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Fractal lattices are self-similar structures with repeated patterns on different scales. Quantum
transport through such structures is subtle due to the possible co-existence of localized and extended
states. Here, we study the dynamical properties of two fractal lattices, the Sierpinski gasket and the
Sierpinski carpet. While the gasket exhibits sub-diffusive behavior, sub-ballistic transport occurs in
the carpet. We show that the different dynamical behavior is in line with qualitative differences of the
systems’ spectral properties. Specifically, in contrast to the Sierpinski carpet, the Sierpinski gasket
exhibits an inverse power-law behavior of the level spacing distribution. As a possible technological
application, we discuss a memory effect in the Sierpinski gasket which allows to read off the phase
information of an initial state from the spatial distribution after long evolution times. We also show that
interpolating between fractal and regular lattices allows for flexible tuning between different transport

regimes.

Recent advances in the engineering of quantum systems have spurred
quantum technology applications, including the vast field of quantum
simulation. Different experimental platforms allow for the design and
control of completely artificial quantum systems, with or without real-
world counterpart. Recent examples for a simulation setup exploring the
laws of quantum physics beyond standard geometries are quantum
particles in fractal lattices, including electronic systems generated by
molecular assembly' or using scanning tunneling microscopy’, photonic
systems of coupled optical fibers™, or cold atoms in optical tweezers’. In
general, fractal lattices are characterized by self-similar patterns repeated
on different scales which give rise to a fractal Hausdorff dimension®. In
the present article, we concentrate on Sierpinski fractals, specifically the
Sierpinski gasket and the Sierpiniski carpet. The self-similar construction
scheme for these fractals is illustrated in Fig. la, b. The fractal (Haus-
dorff) dimension of these structures is d; = log(3)/log(2) = 1.585 for the
gasket, and d; = log(8)/ log(3) = 1.893 for the carpet’. Exploring how the
fractal geometry affects the dynamical behavior of quantum systems is an
interesting research endeavor, and fascinating effects are found already in
the single-particle domain: For instance, the combination of non-
standard fractal geometry and topology has attracted significant
interest” . The fate of topological edge states in fractal lattices, where a
true bulk is absent, has now been studied experimentally using photonic
waveguide arrays’. Also in the absence of topological features, the

transport in fractal lattices is a rich research subject. In general, transport
behavior can be characterized through the mean square distance MSD(¢)
from the initial position, and in particular, through its scaling as a
function of time:

MSD(¢) ~ t°. (1)

Transport is called sub-diffusive for a <1, diffusive for & = 1,super-
diffusive or sub-ballistic for 1 < & < 2, ballistic for a =2, hyper-ballistic for
o> 2. Classical diffusion on fractals has been studied extensively since the
1980s'*"*, and sub-diffusive behavior with « = d,/dy has been established,
where d; is the spectral dimension. In contrast to the fractal dimension dj the
spectral dimension d takes into account also the connectivity of the fractal
lattice. It has a universal value, d; = 4/3, at percolation threshold according to
the Alexander-Orbach conjecture”. For Sierpifiski fractals, the values d, =
2log(3)/ log(5)=1.365 and d; ~ 1.805 have been obtained for gasket and
carpet”’, respectively. Random fractals allow for independently tuning
Hausdorft and spectral dimension, and the latter has been found most
relevant also in the context of quantum transport”’. Quantum-mechanical
transport in the Sierpinski gasket has been contrasted to the classical ran-
dom walk in ref. 19. Studying the return probability of a quantum object
evolving in the Sierpifiski gasket, it has been shown that, instead of the
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Fig. 1 | Construction scheme for fractal lattices. a Sierpiniski gasket and (b) Sier-
pinski carpet, showing in white the region of the fractal structure and in blue the
regions that do not belong to the fractal. In (c) we show a lattice, where the solid lines
form a 3rd generation Sierpinski gasket, and the dashed lines interpolate between the
fractal gasket and a regular triangular lattice.

