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Abstract

The main goal of this work is to give an introduction of the fundamental con-
cepts in complex analysis in several variables.

It starts by introducing holomorphic functions of several complex variables,
their representation via power series, and fundamental results like the Cauchy
integral formula.

Then it follows by the Riemann mapping theorem, a cornerstone result that
guarantees the existence of conformal mappings between simply connected do-
mains and the unit disc in C. We show also that the Riemann mapping theorem
cannot be extended to C".

Finally, the last part of the report delves into Bergman spaces, studying their
kernels and their connection to the Riemann Mapping Theorem.

2020 Mathematics Subject Classification. 30E20, 32A36, 32A05, 30C35
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Introduction

This report is dedicated to exploring key concepts and results in complex anal-
ysis, with a particular focus on their extension to several variables. The study
begins by introducing the notion of homomorphic function in an open subset of

C'={z=(z1,-..,zn) |zi€C,i=1,...,n},

which is the Cartesian product of n copies of C. It is followed by fundamental
definitions and elementary theorems such as the extended version in several vari-
ables of results like the Cauchy integral formula or Cauchy-Riemann equations.
In particular, we present, and prove from scratch, Montel’s theorem, which can be
seen as a complex analog of the Arzela-Ascoli theorem. Montel’s theorem states
that every sequence fi, f,... of holomorphic functions in an open set (3 C C that is
locally bounded in () has a subsequence that converges compactly in Q).

In the second chapter, we define the concept of biholomorphic invariance be-
tween domains, laying the groundwork for understanding equivalence in the con-
text of holomorphic mappings. This leads to the statement and proof of the Rie-
mann mapping theorem, which states that if D C C is a simply connected open set
which is not all of C, then D is conformally equivalent to the unit disc. The chapter
is followed by a Poincare’s theorem which proves that there exists no biholomorphic
map between the polydisc and the ball in C", if n > 1, showing that the Riemann
mapping theorem cannot be extended to C".

The final chapter introduces, given (3 C C", the notion of Bergman spaces

20) = {105 1P = [ f @A) <o),

where A is the Lebesgue measure. Bergman spaces are a type of Hilbert space of
functions and have a reproducing kernel. This means that given any z € Q) fixed
there exists a function K(z,w) € A%(Q)), named Bergman kernel of Q), such that for all
feAQ)

1) = [ Kizw)f(w)dr(w).



The chapter is followed by several examples of Bergman kernels, such as the
Bergman kernel of the unit disc or unit polydisc in C". Finally, we demonstrate the
relationship between the Bergman kernel and the Riemann mapping: let () C C be
a simply connected domain and let K(z, w) be the Bergman kernel of Q). Let F : 3 — D
be the Riemann mapping with the uniqueness properties F(a) = 0 and F'(a) > 0 for some

a € Q. Then
T

K(a,a)

The study of these concepts has been conducted mainly following the guidance
provided by Holomorphic Functions and Integral Representations in Several Complex
Variables, Chapter 1 by R. Michael Range, Theory of Complex Functions, Chapters 2,
3 by Reinhold Remmert, Comlpex Made Simple, Chapter 8, 9 by David C. Ullrich,
Complex Analysis, Chapter 8 by Elias M. Stein & Rami Shakarchi and Complex
Analysis, Chapter 7 by Friedrich Haslinger.

F(z) = K(z,a), ze€Q.



Chapter 1

Holomorphic functions

In this chapter, we will extend classical complex analysis results from one vari-
able to several variables. We will begin by reviewing key concepts like the complex
Euclidean space and the Cauchy-Riemann equations. By drawing analogies with
one-variable theory, we will explore the Cauchy integral formula, holomorphic
maps, and power series in higher dimensions.

In this chapter we follow the references [Ran86, Chap. 1], [Rem91, Chap. 3]
and [Ort97, Chap. 4].

1.1 Complex Euclidean Space

For n € N, we define the n-dimensional complex number space as
C"={z=(z1,--.,zn) |z €C,i=1,...,n}.

C" is the Cartesian product of n copies of C and carries the structure of an n-
dimensional complex vector space.

Definition 1.1. (Hermitian Inner Product) Let V be a complex vector space. A Her-
mitian inner product on V is a function

(,):VxV—CC,

which is, for every u,v € V:

* Conjugate-symmetric: (u,v) = (v, u).

 Linear on the first factor: (Au,v) = A(u,v), for all scalars A and (uy,u,v) =
(u1,v) + (up, v), for all vectors uq, us.

* Positive: (u,v) > 0.



* Non-degenerate: if (1,v) = 0 for every v then u = 0.
We say that V is a complex inner product space.

The classic example of a Hermitian inner product space is the standard one on
cr,

(a,b) =Y ab;,
for a,b € C". One can define the associated norm |a| = (a,a)!/? that induces the
Euclidean metric in the usual way: dist(a,b) = |a — b|.
Definition 1.2. (Open ball) The open ball of radius r > 0 and center a € C" is defined
by
B(a,r) ={z€C": |z—a| <r}.

Given z = (z1,...,z) € C, each coordinate zj can be written as z; = x; + iy,
with x;,y; € C, where i is the imaginary unit V-1
The mapping
z— (X1, Y1,..., X0, ¥n) € R¥

establishes an R-linear isomorphism between C and R. A ball B(a,r) in C" is
identified with an Euclidean ball in R?" of equal radius 7. Due to this identifica-
tion, all the usual concepts from topology and analysis on real Euclidean spaces
R?" carry over immediately to C".

Definition 1.3. A set (3 C C" is said to be open if for every a € () there exists a ball
B(a,r) C Qwithr > 0.

From now on, unless specified otherwise, () will denote an open set in C";
such () will also be called a domain, or a region.

Definition 1.4. (Open polydisc) The open polydisc of center a € C" and multiradius
r=(r1,...,7n),7j > 0 is defined as the Cartesian product of n open discs in C:

P(a,r) ={ze€C": |zj—aj| <r;, 1 <j<n}.

For the sake of simplicity, sometimes we will refer to P(a,r) as P.

1.2 The Cauchy-Riemann equations

Notation 1.5. Let a = (a1,...,a,) € NN. We call « a multiindex and define

la] := a1 + -+ ay,
a+1:=(a1+1,...,0,+1),

al =gl



For z € C" and a multiindex a we write

&n

G |
z _Zl cZy

and we define the partial derivative operators

ol
D* = —— .
0zq' - - - 9zy"

For Q € C", open, and k € N U {co}, we define CF(Q) as the space of k
times continuously differentiable complex values functions on Q). (We write C(Q})

instead of C°(Q))).

Turning to C", we define
2(2id)
9 _1 <a _ ia>

for j =1,...,n, which are named Wirtinger derivatives.

Definition 1.6. Let () C C" be open. A function f : Q) — C is called holomorphic at a
point a € Q if f € CY(Q) and satisfies the Cauchy-Riemann equations at a:

J9f (a) ,
= 1<j<n.
az; 0 for1<j<m
A function f is called holomorphic on Q) if Va € (), f is holomorphic at a. The
space of holomorphic functions is denoted as H(Q}).

