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Abstract

The aim of this work is to establish a dialogue between topology, differential geometry,
and certain modern developments in theoretical physics involving supersymmetry. First,
the construction of the de Rham theorem is presented, followed by its proof through the
elegant theory of sheaves, bringing forth algebraic invariants of the manifold derived from
the properties of differential objects. Next, harmonic differential forms are studied using
Hodge theory, demonstrating the main decomposition theorem as well as the existence and
uniqueness of harmonic representatives in the de Rham cohomology groups. Finally, Witten’s
ideas concerning supersymmetry preservation are discussed, and a proof of Morse inequalities
is presented using Witten’s deformed Laplacian.

La intencié d’aquest treball és establir un dialeg entre la topologia, la geometria diferencial
i alguns desenvolupaments moderns de la fisica teorica que involucren supersimetria. Es
presenta, primerament, la construccié del teorema de de Rham seguida de la corresponent
demostracié mitjancant 1’elegant teoria de feixos, tot fent emergir invariants algebraics en la
varietat a partir de propietats d’objectes diferencials. A continuacié, s’estudien les formes
diferencials harmoniques mitjancant la teoria de Hodge, demostrant-se el principal teorema
de descomposicio, aixi com l’existéncia i unicitat de representants harmonics als grups de
cohomologia de de Rham. Finalment, es discuteixen les idees de Witten involucrant la
preservacié de la supersimetria, i es presenta una demostracié de les desigualtats de Morse
mitjancant el Laplacia deformat de Witten.
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Chapter 1

Introduction

Humanity’s interest in the geometry of the surrounding world dates back thousands of years.
From the Greek, vewpuerpia literally means "measurement of the land", which is why it is
no surprise that one of the earliest known milestones was, around 200 BC, the calculus of the
Earth’s circumference by the Greek Eratosthenes. Similarly, in 150 AC, Ptolemy introduced
the stereographic projection for measuring its shape. Over the following centuries, Euclid’s
Elements continued to dominate human technical knowledge, leaving a lasting impact on
art, architecture, and many other disciplines. However, applying the calculus developed by
Newton and Leibniz to curved forms, such as the Earth, continued to present significant
challenges to geometers.

In 1827, Gauss proved the Theorema Egregium, which states that the Gaussian curvature
of a surface is an intrinsic property and does not depend on how the surface is embedded
in Euclidean space. This discovery propelled the study of spaces in their own right. Over
time, topological spaces gained increasing importance, with metric properties losing relevance
compared to the preservation of an object’s characteristics under continuous deformations.
Through this process, the primary setting for geometry came to be known as the manifold,
which will also serve as the stage for the pages that follow. Differentiable manifolds are, in
brief, topological spaces that are locally flat, and a structure of compatible local charts allows
us to apply the laws of calculus within them locally.

At the end of the 19th century, Hilbert and his colleagues in Gottingen initiated a movement
demanding greater rigor in the development of mathematics. In an effort to systematize
the study of topology, Henri Poincaré published Analysis Situs (1895), followed by five sup-
plementary articles written between 1899 and 1904. In this work, Poincaré used algebraic
structures to distinguish between non-homeomorphic topological spaces, laying the founda-
tions of algebraic topology. This introduced the notions of the "fundamental group" and
"simplicial homology" [11]. Later simplifications of the theory appeared thanks to the con-
tributions of Whitney, Cartan, Weyl, and Noether.

Under the Eilenberg-Steenrod axioms, the homology theories of a nice enough topological
space determine the same homology modules as the singular homology of the space in ques-
tion. Prior to Poincaré’s formalization, homological algebra had already been addressed in
the works of Riemann (1857) and Betti (1871), emerging abstractly from chain complexes.
Similarly, the abstract treatment of the algebra of cochains gives rise to the cohomology mod-
ules, seemingly disconnected from any topological meaning. Among the various cohomology
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theories, one of the most common is known as de Rham cohomology, which arises in the
context of differential geometry as a measure of the extent to which closed differential forms
fail to be exact. Back in 1928, Elie Cartan had published the idea that differential forms
and topology should be linked. In his 1931 thesis, Georges de Rham developed, via Stokes’
Theorem, an isomorphism between the de Rham cohomology modules and the singular co-
homology modules.

U HE (M) — HE (M,R).

sing

But, why differential forms? This is a hard question to answer without some more work, but
the basic idea is that forms can be both differentiated and integrated without the help of any
additional geometric structure. This allows us, throughout Chapter 2, to develop the frame-
work of differential geometry on a manifold necessary to state de Rham’s theorem, following
primarily [19] while also referencing [2] for a more computational treatment of cohomology.
Along the way, we will see that it is highly useful to define an operator on differential forms
called the "exterior derivative". Indeed, unlike other operators such as the partial derivative,
the exterior derivative preserves the tensorial nature of an object. Proving the de Rham
isomorphism, however, is no easy task. Although it could be done within the framework of
topology as developed in [4], in this text we could not resist turning to the elegant theory of
sheaves to present the proof in Chapter 3. To do so, we will momentarily diverge from [19]
and primarily follow [3], [18], [20] and [21].

Sheaf theory has the remarkable beauty of connecting local information with the global be-
haviour of a space. This process frequently takes center stage in many real-world situations;
for example, weather forecasting does not rely on knowing the pressure and temperature at
every point in the atmosphere but rather on the proper extension of a local set of data [16]. It
all began when Jean Leray, a French mathematician and artillery officer, was imprisoned by
the Germans in 1940. Fearing that his captors would make them devote his efforts to warlike
purposes if they discovered his true area of expertise —hydrodynamics— he claimed to be a
harmless topologist. During the next five years of imprisonment, Leray dedicated himself to
research in topology, culminating in the development of sheaf theory, a revolutionary concept
that Henri Cartan and Alexander Grothendieck would further develop throughout the 1950s.

Throughout Chapter 3, we will construct the sheaves of differential forms and smooth singu-
lar cochains and observe that both allow for the articulation of a resolution of the constant
sheaf R, suggesting the existence of a map between them. Subsequently, we will see that,
despite having an exact sequence of sheaves, the sequence induced by global sections may
exhibit failures in exactness, providing an initial insight into cohomology. By introducing the
canonical Godement resolution, we will demonstrate that the exactness defects of the global
section sequences induced by the resolutions of the sheaves of differential forms and smooth
singular cochains are, in fact, isomorphic, culminating in a proof of de Rham’s theorem.
Finally, we will have succeeded in relating the topology of the manifold to the differential
geometry constructed on it.

Greatly interested in de Rham’s thesis, the British mathematician W.V.D. Hodge introduced
a new operator, called the Hodge star, which generalized the duality between the real and
imaginary parts of a holomorphic 1-form. Within this framework, in Chapter 4, we will
once again follow [19] and require the differentiable manifold to be compact and equipped
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with a Riemannian structure. This metric will induce an inner product on differential forms,
allowing us to define a dual operator to the exterior derivative. During the 1930s, Hodge
conjectured and proved that the de Rham cohomology classes admit a distinguished repre-
sentative with the property that both the exterior derivative and its adjoint, that is, d and ¢,
annihilate it. These representatives are called harmonic forms, and we will introduce them
within the formalism of the Laplace-Beltrami operator, A = dd + dd, a generalization of the
Laplacian to manifolds.

The Hodge decomposition theorem, presented in Chapter 4, proved to be a significant chal-
lenge to demonstrate. Just as Hodge relied on Weyl’s assistance to prove it, in this text we
will draw heavily on various results from the theory of elliptic operators. While some of these
results are explained and proven within the text, the focus has been on providing an intuitive
understanding of their role without overburdening the work. For detailed proofs, we will
frequently refer to [5] and [8]. Finally, we will prove that the de Rham cohomology modules
are isomorphic to the kernels of the Laplace-Beltrami operator when restricted to k-forms.
Thus, the Betti numbers, defined as the dimension of the singular homology modules and
equal to the dimension of the de Rham cohomology modules thanks to the de Rham theorem,
will also correspond to the dimension of the space of forms annihilated by the Laplacian.

sing

(M,R) = dim Hjp(M) = dimker Ao (pp).

Now let us travel to the 1980s, when Edward Witten was working within the framework
of supersymmetric theories [22], [23|. Supersymmetric quantum mechanics transforms the
Hilbert space of a system into a Zs-graded Hilbert space [10|, separating bosonic variables
from fermionic ones. The symmetry that exchanges these types of variables is encoded in
the number of ground states of a given system, i.e., forms annihilated by a certain Hamil-
tonian. When the Hamiltonian is A, we are essentially studying the Betti numbers of the
manifold. However, one can see that the task of finding the spectrum of the Hamiltonian
can become quite complex, which is why Witten simplified it by introducing a deformation

of the Laplacian via
Ap =e TIA 17,

where f is a Morse function and 7" > 0. This new operator is called the Witten Laplacian.

This final Chapter 5 allows us to bring topology, differential geometry, and theoretical physics
into dialogue. Indeed, as T" grows large, the spectrum of the Witten Laplacian restricted to
k-forms captures a finite number of eigenvalues that become asymptotically small, while
the rest grow, splitting the spectrum into two very distinct parts. The number of small
eigenvalues is exactly the number of critical points of the Morse function f with Morse index
equal to k, denoted my. Throughout the chapter, following [12], [23]| and [24], we will see that
this provides an alternative way to prove the Morse inequalities, which relate the number of
critical points of a Morse function with a given Morse index k to the k-th Betti numbers.

k

k
D DMIE <Y () my,

j=0 7=0



Chapter 2

Cohomology and the de Rham theorem

Differentiable manifolds provide the setting in which many real systems take place. However,
much of their information is hidden within their complex topology. In this first chapter,
we explore differential geometry on manifolds, extracting the de Rham cohomology modules
and connecting them to the manifold’s topology by stating the de Rham theorem. The
fundamental tools needed to follow the text can be found in appendix A. Throughout the
chapter, our main reference will be [19], although we will often also refer to [2| and [4].

2.1 Tensor and exterior algebras

Given a differentiable manifold M, the tangent and cotangent bundles provide the framework
for defining fundamental objects known as vector fields and 1-forms (Appendix A). To gener-
alize these concepts, we will explore how more sophisticated constructions can be developed
on our manifold. Let V', W, and Z denote finite-dimensional real vector spaces. As usual,
V* will denote the dual space of V' consisting of all real-valued linear functions on V.

Definition 2.1.1. Let F'(V, W) be the vector space over R generated by the points of (v, w) €

V x W, where v € V and w € W. Let R(V,W) be the subspace of F(V,W) generated by
the elements of the following forms:

(v1 + vo,w) — (v, w) — (va,w)

(v, w1 + ws) — (v, wy) — (v, ws)
(av,w) — a(v,w)
(v, aw) — a(v,w)
where a € R, v,v1,v9 € V and w,w;,ws € W. The quotient space F(V,W)/R(V,W) is

called the tensor product of V and W and is denoted by V ® W. Its cosets are denoted by
VR wW.

Let o : VX W — V ® W denote the bilinear map (v,w) — v ® w. Then, whenever Z
is a vector space and [ : V x W — Z is a bilinear map, there exists a unique linear map
[:V®W — Z such that [ o @ = [. This is known as the universal mapping property. The
pair V ® W and ¢ are unique with this property in the sense that if Y is a vector space and
@V xW — Y is a bilinear map satisfying the universal mapping property, then there exists
an isomorphism o : V® W — Y such that aop = ¢.
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It can be proven that V ® W is canonically isomorphic to WV, V(W ®U) to (VW)U
and (V ® W)* to V* @ W*. Furthermore, because of the universal mapping property, the
bilinear map

V*x W — Hom(V, W), (f,w)(v) = f(v)-w

for each f € V* and w € W determines uniquely a linear map « : V* ® W — Hom(V, W)
which can be shown to be an isomorphism. As a consequence,

dimV @ W = (dim V) - (dim W).

Let {v; :i=1,...,n} and {w; : j = 1,...,m} be bases for V and W respectively. Then
{vi@w;:i=1,...,nand j=1,...,m} is a basis of V@ W.

Definition 2.1.2. The vector space V,. s of tensors of type (r,s) associated with V is the

vector space
Ve ). eV e Vie . eVt

and the direct sum

(V)= PV,

r,s>0

is called the tensor algebra of V', where V5o = R. The elements of T'(V') are called tensors.
The tensor algebra is a non-commutative, associative, graded algebra under the tensor prod-
uct: given u = u1®. . . QU QUI®. . .Qus € Vi and v = v1®...QV, RV ®...QV;, € Vi,
then, using (V*)* =V,

URV=UQ®...QU, AU ®..QV, QU ® ... R U, QU ®...QV;, € Vitrysitss-

Definition 2.1.3. Let us define the subalgebra of T'(V) given by C(V) = @, Vio. Let
I(V') be the two-sided ideal in C'(V') generated by the set of elements of the form v ® v for
v eV, and set

L(V)=1(V) N Vgp.

It follows that

(V) =@ ()
k=0

is a graded ideal in C(V'). The exterior algebra A(V') is the graded algebra C(V)/I(V). If
we set

ANV =Vio/ (V) (k>2), A(V)=R, A'(V)=V
then

A(V) = P AHV)

has an algebra structure under the exterior product, being the image of the tensor product
under the projection map = : T(V) — A(V). That is, a A f = 7(a ® (), and will also be
referred to as the wedge product.

Lemma 2.1.4. Let us show some of the main properties of the exterior algebra.
(i) If a € A*(V) and B € AY(V), then a A 8= (—1)MB A a € AFFH(V).
(i) If dimV = n, then dim A°(V) = 1, dim A*(V) = 1 and A¥(V) = {0} for k > n.

5
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(iii) The element corresponding to the multilinear map det : Vx ™). xV — R spans A"(V).
(iv) If vy, ..., v, is a basis for V, then {vy, A ... Awv;, i) <--- <i} is a basis for A¥(V).

(V) v1,...,0 € V are linearly dependent if and only if v; A ... A vy = 0. This is why
Grassmann called it "exterior": for the elements to be non-zero, each must be "exterior"
to the space spanned by the others.

Corollary 2.1.5. From (iv), dim A(V) = 2" and dim A*(V) = (}) = gty for 0 <k < m.

Definition 2.1.6. A multilinear map h: Vx .. xV — W is called an alternating map if
h(Vo(1ys - - -5 Vo(ry) = (580 0) - h(vy, ..., vp)

for all permutations on r letters o € S,. The vector space of alternating multilinear functions
Vx 7). xV — R is denoted by A”(V), and we set A°(V) = R.

As seen for the tensor product, we can also state the universal mapping property for the
exterior algebra. Let o : Vx B xV — A¥(V) be defined by (vi,...,v,) = v1 A ... A vy,
Then ¢ is an alternating multilinear map. To each alternating multilinear map into a vector

space h: Vx ®. xV — W, there corresponds uniquely a linear map h : A¥ (V) — W such
that the following diagram commutes.
AR(V)
) \\\\\\\\\FL
Vx..Pxv h 3w

In the special case in which W = R, the diagram above establishes a natural isomorphism
ARM(V) = AKV)

We shall now consider various dual pairings between the spaces V;.,, A*(V), A(V') and their
corresponding dual spaces built on the dual V* of V.

Definition 2.1.7. Let V and W be real finite dimensional vector spaces. A pairing of V
and W is a bilinear map (, ): V x W — R. A pairing is called non-singular if whenever
w # 0 in W, there exists an element v € V' such that (v, w) # 0, and whenever v # 0 in V,
there exists an element w € W such that (v,w) # 0.

Let V and W be non-singularly paired by (, ), and define ¢ : V- — W* by ¢(v)(w) = (v, w)
for v € V and w € W, which is clearly bijective. Similarly, there is a bijective map W — V*.
Therefore, V' and W have the same dimension and hence ¢ is an isomorphism of V' with W*.
Followingly, this idea will be applied to several spaces.

Definition 2.1.8 (A non-singular pairing of (V*),. ; with V; ;). This pairing is defined as the
bilinear map (V*),.s x V,. s — R which on the elements

V=01 ® ... QU QU1 Q... QUpis € (V) s

U= Q..U QU4 Q...0U,, €V,

yields (v*,u) = vi(u1) ... v} (ur4s). This pairing establishes an isomorphism

(Vs = (Ves)™
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The obvious extension of the universal mapping property shows that there is a natural iso-
morphism

(Veo)™ = My 5(V)
where M, (V') is the vector space of all multilinear functions
Vx XV x Vix 2 xV* = R.
And this yields (V*),, = M, (V).

