-
dimensional functional F, which coincides with the Graham-Reichert anomaly. We observe
that the analogous particular cases to the ones considered in two dimensions less allow us to
identify a generalized Willmore energy W3 which matches proposals in the mathematical



literature as well as a “generalized reduced Hawking mass” Is. We show that the relation
between holographic EE in d = 3 and Willmore energy W3 by means of the doubling of
the RT surface also holds for holographic EE in d = 5 and the novel W3 functional. We
perform explicit checks of this relation for entangling regions consisting of round balls, slightly
deformed balls and strips, obtaining the same results from both expressions. In section 4 we
study the global shape-dependence of the W3 functional and observe that this quantity is
neither bounded from below nor from above. Related observations in the case of free fields
lead us to conjecture that F'(A) is unbounded both from below and from above for general
five-dimensional CFTs. In section 5 we conclude with some general comments and future
directions in light of the results obtained in this paper. Our notation and conventions are
summarized in appendix A. Certain intermediate calculations explained in the bulk of the
paper appear in appendices B, C and D.

2 Holographic EE in d = 3 as Willmore energy

As a warm up, in this section we review the previously known fact that the holographic
EE in the vacuum of three-dimensional CFTs dual to Einstein gravity contains a universal
term F'(A) which can be written as a Willmore energy associated to a doubled version
of the corresponding RT surface. The derivation presented here relies on the holographic
renormalization of energy functionals in the context of four-dimensional CG, which we will
later extend in the following section to the six-dimensional case.

Generally speaking, given a closed smooth two-dimensional surface with genus g embedded
in R?, ¥, — R3, its Willmore energy functional is defined as [47, 48]

W;(%,) = | H?dS, (2.1)
Eg
where H is the mean curvature® of ¥, and dS is the surface element. This quantity has
been the subject of intensive study in the mathematical literature because of the existence
of general bounds satisfied for arbitrary surfaces ¥,. Notably, the Willmore energy for any
closed surface embedded in R? satisfies

W () > 4r. (2.2)

The inequality is saturated in the case of the round sphere ¥, = S? — i.e., the round sphere
is the Willmore energy minimizer among all possible closed surfaces. Restricted to the case
of toroidal closed surfaces, g = 1, the bound is saturated by the so-called “Clifford torus”,
and it can be improved to W3 (X,) > 272, which holds for g > 1 [72].

The link between holographic EE and Willmore energy can be understood from the
prescription described in the following subsections. First, consider the RT surface ¥4
associated to the entangling region A, this is, possessing the same boundary 0A = 0X 4,
homologous and with minimal area. Now, glue an identical copy X4’ along its boundary,
i.e., 0¥ 4 = 02 4. The obtained doubled-copied submanifold 2¥4 = ¥4 U X4’ is a closed

3For surfaces embedded in three dimensions, the mean curvature is related to the extrinsic curvature as
2H = K.



surface embeddable (through a Weyl rescalling of the ambient space) in R? to which we
can associate a Willmore energy* — in figure 2 below the doubling of the RT surface is
presented in the case of a spherical entangling surface. Based on this, the finite piece of
EE can be expressed as [43—46]

L2

- SG*N Ws (254) . (2.3)

F(A)

Due to the existence of the aforementioned bounds, the Willmore energy is particularly
useful when studying global properties regarding the shape dependence of holographic EE.
For instance, the bound (2.2) allows to establish that the disk entangling region, which
corresponds to a spherical surface in the double-copied RT surface 2X4 = S?, minimizes
F(A) among all possible smooth shapes. In other words,

L2 L2

with F(A) =

F(A) > =
(4) e

_QGN’

& A = disk. (2.4)

In particular, the shape dependence of F'(A) is encoded in the AdS curvature of the RT surface,
which admits an upper bound due to the previous relation [46]. The fact that the round disk
minimizes F'(A) across all possible entangling regions in the ground state was later proven
true for general three-dimensional CF'Ts in ref. [49]. For other applications of Willmore energy
in the context of EE in three and four-dimensional CFTs (holographic or not) see refs. [73-76].

2.1 Energy functionals from CG in four dimensions

As we have anticipated in the previous subsection, the Willmore energy, W3, captures the
universal contribution to the vacuum holographic EE for Einstein gravity in three (boundary)
dimensions. As argued in ref. [70], W3 belongs to a broader class of energy functionals which
exhibit restricted conformal symmetry under Weyl rescalings of the ambient metric, alongside
the renormalized area, A™", and the reduced Hawking mass, Is. In this work we are mostly
interested in the first two objects, which are related to the finite piece of the holographic EE.
The third one is an interesting byproduct of our analysis that provides information regarding
bounds that EE has to satisfy for generic states of a (2 + 1) dimensional CFT [77]. All
these functionals will emanate from another, which we denote L, defined for codimension-two
surfaces embedded in four-dimensional space.

The key input here is the Lewkowycz-Maldacena (LM) prescription [69] that identifies
the generalized gravitational entropy with the holographic EE of the dual CFT. Indeed, the
derivation of holographic EE amounts to the evaluation of the Euclidean on-shell action on
a singular manifold with conical deficit 27 (1 —¢) and differentiating with respect to the
angular parameter ¥. As the angle ¢ is related to the replica parameter by ¥ = 1/m, then,
entanglement entropy is obtained in the limit

S (A4) = — lim 9y MPN] - (2.5)

4This relation only works for entangling regions in the ground state of the CFT, which is dual to pure AdS.
As the Poincaré patch of a constant-time slice of AdS, is conformally equivalent to R*®/Zs, the procedure
considers doubling the bulk across the boundary, and then performing a conformal transformation to obtain
R3. The RT surface is therefore also doubled.



Namely, there is a one-to-one correspondence between the gravitational action and the
codimension-two integral that has to be extremized in order to determine the holographic
EE. Based on this consideration one identifies the RT formula as the holographic EE of
CFTs dual to Einstein gravity. Indeed, the Ricci scalar contains a conical contribution when
evaluated on the orbifold as [78]

R(MW) = R(M) + 4r(1 - 9)ds, (2.6)

where 0y, is a (d — 1)-dimensional Dirac delta localized at the conical singularity. In the
limit # — 1, the RT surface, ¥4, is recovered [79], and using eq. (2.5) one ends up with
the RT formula (1.2).

In this context, the UV divergences of EE (1.1), or equivalently the area divergences
of the RT (1.2) formula, are identified as the volume divergences of a given gravity action
when evaluated on AdS spacetimes. However, the LM prescription (2.5) suggests that
holographic EE functionals coming from renormalized gravitational action, instead of their
bare form, are free of UV divergences. Indeed, the authors of ref. [80], inspired by holographic
renormalization [57, 58, 81-85], proved that by evaluating the counterterms in the LM
formula, one ends up with a series of surface terms that reside at 9% 4 and correctly isolate
the universal terms of the holographic EE . However, this prescription does not make manifest
certain features of the finite part, such as the conformal invariance of F'(A) for vacuum states
of three-dimensional CFTs. An alternative but equivalent path to study these properties
is given by Conformal Renormalization. This scheme is based on the idea that CG — a
four-derivative gravity theory which is invariant under Weyl rescalings of the metric — is
free of IR divergences for AAdS spacetimes [64], rendering finite any gravitational theory
that can be consistently embedded in it, such as Einstein gravity [61, 62]. We shortly review
this connection below.

As it has been shown in refs. [63, 86], counterterms in four dimensions can be resumed
in a unique boundary term with explicit dependence on both the intrinsic and extrinsic
curvature [63, 86-88]. In particular, this is the case of the second Chern form Bs, which when
added to the four-dimensional Einstein-AdS action with the appropriate relative coefficient
renders the on-shell action

LQ
I = d*zy/|g| (R > * d3XBs, 2.7
B 167rGN / ( + 647GN Jom 3 (2.7)

finite. The explicit expression of the second Chern form is given by

1 1
B3 = —44/|h| 5#1#2u3kV1 <TU2V3 By A2 kl/s) 7 (2.8)

vivavs 9 M2k gTp2Hs

where 7,5 is the intrinsic Riemann tensor of OM and k,,, its extrinsic curvature. In the
case of a compact manifold, the boundary term can be traded with quantities defined in
the bulk using the Gauss-Bonnet theorem

/ d'zy/|gl X4 = 320X (M) +/ &3z By, (2.9)
M oM

where Xy = ROégM;RO‘BW‘S — 4RO¢3R°‘5 + R? is the Gauss-Bonnet term — or four-dimensional
Euler density — and x(M) is the Euler characteristic of the manifold M.



In ref. [63] it was shown that the expression for the renormalized Einstein-AdS action (2.7),
after employing the Gauss-Bonnet theorem, can be recast in the form of the MacDowell-
Mansouri action [89]

ren __ 4 / 7TL2

where®
y4|E = 56164 nglﬁO;z

a1...04

a3
Wﬁ 35/3 44

, and W) ] = Rl + %, (2.11)

is the Weyl tensor for Einstein-AdS spacetimes. The connection to MacDowell-Mansouri comes
from the fact that I/V|E can be identified as the curvature of the AdS group without torsion.

This notion of curvature suggests a link to a gravity theory where the (full) Weyl
tensor plays an essential role, that is, CG. At the fundamental level, the mechanism of
embedding an Einstein action supplemented with a topological term in a CG, denoted
conformal covariantization (c.c.), is far from rigorously defined. However, we will see that
it allows to derive the correct codimension-two energy functional. In this line, in order to
c.C. )A;‘E we just complete it to full CG, this is

Vil == Vs, (2.12)

so that the resulting CG action reads [61, 62, 67]

64 G /d4 V0gl w? ;G* (M), (2.13)

where we denoted W? = Wam(gwaw. This is based on the fact that, in four dimensions,
CG always contains an Einstein sector in its solution set. This sector can be reached upon

Icg =

imposing proper Neumann boundary conditions that eliminate the ghost mode of CG. This
result suggests a relation between conformal symmetry in the bulk, realized in the form of CG,
and the renormalization of the Einstein-AdS sector, as standard holographic counterterms
may be duly reproduced from eq. (2.10).

