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1 Introduction

The anomalous magnetic moment of the muon (a, = (g, — 2)/2, with g the gyromagnetic
factor) has been one of the most attractive observables in recent years, given its extremely
precise measurements [1-3] and Standard Model predictions [4]! and the persistent discrepancy
between them, which seems to be reducing lately [82, 87, 91, 96, 97]. While the experimental
uncertainty on a, has shrunk up to 22 x 10!, and will likely be < 16 x 10~ after the final
FNAL measurement, the error of the theory prediction is not at the same level at the moment.

This uncertainty is dominated by the hadronic interaction contributions in the non-
perturbative regime of QCD, where hadrons play the key réle. Among these, the hadronic
vacuum polarization (HVP) part dominates the error, yielding 40 of the 43 units (in 10~!1)
of the overall uncertainty, the rest coming from the sum in quadrature of this error with the
one stemming from the hadronic light-by-light (HLbL) piece, 17 x 10~!!. The uncertainty
of the HVP part in the new evaluation of ref. [91] (33 x 107!1) is, however, smaller than
the one in the White Paper [4]. The error in ref. [91] still basically doubles that of the
HLDbL contribution, which is commensurate with the expected uncertainty of the final FNAL
a, publication. Therefore, although not pressing now, the need to improve over existing
computations of aELbL will be intensified by the time the aEVP picture becomes clearer (the

most recent developments seem to be pointing that way). In this context, it is the purpose of

HLbL

this work to advance in the understanding of the dominant contribution to a,

(yielding

'The Standard Model prediction in the White Paper [4] is based on refs. [5-39]. This field has been evolving
very actively since ref. [4] was published. See e.g., refs. [40-95].



its whole value [4] at 68% C.L.2 ~ 93 x 10711, given by the lightest pseudoscalar poles:

those corresponding to the 7%, 7 and 7’ mesons, afj‘pOleS’HLbL.

It was soon realized that the bulk of aELbL comes from the P-poles contribution [98-104].
Noticeably, the usefulness of the limit of QCD for a large number of colors (N¢) [105-107]
and the chiral counting [108-110] were acknowledged in comprehending the relative size
of the various contributions to aELbL and their numerical ballpark values [98, 100, 101,
104]. Large-N¢ QCD and the short-distance constraints of the strong interactions were the
guiding principles in ref. [111], which was a key source for later evaluations of af -poles, HLbL,
Particularly, the short-distance behaviour of the form-factor entering the real photon vertex
was challenged in ref. [21] and the importance of axial-vector mesons contributions in fulfilling
asymptotic QCD was put forward, a topic which has advanced notably since then (see
e.g. refs. [30, 33, 42-45, 49, 51, 54, 55, 58, 72, 73, 79, 112-118]).

We recapitulate the situation for aﬁ -poles, HLbL 1, the White Paper. The 70 contribution
was taken from the dispersive evaluation [24], which agreed with an earlier computation based
on rational approximants [22]. The latter was the one taken for the (") contributions, for which
a numerical dispersive result has not been published yet. Dyson-Schwinger evaluations [119,
120] and the lattice QCD computation [25] (including only the 7¥) agreed with them within
errors. These results are summarized in the first rows of table 10, yielding the data-driven

prediction af -poles, HLBL, — (93.8:“%:8) x 10711 [4]. The numerical values of other data-driven

calculations of afj -poles, HLDL

were not quoted in the White Paper [4], because they failed to
satisfy the quality criteria listed just before its section 4.4.1., which we copy here — for
reference — at the beginning of section 5.

This was precisely the case of computations using Resonance Chiral Lagrangians [121]:
refs. [122, 123] and [124], which added flavor-symmetry breaking corrections to the previous
two calculations (see also ref. [125]). In particular, including just one multiplet of vector mesons
it was not possible to comply with the leading asymptotic behaviour for double virtuality,
thus violating the last part of the first requirement for the White Paper [4]. In ref. [124],
the associated error was estimated to be (fg:g) x 10711, from the contribution of excited
vector multiplets, which would restore the appropriate short-distance behaviour for double
virtuality. In this work we have verified previous results and computed all new contributions
associated to the first resonance excitations within this formalism, being consistent with the
procedure of ref. [124] and complying now with the QCD short-distance behaviour.?

Resonance Chiral Theory (RxT) [121] is an effective approach that adds, to the Chiral
Perturbation Theory (xPT) action [108, 109], the light-flavored resonances as active fields.
This is done without any assumption on the resonance dynamics. In this way, one can
for instance see the celebrated notion of vector meson dominance emerging as a result of
integrating out the resonance fields and checking that the next-to-leading order chiral low-

energy constants are essentially saturated by the corresponding contributions to the chiral

2Tt must be clarified that it contributes to the af}LbL uncertainty, 17 x 107!, only with 5 x 107* directly,
although its dominant part may be ascribed to the interplay of P and axial poles, related to the fulfillment of
QCD short-distance constraints and the chiral anomaly, as commented in the next paragraph.

3A more complicated solution, including three resonance multiplets, was worked out in ref. [126]. In this
case it is possible to match even more subleading QCD asymptotic constraints. See table 11 for the comparison
of our procedure to this reference.



effective Lagrangian. We work within the large-N¢ limit and assume a 1/N¢ expansion
(the small impact of subleading terms is considered in section 7.1). Thus, the spontaneous
symmetry breaking pattern is U(3)r, X U(3)r — U(3)+Rr~v, so that the P pseudoscalars will
be part of a nonet of pseudo-Goldstone bosons. We will consider the RxT Lagrangian pieces
derived in refs. [121, 122, 127-132]. The restrictions imposed by perturbative QCD on the
asymptotic behaviour of the P transition form factors will determine all but 12 parameters
(including four describing the n-n’ mixing), that will be fitted to the available spacelike
data: the di-photon P decay widths, and the singly and doubly virtual measurements. For
double virtuality, supplementing the very few points (only for the 1) with lattice data will
turn out to be fundamental.

As the main outcome of our work, we predict the following afj -poles, HLbL

(in units of 10°1): ap’ e = (61.9+0.6773), arrle = (15.240.5558) and af Pl =

(14.2 + 0-7:1):3), for a total of aZO+”+77/'p°1e = (91.3 + 1.0;“;’:8), where the first uncertainty is
statistical and the second one is the systematic theory error (discussed in detail in section 7.1).

contributions

The paper is organized as follows. In section 2, we review the relevant pieces of the
resonance chiral Lagrangian. After that, in section 3, we introduce briefly the P transition
form factors and focus on the new contributions, from the excited resonances, that were
disregarded in ref. [124]. We start section 4 recalling the restrictions imposed by perturbative
QCD on the asymptotic behaviour of the P transition form factors. Then, we apply them to
our results, first in the chiral limit and then including O(m%) corrections. The relations that
we found on the resonance Lagrangian couplings are consistent with the restrictions obtained
studying the V'V P Green’s function. Using these relations allows us to get more compact form
factors, depending on 12 parameters, that are confronted to spacelike data (for real photons,
and for the singly- and doubly-virtual cases) in section 5. We quote and discuss our best fit
results, verifying their accuracy and consistency. Section 6 examines their correspondence
with those obtained with Canterbury Approximants, explaining our preference for RxT. We
compute the P-pole contributions to a, in section 7 and state our conclusions in section 8.

2 Resonance chiral theory Lagrangian

In this section we describe the formalism used to compute the P transition form factors,
namely RxT,* which extends the energy domain of applicability of the YPT Lagrangian [109]
by including the light-flavored resonances as explicit degrees of freedom [121].

The leading contribution to the Py transition form factor (TFF) at low energies® is
given by the Wess-Zumino-Witten (WZW) contact term [133, 134], which is completely
specified by the chiral anomaly [135, 136], in terms of the number of colours of the QCD
gauge group (N¢) and the pion decay constant in the chiral limit (£'). We will not quote here
the WZW action (it can be found in e.g. appendix A of ref. [124]), but rather recall in the
next section its contribution to the 7%, 1 and 1/ TFF. This one, being a constant, demands
additional pieces to yield a behaviour complying with QCD constraints. Within RxT we will
accomplish this by considering interactions mediated by vector mesons that will modify the

“A more extended discussion can be found in e.g. ref. [124].
5Tt is O(p*) in the chiral expansion, where p> ~ m% [109].



WZW local interaction. We will need to account for odd-intrinsic parity operators with a
pseudo-Goldsonte boson and either two vector resonances, or one such resonance and a vector
current. We will also need to include the non-resonant Rx7" odd-intrinsic parity Lagrangian at
O(p®), which has the same operator structure as the YPT Lagrangian of the same order [137].

The complete basis of odd-intrinsic parity RxT operators which -upon resonance
integration- saturate most of the O(p®) chiral low-energy constants (LECs) was found in
ref. [122]. We will, however, use the basis in ref. [127], which is sufficient for processes includ-
ing just one pseudoscalar meson [138] and simpler (smaller) for the present study. To achieve
a consistent description [122], we need to consider pseudoscalar resonances as well [124],
which naturally come along with the second vector multiplet [123] that we introduce here
in the context of the P TFF within RxT.