Definition 2.1.9 (A non-singular pairing of A*(V*) with A*(V')). This pairing is defined as
the bilinear map A*(V*) x A*(V) — R which on the elements v* = vi A ... Avi € A¥(V*)
and u = u; A ... Auy € AR(V) yields

(0", ) = 7 det(vf (1))

This pairing establishes an isomorphism
AE(V*) 22 AR(V)*

which composed with the natural isomorphism found above yields
AF(V) = AR(V).

Since the dual space of a finite direct sum is canonically isomorphic to the direct sum of dual
spaces, we obtain isomorphisms

AV = DA (V) =PA(YV) = AWV)
k=0 k=0
and thus, we obtain and isomorphism
AV = A(V) = P AKV)
k=0

We shall make use of the identifications via the pairings showed without further comment.
Recall that A(V*) is an algebra under the wedge product. The pairing in Definition 2.1.9
establishes an isomorphism « : A(V*) — A(V)*. From this, we also obtain an algebra
structure A on A(V). If f € A¥(V) and g € AY(V), then this induced algebra structure takes
the form

1

(fAg) (i, oen) = = D (s9n m) F(rys s 0r(9) g (Vr(ht)s - -5 Vn(isny).

€Skt
Definition 2.1.10. An endomorphism ¢ : A(V) — A(V) is
(i) a derivation if Y(u Av) = (u) ANv+uAP(v) for u,v € A(V),
(ii) an anti-derwation if ¥(u Av) = ¥(u) Av+ (—1)*u A(v) for u € A*(V),v € A(V),
(iii) of degree m if v : A¥(V) — A*+™(V) for all k, assuming that A¥(V) = {0} if k < 0.

7
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2.2 The exterior derivative

Definition 2.2.1. Let M be a differentiable manifold. We define
(i) Trs(M) = Uper (TyM),s the tensor bundle of type (r,s) over M.
(i) AM) = U, er AT, M) the exterior algebra bundle over M.
(iii) A¥(M) = Uy enr AM(TxM) the exterior k-bundle over M.

The three bundles above have natural manifold structures such that the canonical projection
maps to M are C'°.

Definition 2.2.2. We call (smooth) tensor field of type (r,s) on M to a C°° mapping M —
T, s(M).

Definition 2.2.3. We call (differential) form on M to a C* mapping M — A(M). The set
of all differential forms on M is denoted by Q*(M).

Definition 2.2.4. We call (differential) k-form on M to a C°* mapping M — A*(M). The
set of all differential k-forms on M is denoted by QF(M).

From now on, unless needed for emphasis, we will drop the adjectives of "smooth" and
"differential". Note that an element w € Q¥(M), w : M — A¥(M), assigns to each point
p € M an alternating k-tensor w, € A¥(T,M). In particular, if U is an open subset of M,
then w € Q*(U) if w, € A¥(T,M) for all p € U.

Definition 2.2.5. A differential O0-form on M is a real valued function on M, that is,
Q%M) = C°°(M). This happens because A’(M) = M x R, and smooth liftings of M
into M x R are simply graphs of C* functions on M.

Forms can be added, given a product and multiplied by scalars. This allows us to state the
following properties.

Definition 2.2.6. The wedge product extends pointwise to differential forms on a manifold.
If w e QF(M) and n € Q(M), then w An € QF(M) such that

(WAN)y=wpAnp
at all p e M.

Despite being defined on the exterior algebra, this latter property allows us to speak directly
of the wedge product of differential forms.

Definition 2.2.7. The wedge product of a O-form f € C*°(M) and a k-form w € Q¥(M) is
defined as the k-form fw where

(WA flp=(fAw), = f(p) wp.

Remark 2.2.8. A map a : M — T, (M) is a smooth tensor field of type (r,s) if and only
if for each coordinate system (U, x1,...,z,) on M,

0 0
04|U=Z% ..... i3 js%il@)”'@axir®d%®”'®d%’

where a;, i, € C®(U). Recall that we are skipping the classical tensor notation of
lower and upper indices.
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Remark 2.2.9. A map w : M — A¥(M) is a differential k-form if and only if for each
coordinate system (U, z1,...,z,) on M,

where b;, ;. € C®(U). In general, we will omit this cumbersome notation and disregard the

-----

summation.

Since A'(TyM) = Ty M, we can refer to Definition A.19 and observe that df, € A'(T;M).
This makes the differential of a smooth function on M (a 0-form) into a 1-form, df : M —
AY(M). The differential of a function is also known as the exterior derivative of the 0-form
f, an operator that extends to Q*(M) as described below.

Definition 2.2.10. The R-linear map dy : Q¥(U) — Q*1(U) defined as
dyw = Z db;, ..o Ndxiy Ao N dx,,

is called the ezterior derivative of w on U.

Let p € U, then dyw is independent of the chart. Since

one can see that applying twice we get

diw = Z Z 8:6:163;; de; Ndxj Ndzi A--- Adx;,

1, 11<-<ip

; 0?b;, ..
PARER™ 11Uk dr: A dx: N dr: - Adzx, =0.
Z Z (0$ 0r;  Ox;0z; ) T A g N A A dy =0

1<g 11<-<ip

Definition 2.2.11 (Exterior derivative). The exterior derivative of a differential k-form is
the unique linear operator

d: QF(M) — Q" (M)
such that for £ > 0 and w € QF(M) we have (dw)|,= (dyw), for all p € M, and that satisfies
the following properties for w € QF(M) and n € Q'(M):

(i) dis an anti-derivation. That is,

dwAn) =dwAn+ (=1)FwAdn.

(ii) dod = 0.
Let ¢ : M — N be a smooth map and p € M. As shown in Appendix A, we can consider the
pushforward v, : T,M — Ty, N as well as its dual " : Tzz(p)N — Ty M. The latter induces

a bundle homomorphism ¢* : A(N) — A(M) which can be extended to act on differential
forms. If w is a form on N, it can be pulled back to a form on M by setting

(W)= ¥ (@lo)-

We will no longer make any difference between ¢* and 1@* This feature, called the pullback
of a k-form, actually makes a big difference between differential forms and vectors. While
forms can be pulled back under a smooth mapping from its range to its domain, vector fields
do not display such pleasing behaviour.
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Proposition 2.2.12. Let ¢y : M — N and ¢ : N — L be smooth maps, then the pullback
of the composition yields (¢ o 9)* = 1* o ¢* such that the following diagram commutes.

QF(L) —L QF(N)

(¢Om

Proposition 2.2.13. Let ¢ : M — N be a smooth map. If w and n are differential forms
on N, such that w and n have the same order, then

¥
(0

1. (preservation of the vector space structure) *(aw + bn) = a(¢*w) + b(yp*n) for all
a,b e R.

2. (preservation of the wedge product) ¥*(w A n) = ¢ w A p*n.

3. (commutation with the differential) *(dw) = d(¢*w), i.e., the following diagram com-
mutes:

QF(N) —L QFFL(N)

w*l lw*

Qk(M) T> Qk'H(M)

Remark 2.2.14. The pullback of the identity map is an identity map. That is,

Example 2.2.15. On R?, Q%R?) and Q3(R®) are both 1-dimensional, while Q'(R?) and
Q?(R3) are both free of rank three over the algebra of C*-functions, so the following identi-
fications are possible

{functions} -~ {0-forms} - {3-forms}

I« > f < y fde Ndy ANdz
and
vector o &
{ fields b {1-forms} o {2-forms}
_ fidx + fo dy fi dy Adz — fo do A dz
X = (f17f27f3) — +f3 d> — +f3 dlE/\dy

On 1-forms we have

d(fi de+ fo dy + f3 dz) = Ofs _ 0/ dy N dz
dy 0z
ofi  0fs f2  Ofi
(82 8x)dx/\dz+<8m 6y>dx/\dy.

10
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On 2-forms,

%_'_an —l—%)dx/\dy/\dz.

A(fady N dz = fada A dz + foda A dy) = (ax oy o

In summary, d(0-forms) = gradient, d(1-forms) = curl and d(2-forms) = divergence. This
shows that the exterior derivative is the ultimate abstract extension of vector calculus on R3.
In its action on differential forms, we will see that it has the remarkable ability to connect the
differential geometry tools described so far with the topological properties of the manifold.

In any course on algebraic topology, one learns how homology arises as an algebraic invariant
within topological spaces. Cohomology, often defined as the dualization of homology, plays a
similar role. However, being a contravariant theory, it has better properties than homology.

2.3 Singular cohomology

Singular cohomology is the contravariant version of singular homology. To introduce it, we
will briefly review the latter, omitting many of the proofs typically covered in an introductory
course on algebraic topology.

Definition 2.3.1. For each k > 1, the standard k-simplex in R* is defined to be

k
Ak:{(al,...,ak)eRk:Zaigl, aiZO}.

i=1

and for k = 0 we set A° = {0}. Now, let M be a smooth manifold. A differentiable singular
k-simplex o in U C M is a map A*¥ — U which extends to a C°> map of a neighbourhood of
AF into U. We let Sy.(U) denote the free abelian group generated by the singular k-simplices
in U. Its elements are called smooth singular k-chains with real coefficients.

For each k > 0, we define the collection of maps g~ : AF — A*! for 0 < i < k+1 as follows.
For k =0, ¢3(0) =1 and ¢?(0) = 0, and for k > 1,
(1—2?:1(1‘7,@1,...,@]@) 1=0
g (ay, ... a)(=

(al,...,ai,l,(),a,-,...,ak) 1§Z§k—|—1

Definition 2.3.2. We define the i-th face of a differentiable singular k-simplex o to be the
(k — 1)-simplex 0 = 0 0 ¢! and the boundary of o to be the (k — 1)-chain

%

k

A quick calculation shows that gf“ o gf = gfjfll ogFfor k>0 andi < j. It follows that

000 =0.
The boundary operator then induces linear transformations for all k£ > 1:

11



2.4 De Rham cohomology Cohomology and the de Rham theorem

We can set U = M. The elements of ker(0 : Sp(M) — Sip_1(M)) are called differential
k-cycles, the elements of im(0 : Sy11(M) — Sp(M)) are called differential k-boundaries and
their quotient space is called the k-th differential singular homology group of M with real
coefficients, denoted by

~ ker(0: Sp(M) — Si_1(M))

Hi™(M) = im(0 : Sp1(M) — Sp(M))

Let S*(U,R) denote the R-module of homomorphisms Hom(Sy,(U), R). Elements of S*(U, R)
are called smooth singular k-cochains on U and are functions which assign to each singular
k-simplex in U an element of R. The R-module operations are defined by

(AN)0) = A(f(0),  (f+9)(o) = f(o) +g(o), VfgeS(UR)NER,

and extend into homomorphisms of Si(U) by linearity. Furthermore, the coboundary homo-
morphism is defined for all £ > 0 by

§: S*(UR) = S*YUR), §f(o) = f(00)

for f € S*(U,R) and o € S;1(U). It follows that § o § = 0, and therefore it makes sense to
talk about singular cohomology:

ker(3 : S¥(M,R) — S¥1(M,R))

H; im(6 : S*L(M,R) — S¥(M, R))

sing

(M>R>:

where, as one could imagine, the elements of ker(§ : S*(M,R) — S*¥*1(M,R)) are called
k-cocycles and the elements of im(§ : S*=1(M,R) — S*(M,R)) are called k-coboundaries.
In all definitions regarding singular cohomology, one could replace R with a general field K,
and the results would hold at a more general level. However, for our purposes, we restrict
ourselves to the case of real coefficients.

Remark 2.3.3. Singular (co)homology is typically defined on any topological space by taking
continuous chains (cochains). On a smooth manifold, the resulting modules are isomorphic
to those defined above.

2.4 De Rham cohomology

Let us reopen the toolbox of differential geometry on manifolds. Recall that the exterior
derivative is a local operator; as shown in [14], this follows from its property of being an
antiderivation. This means that for all k¥ > 0, whenever a k-form w € Q*(M) is such that
wp =0forallp e U C M, then dw = 0 on U. Equivalently, for all £ > 0, if two k-forms
w,n € QF(M) agree on an open subset U, then dw = dn on U,

Definition 2.4.1. A differential k-form w € Q¥(M), k > 0, is said to be closed if dw = 0.
The set of closed differential k-forms on M is denoted by Z¥(M).

Definition 2.4.2. A differential k-form w € QF(M), k > 0, is said to be ezact if w = dn for
some 1 € QF"1(M). The set of exact differential k-forms on M is denoted by B*(M).

Recall that the sum of two closed (exact) k-forms is also a closed (exact) k-form, and so is
its product by a scalar. Since d? = 0, one can see that every exact form is closed.

12



2.4 De Rham cohomology Cohomology and the de Rham theorem

Proposition 2.4.3. Let ¢ : M — N be a smooth map of manifolds. Then the pullback map
1* sends closed forms to closed forms and exact forms to exact forms.

Proof. Since the pullback commutes with d, then d(¢*(w)) = *(dw) = 0 and ©*(w) is closed.
Now, if w = dn is exact, then *(w) = *(dn) = d(¢*(n)), meaning 1*(w) is exact. O

Definition 2.4.4. We define a cochain complex of modules to be a sequence of modules
C° C',C?... and homomorphisms f*: C*¥ — C**! such that f**' o f*¥ = 0.

It can be seen that the exterior derivative, along with the modules of differential k-forms,
forms a cochain complex known as the de Rham complex:

0— C®(M) -5 Q' (M) L A(M) -5 .- QP (M) =0
Definition 2.4.5. The k-th de Rham cohomology group of M is the quotient

ZE(M)  ker(d : QF(M) — QF1(M))
BFM) — im(d: Q51 — QM)

H§R<M) =

Hence, the de Rham cohomology of a smooth manifold measures the extent to which closed
forms fail to be exact. It is clear that the exterior derivative d : QF(M) — QFF (M) induces
amap d: H,(M) — HYP (M) by sending [w] — [dw].

Proposition 2.4.6. We define the wedge product of cohomology classes represented by w €
QF(M) and n € QY(M) by
(W] A 0] = [wAn) € Hi'(M).

One can see that the wedge product of two closed forms is a closed form, and that the result
of the previous proposition does not depend on representatives.

Proposition 2.4.7. If a smooth manifolds M has m connected components, then its de
Rham cohomology in degree zero is Hin(M) = R™.

Proof. Since there are no non-zero exact 0-forms, we have H),(M) = Z°(M). Suppose that
f e C>®(M) is a closed 0-form on M. Because of Remark A.21 (ii), we have

df = Z%d:@ =0
i=1 t

and this happens if and only if for all i we have df/0x; = 0 in U. That means that f is
locally constant in U. Such a function must be constant in each connected component of M,
and hence can be specified by a set of m real numbers. O]

Proposition 2.4.8. In a smooth n-manifold M, H,(M) = 0 for each k > n.

Proof. At any point p, the tangent space T),M is a vector space of dimension n. If w € QF(M),
then w, € A*(T*M), and because of Lemma 2.1.4(ii), A¥(T*M) = {0} for k > n. O

Definition 2.4.9. Let ¢ : M — N be a smooth map of manifolds. Its pullback ¢* induces
a linear map of quotient spaces called the pullback map in cohomology,

V7 L Hyp(N) = Hip(M), (W] = [P (w)]

13



2.5 Integration and the de Rham theorem Cohomology and the de Rham theorem

Remark 2.4.10. From Proposition 2.2.12 and Remark 2.2.14 it follows that
(i) The identity map idy; induces an identity map id%, : H¥. (M) — HY.(M).
(i) Let v»: M — N and ¢ : N — L be smooth maps, then (¢ o 1))# = ¢# o ¢7.

Theorem 2.4.11. Let U be the unit ball in Euclidean space R™. For each k£ > 1 there is a
linear transformation hy, : Q*(U) — QF~1(U) such that

hk+1 od+do hk = lko(U)

This result is essential for proving the homotopy invariance of cohomology. Specifically, if
two manifolds M and N are smoothly homotopy equivalent, their k-th cohomology groups
are isomorphic for all £. This also plays a crucial role in the proof of the following lemma.

Lemma 2.4.12. [Poincaré lemma in Euclidean spaces| Let U be a star-convex open set in
R™. For k > 1, every closed k-form in U is exact. Therefore, H5,(R") = 0 for each k > 1.

Proposition 2.4.13. Let ¢» : M — N be a diffeomorphism of manifolds. Then the pullback
map in cohomology ¢# : H%,(N) — H¥,(M) is an isomorphism.

Lemma 2.4.14. [Poincaré lemma on manifolds| Let M be a smooth n-manifold. Then for
all p € M there exists an open neighbourhood U such that every closed k-form on U is exact
for k > 1.