classical decay t~%/2, the quantum return probability in the Sierpinski
gasket oscillates and remains above the classical value at all times. Notably,
such a behavior is not apparent in the (finite-size) Sierpinski carpets, also
studied in ref. 19, hinting for different transport behavior of these two fractal
structures. In ref. 21, quantum transport in Sierpinski carpets has been
under scrutiny, also reporting clear differences between carpet and gasket.
While in the Sierpinski gasket conductance is zero in extended energy
regions, this is not the case in the Sierpinski carpet. As a possible geometric
reason for this difference ref. 21 mentions the infinite ramification number
of the Sierpiriski carpet™, in contrast to a finite ramification number in the
Sierpinski gasket. The ramification number counts the number of bonds
that have to be cut in order to separate different iterations of the fractal. The
increased quantum return probability in the Sierpinski gasket can be seen as
a dynamical consequence of the existence of localized eigenstates. Localized
states in the Sierpinski gasket have first been found in ref. 23 using the
Migdal-Kadanoff decimation technique. In fact, this early work had con-
jectured that all quantum states in the Sierpinski gasket are exponentially
localized, considering its spectral similarities to 1D quasi-crystals™*, and
the fact that, like in disordered media or in quasi-crystals, the absence of
Bloch’s theorem can give rise to quantum interference effects which slow
down the dynamics of a quantum object and possibly lead to Anderson
localization™. However, later work’” has shown that the Sierpiriski gasket
exhibits a more complex behavior, as in addition to the localized states also
an infinite number of extended states were found to live on the gasket.
Recently, quantum transport in fractal geometries has been explored also
experimentally in ref. 3, reporting super-diffusive quantum transport
through Sierpinski gasket and carpet, with the scaling exponent « = drgiven
by the fractal (Hausdorff) dimension of the lattice. Although these values are
smaller than the ballistic diffusion exponent, & = 2, obtained for quantum
diffusion on planar Bravais lattices™”, they still constitute a significant
quantum speed-up on fractals, in contrast to the increased return prob-
ability reported in ref. 19 and the expected quantum localization effect.
Given this controversial assessment on the transport behavior in Sierpinski
fractals, the present manuscript revisits this scenario. For the gasket, we
show that tiny changes in the connectivity of the lattice switch the particle’s
transport behavior from the super-diffusive motion reported in ref. 3 to a
sub-diffusive one, with a quantum transport exponent a = 0.73 that is
smaller than the classical value & = d,/dy~ 0.86, in line with the point of view

of Anderson localization. On the other hand, for the carpet, our study
confirms super-diffusive behavior with a = 1.8. This surprising difference
between the two structures can be understood from their different spectral
properties, already noted in ref. 19. Specifically, for the Sierpinski gasket, a
relation is established between « and the exponent of an inverse power-law
scaling of the level spacing distribution. The stark contrast between sub-
diffusive transport on the Sierpinski gasket and ballistic behavior on the
regular lattice, together with the tunability of synthetic quantum lattices,
opens an avenue to freely tune the transport behavior through all regimes by
interpolating between the fractal lattice and the regular lattice, as illustrated
in Fig. 1¢c. In addition to this opportunity, we also discuss a memory effect in
dynamics of the Sierpiniski gasket, which possibly may lead to applications as
a quantum memory. Specifically, we demonstrate that the localized quan-
tum dynamics on the Sierpinski gasket does not only significantly slow-
down the spreading of a wave packet, but it also keeps memory of relatively
fragile quantities like the phase of a quantum superposition. To this end, we
compare the evolution of non-classical states, specifically symmetric and
anti-symmetric arrangement of a delocalized object, and we find that the
anti-symmetric superposition experiences slower initial spreading due to
quantum interference. Interestingly, this leads to significantly different
MSD(¢) values even at long times, when in a regular lattice initial differences
have been washed out.