1.3 The Cauchy integral formula on polydiscs

A function f : ) — C" is said to be holomorphic in each variable separately if
for every z € Q and 1 < j < 1, the function fzj()t) = f(z1,. - Zj-1, A Zjg1s s Zn)
is holomorphic on ().

Definition 1.7. (Distinguished boundary) The distinguished boundary of a polydisc
P(a,r) C C" is defined as b,P = {w € C" : |w; —a;| =r;, 1 <j<n}

Notice that b, P is strictly smaller than the topological boundary dP of P in case
that n > 1.
For any function in several complex variables ¢ € C(b,P), in terms of the standard
parametrization
w, = a; +rje”

5



of b,P(a,r), one has

dwy .. .dw, = i" / 0))e® . ePdo, .. do,. (1.1
/boP(a,r)g(w) w1 w i"ry..o.r [Olzn}ng(w( ))e e 1 (1.1)

This property will be useful to prove the following theorem.

Theorem 1.8. (Cauchy Integral Formula) Let P(a,r) = P be a polydisc in C" with
multiradius v = (r1,...,74). Suppose f € C(P), and f is holomorphic in each variable
separately on {A € C: |A —aj| < r;}. Then

flz) = 1 /bp : f(w)dw; ...dw, forzePp, (12)

(27ti)" w1 —21) ... (Wp — 2n)
where bP = {w € C" : |[w; —aj| =71;, 1 <j<n}.

Proof. We will use induction over the number of variables n in f. The case n =1
is the classical Cauchy integral formula, which we assume as known. Suppose
that for n > 1 the theorem has been proved for n — 1 variables. Let us pick
z = (z1,...,2z4) € P fixed and the function f(z1,...,z,). Applying the inductive
hypothesis with respect to (zy,...,z,) one obtains:

) = 1 / f(z1,wa, ..., wy)dw; ... dw, (13)
b, P’ (a' ")

f(Zl,Z2, N (27.[1')7171 (wz — Zz) ce (wn - Zn)

where a' = (ay,...,a,) and ¥ = (ro,...,1y).
Fixing w», ..., wy, the classic Cauchy Integral Formula gives us:

1 flwy, ..., wy)du
21, W, ..., Wy) = —— , 14
USe ) 27t /|w1—ﬂ1|71 (w1 —z1) (4

and substituting 1.4 into 1.3 we obtain:

1 flws, ..., wy)dw )
L, = dw, . ..dw,.
f(21 Zn) (271'1)” /bop/(a/’r/) </w1111:7’1 (wl — Zl) - (wn — Zn) 2 "

Let g(w) = %, using the parametrization seen above (1.1) along with

Fubini’s theorem one gets

w)dw, | dws ... dw, = i'r .-.rn/ w(0))e® ... edo
/huP’(a’,r’) </|wla1|:r1g( ) 1) 2 1 0,27]" g( ( ))

= d

/boP(a,r)g(w) @

/ f(wll---/wn)dW]...dwn
boP(a,r) (

w1 —21) ... (wy — zy)

7

and the result has been proven. O



As in the case of one complex variable, there exists the Cauchy integral formula
for derivatives

wy —zp)atl (W, — z, )t

it can be deduced from applying the Cauchy integral formula (1.2) and differenti-
ating under the integral symbol but we will not write it down in these notes.

Theorem 1.9. (Cauchy estimate) Let f € H(P(a,r)), then for all x € N",

!
‘D“f(a)’ < rj‘f’P(a,r)' (1.6)
Proof. Fix 0 < p < r, by Cauchy Integral theorem by derivatives (1.5), it is know

that
a! f(w)dw; ...dw,

D*fla) = o |
fla) (27i)" Jo,pap)  (w—a)*H!
where P(a,p) C P(a,r). Applying | - | on both sides of the equation

(1.7)

N | oal f(w)dw; ...dw,
D (@) = ' (2mi)" /ban,p) (w—a)s+t
a! @l
< G o) Tao— ey

! ’f|P(u p) /
< . LA d
- @mr prtt bupw,p)’ vl

. ‘X!‘f‘P(a,p)(2n)nP . !
- (27‘[)”}7”‘+1 - EU“P(“/P)

It has been seen that, for 0 < p < r, |[D*f(a)| < %’f|p(a,p). Now, making p — r
the result is proven. O

1.4 Holomorphic maps

Let QO C C”" be open and consider a map F : (3 — C™. By writing the map
as F = (fi,...,fn) and f; = u; +ivj, for j = 1,...,n, where uj,v; are real valued
functions on ), we can view F = (11,01, ...,Uy, Uy) as a map from Q) C R?n into
R?™_If F is differentiable at a € (), its differential dF(a) : R*" — R?" is a linear
transformation with matrix representation given by the (real) Jacobian matrix

[Qwy 9w 0w
dxq Y1 oYy
v )
8x1
Jr(F) = | "
9w ... ... 9
L dx1 a]/n i




Definition 1.10. The map F : Q0 — C™ is called holomorphic if its components
fi,--., fu are holomorphic functions on Q. If F is holomorphic, its differential dF (a)
at a € Q) is a complex linear map C* — C™, with the following matrix representation

#@) - )
F’(a): : :

Ofm ofm

Lea) - Yra)

We call F'(a) the derivative (or complex Jacobian matrix) of the holomorphic
map F at a.

Lemma 1.11. If QO C C" and F : Q) — C" is holomorphic, then
det JRF(z) = |det F'(z)|* > 0
forz € Q.

Proof. After permuting the rows and columns one can write

det JrF = det : : ,
(%)~ Gi)

Now subtract i times the left blocks from the right side; it follows that

) o

det JrF = det : : =detF - detF/,
-
o ()
where we have used that df /dz; = df /dx; for holomorphic f. O

1.5 Sequences in spaces of holomorphic functions

In this section we plan to discuss the concepts of locally uniform, compact, and
normal convergence in C, these concepts will be used lately to study the Riemann
Mapping theorem.

Let X C C be any non-empty set and metric space. A sequence f, of complex-
valued functions f, : X — C is said to be convergent at the point a € X if the
sequence f,(a) of complex numbers converges in C.

8



Definition 1.12. A convergent sequence of functions f, is called pointwise convergent
in a subset A C X if it converges at every point of A: then the limit function f : A — C
is defined via

f(x):=1lmf,(x), x¢€ A.

Along real-valued functions simple examples show how pointwise convergent
sequences can have bad properties: the continuous functions x" on the interval
[0,1] converge pointwise there to a limit function which is discontinuous at the
point 1. Such pathologies are eliminated by the introduction of the idea of locally
uniform convergence.

Definition 1.13. A sequence of functions f, is said to be uniformly convergent in A C
Xtof:A— Cifeverye > 0has an ng = no(e) € IN such that

|fu(x) — f(x)| < €foralln > ngandall x € A;
when this occurs the limit function f is uniquely determined.

Definition 1.14. A sequence of functions f, : X — C is said to be continuously con-
vergent in X, if for every convergent sequence {x,} C X, the limit lim, e« f,(x,) exists
in C.

Definition 1.15. A sequence of functions f, : X — C is said to converge compactly in
X if it converges uniformly on every compact subset of X.