Proof. Let (U, ) be a coordinate system on a smooth n-manifold M such that p € U. We
know that the coordinate map ¢ : U — ¢(U) C R" is a diffeomorphism. We choose U such
that ¢(U) is an open ball in R™. The Poincaré lemma in Euclidean spaces tells us that every
closed k-form on ¢(U) is exact for k > 1, meaning that H%,(o(U)) = 0 for k > 1. Now,
Proposition 2.4.12 ensures that H5,(U) = 0 for k > 1, concluding the proof. O

For more complex manifolds, there are various strategies to compute their de Rham cohomol-
ogy, including the Mayer-Vietoris technique. All of these methods are thoroughly explained
and developed in [2].

2.5 Integration and the de Rham theorem

Definition 2.5.1. Due to Lemma 2.1.4 (ii), A™(V') is one-dimensional for any n-dimensional
vector space V, and therefore A"(V) — {0} has two disjoint connected components. An
ortentation is a choice of one of these components. A manifold M is said to be orientable if
there is a consistent choice of orientation for T)M at each point p € M.

Definition 2.5.2. Let us define

0= J{0, e AT M)}

peEM

Since each A™(TyM) — {0,} has two connected components, the previous definition states
that M is orientable if A"(M) — O has two components. A non-connected manifold is said
to be orientable if each component is orientable.

14



2.5 Integration and the de Rham theorem Cohomology and the de Rham theorem

Definition 2.5.3. Let M be oriented and vy, . .., v, a basis of T, M with dual basis v], ..., v},

7n‘

The former is said to be a (ordered) oriented baszs it v7 A ... A v} belongs to the orientation.

Definition 2.5.4. Let v : M — N be a differentiable map between orientable n-manifolds.
It is said to be orientation preserving if the induced map * : A"(N) — A"(M) maps the
component of A"(N)—0O’ determining the orientation on N into the component of A™(M)—O
determining the orientation on M.

Proposition 2.5.5. Let M be a differentiable n-manifold. Then the following are equivalent:
(i) M is orientable.

(ii) There is a collection ® = {(V,¢)} of coordinate systems on M such that M =
U(V’@)@ V and det <g—;> > 0 on UyNUy, whenever (Uy, 1, ..., x,), (Us,y1,...,yn) € .

(iii) There is a nowhere vanishing n-form on M.

Definition 2.5.6. Let ¢ be a diffeomorphism of a bounded open set D in R with a bounded
open set (D) C R™. Let Ji denote the determinant of the Jacobian matrix of v:

B O
Jib = det <8Tj)

Let f be a bounded continuous function on ¢(D) and A a subset of D. Then

/ = [ 10wl

Definition 2.5.7. Let the standard orientation of R"™ be determined by the n-form dr; A
.. ANdr, and w be an n-form on an open set D C R™. Then there is a uniquely determined
function f on D such that w = fdry A ... Adr,. If A C D, the integration of the n-form w

/ B /
A A

and the previous change of variable formula can be re-stated as

Aww:iAWW)

where + expresses the preservation of orientation.

Definition 2.5.8. Since a 0-form is just a function, the integral of a O-form w over the 0-
simplex o is just w(o(0)). For k > 0, the k-form w can be pulled back via o to a k-form o*(w)
on a neighbourhood of A¥. In this case, the integral of the k-form w over the k-simplex o is

/w:/O'w
o Ak

and extends linearly to k-chains. We shall present two versions of Stokes’ theorem, for the
proofs of which we refer to [19, p. 144-148].
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2.5 Integration and the de Rham theorem Cohomology and the de Rham theorem

Theorem 2.5.9 (Stokes’ theorem I). Let ¢ be a k-chain, (k > 1), in a differentiable manifold
M, and let w be a smooth (k — 1)-form defined on a neighbourhood of the image of ¢. Then

/w:/dw.
dc c

Example 2.5.10. Let M be the unit circle S'. Since there are no non-zero k-forms for
k > dim(S') = 1, it follows that for & > 1, we have H¥(S') = 0. Additionally, because
there are no exact O-forms and a closed 0-form on a connected manifold is just a constant
function, we have HJ5(S') = R.

Although the polar coordinate function 6 is not globally defined on S, its differential df is
a globally defined, nowhere vanishing 1-form. It is not exact, because if it were, its integral
over S would be 0 instead of 2. Since H3,(S') = 0, all 1-forms on S are closed. We claim
that if o is a 1-form on S!, then there is a constant ¢ such that o — ¢ - df is exact. Recall
that all 1-forms sin S* are f(0)df, 6 € (0,27). For a = f(#)df, we define

1

C= — Q,
2 g1

4(0) = / (f(6) — ).

g is a well-defined function on S, and dg = (f() — ¢)df = a — cdf. Therefore, every 1-form
on S! differs from a real multiple of df by an exact form. This yields

Hjp(S') = R.

Definition 2.5.11. Let M be now an oriented n-manifold. A subset D C M is said to be a
regular domain if for each p € M, one of the following holds:

(i) There is an open neighbourhood of p contained in M\ D.
(ii) There is an open neighbourhood of p contained in D.

(iii) There is a centered coordinate system (U, ¢) about p such that ¢(UND) = o(U)NH",
where H" is the half-space of R" defined by r,, > 0.

A second version of the Stokes’ theorem enables us to integrate (n — 1)-forms with compact
support over regular domains.

Theorem 2.5.12 (Stokes’ theorem II). Let D be a regular domain in an oriented n-manifold
M and w € Q" Y(M) with compact support. Then

/dw::I:/ w
D aD

where the sign corresponds to the choice of orientation of 9D.

Corollary 2.5.13. Let w be a smooth (n — 1)-form on a compact oriented n-manifold M.

Since 0D = &, then
/ dw = 0.
M
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2.5 Integration and the de Rham theorem Cohomology and the de Rham theorem

We have seen that on a smooth manifold M, a smooth k-form can be integrated over a
continuous k-chain to yield a real number. Thus,

/w:Sk(M)%R, at—)/w
0 o

is a k-cochain on M. Because of Theorem 2.5.9, the map

U QM (M) — S*(M,R), wr—>/

U(dw) /dw-/w-&/w-&
a0)

where we have used that §f(c) = f(do) for f € S*(M,R) and o € Siy1(M). This relation-
ship between the exterior derivative in forms and the coboundary operator in cochains shows
that the image of a closed k-form is a k-cocycle, since if w € Q¥(M) such that dw = 0, then

satisfies

(U (w)) = U(dw) = W(0) = 0.

Moreover, one can also check that the image of an exact k-form is a k-coboundary. If
w € QF(M) such that w = dn for some n € Q¥~1(M), then

Rl K AL
0 0 () 0

This implies that the homomorphism ¥ induces a well-defined map between the respective
cohomology groups. Moreover, de Rham theorem takes this even further by asserting the
strength of this map.

Theorem 2.5.14 (de Rham Theorem). The induced map

b Hi(00) - HEOLR), W] | /0 ‘|

in cohomology is an isomorphism.

Let us gain some intuition about this result. We know that homology essentially counts the
number of k-cycles that fail to be k-boundaries. De Rham cohomology, on the other hand,
can be thought of as the failure of local solutions to glue together into a global solution.
Indeed, since we are dealing with a manifold, any closed form w is "locally trivial" in the
sense that the manifold can be covered by contractible charts, and over each of these charts,
a solution to da = w exists, as guaranteed by the Poincaré lemma. The cohomology class [w]
measures the obstruction to the existence of a global solution to this equation.

The de Rham theorem connects these two ideas by telling us that the dualization of the first
is equivalent to the second. There are various proofs of this theorem, some of which are
framed within topology itself, as developed in [4]. However, for us, this provides the perfect
opportunity to dive into the world of sheaf theory, which we will explore in detail in the next
chapter.
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Chapter 3

Sheaf theory

"Think about it like the mathematical
object is a plot of land and a sheaf is
like a garden on top of it."

Mark Agrios

Sheaf theory is a fundamental tool in both algebraic topology and algebraic geometry. Its
strength lies in its ability to connect local information with the global behaviour of a space.
As one might expect, this feature is especially useful for manifolds, since they are locally
Euclidean. This allows us to tackle problems locally using familiar tools from analysis, and
then "glue" these local solutions together to uncover global invariants, which will take shape
through the introduction of sheaf cohomology.

This approach will enable us to present a particularly elegant—though not unique—proof of
the de Rham theorem. The results outlined in this chapter are derived under the assumption
that the manifold M is Hausdorff and paracompact. Generally, K will be a principal ideal
domain; when K is Z, the K-modules will be abelian groups, and when K is R, the K-modules
will be real vector spaces. We will mainly follow [3], [18], [20] and [21].

3.1 Presheaves and sheaves

Definition 3.1.1. A presheaf F of K-modules on M is a contravariant functor from the
category of open sets and inclusions to the category of K-modules and homomorphisms of
K-modules. That is, it assigns to every open set U C M a K-module F(U) and to every
inclusion of open sets i), : V — U a K-module homomorphism F(i};) := pY : F(U) — F(V)
called the restriction from U to V', satisfying that pfj = idz) for all U C M and pyj,0p¥ = pf,
fwcVcUcM.

The elements of each K-module F(U), also denoted by I'(U, F), are called sections of F over
U. When U = M, we refer to elements of F (M) as global sections of F.

Definition 3.1.2. Let F be G be presheaves on M, a morphism of presheaves f : F — G is

18



3.1 Presheaves and sheaves Sheaf theory

a collection of homomorphisms { fy : F(U) — G(U)} such that the diagram commutes.

F(U) ——— 6{U)
F(iY) l (PY)'=G(iY
FV) ———— 6(V)

If for all U C M, fy are isomorphisms, then f is an isomorphism of presheaves.

Example 3.1.3. The functor that assigns to every open set U C M the R-module C*>°(U)
and to every inclusion of open sets the usual restriction of C'™° functions is a presheaf.

In Appendix A we define germs of functions, which encode their local behaviour. The corre-
sponding notion for a presheaf is the stalk of the presheaf at a point.

Definition 3.1.4. A directed set is a set I with a binary relation < satisfying reflexivity,
transitivity and the existence of an upper bound.

Definition 3.1.5. A directed system of K-modules is a collection of K-modules {G;};cr
indexed by a directed set I and a collection of morphisms f; : G, — G} indexed by pairs
a,b € I such that f¢ =idg, and f2@ = fPo fifora <b<cin I.

We introduce an equivalence relation ~ on G' = | |, G; for which g, € G, and g, € Gy, are

equivalent if there exists an upper bound ¢ of a and b such that f%(g,) = f(g) in G.. We

call direct limit of the direct system, denoted by liml G, to the quotient of the disjoint union
—E

G by the equivalence relation ~.

Definition 3.1.6. Given p € M, the set of all neighbourhoods of p with reverse inclusion
form a directed set. Thus, if F is a presheaf of K-modules, {F(U)}ys,, where U ranges over
all open neighbourhoods of p, is a directed system of K-modules and its direct limit

F, = lim F(U)

—pelU
is called the stalk of F at p. An element of F,, is called a germ of sections at p.

It is easy to check that a morphism of presheaves of K-modules on M, f : F — G, induces a
morphism of stalks f, : 7, — G, by sending the germ at p of a section s € F(U) to the germ
at p of the section f(s) € G(U).

The stalk of a presheaf embodies in it the local character of the presheaf about the point.
However, there are no clear instructions on how the stalks of a presheaf extend to global
sections. A sheaf is a presheaf with two additional properties that establish a connection
between its local and global behaviour.

Definition 3.1.7. A sheaf S of K-modules on M is a presheaf satisfying the following
conditions for any open set U C M and any open cover {U;} of U.

(i) (Locality) If s,t € S(U) are sections such that s|y,= t|y, for all i, then s = ¢.

(ii) (Gluing) If {s; € S(U;)} is a collection of sections such that s;
i, 7, then there is a section s € S(U) such that s|y,= s; for each i.

= Sjlu,nu; for all
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Example 3.1.8. The functor associating to every open set U the K-module of constant real-
valued functions on U and to every inclusion the restriction of functions is a presheaf which
satisfies the locality axiom, but not the gluing one. Indeed, if U; and U, are disjoint open
sets in M and s; € F(U;) and so € F(Us) have different values, then there is no constant
function s on U; U U, that restricts to sy in Uy and to sq in Us.

Example 3.1.9. The functor associating to every open set U the R-module of locally con-
stant real-valued functions on U and to every inclusion the restriction of functions is a presheaf
which is also a sheaf. If GG is a R-module, the sheaf of locally constant functions with values
in G is called the constant sheaf with values in G.

Example 3.1.10. The presheaf QF on M that assigns to each open set U the R-module of
differential k-forms on U is a sheaf. Equivalently we can define the sheaf of differential forms

Q* on M assigning to each U the R-module of differential forms on U. They respectively assign
to the inclusion i : U — V the restrictions ry, : Q%(V) — QF(U) and r, : Q*(V) — Q*(U).

3.2 The sheafification functor

Let us now refer to |7] to introduce the following tool. Associated to a presheaf F on a
manifold M there is another topological space £ called étalé space of F. As a set, this is
just the disjoint union of all the stalks of F, that is,

&r= || 7

peEM

and we also define a projection map
m: & — M, Fp = p.

Definition 3.2.1. A section of the étalé space Ex over U C M is a map t : U — E7 such
that m ot = idy. Recall that for U C M, s € F(U) and s, € F, being the germ of s at p,
then the element s € F(U) defines a section of the étalé space over U by

5:U—&r, prrsy,€Fp

The collection {$(U) : U C M open,s € F} satisfies the conditions to be a basis for a
topology on £, making £ into a topological space which is locally homeomorphic to M.
Let F be the presheaf that associates to each open subset U C M the module of continuous
sections of Ex over U, denoted by I'(U,Ex). Under pointwise addition of sections, this is
easily seen to be a sheaf called the sheafification or the associated sheaf of the presheaf F.
There is an obvious presheaf morphism 6 : 7 — F sending a section s € F (U) to the section
se FU).

Example 3.2.2. Let us now bring together Examples 3.1.8 and 3.1.9. The first presheaf
associated to each open subset U C M the module of constant real-values functions. At each
point p € M, the stalk F, is R. The étalé space is thus M x R with the product topology of
the given topology on M and the discrete topology on R. The sheafification F is the sheaf
of locally constant real-valued functions, thus, the latter example.
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One can observe that if § is already a sheaf, then the sheaf of sections of the associated
space Es is isomorphic to the original sheaf, S = S. In that case, we will not distinguish
between the notations S(U) and I'(U, Es). This is precisely what occurs with the sheaf of
differentiable forms.

Definition 3.2.3. A sheaf morphism ¢ : & — 7T is by definition a morphism of presheaves.
The presheaf kernel, U — ker(py : S(U) — T (U)) is a sheaf called kernel of ¢ and denoted
ker p. However, the presheaf image, U — im(¢y : S(U) — T (U)), is not always a sheaf. The
image of ¢, denoted imep, is then the sheaf associated to the presheaf image of . The sheaf
morphism is said to be injective if ker o = 0 and surjective if imp = T.

Definition 3.2.4. A sheaf S over M is a subsheaf of the sheaf T if for every open set U C M,
S(U) is a K-submodule of 7 (U) and the inclusion i : S — T is a presheaf morphism. In
that case, the quotient sheaf is the sheaf associated to the presheaf U — T(U)/S(U).

3.3 Resolutions of sheaves

Definition 3.3.1. If A, B and C are sheaves of K-modules over M and A % B M Cisa
sequence of sheaf morphisms, then it is ezact at B if, for each p, the induced sequence on
stalks
Ip hy
A, = B, = C,

is exact. That is, for each p € M, ker(h,) = im(g,). A short exact sequence is a sequence

0= A% B2 ¢ — 0 which is exact at A, B and C where 0 denotes the (constant) zero
sheaf.

Thus, exactness is a local property. However, even if local exactness holds (that is, exactness
of the sequence of stalks at each point), the associated presheaf-level sequence

0—-TUA —-T'(UB)—TUC)—0

for each open set U C M might not be exact. Consequently, globally exact sequences may fail
to be constructed. We have already seen that such obstructions are measured by cohomology.
Now, using sheaf theory, we will develop similar tools to study these impediments.

Example 3.3.2. Let A be a subsheaf of 5. Then
05 ASBLB/A—0
is exact where 7 is the natural inclusion and ¢ the natural quotient mapping.

Definition 3.3.3. A graded sheaf is a family of sheaves indexed by integers. A sequence of
sheaves is a graded sheaf S* = {S;};cz connected by sheaf mappings

Pi—1 i Pi+1 Pit+2
—)SZL>8Z+1—+>SZ+Q—+>

Definition 3.3.4. A differential sheaf is a sequence of sheaves such that the composition of
two consecutive maps is zero. That is, for each ¢ € Z, ;11 0 p; = 0.