We organize the Lagrangian describing the lightest pseudo-Goldstone bosons and their
interactions in increasing number of resonance fields, R:

Loyt =Lnor+ Y (LR"+LEN+ D Lrp+-- . (2.1)
R R,R’
We will further divide the RxT Lagrangian into its odd- and even-intrinsic parity sectors,
including, in addition to the pseudo-Goldstone bosons (¢®) and the photons (), the two
lightest vector meson multiplets (V()) and the first pseudoscalar excitations (P').

Operators with no resonance fields.

This part of the Lagrangian will be formally equivalent to the xYPT one. We must note,
however, that the values of the chiral LECs vary from xPT to this sector of RxT precisely
by the fact that in the latter the resonance degrees of freedom are active, whereas they have
been integrated out in the former. The relevant part of L., g in both intrinsic parity sectors
reads ({...) stands for a trace in flavor space):°

F2
ok =t +x4), Lo =Lwaw+ Y COF, (2.2)
§=7,8,22
where we used the chiral tensors [139]
Uy =1 [UT@M —iry)u — u(0, — ilu)uq o oxe = ulxul £uxTu, (2.3)

in which the external (pseudo)scalar (p)s spin-zero and (left)-right ({,)r, spin-one sources
appear. For the vector electromagnetic case
) 2 1 1
TM:l,u:eQAu-i--” 5 Q:dlag (3,—37—?)) . (24)

Explicit chiral symmetry breaking is introduced like in QCD, through non-vanishing quark
masses, by means of the scalar current, via

X =2B(s +ip), s=diag(my,mg,ms), p=0, 2m=m,+ mg, (2.5)

SWe include the (9;-” operators, which are subleading in the chiral expansion with respect to the WZW
piece, to ensure the most general breaking of flavor symmetry. Nevertheless, our analysis of short-distance
constraints will show that their coefficients, C]W , vanish.



where the last equality corresponds to the isospin symmetry limit,” which is an excellent
approximation in our study. In eq. (2.3), the operator u also appears, depending non-linearly
on the pseudo-Goldstone bosons ¢® (v/2® = 2220 0%\, the ' becomes the ninth such boson
in the chiral and large-N¢ limits [105-107])

U = exp (z \/q;F) , (2.6)

through
5(Can® + Can + Cip) mt K+
o = T 7( Crr® + Cyn + Cl1y') K° : (2.7)
Kﬁ KO —Usn + C§77/

In eq. (2.7), Cr = F/F; in the large-N¢ limit [140-142], with the physical pion decay constant
Fr =92.2MeV [143]. C(gg describe the n-n' system in the two-angle mixing scheme

o _ F cos 00 V/2 sin fg (2.8)
7 V/Beos (Bs — ) I8 fo ’ .
F \/§ cos 98 sin 90
C; = (2.8b)
V3 cos (6 — o)
B F \/§ cos 00 sin 98 (2.80)
* 7 V/3Bcos (B — ) '
F cos 98 2 sin 6,
C! = 2.8d
V3 cos (6s — o) ( fo ) (2.84)

in terms of two angles (fg) and two couplings (fs ) [144 147].
The relevant operators entering Ly, g in eq. (2.2) are (€,,p0 is common to all of them
and omitted below, we use the standard convention ep23 = +1)3

O =i(y ). OF =il WY, O = (V). @9)

where f1” = uF}"ul £l FE u, and Ff(”R) = OM(r) =" L(r)H —i[l(r)* £(r)’] = eQFH +
in terms of the electromagnetic field-strength tensor, F*”. The covariant derivative is defined
as V- = 9+, -], with the connection T, = 1 [uf(ﬁu —iry)u 4+ u(0, — ilu)uT]. In eq. (2.9),

only O does not induce U(3) symmetry breaking corrections.

)

Vector resonances and their kinetic terms.

We describe the resonances with antisymmetric tensor fields [121]. In the vector case, this
corresponds to

PN NE et K
Viw = p~ (=" +w)/V2 K| (2.10)
K*— K*O ¢)

jn%

"The isospin symmetry limit corresponds to m.,, = mg, denoted here m, resulting in m., + mq = 2m.
8The operator OF is suppressed in the 1 /Nc expansion since it has a double-trace. We keep it because
this type of corrections could in principle play a non-negligible réle for the n-n" mesons [124].



Ovsp
(v, 2 Vau)
{Vre, f273Vau)
iV, 7 x-)
(VI [F27, x4])
{VaVH, f1% )
({VaVHhe, f17}u)
({vover, ia}ua>

N O U R W N .

Table 1. Odd-intrinsic parity operators with a vector resonance V', a vector current J and a light
pseudoscalar, P. The common factor €,,,, is omitted in all operators.

where the ideal w-¢ mixing scheme (in which w = \/%UJB + %wo) has been used, as obtained
in the large-N¢ limit. The kinetic terms for the V' resonances read

— e,

. 1 1
Lyt = _§<V>\V)‘vavpu> + ZM‘Q/<VWVW> (Vi VI x4) (2.11)

where a common U(3)-symmetric mass, My, appears. It is corrected by the e} -term, yielding
a pattern according to phenomenology [129, 130]. We note that interactions are hidden in
the expansion of the covariant derivatives above, but these play no roéle in our work. We turn
now to the relevant interactions involving at least one vector resonance field.

Operators with one vector resonance field.

We start with the even-intrinsic parity sector, where we have

even Fy v Av v
Ly™ = 275%” I >+E<VW {7 x+ 1 (2.12)

with the first term giving the leading contribution to the V%~ coupling and the second one
including its flavor-symmetry breaking correction, proportional to quark masses.”

In the odd-intrinsic parity sector one has

7

i
Lt =320} ,p, (2.13)

where the complete list of operators contributing to our processes of interest (via p-y-V ver-
tices) is collected in table 1. Among these operators only (9%/ sp breaks chiral symmetry'?(the
others will also give flavor-breaking contributions for real s, once their wave functions
renormalizations and mixings are accounted for; with similar comments applying below).

Operators with two vector resonance fields.

These contributions are of the following type:

4
£ = 3" ;0 (2.14)
j=1

9We note that A\v = v/2\¢ in ref. [128].
10Although Of;p also breaks chiral symmetry, its contribution vanishes for the processes studied here.



O]
VvV'P
({vrr, vire} Vau?)
({VEe VP } T aut)
(Vv V') ue)
({VaVHo VIPo ) ub)
({VoVE VIPY )
[y, viery xo)

D QO Q.

Table 2. Odd-intrinsic parity operators with one vector meson resonance, one excited vector meson
resonance, and a pseudo-Goldstone boson [131]. A common ¢, factor is omitted in all operators.

where the only relevant operators in our case are (the common factor €,,,, is omitted)

Opyp = ({V¥,VP}Vau?),  Ofyp =i{{V*", VP ix_), Opyp = {VaV", VFu?).
(2.15)
Among these, O%/V p breaks unitary flavor symmetry.

Operators with excited vector resonance fields.

For the second vector multiplet, V', we repeat all operators that we had for the first one, V.

That is, we add egs. (2.10) to (2.15)) for the excited vector mesons. In this way, we will have

the new parameters (denoted by a prime) My, e, Fyyr, Ayr, {5}, {d; ;)-’:1.
Additionally, we will also have new VV'P interactions, which are [131]

LHh = > diOyp, (2.16)
j:a7b767d7e7f

with the O{/V’P shown in table 2.

Operators with pseudoscalar resonance fields.

The pseudoscalar resonances, P’ (with analogous flavor structure to the ¢ mesons), give
subleading contributions via their mixing with the lightest pseudo-Goldstones, ¢, that are
suppressed as m%; /m%),. However, the P’ multiplet is crucial to recover the QCD-ruled
short-distance behaviour on the V'V P Green’s function [122, 138]. Because of this, we must
also take into consideration the pieces

1
AL = ~(V,P'VFP') +idp (P'x ) ,

P = 5{Vu ) (Px-) (2.17)
ALEY = eppo (65 {7 7Y P+ 65V LV, (17} P4 VYV VRV PO Pl

which need to be repeated for V- — V’. The operator with coefficient dSQ vanishes in the
chiral limit.
There will also be a VV'P’ operator [132],

ALY, = VYV P (v vy ply (2.18)

that we need to include for consistency.



We will briefly comment next on the flavor breaking induced by our Lgy, eq. (2.1),
in the resonance sector,'! where we account for O(m?%) corrections in interaction vertices,
resonance masses and field renormalizations [124].

The e} contribution, cf. eq. (2.11), yields the following pattern of masses for the lightest
non-strange neutral vector mesons

2 2 2 vV, 2 2 2 VA2
MP :Mw :va4€mmﬂ_, M¢ :MV746mA2K7r’ (219)
with Aok, = 2m%{ —m2. Analogous relations are obtained for the V/ multiplet. We will
work under the simplifying assumption that their flavor structure is analogous, so that
v _ v M,
e

m = €m72 - The similar shifts for the P’ mesons will not be needed, as the induced
Vv
4

corrections are subleading, namely O(m7p). Our cutting of the infinite tower of resonances

per set of quantum numbers that are predicted in the large- N limit to a few of them implies
that the No — 0o masses get shifted as a result. Consequently, the masses will be used as free
fit parameters and will not be fixed to their physical values. The uncertainty on aELbL_pOle
associated to cutting the infinite spectrum to a few of the lightest states cannot be large,
but it will anyway be relevant at the current level of precision. The main reason lies in the
kernel needed to evaluate this contribution to the g, — 2, that is strongly dominated by the
[0.1,1] GeV? region (for both photon virtualities), providing ~ 85% of the full results. This is
considered in the assessment of theory uncertainties of our RxT approach in section 7.1.
The Vv transitions will be shifted due to the Ay term in eq. (2.12). This will imply

the following changes
(P°/w) —~v: Fy — Fy +8m2\y, ¢ —~v:Fy — Fy+8A3; \v, (2.20)

with an analogous primed version for the V'0-v vertices.