As discussed in ref. [70], we can apply Conformal Renormalization to codimension-two
functionals defined in the gravity bulk, making contact with holographic EE. To do so, we
evaluate eq. (2.13) in the orbifold M) so that we can employ the LM formula (2.5) to
obtain the EE associated to the region A in the dual CFT. When doing so, additional terms
arise from the conical defect for the Euler characteristic x (./\/l (ﬂ)) =xM)+(1-9)x(2)
and the Weyl-squared term [20, 21]

W2 (MD) = W2 (M) + 87 (1-9) Ky, (2.14)

where Ky, = Rﬁg — Rﬁ + %R—i— %KQ — KA, K4% and K2 = K KA. Here, Ky, is a conformal
invariant defined on the codimension-two surface > to which we associate the metric tensor

5In the Conformal Renormalizaion literature, the MacDowell-Mansouri term is often written as the monomial
Py (W‘E) = y4]E. This contextualizes the notation employed afterwards in eq. (3.5) when discussing the
six-dimensional case.



~Yab, and the indices A, B correspond to the directions normal to 3. Taking this into account,
we see that the CG action decomposes, at linear order in (1 — ), as

(1-9)
4GnN

Iog (M) = Ioc + L(Y), (2.15)
where all the contributions coming from the conical defect are encapsulated in the conformally-
invariant codimension-two functional L%

L(E) = L; /Z A2y /7 Ks — 2nL2x () . (2.16)

Namely, the LM prescription gives rise to a codimension-two functional that inherits the
conformal invariance of the parent action. Furthermore, L is free of IR divergences for any
boundary anchored surface ¥ embedded in an arbitrary bulk spacetime [90]. Let us remember
that until now, the embedding of the two-dimensional surface ¥ in a four-dimensional space
is considered in complete generality, with the only requirement that X is compact.” This
is a constraint that we inherited from employing the Gauss-Bonnet theorem (2.9), and it
will become relevant afterwards.

As shown in ref. [70], the energy functional L recovers in a certain limit not only W3
but also the renormalized area A™", which is related to the holographic EE universal term
F(A) for generic states. In what follows, we review the derivation of these energy functionals
from L, making manifest the significance of conformal symmetry in their construction. On
top of that, a byproduct of the same functional is the reduced Hawking mass I3, which we
also include. We present each case separately.

2.2 Renormalized area

In order to make explicit the relation between the renormalized area A™" and the functional
L, it is particularly convenient to reexpress the invariant Ky in terms of the subtraces on X
of the bulk Weyl tensor Wgé’ and the square of the traceless part of the extrinsic curvature
KA<ab> = K4, — %%bKA as

Ky =W — K4y Ka' . (2.17)

Since the area term in the RT formula (1.2) comes from the conical contribution of the
Einstein-Hilbert action due to eq. (2.6), then, at the saddle point, the surfaces minimizing
the area should be embedded into Einstein spacetimes. As a consequence, it is expected
that renormalized area should result from the same class of ambient spacetimes but with
AAdS asymptotics. Even though, the parent action of Ky is a higher-curvature gravity
theory, i.e., CG, this admits an Einstein sector in its set of solutions [67, 68]. For them,
the Weyl tensor acquires the particularly simple expression of eq. (2.11) for which we can
exchange the Riemann tensor of the ambient space with quantities defined on the embedded
surface using the Gauss-Codazzi relation

R =R —K*+ K" K™ (2.18)

5The L functional equals the Graham-Witten anomaly [71].
"This includes conformally compact surfaces in AdS, which have infinite area.
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In turn, this implies that the L functional for Einstein spacetimes reads

2
L(Z)|, = A™(Z) - Z*/EdeﬁKQ, (2.19)

where we denoted
ren Lz 2 2 2
AT (S) = 7/Ed WA (R+ = ) —2mL2x(D), (2.20)
*

as the renormalized area of the two-dimensional embedded surface ¥ [77, 91]. Notice that
up to this point, the surface X is not required to be minimal. However, it becomes manifest
from the previous expression that L(X) ]E reduces to renormalized area for minimal surfaces.
The latter allows us to make contact with holographic EE. This is achieved by requiring
that the submanifold of interest to be a RT surface ¥ = X4, i.e., cobordant and homologous
to the entangling region A under consideration with the additional requirement of being a
minimal surface. The minimality condition is crucial for our expression (2.19) as it implies
the vanishing of the trace of the extrinsic curvature K4 = 0. As a consequence, we see
that L reproduces the finite part of the EE [70]
Aren(z A) B 1

- L(ZA)’Eﬂ (2'21)

F(4) = 4Gn  4Gx

as long as we are considering an ambient Finstein spacetime and a RT surface.

2.3 Reduced Hawking mass

An interesting feature of eq. (2.19) is its applicability to a general class of surfaces, either
minimal or non-minimal. Since for RT surfaces, which are minimal, one makes contact with
the finite part of EE, it is necessary to understand its behavior when the minimality condition
is lifted. In this case, the hypersurface ¥ remains unrestricted while being embedded in
Einstein-AdS spacetimes, and eq. (2.19) can be cast as follows

L2
L), = = 15(%) - 27 L3 (%) | (2.22)
where A
I3 (%) = /E d*y /vy [272 + 75~ KQ} : (2.23)

Here, I3(X) is identified as the reduced Hawking mass, a generalization of the Hawking mass
for AAdS spacetimes introduced in ref. [77]. Namely, L(3) becomes the reduced Hawking
mass, up to a topological contribution, when ambient Einstein-AdS spacetimes are considered.
When the latter is evaluated on minimal surfaces ¥, one recovers the renormalized area
functional. This object has very intriguing properties, since it is monotonous under inverse
mean curvature flows. This feature allowed the authors of ref. [77] to obtain bounds on the
renormalized holographic EE for arbitrary regions on general states of three-dimensional
CFTs. As a consequence, L(X) not only probes renormalized holographic EE but also imposes
rather generic bounds that F'(A) has to satisfy.

— 11 —



2.4 Willmore energy

Consider the conformal invariant Ky, appearing in L(X), given in terms of the Weyl ten-
sor (2.17). We can decompose this contribution into a sum of the codimension-two subtraces
of the Ricci and Schouten tensors as

W% = R% — 259, (2.24)
Taking into account the Gauss-Codazzi relation of eq. (2.18) we obtain
1 2 a
Ke =R~ gK*—25]. (2.25)

Until now, we always assumed X to be compact. However, Willmore energy is a quantity
defined for closed surfaces —i.e., compact surfaces without boundary. Because of this, we
also assume that X is closed for the time being. In turn, this means that we can invoke
the two-dimensional Gauss-Bonnet theorem [y, de\ﬁR = 47x(Xc1) to simplify the Euler
characteristic with the Euler density, finding [70]

L2
L(Sq) = - /E a2y (K2 +457) . (2.26)
cl

Interestingly, this expression is nothing less than the conformal Willmore energy [92], defined
for a two-dimensional closed surface Y. embedded in a Cauchy slice of a four-dimensional
AAdS spacetime. Whenever the background space is pure AdS, we can relate it to the usual
Willmore energy functional — this is, for a closed surface embedded in R?. To see this,
we perform a rescaling of the metric

9o = €**Gag (2.27)

in which, in the case of a constant-time slice of Euclidean Poincaré-AdS space, gagdxadxﬁ =

2
% (d2? + dx?), with x = (x1,22). We choose ¢ = — log 7. to remove the conformal factor,
arriving to the three-dimensional Euclidean space

Japdzda? = d2? + dx?. (2.28)

Of course, this transformation also needs to be applied to the geometric functional we
are considering. However, since L(3) is a conformally invariant quantity, we can replace
immediately all terms by the rescaled ones. Since the Schouten tensor Sg vanishes identically
in a flat background space, the rescaled functional L (X < R3) reads [70]

L? _
L (zd N R3) = —I/2 d*y/FK? = —L*W3 (24) , (2.29)
cl

and reduces to the Willmore energy of the surface ¥ as given in eq. (2.1), after expressing
the mean curvature of X in terms of its extrinsic curvature as 2HA = K4,

In this derivation, we assumed that the surface under consideration is closed. Ultimately,
we are interested in relating RT surfaces — which are compact but not closed, as they possess
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a boundary — to the Willmore energy. Because of this, we can resort to the prescription of
doubling >4 described in the beginning of the section. As a consequence, we have that

L2
L(T4—R?) = — 5 W5(284), (2.30)

for an RT surface — and, by extension, for any other compact surface . This implies that,
in holographic three-dimensional CFTs in the vacuum, the finite part of the EE can also
be related to this writing of the functional L, this is

L}

1
F(A) =~ L (B4 =R = s Ws (254) (2.31)

which is the expression presented in eq. (2.3). This relation has deep implications, since
the global bounds characterizing the Willmore energy — see eq. (2.2) — impose analogous
constraints on F'(A) for holographic Einstein gravity — see eq. (2.4).

As a direct consequence of the bound (2.2) on the Willmore energy, we observe that,
in line with (2.21), we obtain a constraint on the renormalized area A™" (¥4) of the RT
surface (2.20). Since there is a topological contribution — through x (¥4) —, the Willmore
energy bound leads to the condition [46]

/EA d*y /vy (R + L22) <0. (2.32)

This expression encodes information about the local properties of the minimal surface and
is relevant to the study of its shape deformations.

3 Holographic EE in d = 5 as generalized Willmore energy

In this section we follow the same line of reasoning as in the previous section, this time applied
to the case of six-dimensional holographic Einstein gravity. In particular, we determine the
four-dimensional conformally invariant functional which arises as the conical contribution of
the six-dimenisonal CG with an Einstein sector. In analogy to its two-dimensional counterpart,
this reduces to the renormalized holographic EE, giving rise to notions of renormalized area,
reduced Hawking mass and, most importantly for our purposes, a generalized Willmore
energy. We show that this captures the universal contribution to the holographic EE for
five-dimensional theories dual to Einstein gravity in the vacuum state.