Lemma 1.16. If the sequence f,, converges continuously on X to f, then f is continuous
on X (even if the f, are not themselves continuous).

Proof. Consider any x € X, any sequence {x,} C X convergent to x and any € > 0.
There is a strictly increasing sequence n, € IN such that |f,, (xx) — f(xx)| < €/2.
Since, limy f,, () = f(x), there exists a ke such tat |f,, (x¢) — f(x)| < €/2 for all
k > ke. The continuity of f at x follows:

f (k) = O] < f o) = fue (i) |+ | fi (rx) = f(x)| < e forall k > ke.

Theorem 1.17. If the sequence f, is continuously convergent in X then f, converges
compactly in X to a function f € C(X)



Proof. Let f be the limit function. We have seen in 1.16 that f € C(X). Suppose
there is a compact K C X such that |f — f,|x = sup{|f(x) — fu(x)| : x € K} is not
a null sequence. This means that there is an € > 0 and a subsequence n’ of indices
such that |f — f/|[x > € for all n’. In turn the latter means that there are points
X,y € K such that

]f(x,,/) — fn/(xn/)| > ¢ for all n’. (1.8)
Because K is compact, we may assume, by passing to a further subsequence if
necessary, that the sequence x,, converges, say to x. But then lim f(x,/) = f(x) be-

cause of the continuity of f at x and lim f,/(x,s) = f(x) by hypothesis. Subtraction
gives that lim[f(x,/) — fr(x,7)] = 0, contradicting 1.8. O

To prove Montel’s theorem, we will begin by examining Weierstrass’s theorem,
which explores whether the limit of a holomorphic function remains holomorphic.

Theorem 1.18. (Weierstrass theorem) Let Q) C C be an open set and f, € H(Q)) be a
sequence of holomorphic functions in (), and suppose that for any compact K C Q, f,|x
converges to f|x uniformly in K. Then f is holomorphic in Q) and fr(lk) converges to f*)
uniformly in every compact set of ().

Proof. Let R be a rectangle contained in (). As dR is compact in (), by the statement
it is known that f,|sr — f|or, then by the Cauchy-Goursat theorem

0= /aan(z)dz — /aRf(z)dz

when n — co.

We have seen that the integral of f on any border of any rectangle in () equals
0. Thus, by Morera’s theorem! f is holomorphic in Q. Having seen that f is
holomorphic it remains to see that fy(lk) — f% uniformly on compact sets. Initially
we will prove it on closed discs D C Q. In fact, if D = (a,7) and D C Q, then there
exists R > r such that D(a,R) C Q. In this case we can apply Cauchy integral
formula in ( f,gk) — f¥) and obtain that for any z € D(a,r),

(K) _ K fu(w) = f(w)
@ 1) =5 [ e e 4

" 2mi

Then for every z € D(a,r)

Morera’s theorem states that a continuous function f defined on an open set D in the complex
plane that satisfies j,y f(z)dz = 0 for every closed curve vy in D must be holomorphic on D.

10



where M, = sup{|f.(z) — f(z)|,|z —a| = R}. By the hypothesis M, — 0 so
f,gk) converges to f) uniformly on D(a,r). Finally, if K is not a disc and it is an

arbitrary compact in (), there exists a sequence of discs {D;}" ; such that K C
DiU---UD,. As f,(lk) — f¥ uniformly on every D;, then f,gk) — K uniformly in
K. O

Lemma 1.19. Let f, : QO — C,n € IN, be a sequence of functions that is bounded at
every point of Q). Then for every countable subset A of Q) there exists a subsequence g, of
the sequence f, that converges pointwise in A.

Proof. Let ag,a,a;,... be an enumeration of A. For every I € IN, there exists a
subsequence fio, fi1, fi2, .. of the sequence fy, f1, f2, ... such that:

a) The sequence (f1,,)n>0 converges at a;.
b) The sequence (fi;)n>0,1 > 1, is a subsequence of (fi_1,)n>0-

Given the sequences (fi;)n>0, k < I, choose a subsequence (fj,)n>0 of the se-
quence (fi—1,)n>0 which converges at 4;. Then a) and b) are satisfied for all
sequences (fi,)n>0,k < I. From the sequences f, fi, fi, - .., construct the di-
agonal sequence o, 81,82, - - ., Where g, := fu,,n € IN. It converges at every point
an € A since, by b), from the term g, on it is a subsequence of the sequence
fmo, fm1, fm2, - .., which converges at a,, by a). O

A family of functions F C H () is called bounded in a subset A C Q) if there
exists M > 0 such that |f|4 < M for any f € F.

Definition 1.20. The family F is called locally bounded in C) if every point z € () has a
neighborhood U C () such that F is bounded in U.

Observe that this occurs if and only if F is bounded on every compact set in
Q. In particular, ¥ C #H(B), where B = B,(0) is a disc of radius r > 0, is locally
bounded in B if and only if it is bounded in every disc B,(0),p < r.

Lemma 1.21. Let F C H(Q) be a locally bounded family in Q). Then for every point
c € Q) and every € > 0, there exists a disc D C () around c such that

|f(w) — f(z)| <€ forall f € Fandallw,z € D.

11



Proof. We choose r > 0 such that Dy, (c) C Q. From the Cauchy integral formula
it follows

f) =) = g [ PO | = |

w—2z

27T /apz,(c) m

For any w,z € D,(c) and { € 9D, (c), then ? < |({ — w)({ — z)|. Given that, we
can find a bound for |f(w) — f(z)| as seen below

|w — 2|
27t JaDy(c)

f(©)
(¢ —w)(§—2)

2
< Jw 2|7, -sup{|flpy o}

[f(w) = f(2)] < d|C]

for all w,z € D,(c) and all f € F. Since F is locally bounded, we call M :=
2 - sup{|flp, () : f € F} < oo, itis enough to set D := D,(c) with

to prove that |f(w) — f(z)| < eforall f € F and all w,z € D. Given the defined
disc it is obvious that |w — z| < 2p, suppose that p = 5%; then:

lf(w)—f(z)]| <|lw—2z|-M<e€

Theorem 1.22. (Montel’s theorem) Every sequence fo, f1, f2... of holomorphic functions
in Q) that is locally bounded in Q) has a subsequence that converges compactly in Q).

Proof. Let A C ) be a countable dense set, for instance the set of all rational
complex numbers in (). By Lemma 1.19, there exists a subsequence g, of the
sequence f, that converges pointwise in A. We want to prove that g, converges
compactly in (2. To prove this, it is only necessary to prove that it converges
continuously in (), i.e that:

lim g, (z,) exists for every sequence z, € () with 1i_1>n zp =2z € Q)
n (o]

Let € > 0. By Lemma (1.21), there exists a disc D € () around z# such that
|gn(w) — gu(z)] < € Vn if w,z € D. Since A is dense in (), there exists a point

12



a € AND. Since z,, — zx*, there exists n; € IN such that z, € D for all n > ny. The
following inequality

|gm (zm) — &n(zn)| < |8m(zm) — gm(a)| + |gm(a) — gn(a)| + |8n(zn) — gn(a)]

always holds; hence |gy(zm) — gn(zn)| < 2€ + |gm(a) — gn(a)| for all m,n > ny.
Since lim g, (a) exists, there is an 1, such that |g,,(a) — gn(a)| < € for all m,n > n,.
We have proved that | (zm) — gu(zn)| < 3€ for all m,n > max(nl, n2); thus the
sequence g, (zy) is a Cauchy sequence and therefore convergent. O

Remark 1.23. The assertion of the theorem is false for a sequence of real-analytic
functions. For example, the sequence

fu(x) = sin(nx),

n € IN is bounded in R but does not even have pointwise convergent subse-
quences.