3 Transition form factors in RxT

The most general transition amplitude between an on-shell P = 7%/5/n meson and two
generally off-shell photons with virtualities (polarizations) ¢?(e%) and ¢3(e}) is

- 2 _pvpo * % 2 2
MP’Y*'Y* = je“ehv? q1uq2V€1p62gFP'y*’y* (Q17QQ)7 (31)

which is given in terms of the P transition form factor Fpy«« (g3, ¢3), fulfilling Fp«+ (3, ¢3) =
Fpyey(G3,43), due to Bose symmetry under the exchange of the identical photons. This
form factor is illustrated in figure 1. There are three types of contributions to Fpy«+(qf, ¢3):
local terms, and one- and two-resonance exchange diagrams, as shown in figure 2.

The different contributions to Fp.«+(qf,q3) considering only one vector resonance
multiplet are described minutely in ref. [124], so we will not detail them here. Nonetheless, it
is important to quote the redefinition of combinations of the coupling constants appearing

" Chiral symmetry breaking in Lno r happens as in xPT.



y*

Yk

Figure 1. Schematic representation of the P — y*y* (P = 7%, n,n’) Transition Form Factor.

vk T Y
v v, v
P------ P------ P------ v,y

(a) Local. (¢) Two-resonances exchange.

(b) One-resonance exchange.

Figure 2. Different contributions to the Py*~* vertex.

in [124] that will also enter our results:!?

C1235 — Clag5 = €1 + C2 + 8¢5 — ¢35, (3.2a)
di23 — di23 =d; + 8d§ —ds, (32b)
dabes = dgpes = da + dy — de + 85 . (3.2¢)

The contributions from the second vector multiplet can be obtained by simply adding
the same terms with primed couplings. We will concentrate here on the new terms that come
from the VV'P contributions to the two-resonances exchange diagrams, like in figure 2(c).
After that, we will quote the expressions of the P form factors before requiring short-distance
constraints (whence the remaining contributions, can be read off easily).

The contributions coming from Lyy/p, eq. (2.16), read

/ 2
Frashoai,a3) = I { (Fv+8mzAv)(Fyr+8mzAv) (midabcf +dabedt +dabcdqg>

(3.3)

1
" <(M2—q%)(M2 @) (M%—Q%)(Mﬁ—qg)> o qu)}’

P w’

where we defined the combinations of couplings

dabcf - da + db - dc + 8df 5 dabc = da - db + dc: dabcd = _da + db + dc - 2dd7 (34)

12This redefinition of coupling constants applies for both vector meson resonance multiplets, so the ¢’s and
the d’s are also redefined in the same way.



and

dap m2+d 24d 2_8d ;A2

abef My T Qabeq1 T Qabed 92 f=nn
(M3 —q7)(M2—q3)

y 2 2
Fr ol (ata) = BF{ [5Cq3(FV+8mfr>\V)(FV/+8mfr)\V/ )

+({5C; = —V2C4, A e — —Dagenn, p") — o) })] +(q <—>q2)}, (3.5)
where we introduced A%W = m% —m2 and A3 Ky = 2m3, —m?2 — m727 The pion wave-function
renormalization has changed the global 1/F factor to 1/Fy, for No — oo [140-142], in
eq. (3.3). In this equation. there is no ¢ contribution because ideal mixing for the vector
meson resonances was used. For the n(), p,w, ¢ contribute; however, the isospin symmetry
limit leads to M) = M) so we have chosen to use p"V’s mass and propagator only. For the
n") cases, the dependencies are on Cé//)S/F, which are functions of {f, 9}8/07 see egs. (2.8).

As always, an analogous expression is obtained for J = (¢3,¢3) by replacing Cy— C’(’I,
Cs — —C} and m, — m,y, and the n") expressions reduce to the 7° one in the U(3) flavor
symmetry limit. In the chiral limit, our results for the P transition form factors reproduce
those in refs. [122, 123]. Neglecting the contributions involving the V'’ multiplet we recover
the results in ref. [124].

Since we want to make use of the short-distance constraints on the V'V P Green’s function
derived in refs. [122, 123], the effect of the pseudoscalar resonance multiplet P’ needs to
be accounted for. The operator with coefficient d,, (from ALF" in eq. (2.17)) introduces
a mixing between the P’ and ¢ states, proportional to quark masses, starting at O(m%).
As a result, the contribution from the P’ states can be introduced by simply rescaling

couplings as follows [124]:

oW ol — oW 4 4;]\’}';5}) , (3.6a)
c3—cy=c3+ W 13 (3.6b)
dy — df = do + d’g’;gv , (3.6¢)
df — d5 = dy + d”;’;\gw , (3.6d)

where the last redefinition was not proposed before, to our knowledge. The remaining

couplings do not need shifting.

4 Short distance constraints

We will demand that our form factors, Fp«+(q?,q3), P = % n,n/, satisfy the high-energy
requirements stemming from QCD [148-151]:

lim _QQFW07*7*<_Q27 _Qz) =

Q%2 —oc0

2F;

3 (4.1a)

13A short-distance constraint on k%" was found in ref. [122]. We will not use it, like in ref. [124], as it does
no longer hold when the V' and P’ multiplets are also considered.
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m —Q*Froerr(—Q%,0) = 2F,, (4.1b)

Q2 —o0

with ¢2 = —Q?. At leading order in the perturbative expansion, the results for the n") mesons
by 5C;—/2Cs [ 5C,+V2C,
’ 3 3

are obtained multiplying those for the 70, eqs. (4.1) ), respectively.

We comment on «g and higher-order operator product expansion (OPE) corrections below
eq. (4.14).

We will apply these constraints first in the chiral limit, and then including O(m%)
corrections. Our results will be independent of considering corrections at this order to the
LO values for the Cé,/s mixing coefficients, so we will keep them unexpanded throughout.

In addition to demanding the leading ultraviolet behaviour in the singly and doubly
virtual limits of the transition form factors, we will also require the additional constraints
derived from the short-distance analysis of the VVP Green’s function. By matching the
leading terms of the QCD OPE for infinite virtualities, within the chiral and large- No limits,
Kampf and Novotny [122] obtain that the following (linear combinations of) constants vanish

w w / /
Cyy =C7 Y =cio5 = Clgs = C1235 = Cia35 = 0, (4.2)

where we first used here c¢195 = ¢1 — ¢2 + ¢5. Their remaining results are compatible with
our findings that will be detailed next:

« Doubly Virtual 7%-TFF:
— 0(QY), O(mb):

My N¢ + 32212 Fy 1956
32V 212 Fyr My,

Choss = —My ) (4.3)

where cgg% = Cg/) — cg) - cg) + 2cg) appears (primed combinations of constants are

defined analogously below).

- 0(Q%), O(mp):

Av = Ay =0. (44
- 0(Q™?), O(mY):
F2M2
8dsFy + 4dgpe Fyr — F‘/(Mgi_?wa)
A v— My, (4.5)
42 My,
- O(Q72)7 O(mP)
F2M2
8d3Fy + ddape Fyvr — w5z
v (M7, —My,)) (
' 4.6)

CT235 = —€n \/§MV
« Singly Virtual 7°-TFF:
- 0(Q), O(mp):

, _ —MFMP No — 320 dayeaFy Fyr My, — 647°dy F) My, — 320> dape Fy Py M,
s 64m2F2, M2 '

(4.7)
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- 0(Q"), O(mp):

My

o My a2 V202 a0 2 % A2
8\/§7T2FV/M‘%( emMVNC Gdm dsemFVMV 32m dabcemFVFVMV

CT/235 =
+64n2dgel g M, + 327 dapeey, Fy Fyr M, +8v/27% lags Fy My M, )
(4.8)
— 0(Q7?), O(mp):

—MZ MY No+4r2 [4dapea ME Fy Fyr (Mg — M2 +16ds FE M, (M3 — M2 ) +5F2 M3 M2,
1672 Fy Fyy M2, (M2 —M2,) ’

dabc: -
(4.9)

- 0(Q7?), O(mp):

o Fv2diys Fy M3, + diy  Fyo (M7 + M)
128 2F% M} '

(4.10)

/ M2, . : . .
We note that the relation €)= eV 172 » which stems from our assumption of identical
\4

flavor structure for the V and V' nonets, precisely cancels the O(Q°), O(m%}) terms in
the singly virtual asymptotic limit (in fact they are cancelled to all orders in m%). We
anyway recall that our computation only retains O(m%) corrections.