3.1 CG in six dimensions

Due to the fact that CG in six dimensions is a triparametric family of theories, seeking the
combination with an Einstein subsector is a highly non-trivial task. However, conformal
renormalization indicates that the renormalized Einstein-AdS action provides the seed that
allows us to track down the desirable combination. Our starting point is the action of
six-dimensional Einstein-AdS gravity enhanced by the third Chern form

1 1 1
B = 6/ [hl gt (sl — griadkakis + SHARRRARE ) . (3
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namely,

20
fren __ 6 _ 5
I 167TGN V &2+ /]g <R+ L2) = Xzsg,] . (3.2)

The boundary term can be conveniently rewritten as a bulk term, whose topological nature
is made manifest by the Euler theorem

/ dbz/|g| X5 = 3! (47)* x (M) + d°X Bs, (3.3)
oM
where X5 = 150‘1 O‘GR&%. Rggljg is the Euler density in six dimensions. Therefore,

this form of the renormahzed AdS action involves the cubic Lovelock term with a fixed
coupling, namely,

20 L2
Fren __ 6 —3 *
Iy 167TG / d®z/|g (R + X6> 3on X (M) . (3.4)

This combination renders the Einstein-Hilbert action finite for solutions whose boundary is

conformally flat [86]. The tilde in the above functional makes reference to the fact that the
finiteness is not achieved for an arbitrary AAdS geometry, but it is limited to the class just
mentioned. As a consequence, additional counterterms on top of the topological term Xy are
required. At this point, it is difficult to think of an underlying principle which could give
rise to such correction while also reproducing the topological term.

The proposal of Conformal Renormalization considers a symmetry enhancement at the
level of the action: from general diffeomorphism invariance to Weyl invariance [67]. This
feature becomes manifest by the vanishing of the local part of the action in eq. (3.4) for
pure AdS spaces. As a consequence, the action is factorizable by the AdS curvature or, in
other words, a given polynomial of the Weyl tensor for Einstein spaces — a quantity that
vanishes for AdS constant curvature configurations —, [93, 94]

-tk [ ) .

where the polynomial P (W|E> depends on

Vi = W W wnd ol = ok wam | wasel (0
as 1 1
Ps (W’E> = WJQ‘E - wyG‘E (3.7)

This is a convenient rearrangement of the Einstein-AdS action with negative cosmological
constant and, therefore, still a second-derivative theory. The presence of the Weyl tensor in the
action is suggestive of the link to conformal symmetry. A suitable conformal covariantization
of the above action would turn it into a particular form of CG in six dimensions. Such
construction relies on a proper basis of six-derivative conformal invariants, given by [95-100]

I = Wagys WP W0, (3-8)

Io = Wopy s WIMW,, 1 (3.9)
6

I3 = Wansn <5g CHARG — 5553) WHr 4 v, J*, (3.10)
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where the vector in the total derivative term is

Jo = RoP°V Rygys + 3Rp,50 Vo R — Rg Vo RPY + %RVQR — REV3R+ 2R3, VR
(3.11)
Naturally, the boundary term V,J¢ does not contribute to the equations of motion.

The point now is to conformally covariantize action (3.5) into a CG action following the
same procedure as the one discussed in section 2.1. This time, we aim to bring it into a
form involving the conformal invariants I, Is, I3. The most direct term to be conformally
covariantized is the one cubic in the Weyl tensor, that is,

V| L8 Vg = 32021 + 1) . (3.12)

On the other hand, the quadratic combination Y|, in the polynomial cannot be directly

e
related to conformal invariants in six dimensions. By itself, it can be cast as a six-derivative
object by introducing the Schouten tensor. However, to restore Weyl covariance, we need to
supplement it with a Cotton-squared C? = Ca/BVC’O‘BV (which vanishes for Einstein metrics)

and a surface term J* = 81968 g — ng VO‘Wf s - Taking all this into account, we have®

1

c.C. _ 1 B1...8 a1o Q304 Qo 2 s 1
_TLZM B ——>I4 = 55 1 SWﬁll 22W533544S 55 +8C +va<]a _ 5(411 —Ig _IB) . (3‘13)

aq...as
The explicit steps for this conformal covariantization are presented in appendix B. While
in higher even dimensions a number of Schouten tensors may be inserted into the gravity
action, which when evaluated on Einstein spaces become proportional to Kronecker deltas,
Sg]E = —ﬁégﬁ, there may be plenty of higher-derivative terms which are identically zero
in the Einstein sector of the gravity theory. Fortunately, the six-dimensional case is simple
enough for Weyl invariance to remove the ambiguities in the couplings of the different terms
in the CG action.

Putting together egs. (3.12) and (3.13), we see that by conformally covariantizing the
polynomial Pg as given in eq. (3.7), one ends up with the CG that admits an Einstein sector
introduced by Lii, Pang and Pope in ref. [66], namely

1
—(4) S0 = _Z
(41) Pg (WyE) “HC=Ah+ I~ 5. (3.14)
The corresponding Lagrangian density with the associated surface term is given by?
I :a/ dSzy/|g| LLpp — 2(47)3ax (M +a/ dxy/ |k naJ?, 3.15
LPP ™ |9l LLpp (4m)*ax (M) oM |h| na ( )

where ] 1
Lipp = ;Y6 + géﬁiizjﬁiWﬁlﬁzWEfgffsgf +8C2, (3.16)

8For more details on the conformal covariantization of action (3.5), we refer the reader to ref. [67].

9As a matter of fact, it was proven in ref. [66] that the Schwarzschild-AdS black hole is a solution of the
higher-derivative equations of motion of this gravity theory. A more compact expression for the field equations
— in terms of the Weyl, Cotton and Schouten tensors — obtained in refs. [67] and [68] readily implies that
Einstein spaces constitute a proper sector of LPP CG, in a similar fashion to the four-dimensional case.
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and where we added a topological contribution to make contact with eq. (3.5). This action
admits Einstein spacetimes in its set of solutions as shown explicitly in ref. [68].

Remarkably, evaluating the action of LPP CG for Einstein spacetimes, it reduces to the
topologically renormalized action of eq. (3.5) enhanced by a total derivative contribution,
up to the Euler characteristic

Ippl, = —4!a/Md6x\/;\P6 (Wlg) — 2(4m)ax (M) — g/w X\ /b nTaly,  (3.17)

where Jo|, = $Va (W2 |[; Wi,
LPP action — and the Einstein sector of the theory is made manifest by a suitable choice of

). The connection between CG — in the particular form of

the coupling, a = —L}/(3847G\x). Interestingly, the resulting boundary term renders the
action of eq. (3.17) finite for Einstein-AdS spacetimes with a generic boundary geometry,
namely, it recovers the renormalized Einstein action [67].

When the asymptotic behavior of the spacetime is taken into account, in the form of a
Fefferman-Graham expansion, the extra boundary term produces a new counterterm which
is quadratic in the Weyl tensor of the boundary metric

1 20 L 16 L}
I =—— 0 “EXs ) + —m°Lix —/ °X =1
Lep | wﬂh{Aﬁx M<R+L* m6>+3w XM+ [ X V[p[w? ) =T
(3.18)

plus other terms which vanish as 9 M is taken to the conformal boundary. Here, we denoted
by w? = = wijwh the Weyl-squared tensor at the AdS boundary. This counterterm correctly
removes divergences induced by nontrivial conformal properties of the boundary metric.
This result indicates the profound relation between bulk Weyl symmetry and renormalized

Einstein-AdS action.

3.2 Energy functionals coming from LPP CG

Following the idea of the four-dimensional case, we construct the codimension-two functionals
which are invariant under Weyl rescalings of the ambient spacetime, starting from the unique
combination of six-dimensional CG that admits Einstein-AdS spacetimes in its solution space.
As discussed previously, this is achieved by a precise combination of the three conformal
invariants C, given in eq. (3.14). In particular, our starting point will be the action [65, 67]

I dSz 1
LPP = 3847TGN / M) (3.19)

Extending the prescription of the previous section to six dimensions, we evaluate the invariants

3G

11, Is and I3 in the orbifold. However, the situation is more delicate than in four dimensions. In
general, cubic curvature invariants are sensitive to the so-called splitting problem [23, 101, 102].
This means that there are different naive ways to regularize the action near the conical
singularity and, thus, different holographic EE functionals are obtained depending on the
regularization scheme.!’ However, it was shown in ref. [23] that bulk conformal symmetry

0T here are higher-curvature theories for which this issue does not arise, such as quadratic gravity [21, 103],
f(R) gravity or Lovelock gravity [104-107]. This also occurs when the coupling constants of any higher-
curvature term are treated perturbatively [108].
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should be induced to the resulting codimension-two functional. This allows to parametrize
a family of splittings where the universal part of the holographic EE is independent of the
specific choice. Exploiting this remarkable property of the combination (3.14), one ends
up with the following expression [23]

C (M(ﬁ)) =CM)+21(1 -9)Cs, Cx=4F+F — %F:s, (3.20)

where the codimension-two invariants F; for ¢ = 1,2,3 come from each of the I; and can
be cast in the form

1 1
F,=3 (Waﬂvéwﬁ)\n,ya\asgn — ZWMnﬂW%nﬁgé)\ + QOWO‘/”‘SWOCW;) —|—3KVL<)\O[>KVL<’87>I/V>‘/3afy
L (0% L (0% 3 L [0 2
=K (o Koo KA KO 36K ) K MW g5+ (K ) K7
3
T o KW e (3.21)

\ 1
=3 (W“M Wi enzap = WAIPW 5500+ W2 Wa575>

o KO a
+3e%e KL()\n>KC< ”>Kﬁ<7>‘>K5<W>—

_6KL<6(7>KL<a)6> (QWMMQLM+K<<om>Kc<~/n>) (3.22)
+6€a6€75Ka<<L>KB<nL> (2W7775€+K6<77>\>K5<AC)> 7

1 1 1
F3=—6X;" +12F, +3F,+192 (Tg -3 S+ 1 (S4)2 - ZKAKAch"’”

3 A b 1 A, B 1 4 Beb , [ A 2)
o KA KAS) = o KAK S an — oo KA Kaa KK ™+ oo (K*Ka)"), (3.23)
where
171
T, = i [16 (8aKA8bKA + KAKA KpKP¢ — KAKBW, a8 — KAKAS,,
1
—KAKBSAB’Yab) + SaaSy — Bay — 3 (SaAabKA — SCKAYKa 4+ K4Cupa
+V5 (K4Sa) = KK ySa5)] | (3.24)

and K7,3 is defined in eq. (A.2). For F; and F,, we chose to maintain the covariant
formulation in order to simplify the resulting expressions, considering e,5 = nﬁng eAp as the
binormal, where €4p is the Levi-Civita tensor, and identifying giﬁ as the two-dimensional
metric of the normal bundle. For later convenience, we perform the normal decomposition of
the F3, by labeling the bulk indices as a = (A, a), where a denotes tangential indices and A,
the normal directions to ¥. Here, C,3, and B,g represent the Cotton and Bach tensor of M,
respectively, where VE is the covariant derivative with respect to the codimension-two intrinsic
metric .. Further details on the normal decomposition of Fj3 are given in appendix C.