Given () C C open set, we have already seen Weirestrass’s theorem 1.18. This

result can be extended to Q) C C", n € IN, as follows:

Theorem 1.24. Let () € C", given a sequence of functions of several complex variables
{fi i =12,...} C H(Q), suppose it converges complactly in Q) to the function
f:Q — C. Then f € H(Q), and for each « € N",

lim D*f; = D*f
1—00
compactly in D.

The proof of this theorem is the same as in the classical case n = 1 and will be
omitted.
1.6 Power Series

In this section we are planning to prove that every holomorphic function can
be represented locally by a convergent power series.
Definition 1.25. By a power series of n variables centered at 0 we mean a series of

the form
Y caz®
acIN"

where ¢, € C for each & € IN".

13



Remark 1.26. On the index set IN" there is no canonical order. Therefore by con-
vergence of the above power series, we mean the absolute convergence.

Definition 1.27. The power series defined above converges at a point z if and only if

sup { Y leaz®|: F C ]N”ﬁnite} < H-o00.

weF

The sum of this series is then the limit of partial sums for any ordering of the
elements of the series.

Definition 1.28. The domain of convergence A = A({c.}) of a power series is the
interior of the set of points z € C" for which the series converges.

Now we will see that the well-known result for power series in C extends to

c".

Theorem 1.29. Let f € H(P(a,r)). Then the Taylor series of f at a converges to f on
P(a,r), that is,

fz)=")_ D'f(a) (z—a)* forz € P(a,r).

aeIN" ol

Proof. Given z € P(a,p) C P(a,r), the Cauchy integral formula states that

1 f(w)dw; ...dw,
f(z) = = /bop(g/p)( : (1.9)

(27ti)n w1 —2z1) ... (wy — zy)

The expression (w —z)™! = (w; —z1)7L... (wy — zn)
metric series

~! can be written as a geo-

1 B 1
H?:l(wi - Zi) i= l( —ai+a;— )
B 1 1 1
I (wi — a; @) Uy ()
=l S R =
1 (z—a)"

? 1wi QGN” (w )tX
(xe]N” B lZ a+1

Which converges uniformly for w € b,P(a, p) since ”;; f{” < |le1a1| <1, fori=

1,...,n. Now, substituting this series into (1.9), we get

_ E=0 o
FO) = i fopiuy T L = gyerdeon - don



it is legitimate to interchange summation and integration, and multiplying and
dividing by «!, leading to

1 ! w)dws; - - - dwy, N
f2) =~ ) [(2m)n /bop(a,p) A (30 _1a)a+1 (z—a)*. (1.10)

acIN”

It is clear via Cauchy integral formula for derivatives, that the coefficient of (z —
a)**1in (1.10) is equal to D*f(a), thus:

flz)=) w(z—a)“ for z € P(a, p).

nen w!
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Chapter 2

Riemann Mapping Theorem

The purpose of this character is to understand the Riemann mapping theorem
in C and see that this result no longer true in higher dimensions. In order to study
this we will go through some previous definitions and lemmas.

In this chapter, we follow the references [UlI00, Chap. 8-9], [Ran86, Chap. 1]
and [Sha(03, Chap. 8]. Before we get into the Riemann mapping theorem, I will
mention three theorems that will not be proven here as they are basic results of
functions of one complex variable.

Theorem 2.1. (Open Mapping Theorem) Let U be a domain in and f : U — C is
a non-constant holomorphic function, then f is an open map (sends open subsets of U to
open subsets of C).

Theorem 2.2. (Maximum Modulus Principle) Let f be a holomorphic function on
some connected open subset U of C. If there exists zog € U such that

f(z0)] = |f(2)]

for all z in some neighborhood of zy, then f is constant on U.

Theorem 2.3. (Rouche’s Theorem) Let f,g : U — C be two holomorphic functions on
U c Copen, and v : I — U a simple closed curve. Assume f and g have no zeros on
v(I) and

f(2) =g(2) < Ig(2)], ¥z € (D).

Then f and g have the same number of zeros inside -y, counting multiplicities.

16



2.1 Conformal maps

In this section ID = D(0, 1) will be the unit disc.

Definition 2.4. Let U C C",V C C™ be two domains (open, path connected sets), then

amap f = (f1,..., fu) is called holomorphic if all its components are holomorphic, i.e,
fie HU),Vi=1,...,m.

Definition 2.5. Let U C C",V C C™ be two domains, if there exists a one-to-one
holomorphic map f : U — V such that the inverse f~! is also holomorphic, then we say
that U and V are biholomorphically equivalent or that they are biholomorphic. The
map f is called a biholomorphic map.

Example 2.6. 1. Given the upper half plane H = {z € C : Im(z) > 0} and
the unit disc D = {z € C : |z| < 1}, we can build a biholomorphic map
between them. To find this, we will take the Mobius transformation ¢(z) =

”szcb which maps the points {0,1,00} to {—1,1, —i}. Solving the system of
equations it is seen that a = 1,b = —i,c = i, hence
z—1
(p(Z) - > + l

It is clear that ¢(H) = ID, ¢ is holomorphic and it has a holomorphic inverse
¢~ (w) =i (1£2), hence ¢ is a biholomorphic map between H and ID.

1-w

2. The set S := {(z/,z4) € CN : Im z, > |Z/|*} is called the Siegel upper
half-space and biholomorphically equivalent to the unit ball B"” in C". The
biholomorphic map is given by the Cayley transform ¢ : B* — S of the form

(2, zn) — (Z,i(1 —zy)),

1+ 2z,

and inverse ¢! : S — B™:

0 ,
(W', wy) — ! <w’,—;(i—wn)>.
Definition 2.7. Amap f : U C C — V C C is said to be conformal if it is holomorphic

and f' has no zeros in U.

In Stein’s book [Sha03, Chap8] one can see the following proposition that gives
an equivalent definition of a conformal map, in these notes we will not get into
details with the proof, but the result is worth mentioning.

17



Theorem 2.8. If f : U C C — V C C is holomorphic and injective, then f'(z) # 0 for
all z € U. In particular, the inverse of f defined on its range is holomorphic, and thus the
inverse of a conformal maps is also holomorphic.

Hence, if f € H(U) is injective, we say that f is a conformal equivalence, and
that f(U) is conformally equivalent to U.

2.2 Schwarz Lemmas

Definition 2.9. Let U C C be an open subset, we denote Aut(U) as the group of invert-
ible holomorphic mappings from U to itself.

Theorem 2.10. (Schwarz Lemma) Suppose that f : ID — D is holomorphic and f(0) =
0. Then |f(z)| < |z| forall z € D and |f'(0)| < 1. Furthermore, if | f'(0)| = 1 then f is
a rotation: f(z) = Pz for some constant p with |B| = 1.