We find additional constraints, coming from either the n or n’ form factors, which are:
e Doubly Virtual n-TFF:

- 0(Q"),0(mp):
oY =0. (4.11)

- 0(Q7?),0(m}):

e 1672 dapea Py Fyr Mg (M3 — M2 +32n%ds FE M2 (M3 — M3 +-24n* F2 M M2,

C3=¢€n 32\/§7T2FVMVM‘2//(M\2/_M\2/’)
(4.12)
e Singly Virtual n-TFF:
- O(QO),O(TR%)
M, (V26 My Ne — 128725 Fy )
o : _ (4.13)
12872 Fy/ M3
- O(Q_Q)ao(m%’)
Fy2d3Fy M2, + di Fyo (M2 + M2,
gy = FVRABEMY P QI+ My)] (1.14)

2FZ, M

We remark that our setting provides 7°, 7,7’ transition form factors which, in the chiral
5Cq—V2Cs . 5C+V2C;
3 : 3

limit, follow the proportionality 1 : . This implies that it is not able to

accommodate the corrections to egs. (4.1) due to the anomalous dimension of the singlet
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axial current [152], which are relevant for the n") cases. Our fit results, however, will not
hint to any need for improving on this point presently. Higher order corrections to the first

of egs. (4.1) have been computed using the OPE, and multiply it by (1 — g%). For the 70,
62 = 0.20(2) GeV?, determined from QCD sum rules [149]. For the ) the corresponding
values have not been computed, although it is reasonable to expect that they deviate from
the 7¥ result by typical U(3) (and large-N¢) breaking corrections, < 30% [22].

Our short-distance constraints on the RxT parameters are compatible with those found
in 77 — P~ [y|v; [153-155] and 7= — (V P)~ v, decays [156]. They are consistent with those
derived studying the 7= — (KK7) v, [157] and 7= — 77~ 7%, [158] decays provided
Fy = +/3F [138], a relation that is also favored in 7= — (777) v, decays [159-161], which
is driven by the axial-vector current.

We will not quote the Fp,+y+« form factors obtained after applying the short-distance
constraints discussed previously, but after employing the next definitions. First, we introduce
the following barred couplings:

2

d1g3 = ﬁ 1235 (4.15a)
dahes = fgg "hef (4.15b)
dy = ?f;‘zdg, (4.15¢)
dy ::11;;;/’d}, (4.15d)
ds = ;Z%?d3. (4.15¢)

Further, the dependence of our results on dia3(da) and dgper(dy) suggests us to introduce
their following convenient combinations

M\ (- M2, -

ds1 = (1 — w) <dabcf + M‘% diog | (4.16&)
M2 - M2, -

dgo=|1-—"X ) (d V' 4.16b

which appear for single and double virtuality, and

M2\ /- -

dg1 = (1 — 14 ) dabcf + di93) (4.17&)
M‘Q/ ( )
M2\ /- -

dgy = (1 i 4 ) dr +ds) , (4.17b)
ME/ ( )

" d125 and do were already used in ref. [124].
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that enter only for double virtuality. It is also advantageous to employ

2

MZ, N\ -

dgs = (1 -V ) ds, (4.18)
M

that is only sensitive to the doubly virtual photon case.
Altogether, this enables to recast the Fp,«y+ form factors as

Froyen (01:05) = {96W2Ff(m3rM3M§fdsl +m2 gt gy dar+2Mp ¢ g3das) + No My My (a7 g3 — M)

+4F2nq g3 (g} + g3 —2M2) +24F2n* M2 | (¢} +43) M2 — 24743 }

/ [2472 B (M2 = g3) (M2~ 3) (M3 — ) (M2 —3) | +(q1 > 2),
(4.19)
and

]:n'y*w* (QiQS) =
5C,
18F (M2 —q7) (M2 —a3) (M3 —ai) (M7 —g3)

X
{HFﬁ [24m,27d81M§M3, —192ds M7 MY AL +24m2 g7 g3 dar — 19267 g5 dan AL +48q7 g5 das M}

M2,
e (— & ) (M3,<M;—q%q%>)}

+(q1 @)+ (5C,— —V2Cs,pr 6,0/ ¢ A=Ay ).

~ (a3 (M}~ gt —ad) +6Mj, (20703~ M5 (4 +43) ) )

(4.20)

The n’ form factor is obtained by replacing Cy — Cy, Cs — —Cg and m, — m,y in eq. (4.20).

As in the 70 case (see the related explanation below eq. (3.5)), the n) transition form

factors neither depend on the pion decay constant in the chiral limit, F'. These are functions

of C(g/) /F and C’g,) /F, which in turn depend just on the two mixing angles 6g /0 and decay
constants fg/, (2.8).

5 Form factor data analysis

We start this section recalling the criteria required in the White Paper for taking an evaluation

P—pole,HLbL
w

of a into account, before dwelling on the details of our fits to data in section 5.1.

These conditions were that (quoting from ref. [4]):

1. in addition to the transition form factor normalization given by the real-photon decay
widths, also high-energy constraints must be fulfilled;

2. at least the spacelike experimental data for the singly-virtual TFF must be reproduced;

3. systematic uncertainties must be assessed with a reasonable procedure.
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As for the doubly-virtual transition form factor, the experimental data is still very
scarce as there is only one measurement by BaBar consisting of five data points for the 7’
transition form factor with relatively large uncertainties. Therefore, we require our doubly-
virtual transition form factors to be not only in accord with the BaBar data for the 7’
but also in line with the Lattice-QCD data released by the Budapest-Marseille-Wuppertal
(BMW) collaboration for the 7°, 7 and 7" doubly-virtual TFFs. As in the singly-virtual case,
systematic uncertainties must be also assessed reasonably. We suggest that, for the second
White Paper, one should demand — in addition to the three points above — consistency
between data-driven P TFF and lattice QCD results, particularly for double virtuality, where
these constitute now the best input.

5.1 Fit to transition form factors data

We will start recapitulating the parameters dependence of our P transition form factors,
egs. (4.19) and (4.20), with appropriate substitutions for the 7’ case.

In principle, a couple of parameters are needed to specify the masses within each V'
multiplet, My, e, and their primed counterparts. However, our assumption of identical
flavor structure for both nonets erases the dependence on exll. Therefore, the corresponding
spectra will be specified by three independent parameters, that we choose to be My, eV , My:.
In addition to these, we will have the four parameters associated to the n) mixing, our
choice being the decay constants and mixing angles {f, 0} /o The final five fitted parameters
will be those specifying the functional dependence for single and double photon virtuality:
ds1,q1,43 for P = 70 and also dg2,q42 for the 77(’), for a total of 12 fitted parameters. Among

them, only My, and dgz are U(3)-symmetric, while the rest break this flavor symmetry.

HLbL
“w

(¢> < 0). The timelike region is more involved within RxT, because resonance widths

Since our focus is on the P-pole contributions to a , we will only fit spacelike data
are needed, which is a next-to-leading order effect in the 1/N¢ expansion. Although it is
phenomenologically clear that this is the leading next-to-leading order effect, other terms
at this order may not be negligible and complicate the treatment. Additionally, radiative
corrections can be more important in the timelike region [162].

We will use the following data:

e The decay widths I'(P — 77), corresponding to the transition form factors evaluated
for null virtuality (real photons),

(4ra)?

PP = yy) =

sz;D|‘FPW’7(O7 0)|2 ) (51)

are helpful in the characterization of the n-n" mixing and constitute the normalization
which receives chiral corrections for low virtualities. These inputs are taken from the
PDG [143].1

o Transition form factor data from the BaBar [163, 164], Belle [165], CELLO [166],
CLEO [167] and LEP [168] experiments, for the singly virtual case.

15We are not taking I'(’ — vv) as a separate data point, since it uses LEP data that we are fitting, see
next item.
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Q? = Q3% [GeV? | 0.1 1 4

w0 0.0194(3)  0.0475(4)  0.0514(12)
0.1 1 0.2758 0.1556

1 0.2758 1 0.1222

4 0.1556 0.1222 1

n 0.0158(11) 0.0440(26)  0.0474(31)
0.1 1 0.6743 0.3006

1 0.6743 1 0.4615

4 0.3006 0.4615 1

n 0.0251(30)  0.0920(100) 0.0934(114)
0.1 1 0.8658 0.3840

1 0.8658 1 0.4423

4 0.3840 0.4423 1

Table 3. Central values, uncertainties and correlation matrix for the doubly virtual transition for
factors, generated at three representative values of ¢? = ¢35 from the BMW results [170] and used in
our fits.

e There is only one measurement for double virtuality, by BaBar, in the 7’ chan-
nel [169], consisting of five points (which are insufficient to reliably fit our three
parameters dqi g2.43). We will increase the sensitivity to the doubly virtual regime
by supplementing BaBar’s with Lattice QCD results [170-172]. Specifically, from the
z-expansion performed by the BMW collaboration in [170], we generate three points
(at @ = Q% = 0.1,1.0, and 4.0 GeV?) for all three P mesons.'® These points are
shown in table 3. We would like to note here that at least the Lattice data for the n
doubly-virtual transition form factor shall be included in the fits to obtain a satisfactory
simultaneous description of all three mesons.

As in ref. [124], we will take advantage of stabilization points for the fit, using the results
from a previous determination of the {f,6} Jo Parameters [144-147, 173, 174]'7

O = (—21.24+1.6)°, 6= (-92+1.7)°,
(5.2)
fs =(1.26 £0.04)F; = (116.2 £ 3.7)MeV, fo = (1.17 £ 0.03) F; = (107.9 + 2.8)MeV ,

which increase the x? by barely more than unit.

16Given that the z-expansion has 6 parameters (with their corresponding correlation) one can generate at
most 6 points for having an invertible covariance matrix. Four our analysis, we only generate 3 lattice points
for each P to avoid high correlations between (neighboring) points [143]. We note that 3 is the minimum
number of points we need to fix the three doubly virtual parameters. Had we used 4, 5 or 6 data points we
would have obtained highly correlated data, which implies a (close to) non-invertible covariance matrix, that
over-represents the lattice information.