As a consequence, the evaluation of LPP CG in six dimensions in the conical singular
manifold gives rise to a conformal codimension-two functional

1-9)
e

Iipp (M(ﬁ)) = Irpp + ( F(X), (3.25)
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where F(X) denotes the conical part whose explicit expression reads

F(D) = _% / Ay /T Cs + S LA(S) . (3.26)

Here, we took advantage of the self-replicating property of the Euler-characteristic in its
codimension-two version when evaluating it in the orbifold x (M(e)) =x(M)+(1—-9)x(2).
Interestingly, the functional F(X) is the four-dimensional extension of the Graham-Witten
anomaly L(X), dubbed Graham-Reichert anomaly.!!

After some algebraic manipulation, we rewrite F(X) in a simplified form as

4L* 1 1 1 1 3
F(X) =— 5 /Ed‘*yﬁ [32255 + T+ 5sn,,,sab -1 (52 + Z1%(A1r<,4absab - 3—2KAKAS§
1 1 42
+EKAKBSAB + ﬁKAKAabKBKB“b — 10% (KAKA)2 + (D) +bet., (3.27)

where X = iézgcg; RZ?R% is the Euler-density of the four-dimensional surface ¥ and the
boundary terms (b.t.) come from the term V,J% in I3 — these terms are dropped in ref. [23],
however they render F3 a conformal invariant for a manifold with boundaries.

This exact form will allow us to make contact with higher-dimensional analogues of both
the reduced Hawking mass and Willmore energy. However, the computation of the former
strongly depends on the determination of the boundary term in eq. (3.27), which is a quite
challenging task due to he presence of covariant derivatives, what makes the computation of
their conical part rather complicated. Interestingly, the form of the boundary term will be
greatly simplified when restricting ourselves to Einstein spacetimes. The four-dimensional
analysis in section 2 indicates that both functionals arise when considering surfaces embedded
in this exact class of spacetimes.

Based on these considerations, in the next subsection we proceed in our quest of determin-
ing the codimension-two functionals. For a better presentation of the argument, we find it is
more convenient to discuss first the reduced Hawking mass and renormalized area functionals,
and then end with the generalized Willmore energy and its connection to F(A) in d = 5.

3.3 Generalized reduced Hawking mass and renormalized area

Obtaining a candidate for the reduced Hawking mass of a four-dimensional hypersurface
embedded in a six-dimensional bulk spacetime is a highly non-trivial task, since this has
to meet the same criteria as its two-dimensional analogue, but for a functional constructed
out of four-derivative objects. As it was revealed in ref. [70], and discussed in the previous
section, the two-dimensional reduced Hawking mass arises from the Graham-Witten anomaly
functional L(X) when evaluated for Einstein spacetimes (2.22). Similarly, we present a
candidate for the four-dimensional reduced Hawking mass, as the functional coming from the
evaluation of the Graham-Reichert anomaly F(X) in Einstein spacetimes. In this case, the
missing boundary contribution in eq. (3.27) — which we denoted b. t. — can be determined, as

"1n ref. [52] it was shown that the F(X) functional appears as the logarithmic coefficient in the asymptotic
expansion of the area for codimension-two minimal boundary-anchored surfaces embedded in seven-dimensional
asymptotically hyperbolic Einstein manifolds, which is the area anomaly by definition.
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it comes entirely from the I3 conformal invariant. Indeed, the surviving boundary contribution
from the CG action (3.19) when evaluated in the Einstein sector is

L L3
Jlo=— | Bxh ], = - [ BX|h|w?, 3.28
e = 380m G Joma P Tale =~ Toaman Jom A w (3:28)

where w?

= whjwhy is the Weyl-squared tensor at the AdS boundary. The last equality
is valid only asymptotically, but this is sufficient since its purpose is just to cancel bulk
divergences [67].

Now, we have to evaluate eq. (3.28) in the conically singular manifold and find the
codimension-two contributions. Since we already encountered the decomposition of the Weyl-
squared tensor in eq. (2.14), we just need to adapt the decomposition to the submanifold
OM in order to find the boundary terms anticipated in eq. (3.27), this is
LS

= [ BY Vo Kay . (3.29)

3
bty = 2= [ @Y (0 — i gy ) = -
E ) (i) ™I 6 o5

6 Jox

Here, ! (ij) is the traceless extrinsic curvature of ¥ embedded in M. In the last equality,

ij
we make H>1anifest that the boundary term evaluated in Einstein spacetimes reproduces the
functional obtained in eq. (2.17), this time for boundary manifolds.

Finally, we are ready to combine all our partial results regarding the evaluation of the
functional F(X) in Einstein spacetimes. In this case, both the Bach and the Cotton tensors
vanish identically and the Schouten turns proportional to the metric. As a consequence, the
resulting expression is simplified a lot. In particular, starting from the Graham-Reichert
formula of eq. (3.27) along with T¢ as given in eq. (3.24) and the boundary term (3.29),
we obtain a functional F(Z])|E from which we identify a generalized reduced Hawking mass

I5(X) defined for four-dimensional submanifolds 3,

A3 LA
F(2)|, = LiI5(2) + x (2 . (3.30)
The explicit expression is
1 48 7 6
;%) =— [ da - —xr K)? - KK®KKy + —K*— —K?
(%) = g5 LA | g~ AT+ 0K) 16K I
4 1 1

— K KB (R 5“‘) - / 3y 31
WKP (Rig+ 1508 | - 5 [ Vv Kosly. (3:31)

where (0K)? = 0°K40,K 4, KKYK Ky = KAK 4P KpKB,, and K = (KAKA)Q. This is
one of our new results so let us make some observations. Is (3) is a conformal invariant for any
codimension-two surface > embedded in an Einstein spacetime. Following its two-dimensional
counterpart, it is expected to be free of infrarred (IR) divergences for any boundary-anchored
surface, either extremal or non-extremal. Furthermore, the presence of the Gauss-Bonnet
density is a desirable feature regarding the monotonous evolution of the functional along

inverse mean curvature ﬂOVVS.12

12\We thank S. Fischetti for the comments.
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A particularly interesting case arises when Y. is an extremal surface, Yext. In this situation,
the vanishing of the trace of the extrinsic curvature K4 = 0 simplifies significantly the form
of F(X), which now reduces to the renormalized area of X, F(Xexs)|p = A" (Xext), where

Ly
24 Eext

4m?Ld

L
dYyy X7+ 5 X(%)

Aren(zext) - A(Eext) - - F .
ext

Yo Kos,,, - (3.32)

Since we are interested in holographic EE, we will use this result for RT surfaces, which
are a subclass of extremal surfaces.

Finally, let us recall that in the derivation of the renormalized area A" (¥ey;) we made
use of the Gauss-Bonnet theorem (2.9), which requires Yoy to be a compact surface. In
order to find an expression for extremal non-compact surfaces, we must undo the exchange
of the Euler density and characteristic of ey, this means

L

Aren(zext) = A(Eext) - F P
ext

L
da*y {43%% +VoKos.. | (3.33)

where B?e’“ = —%ﬁéﬁﬂ”ﬁf (3%%% — 2ﬁ{nﬁﬁ) is the explicit expression of the second Chern

form associated to Xext.

By particularizing the extremal surface to be an RT surface ¥ 4, it is immediate to find
the finite piece of holographic EE in d = 5 from the renormalized area (3.33) of ¥4 as
- Aren(zA) 1

= F . .34

F(A)

3.4 Generalized Willmore energy

Once we have an expression for the functional F(X) at our disposal in eq. (3.30), it is
straightforward to construct a quantity that corresponds to the generalized Willmore energy.
Following the same reasoning as in section 2.1, we will initially assume that we are dealing
with a closed surface Y. In a later stage we will deal with non-closed ones — like an RT
surface. In this case the boundary terms can be dropped, leading to

414 1 1 1 3
F(Zy) = ——= / d*y/~y [Tg 4+ 288 — = (S92 + “KAK 408" — —KAK 5%
3 Jx, 2 4 4 32
1 1 7 2
—KAKB — KAK A, KgKB? - "~ (KAK .
16 Sap + 35 AabB 1024 ( A) (3.35)

Here, we considered the Gauss-Bonnet theorem (2.9) for the four-dimensional closed surface,
ie., fEd d4x\ﬁ Xf ' = 3272y (Z¢1) in order to cancel the Euler density and characteristic.
The formal definition of Willmore energy requires the embedding of ¥ into R®. This is
achieved by starting with a constant time slice of a Euclidean global AdSg bulk spacetime
and then choosing a convenient rescaling, like in eq. (2.27), to map it to R3. The functional
form of F(X,;) will not be modified, since it is conformally invariant, however this will be
further simplified since all curvatures vanish when a flat ambient spacetime is considered.
As a consequence, we end up in

F (S < R°) = L} /E diy\/3 Js, = LiWs (Sa) (3.36)
cl
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where 1

Tsy = 13

(0K)? = KRR Koy + 116f<4 , (3.37)

where the tildes indicate that the quantities are evaluated in R® as ambient space. This
expression coincides with the generalization of the Willmore energy for closed four-dimensional
surfaces given previously in the mathematical literature'® [50-54].