Proof. Since f(0) = 0, we can define a function ¢ € H(ID) by

{ﬂz) = #0)

z
FO)  (z=0)

Suppose r € (0,1), it is clear that |¢g| < 1/r on dD(0,r), and so the Maximum
Modulus Theorem shows that |¢| < 1/r in D(0,r). Since this holds for all r €
(0,1), it follows that |g| < 1 in ID and hence that |f(z)| < |z| and f/(0)| < 1.

If we have |f/(0)| = 1 then we have [¢(z)| = 1 for some z € D and hence the
Maximum Modulus Theorem shows that g is constant. ]

g(z) =

Theorem 2.11. Suppose that ¢ € Aut(ID) and ¢(0) = 0. Then ¢ is a rotation:

for some B € C with |p| = 1.

Proof. By the Schwarz Lemma, we know that |¢'(0)] < 1. Let ¢y = ¢!, then
|¢’(0)| < 1 for the same reason. The chain rule shows that ¢/(0) = 1/¢'(0),
and so we must have |¢'(0)| = 1, hence the Schwarz Lemma shows that ¢ is a
rotation. Ul

Definition 2.12. Ifa € D then




These objects that we have just defined will come up many times in the rest of
the chapter. We will collect a few of their important properties

Lemma 2.13. i) ¢,(a) = 0and ¢,(0) = a.
ii) Each ¢, is its own inverse.
iii) ¢, € Aut(D) for any a € D.

Proof. The first and the second parts are immediate by doing the calculations. We
will prove the third part. Suppose that |z| = 1, then zz = 1 and

la—z|  la—z|  |a—z|

= = = =1
1 —az| |z(1—az)] |z—a4]

|#a(2)]

Hence, ¢, maps the unit circle to itself. Since ¢, is a homeomorphism of C, it must
map components of the complement of the unit circle in C to components of the
complement of the unit circle, which says that the image of D must be either ID
or the "exterior" of the circle, thatis {z € C : z > 1}. But the second case can not
be true since ¢,(0) = a € D. So ¢, maps D to itself, hence is an automorphism of
D. O

Given these properties, it follows immediately that Aut(ID) is generated by the
subgroup of rotations and the subset {¢, : 2 € D}:

Proposition 2.14. For any ¢ € Aut(ID) there exist a unique a € ID and B € C with
|B| = 1 such that

¥(2) = Bepa(2)
forall z € D.

Proof. Leta = ¢~1(0) and set 1 = 1 o ¢,. Now ¢; € Aut(ID) and

hence, Theorem 2.11 shows that ¢, is a rotation, which means that exists g with
|B| = 1 such that

P1(z) = Bz
for all z. Since ¢, is its own inverse, we have ¢ = ¢; o ¢,, and hence

¥(2) = ¢1(¢a(2)) = Bepa(2)

and the result has been proven. O
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Now that we know the automorphisms of the disc we can study a more so-
phisticated version of the Schwarz Lemma. The origin is a special point in the
Schwarz Lemma (Theorem 2.10). Inside D, Aut(ID) acts transitively, this means
that for any z,w € D there exists w € Aut(ID) with w(z) = w. We are going to
study an "invariant" form of the Schwarz Lemma that reflects this symmetry.
From Theorem 2.10 it is immediate to see that

f(2) = f(O)| < |z 0], 2.1

which means that the distance from f(z) to f(0) is smaller than the distance from
z to 0. The invariant version of the theorem says that if f is any holomorphic map
from the disc to itself and z, w € ID then the distance from f(z) to f(w) is no larger
than the distance from z to w. This is not true for the Euclidean metric but it is for
the pseudo-hyperbolic metric, whose distance is defined as

d(z,w) = |¢p.(w)| forallz,w € D.

Before getting into the invariant form of the theorem we will prove an equality
that will be useful for the next result.

Lemma 2.15. For any a,z € ID we have

(1—a?)(1—|z)
|1 —az|?

1—|¢a(2)]? =

Proof. We simply do the math:

1= g =1 g

—az)(1 —az)
_1—az—az+|a]?|z|*> — (|a|* — az —az + |z]?)
|1 —az|?
_ 1+ (aPz? —|a]? — |z]?
|1 —az|?
_ (@ —1]aP)(A -z
T—af

Theorem 2.16. (Invariant Schwarz Lemma) Suppose that f : ID — ID is holomorphic.
If f ¢ Aut(ID) then

d(f(2), f(w)) < d(z,w)
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forall z,w € ID with z # w and

)] 1
- [fE)]P ~1-P

2.2)

forall z € D.
Proof. Lets fix zg € D and let f(zp) = a. Define
8§ =¢aofods,
and it is easy to see that ¢(0) = 0 as
8(0) = ¢a(f(¢2(0))) = ¢a(f(20)) = ¢a(a) = 0.
Theorem 2.10 shows that |¢(z) < |z| for any z € ID. This shows that
|9a(f(¢2(2)))] < |z for anyz € D; (2.3)
replacing z by ¢, (z) this shows that
|$a(f(2))] < [z (2)] (24)
for all z. In other words |¢f(,,)(f(2))| < [¢z(2)], or:
d(f(2), f(w)) < d(z,w).
Schwarz theorem also shows that |¢’(0)| < 1, so by the chain rule we have that
pa(@)l|f' ()11, (0)] < 1.

Finally, to prove (2.2) it is enough to prove that

|f"(z0)](1 = |z0[?)

1.
1— a2

which is proven by the Lemma 2.15 and the fact that f # Aut(ID). O

In order to prove the Riemann mapping theorem we will need an infinitesimal
version of the inequality we have just proved.
If f:ID — D is holomorphic we define

_ _f)l
T e
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Lemma 2.17. Let Q) C C be a simply connected open set, suppose that f : O — D and
w : 1D — D are holomorphic. If w € Aut(ID) then

Hwof(z) = Hf(Z)
forall z € O, while if w ¢ Aut(ID) then
Hwof(z) < Hf(z)
forall z € Qwith f'(z) # 0. (And in particular, Hp(z) < Hg(z)).

Proof. Invariant Schwarz Lemma (2.16) shows that

W
= Jw@z)P = TP

forall z € D if w ¢ Aut(ID). As the image of f(z) is inside ID, in particular we
have
VIO
1-|w(f(2) ~1-1f(z)]

A WG@IFE_1F@)
Hoor @) = T00F@E < T-1f@P

and so

2.3 Riemann Mapping Theorem

We recall that any non-vanishing holomorphic function in a simply connected
set has a holomorphic logarithm and hence a holomorphic square root. This prop-
erty will be used for the proof of the Riemann mapping theorem and finally we
have the necessary tools to prove the following result.

Theorem 2.18. (Riemann mapping theorem) If D C C is a simply connected open
set and D # C then D is conformally equivalent to the unit disc ID.