21
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Definition 3.3.5. A resolution of a sheaf S is an exact sequence of sheaves of the form
0=8 =8 258 5828
denoted by 0 - S — S,.

Example 3.3.6. Let M be a differential n-manifold and Q* the sheaf of real-valued dif-
ferential k-forms on M. There is a resolution of the constant sheaf with values in R given
by

0—R-5Q Lo 4 Lo g
where i is the inclusion and d is the exterior derivative. Since d? = 0 it is clear that it is a
differential sheaf. Because of Poincaré lemma (2.4.14), if U C R" is a star-shaped domain
and f € QF(U) such that df = 0, then f is exact. Therefore, since we can find representatives
in local coordinates in star-shaped domains, the induced mapping d, on stalks at p € M is
exact. The exactness of the first term follows from the fact that if f € Q°(M) and df = 0,
then f is locally constant. We denote the resolution by 0 — R — Q*.

It is of vital importance to observe here that if we disregard the constant sheaf R and
take global sections of the previous resolution, we obtain precisely the de Rham complex.
Therefore, it becomes evident that the study of the defect in the exactness of the global
section sequence induced by the resolution just presented is of particular interest to us.

Example 3.3.7. Let M be a differential n-manifold, and let S*(U,R) represent the vector
space of differential singular cochains on U with coefficients in R. Denote the coboundary
operator by § : S¥(U,R) — S¥*1(U,R), and let S*(R) be the sheaf on M generated by the
presheaf U — S*(U,R), equipped with the induced differential map §. If U is the unit ball
in Euclidean space, then the sequence

.= SMYUR) S SHU,R) > SHYU,R) S

is exact since ker d/imd is the classical singular cohomology, which is well-known to be zero
for k > 0. Furthermore, since ker(§ : S°(U,R) — SY(U,R)) = R, we have the following
resolution by differential cochains with coefficients in R:

0—R-5 SR -5 SR -5 .. -5 S(R) — ...
which we abbreviate by 0 — R — S*(R).

As before, if we omit the constant sheaf R and take global sections, we obtain the complex
of smooth singular cochains. Recall that the homomorphism introduced at the end of the
previous chapter induces a natural homomorphism of differential sheaves, ¥ : Q* — S*(R),
defined by integration over chains:

Uy QY (U) - S*(U,R), Uy (w)(e) = /w,
which at its turn induces a homomorphism of resolutions:
: b s 4, 4 yon 2 4
o o
y R —— SOR) —2— SY(R) —— % 5 S"(R) —— 0
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As seen before, Stokes’ theorem ensures that the mapping ¥ commutes with the differentials,
making the diagram commutative. We will now see how resolutions can be used to represent
the cohomology groups of a manifold.

3.4 Sheaf cohomology

Since all sheaves are presheaves, we will denote them by F and save S for a special type
of sheaves. Given a sheaf F, there is a natural functor I' of global sections, which to F
associates I'(M, F) = F(M). This functor has values in the category of K-modules. As
we have anticipated earlier, it is left-exact but not right-exact, i.e. a surjective morphism
¢ : F — G of sheaves does not necessarily induce a surjective morphism at the level of global
sections. Sheaf cohomology is a theory which is used to compute and understand this defect
in exactness of induced sequences of global sections via the use of invariants, namely the
images under the functor HP(M, ), of the sheaves ker ¢, F and G. We need to introduce a
class of sheaves for which the inexactness of global section sequences is solved.

Definition 3.4.1. Let F be a sheaf on M and S be a closed subset of M. Let I'(S, F) =
F(S) := lim F(U) where the direct limit runs over all open sets U containing S.
U>

Definition 3.4.2. A sheaf F over M is soft if for any closed subset S C M, the restriction
F(M) — F(S) is surjective. That is, any section of F over S can be extended to a global
section.

Remark 3.4.3. If we were to drop the paracompactness assumption, it would be necessary
to use flabby sheaves instead of soft sheaves. A sheaf S is said to be flabby if the restriction
map S(M) — S(U) is surjective for every open subset U C M. Moreover, it can be proven
that every flabby sheaf is also soft.

Theorem 3.4.4. If A is a soft sheaf and

05 ASBLCcS0

is a short exact sequence of sheaves, then the following induced sequence of global sections,
0— T'(M,A) % T(M,B) 2 T(M,C) =0,

is also exact. For the proof, we refer to [21, p. 52|, from which we also deduce the following
results.

Corollary 3.4.5. If A and B are soft sheaves, and 0 -+ A — B — C — 0 is exact, then C is
a soft sheaf.

Corollary 3.4.6. If 0 - Sg — & — S — ... is an exact sequence of soft sheaves, then the
induced sequence of global sections is also exact.

Proof. Let K; = ker(S; — S;41). By definition, the short sequence below is exact:

0—>’Cz—>SZHKJZ+1HO
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Since Ky = 0, the previous sequence for i = 0 yields Ky = &y. Since S is soft, Theorem 3.4.4
ensures that the following is a short exact sequence:

0—T(M,K) —T(M,S) —T(MK) —0

On the other hand, since Ky and &; are soft, the first short exact sequence together with
Corollary 3.4.5 yield that Ky is also a soft sheaf. This argument holds recursively, and one
deduces that K; is soft for all 7. We then obtain short exact sequences

We can use them to patch together the following sequence:

00— T(M,S)) T'(M,S))

Ma ICl) M7 ICQ)
/ \ / \ 0
resulting in the desired long exact sequence. This process of combining short exact sequences

will be used in some upcoming proof.

]

Definition 3.4.7. A sheaf F on M is fine if for each locally finite open cover {U;} of M
there exists, for each 4, an endomorphism [; of F such that supp ; C U; and >, [; = id.

We will proceed as follows. Note that one same sheaf can admit different resolutions (as in
Examples 3.3.6 and 3.3.7). Next, for a given sheaf, we will construct a canonical resolution.
Since the examples mentioned are resolutions of the same constant sheaf R, we will relate the
defects in the exactness of the global section sequences induced by each of the example reso-
lutions to the defect in the exactness of the global section sequence induced by the canonical
resolution.

First, then, let us construct the well-known Godement resolution. Given a sheaf S, recall the
construction of the space €. Let C°(S) denote the presheaf defined by

C'S)={f:U—Es:mof=idy}.

This presheaf is actually a soft sheaf, referred to as the sheaf of discontinuous sections of S
over M (as opposed to the sections, which were defined to be continuous). Consequently,
there is an evident injection

0— S —C%S)
And thus we can consider the quotient sheaf F1(S) = C°(S)/S and define C}(S) = C°(F*(S)).

By induction, we define
FU(S) =CHS)/FHS), C'(S) = C*(F(S))
We now have the following short exact sequences of sheaves

0—S—C%8) — FY(S) —0
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0 — Fi(S) — CY(S) — F(S) — 0

By splicing them together similarly to the proof of Corollary 3.4.6, we obtain the following
long exact sequence called the Godement canonical resolution of S

0— S —C%S) —C'S) — C*S) — ...

abbreviated by 0 — § — C*(S). We can now give a definition of cohomology groups of
a space with coefficients in a given sheaf. By taking global sections to the previous long
sequence, we obtain

0 —I'(M,S) — I'(M,C°S)) — I'(M,C*(S)) — I'(M,C*(S)) — ...

Recall that, for the construction of quotients, this sequence forms a cochain complex of
modules, meaning that the composition of two consecutive maps is zero. Moreover, it is
exact at I'(M,C%(S)) and remains exact everywhere if S is soft, due to Corollary 3.4.6. Let
C*(M,S) = I'(M,C*(S)) and we can rewrite the previous sequence as 0 — I'(M,S) —
C*(M,S). Now, as covered in any introductory course on homological algebra and described
in the previous chapter, cochain complexes provide the framework for defining the following
algebraic invariants.

Definition 3.4.8. Let S be a sheaf over M. For ¢ > 0, the sheaf cohomology groups of M
of degree q with coefficients in S are defined to be
_ ker(CY(M,S) — C1(M,S))

HY(M,S) = HY(C*(M,S)) = n(CT1(M.8) = Ci(AL.S)) CHM,8)=0

The functorial properties of cohomology groups are summarized in the following list.

(I) H1(M,S) = 0 for ¢ < 0 and there is an isomorphism H°(M,S) = I'(M,S) such that
for each morphism & — &', the following diagram commutes

HO(M,S) ———— T'(M,S)

| |

HY(M,S) ——— I'(M,S)

(IT) HY(M,S) =0 for all ¢ > 0if S is a soft sheaf.
(III) For any sheaf morphism h : & — 7T there is, for each ¢ > 0, a group homomorphism
he : HY(M,S) — HY(M,T)

such that (i) hg = hy : T'(M,S) — T'(M,T), (ii) h, is the identity map if h is the
identity map for ¢ > 0 and (iii) g, 0 hy = (g o h), for all ¢ > 0 for g : T — R being a
second sheaf morphism.

(IV) For each short exact sequence of sheaves 0 - &' — § — §” — 0, there are group ho-
momorphisms H?(M,S") — HI™(M,S’) for all ¢ > 0 such that the following induced
long sequence is exact.

o= HTYM,8") — HY(M,S") - HY(M,S) — HY(M,S") — HI"'(M,S") — ...
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(V) For each morphism of short exact sequences of sheaves

0 s S’ s S s S” s 0

Ll

0 > T > T > T » 0

the following diagram commutes.

. —— HY(M,S") —— H™Y(M,S') —— H™Y(M,S) — ...

| ! |

—— HY(M,T") —— H™(M,T') — H(M,T) — ...

Let us now sketch the proof for (III), (IV) and (V) and refer to |21, p. 57-58] for the
rest. Given the map h : § — T, we define first the map h° : C°(S) — C%(T) by letting
h%(s,) = (h o s),, where s is a discontinuous section of S. This induces a quotient map

K FYS) =C%S)/S — C(T)/T
which, at its turn, induces
h':CYS) = CUFYS)) — CH(T) = CU(F (T)).

Repeating the procedure above, we obtain, for each ¢ > 0, maps h? : C4(S) — C4(T), and
the induced section maps induce a complex map h* : C*(M,S) — C*(M,T). Moreover, if
0 -8 —8— 8" — 0is an exact sequence of sheaves, then this implies that

0—=C(S)—=C(S)—=C*(S")—0

is an exact sequence of complexes of sheaves. However, the sheaves in this sequence are all
soft, and hence it follows that

0—C*(M,S') — C*(M,S) = C*(M,S") =0

is an exact sequence of cochain complexes of modules. It now follows from elementary
homological algebra that there is a long exact sequence for the derived cohomology groups

...— HY(C*(M,S")) = HY(C*(M,S)) — HI(C*(M,S8")) = H™(C*(M,S")) — ...

where the maps HY(C*(M,S")) — H(C*(M,S")) are defined through the snake lemma.

The sheaf cohomology groups, then, account for the defect in the exactness of the global
section sequence induced by the Godement resolution. In the next section, we will see how
this relates to the defect in the exactness of the sequences of greater interest to us. This
relationship will be particularly useful when the sheaves in the resolutions satisfy the following

property.

Definition 3.4.9. A resolution of a sheaf S over M, 0 — & — A*, is called acyclic if
HY(M,AP) = 0 for all ¢ > 0 and p > 0. Note that fine or soft resolutions are necessarily
acyclic.
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3.5 Proof of the de Rham theorem

Theorem 3.5.1. Let S be a sheaf over M and let 0 — S — A* be a resolution of S. Then,
there is a natural homomorphism

P HP(T'(M, A*)) — HP(M,S)

where ker(D(M, A,) — T(M, A1)
p « . er )y Ap — y AAp+1 .
UM A) = O A, ) S T Ay 1P2]

HY(T(M,A*)) =T(M,S).

Moreover, if the resolution is acyclic, then «? is an isomorphism.

Proof. Let K, = ker(A, = A,11) = im(A,_; — A,) so that £y = S. Similarly to the proof
of Corollary 3.4.6, we have short exact sequences

0 —Kpoy — A1 — K, — 0
and because of property (III), this yields an exact sequence

0—T(M,K, 1) —T(M,A, ) — T(MK,) — H(M,K, 1) — H'(M, A, ;)
— H'(M,K,) — H*(M,K, 1) — ...

Moreover, we notice that ker(I'(M, A,) — I'(M, Ay41)) = T'(M, K,) so that

I'(M,K,)

HP(T'(M, A*)) m(T(M, A, 1) — D(M,K,))

I

And therefore, from the exact sequence above, we have defined
n o (DM, A)) — HY (M, K1)

and 7} is injective. If the resolution is acyclic, then H'(M, A,_1) = 0 and the long exact
sequence above ensures that the previous map is also surjective, therefore making ~¥ an
isomorphism. Similarly we can consider the following short exact sequences for 2 < r <p

0 — Ky — A, — K1 —0
and from the induced long exact sequences we obtain
VW H M Kyria) — HY (M, K,)
where again «? are isomorphisms if the resolution is acyclic. We define now
Y= OY10 00N

and thus

,YP p

HP(D(M, A) 55 BV (M, K, 1) B HA(M, K, 0) 5 % HP(M, Ko) = HP(M, S)
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being an isomorphism if the resolution is acyclic, since it would be a composition of isomor-
phisms. The assertion that v, is natural means that if

0 > S > A*
s s
0 > T s B*

is a homomorphism of resolutions, then

HP(T(M, A*)) — 22— HP(M,S)

g”l lfp

H?(D(M, B*)) — 2 HP(M,T)

is also commutative, where g, is the induced map on the cohomology of the complexes. This
follows from the listed properties above. O

Corollary 3.5.2. Let the following be a homomorphism between resolutions of sheaves

0 > S > A*
| Js
0 > T > B*

Then there is an induced homomorphism H?(TI'(M, A*)) & H?(D(M, B*)) which is an iso-
morphism if f is an isomorphism of sheaves and the resolutions are both acyclic.

As a consequence, we obtain the abstract de Rham theorem.

Theorem 3.5.3 (Abstract de Rham theorem). Let M be a differentiable n-manifold. Then
the natural mapping 3
U HANQ (M) — H*(S*(M,R))

induced by integration of differential forms over C'* singular chains with real coefficients is
an isomorphism.

Proof. As seen before, consider the homomorphism between resolutions of R given by

0 > R Qo d_, d , . d_, qr LN
‘idR v v v
0 y R —— SOR) —— SY(R) —2— ... —2» S"(R) —2— 0

The sheaves Q*(M) and S*(R) are both soft. Moreover, for all k > 0, the sheaves Q*(M)
are fine and the sheaves S¥(R) are soft for an argument involving cup-product structure (for
which we refer to [19]). In view of the previous corollary, this concludes the proof. O
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Chapter 4

Harmonic forms

We have established that the de Rham cohomology groups are topological invariants of a
differentiable manifold M. Now, we will see that if M is compact and is equipped with
a Riemannian structure, we can select certain closed differential forms as representatives
for the de Rham cohomology classes. These representatives, known as harmonic forms, are
not only closed but also co-closed, meaning they vanish under the adjoint of the exterior
derivative. Consequently, the Hodge decomposition theorem enables us to directly relate the
de Rham cohomology groups H%,(M) to harmonic k-forms. Many of the results presented
in this chapter involve the analysis of elliptic operators. We will primarily reference 8], [18],
and [19] for detailed proofs, as our focus will be on the underlying algebraic and topological
arguments.

4.1 The Hodge star operator

We have introduced two fundamental operations on differential forms: the exterior product
and the exterior derivative. We now turn to the third and final key operation, the Hodge
star. Let V be a n-dimensional vector space over R and let B be a bilinear form on V.
Then B induces a bilinear form on A*(V), also denoted by B, determined by its value on
decomposable elements as

B(a, B) = det(B(w, 55)), a=airAN...Nag, B=PF1A...A Pk

Suppose we have a fixed element w € A™(V') which identifies the one-dimensional exterior
algebra A"(V) with R. Given k > 0, the wedge product induces a map

on s AF(V) x APH(V) 5 A"(V) 2R, (o, 8) = aAf

for « € A¥(V) and 8 € A" *(V). This can be viewed as a pairing as in Definition 2.1.7,
therefore identifying A"~*(V') with A*(V*) 2 (A*(V))*. On the other hand, B induces a map
A*(V) — (A*(V))* by sending o +— B(a, -). Therefore, their composition yields a map

*: AM(V) = A" F(V)
called the Hodge star operator, characterized by
aA*8 = B(a, fw.