Results

Quantum transport on Sierpinski fractals

We start by considering the mean square distance of a particle on the
Sierpinski gasket which is initially prepared in one of the corners. An explicit
definition of the tight-binding model is given in the Methods section. For
different generations of the fractal, the obtained behavior is shown in Fig. 2a.
Each of these curves can be divided into three temporal regimes:

* Short times, #/ < 1: Ballistic regime. On short times, the system behaves
ballistically, MSD(#) ~ t* with & = 2.1. In this regime the system has yet
no notion of the fractal geometry, and the behavior is the same as in a
regular lattice. We note that the slightly hyper-ballistic value of & > 2 isa
consequence of preparing the state near the boundary. For such initial
conditions, also regular lattices exhibit the same increased value of «.

« Intermediate times, 1 $#/ < TJ with T = (L/ a)df /(4]): Sub-diffusive
regime. On intermediate-times, the system behaves sub-diffusively,
with « = 0.56. The extent of this regime is limited by the system size,
determined by the fractal dimension dy and the side length L of the
triangle. We note again that also in this regime the exact value of «
depends on the initial conditions, as we further discuss below.

* Longtimes, t > T: Quasi-localized regime. The evolution of the MSD(f)
flattens further and becomes extremely slow. On long time scales, the
behavior can be described on average with an exponent « <0.15,
cf. Fig. 2b.

It is important to note that at ¢ = T, i.e,, at the transition from the
intermediate regime to the long-time regime, MSD(T) is still far below its
thermalized value. In a thermalized system, the center of mass of the wave
function would be at the center of the triangle, hence for a system initially
prepared in one of the corners, the square distance between the corner
and the center of the triangle defines the thermalized value, MSDy, = L*/3.
With the intermediate regime being too short to thermalize the system
and with the subsequent evolution being extremely slow, it turns out that
in the Sierpinski gasket the thermalized value will essentially never be
reached. This can be seen from Fig. 2b which extends up to t] = 10% i.e., to
times scales which are clearly beyond experimentally realistic values.
Even on this time scale, the MSD remains below 1000 for a system with
L =128, that is MSDy, = 5461. Of course, this example does not exclude
the possibility of thermalization on even longer time scales which then
become difficult to assess even in a numerical simulation due to the
numerical precision. However, it is possible to argue rigorously that in
the thermodynamic limit the system will not thermalize. Therefore,
we note that MSD(T) scales sub-linearly with the system size,
MSD(T) ~ T% ~ L*%%% in contrast to the quadratic size dependence of
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Fig. 2 | Mean square distance for Sierpinski gasket. a Mean square distance MSD(¢)
of a particle starting from one corner of a Sierpinski gasket of generation G(X) with
X =4,5,6,7. This corresponds to D = 123, 366, 1095, 3282 sites, or triangles of
length L = 16, 32, 64, 128. On time scales up to ¢ ~ 1/], the particle behaves ballisti-
cally, MSD(f) ~ t* with a = 2.1. On an intermediate time scale bound by the system
size, the system evolves sub-diffusively, with an exponent « = 0.561 + 0.005. Beyond
that regime, the MSD(#) almost flattens. The value reached at that time is still far
away from the center of the triangle, MSD < L*/3. For comparison, we also plot the
MSD of a classical continuous-time random walk on a G(7) gasket. b Same plot as in
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(a) for the 7th generation of the Sierpinski gasket, but on an extremely long time
scale. We extract a long-time scaling & = 0.159 + 0.003 from this figure. ¢ For the 6th
generation Sierpinski gasket, we analyze the behavior of MSD(¢) averaged over a set
of different initial positions, as indicated by the red-colored sites, together with a
standard deviation of the averaged MSD(¢). In the intermediate temporal regime, we
find @ =0.73 £ 0.01. J is the hopping term between each connected site and a is the
distance between neighbor sites. The errors on the exponent « are associated with the
fit parameters error.