Proof. Fix zg € D, let F be a family of holomorphic functions f : D — ID such that
f is one-to-one and f(zg) = 0.
Let us suppose that p € C\D, then the function z — p won’t have any zeros in D
and hence, by the hypothesis, it has a holomorphic square root. Let ¢(z)? =z — p
for z € D, note that it is one-to-one:

if zzw € D and g(z) = g(w) (or even g(z) = —g(w)), then z = w since
z-p=gz)?=gw)}=w-p.
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Also, let us see that ¢(D) N (—g(D)) = @; suppose a« € g(D) N (—g(D)), then
a = g(z) and « = —g(w) for some z,w € D but as seen before this implies that
z = w hence & = —a and this would mean that « = 0 but it is a contradiction since
g has no zeros in D.
The Open mapping theorem (2.1) shows that g(D) is open, now let us see that
g(D) is also not dense in the plane. Suppose there exists g € C,r > 0 such that
D(q,r) C g(D), then:

D(=q,r)Ng(D) = (=D(q,r)) Ng(D)  (=g(D)) Ng(D) =,

which is a contradiction, hence g(D) is not dense in C.
That is, |g(z) +g| > r for all z € D, and if we define & as

r/3 _ r/3
g(z)+q glz0) +4q’

h(z) =

then 1 € F, so F is nonempty.
If r > 0 and D(z,,7) C D then Cauchy’s Estimates shows that

1
f'(z0)] < P since |f] < 1.

Let m = sup{|f'(z0)| : f € F} and choose a sequence (f,) in F such that
|f7(z0)| — m. Montel’s Theorem (1.22) states that (f,,) has a subsequence converg-
ing in H(D), replacing (f,) by this subsequence we may assume that F € H(D)
and

fu—F

uniformly on every compact subset of D.

It follows that f;, — F’' in H(D), and hence |F'(z9)| = m. Since m > 0, this
shows that F is not constant. It is clear that F(D) C DD, if |F(z)| = 1 for some
z € D then the Maximum Modulus Principle (2.2) shows that F is constant, which
is a contradiction, hence F(D) C D.

The next step is to see that F is one-to-one. Suppose the contrary, hence there
exists z,w € D such that F(z) = F(w) = p. If we apply Rouche’s Theorem in a
small disc around z and a small disc around w, it shows that if 1 is large enough
then f, — p has at least two zeroes, one near z and one near w, contradicting the
fact that f, is one-to-one.

At this point, we know that F € F. Now, also by contradiction, let us prove
that F(D) = ID. Suppose there exists a € D\F(D), then ¢, o F € H(D) has no zero
in D. It follows that ¢, o F has a holomorphic square root, which we will denote
as (¢z 0 F)!/2. As seen in the start of the proof, (¢, o F)'/? is one-to-one and hence

G:(pbo((paoF)l/ze}",
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if b = (¢ 0 F)1/?(29). Since (¢, o F)'/? is one-to-on, its derivative never vanishes,
and so it follows from the Lemma 2.17 that

H(PgOF < H((pﬂoF)l/Z
in D. And again, by the same Lemma
He = Hy,o(g,0r112 = Hig,oryi2 > Hpyor = He
in D. And in particular, since F(zg) = G(z9) = 0, we have
|G'(20)| = Hc(20) > Hr(20) = |F'(20)],

contradicting the maximality of |[F/(zp)|. So it has been shown that F(D) = ID and
the theorem has been proven. O

Corollary 2.19. Let D be a simply connected open set, D # C, and zo € D. Then there
exists a unique conformal equivalence F : D — D such that F(zy) = 0 and F'(z9) > 0

Proof. We have seen in the proof of the theorem that this function F exists. Now
suppose that there also exists another conformal equivalence F : D — D satisfying
all the statement conditions, then ¢ = Fo F~! € Aut(D) satisfies ¢(0) = 0 and
¢'(0) > 0. By Schwarz Lemma (2.10), |¢'(0)] < 1 and [(¢~!)’(0)| < 1. But the
chain rule says that

1

=1y

0) = —=

@0 = 5

so we must have that |¢'(0)| = 1 hence, also by Schwarz lemma ¢ is a rotation
then it must be the identity. O

On the other hand, it is impossible to find a higher dimensional analog of Rie-
mann’s Theorem. This fact was discovered by H.Poincaré in 1907 ("Les fonctions
analytiques de deux variables et la représentation conforme", Rend. Circ. Mat.
Palermo 23(1907), 185-220).

Theorem 2.20. There exists no biholomorphic map between the polydisc and the ball in
C"ifn > 1.

Proof. For simplicity, we will consider the case n = 2. Let D = {{ € C : |{| < 1},
be the open unit disc in C. Suppose there exists

F=(f,f,):DxD— B=B(0,1) c C?
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biholomorphic. For every fixed w € D, we define the holomorphic map F, : D —

o Fote) = (S, 6 w)

Jw Jw

Indeed, we will show that this satisfies lim, .;p F,,(z) = 0 and this gives the result.
To prove this it is enough to show that every sequence {z,} C DD, with |z,| — 1
has a subsequence {zz,j} with lim; Fw(zvj) =0.

Given such a sequence {z,}, an application of Montel’s Theorem 1.22 to the
bounded sequence of holomorphic maps F(z,,-) : D — B forv =1,2,... gives
a subsequence {zy, }; such that {F(z,, -) }; converges uniformly on compacts in ID
to a holomorphic map

¢: D — B.

Since F is an homeomorphism and (z,,w) — d(ID x D) then F(z,,w) — bB for
every w € D, as z, — bID, hence ¢(ID) C bB. If ¢ = (¢1,¢2), then

1>+ [¢2)* =1, (2.5)

for all w € D, and notice that fori = 1,2

02 0>
O (191(0) ) = 5o ()i ())
= 2 (gi(w)gilw))
= [pi(w)P

Hence, by applying % to (2.5) one obtains |¢; (w)|? + |¢5(w)|> = 0, 50 ¢’ = 0 on
D. Since
Fu(zo, w) — ¢'(w) asj— oo,

it has been proven that lim, ,,p F,(z) = 0, let us show that this is enough. This
implies that F,, extends continuously to D, with boundary values 0. Since F, is
holomorphic on ID, by the Maximum Modulus Principle one obtains

sup |Fy(z)| = sup |Fy(z)| = 0.
zeD oD

Hence, it follows that F, = 0 on D, i.e, F(z,w) is independent of w and F could
not be one-to-one. This gives a contradiction, hence we have seen that F does not
exist. O
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Chapter 3

Bergman spaces

In the following section, we will study a type of Hilbert space of function
named Bergman space, and the so called Bergman kernel. After some examples,
later in this chapter, we will discuss its relationship to the Riemann mapping
theorem. In this chapter we follow the references [Has10, Chap. 7].