For the case of a four-dimensional RT surface ¥ 4, which is a compact but not closed
submanifold, we apply the doubling of the ¥ 4 prescription, described in section 2.1. After
doing so, we obtain the expression

L4
F (34 RY) = SW5 (284) (3.38)

which matches eq. (2.30) but in two-dimensions higher. In analogy to the case of two-
dimensional RT surfaces, we can make manifest the relation between the finite part of
six-dimensional holographic EE and generalized Willmore energy as

1 N

F(A) = ;o F (Ba o R = SLGNW5 254) . (3.39)

This equation is one of the main results of our work, so we devote the next subsection to test it
for different entangling regions, namely, the round ball, small deformations of it and thin strips.

3.5 Explicit checks

Let us perform some explicit verifications of our new formula for F(A) in a few cases. On
the one hand, we will explicitly evaluate the RT functional introducing a geometric regulator
and extract F'(A) from the constant piece. On the other hand, we will directly evaluate
W5 (22 4). Comparing both, we will find perfect agreement in all cases considered.

3.5.1 Sphere

As a first check, let us compute the renormalized area A" of the RT surface associated to a

four-ball entangling region B* and the generalized Willmore energy of its double-copied 23 4
surface — which turns out to be a round sphere S* — and see that they match.
The metric of the dual geometry is given by pure AdSg which, in Poincaré-AdS co-
ordinates, reads
2

L
ds? = gapda®dz’ = m (dt2 + dr? 4 r2d6? + 12 sin? Hdﬁg) , (3.40)

where 0 < ¢ < 7, with the conformal boundary located at § = 7, and dQ% = d¢? +
sin? 0, (d@% + sin? 02d9§) represents the line element for the angular directions of the S3, with
0<60; <7, 0< 6 <7mand 0 < 603 < 2w. For such entangling region, the RT surface

>4 is given by the embedding

S a Lz .
Y4 : {t = const.,r = R}, dsQEA =hdy dyb = o2l (d«92 + sin? Hdﬁg) . (3.41)

13Note that in the derivation presented in ref. [50], a factor of —2 is dropped in the calculations, obtaining
in the end incorrect coefficients for 8, K49*K 4 and KAKA**Kg KB .

— 21 —



Ti>1

t =const. RS

Figure 1. Ball-shaped entangling region A Figure 2. Double-copied surfaces ¥ and ¥’
with radius p = R and its cobordant (0A = glued along the umbilical line defined by 9% =
0%) codimension-two surface 3. )8

The setup can be seen in figure 1. Using this, it is a straightforward exercise to check
that the bare area A (¥4) = [y, d4y\ﬁ of the codimension-two RT surface, equipped with
metric ., is given by [41, 42]

™ )

T_ 9 22L4 R 3 52L4R 42L4
A(EA)=27T2L3/2 " sec ftan® 0d = ”3 *( ) - ”3 £ ”3 x
0

4]

+O©), (3.42)

where we introduced § as a ultraviolet (UV) cutoff and R is the ball radius at the conformal
boundary, which is located at § = 7. As anticipated in eq. (1.1), we obtain two divergent
contributions: the so-called area-law term and a codimension-two divergent piece. Our
expression for the renormalized area (3.32) cancels these contributions, i.e., [109]

LA 4r? LA Ar2 LA
A (S4) = A (Sy4) — 271 : dbyy X7 + “x(24) = 3 x (3.43)
A

where we used that the Euler characteristic of the RT surface is one, x(¥4) = 1, as it is
homeomorphic to a four-ball.'* Notice that the boundary terms appearing in eq. (3.32) vanish
identically for this geometry, so we only have to consider the bulk quantities. Inspecting
the formula, we observe that the first two terms in the second equality of eq. (3.43) cancel
each other, because Xf A= % for the four-ball entangling region, leaving the topological
piece as the only contribution to A™" (X 4). In turn, this fact makes manifest the non-local
nature of EE in odd-dimensional CFTs [46].

Now, let us turn our attention to the expression of the generalized Willmore energy
derived in eq. (3.39). First, we need to rescale the six-dimensional background in eq. (3.40)

YMFor an explicit cancellation of the divergences using the Chern form, see appendix D.1.
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with ¢ = log % in eq. (2.27). By doing so, the embedding of the rescaled RT surface reads
d§22A ’yabdyady = R? (d02 + sin GdQQ) (3.44)

with the geometric quantities

- - 1

) =a) =1, KWy=0, K= 570 (3.45)
which yields a particularly simple Js,, = % in eq. (3.37). Following the procedure discussed
in section 3.4, we have to consider a doubled-copied 2X 4 = ¥4 U X4’ surface associated to
our spherical entangling surface of radius R and glue them along their boundaries 9% 4 and
0% 4". The setup is described in figure 2. By doing so, we find that the generalized Willmore

energy for the doubled-copied RT surface yields

Fud {72
W (25,4) = 272 / Tagsint = 72 (3.46)
0

which, by means of relation (3.39), reproduces the finite piece of the four-ball holographic EE

w24
3GN

0= (3.47)
where we denoted Fy = F (B?).

Now, to test further our results, let us turn our attention to an entangling surface
with less symmetries.

3.5.2 Small deformations of the sphere

Consider a four-ball entangling region like the one described in the previous section. However,
now we are interested in studying small perturbations around such geometry — we denote
such entangling region as B? — in the angular direction 6;. In particular, let us consider
infinitesimal deformations described by the polar equation

1 1
2 - - N2
1—1—6%:(14}/@(91)—1—(9(6 )] L Y6y = =591 (cosfy),  (3.48)

where ay is a coefficient that controls the deformation and Q7*(z) is an associated Legendre

p(b) =R

function of second kind. Such expression — which can also be found in ref. [110] — corresponds
to a subset of the deformations considered by Mezei in ref. [39]. In the same reference, the
embedding of the associated RT surface is provided, namely

r(0,61) = R[1+¢6(0,00) + 0 ()], (3.49)

01+ (£+1)cosb+ (HQ) cos? 0
©(0,61) Yi(61)t f* :
1) Zae ¢(61) tan T cosd ; (3.50)

where we use r(6,0;) to differentiate it from the coordinate describing the shape of the
deformation of the entangling region, p(61). In turn, the induced metric given by

29
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where we introduced the shorthand notation ® = 9,0 and © = 0p, ©. Using this expression,
we can compute the bare area of the RT surface and obtain

2r2L} (R)3 5Ly R
3 1) 3 9

4 3
+8“ﬂ1ﬁL*k(f)—wuw+2yan§

A(Xy)=A""(24)+

o, (3.52)

where we included all the universal terms in A™" (X 4). In appendix D.2, we show that
the nonuniversal terms in eq. (3.52) are exactly cancelled by the boundary terms present
in eq. (3.33). In turn, we isolate the universal terms as

47T2L4 —|—(’)< ), where (z) EM, (3.53)

Aren (E ) " F(gj)

is the Pochhammer symbol. Proceedmg similarly as before, we now compute the generalized
Willmore energy and check if it coincides with the expression for the renormalized area.
The rescaled metric reads

d§22A = 7abdyady + 26@'yabdyady
te [GZ%bdy“dy + R?20%d62 + R*O2d6? + 2R2®’®d9d91} o) (63) , (3.54)

where we employed the expression for 47, given in eq. (3.44). For this embedded surface,
we can compute their normal vectors

n) =1 (@2 92)+0Gﬂ, (3.55)

sin? 0
nér) = —€eRO'sinf + O (63) ; ng;) = —¢ROsinf + O (63) . (3.56)

as well as the extrinsic curvatures that appear in the integrand, namely

KWy =0, (3.57)
1 )
KM, = e+ R [(@ —0")de? + (@ sinf — © — cos Osin 9@’) 462

+ (d@% + sin? 92d9§) sin 6, (sin fsinf; (©sinf — O cosh) — O cos 91>
2R
/ 2 12 2 4 12 20 9R)2 2
+2(6cotd — ©') dddy] — ~ [(@ csc? 0 — 30/%) d6? + (0 sin” 0 — 30?) 46}
+sin? 01 (403 + sin? 0,603 ) (6% + 0 sin? 0) — 860'Od0dA | . (3.58)
Using them for the three terms appearing in Jx,, we find that the generalized Willmore
energy for the double-copied perturbed RT surface reads
8
W (254) = i+—2a£ 1);+0 (), (3.59)

which is twice the renormalized area (3.53) modulo the AdS scale (as expected) and matches
exactly the result of the holographic EE using the relation (3.39), this is

_ w2 L4 L}
FB) = Gt e N Zag ~1)5+ 0 (') . (3.60)
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This expression is also in agreement with Mezei’s formula, as it should [39] — see also [111].
Indeed, in that paper it was pointed out that, when considering a slightly deformed spher-
ical entangling region B¢~! in any dimension, the leading correction to the finite piece of
holographic EE is controlled by the flat-space stress-tensor two-point function'® charge Cp —
this holographic result was later shown to hold for arbitrary CFTs [26]. It is easy to check
that eq. (3.60) can indeed be rewritten as

P

PETD =1+ 5

CrYaf(t—1);+0(), (3.61)
14

where we used that for CFTs dual to Einstein gravity Cr = i?éi [113], and where both
the functional dependence on the ay, the £ and the overall coefficient match Mezei’s general

formula.

3.5.3 Infinite strip

As a final check, let us discuss the case of the infinite strip entangling region with width [ —
see figure 3. In principle, this region — as well as its associated RT surface — is non-compact
and the expression in terms of the generalized Willmore energy derived in eq. (3.36) is not
guaranteed to hold. However, we will see that it still captures the renormalized area of the
RT surface and, as a consequence, the finite part of the holographic EE.