MSDy, ~ L. Hence, for larger systems the difference to a thermalized
state gets more and more enhanced.

So far we have studied only the transport starting from a very special
initial state where the particle is prepared in one corner of the triangle.
However, in contrast to the case of an (infinite) Bravais lattice, the fractal
lattice has non-equivalent lattice sites, and hence, the choice of initial state
may affect the dynamical behavior. Indeed, when considering initial pre-
paration on a variety of different sites, see Fig. 2¢, the exponent « in the
intermediate regime tends to be larger for generic initial states as compared
to an initial corner state. While the dynamics remains sub-diffusive for all
initial states which we have considered, the MSD(f) averaged over different
initial states, plotted in Fig. 2¢ together with its standard deviation, evolves
with an exponent « = 0.73.

The behavior on the Sierpinski gasket is in stark contrast to the
quantum diffusion in a regular triangular structure. In that geometry, the
ballistic initial behavior (with the possibility of « > 2 due to preparation near
the boundary) is maintained up to a saturation time T’ ~ L? at which the
system enters a thermalized regime with MSD(¢) oscillating around MSDy,.

The behavior on the Sierpinski gasket is also very different from the
dynamics on the Sierpinski carpet. Instead of sub-diffusive transport, the
carpet exhibits a highly super-diffusive, or sub-ballistic behavior, with
a = 1.8, see Fig. 3. This value is similar to the one previously obtained in
ref. 3, and it constitutes a significant quantum speed-up, compared to the
classical value & = d,/ds= 0.95. In this context, it should be noted that
even for some non-Bravais periodic lattices sub-ballistic quantum
transport has been found, e.g., with a value of « = 1.71 for the honey-
comb lattice™.

The sub-diffusive dynamics observed here at intermediate times in the
Sierpinski gasket is in contrast to the super-diffusive behavior reported in
ref. 3, with & = 1.59. The origin of this discrepancy is a subtle difference in the
definition of the fractal lattice: while the setup of ref. 3 incorporates tun-
neling between any pair of nearest-neighbor sites, the lattice studied in the
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Fig. 3 | Mean square distance for Sierpinski carpet. For a fifth generation G(5)
Sierpinski carpet lattice, we show the mean square distance MSD(t) as a function of
time. The initial state is conformed by a particle on a corner of the lattice and evolves
freely. There is a fit region with slope a = 1.804 + 0.001. J is the hopping term between
each connected site and a is the distance between neighbor sites. The error on the
exponent « is associated with the fit parameters error.

present work has the connectivity which is shown in Fig. 2c. Here, hopping
processes occur only between nearest neighbors belonging to the same
generation of the fractal. In this case, the three corner sites of each generation
are obvious bottlenecks, as different generations are connected only via these
sites. The remarkably different transport behavior on the two graphs, which
are both characterized by the same Hausdorff dimension, suggest that the
dynamics is crucially influenced by the ramification properties of the graph.
Although both structure are finitely ramified, incorporating nearest-
neighbor links between pairs from different generations doubles its rami-
fication number.
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Spectral properties on the Sierpinski gasket

Quite generally it is known from random matrix theory that the spacing
between adjacent energy levels provides deep insight into the dynamical
behavior of a quantum system™. Specifically, ergodic systems exhibit level
repulsion, and their level spacing distribution p(s) has a power-law behavior
p(s) ~ s for s — 0. This allows for classifying the system according to the
exponent f3. For the energy spectrum in fractal lattices, similarly to the case
of quasi-crystals, level spacing analysis seems, on first sight, to be inap-
propriate, since the energy spectrum is characterized by huge degeneracies™.
However, in refs. 32-34, the concept of level spacing distribution has been
adapted to the highly degenerate Cantor spectrum of quasi-periodic 1D
models, and an inverse power law p(s) ~ s has been found. To test this
behavior, the integrated level spacing distribution p, (s) = [ ds'p(s') can
be considered, by counting the number of gaps larger than s. In a finite
system, this leads to a devil’s staircase which, due to self-similarity of the
spectrum across various scales, can be smoothened to a power law,