"The correlation between the fitted parameters describing the singly and doubly virtual behavior (now
ds1,s2,41,42) and {f, 0}, is large, like with a single vector resonance multiplet (as in ref. [124]), which calls
for adding these extra fit points in order to keep the fit within the physical region.
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The fits can compensate for the neglected higher V' excitations by shifting any of the
mass parameters My or M{,. We choose to keep M, close to its PDG value by adding it
as a point in the cost function.

We will add to the x? a final fit point, corresponding to 62 = 0.20(2) GeV? (see the
discussion below eq. (4.14)).

The cost function for this fit will then be:

) ) ) ) ) ) ) ExtraPoints P -p del 2
. exp mode
XGlobal = Xxg,, +Xngy +X’7/sv +X7T%v Xy +X771/3v " Zp: ( APexp ) 7 >3

which includes the transition form factor data for single and double virtuality, SV and DV
(where the latter incorporate lattice input) for the P channels, and the extra points given
by: the T'(P — ~v) decay widths [143], the decay constants and mixing angles of the n —
system (5.2), M, [143], and 02 = 0.20(2) GeV? [149)].

Regarding the Lattice data, the correlations between the generated data were also
considered in each of the X2PLQCD, so their contribution to the reduced x? in eq. (5.3) is

DV
given by:
3
2 _ LQCD _ pRxT LQCD) ! ( pLQCD  HRXT
Xpraco = ;1 (7 BT (Covi?P) (P PXTY, (5.4)
—1
where PiIE]%CD and (COV%QCD) are, respectively, the central value and the inverse of the

covariance matrix of the lattice data given in table 3.1%

Following previous analyses of the Fpy+,« form factors and their contributions to
alI}LbL [42, 123, 124, 175-187] and owing to our preliminary fits for this work, we will
not include BaBar 7° data in our reference fit, as it is inconsistent with Belle’s, that appears
more compatible with the predicted (Brodsky-Lepage) asymptotic limit.' Additionally, the
chiral symmetry relations among the different P form factors data points at the largest
measured energies are best satisfied without the BaBar 7° data. The uncertainty associated
to the reliability of the latter is assessed in section 7.1.

Our preliminary fits show a big correlation (close to one) of the pairs of parameters
{ds1,ds2} and {dg1,dgo}. This motivates us to consider instead their combinations

Aoy = (o) + " (VIFroran = VI= 7o) (5.50)

ds = (di2) + Ud\/g (VIFrara +vVI—rara) (5.5b)

and analogously for the doubly virtual case (s — d), in order to minimize their correla-

tions (assuming small interdependences with the rest of the parameters, which is a good
approximation). Egs. (5.5) use the mean values of the preliminary fit ((ds1), (ds2)) and
their uncertainties (04.,,04,,). The new parameters are g1, rs2, defined through the original
correlation r; ~ 1 (same with s — d).

18Taking the covariance matrix into account introduces extra degrees of freedom due to having non-diagonal
entries different from zero equal. The additional d.o.f. equal the non redundant entries of the covariance matrix.
'We have checked that the fits are worse if these BaBar data is kept, like in ref. [124].
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Parameter Fit Result
My [GeV] 0.752(2)
eV -0.32(4)
My [GeV] | 1.933(4)
Ts1 0.0(0.6)
Ts2 0.0(0.9)
Ts 0.9976
(ds1) -1.6(6)
(dso) -0.21(7)
05 [°] -18.5(6)
6o [°] -6.9(1.6)
fs [MeV] 118.8(4)
fo [MeV] 99.4(1.7)
a1 0.0(0.5)
Tdo 0.0(0.9)
T4 0.9783
(da1) -2.8(2.0)
(daz) -0.31(24)
da3 -3.48(3)
XZopar/d-0.f. | 148.0/110

Table 4. Our best fit results, with uncertainties in parentheses. The input values of the rotations (5.5)
are also given, where the errors in the (d) are the o4’s.

My ey My Ts1 Ts2 Os to fs fo rd1 Td2 da3
My 1 0.739 —0.035 0.501 —0.065 0.035 —0.008 —0.077 —-0.025 0.357 —-0.152 0.371
6)2 0.739 1 —-0.106 0.614 —0.120 -—-0.009 0.019 —-0.099 -—0.053 0.300 —0.145 0.344
My | —0.035 —0.106 1 —0.035 —0.114 -0.032 0.202 0.063 —0.030 —0.446 0.399 —0.837
Ts1 0.501 0.614 —0.035 1 0.226 0.335 0.029 —0.014 -0.113 0.217 —0.097  0.186
T2 —0.065 —0.120 —-0.114 0.226 1 0.185 —0.219  0.089 0.431 0.026 0.211 0.082
Os 0.035 —0.009 -—-0.032 0.335 0.185 1 0.002 —0.657 —0.069 0.075 0.071 0.015
0o —0.008 0.019 0.202 0.029 —0.219 0.002 1 —0.001 0.605 —0.069 —0.041 —0.187
fs —-0.077 —-0.099 0.063 —0.014 0.089 —0.657 —0.001 1 0.032 —0.047 0.002 —0.084
fo —0.025 —0.053 —-0.030 —-0.113 0.431 —0.069  0.605 0.032 1 —0.011 0.165 0.030
1 0.357 0.300 —0.446  0.217 0.026 0.075 —0.069 —0.047 -0.011 1 —0.152  0.140
rqg | —0.152 —0.145 0.399 —0.097 0.211 0.071  —0.041 0.002 0.165 —0.152 1 —0.392
dy3 0.371 0.344 —0.837 0.186 0.082 0.015 —0.187 —-0.084 0.030 0.140 —0.392 1

Table 5. Correlation matrix between the 12 fitted parameters of the best fit.

Our best fit results corresponding to the minimization of the cost function (5.3) are given
in table 4 with the correlation matrix shown in table 5. The comparison of our Fpy«=(q, ¢3)
to data for single and double virtuality are displayed in figures 3 and 4.

We will comment now on the big correlations that can still be seen in table 5. The
redefinition in eq. (4.18) shows that we cannot make any further rotation of parameters
to avoid the anticorrelation of —0.837 between M{/ and dg3.>0 We rotated the parameters

20Besides, the correlation between them is non-linear, so we could not proceed analogously.
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ds1 and dsg, according to eq. (3.6), to minimize their correlation. We note that the rotated
parameter 74 has big correlations with both My and e), (which is not the case for its partner
rotated parameter, rsy). Correlations between the 1-n’ mixing parameters are slightly larger
than in ref. [124], but still reasonable. The large correlation between My and €Y is entirely
a result of fixing M, to its PDG value. In our preliminary fits, floating both parameters
independently, their correlation was only ~ 0.22.

We will discuss next the central values of our reference fit:

o My is typically smaller than the results obtained in single resonance approximations
(~ 800 MeV [151, 188]) but the value of M, is still compatible, at 1(2) o, with the
PDG [143].

« As commented above, €Y is highly correlated with My because we are requiring that
MZ — de}ym? ~ M 3, cf. eq. (2.19). Nevertheless, the value of this flavor symmetry
breaking parameter is compatible at less than one standard deviation with the best fit
result in ref. [124].

« One should not expect M2, — 4eV'm2 ~ Mpz,, because M2, (we recall that we are
assuming e,‘,/l/ M‘Q/ = ey M2,) absorbs the effect of the neglected higher V' excitations, so
its fitted value My ~ 1.933 GeV appears reasonable.

o Concerning the 7-n’ mixing parameters, agreement of our fitted values with the in-
put (5.2) is acceptable, with differences being 1.2(0.70)o for 0g(g), and 0.4(1.9)0 for fg ().

o For our best fit values, eq. (4.18) implies that dg3 ~ 30ds3, with ds ~ ds. Short-distance
QCD constraints on the VV P Green’s function [122, 138] determine dz ~ —0.126,
corresponding to a dg3 with a deviation of less than 10% from our best fit value.

o Best fit values for the parameters rg1 5o and rg; g2 are compatible with zero. Little
information is known on the couplings of the V’ multiplet that enter the definition of
the original couplings ds1 s2 and dg1 g2. If we set them to zero for a rough estimate and
take into account that &123’2 ~ dj232, we can use that dja3 ~ 1/24 [122, 138] (again
from the short-distance behaviour of the VV P Green’s function), to estimate that
ds1 ~1/4 and dg; ~ 5/4, which agree within 1 and 30 with our best fit. According to
refs. [189-192] dy = 0.08 4 0.08, that again yields estimates dso and dge in agreement
with our best fit results.

The comparison of the transition form factors corresponding to our best fit results
(table 4) to data in the singly virtual regime for the 7°, n and 7’ mesons in figure 3 is very
satisfactory but for a few points that seem to be outliers, given the general trend shown by
the data. At the largest measured virtualities our transition form factors seem to approach
faster the Brodsky-Lepage limit than the data, that have large uncertainties there, anyway.