Proposition 4.1.1. If one changes the fixed element w for © = Aw, A € R, then * = Ax.
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Proposition 4.1.2. Given an endomorphism J : V — V, let B(u,v) = B(u, Jv). We can
extend J to a map J : A¥(V) — A*¥(V) by

JWi Ao Av) = Jog AN Jug
so that the extended bilinear forms are also related by B(a, ) = B(a, .J3). This means that
*=%x0..

Since we will be working in a Riemannian manifold, the bilinear form that we will use is the
metric tensor, which gives an inner product between elements of T),M, for all p € M. Since
the metric also gives an isomorphism between T),M and T7M, it furthermore provides an
inner product there, denoted by (-, -),.

Definition 4.1.3. Given a Riemannian n-manifold M with local coordinate functions being
(1,...,2,), let |g| denote the determinant of the matrix representation of the metric tensor.
Our fixed element w € A™(M) will be given by volume form of (M, g), defined by

dvyr = /|gldxy A oo A dxy,.

On the other hand, given a = a3 A... Aag and 5 = 81 A ... A (g, the extension of the inner
product to the exterior algebra is defined by

(, B)g = det((cvi, Bj)g)-

We are now in conditions to extend the previous definitions to our Riemannian manifold,
and therefore we can build an abstract version of the Hodge star operator by requiring

a Axf = (a, ) dva.

Recall that, although the wedge product is defined within the exterior algebra, it remains
well-defined when extended to differential forms, as shown in Definition 2.2.6. The previous
expression of the Hodge star via the wedge product guarantees that this operator also extends
smoothly to differential forms. Since we have learned to integrate differential forms, let us
abuse notation and transform the last expression into the definition of the inner product in

QF (M),
<a,ﬂ>:/M<a,ﬁ)gduM:/ o A %B

M

which is symmetric since the metric is symmetric too. We will denote |af*= (a, ), and
la|[?= (a, ). If we choose an orthonormal basis for a vector space T,M, {e;}i=1. ., We
can rewrite the Hodge star operator more explicitly following the next proposition. One can
discern that the intuition underlying the operator is that of orthogonality.

Proposition 4.1.4. Given an orthonormal basis {e; };—1__,, the Hodge star operator satisfies
*x(er Ao Nep) =Fepi Al Aey

where the sign depends on orientation. We set (1) = +e; A...Ae, and x(ey A... Ae,) = £1.

Proposition 4.1.5. The Hodge star operator for (M, g) satisfies the identity

ok — (_Uk(nfk)
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Proof. Let a, 3 € Q*(M). Note that

<a,ﬁ>:/Moz/\*B (— )k(”k/M*ﬁ/\a.

On the other hand, since the inner product is symmetric, as it is induced by the metric,
which is also symmetric, and since the Hodge star preserves the metric, we can write

(o, B) = (B, ) = (%0, *a) = /M*B/\**oz.

Comparing the last two expressions we see that xxa = (—1)k(”_k)a and the proof is concluded.
m

4.2 The Laplace-Beltrami operator

Proposition 4.2.1. The adjoint operator of the exterior derivative defined through the inner
product induced by the metric becomes

5 = (_1>n(k+1)+1 wd*.
Proof. Let a € Q" 1(M), 8 € QF(M). Because of Stokes’s theorem, we know that

Oz/Md(a/\*B):/Mda/\*ﬂ—(—l)k/Ma/\d*ﬁz(da,ﬂ)—/Ma/\(—l)kd*ﬂ.

Then we need an operator ¢ such that

<a,55>:/MaA*55 /aA Vedx 8.

This last equality allows us to write x03 = (—1)*d x 3, enabling a direct comparison. By
applying again the Hodge operator to 63 € Q* (M) we get

(—1)EDE=EDsE = (—1)F x d B,

Expanding and noting that changing the sign of exponents does not affect their parity, along
with the observation that k% and k always share the same parity, we conclude the proof. [

For any twice-differentiable real-valued function f defined on Euclidean space R™, the Laplace
operator maps f to the divergence of its gradient vector field. This operator can be generalized
to differential forms as follows.

Definition 4.2.2. We define the Laplace-Beltrami operator, also called the Laplacian, by
A =0dd+ds

A sanity check would be to verify that this operator reduces to the known Laplacian when
. . . 2 . .
restricted to O-forms in R”, specifically — . 88?. In this context, O-forms are simply smooth

functions f € C*°. Since J acts as the zero map on 0-forms, we obtain:

Af =6df = (— )2”+1*d*df_—*d*(g—fdx1+'--+8fdxn>
T

ox,,
_ af L9t

del VANPIRAN d.rn_1>
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B 0 f o0 f B 0 f 0 f
—*(a—x%—F‘f’ax%)dl'l/\/\dl‘n—(a—x%—i—+8x%)

Theorem 4.2.3. The Laplace-Beltrami operator is self-adjoint and positive definite.

Proof. Let o, 8 € QF(M) for k > 0. Since 0 is the adjoint of d by the induced inner product,
we see that

(Aa, B) = (dba, B) + (dda, B) = (6cv, 63) + (da, dB) = (o, dO) + (o, 6dB) = (o, AB).
This proves self-adjointness. On the other hand, one sees that
(Aa, @) = (da, da) + (0o, §a) = ||de||® + ||6a* > 0,

and it is zero only when da = 0 and da = 0, a case that we will be of main interest for the
rest of the text.
O

Definition 4.2.4. The k-forms in the kernel of the Laplacian are called k-harmonic forms
and are denoted by
HY = {w € Q¥ (M) : Aw = 0}.

Proposition 4.2.5. Aa = 0 if and only if dae = 0 and da = 0.

Proof. While one implication is clear, the other follows from the fact that if Aa = 0 then
0= (A, ) = ((dd + dd)a, o) = (da, da) + (dav, de)

meaning da = da = 0. O

Corollary 4.2.6. The harmonic O-forms are the constant functions.

Finding an harmonic form is related to solving Aw = 0. More generally, let us focus in
solving Aw = «. Let w be a solution of the latter scenario, then we can build a bounded
linear functional 1 : Q*(M) — R by

1(B) = (w, B)-
Now, given any v € QF(M),
(Ay) = (w, Ay) = (Aw,7) = {@, 7).
Definition 4.2.7. A weak solution of Aw = « is a bounded linear functional
1: QM) =R
such that [(Av) = (a,) for all v € QF(M).

We have seen that an ordinary solution w € QF(M) of Aw = a determines a weak solution.
The regularity theorem will tell us that weak solutions also determine ordinary solutions.
Before stating it, we will have to develop some basic tools of functional analysis.
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4.3 Functional analysis and elliptic operators

Definition 4.3.1. Let V be a vector space over R or C. A function g : V' — R satisfying
g(Ap) = Ag(p) for all A > 0 and p € V, and g(p + q) < g(p) + g(q) for p,q € V is called a
sublinear functional.

Theorem 4.3.2 (Hahn-Banach). Let W C V be a vectorial subspace, g a sublinear functional
and h : W — R a linear functional satisfying h(p) < g(p) for all p € W. Then we can extend
h to a functional f: V — R on all V such that f(p) < g(p) for all p e V.

For the proof we refer to [5, p. 1]. We will now define some norms that will be useful in what
follows. Let P denote the complex vector space of C'*° functions defined on R™ which have
values in C™ and are 27-periodic in each variable.

Definition 4.3.3. Let Q@ = {p € R" : 0 < z;(p) < 2m,i = 1,...,n} be the open cube. For
Y, p € P, we define the L2-inner product and its norm by

1
2 = ) d 2 == 2.
{0, 0)p (2m)" /Qw $ an [9ll72= (¥, ¥)1
Now, let @ = (a, ..., a,) where a; are integers. Let us now adopt the Schwarz notation and

write

olal
© 0zt Qxom
In the context of partial differential equations (PDEs), solutions are often not smooth or
differentiable everywhere. However, we do not wish to disregard them entirely, as we might in
other contexts [5, p. 201]. To address this, we shift our perspective from describing functions
based on their pointwise values, u(z), to a functional viewpoint. That is, we characterize
them by their action on a set of test functions through integration.

Da

Definition 4.3.4. Let ¢ be a function on R” and U C R™ an open subset. We say that g is
the a-th weak derivative of 1 if it satisfies

[opro= 0o [go. voecm@).

U U

We will set g = D).

Definition 4.3.5. We define the Sobolev space W7P(R") to be
WIP(R") = {u € L'(R") : D"u € LP(R"), ¥]a|< j}.

For p = 2, the Sobolev space W/2?(R") is actually a Hilbert space and therefore denoted by
H;(R™). This space is equipped with the following norm:
1/2
ull,= | Y I1Dulf3

laf<j

Thanks to norm equivalence, this can be viewed in the following more practical manner. Let
¢ = (&,...,& ) be an integer n-tuple, then any function u € H;(R") can be written in terms
of Fourier series as

n

u(z) = Zuse“f, where Ug = / U(ﬁ)e_igxd(p‘
3
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4.3 Functional analysis and elliptic operators Harmonic forms

One can think of weak derivatives as formal derivatives of Fourier series, and also define an
inner product and a norm as follows. Further details about the following few pages can be
found in [19, p. 229-235].

D% = Z(if)auge”g,
£
J
(u,0); =Y (L4 €]V Jug|lvg]= Y (D"u, D*0) 2,

3 =0

[ulf= (u,u)y = (14 €] |ug.

3

Definition 4.3.6. Equivalent to the previous definition, is the presentation of the Sobolev
space as

Hj(R") = {u € L*(R") : |u|;< oo},
which we just write as H;. Since j > j' implies H; C H; we denote by H the union of all
H;. This definition is standardized and can be found, for example, in [19, p. 231].

We can see that P is a subspace of H; for all k. In fact, it is dense as it contains the sequences
with only finitely many terms non-zero. Moreover, Hy(R") = L*(R").

Proposition 4.3.7. If u € Hj,), then |D%|;< |u|j1a). Therefore, D* is a bounded
operator from Hj . to H;.

Proposition 4.3.8. If u € Hjy, then |ul;j 1= sup,ep,,, ||<Z|’”,J>Z|.
.

For | = 0, the previous proposition establishes that |u|;= 0 if and only if |(u,v);|= 0 for all
v € H;. This naturally leads us to another important question: given u € Hj, represented
as a formal Fourier series, under what conditions does u correspond to an actual function,
i.e., when does the Fourier series converge? According to the Sobolev embedding theorem,
this occurs when j > (%W + 1+ m, then u € C™(R™), meaning that u belongs to the space
of functions with continuous derivatives up to order m. Thus, for sufficiently large j, the
functions in the Sobolev space H; have the required smoothness and convergence properties.
For proofs and further study of Sobolev spaces we refer to [5, p. 201-307].

Definition 4.3.9. Given a non negative integer [, a differential operator L of order | on
complex valued smooth functions R" — C is a map that can be written as

l
L= Z a.(z) D,
|ar|=0

where the coefficients a,(z) are complex valued C'*°(R") functions and for some a with |a|= 1,
ao(x) # 0. A differential operator L is periodic if a,(z) are periodic. Note that a differential
operator L of order [ on C™(R") functions is a m x m matrix where the entries L;; are
differential operators on complex-valued C*°(R™) functions.

Definition 4.3.10. The polynomial p obtained by replacing the partials 0/0x; by their
Fourier dual variables &;, typically interpreted as momentum or frequency, is called the total
symbol of L, that is

p(z,§) = Z aa ().

|| <l
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4.3 Functional analysis and elliptic operators Harmonic forms

The highest homogeneous component of the total symbol, namely

o(2,6) = 3 an()e”,

is called the principal symbol of L.

Definition 4.3.11. A differential operator L is elliptic if for all £ # 0 we have o(z, &) # 0.
This ensures that L is invertible in the Fourier domain for high frequencies, which is key to
the rich theory of elliptic operators.

Definition 4.3.12. If L is a periodic differential operator with entries

l

2 iJ Mo
Lij = (ZO‘ZD y

|ar|=0

we define its adjoint L* to be the differential operator with entries

I
Li; = E D%ad

|a|=0

where Z denotes the complex conjugate of z. The adjoint L* satisfies the adjoint property
for the L2-norm on P:

<L<p7 ¢>L2 = <S07 L*w>L27 @Z), (NS P.

This follows from integration by parts. We restrict ourselves to periodic functions since
the boundary term vanishes. One can readily verify that the Laplacian in R™ is an elliptic
operator of principal symbol 2. However, the generalized Laplace-Beltrami operator A differs
from the standard differential operators as we have defined them, since it acts on k-forms
rather than scalar functions. Despite this, due to the underlying manifold structure, the
Laplace-Beltrami operator locally induces a corresponding differential operator, which from
now on we will denote by L.

Theorem 4.3.13. The induced operator L is an order two elliptic differential operator.
Furthermore, it is invariant under coordinate changes, [19, p. 250-251].

Why is ellipticity so important? The following inequality shows that elliptic operators provide
a way to understand higher-order derivatives through lower-order ones. Given an equation
Lu = f and a weak solution, which means finding some u € H; that satisfies the equation,
ellipticity allows us to infer higher-order derivatives of u. This is followed by applying the
Sobolev embedding lemma to determine the regularity class to which the solution belongs.
The proofs for the following two theorems can be found in detail in [19, p. 240-243|.

Theorem 4.3.14 (Fundamental inequality). Let L be an elliptic operator on P of order [.
For all uw € Hj4, there exists a constant ¢ € R such that |u|;+;< (| Lu|;j+|ul;).

We are now prepared to elevate weak solutions to actual solutions of our equation through
the following main theorem.
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4.4 Hodge decomposition Harmonic forms

Theorem 4.3.15 (Regularity theorem). Let 7 be a differentiable k-form and [ : Q%(M) — R
a bounded linear functional satisfying

I(Ap) = (n,¢)

for all ¢ € QF(M). Then there exists a differentiable k-form ¢ such that I(3) = ({, 8) for all
B e Qk(M).

Corollary 4.3.16. Let a € Q*(M) and [ be a weak solution of the equation Aw = . Then
there exists ¢ € QF(M) such that A¢ = a.

Proof. Using the regularity theorem, there exists a k-form ¢ such that I[(8) = (¢, ) for all
k-forms . By definition of weak solution, we have

l(AB) = (a, B)-

On the other hand
I(AB) = (¢, AB) = (A(, B),

and therefore for all k-forms S we have

<AC7B> = <&7/8>7

meaning A = q, since (-, -) is non-degenerate. O

4.4 Hodge decomposition

Lemma 4.4.1. Let {o,}, be a sequence of k-forms on M such that for a constant ¢ € R we
have ||a,||< ¢ and ||Aa,||< ¢. Then there exists a Cauchy subsequence of {a, },.

See the proof in [19, p. 248-249].
Corollary 4.4.2. The space of harmonic k-forms, HF*, is finite dimensional.

Proof. Suppose it is not. Then we can find an orthonormal basis of infinite length {a,},.
Since |Jay,||= 1 and ||Aay,||= 0, the previous lemma ensures that there is a Cauchy subse-
quence. However, this is impossible since the distance between any two elements of the basis
is 1. 0

Corollary 4.4.3. Let 3 € (H¥)*. Then there exists a constant ¢ € R such that ||3]|< ¢||AS].

Proof. Suppose the contrary. Then we can find a sequence {3, }, in (H*)* such that || 3,||= 1
and [|AB,||— 0. It can be supposed to be Cauchy because of the last lemma. We define a
functional [ by

() = Jim {5 6),
where the limit exists since the sequence is Cauchy. Now

[(Aa) = lim (6, Aa) = lim (AS,,a) =0,
n—oo n—oo

for all a € Q*(M), so [ is a weak solution of Aw = 0. The regularity theorem ensures that
there is an actual solution 3 such that A3 = 0, so 8 € H*. On the other hand, we know that
lim,, 00 (Bn, Aa) = (B, Ac) for all a, so f = lim,_,o B,. Since ||5,||= 1, we have ||5||= 1,
and since (3, € (H*)* we have 8 € (H*)*, which is a contradiction with 3 € H*. ]
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4.4 Hodge decomposition Harmonic forms

Theorem 4.4.4 (Hodge decomposition theorem). Let M be a compact Riemannian n-
manifold and 0 < k < n. Then we have an orthogonal direct sum decomposition

QF (M) = A(Q) @ H" =im d @ im § @ ker A
Proof. Since H* is finite dimensional, we have an orthogonal decomposition
QN (M) =H" & (HM)*,

therefore it is enough to show that (H*)* = A(Q). One inclusion is easy; if w € QF(M) and
a € H”, then
(Aw,a) = (w, Aa) = 0,

and therefore Aw € (H*)1 meaning A(Q%) C (H*)*.