Piag(8) ~s' 7P )

The exponent f3 of the level spacing distribution and the exponent « of
the mean square distance can be related in the following way*>**: By defi-
nition of the integrated level spacing distribution, the number of states
which can be energetically resolved with an energy resolution s (in units of
the hopping energy #J) is given by pi(s) ~ s' . On the other hand, con-
sidering that the volume of a system scales with length L (in units of the
lattice constant a) as LY, where dfis the Hausdorff dimension, we also have
L% ~p, (s). Hence, the smallest energy resolution s is related to the length L
of the system as L~sP/4 At the same time, the relation MSD ~ £*
connects a largest length scale L to a largest time scale t (in units 1/]) via
L~ or alternatively, to a smallest energy scale s~t"' via L~s
Combining these scaling relations leads to

28-1)
o0=—F" 3
7 )

Here, we analyze the spectral properties of different geometries by
plotting the integrated level spacing distribution, p;,(s), that is, the (nor-
malized) number of energy gaps larger than s, see Fig. 4. Indeed, for the
Sierpinski gasket we find that within an extended region in energy, the
staircase function is approximated by an inverse power law, pi(s) ~ s, as
seen by using a double-logarithmic axis scale. Numerically, we obtain
B=1.6 % 0.05. The proximity of 8 to the Hausdorff dyseems suggestive that
both quantities might be identical, but we are lacking any a priori argument
for such a relation. Importantly, the fractal dimension relates § to « through
Eq. (3), and for f=1.60 + 0.05, we expect & =0.76 +0.06, in accordance
with the & obtained before by averaging over different initial states.

For other geometries than the with Sierpinski gasket, the integrated
level spacing distribution is qualitatively different: Neither a regular lattice
with triangular or square geometry, nor the Sierpinski carpet exhibits an
extended spectral regime which can be approximated by an inverse power-
law, see Fig. 4. As we have argued above, both the Sierpinski carpet and
regular lattices (square or triangular) exhibit much faster transport behavior
than the Sierpinski gasket, within or close to the ballistic regime. In this
context, the Sierpiniski gasket of the experiment in ref. 3 appears to be an
intermediate case: For sufficiently large gaps, the level spacing distribution,
shown in green in Fig. 4, can still be approximated by power-law scaling. The
exponent is found to be significantly larger than in the case of a standard
Sierpinski gasket, 8 =2.25 £ 0.05. It is noted that, by applying Eq. (3), this
value of fis in full agreement with the exponent « = 1.59 of the MSD scaling,
reported in ref. 3.

Transport on interpolating lattices

The very different transport behavior of Sierpinski gasket and regular tri-
angular lattice open up a route to tailor-made transport behavior by inter-
polating between these two cases, as sketched in Fig. 1c. The interpolating

100

101

Fig. 4 | Energy gaps distribution. Integrated level spacing distribution piy(s) for the
energy spectra on different lattices: Solid lines are for triangular geometries, with the
fractal Sierpinski gasket (SG) of generation 7 (3282 sites) in blue, the corresponding
regular triangular lattice (RTL) with 8385 sites in red, and the Sierpinski gasket used
in experiment’ in green (SG exp.) The dash-dotted lines correspond to square
geometries, where the blue is the fractal Sierpinski carpet (SC) of generation 5
(5280 sites), and the red one is the regular square lattice (RSqL) with the same basis
(6724 sites). Only on the gasket (SG and SG exp), the integrated level spacing
distribution exhibits approximately an inverse power-law behavior pi(s) ~s'*.
This allows to determine the exponent 3 via fitting, 8 = 1.60 + 0.05 for SG, and

B =2.25%0.05 for SG exp.