3.1 Elementary properties and the Bergman kernel
Definition 3.1. Let Q C C" be a domain, the Bergman space A?(Q)) is defined by
A2(Q) = {f . Q) — C holomorphic : ||f||? = /Q £ (2)[2dA(z) < oo}
where A is the Lebesgue measure of C". The inner product is given by
(£,8) = [ F2)s@dAE)

for f,g € A%(Q)).
For simplicity, we will start by restricting ourselves to the domains () C C. Let
f € A%2(Q) and fix z € Q. By Cauchy’s integral theorem, we have

oo L[ S©

2y, {2z

dg,

where 75(t) = z+se”, t € [0,2n], 0 <s <rand D,(z) = {w: |[w—z| <r} C

). This integral can be rewritten using polar coordinates, doing the change of
variables { = z + se't

L st

= — o “isetdt

f) 2mi Jo  z+se —"

1 271 .
=5 f(z +se)dt,
0
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integrating the equality with respect to s between 0 and r and doing the change
w =z + se'’, we get

=2 / f(w)dA(w (3.1)
Then, by Cauchy-Schwarz inequality,
1
< :
F@I< o [T @A)

1/2

<= (), ﬁww))m (), i) Pan) )

- fl ([ praw)”
i1

_fr

Theorem 3.2. Let K C Q) C C" be a compact set. Then there exists a constant C(K),
only depending on K, such that

sup |f(z)] < C(K)[|f1, (3.2)

zeK
forany f € A%(Q)).

Proof. We have seen above that if ) C C then [f(z)| < \/%r

subset of ), there is an r(K) > 0, only depending on K, such that for any z € K
we have D,k (z) C Q) and then get

suplf (2 < s

If K € Q) C C", we can find a polydisc

I£1]-

P(z,r(K)) ={w e C": |w;j —z| <r(K),j=1,...,n}

such that for any z € K we have P(z,7(K)) C Q. Hence, as r(K) only depends on
K the result has been proven. O

As mentioned above, Bergman spaces are indeed Hilbert spaces, so it is a
complex inner product space that is a complete metric space with respect to the
metric given by the inner product. To show this, we will see that any Bergman
space is a closed subspace of L?(Q)), which is a Hilbert space'.

IThe fact that L2 is a Hilbert space will not be proven here, it can be found in "The Lebesgue-
Stieltjes integral, a practical introduction", M. Carter & B. van Bunt, chapter 9.
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Theorem 3.3. A%(Q) is a Hilbert space.

Proof. Let (fi)x be a Cauchy sequence in A%(Q)), by theorem 3.2, it is also a Cauchy
sequence with respect to uniform convergence on compact subsets of (). Hence the
sequence (fi)x has a holomorphic limit f with respect to uniform convergence on
compact subsets of Q0. On the other hand, the original L2-Cauchy sequence has a
subsequence, which converges pointwise almost everywhere to the L2-limit of the
original L2-Cauchy sequence, and so the L? — limit coincides with the holomorphic
function f. Therefore A2(Q) is a closed subspace of L?(Q)) and itself a Hilbert
space. Ul

Next we are going to present some basic facts about Hilbert spaces. Their
demonstrations are out of our scope so for the moment we will only mention
them. (See "Complex Analysis", Friedrich Haslinger, chapter 7).

Theorem 3.4. Let M be a closed subspace of Hilbert space H. Then there exist uniquely
determined mappings
P:H—M, Q:H-—M"

such that
* x =Px+QxVx € H.

e For x € M we have Px = x, hence P> = P and Qx = 0; for x € M=+ we have
Px=0,Qx =x,and Q* = Q.

The distance of x € M is given by

inf{{lx —yll : y € M} = |lx — Px]].

For each x € H, we have

]I = [[Px[|* + [|Qx]|*.

P and Q are continuous, linear, self-adjoint operators.

P and Q are the orthogonal projections fo H onto M and M~.

Theorem 3.5. Let L be a continuous linear function on the Hilbert space H. Then there
exists a uniquely determined element y € H such that Lx = (x,y)Vx € H.
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For fixed z € ), (3.2) implies that the point evaluation f — f(z) is a continuous
linear function on A%(Q)), hence by the Riesz representation theorem 3.5, there
exists a uniquely determined function k, € A%(Q) such that

f2) = (F k) = [ flk:(@)dA(w).
For notation purposes, we will set K(z, w) = k,(w). Then we have

f2) = [ K@ w)f(wiA@), feAXQ).

Definition 3.6. Let H be a Hilbert space of functions from a set X. Given any z € X, if
there exists a function K, € H such that for all f € H, (f,K;) = f(z), then the function
K, is called the reproducing kernel of the Hilbert space H.

The function of two complex variables (z,w) — K(z,w) is called Bergman
kernel of A%(Q)) and the above identity (3.1) represents the reproducing property
of a Bergman kernel. Next, we are going to use the reproducing property of the
kernel to see some properties.

Given the holomorphic function z — K, (z), where u € Q) is fixed:

ku(z) = /Q K(z, )k (w)dA (w)

we have just seen that k,(z) = k.(u), or K(z,u) = K(u, z).
Theorem 3.7. The Bergman kernel is uniquely determined by the properties that it is an

element of A%2(Q) in z and that it is conjugate symmetric and reproduces A%(Q).

Proof. Let us suppose that there exists another kernel K'(z, w) with these proper-
ties. Using its reproducing property we have

K(z,w) = /Q K (z,u)K (1, w)dA ()

— (/Q K(w,u)K’(u,Z)d/\(“)>

=K'(w,z).

Hence K(z,w) = K'(w,z) = K'(z,w) and the result has been proven. O
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Let ¢ € L*(Q)). As seen in Theorem 3.4, since A%(Q)) is a closed subspace
of L?(Q)) there exists a uniquely determined orthogonal projection P : L2(Q)) —
A%(Q)). Now we define the function P € A%(Q)), using the reproducing property
of the Bergman kernel one obtains

Pg(z) = /QK(Z,ZU)PfP(w)dA(w) = (P¢,kz) = (¢, PK;) = (¢, kz);

where we have used that P is a self-adjoint operator and that PK, = k,. Hence, P
is called as the Bergman projection and P¢(z) can be expressed as

Po(z) = /Q K(z, w)p(w)dA (w). (3.3)

We will see that it is possible to compute the Bergman kernel using a complete
orthonormal basis.

Definition 3.8. Let A C IN, a subset {u, : « € A} of a Hilbert space is called orthonor-
mal if (uy, upg) = dup for each a, B € A where 8, is the Kronecker delta.

If (xx)x is a linearly independent sequence in H, there is a standard procedure,
called the Gram-Schmidth process, for converting (x;); into an orthonormal se-
quence (1), such that the linear span of ()Y ; equals the linear span of (x;)N ,
for all N € IN. We start by defining 11 = x;/||x1||. Having defined u, ..., un_1,

we set
N-1

on =xn — Y (XN, Uuj)uj.
=1

The element vy is nonzero because xy is not in the linear span of x4, ..., xy-1 and

hence of uy, ..., un—1. So we can set uy = on/|on| and (ux)} , has the desired
properties.

Theorem 3.9. (Bessel’s inequality) If {u, : « € A} is an orthonormal set in the Hilbert
space H, then for any u € H

Y () P < lu?.

aEA

Theorem 3.10. If {u, : « € A} is an orthonormal set in the Hilbert space H, then the
following conditions are equivalent:

o If (u,uy) =0foralla € A, then u = 0.

o (Parseval’s equation) ||u]|*> = Yyea | (u, uy)|? for all u € H.
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* u =Y ealt, uug)uy for each u € H, where the sum has only countably many
nonzero terms and converges in norm to u no matter how these terms are ordered.