For the other inclusion, we take v € (H*) and define the linear functional [ on A(Q2¥) by
(Ad) = (a,9), Vo€ Q" (M).

Let H denote the projection operator to the space of harmonic forms. Take 1) = ¢ — H(¢) €
(H*)+ and therefore Ay = A¢p. Then

L(AY)|= e, D)< el [[¢]

Since ¢ € (H*)*, Corollary 4.4.3 states that there exists a constant ¢ such that ||o]|< || Ay
Now

l(Ag)|= [(AY)[< llafl-[¢ 1< cllall-[Ap]< cllell- Al
Applying the Hahn-Banach theorem with the sublinear functional p(¢) = ¢||a|-||#|| we extend

[ to all Q¥(M). Then [ is a weak solution of A( = a. Because of the regularity theorem,
there exists a k-form w such that Aw = . Therefore, a« € A(QF) concluding the proof. [

This theorem has a significant application in the context of de Rham cohomology classes,
which we recently examined. Let a € Q¥(M). Because of Hodge decomposition theorem, we
can express @ = AfB + H(a). We denote 3 by G(«) where the operator G : QF(M) — (H*)*+
is called Green operator.

Proposition 4.4.5. The Green operator G commutes with d, § and A. In fact, it commutes
with any linear operator which commutes with the Laplace-Beltrami operator.

Proof. Given T : Q*(M) — Q?(M) such that TA = AT, let w1 denote the projection
mapping from Q¥(M) onto (H*)*. By definition we have

G = (A|(Hk)L)_1 o W(Hk)L.
If n € H*, then AT(n) = T(An) = 0, thus T(H*) c HF. Similarly, if « € A(QF) then

there exists w € QF such that o = Aw. Now T(a) = T(Aw) = AT(w) € A(Q9), meaning
T((HF)*) C (HF)L. Tt follows that

To ’ﬂ'(Hk)L = W(Hk)L oT

and that means that
T o Al(Hk)J_: Al(Hk)J_OT

and therefore

T O (A|(Hk)L)_l = (A|(Hk)L)_1 O T
It follows that 17" commutes with G. O]
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Theorem 4.4.6. Every de Rham cohomology class has a unique harmonic representative.

Proof. Let w be a closed k-form. Then we can write
w=AGw)+HWw)=diG(w)+6dG(w)+H(w) = d0G(w)+G(dw)+ H(w) = d0G(w)+ H (w).

and since they differ by an exact form, w and H(w) belong to the same cohomology class.
We have then an harmonic representative. We now claim that this representative is unique.
Given «, f two harmonic k-forms in the same cohomology class, they differ by some exact
form: o = 8+ dn. Since «, f are harmonic, they are co-closed and therefore

<d7775 - Oé> = <77>56 - 50‘) = <777 O> = 07

so 8 — a is orthogonal to dn. Since dn = a — 3, then ||a — B||*= —{a — 3,8 — a) =
—(dn, 8 — ) = 0 and because of the non-degeneracy of the inner product, o = 3. n

We know that all harmonic forms are closed. On the other hand, any closed w € QF(M) form
decomposes in w = o+ dn with a € ker A|qr, thus having also associated an harmonic form,
yielding

HEL (M) =2 ker Algr= H".

Example 4.4.7. In Example 2.5.10 we saw that H},(S') was generated by the 1-form d6.
The Laplacian in S has de form d?/df?. One can see that C%;(d@) = 0, that is, df is an
harmonic form in accordance with the last expression.

The power of harmonic forms goes beyond merely assigning a simple representative to the
vast classes in the de Rham cohomology groups, which are determined by closed but non-
exact forms. In fact, the following lemma shows that choosing representatives that are also
co-closed ensures that they minimize the norm induced by the metric, ||a|]*= (o, a).

Lemma 4.4.8. Given a closed k-form w € QF(M), then dw = 0 if and only if w is the unique
form in its de Rham cohomology class with minimum norm.

Proof. Suppose éw = 0, and denote by [w] the de Rham cohomology class of w. Then for
another element of |[w], w + dn, we have

(w+dn,w+dn) = (w,w) + 2(w, dn) + (dn, dn)

= |lw[*+2(dw, n) + [ldn]|*= [lw]|*+lldn]*> ||lw]*,

and w is the unique element with minimum norm.

Now assume w is the element of its de Rham cohomology class with minimum norm, but
dw # 0. Using the fact that dw # 0, we will show it is possible to shift w slightly to get an
element of smaller norm. Define

f(t) = llw + d(6t)].
Then

£(0) = lim % (@ + d(6).0 + d(50)) — w]?) = lim % (2(w, dtes) + (dSte, dbtw))

t—0

38



4.4 Hodge decomposition Harmonic forms

= lim (2(0w, dw) + t(ddw, dow)) = 2(éw, dw) # 0,

t—0
so f cannot assume a minimum at 0 and w cannot be the minimum. This shows that for a
closed k-form w with dw # 0 and for a small ¢t > 0, then w — ¢t déw will be an element of the

same cohomology class but with smaller norm, concluding the proof.
O

Since any differentiable manifold can be equipped with a Riemannian metric, the de Rham
cohomology groups of a compact, oriented, differentiable n-manifold are all finite dimensional.
Under these circumstances, we define the following bilinear function

Hy(M) x HI* (M) =R, ([ []) — /M o A,

where ¢ and ¢ are the representatives of the corresponding cohomology classes. To check
that the map is well defined, we take an other representative ¢’ = ¢ + dn. Because of the
second version of Stokes’ theorem, we obtain

/MSO’M#—/MskoJr/Mdn/\l/J—/Mso/\l/ﬂr/Md(nAw)—/Msomb.

Theorem 4.4.9 (Poincaré duality for the de Rham cohomology of a compact, oriented,
n-manifold M). The previous bilinear function is a non-singular pairing, and therefore de-
termines isomorphisms yielding

Hap(M) 2= (Hg"(M))".

Proof. Given a non-zero cohomology class representative [¢] € H%,(M), we must find a non-
zero cohomology class representative [1)] € Hz"(M). Choose a Riemannian structure on
M. We know that we can assume ¢ to be an harmonic representative of [¢]. Since [p] is not
zero, then ¢ is not identically zero. Since *A = Ax, it follows that xp is also an harmonic
form and therefore is closed. Note that xp represents a cohomology class [xp] € Hjn"(M).
The proof is completed by noting that the defined inner product is non-degenerate,

([souwwawwz<w>¢o.

[]

We have seen how the choice of representatives in the de Rham cohomology modules, using
harmonic forms, allows us to uncover new properties of these spaces. This privileged per-
spective, in turn, reveals new insights into the topology of the manifold. Let us define the
k-th Betti number of M by

By, = dim HY,(M).

Theorem 4.4.9 asserts then that 8, = 3,_x. We define the Euler-Poincaré characteristic by

n n

X(M) =) (=1)Fdim Hjp(M) = ) (=1)*5;

k=0 k=0
and therefore we obtain the following consequence.

Corollary 4.4.10. If n = dim M is odd, then x(M) = 0.
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Chapter 5

Morse theory and supersymmetry

"Now I finally understand Morse
theory!"

Edward Witten to Raoul Bott

Throughout history, there is no doubt that physicists have been deeply indebted to math-
ematicians. The logical framework of mathematics has been indispensable for shaping em-
pirical sciences like physics, which have never fully repaid that support. However, the de-
velopment of supersymmetry within physical systems, primarily driven by Edward Witten,
represents one of the rare instances where intuition from the actual world has simplified
mathematical proofs, specifically those in Morse theory. In the present chapter, basic under-
standing of quantum mechanics will be assumed, though it will not be essential for grasping
the mathematical foundations presented. Based on the framework of supersymmetric quan-
tum mechanics, we will present Witten’s analytical proof of the Morse inequalities. Although
this is not the most topological approach—developed in [13|—it fits seamlessly with the con-
cepts we have learnt in the previous chapters.

5.1 The Morse inequalities

Morse theory provides a powerful framework for analyzing the topology of smooth manifolds
by examining the behaviour of smooth functions defined on them. A classic example, as
discussed in [13], involves a torus M = T? positioned tangentially to a plane V. In this
setup, a function f : M — R is defined to represent the height of each point on the torus
relative to V. Let M“ denote the sublevel set {p € M | f(p) < a}. Milnor observed that
the homotopy type of M* changes precisely at the critical points of f. Combined with the
inequalities established in this chapter, this demonstrates the profound link between the
critical points of smooth functions and the underlying topology of the manifold.

Definition 5.1.1. Let M be a n-dimensional, compact, oriented manifold. Let f € C*°(M).
A point p € M is called a critical point of f if df (p) = 0, that is, given a coordinate system
(U, ¢) and coordinate functions {z1,...,z,},

ory _..._9f

= = 0.
o0xy ox,,

P

p
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This definition is independent of the choice of coordinate system about p. Indeed, given a

different coordinate system (V, ¢) with coordinate functions {yi,...,y,} we have
0 0 0 -1
a—f :8_f (qi% :0, VZ:L,TL
Yilp Li |, Yi »

We denote the set of critical points of f by Crit(f).

Definition 5.1.2. Let p € Crit(f). We define the Hessian of f at p on T,M to be a
symmetric bilinear map given by

Hessy( -, - )(p) = dzf‘p cTp,M x T,M — R, d2f‘p<XpaY}J) = X(Y(f))(p).

By setting X, = 3, a;5>|, and Y, = > bj5>|,, one can see that
[ J

of >’ f
& flp(Xp, Yp) = X < ; bja—xj) () = 2 _aidy 0,0z

p
Definition 5.1.3. Again, let p € Crit(f). We say it is non-degenerate if the Hessian of f at

p is non-singular, i.e.,
2
det o7 # 0.
al’iax]’ ijlp

Again, one can see that this does not depend on the coordinate system.

Definition 5.1.4. A C*°(M) function on M is said to be a Morse function if all the critical
points of this function are non-degenerate.

For any bilinear form B defined on a vector space V', the index of B is defined to be the
maximal dimension of any subspace W on which B is negative definite. We call index of f
at p to the index of d*f|, on T,M x T,M. If f is a Morse function, then the index of f at p
is called the Morse index of f at p. In the next lemma, we will see that it characterizes the
local behaviour of f near p. From now on, we will omit the subscripts |,, as we will primarily
focus on local arguments.

Since non-degenerate critical points are isolated, the requirement of compactness for M im-
plies that a Morse function has a finite amount of critical points. It is also known that there
always exists a Morse function on M [13, p. 32]|. This provides the following result.

Lemma 5.1.5 (Morse lemma). For any critical point p € M of a Morse function f, there
is a coordinate system (U,, ¢) and coordinate functions y = (y1,...,y,) such that ¢(p) =0

and
1 1 1,

1
1 2 2 2
fo(p (y) _yl_...__yf()+_ynf()1_'_..._|__yn

where ng(p) denotes the Morse index of f at p. Let m;, denote the number of critical points
p € M of f such that ny(p) = k. The Morse inequalities, for which an analytic proof will be
given in this chapter, can be stated as follows.

Theorem 5.1.6 (Morse inequalities). For any integer k& such that 0 < k < n, one has
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5.2 Supersymmetric quantum mechanics Morse theory and supersymmetry

(i) (Weak Morse inequalities).
B < my,.

(ii) (Strong Morse inequalities).
B = Bra + -+ (=1)"Bo < my —mig 4 -+ (=1) m.
Moreover,
Br = Bar+ -+ (=1)"Bo = mp — my—y + -+ (=1)"mo.

It is easy to see that the weak inequalities follow from the strong inequalities. Morse inequal-
ities have the power to extract information about the topology of a manifold from the critical
points of a Morse function. For example, one can notice that the last expression gives a way
to derive x(M) by calculating the alternating sum of numbers of critical points up to index
n. Next, we will introduce a framework within theoretical physics where we aim to study
the eigenspaces of a new Laplacian, very similar to the Laplace-Beltrami operator. However,
this time, the eigenspaces will be localized around the critical points of a Morse function,
allowing us to relate them to the topology of the manifold.

5.2 Supersymmetric quantum mechanics

Quantum mechanics has been one of the most significant revolutions in the history of physics.
[ts development in the past century has triggered a cascade of remarkable predictions and
advancements, culminating in groundbreaking theories such as quantum chromodynamics
and the Standard Model of particle physics. However, modern theoretical physics faces the
monumental challenge of unifying the Standard Model, formulated through quantum field
theory, with Einstein’s theory of general relativity.

A key insight into this challenge comes from the Coleman-Mandula theorem, which states that
space-time symmetries cannot be combined with internal symmetries in a nontrivial way
without violating fundamental physical principles. Supersymmetry escapes this limitation
because it adds fermionic symmetries, which are qualitatively different from the usual ones.
These symmetries change bosons into fermions and vice versa, extending the possibilities
while staying consistent with the Coleman-Mandula theorem. For our purposes, it suffices
to know that bosonic fields commute while fermionic fields anti-commute. This distinction
naturally aligns bosonic fields with symmetric tensors and fermionic fields with antisymmetric
tensors. However, the supersymmetric formalism offers a more elegant framework by treating
bosonic fields as differential forms of even degree and fermionic fields as differential forms of

odd degree. Indeed, if w € QF(M) and n € Q/(M),

+n Aw if k[ even,
wAn= .
—nAw if k1 odd.
Definition 5.2.1. A supersymmetric quantum mechanics theory with two supercharges is
a quantum mechanics theory with a positive definite Zs-graded Hilbert space H, an even

operator H : H — H as the hamiltonian and odd self-adjoint operators (),Qs : H — H
called supercharges. These operators obey the following commutation rules:

QI =Q3=2H and {Q,Q"} =0,
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5.3 Witten’s deformation Morse theory and supersymmetry

where the second relation invokes the Poisson bracket. As a consequence, the supercharges
are conserved:

[H, Ql] = [H7Q2] =0.

The operator responsible for defining the Z,-grading is denoted by (—1)F. We define the
even subspace of the Hilbert space H, where (—1) = 1, as H?, and the odd subspace,
where (—1)F = —1, as HY. These subspaces are referred to as the Hilbert space of bosonic
states and the Hilbert space of fermionic states, respectively. The hamiltonian preserves the

decomposition
H =H" ¢ H”

while the supercharges map one subspace to the other

Q17Q2 :HB%HFJ QhQQ :HF%HB.

That is, the supercharges are operators that exchange bosonic states for fermionic states and
vice versa. In line with our discussion and following Witten’s procedure in [23], we take

H? = Qv(M) = € QM) and H" =(M) = o"(M),
k even k odd

and define the supercharges and the hamiltonian by
Qir=d+0, @Qy=i(d+0) and H =dj+dd=A.

Accordingly, Witten argues that supersymmetry is, in fact, a symmetry of the system only
when the vacuum has zero energy, meaning that there exists an eigenvalue of the Hamiltonian
equal to zero. This led Witten to study the existence of harmonic forms and, as a consequence
of the theory developed in the previous chapter, also the Betti numbers of the manifold.
However, finding the spectrum of an operator like the Laplacian is far from trivial, compelling
Witten to resort to the technique developed below.

5.3 Witten’s deformation

For physicists, the Hilbert space formed by functions on M is, in some sense, more funda-
mental than the points of M themselves [1]. This perspective drove Witten to investigate the
Betti numbers through the properties of functions on M; given a Morse function f, Witten
deformed the exterior derivative and its adjoint by

dr=e¢ T d-e™ and op =€ .57/

for T € R*. Since the Hodge star commutes with O-forms, one can check that for a, 8 €
QF(M)

(dra, B) = / T A ) A #fB = / d(e™ o) A *(e=TI B) = (A a), 1 B)
M M
= (", 6717 B) = / a Ax(e6 e I B) = (a, 67 3).

M
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5.3 Witten’s deformation Morse theory and supersymmetry

When we focus on T — 400, one might think about 1/7" as being the Planck constant.
It is clear that d2. = e T/d?e?/ = 0, and therefore we can consider the deformed de Rham
complex, given by

dr

0 — QM) 25 QY(M) 5 Q2(M) 5 5 n(M) — 0,

and define its cohomology groups by
ker dT’Qk(M)
HE (M) = ——————1
7.ar(M) im drlor )
Proposition 5.3.1. For any 7' > 0 and 0 < k < n, we have
Hf (M) = Hip(M)

and therefore

dim Hf. j5(M) = dim Hjjp(M) = B

Proof. For all k > 0, T > 0 let us consider the isomorphisms ¢% : QF(M) — QF(M) sending
w = e Tfw. If we can proof that all the squares of the diagram below commute, then the
previous isomorphisms induce isomorphisms between the respective cohomology modules,
since they will send closed forms to closed forms and exact forms to exact forms.