lattice contains all sites of the regular lattice, but for the bonds at those sites
which are exclusive to the regular lattice a different hopping amplitude J' is
chosen (as compared to the hopping amplitude J on the fractal). In Fig. 5a,
the MSD(#) is plotted for various interpolating choices y = J'/J. Also in the
intermediate case (i.e., 0 <]’ <J), the transport behavior can be separated
into three temporal regimes. Our main interest is the exponent « for the
intermediate temporal regime, in between the dashed lines of Fig. 5a. We
plot this value & in Fig. 5b, showing that the transport properties can con-
tinuously be tuned from the sub-diffusive regime in the fractal lattice y < 0.3,
through a super-diffusive regime (0.3 < y < 0.8), into a ballistic regime in the
(almost) regular lattice (y 2 0.8).

Role of disorder

We have also studied the effect of a disorder potential V4, on each site i,
where Vs the disorder strength, and y; random numbers between 0 and 1,
drawn from a uniform distribution U(0,1). In Fig. 6a, we show the evolution
of the MSD for a particle prepared in one corner of the fifth generation
Sierpinski gasket for different V;, averaged over 100 disorder realizations.
For weak disorder, the evolution is essentially unchanged by the disorder
potential, except for a smoothening effect which is due to the disorder
averaging, and which sets in after a time scale that depends on the disorder
strength. This finding is particularly relevant from the point of view of
experiments, because it shows that unavoidable weak disorder does not alter
the dynamical behavior. From a theoretical point of view, it is interesting to
see that very strong disorder (V,;>> ) further slows down the dynamics and
leads to a saturation of the MSD at a smaller value than in the clean gasket. In
Fig. 6b we also plot the MSD at long times as a function of V;. Strong enough
disorder leads to an exponential decay of the long-time MSD. For an
interpretation of this observation, we note that low-dimensional systems
(i.e., 1D or 2D systems) are known tolocalize at any disorder strength, with a
localization length which depends on the disorder strength, and which for
weak disorder may exceed the size of a finite system. The behavior seen in
the Sierpinski gasket is interpreted as a competition between two different
localization mechanisms: For weak disorder, the localizing effect of the
fractal structure is dominant, and we do not observe an effect due to the
disorder. Strong disorder, in contrast, produces a localization length that
confines the dynamics in a stronger way than the fractal structure. In this
case, the effect of disorder becomes apparent in the system evolution.
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Fig. 5 | Interpolate Sierpinski gasket. a Mean square distance MSD(¢) of a particle
in an interpolating lattice, cf. Fig. 1c, characterized by the ratio y = J' /] between
hopping parameters J” exclusive to the regular lattice, and J in both regular and
fractal lattice. We initialize the evolution in one corner of an interpolating gasket of
generation 7. The slowest behavior is obtained in a fully fractal geometry (y =0),
whereas the fastest behavior corresponds to regular triangular lattice (y =1). b For

the different values of y, we extract the exponent « of the mean square distance (from
fits to the curves in (a) in the intermediate regime marked by the dashed lines). The
result is plotted as a function of y. The error bars of the fitted « are smaller than the
circles displayed. a is the distance between neighbor sites.
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Fig. 6 | Disordered Sierpinski gasket. a Mean square distance MSD(¢) of a particle
starting from one corner of a Sierpinski gasket of generation G(5) for different
disorder strengths V. The solids lines correspond to the average over 100 random
configurations whereas the colored region is the standard deviation. b Mean square
distance for long times MSD,, obtained by averaging the MSD from ¢J = 10 to

tJ = 10%, as a function of the strength of the random potential V,; with the error bars
obtained with the standard deviation. J is the hopping term between each connected
site and a is the distance between neighbor sites.