As usual, our starting point is Poincaré-AdSg spacetime (3.40) written, this time, in
cylindrical coordinates — which means performing the change of coordinates z = r cos®,
uw = rsinf, r1 = rsinfycosfy, ro = rsinfysinfycosfs and x3 = rsinf; sinfysinfy —
, this is

L2
(h2zgwﬂfmxﬁ:;;(mﬁ+«u2+dxﬁ, (3.62)

where dx? = da? + dzd + do3. The codimension-two RT surface is defined through the
embedding
2

Ya:{t=const.,z=2z(u)}, ds%A = 22[&) [(1 + z’Q(u)) du? + dxﬂ 7 (3.63)

with z(u) such that the area is minimized and with the boundary condition z(u = +{/2) = 0,

which corresponds to the location of the conformal boundary. We can write the area functional
and find a conserved quantity — a sort of Hamiltonian — associated to u translations which
then provides a first-order differential equation for z(u), namely 2%z’ 8= 2% — here, 28 is
related to the conserved quantity, and it represents the maximum value of z that the surface

reaches at uw = 0. In turn, this allows us to change variables as

2,4

du = ———=dxz (3.64)

C

15The coefficient Cr is a universal quantity, defined from (T}, (%) Tps (0))ga = prs [Iu(pl(,)u — 6‘”;"“ } , which

holds for general CFTs, where I,, = §u0 — 2% is a theory-independent tensorial structure [112].
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Figure 3. Infinite strip entangling region A of Figure 4. Double-copied surfaces ¥ and ¥’
width [ in the u direction. We introduced L; as glued along the umbilical line defined by 031 =
IR regulators for the transversal directions x;. 0% located at u = £1/2. The introduction of
The surface ¥ is cobordant (A = 9%), where the IR regulators L; defines a pair of symmetric
0Y. is composed by two parallel boundaries boundaries 9%5 and 9%, pointing upwards and
located at u = +1/2, i.e., 9% = oxt2yogn—l/2, downwards along the transverse directions x;.

Duplicating by symmetry the increasing branch u € [—1/2,0], the bare area can be computed
— after changing variables using eq. (3.64) — as [41]

Zx d oLY (L\? 2y7D(5/8)L4 /L;\?
A(Dy) = 2L§Lizf/ i () _ 2vmlG/8)L, () . (3.65)
4

A/E =8 3 \6 3r'(1/8) Zx

where, again, we introduced ¢ as an UV cut-off for this entangling region. From this, we

can easily extract the universal coeflicient as the second term in the r.h.s. . Note that the

maximum depth z, can be written in terms [ using the relation [41]

! = 24 I'(5/8
7:/ vdz _ VrlG/8) (3.66)
2 0 w/zf—zg I'(1/8)
which we will use afterwards.
Unlike in the case of the sphere, the expression for the renormalized area (3.32) is not

applicable to the infinite strip as it is. The reason is that in our argument we assumed
that the entangling region is compact and, as a consequence, we used the Gauss-Bonnet

— 26 —



theorem to exchange the Chern form B3 with the four-dimensional Euler characteristic and
density, x(X4) and Xf 4 respectively. This is not the case for the infinite strip, for which we
introduced IR regulators L;’s to characterize the region. As such, we cannot expect the Euler
characteristic, which is a topological quantity, to carry information regarding IR regulators
in our setup. Because of this, in order to find the renormalized area of the RT surface, we
undo the Gauss-Bonnet theorem to return to a formula for the renormalized area which
does not require compact codimension-two manifolds. In appendix D.3 we show the explicit
cancellation of divergences, so that we obtain

s = (' (1

where we have used eq. (3.66) to express the result in terms of the width [ of the strip.
The result agrees with the one obtained from direct subtraction of the area-law divergence
in eq. (3.65), as it should.

Now, let us turn our attention to generalized Willmore energy (3.36). First, we need
the geometric quantities associated to the flat background — which, as usual, amounts to
rescaling the metric (3.63) as (2.27) with ¢ = log(L./z) being the conformal factor —, this is

8
5%, = fapda®da® = Z2du? + dx?, (3.68)
z

where we have already used the relation (3.64) to express the induced metric of ¥4 in terms
of z,. From here, we obtain

4 4 3
A0 =1 ﬁ£z>:_@ D g, -4 ge 12 (3.69)

7
n
Zf ) z Zil )

with every other component of K, identically vanishing. Taking into account these consid-
erations and using the quantities in eq. (3.69), we obtain the generalized Willmore energy
of the RT surface as

W; (254) = 413 / sl (m 20 dx 320 (F(5/8)>4 (L)d . (3.70)

0 z212\/28 — 28 3 \I'(1/8) l

where we have again introduced L; as IR regulators and expressed the result in terms of the

width [ using eq. (3.66). Once again we see that following the relation between the generalized
Willmore energy and the finite part of holographic EE (3.39) we obtain the expected result [41]

- 122 (1) (4

4 F(A) has no global bounds for d = 5 CFTs

As discussed in section 2, the disk, B2, minimizes the finite part of holographic EE in the
vacuum state among all possible entangling regions for three-dimensional holographic CFTs.
This can be seen from the saturation of the lower bound of the Willmore energy W3, which
occurs when the double-copied submanifold 23X 4 is a sphere. This result extends to arbitrary
CFTs, as shown in ref. [49] and summarized in eq. (1.4).
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Let us now exploit our new formula in terms of the generalized Willmore energy Wp
to explore the shape dependence of F(A) for five-dimensional holographic theories. Of
course, Mezei’s formula — of which eq. (3.61) is a particular case — implies that the higher-
dimensional version of the disk-like entangling region, B%, is a local minimum of F(A) for small
derformations of the ball not just for holographic CFTs, but for completely general CFTs [39].
Hence, any small deformation away from the round ball will produce an increase of F(A).

An obvious question is then whether A = B* is a global minimum. It is immediate to
see that this is not the case. This follows from the result for the strip region (3.71), which
implies that the holographic EE is not bounded from below in five dimensions [41]. Namely,
F(A) takes arbitrarily negative values as the IR regulators are made arbitrarily large. This
is somewhat suprising. Indeed, as shown in eq. (1.1), the EE of a general odd-dimensional
CFT contains a universal term of the form

—1

SEE(A) D (—1)TF(A) . (4.1)

With this normalization, F'(A) is such that it takes a positive value for a round ball region
B¢ for general d-dimensional CFTs — see e.g., [18, 42, 114]. On the other hand, in the case
of an infinite strip, F'(A) is positive for d = 3,7,11, ... but negative for d = 5,9,13,... This is
the case not only for holographic theories [42], but also for free scalars and fermions [115] and,
presumably, for general CFTs. Hence, we immediately learn that F'(A) is unbounded from
above for d = 3,7,11,... and from below for d = 5,9,13,.... Hence, while for d = 7,11, ...
it is still plausible that —just like for d = 3 — B%! is a global minimum, for d = 5,9, ...
this is not the case. Indeed, in those cases there must exist families of entangling regions
which interpolate between round balls and very thin “strip-like” regions such that F(A)
starts growing as we depart from the ball, it reaches a maximum for certain region, it
takes a value coincident with the ball one for some other region, it vanishes for some other
as we keep deforming, and then it takes increasingly negative values as the strip shape is
approached. On the other hand, it is still possible that F'(A) is bounded above in those
cases, although this seems unlikely.

In order to gain further insight on this matter, let us now consider smooth non-perturbative
deformations of B* and feed them to our newly constructed functional Ws. For concreteness,
let us consider a four-dimensional ellipsoidal surface embedded in R®, described by the
equation R = Y29, :—; in Cartesian coordinates and where b; represent the length of each

(3

of the semiaxes. In spherical coordinates, this reads'®

9 r2cos? @y  r?sin®6; cos?fy  r2sin? ) sin® Oy cos? 05
=0 b2 b2
1 2 3
r2sin? 0 sin? @ sin? O3 cos®> ¢ r?sin? 6y sin? O, sin? A3 sin? ¢
+ . (4.2)
b2 b2
1 5

We consider two families of ellipsoids: a first one El(zl) with axes of length (b1, be, b3, by, bs) =
(1,1,1,1,a) and a second one E((lz) with (1,1,1,a,a). For them, we evaluate the generalized

YFor clarity, we choose different angular variables with respect to section 3.5.2. In this case their range is
0<6; <wmfori=1,2,3and 0 < ¢ < 2.
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Willmore energy Wi (X,,) and normalize it by the value of the four-sphere W (S*) = 872 with

3
the latter retrieved from the former when we take a =1 in E((zl) and 222) respectively. Notice
that the ellipsoids spanned by the embeddings Egl) and E((f) do not necessarily correspond to
double-copied RT surfaces as we run the parameter a. However, from this exercise we can
get an intuition about what to expect for RT surfaces and, hence, for holographic EE.
We observe that the ratio W5 (2,) /W5 (S*) for the first ellipsoid (1,1,1,1,a) can be

computed analytically, obtaining

1
Ws (23 )) 315 (1502 — 16) a®arcseca + v/a2 — 1 (10613a® — 7778a° — 23764 — 16a2 — 128)
W (S1) 1792045 (a2 — 1)*/?

(4.3)
There are two important limits that can be derived from this expression, namely when a is
small and large. They correspond to geometries tending to B* and S x R, respectively. In
both regimes we see that generalized Willmore energy grows indefinitely

W (20d1) = 5 4éa6 +0(a™), W5 (3Y,) = %a +0 (a”) . (4.4)
This behavior was previously reported numerically in ref. [52], where the authors suggested
that W5 (Zgl)) is a convex function. Here, based on the analytical expression (4.4) we can
unequivocally check that this is the case. Incidentally, this means that F'(A) should not be
expected to possess an upper bound either for general d = 5 CFTs.

Regarding the second ellipsoid (1,1, 1, a,a), we are not able to find an analytical expression
for W5 (2&2)) /Wi (S%). However, we can still find numerical results running for different
values of a. In figure 5 we plot these results as well as including the analytical expression
for the (1,1,1,1,a) ellipsoid, (4.4). As expected, for both ellipsoids, W3 (¥,) in the regime
a — 1 tends to the value of the sphere Wj (84) and corresponds to a local minimum. In
the regime a < 1,'” we observe that the ratio W (222)) /Wi (84) oscillates wildly between
—oo and +o00. We represented this oscillation with a red region in the figure. On the other
hand, the a > 1 regime, which can be associated to R? x S? geometry is unbounded from
below. An analogous behavior was previously reported in ref. [56].18

In summary, in this simple setup we observe that the generalized Willmore energy (3.36):
i) has a local minimum for S*, corresponding to an entangling region B*; ii) it is neither
bounded from below nor from above. From the holographic EE point of view, i) was
previously known as it follows from Mezei’s formula. On the other hand, ii) reveals that
W; and, consequently, F'(A) for five-dimensional CFTs can take arbitrarily negative and
positive values for certain entangling regions.