0 —— QM) — QY(M) — ... —5 (M) —4 QnM) —2 0
¢0Tl ¢1Tl ¢;ﬂ‘1l %l
0 —— QM) 2 QY (M) 2 . T or (M)~ (M) —Z 0

Now, recall that for w € Q*1(M),
dr(¢hHw)) = dp(e™w) = e - d- e (e7TTw) = e dw = ¢h(dw).
[

At its turn, the deformed operators define a deformed Laplacian, commonly referred to as
the Witten Laplacian

Ap = dpdr + opdry
satisfying both (Ara, 5) = (o, Arf) (self-adjointness) and (Ara, ) > 0 (positive definite)
Va, 3 € QF(M), k > 0. The motivation for defining this new operator will become evident
as we proceed.

We now introduce two new operators on forms that will help us express the Witten Laplacian
in a more comprehensive way. Recall that the metric tensor induces a bundle isomorphism
b :TM — T*M sending u — (u, - ), and its inverse is denoted by § : T*M — T'M.

Definition 5.3.2. Given an w, € T;M, we define the eaterior product by w, to be the
map wpA 1 AF(TrM) — AFPY(TxM). This trivially extends to forms. Notice that this is a
particular case of an object already mentioned at the beginning of the previous chapter.

Definition 5.3.3. Given an w, € Ty M, we define the interior product by w, to be the map
bw, + A(TyM) — A1 (TrM) such that i,z is the adjoint of w,A. Again, this trivially
extends to forms, and (w A a, 8) = («, i) for a € Q¥(M), B € Q¥L(M).
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With this new formalism, the deformed operators can be expressed as follows. For a €

QM (M),
dra = e d(e"a) = e (de™ Y ANa+eTda) = e T (T’ df Na+e'Tda) = (d+TdfN)a.
and also

(dra, B) = (da, B) + T{df N, B) = (o, 68) + T{av, g f) = (o, (6 + Tigp:) )
and therefore dpr = d + Tdf A\ and 07 = 0 + T'igp.
Proposition 5.3.4. Ar is an elliptic operator with the same symbol as A.

Proof. From the previous expressions, it is evident that dr is the sum of d and a zero-order
differential operator, and therefore shares the same symbol as d. Similarly, 7 retains the
same symbol as . According to the formal rules for calculating symbols, A7 and A also
share the same symbol and Ar is elliptic. O

Equipped with the inner product induced by the metric, the space of differential k-forms
can be extended to the Hilbert space of square integrable k-forms, L2(M, A*(M)), which we
will denote by Li(M). Furthermore, stronger results on spectral decompositions of elliptic
operators, as detailed in [9, Chapter 8|, establish that the spectrum of a self-adjoint operator
L, denoted by Spec(L), consists of a sequence of eigenvalues 0 < A\(7) < A\(T) < ... — o0,
each with finite multiplicity. Let us denote the eigenspaces of the Witten Laplacian by

F:T ={we (M) : Arw = pw},

for u € R. We refer to [17] for the proof that, for elliptic operators such as A, the following
decomposition holds:

Qk(M) = @ F,I\C,T-
A€Spec(Ar)

We now define
XN Ar) = EP Fly

HSA

and
N¥(\ Ar) = dim EF(N, Ar) = #{j - \;(T) < A}

On the other hand, since
dT(gk()\, AT)) C 5k+1()\, AT),

we can consider the cochain complex given by
0— %N Ar) L &30\ Ap) s L en (), Ar) 255 0.

Proposition 5.3.5. The previous complex (E¥()\, Ar), dr) has the same cohomology as the
complex (QF(M), dr). That is,

HY(E* (A, Ar)) = Hap(M)
and therefore dim H*(E*(\, Ar)) = By.
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5.3 Witten’s deformation Morse theory and supersymmetry

Proof. Let us fix > 0. Since dr(F ;’fT) C F 5}1, we can consider the following cochain
complex

0— Fp 5 FL, T 00 o T,
Consider w € F,]f,T such that drw = 0. Since uw = Arw = drdérw, then w = dp(drw/p) for
drw/p € F 5,}1. This shows that

ker(dr : Fle — Ff#) =1im (dr : Ff}l — F/fiT)7

which proves the exactness of the complex. This means that the cohomology modules
H*(£*(X\, Ar)) are exactly the cohomology modules H*(F ), where i = ker Agp|gr.

Since A7 is an elliptic operator, its Hodge decomposition follows in the same way as for the
Laplace-Beltrami operator. A more general formulation of this result can be found in [21, p.
147]. Thus, for w € QF(M), we have

w:a—i—dTﬁ

for some a € ker Ap|gr= F&T, B € QFY(M). Therefore, the cohomology classes coincide,
[w] = [a]. Together with Theorem 5.3.1, this concludes the proof. O

For a concise proof of the previous result based on homotopy theory, we refer to [12, p.
26]. Furthermore, straightforward manipulations involving the connections of the manifold
M—which we omit here, as they are unnecessary for our purposes—allow us to express the
Witten Laplacian in the form of a Schrédinger operator with potential T2 |df |*.

Proposition 5.3.6 (Bochner formula). The Witten Laplacian can be written in terms of
the Laplace-Beltrami operator as

o 0
Ap = A+ T*df?|+T Hess (—,—)d:vi/\,ix.,
r + |f|+; f@xiamj[ dﬂ]
as seen in [12, p. 27-28|. Note that when df # 0, the potential gets huge as T — +o0.
In exploring whether supersymmetry is preserved, Witten was particularly interested in the
ground states. Consequently, the behaviour of the Witten Laplacian is especially important

near critical points, where df = 0. We will now study what happens to A in the neighbour-
hood of Crit(f).

Following [12], let us denote by Crit(f;r) the set of critical points of f with Morse index
r. Let p € Crit(f;r), and (Up, x1,...,x,) be a coordinate system in a neighbourhood of p.
Locally we have |df |*= |z|?. Let us denote dr; = dxy, A...ANdz;,, J = {iy,...,ix}. Now, using
the expression of the Laplacian in R" and the fact that Hessy is diagonal with eigenvalues
—1 for j < r and +1 for 7 > r, the form of the Witten Laplacian given by Proposition 5.3.6
for adz; € QF(U,) yields

n 82 n
Ar(a-dxy) = Z [ — (W>a + TQ‘:cj|2a} dry + aTZej[d:cj/\, ide;)dT g
x5
j=1 i =1
where e; = —1for j <rande; =1 for j > r. Let us now define the following useful operator

called the model operator:

Ap = Hi+Y &K,
j=1 j=1

46
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where )

0 .

J

It is known - 9, p. 233] - that the spectrum of the harmonic oscillator —(8‘9—:2) +y* on L*(R)
consists of the eigenvalues {2N + 1} yey with multiplicity one, and the eigenfunctions can be
chosen to be of the form

on(y) = Hy(y)e ™"
where Hy(y) denotes the N’th Hermite polynomial. Let us now follow [6, p. 10| and change
variables by y; = vT'z;. One can see that now (0%/022) = T(9?/9y?) and the previously

defined operator becomes
2

0
Hj = T[— (a—y?> + \%\2},
which has the same spectrum as the harmonic oscillator but scaled by T', that is, {T'(2N +
1)}ven. Similarly, the eigenfunctions become ¢x(v/Ty;). On the other hand, K;(dr;) =
Teldxy where ¢/ = 1if j € J and e/ = —1 otherwise. Since the operators H;, and Hj,

commute for any 1 < j; < jo < n, we find that LZ(R") has de following orthonormal basis of
eigenforms of A%, :

{¢Nl(ﬁl‘1) . ..qﬁNn(\/Txn)de : Ny,...,N, € N}

with corresponding eigenvalues

{TZ(2NJ +1 +5j5j) : Nl, .. .,Nn S N}
j=1

Theorem 5.3.7. The spectrum of A% on L%(R™) is given by the previous set of eigenvalues.

Moreover,
0 ifr#k
ker (A/ , 5 " ) —= - 2 )

As T grows, all other eigenvalues are of the form C - T for some C' > 0.

Proof. An eigenvalue

TZ<2NJ + 1 + Sjéj)
j=1
vanishes if and only if all parentheses vanish (since they are all positive). This is the case if
and only if N; = 0 and 5]-53] = —1for all j =1,...,n. This means precisely J = {1,...,r},
where r is the Morse index, after the definitions of €; and 53] . The corresponding eigenvalue
is

gbo(ﬁxl) . ~¢0(\/T93n)d:v1 A...Ndx, = e_%d:pl A...Ndx,.
]

When physicists discover that something can be described in terms of harmonic oscillators,
it can only mean good news. The proof of the following theorem will allow us, through a
simple algebraic manipulation, to conclude Witten’s proof of the Morse inequalities. This
theorem can be proved either using functional analysis -[24, p. 82-89]- or by resorting to the
min-max principle for self-adjoint operators -[15]-. In this text, we will follow [12, p. 30-32]
and focus on the latter approach.
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5.4 Proof of the Morse inequalities Morse theory and supersymmetry

5.4 Proof of the Morse inequalities

One of the key remarks of Witten in [23] is that the eigenforms of the Witten Laplacian
concentrate near Crit(f) as T — +o00. We now study the spectrum of Ar comparing it with
the spectrum of A/, by means of the min-max principle.

The idea will be to show that there exists a spectral gap that grows asymptotically as T
increases, which precisely separates my eigenvalues of Ar|qgx(as) that are asymptotically small
(ground states) from the rest, which grow significantly. On a topological level, this will
imply that for a good choice of \, dim E¥(\, Ar) = my. Since this complex has the same
cohomology as the de Rham complex, we will be able to compare the numbers m; with the
Betti numbers. On a physical level, the number of ground states in a system is fundamental
within the framework of supersymmetry, as it is where the correspondence between bosons
and fermions, as asserted by the theory, is determined.

Theorem 5.4.1. There exist constants C;, Cy > 0 such that
Spec(Ar) C [0, T U [CLT, +00], T > 1.
Also, Arp| r2(ary has exactly my, eigenvalues (counted with multiplicity) in [0, e=“7T], that is,
N*(e T Ar) = my.

Proof. The proof consists of two distinct parts. In the first part, it is shown that there are
at least my, eigenvalues within the interval [0,e~“7]. In the second part, it is demonstrated
that the (my + 1)-th eigenvalue grows linearly as 7' — +o00. This reveals that, for large T,
the spectrum of the deformed Laplacian corresponds to the spectrum of the sum of m;, model
operators A7.;. Additionally, we can observe how each critical value contributes exactly to
one ground state to the spectrum.

Consider a C*° bump function  : R — R with compact support supp n = [—2,2] such
that n = 1 on [—1,1]. Set n.(t) = n(et), € > 0. Fix a Morse index r and an small enough
e > 0. Consider, for every p € Crit(f;r), the coordinate system (U, x1, ..., z,) and the map
Ype : Uy = R given by ¢, .(x) = n.(z1) ...n-(x,). Note that supp 1, = {x € U, : |z;|<
2¢,j=1,...,n}. We now transport the forms from ker A7, |r2mny to M defining

2
1 _ T|z|

e~ "2 x)dxy A ... Ndx, on U,
Wt = \/@ @Dp,a( ) 1 p
0 on M \ supp ¢,

where ar = fR e_Ty277§(y) dy. Note that we can compute the following integral as a product
for each coordinate

1 i n
(Wp s wWpr) = / Wp,r N\ *Wp T = — {/ e T 2773(:6)(14 =1.
M a R

T

Now, since supp w, r C U,, the r-forms w, - are linearly independent when p runs in Crit(f;r).

We define
Jr = @ (wWp,r)-
peCrit(f;r)
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5.4 Proof of the Morse inequalities Morse theory and supersymmetry

In order to use the min-max principle, we define the quadratic form associated to Ar by
Qr(u) = (Apu,u),  u e QM)

Again, separating coordinates, we get for large T

Qr(wpr) = (Arwp,r, wyr) = (Ap,Wp T, Wy 1) = / AT Wy N *Wp, T
M

10 0 a2 2 n
= — I 2) 73 73 d
2 (g ) e e s
_ 1 " / 2,2\ —Tz%/2 2.2 _Ta?/2 o2 "
= — (f = 20T + n T z%)e + T2 nee n(z)e” "2 dx
T LJR
_ 1] " / —Tx? ! —Tne? /2
== /(—ngne + 2ncneal)e drc] < Ce :
ar L Jr

where we have used that the function in parenthesis has support [e, 2¢] and that ap > % /T

for T > 1. As T grows, there is always a constant C; > 0 for which we can write Ce=7"/2 =

e~ Let \(T) < \o(T) < ... be the spectrum of Ap in L2(M). According to [12, A. 43],
the min-max principle tells us that
N(T)= _ inf sup  Q(u)

FCDom(Q) yeF,||u|=1

where F' runs through the j-dimensional subspaces of the domain of @, Dom(Q). Since
dim J}. = m,, we have
A (T) < sup  Qp(u) <e T

wedpful=1
This proves the first part. For the second part, an alternative form of the min-max principle
is needed -[12, A. 44]-, given by

N(T)=sup inf  Q(u)

FCDom(Q) uEF[[ul|=1

where F' now runs over the (j — 1)-codimensional subspaces of Dom(Q). This means that all

we need is to prove that
Qr(u) 2 CoT|ull®  Vu € (Jp)*,

since then it follows that

(1) = inf  Qu(u) = CoT

—ue(Ug)tJlull=1

for large T. To do so, let us construct a cover % of M. Let Uy = M \ Upecmmﬁp and
set % = {Up} U{U, : p € Crit(f)}. We consider now a partition of unity {py : U € %}
subordinated to % with

Z 0¥ =1 and ¢y, = 1 on supp wpr.
vew

Recall that for any u € QF(M) we have u = Y., puu. Moreover, since >, pudoy =0,

D ldleou)P= ) (ehldul’+ldeu Aul?) = du*+ ) |dey Auf?

Uew Ue Uew
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5.4 Proof of the Morse inequalities Morse theory and supersymmetry

and

> l6lerw)P= Y (b loul +igppul?) = 16uP+ Y ligpyul®

Ue% Ue Ue%

For u € L2(M), let us calculate the quadratic form making use of the inner product induced
by the metric

S Qrlevw = 3 [ (e P+seon T df el
vew vew ' M
—i—TZHessf<i i>([dx/\ laz. | oUt, YU >dVM
Z] ax’L? al’] Ny X 5 ’ g

o 0 .
= /]\/l <|du|2—|—|5u|2+T2|df|2|u‘2+T ; HeSSf <a_(L'Z7 8_%> <[d$1/\, de].]u, u>g)

+ Z /M <’dQOU /\u‘2+’id<pUu|2> = Qr(u) + Z /M (‘d@U /\u|2+|idtp[]u’2>-

Uew Uew
and therefore there is a constant C' > 0 such that
Qr(u) > Y Qrlpyu) — Cllull”.
Uew

We will revisit this expression later. Next, we will see that the desired inequality, Qr(u) >
CoT||ul?, holds for (i) r-forms restricted to Up; (ii) r-forms restricted to U,, where p €
Crit(f)\ Crit(f;r); and finally, (iii) r-forms restricted to U,, where p € Crit(f;r), all of them
in (Jr)*.

To prove (i), take u € L?(Uy), since UpNCrit(f) = & there exists ¢ > 0 such that 0 < ¢ < |df |*.
Now, the dominant term in the Bochner formula is the one with |df|? and therefore

T
(Aru,u) > ST ul= 2T |ul*= KiTljul?, for T > To.

The proof of (ii) follows from Theorem 5.3.7, as if p € Crit(f;1), I # r, and u € L*(U,), then
(Apu,u) = (A u,u) > KoT(u,u) = KT l|ul]?, Ky > 0.