Discussion

Our results have established that the dynamics on the Sierpinski
gasket is coined by the localized eigenstates and an inverse-power-
law level spacing distribution, in stark contrast to the case of regular
lattices or Sierpinski carpet. We now discuss how this localized
nature of the gasket leads to a memory effect which possibly might be
used as a quantum memory. Clearly, the slow growth of the MSD(t)
and the demonstrated inability of reaching a thermalized value keep
memory of the classical information about the initial position of the

particle. This is also illustrated in Fig. 7, showing that after initial
preparation in the corner of a G(7) gasket, the weight of the time-
evolved wave function will remain concentrated in the surrounding
G(1) gasket (indicated in blue). Considering the surrounding G(6)
structure, i.e., roughly 1/3 of the total lattice, this will keep more than
95 % of the weight for all times. In contrast, for the case of a regular
lattice we see a rapid drop to the thermalized value 1/3.
Importantly, the Sierpinski gasket is also able to memorize quantum
properties of the initial state. To this end, we consider the initial quantum
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Fig. 7 | Localization on fractal lattice. After preparing the system initially in the

lower left corner of a G(7) Sierpinski gasket or the corresponding regular triangle, we
plot in (a) the weight of the wave function within the lower-leftmost G(3) structure
(as indicated in (b)). In the regular lattice the weight decays quickly and thermalizes
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at the thin dashed lines, corresponding to the ratio of site numbers N[G(i)]/
N[(G7)]. In contrast, the weight in the fractal (solid lines), will always keep some
memory of the initial state. ] is the hopping term between each connected site.
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Fig. 8 | Non-classical initial state. Mean square distance MSD(¢) of a particle with a
non-classical initial state. The particle is prepared in a superposition of being in the
corner and one of its first neighbors. The solid red line corresponds to a particle in a
seventh generation Sierpiniski gasket with a symmetric initial configuration. The
solid blue line corresponds to the anti-symmetric initial condition for the fractal
geometry. The dashed lines correspond to a standard triangular lattice geometry
with the same basis as the fractal considered. ] is the hopping term between each
connected site and a is the distance between neighbor sites.

superposition

1

¥, ) ﬁ(lA) +|B)), (4)

with + denoting the symmetric, and — the anti-symmetric superposition.
The states |A) and |B) denote two different initial positions, where for
concreteness we choose |A) to be a corner state and |B) its neighbor.
Defining MSD(¢) with respect to their center-of-mass, we find that the
anti-symmetric state |‘P7> evolves slower as compared to the symmetric
state |V +>, see Fig. 8. We attribute this difference to destructive
interference effects during the simultaneous tunneling from A and B to
their common neighbor. Such a confinement effect stemming from the
phase of the wave function is also found initially on a regular lattice.
However, onlonger time scales only the fractal lattice keeps memory of the
initial phase difference in form of a significantly different MSD(¢). In the
regular lattice, as can also be seen from Fig. 8, both initial states evolve to

the same MSDy,, and there is no obvious indicator of the initial phase
difference.

If we interpret the two states of Eq. (4) as a qubit, and consider the
presence of slow dephasing noise, it is clear that the information of this qubit
will be lost with time. However, as we have shown, the evolution in the
fractal lattice encodes the information in the spatial distribution of the wave
function, and thereby provides some robustness against dephasing noise.
We speculate that this might be exploited as some form of quantum
memory.

In future work, it will be interesting to explore this effect beyond single-
particle physics. For example, one could consider two or more entangled
particle evolving quantum-dynamically but under the influence of a certain
measurement rate. We expect that the measurement-induced entanglement
transition™ will depend on the geometry, and the Sierpiniski gasket will
maintain the entanglement at higher measurement rates as compared to
regular lattices or the Sierpinski carpet. These investigations are also relevant
to further advance our idea of using quantum particles in the Sierpinski
gasket as quantum memory. In the many-body regime, we expect to find a
glass and/or many-body localized phase in the Sierpinski gasket, whereas
such a phase is not expected on the carpet. In view of the computational
complexity of quantum many-body physics and open quantum systems, we
expect that quantum simulations with interacting particles on fractal lattices
will be particularly useful and provide important new insights into exotic
quantum phenomena. This may include electronic and atomic fractal sys-
tems, cf. refs. 1,2,5, or by adding optical non-linearities to the photonic
simulations. In particular in the context of electronic materials, it will also be
relevant to study the effect of finite temperature which might produce a
crossover between quantum transport and the classical random walk sce-
nario. So far, theoretical attempts to study quantum many-body phases in
fractal lattices include studies of quantum phase transitions and quantum
criticality in interacting spin models** ™, the study of interacting topological
systems, in particular with respect to the fate of anyons™ ™', or the very recent
mean-field study of the Bose-Hubbard model on the Sierpiriski gasket™.