An analogous comparison for double virtuality is shown in figure 4, where the relevance
of the lattice data is evident -these data are extremely helpful in our analysis to constrain
the doubly-virtual parameters dg; 42 43. We note that a couple of low-energy points in the
n (n') case are below (above) our curves, although the statistical significance of this tension is
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Figure 3. The transition form factors corresponding to our best fit results (table 4) are compared to
data in the singly virtual regime for 7°,  and 7’. We do not show BaBar data for the 7° case [163],

which was not used in our reference fits.
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Figure 4. The transition form factors corresponding to our best fit results (table 4) are compared to

data in the doubly virtual regime for 7%, 7 and 7’.
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Figure 5. BaBar data (cyan diamonds) for the n’ doubly-virtual transition form factor [169] as
compared to our best fit results (black circles) from table 4.

moderate. As a sanity check, we have verified that the comparison of our best fit results to
lattice QCD exhibits a similar pattern in the singly virtual case.?! In addition, in figure 5 we
show a comparison of the standalone BaBar measurements of the n’ doubly-virtual transition
form factor, which includes non-diagonal @2 data points, together with our best fit results.
As seen, the results are in good agreement, while the experimental statistics is not sufficiently
precise yet as to further constrain the parameters of double virtuality.

We have extracted the slope parameters, {b,c,d}p, defined from

(;)I;IEOIPW(_QQ,O) = Fp1(0,0) (1 - :EDQQ + %Q‘* — :;;DQ()’ + - ) . (5.6)
corresponding to our best fit results, and compare them to ref. [22] in table 6. Like this
reference, we do not quote our results for d, because the sensitivity of the data and our fit
to this parameter is very small, because of chiral suppression. The agreement for bp (and
for ¢, ) is very good while the accord with the other parameters shown is quite satisfactory.
In the last row for each channel, we recall the coefficient of the O(1/Q?) term in the single
asymptotic (Brodsky-Lepage) limit (Ps), see eq. (6.4b), for which both analyses agree within
one standard deviation.

Finally, it is important to remark that, besides having reproduced the Short-Distance
Constraints (SDC) for all 3 particles and having a good agreement with other descriptions
at intermediate energies, the decay widths I'(P — v7) are also in great agreement with
the experimental values -we have obtained a value of 7.67(9)eV for 7% (which is a 0.60

2'We cannot add these data to our fit since they would be double counted (they are obtained from the
double virtuality data, setting one photon on-shell). We could have decided to use this information for the
singly virtual case, but it was much more useful to employ it for double virtuality in our case, as we did.
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Parameter | Our result | Values in [22] | Difference between both
b 0.03163(16) | 0.0321(19) 0.20
Cr 0.000862(6) | 0.00104(22) 0.80
Too 2F; 2F; Oc
by, 0.600(10) 0.572(8) 1.60
e 0.316(7) | 0.333(9) 110
d, 0.164(4) | 0.195(20) 1.30
Iso[GeV] | 0.174(3) | 0.180(12) 0.40
by 1.26(2) 1.31(3) 1.00
ey 1.86(4) 1.74(9) 0.90
dy 2.82(6) 2.30(22) 1.90
7 [GeV] | 0.260(4) | 0.255(4) 0.60

Table 6. Low-energy slope parameters {b, ¢,d} , and Brodsky-Lepage parameter (Ps,) from our best
fit result and their comparison with the values used in [22].

difference with respect to [193, 194]), 497(13) eV for the n (0.60 difference with [195]) and
4.3(2) KeV for 0’ (0.20 difference with [168]). This agreement is noteworthy, given the slight
tension (in the 7° and 7 cases) between the lattice QCD results for these widths and the
PDG values (see also our footnote 13).

6 Equivalence with the Canterbury Approximants

Since the White Paper values [4] for the n()-pole contributions to a come from the

HLbL
Canterbury Approximants (CA) analysis of ref. [22], we will translate gur RxT description
including two multiplets of vector resonances to the CA language and comment on the
corresponding implications in this section.??

CA were successfully used for the description of the transition form factors of the non-
strange neutral pseudoscalar mesons 70,  and 1’ [22] (see ref. [197] for the extrapolation to the
timelike region). They are described by a rational function f(x,y) of polynomials which are
analytic, symmetric under x <> y and satisfy the accuracy-through-order conditions [22, 198

202]. A C¥)] is defined then as:

N Ty,J

37 — .
> ij=0 bijaty?

(6.1)

Ref. [22] mentioned that both C},(Q%,Q3) and C¥ (Q%,Q3) work for describing the
high-energy behavior prescribed by perturbative QCD [148-151], egs. (4.1). Choosing one
or the other depends on whether dropping the last term(s) of the polynomial from Ry or
Qs in eq. (6.1). Given this constriction, the convergence and Bose symmetry are guaranteed
at arbitrary virtualities for both photons. Increasing N and/or M implies incrementing the

22Qbviously, it is impossible to relate analytically our framework to the dispersive approach [24], which
provides the reference result for the 7° contribution [4]. A dispersive analysis for the n) contributions has
recently appeared during the proofreading of this work [196].
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freedom of the model, so that an optimal choice of them must be done with both freedom
and over-fitting in mind. In [22], a C3 was used®® (we do not write a subscript P in the «
and S coefficients in eq. (6.2), although they are different for 7°,n,7'):

CHQ.02) = Frpy(0,0) (1 +01(QF + QF) + 1,101Q3) (6.2)
PV 51(QF + Q3) + 511Q1Q3 + Ba(QF + Q3) + f12Q1Q5(QT + Q3)”

The low-energy behavior, given by the Q%, Q3 — 0 expansion [203], is:

Fryrar (@09 = Py (0,0)(1 - 5 (G + 0D + Q1 +0Y)
P P (6.3)

. d
+ 5 Q10Y - Lr @+ Q)+ )

and has been widely studied for all 3 particles (see table VI from [22]). The values of
Fp~(0,0), bp and cp, together with the high-energy behavior constraints

, Po [ 1 862 _
QIQILHOOwa*w*(Q2,Q2) =3 <Q2 - 9QZ> +0(Q77), (6.4a)
lim Fp,(Q?,0) = Lo (6.4b)
Q%2— o0 R ’ Q2 ’

impose 6 restrictions to the form factors in eq. (6.2), leaving only aj; as a free parameter.2*
However, a1 could not be fitted therein, since it is sensitive only to the doubly virtual case,
for which no data was available by then.?> Now, there are both experimental data [169]
(only for ) and lattice QCD evaluations [170-172] which can be -as we illustrated in this
work- used to generate data in order to complete this description. An updated version of
the CA study is included in this work, both for its intrinsic interest and for comparing to
our results in the previous section.

Our form factors satisfying short-distance QCD constraints, egs. (4.19) and (4.20) -with
trivial changes for 7 — 7/~ correspond to a C% and a Cj CA, respectively. For the ¥ case
the CA coefficients matching our parametrization eq. (4.19) are given in table 7.

We make the following important remarks concerning the results in table 7:

e The C2 model has 4 more parameters than the C3 model used in [22]. However, two of
them are zero, consequently the degrees of freedom increase by two.

¢ By construction, our model based on RxT reproduces the dominant behavior of the
transition form factors, but the §2 is only included as a fit point in the x2, as opposed
to the C1 case, where it is used to fix a coefficient.

2The Fp+~(0,0) was factored out to provide with a physical meaning the normalization constant, given
ao = bo = 1. Besides, the (22 term was dropped -as commented before- in order to correctly account for the
high-energy behavior.

Z4For the n'") cases, the asymptotic constraint on Ps, in eq. (6.4b) was traded by the low-energy one on dp
(we recall there is no sensitivity to it for P = 7°), see table 6.

251n ref. [22] the range for ap1,1 was taken so as to avoid poles for the C3(Q3, Q3) in the spacelike region.
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CA Coefficient | RxT result
841 Frrm?2 MZN¢
I‘;.‘.O,y,y (0, 0) ]\ZEMQ, - 12F7ng7T2
P
2Fy
osz,,ow(O, 0) —W
P
. AF, 2Fy (—M2+12dgym2+24dg3 M?) MZNe
O‘l,leo'w(O’O) _M4M2, + 3M4M4, + 12F,m2 M6
P P P
a’QTFWoW(O, 0) 0
™ F‘rr
al,ZFWO’y'y(()? 0) 3M3M4,
0472T,2F7r0w(0» 0) |0
T —2 My,
" ;e (1448)
4 Mz )2
™ — 1%
Bla M, (1 + M@,)
I 2752
3 M, Mp’
T —4ar—2 M\2/
Bla M, M, (1 iz,
I —4 —4
B2,2 Mp Mp’

Table 7. Translation of our RxT result, eq. (4.19) to CA, for the 7.

« The slope parameters from [203] are imposed on the CJ up to c,. In our case (RxT)
they are not imposed, but rather we check (satisfactorily) compatibility with the results

for them in ref. [22] of our best fit results (see table 6).

o For our RYT results, in the 7° case, there are only two independent terms in the
denominator of the CA, that we choose as 1 and f2. For the 1 we have f31 234, which
are independent. The others can be written as 3; ; = 3;3;, so they are not quoted in

the following.

o In general, there is only 1 free parameter in C1 (3 for C2) per channel, which can now
be fitted to 3 points for the 7 and 7 (from lattice), and 8 for the i’ (from lattice
and the BaBar measurement). In our RxT description there are 12 parameters which
were simultaneously fitted to 122 data points®® in the three channels, from different
experiments [163-169] (including PDG [143]) and lattice data, generated from ref. [170].