The proof of (iii) is somewhat more intricate. Given @ € L?(U,) = L%(R") with p € Crit(f;r),
extend this form to the entirety of M by setting it to zero outside U, an extension we denote
by w € L}(M). Then |lul|= [la], and on U, we have Ap = A%, and also (Apu,u) =
(A%, @, 1). By orthogonal decomposition, we can write 4 = ; + Gy with @; € ker A7,
and 1y L ker A’T’T. Let us denote dr; = dxi A ... AN dx,. We can then express u;, as
iy = (i, e~ T*/2dg ;)e~T+*/2dz ;. Note that

lall= (@, e 2dz )| = [(u, [$pe + (1 = dpele™ Pdas)|= [(u, (1 = dpe)e ™ da)]
< ull (1 = dpee ™ Pday, (1= e ™ Pday) = Kae "l

for K3 > 0, where we have used that v L w,r, the Cauchy-Schwarz inequality and the
fact that (1 — ¢, .) vanishes on [—&,£]". On the other hand, from Theorem 5.3.7 we have
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5.4 Proof of the Morse inequalities Morse theory and supersymmetry

(AT lig, tp) > K4T||tg]| for Ky > 0. Therefore,

Qr(u) = (A, @, @) = (A, G, Bo) > KT iall= KT ol = KT (1]l )
> K T(1 — Kge 75/ |a)|> KsT)|a

for large T'. This proves (iii). With the help of the partition of unity presented above and
since Qr(u) > > ey Qr(pvu) — Cllul|* for a general u € L2(M), u L Jj, the proof is
concluded. O]

To complete the proof of the Morse inequalities, we return to the known complex,
0= E9N Ar) 255 E1 (N, Ap) 255 05 en (X Ar) 55 0.
Now knowing that, for a good choice of A,
dim H*(E*(\, A7) = B and  dim EF(\, Ap) = NF(\, Ar) = my.
Proof of the Morse inequalities. Let us denote
zp = dimker dpleey apy and 7 = dimim dp|gim sk x,a0)-

By definition, m;, = dim &\, Ar) = 2z, + 1, and By = dim H*(E*(\, A7) = 2z — 1y

Therefore .

k
YD Iy =y (<18
j=0 Jj=0

Since r, > 0 for all k£, and r_y = r,, = 0, we obtain the strong Morse inequalities. For the
weak inequalities, one just notices that my, = Or + 7 + re—1 > Or. O

With this, we conclude the proof of the Morse inequalities using Witten’s deformed Lapla-
cian, as well as the present text. Before finishing, it is worth looking back and reviewing
everything we have learned. We began by studying the differential geometry of a manifold
and learning that the extent to which closed differential forms on the manifold failed to be
exact provided a measure of its topology, through de Rham’s theorem. With Hodge’s theo-
rem, we learned that the Laplacian allows us to select a harmonic form as a representative of
the classes of these topological invariants, the de Rham cohomology groups. With Witten’s
work, we discovered that harmonic forms are, in fact, ground states of a physical system very
relevant in the context of supersymmetry, and that to study them, we can use a deformation
of the Laplacian, whose harmonic forms retain information about the topology of the mani-
fold due to the properties of elliptic operators. Finally, the introduction of Morse functions f
has allowed us to separate the spectrum of this new operator and count the number of forms
that vanish in terms of the Morse index of the critical points of f.

The work developed has an analogous counterpart in terms of complex manifolds, known as
Kéhler manifolds. Instead of the de Rham complex, topological invariants are obtained from
the Dolbeault complex. Dolbeault cohomology is also closely related to Hodge theory and
harmonic forms, as well as playing an important role in the paper where Witten develops his
ideas on supersymmetry.

ol



Bibliography

1]

2l

4]

[5]

(6]

17l

18]

[10]

[11]

Raoul Bott. “Morse theory in-

[12]

[13]

[14]

domitable”. In: Publications Mathématiqueﬁ 5]

de 'IHES 68 (1988), pp. 99-114.

Raoul Bott and Loring W Tu. Differen-
tial forms in algebraic topology. Vol. 82.
Springer Science & Business Media,
2013.

Glen E Bredon. Sheaf theory. Vol. 170.
Springer Science & Business Media,
2012.

Glen E Bredon. Topology and geometry.
Vol. 139. Springer Science & Business
Media, 2013.

Haim Brezis and Haim Brézis. Func-
tional analysis, Sobolev spaces and par-
tial differential equations. Vol. 2. 3.
Springer, 2011.

Dan Burghelea. “Witten deformation
and the spectral package of a Rie-

mannian manifold”. In: arXww preprint
arXiv:2002.10150 (2020).

Fouad El Zein and Loring W Tu. “From
sheaf cohomology to the algebraic de
Rham theorem”. In: Hodge theory 49
(2013), pp. 70-122.

Victor Guillemin. “Hodge theory”. In:
Notes (1997).

Brian C Hall. Quantum theory for
mathematicians. Vol. 267. Springer Sci-
ence & Business Media, 2013.

Kentaro Hori. Murror symmetry. Vol. 1.
American Mathematical Soc., 2003.

Solomon Lefschetz. The early develop-
ment of algebraic topology. na, 1970.

o2

[16]

[17]

18]

[19]

[20]

[21]

22]

23]

[24]

George Marinescu. “The Laplace
Operator on High Tensor Pow-
ers of Line Bundles”. In: Preprint,
http://www. mi. uni-koeln. de/gmari-
nes/PREPRINTS /habil. pdf (2005).

John Willard Milnor. Morse theory. 51.
Princeton university press, 1963.

James R Munkres. Analysis on mani-

folds. CRC Press, 2018.

Nicolas Raymond. “Elements of
spectral theory”. In: Access mode:
https://hal.  archives-ouvertes. fr/cel-

01587623v2/document (2017).

Daniel Rosiak. Sheaf theory through ex-
amples. MIT Press, 2022.

Mikhail Aleksandrovich Shubin. “Pseu-
dodifferential operators and spectral
theory”. In: (2001).

Claire Voisin. Hodge Theory and Com-
plex Algebraic Geometry 1. Vol. 77.
Cambridge University Press, 2002.

Frank W Warner. Foundations of dif-
ferentiable manifolds and Lie groups.

Vol. 94. Springer Science & Business
Media, 1983.

Torsten Wedhorn. Manifolds, sheaves,
and cohomology. Springer, 2016.

Raymond O’Neil Wells and Oscar
Garcia-Prada. Differential analysis on
complex manifolds. Vol. 21980. Springer
New York, 1980.

Edward Witten. “Constraints on su-
persymmetry breaking”. In: Nuclear
Physics B 202.2 (1982), pp. 253-316.

Edward Witten. “Supersymmetry and
Morse theory”. In: Journal of differen-
tial geometry 17.4 (1982), pp. 661-692.

Weiping Zhang. Lectures on Chern-Weil
theory and Witten deformations. Vol. 4.
World Scientific, 2001.



Appendix A

Basics of differential geometry on
manifolds

Let n > 1 be an integer and let
R" ={a=(ay,...,a,) : a; € R}
be the n-dimensional Euclidean space.

Definition A.1. For ¢ = 1,...,n, the function r; : R® — R defined by r;(a) = a; is called
the ith canonical coordinate function on R™.

Given a = (ay,...,a,) a n-tuple of non-negative integers, we set [a] = > «; and al=
oq!. .. «a,! so that:

oia—IG

are " or{t.orpn
Definition A.2. Let U C R™ be open and f : U — R. We say that f is differentiable of

class C* on U, denoted by f € C*(U), if for each [a] < k the partial derivatives g:—f exist
and are continuous on U.

Definition A.3. A locally Fuclidean space M of dimension n is a Hausdorff n-dimensional
topological space for which each point has a neighbourhood homeomorphic to an open subset
of the Euclidean space R™. If ¢ is a homeomorphism of a connected open set U C M onto an
open subset of R"™, then ¢ is called a coordinate map, the functions z; =r;0¢ : U — R are
called the coordinate functions and the pair (U, @) is called a coordinate system or simply a
chart.

Definition A.4. A differentiable structure .F of class C* on a locally Euclidean space M is
a collection of coordinate systems {(U,, ¢, : @ € A} satisfying:

(1) UaEA Ua =M.
(i) ¢aoy'is C* for all a, B € A.

(iii) If (U, ) is a coordinate system such that ¢ o ¢t and @, 0 ¢! are C* for all a € A,

then (U, ¢) € .#. That is, .Z is a smooth atlas which is maximal with respect to (ii).
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Basics of differential geometry on manifolds

Definition A.5. A n-dimensional differentiable manifold of class C* is a pair (M, .#) con-
sisting of a n-dimensional, second countable, locally Euclidean space M and a differentiable
structure .# of class C*. Generally, we will write only M and focus our attention on C*°-
differential structures, which give rise to the so-called smooth manifolds.

Definition A.6. Let U C M be open. Then f: U — Ris a C* function on U, f € C>(U),
if fop™is C™ for every coordinate map. The set of all C*°(M) functions has R-algebra
structure with the operations

(f+9)) = flp)+9®), (fo)p):=fPgp), AP =), YpeM.

Definition A.7. A continuous map ¢ : M — N is differentiable of class C*,p € C*°(M, N)
or simply ¢» € C*, if and only if ¢ 01) o7 for each coordinate map ¢ on M and 7 on N. This
is in fact a local property.

Definition A.8. Given a neighbourhood U of p € M and a C'*° function f : U — R, then
(f,U) is said to be equivalent to (g, V) if there is an open set W C U NV containing p such
that f = g when restricted to W. This equivalence class of (f,U) is called germ of f at p.

A germ is, locally, the heart of the function, as it is the cereal germ for a grain. Let us denote
by C5°(M) the set of all germs of smooth functions on M at p.

The requirement of the second axiom of countability in manifolds brings forth many useful
properties. Due to this, manifolds are normal, metrizable, and paracompact. Paracompact-
ness implies the existence of partitions of unity, a tool that will allow the emergence of global
properties from the addition of local ones [19].

A collection {U,} of open subsets of M is a cover of aset W C M if W C |, U,. A collection
{A.} of subsets of M is locally finite if whenever p € M there exists a neighbourhood W, of
p such that W, N A, # @ for only finitely many a. Given a function ¢ on a topological space
X, the support of ¢ is the subset of X defined by supp ¢ = ¢~ (R — {0}).

Definition A.9. A partition of unity on M is a collection {¢; : i € I} of C'™° functions on
M such that

(i) The collection {supp ¢; : i € I} is locally finite.
(ii) > ,e;pi(p) = 1for all p € M, and ¢;(p) > 0 for all p € M and i € .

It is subordinate to the cover {U, }aca if for each i there exists an « such that supp ¢; C U,.

Theorem A.10 (Existence of partitions of unity). Let M be a differentiable manifold and
{U, : @ € A} an open cover of M. Then there exists a countable partition of unity {¢; :
i =1,2,3,...} subordinate to the cover {U,} with supp ¢ compact for each i. If one does
not require compact supports, then there is a partition of unity ¢, subordinate to the cover
{U,} with at most countably many of the ¢, not identically zero.

The concept of linear approximation to a manifold is embodied in the so-called tangent
space of the manifold. We will identify the property of geometric tangent vectors by their
action on smooth functions as directional derivatives and establish a bijection between the
tangent vectors on the manifold and the derivations of C*°(M). Other ways of introducing
the tangent space as a linear approximation involve quotient spaces of the previously defined
germs. However, this approach is more characteristic of algebraic geometry.
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Basics of differential geometry on manifolds

Definition A.11. Given p € R", a tangent vector to R™ at p is a pair (p;v) where v =
(v1,...,v,) € R™

Definition A.12. The set of all tangent vectors to R™ at p forms a vector space called
tangent space of R™ at p, denoted by T),(R") and defined by

(p;v) + (psw) = (v +w),  c(p;v) = (p;cv)

Definition A.13. A linear map X, : C;°(R") — R" satisfying the Leibniz rule, that is,
X,(fg9) = Xp(f)glp) + f(p)Xp(g) Vf, g € C°(R™), is called a derivation at p € R™. The set
of all derivations forms a vector space at p denoted by D,(R").

Theorem A.14. The linear map

n n - a
¢ : T,(R") — D,(R") (p,v)HDv:;uiamp
where (p;v) = (p;v1,...,v,) and D, is the directional derivative in the direction of v, is an

isomorphism. Thus, the base of the vector space T,,(R™), {e;}i=1..n, corresponds to the base

{0/0rilp}i=1,...n-

Now, the previous results can be easily extended to manifolds as follows. Definitions 2.2.1,
2.2.2 and 2.2.3 hold when R" is replaced by a general smooth manifold M.

.....

Definition A.15. Given a chart ¢ : U — R" with coordinate functions zy,...,z, and a
smooth function f: M — R we define the partial derivative 0f/0x; by

d _O(fop™)
(2]}~ 21527
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Definition A.16. Let ) : M — N be a smooth map of smooth manifolds. At each p € M,
it induces a linear map of tangent spaces called the pushforward of a vector,

0

= (foe™)

»(p)

»(p)

ZZJ* : TpM — Tw(p)N,
such that for each X, € T,M we have .(X,)(f) = X,,(f o) € R for f € C7p,(N).

Theorem A.17. Let (U, ) be a coordinate system of M with coordinate functions {z; };—1_».
Then ¢, : T,M — T, R" = R" is a vector space isomorphism and thus the basis of T, M is

.....

Hence, if M is a n-dimensional manifold, then 7}, M is a vector space of dimension n.

Definition A.18. Let M be a smooth manifold and p € M. The dual space of T, M is called
the cotangent space of M at p and is denoted by T7 M. Its elements are called co-vectors.

Definition A.19. Let f: M — R be a smooth function. Its differential is defined to be the
object such that for any p € M and X, € T, M yields (df),(X,) = X,(f). Therefore we have
df, € Ty M.
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Remark A.20. Let (U, ¢) be a coordinate system such that {z;},—; __, are coordinate func-
tions and {0/0x;|,}iz1,..n form a basis of T,M. Since z; : M — R, it makes sense to define
their differentials as those objects dx;|, such that

11111

Remark A.21. One can easily check that the following properties are satisfied.

(i) Any tangent vector X, € T,M can be written uniquely as a linear combination

Suppose that (U, ¢) and (V, 9) are coordinate systems about p with coordinate functions

T1,...,T, and yy, ..., y, respectively. Then
J| " Ox;| 0
Dy P =1 dy; paxi P

(ii) If (U, 21, ..., 7q) is a coordinate system about p € M, then {dx;[,} is the basis of T,y M
dual to {90/0z;|,}. If f: M — R is a C* function, then

d
&= di) = oL

=1

dCL’Z‘|p.
p

Definition A.22. ¢ : M — N be C* and p € M. The pullback of co-vector is the linear
map ¢* : Tg(p)N — Ty M such that

@b*(wp)(Xp) = wp(¢*<Xp))
whenever w, € Tg(p)N and X, € T, M.

Now, let us observe how, in a natural way, the collection of tangent vectors on a differentiable
manifold itself forms another differentiable manifold. Similarly, this holds for its dual object,
formed by the linear functions on the tangent spaces. Let M be a smooth manifold with
differential structure .. We define

T™ = ] T,M
peEM

"M = | ;M
peEM

and consider the natural projections
7:TM — M, (X, =p if X,eT,M
7 T"M — M, ™(wp) =p if w, € TyM
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Let (U, p) € F with coordinate functions 1, ..., z,. Now, define one-to-one maps onto open
subsets of R @ : 77 1(U) — R?" and ¢* : (7*)"1(U) — R?" by

o) = (z1(m(v)), ..., zu(7(v)),dx1(V),. .., dx,(V))

Q" (1) = (x1(7*(7))y .. .y xn (7 (7)), T (%) ey T (%))

for v € 77 }(U) and 7 € (7*)"'(U). From this maps, the construction of the topology and
differential structure in both TM and T*M is developed in [19, p. 19]. The sets TM and
T*M with these differentiable structures are called respectively tangent bundle and cotan-
gent bundle. Their points can be conveniently written as pairs (p, X,) where p € M and
X, € T,M for the former and (p,w,) where p € M and w, € T;yM for the latter. In most of
the sections, however, we omit the specification of the point unless it is particularly needed.
The set M, = 7 !(p) is called the fiber of TM at p and is canonically identified with 7, M
by mapping each (p, X,) to X,,.

If¢: M — N is a C* map, then the pushforward map defines a C*>° mapping of the tangent
bundles by

b i TM = TN, .(p, X,) = (¥(p), :(X,)).

Definition A.23. A vector field X along a curve o : [a,b] — M is amapping X : [a,b] — TM
which lifts o, that is, m o X = 0. The vector field is smooth along o if X : [a,b] — TM is
smooth.

Definition A.24. A vector field X on an open set U C M is a lifting of U into T'M, that
is, amap X : U — TM such that m o X = idy. Again, the vector field is smooth if
X e C*(U, TM).

The set of smooth vector fields over U acquires structure of vector space over R and a module
over the ring C>°(U). If p € U, then X(p) = X,, is an element of 7,,M. Vector fields are then
defined by mapping each point to point of the fiber of p. Furthermore, if f € C*(U), then
X(f) is the function on U defined by X(f)(p) = X,(f).

Definition A.25. A differential 1-form on an open set U C M is a lifting of U into T* M,
that is, a map w : U — T* M such that 7* o w = udy.

Just as in vector fields, the set of smooth 1-forms over U acquires vector space structure over
R. If p € U, then w(p) = w,, is an element of T M.
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