Methods
Quantum transport
We study tight-binding systems described by a Hamiltonian of the form

H/h:—Z],-_jajaj—i—Zeini. (5)
i 7
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Our focus is on fractal lattices, in particular the Sierpinski gasket and
Sierpinski carpet, where sites i are the vertices of the structure. The con-
struction scheme for these fractals is illustrated in Fig. 1a, b. The tunneling
amplitude J;;=J4; j is non-zero between nearest-neighbors within each
generation of the fractal. We note that on the Sierpinski gasket there are also
nearest-neighbor pairs where the sites belong to different generations of the
fractal. While tunneling between these site is possible in the experimental
realization of ref. 3, we have set J; j to zero along these links. We have also
studied the case of an interpolating lattice, as shown in Fig. 1c, where we have
nearest-neighbor hopping on a regular lattice, but with two types of cou-
plings, ] belonging to the Sierpinski fractal, and J’ for the others. The on-site
frequencies €; are, where not otherwise defined, homogeneous, €; = €. With
this choice, the diagonal term of the Hamiltonian is proportional to the
identity matrix and only contributes an irrelevant overall phase factor.
Hence, we choose ¢ = 0. By numerical diagonalization of (H/%), we find the
eigenvectors |a) and eigenvalues w, of the tight-binding model on finite
lattices, which then allows us to evolve an arbitrary initial state |‘I’(O)> to
time t,

[2(6) =) (alP(0))e " ).

24

©)

We are then interested in different observables which are best defined
in a local basis |i) = a,T |vac), that is, a basis of states where the particle
exclusively occupies one site i. Specifically, the probability to be at a given site
iat time t reads p,(£) = |(i|¥(¢))|*. If the particle has initially been prepared at
asite 4, i.e,, |(i[\¥(0))| = 1, the quantity p,(f) equals the return probability of
the quantum walk. Another interesting quantity is the mean square distance
MSD(t). Let again be [(i[\¥(0))| = 1, and let r; denote the Euclidean coor-
dinates at any site j. The mean square distance is then defined as

MSD(t) = Ir; — i P  GI¥(1) - 7
i

Continuous-time classical random walk

With a proper choice of the on-site potentials ¢;, the Hamiltonian H also
defines an analog classical evolution, cf. ref. 43. In the classical random walk,
the probability of moving from site i to site j during a small time interval 7 is
given by — 7(j|H|i) = 7J, for connected sites i and j. If i is connected to N;
different sites, the total probability of a move is 7/N;. The probability of
remaining on the site shall be given by 1 — 7(i|Hli) = 1 — 7¢;. To keep the
probability normalized, we must have €; = N;J. On a Sierpinski gasket, €; = 4]
for all sites, except for the three corner sites, where we have ¢;=2J. The
definition of probabilities after an infinitesimal time step 7 defines the
probabilities for all times through a Schrodinger-like equation £ pi(t) =
—> {ilHIk)p;(t). Under the boundary condition p;(0)=0;, with i
denoting the site of initial preparation, the differential equation is solved by
pilt) = (jle”™|i). From this, we define the classical return probability p;(£), or
the mean square distance of the classical diffusive process by replacing
(GO in Eq. (7) by p(o).

Data availability

Data will be made available upon reasonable request to the authors.
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Codes will be made available upon reasonable request to the authors.
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