5 Conclusions

In this paper we have presented a new formula for the vacuum EE universal term F(A) for
holographic theories dual to Einstein gravity in five (boundary) dimensions. The resulting

YThis limit is the closest one to the thin strip case considered throughout the paper.

0ne could ask what is the situation with other ellipsoids, such as (1,1,a,a,a), (1,a,a,a,a). They are
connected to the two cases studied so far by means of the duality a <> 1/a and, hence, their large and small a
regimes are respectively exchanged.
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Figure 5. Linear-logarithmic plot of W (pr) /Wi (84) with ¢ = 1,2, representing the (1,1,1,1,a)
(blue line) and (1,1,1,a,a) (red line) ellipsoids respectively for different values of a. The values
represented for the former are analytical while the latter are numerical. The red region for small
values of a indicates that the (1,1,1,a,a) ellipsoid oscillates wildly between —oo and +oo in this
regime. We also include the point a = 1 corresponding to a round sphere S* and represented by an
eight-pointed star. As we can see, while S* — corresponding to an A = B* holographic entangling
region — is a local minimum of the generalized Willmore functional, this is neither bounded from
below nor from above for general regions.

expression generalizes the Willmore energy functional which captures the corresponding result
in the three-dimensional case. This generalized Willmore energy, Wi, is given — in agreement
with previous results in the mathematical literature [51, 52] — by an integral over the doubled
RT surface embedded in R? of a linear combination of terms of order-4 in extrinsic curvatures
— see eq. (1.6). As we have seen, in contradistinction to the three-dimensional case, Wy is
both unbounded from above and from below, which implies the same conclusion for F'(A) at
least in the holographic case. A more detailed scrutiny of the free-field results available in
the literature strongly suggests that this is a general feature of five-dimensional CFTs.

W was obtained here from the evaluation of six-dimensional LLP CG [61] in the conically
singular orbifold defined through the LM procedure [69] following the prescription by Miao
given in ref. [23]. By requiring the resulting functional to be a conformal invariant we were
able to derive Wi as well as the so-called reduced Hawking mass. The latter followed from
imposing the bulk manifold to be an Einstein space, whereas W5 was obtained from further
imposing the surface to be extremal and the bulk to be pure AdS.

There are some future directions which would be worth exploring. On the one hand, it is
natural to wonder about the universal term in the holographic EE for Einstein gravity in seven
(boundary) dimensions, which would yield yet another generalized Willmore energy functional,
‘Wr. This should involve some linear combination of terms of order 6 in extrinsic curvatures
of the doubled RT surface embedded in R”. Presumably, this should follow from a procedure
analogous to the one exploited here, involving this time certain eight-dimensional CG.
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On a different front, it is also natural to explore generalizations of the original Willmore
energy W3 motivated by holographic EE. Indeed, considering higher-curvature terms in the
gravitational action modifies the RT formula introducing corrections to the area functional.
Consequently, the corresponding universal term which in the case of Einstein gravity is given
by W3 will be modified by terms of higher order in extrinsic curvatures of the doubled RT
functional. The obvious first case to consider is the one of quadratic gravities [21], from
which one would expect corrections to W3 involving terms of order 4 in extrinsic curvatures.
Aside from the interpretation of the resulting functionals in the context of holographic EE,
this procedure could be used to obtain somewhat canonical higher-curvature generalizations
of W3 which may be of interest from a mathematical perspective.

Furthermore, the proposed generalization of the reduced Hawking mass in four dimen-
sions (3.31) opens the possibility to derive new holographic EE bounds for states different
from the CFT vacuum as well. The two-dimensional reduced Hawking mass demonstrates a
monotonous behavior under inverse mean-curvature flows that gives rise to a generic bound for
holographic EE in three-dimensional CFTs [77]. Our new four-dimensional reduced Hawking
mass involves desirable terms such as the Gauss-Bonnet density, which is expected to follow
a monotonous behavior under a flow which is not necessarily the inverse mean-curvature one.
It is worth noting that, as the reduced Hawking mass renormalizes the area of arbitrary (i.e.,
not necessarily minimal) surfaces, it would yield the finite part of holographic EE even for
quantum extremal surfaces, which take into account quantum corrections in the entropy due
to the bulk degrees of freedom [116, 117] and O (1/N) corrections as well.

Finally, the results presented here show that the B* EE in the case of holographic
five-dimensional CFTs is a somewhat less significant quantity than the B? one in the three-
dimensional counterpart. Indeed, while in the latter case it provides a universal lower bound
for F(A) for general CFTs, in the former it only does so for small deformations around
the ball region. It would be interesting to explore the consequences of this fact in light
of putative generalizations to five dimensions of the three-dimensional conformal bounds
presented in ref. [38].
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Indices Qg iy A | My, w @y h | 4o g iy...,q
Coordinates x® XH y® & y?
Metric Jap Py Yab Oij Oij
Covariant derivative Va VgM % A vo®
Riemann tensor Ropys Tuvpo Rabed Rijkl Rijkl

Unit normal(s) Na N4, n, i,
Extrinsic curvature kuw K Aab Rij o i

Table 1. Notation and conventions.
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A Notation and conventions

In this appendix we present the conventions used throughout the paper. In the first column
of table 1, we provide a list of objects defined on the different manifolds presented in the
first line. The gravity theory is defined on the (d + 1)-dimensional bulk manifold M and
its dual CFT lives on its boundary M. We denote ¥ as the codimension-two manifold in
which the RT surface associated to the entangling region A is defined and 0% = 0A as its
boundary. In table 1, we also differentiate between various embeddings that can be defined
for submanifolds, such as 0%, which can be embedded in either ¥ or M.

Assuming an embedding 2% = 2% (y*), we define the projection vielbein to %, 4@ = 222

oye *
Similar constructions are valid for the other submanifolds in the table above. Unit normals

are taken to be outward-pointing (for the codimension-two cases, ¥ C M and 9% C OM,
we introduce indices A, B,... and I, J, ..., respectively, labelling the two normals). From
this definition, extrinsic curvatures are obtained as

KAy =5 VaN4,. (A1)
In addition, we can write the contraction of K4, with bulk indices as
¥ _a.b vy 1A
K aff = ’ya”yBNA K ab - (AQ)

It is important to note that in the codimension-two decomposition that we perform here, the
normal bundle indices play the role of labels for objects residing in the hypersurface. This
becomes evident when the Gauss-Codazzi relations for the Christoffel symbol are considered.
In particular, these can be cast as

by=—Kal, TH =K. (A.3)

a

r2,=o, 1

Notice that the normal bundle index A of the Christoffel is interpreted as the label indicating
the direction along which the extrinsic curvature is computed. On the other hand, since the
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0¥ C ¥ embedding is performed only along the radial direction, the label can be omitted
and the corresponding extrinsic curvature can be written as

Rij = ololVin,. (A.4)

We will occasionally make use of partial contractions of indices along normal or tangent
directions to a given submanifold. Let us exemplify this with ¥ C M. Given that we take
the normals to satisfy g®* N4, NP g = §4AB (in Euclidean signature), we can decompose the
metric into tangent and normal components as

9o = Yap + 04NN (A.5)
We then abbreviate normal contractions using indices A, B, ..., e.g.,
R4 = R*nA P 3645, (A.6)
and similarly for tangent ones,
RY = R,5. (A7)
In the case in which we choose coordinates adapted to the surface, so that 2 = (24, 2% = y?)

and N4, = 5&4, the previous expressions reduce to the contraction of normal / tangent indices.
Throughout the text we make use of the so-called Schouten tensor, which is defined
in general dimension D as

1 1
B 8 B

The Cotton tensor is in turn defined from this as
Casy =V, S0 — VgSay - (A.9)
Also, the Weyl tensor can be defined using the Schouten tensor as
W5 = RIS — 48100 . (A.10)
Finally, the Bach tensor is defined as

Bag = S,sWa 6" +2V° V(58,5 - (A.11)

B Conformal covariantization of Einstein-AdS gravity

In order to perform the conformal covariantization procedure, we are seeking to construct
Weyl-invariant scalar densities Z, namely

5,7 =0, (B.1)

where ¢ is the local scaling parameter of the metric as in eq. (2.27). For an infinitesimal
Weyl transformation, the metric behaves as

dp908 = 2¢09ap - (B.2)
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Based on this relation, we determine the behavior of the Ricci scalar and Schouten tensor, as
d,R=—-20pR—-2(D—-1) b, (B.3)
dy8q08 = —VaVao. (B.4)
From this, it follows the Weyl tensor invariance,

5 W05 =0. (B.5)

Additional expressions that will be useful for our computations are
6¢Ca,8'y = _Wéaﬂ'\/véSO) (BG)
8yBap = —20Bag + (D — 4) (Cagy + Cgay) Ve, (B.7)

where Cr3 and B, are the Cotton and Bach tensors, respectively. Then, it is straightforward
to show the Weyl invariance of the Pfaffian of the Weyl (3.12).!Y Indeed, we get that

1 -
5 (Vlgon ) = Vislas5o | SWasWaE WD (o7 500) + SWAEWLS Wi

= M&gl..giﬁ&p (Wﬂ1ﬁ2Wﬂ3ﬁ4Wﬂsﬁ6 _ Wﬁ1ﬁ2wﬂaﬂ4wﬁ5ﬁe) -0 (B.8)
1---B6 , .

araz " azas ' asag ara " asas VW asag

due to the fact that 6<PW%6 = —290W$56. On the other hand, the term ), breaks Weyl
invariance explicitly. In particular, for the corresponding scalar density, we obtain

s, (Vialss s Wi wisiiss

1
— /‘9‘52411.-:'-5455 [ Wﬁ1ﬁ2wﬁsﬁ4552 (9716¢g> oW BB (&pwﬁs&) Sgg—FW’Bl'BZWﬁS&é@Sgg