For the n(") cases, working with such a high order CA (Cf) is not feasible. For illustrative
purposes, we obtained the corresponding CA in the chiral limit, which is a C3. In fact, the
same one describes the three cases (7%, n, n'), provided we factor out the overall 1 : (5C, —
V2Cs)/3 : (5C; +V/2C%) /3 dependence (cp). The translation of the chiral limit of our results,

egs. (4.19) and (4.20), to CA is given in table 8.

In our updates of the CA results of ref. [22], to be presented below, we have decided
to use the same methodology that was employed in this reference for the 7¥ also for the
n"). That is, we will not trade the constraint on P,, (Brodsky-Lepage) by the one on dp

26We included eight additional stabilization points, see the paragraphs before eq. (5.3).
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CA Coefficient | Chiral THS coefficient

_ CPNC
FP’Y’Y(O’ 0) 12F, 72
2cpF;
a1Fpy(0,0) _M‘2/PM§,
Vv

SFZ(MY+6M?2,) N

16d3 Fr (M2 —M2,)2 ME el

a1,1Fpy(0,0) | cp MEMZ, — 12¥ﬂM{‘;
%4

asFp,,(0,0) |0

cpF
1.2Fpy (0,0) | — 5575
1oy 1
/81 M‘Q/ + M‘Q/I
/6 1
2 MZMZ,

Table 8. Translation of the chiral limit of our RxT result, egs. (4.19) and (4.20), to CA, for
P = 770777’77/'

for P = )27 We will also consider the fits using C2 enforcing the constraints that ensure
that no poles be generated in the spacelike region.
Therefore, in this section we will be comparing the following fits to data:

e Our best fit result, described in section 5.1, dubbed RxT below.

o The results obtained considering the chiral limit of egs. (4.19) and (4.20), which
correspond to a O3 CA, as indicated in table 8. This is christened yRxT in what
follows.

 The update of the results in ref. [22], using a CJ. In this case we change their procedure
for the n(") cases, as explained in the previous paragraph.

e The fit with a C2,%® demanding that no poles are generated in the unphysical region.
This has also been done using the results in table 8 to determine the C3.

The results of these fits are shown in table 9. According to them, the best agreement with
data is obtained for RxT, and only C7 yields fits with a reduced x2/dof ~ 1 as well. Figures 6
and 7 extend figures 3 and 4 by adding the C2 results. In the doubly virtual case, figure 7, it
is clear that there are very few points to fit the three coefficients that are independent for
each pseudoscalar in C3, causing all 3 pseudoscalar mesons to have the parameter ﬁ{é at
limit; consequently, there are poles within the 1o region of these parameterizations of the
TFFs. On the contrary, the 3 couplings sensitive to double virtuality in RxT are related by
flavor symmetry, so they are fitted to 14 data points, which prevents overfitting.

2TWe decided to do this because it is consistent with the RxT procedure, see the comparison in table 6. We
have checked that proceeding in complete analogy to ref. [22] yields slightly larger x? in the best fit results.

28This was performed as a minimal extension of the work in [22], with the same procedure of the update
previously described. As mentioned before, this model has 3 free parameters sensitive exclusively to double
virtuality data.
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Particle X2RXT /dof XinT /dof X%% /dof X%g /dof
w0 33.3/39 58.2/40  234.0/40 35.18/38
n 47.7/27 61.6/29 63.0/31  44.9/29
i 50.3/36  208.5/38  42.30/40 33.6/38

Table 9. Our best fit (section 5.1) and its chiral limit are compared to the results obtained using CA.
In the C3, case we obtained ap.; 1 = 0.0048(9),0.75(13),2.677(25) for P = 7%, n,n’, respectively.

7 «%n,n'-pole contributions to a,

In this section we quote the results of our evaluation of the 7°/n/n’-pole contributions to

the hadronic light-by-light piece of the muon anomalous magnetic moment, afj‘pde’ HLDbL 29

We have computed the af‘p"le contributions according to ref. [204]:

203 [ 1 .
a, PO = _ﬁ/o dQ1dQ2 / X dtv'1 — 12Q1Q3 [F1Ps 11 (Q1, Q2. 1) + FoPrIr(Q1, Q2,1)]
(7.1)
where « is the fine structure constant, Q; = |Q;|, t = cosf, Ps = WImQ, P, = m,
2 ™ 3 T

Q3 = Q% + Q2 + 2Q1Qxt and the I1(2)(Q1,Q2,t) are given in [204]. The information of the
transition form factors is encoded in:

Fl - —FP'y*’y* (Q%: Q%)fp'y*’y(ng 0) . (723“)

Fy = 'FPW*W*(Q%7 Q%)’FPW*V(ng 0) . (7-2b>

5“’01'35, including ours.?® We

In table 10 we collect different recent evaluations of a
implemented a numerical evaluation, using the VEGAS algorithm [206, 207]. For the
computation of the statistical error, we generated 1000 sets of points in the parameter
space from a normal multivariate distribution, given the central values and correlations
from tables 4 and 5, which were used for the determination of the mean and standard
deviation of each aE‘pOle.

We summarize the most important differences between our treatment and the other
recent RxT analysis [126] in table 11. The approaches followed in earlier studies [122-124]

were already introduced in section 1.

7.1 Assessment of systematic theory uncertainties

In the following, we will evaluate here the error on af -poles

associated to our RxT description
of the P-TFF. Specifically, we will consider the one stemming from the use of different
data sets (whether including/excluding BaBar 7° single virtual data in the global fit), the
one coming from cutting the infinite tower of V' and P states to two multiplets, the one
arising from neglecting subleading corrections in the large- N expansion and, finally, the one

2In order to lighten the notation, we shall suppress from this point forward the superscript HLbL in ap,
i.e., we will take aﬁ'pc’le’ HLbL _, aﬁ"p"le.

30Very recently, the RBC/UKQCD Lattice collaboration has presented a preliminary value for the 7°-
pole, aZ P = 57.8(1.9)stat (1.0)syse X 107 [205], while the values of aZ®°® = 14.64(77) x 10~*! and

aﬁ/'p"le = 13.44(70) x 107! [196] have been reported for the n/n’-poles in a dispersive approach.
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70 n n Ref. Method

63.0737 - - 24, 208]  Dispersive

63.6+£27 163+14 145+19 [22] CA

62.6+1.3 158+1.2 1334+09 [119] Dyson-Schwinger eqs.
614+21 14.7+£19 13.6+0.8 [120] Dyson-Schwinger egs.
63.0727 163+ 1.4 145+1.9 [4] WP Data-driven

62.34+2.3 - - [4, 25 WP Lattice

57.8+2.0 11.6+2.0 15.7+4.3 [170] Lattice

617420 138455 - [171, 172] Lattice

63.5+0.8 - - [126] RxT, 3 resonance multiplets
61.9+£06 152+0.5 14.24+0.7 This work RxT, 2 resonance multiplets

Table 10. Different recent evaluations of aﬁ‘p(’les, P =70 n, n/, multiplied by 10''. In the first rows
we collect the results quoted in the WP [4]. The last rows include later results. Our uncertainties are
only statistical. Our systematic theory errors are assessed in the remainder of this section.

ref. [126] This work

Ansétze Computation from the RxT Lagrangian
3 resonance multiplets 2 resonance multiplets

Chiral Limit Chiral symmetry breaking up to O(m%)
Only 7° (for which the chiral limit works quite well) 70, 0,7’

More subleading OPE constraints Only d, as subleading OPE constraint
2019 Lattice data [25] 2023 Lattice data [170]

Only data used BaBar 70 data not used

Table 11. Summary of the main differences between our study and ref. [126].

coming from excluding the Lattice QCD data for the doubly virtual TFF in our fits. We
have verified that other corrections (from e.g. neglecting higher-order terms in m%, modifying
the n-n" mixing parameters according to the NNLO U(3) xPT fit to lattice data of ref. [209],
etc.) are negligible with respect to these (see also the related discussion in ref. [124], our
relative errors on them are very similar to those reported therein).?! Although its associated
uncertainty is also negligible, we end this section discussing the asymptotic behaviour for
asymmetric double virtualities.

Use of all available experimental data. There are several data sets for the P-TFF.
Analyses in the literature differ by including/excluding some experimental data or imposing
cuts to the fitted data. In this work, as in ref. [124], BaBar data for the single virtual region
of m¥ was excluded for the aforementioned reasons in the global fit of the three channels. An
estimation of the error induced by this decision was computed by comparing the evaluation
of the aﬁ'p(’le obtained by including or excluding these data. The obtained difference for

31 Also negligible are the uncertainties associated to either using 7° Lattice data from ref. [25] or [170], and
to including or not additional subleading OPE constraints (see table 11).
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each pseudoscalar meson is:

(Aapwele) = 4+0.20 x 10711, (7.3a)
Data Sets
n-pole - _ -11
(Aar )DataSets 0.02 x 10711, (7.3b)
(AapPot) = 4+0.02 x 1071, (7.3¢)
H Data Sets

As expected, the induced error occurs mainly in the evaluation of aZO‘pOIe; however, small
deviations are present for 7 and 7’ because RxT connects the TFFs of the 3 particles trough
chiral symmetry.

Finite number of resonances. Even though the full RxT has an infinite tower of resonances,
cutting to a finite number is required for practical use (unless there exists an exact resummation
mechanism, which usually only happens for the simplest toy models). This analysis includes
-besides the pseudo-Goldstone bosons P- two resonance multiplet states for the vector mesons
V, V', and one for the pseudoscalar mesons P’. A minimal extension to this model was
performed earlier in ref. [126] -referred as three-multiplet resonance-, where a third V" and
P" were included, albeit in the chiral limit, and only for the 7° meson.

An estimation of the systematic error caused by having a finite number of resonances
was performed using the results from this three-multiplet resonance model and a fit to the

0
Pole was computed

data of our model in the chiral limit, YRxT. In ref. [126], the value of a],
using the 7Y lattice data from ref. [25] up to Q? = 4GeV? to fit their free parameters, so
an equivalent analysis (with the same dataset) was performed in xRxT to fit the 3 free
parameters of table 8 -with the mixing parameters fixed to the results of our best fit — using
only the 7¥ lattice data points from ref. [170]. For n and 7/, there is no computation of the
pole contributions to the HLbL piece of a,, so we cast the overall cp flavor-space-rotation
factor (defined just above table 8) to compute a fair estimate on these contributions within

the three-multiplet resonance model. The resulting differences for each particle are:

(Aa vele) — +1.8x 1071, (7.4a)

finite spectrum

(Aaprere) = +1.0x 1071, (7.4b)
finite spectrum

(AapPet) = +14x 1071, (7.4¢)
finite spectrum

Subleading corrections in 1/N¢. We have considered the contributions at leading order
in the large- N¢ expansion in our computation. We have estimated the impact of neglected
higher-order effects by considering the modification to the p propagator coming from pion
and kaon loops at next-to-leading order (NLO).32 Although a proper analysis of the SD
behavior for the TFF should be done, we will use the result from the electromagnetic form

32We have computed this modification up to 1 GeV. At higher energies other effects arise (like, e.g. those
associated to inelasticities), with a relevant interplay to this one, need to be accounted for as well.
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factor of the pion [210], which will amount to the following replacement (the p propagator
remains real in the whole space-like region, ¢? < 0)

2 9 2 9 q2Mp2 2 1 2
MP —q — Mp —q + 967T2F72 <A7T(q ) + 514}(((] )) ) (75)
where ) 2 )
) op(¢®) +1
Ap(q?) =1 % 8— - = 2 In | —=—— 7.6

with op(¢?) = /1 — 42?’. We will take its absolute value (there are other types of corrections
at this order that we are disregarding, like those to the V'V P vertex, that can have either
sign) as the one standard deviation uncertainty induced by missing subleading corrections
in the large-N¢ limit. Then, we will have:

(Aa;f-pole)l/Nc =415 x 1071, (7.7a)
(Aaz'pole)wc =405 x 107, (7.7b)
(Aag’-Pole)l/NC = 4+0.3 x 107 (7.7¢)

Combination of experimental and Lattice data. Finally, we evaluate the uncertainty
on afj‘p(’les that comes from neglecting Lattice QCD data in our fits. In this way, we quantify
the difference between a fully data-driven analysis and a hybrid one. The differences, for
every P, are:

(AaﬂO_pole) — +04 X 10—11 , (783)
’ Hybrid analysis
n-pole _ 11
(Aau )Hybrid analysis 0.6 x 10 ’ (78b)
(Aagfer) — —0.8x 107", (7.80)
Hybrid analysis

The 7°-pole increases while the 1/n'-poles decrease by including the Lattice data. To the
best of our knowledge, this is the first quantification of the difference between a hybrid and a
fully data-driven analysis and it is possible here due to chiral symmetry, since the parameters
dgi, dgo and dg3 appear in the 7,1 and 7’ TFFs -even though the experimental data is
available only for 7/, a joint description for all the 3 particles can be obtained. This situation
contrasts with the case of the Canterbury Approximants analysis presented in table 9, where
Lattice data cannot be excluded for 7 nor for 7.

Asymptotic behavior for asymmetric double virtualities. Furthermore, in this work
we have imposed the single virtual and symmetric double virtual SDCs, (4.1). However,
from the light-cone expansion [151, 177, 211], the SDCs at leading order in pQCD and at
leading-twist are given for general large asymmetric virtualities, by:

(z)
gl T (-Qh -G = oo [an oy 22, (7.9)
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where ¢p(x) is the pion distribution amplitude which -for large momenta- behaves as
¢p(r) — 62(1 — x) [151, 212]. The construction of the TFFs using RxT is limited to a
polynomial description, which cannot reproduce the whole range of asymmetries in eq. (7.9).
The asymmetric SDCs, limga_, Fpyere (—Q%, —AQ?), were compared -for RxT and the
light-cone expansion results- within the relevant region of the integration kernels for the
aE‘pOlC, as it is shown in figure 8. There is a change in the concavity in the asymptotic
behavior of egs. (4.19) and (4.20) because the term reproducing the symmetric double virtual
SDC of eq. (4.1) dominates the whole scale of asymmetries except for A — 0, and it behaves
as 1/A, the effect is more visible at very high energies.

To quantify the effect in the evaluation of ag_p‘ﬂe produced by this difference, a re-
placement of the dominant terms at high energies of egs. (4.19) and (4.20)) by the one of
eq. (7.9) -as suggested in eq. (5.13) from [24]- was done, and the numerical difference was one
order of magnitude smaller than the rest of the theory errors for the 3 pseudoscalar mesons.
The change for the expression of the light-cone expansion was performed at a Q1 where the
squared difference between this work’s asymptotic behavior and eq. (7.9) is minimized.

7.2 Final results with statistical and systematic errors

With the four (independent) dominant uncertainties given by eqgs. (7.3), (7.4), (7.7) and (7.8),
we obtain the following systematic theory error:

(Aago-Pole)theory = (134) x 1071, (7.10a)
(Aag-pole)theory = (%) x 1071, (7.10D)
(Aaz/-pole)theory = (*g) x 1071, (7.10c)
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Our final result, including statistical (cf. table 10) and the above systematic uncertainties? is:

a7 POl — (61.9 + 0.6ﬁ§) x 1071 = (61-9ﬁ12) x 1071, (7.11a)
alIPole — (15.2 + 0.531)%) x 1071 = (15.231)23) x 1071, (7.11b)
af P = (1422 0758) x 1071 = (14.2418) x 1071, (7.11c)

with an uncertainty saturated by the model-dependence. Combining egs. (7.11a), (7.11b)
and (7.11c) we arrive at the following result for the pseudoscalar-pole contributions:

ar trnpele — (91,3 £1.0439) x 1071 = (91.3137) x 1071 (7.12)

8 Conclusions

In this work, we have presented a simultaneous description of the singly and doubly virtual 7%, n
and 7’ transition form factors based on Resonance Chiral Theory that complies with the White

ELbL contribution into account. In particular, we

Paper consensus agreement for taking their a
have shown that working within the two resonance multiplets saturation scheme we: satisfy
leading (and some subleading) chiral and high-energy QCD constraints; get a normalization
given by the two-photon partial decay width, I'(7°/n/n" — ~7), that is fully compatible with
experimental values; reproduce the singly virtual transition form factors experimental data
in the spacelike region (see figure 3) and, last but not least; obtain a faithful description of
the doubly virtual transition form factor for all three pseudoscalar mesons resulting from
the use of the BaBar data in the 1’ channel in combination with Lattice-QCD results for
the three mesons form factors (see figure 4). Our evaluation of the pole contributions to

the hadronic light-by-light piece of the muon g — 2 read: azo‘p‘ﬂe = (61.9 + O.Gf%é) x 1071

arrde = (152405 51) x 1071 and aff P = (14.240.7553) x 1071, for a total of
azo+"+77/'p016 = (91.3 + 1.01“}8) x 10711 where the first error is statistical and the second
one is systematic (see section 7.1).

Our determination for azo‘p"le
at the level of 1o with the dispersive evaluation, azo'p"le = (63.03:{) x 107! [4] and with
the results based on Canterbury approximants, aZO‘pOIe = 63.6(2.7) x 10711 [22], and with
the most recent lattice QCD results, azo‘p‘)le = 57.8(2.0) x 10~ [170],3* and aZO‘p‘)le =

61.7(2.0) x 10711 [172]. Our outcomes for the az/ POl ontributions are particularly relevant,

fulfills the quality criteria outlined above being compatible

given that our approach complies with the leading asymptotic behavior for double virtuality
and the good performance exhibited for describing the best doubly-virtual input at disposal.
Interestingly enough, they are consistent with a:’/n/'pde = [16.3(1.4)/14.5(1.9)] x 10~ from
Canterbury Approximants [22], which however would need a C§ to fully account for chiral
symmetry constraints and their explicit breaking at leading order, that is non-negligible for

35

the ") contributions (see section 6).3° Our results are also compatible with the Lattice

33We always quote the systematic error after the statistical one.
34This result and our work agree within 1.6 ¢, which is the biggest among the different works considered,

but still reasonable.
35At least a C35 would be needed to describe the double virtuality data, instead of the C3 used in ref. [22].
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results azml'pde = [11.6(2.0)/15.7(4.2)] x 10~ [170], although the n-pole contribution is
in slight tension with our outcome due to the lower value for the normalization of their
transition form factor.

We hope that our analysis strengthens the case for experimental measurements of the
transition form factors of double virtuality for all three pseudoscalar mesons, as they would

allow constraining their functional form and reduce the uncertainty in aﬁ -pole,
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