5 ajag " asags P a ajan azay ajag " azay

=,/ |g|5§11‘~.-'-g55 W h1B2 Wﬂ3ﬁ4vﬁsvasgp' (B.9)

a1o2 [6%:16 %}

Thus, we are seeking compensating terms that will render this expression invariant under
infinitesimal Weyl transformations. This is achieved by rewriting the last term as the Weyl
variation of a scalar density. To do so, after integrating by parts, the latter can be cast
in the form

8 <,/yg5511;;;555Wf;ggwfgggsgg) = —32\/|g|W7°‘550;5V5g0 AvAl <\/|g|W2V7cp> (B.10)
+ 16V (\/\g|W26¢C’gﬂ> + 32V (y/]g\goWQCgb) ,
where the relation
WiVsp = 8,C04 +20C1 5, (B.11)

was used. Furthermore, the Weyl variation of the divergence of a generic vector field V,,, reads

5, (Mvava) = 19V 4V + 8,Va) - (B.12)

“The Pfaffian of a certain tensor ng in even D dimensions is given by pf(X) =
7101--9p/20D/2 yrou1B1 | 3 @D/2BD/2
a1B1...ap/2Bp 2 V161 Yp/28p/2
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This property allows us to simplify the expression of eq. (B.10). Indeed, we write

5, <\/@v2w2) = 191V° [49VaW? 4 8, (VaW?)] = —4y/1gIV* (WVag) . (B.13)

where we denoted V? = V,V®. Equivalently, we can write

ve <\/@W2vago> - —%650 (\/QWW?) . (B.14)

On top of that, the following relation is valid
0 6 6
5 |Vglv? (Wiicty)| = oV [ ciy + 5, (Wichy)|
= \/lgv7 (20W0Cg + Wil5,Cl5) - (B.15)
After some algebraic manipulation the latter can be cast in the form
v (,/y wels, C”ﬂ) =5, {\/ G (W“ﬁcvﬁ)] G (\/ lglewiicy ) . (B.16)
Replacing egs. (B.14), (B.16) into eq. (B.10), we get
5, (,/| 651 ’15ij£§ngng55) = —32/19|CSP (8,C7 5 + 20C )
«a 6 9
95,V [,/|gy(swgﬂo WV )] (BT

As a final step, we have to Weyl-covariantize the remaining terms involving the Cotton
squared contribution. For this term, we consider that

by (@CQ) = \/2@02 (972 000) +\/lgl (€295, + CLy0,C28)  (B.1S)

=2/lglcg? (8,C05 +20C5) - (B.19)

Substituting this expression in eq. (B.17), we obtain

s, (Vislogswaniwiiiss) = -2, [\l (s + ve)| . (B20)

where we denoted J* = W9 C. 55 — va VO‘I/VWB(;E . As a consequence, the scalar density
14 is Weyl invariant, i.e., 8,74 = 0, where

Iy = \/lg| ( OGS W WSl 4 8C% + vaja) : (B.21)

ajag " agaa P as

which corresponds to the conformal covariantization, or Weyl completion, of the —ﬁj&l
combination of eq. (3.13).
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C Computation of Y,

Our starting point on the derivation of the term Y. in eq. (3.24), will be its covariant form

Top = imﬁ [116 (VoK 'VsKy — KYK°Ranps) + SayS) — Bag — Sy(a Ve K — ;mvwsaﬁ] :
(C.1)
given in ref. [23]. After performing the integration by parts of the last term and, on
parallel, expressing the Riemann tensor in terms of the Weyl and the Schouten tensors using
expression (A.10), the last expression yields the form

1 1
Tab = Z"}/gl"}/bﬁ [16 (VOCK’YVBKW — K’YK(;WQ,W(; — K’YK,YSQB — K’YK&SW(;gag + QK’YK(QSB),Y)

1
+ Smsg — Bog — 3 (Say VK" + K7Cgay + Vo (K7S8,)) |, (C.2)

where 74 is the intrinsic metric of ¥ and ~& is the projector. At this point we can drop
the covariant notation adopting the normal decomposition. In this case, only the extrinsic
curvatures along the normal bundle directions survive, since the vector n, is tangent to X,
leading to K, = 0. As a consequence, the last formula can be cast in the following form

171
Yo = ; TG(VQKAvaA — KAKPWoap — K KaSu — KAKBSapya)

4 SuaS§ — Bap — 5 (Sea VoA + KACu0 4+ 2V (K55)

(C.3)

The Gauss-Codazzi relations (A.3) allow us to express bulk covariant derivatives in terms
of the covariant derivative Vaz, that is compatible with the induced metric 4. As a
consequence, the following term reads

VKAV K4 = VEKAVE KA + KAK,SKpKBy, . (C.4)
On top of that, the next term where an explicit derivative appears, can be rewritten as
SaaVpKA = S, AVEKA — SCKA4, K 4 . (C.5)
Finally, the last derivative contribution can be analyzed as follows
Y Va (K*854) = Vi (K4Sa) = KAKP S5 (C.6)
Summing up all the previous contributions, the quantity Y., now reads

171
o= [16 (0 K40 K4 + KaK Ao Kp K~ KAKPWoa — KAKASu

1
~KAKPSapva) + SaaS§ — By — 5 (Saad KA = SGEMeKa + K Capa
+V> (KASAb) - KAKBabSAB” : (C.7)

D Cancellation of divergences

In this appendix we show explicitly the cancellation of divergences for the renormalized area
in the case of different entangling regions.
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D.1 Sphere

Although it is easy to check that for the spherical entangling region (3.43) yields the renor-
malized area, for the sake of completeness here we show that the expression with the Chern
form (3.33) also does the job. Starting with the embedded metric of the RT surface associated
to the spherical entangling region (3.41), it is easy to check that the boundary of this metric
at 0 = w/2 — 0/R is given by

asty = omayiayd — 12 (224 (BY L L 2V 4 0(5)] anz D.1
Soxa = 045 =3t ly) T lR) " ( ) 3- (D.1)
For this geometry we obtain
9 o .
B — _o/5 [2(@9% 20 - (% - 3RRR - Qﬁgﬁf%)] (D.2)
3
= 8sin? 6 sin Oy (?) — 920 sin? #; sin 02? + 0O (51) (D.3)

where we used that

2 /6N\? Sl 1/6\?
i 2 () s 4 i (2
mi_Lf( >5Z+(’)(5), R L*[1+2()

The last part of the boundary term in eq. (3.33) vanishes identically Kpy, = 0, because

s+0(sh). (D.4)

wiﬁ =0, 4 =0. (D.5)
As a consequence, we see that
L4
A(Z) M =A(Dy) — = Py B34 (D.6)
24 Jos 4
2 2L4 3 2L4
—amn) - T (F) TR 00, (D.7)

where the two terms carrying the UV regulator in this expression precisely cancel those
appearing in the bare area (3.41).

D.2 Small deformation of the sphere

Now, let us show explicitly that expression (3.33) also achieves cancellation of divergences
appearing in the area of the RT surface associated to the slightly deformed entangling
region (3.48). Starting with the induced metric of the RT surface (3.51), we find the induced
metric at the conformal boundary # — 7/2, finding

2
o 1
ds?,ZA = J’?;)hdyldyj + Lfygﬂe? l(?) + §(1 —(+2)) (D.8)

2
+%(5(£— 1L +2)(€+3)+3) (g) 4o + ...,
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where again, we have introduced an UV regulator . The Chern form BQEA for this metric reads

BazA—8'2 . R3 .. 92 . R 2 .2 . ,2R3
34 = 8sin” 01 sin 6 5 — 20 sin Glslnﬁgg—i—e 4sin” 01 sin 02Y, 5

+ (2sindy (202(0+2)sin? 1Y + Y/ (201 +2) = 15)sin® 01 + 12) Y/

R

+24sin 0; cos 01Y") + 4l(1 + 2) sin 61 Y; (sin 61Y)" + 2 cos 6,Yy))) %

+... (D.9)

Finally, we need the partial trace of the Weyl tensor at the conformal boundary and the
quadratic contraction of traceless extrinsic curvature of 0% embedded in OM. The first one
vanishes identically for our metric under consideration (wg = 0) whereas the second reads

i 2 5\? 2
W aiyrr = 3 <R) (Y¢" = ¥/ cot 01)" (D-10)

Putting all terms together in eq. (3.33), we find

ren 2n2Lt (R\® 572Li (R
A (X)) =A(X4) — 3 i <5> + 3 * (5)

- 626(6114272& l(s <?)3 — (40(£+2) - 3) ?

which precisely cancels the divergences appearing in eq. (3.52), at quadratic order in e.

. (D.11)

D.3 Infinite strip

Let us show that the divergent piece in eq. (3.65) is cancelled when using expression (3.33).
The starting point is the metric of the RT surface associated to the infinite strip entangling
region (3.63), which, after changing variables using eq. (3.64) reads

L? 28dz
2 * 2

The conformal boundary of this geometry is located at z = §, and the induced metric at
this locus is just flat space with a conformal factor, i.e.,
L2
2 2
dsgy,, = 5—2*dx . (D.13)

Using this, we can compute the quantities appearing in eq. (3.33), namely

8 g
B4 = 50wy =0, Kl =0,, (D.14)

where, for the second Chern form of the RT surface B? 4. we have used that for the conformally
flat induced metric (D.13), we have

1
R =0, K= 704 (D.15)
*
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Taking this into account, we obtain the renormalized area of the infinite strip following
equation (3.33), this is
Ly

ren 3 > 2Li Lz 3
A

where we used that for the infinite strip we have two parallel boundaries, one located

at u =1/2, say ZAZ/Q, and another symmetric one located at u = —1/2, i.e., Y2

—see
figure 3. Thus, in the boundary term, there is a factor of two as they contribute symmetrically,
ie.,, 0X4 = 0% A2 00384712, With these considerations, we observe that the additional
term appearing in eq. (D.16) cancels the divergence coming from the bare area of the RT

surface (3.65).
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