An orthonormal set having the properties of the last theorem is called an or-
thonormal basis of H.

Theorem 3.11. Let K C Q) be a compact subset and {¢;} be an orthonormal basis of
A%(Q)). Then the series

Y 4i(2)

j=1

~—

converges uniformly on K x K to the Bergman kernel K(z, w).

Proof. Cauchy-Schwarz inequality gives

. - 172, 1/2
; |9j(2)¢5(w) | < (Zl |¢j(2)l2> (Zl |4’j(w)|2> , (3.4)
j= j= j=

taking a look at the factors in the right side of the inequality, one notices that
Y P =1z¢€ K}
=1

o 1/2
sup ( \<P;(Z)|2) = sup {
zeK \j=1 =

=sup{|f(z)| : | fll = 1,z € K}
< C(K),

iﬂj%(z)
iz

1

where we have used Theorem 3.2 in the last inequality. Hence, 3.4 converges
uniformly at z,w € K. Furthermore, the function

belongs to A2(Q)). We denote the sum of the series by K'(z, w), which is conjugate
symmetric and that for any f € A%(Q)) we obtain

Jy K e f)irw) = 3 [ @il = £

with convergence in the Bergman space A%(Q)). From ??, we obtain uniform con-
vergence on compact subsets of (2, hence

1) = [ Kz w)f(w)dw)

for all f € A%2(Q), so K'(z,w) is a reproducing kernel. Hence, by the uniqueness
of the Bergman kernel (3.7), K'(z, w) = K(z, w). O
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3.2 Bergman kernel of the unit disc and other examples

We want to compute an explicit formula for the Bergman kernel K(z, w) of
D. In order to use Theorem 3.11 we need an orthonormal basis in A%(ID). The

functions

1
ou(z) = [ =0,1,2,. .

constitute one. In order to prove this, we will see that for any f € A2%(D), if
(f,¢n) = 0 for all n, then f = 0.
For each f € A%(ID) with Taylor series expansion f(z) = Yo, a,z", we got

/f )z"dA(z // f(re®)re " rdrd

27T 19 . 1
rel"d(9r2”+ dr
7’”+1€l n+l

Using the fact that

we can write (f,z") as:

1
(f,z") = 27tan/0 P gy = gt

By the uniqueness of the Taylor series expansion, we obtain that if (f,¢,) = 0 for
any n, then f = 0. This implies that (¢,)%_, is an orthonormal basis for A%(ID).
By Parseval’s equation in Theorem 3.10, we also get

i iouf,wz,

which is equivalent to || f||> = 7Y |::L|12 .

Theorem 3.11 gives us the following series that sums uniformly in z on all compact
subsets of ID to the Bergman kernel K(z, w) as follows

_ iocpn(zm(w)
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where ¢, (z) = |/"z" is the orthonormal basis we have just shown above. This

T
gives us
o [n+1 /n+1
K(z,w) =) Ty —w"
(z,w) N p_— w

Having computed explicitly the Bergman kernel, its reproducing properties give
us that for each f € A?(ID) we have

£ = 7 [ o smpl @A @),

7T

Having seen the Bergman kernel formula in A%(ID), we are going to prove a
result that will help us to compute the Bergman kernel in higher dimensions.

Theorem 3.12. Let (); C C",j = 1,2 be two bounded domains with Bergman kernels
Ko, and Kq,. Then the Bergman kernel Kq, of the product domain Q) = ()1 x (), is given
by

KQ((Zl,ZZ), (wl,w2)) = KQ] (zl,wl)KQZ (Zz, ZUQ), (35)

fOT’ (Zl,Zz), (wl,wz) € 0 x Oy,

Proof. Let F be the function on the right-hand side of (3.5). It is clear that (z1,2z2) —
F((z1,22), (w1, wy)) belongs to A%(Q) for each fixed (wy, wp) € Q. The reproduc-
ing property of Ko, and Kq, gives us

filer) = | Ko (z1,w0)f (wn)dA(w)

and

falea) = || Koy (a2, wa) f(wa)d ()

Using Fubini’s theorem along with the reproducing properties of Kn, and Kq, one
gets

flaz) = [ Fl(z), (0, w) flwn, w)dd(wy,wn).

Hence, by the uniqueness property of the Bergman kernel (Theorem 3.7), F =
Kq. O
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Example 3.13. (Unit polydisc in C")

Using Theorem 3.12, it is easy to compute the Bergman kernel of the polydisc
P(a,r), where a = [0,...,0] and r = [1,...,1]. This polydisc is, in fact, n times the
Cartesian product of the unit disc, hence it can be expressed as D" =D x - - - x D.
The Bergman kernel will then be given by

1

n
=1 (1 — Z]@])z

n
1
K]DH(Z,ZU) = I—IK]D(Z],w]) = ;
ey j

1=

Example 3.14. (Unit ball in C") For the computation of the Bergman kernel Kp-
of the unit ball in C", we use the Beta function

k+1)T'(m+1)
Ik+m+2) '

ok I'(
B(k—i—l,m—i—l)z/ X (1—x)"dx =
0

where T'(n) is the Gamma function. Notice that for0 <a < 1,

V1—2 m—+1
/ - X1 — < dx =
0 1—a?

1
(1 . aZ)k+1 /O yk(l o y)m+1dy

(1—a®)*"1B(k+1,m+2)

kL +1)I(m +2)

(1-a) T(k+m+3) (3.6)

NI DN~ N =

Given the orthogonal basis {z* = z{'---z}"} in A?(B"), we need to find coeffi-
cients C, to normalize it. We are going to compute the coefficients by calculating
1217

22 = [ [P 2P ) (37)

|2“1 ‘2“11—1

= ‘Zl "'|Zn71

Br-1

2,
. Zu|® e dA(zy) | dAA (21, ..., 20—1).
</B(o,\/1—zl|2—-~-—zn12>| ) )> (= )

Notice that, by taking polar coordinates in the last integral and applying (3.6) one
obtains

/ 221 dA (2) /m/ PR e
z an z — n
JBONA Pz ) Y Jo o 2 P
7T
- ay+1 (1- ‘21‘2 T ’Zn—lfz)“”ﬂz
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then we can keep operating (3.7) and get

HZ“HZ — p—— /IBW_1 |Zl|24x1 . .. |Zn,1|2“”*1(1 — |le2 e — |Zn71|2)“”+1d2\(z)
n
7T
— DC + 1 -~ |Zl|20ll e |Zi’172‘20‘1172(1 —_ ‘21’2 e . — ’Zn72|2)an+1
n
+1
. |Zn71|2“"_1 1— |Zn71‘2 o d/\(z)
1—|Z1|2—..._’Zn_2|2 7

and by using the same argument as above we obtain
_m al(ap + DI (an +2)
ap+1 T(ay +ay_1+3)
P P (= P = = [z o) 2aAG),

Hence, iterating the same process n — 2 times we get
124 = m  al(a1+Dl(an+2)  al(w +D0(an +- - +ap+ 1)
o, +1 T(ay +ay_1+3) T(ay+--+ag+n+1)
!y,
(ap+---+a;+n)

Then, our orthonormal basis for B" is {¢, }renn, where

(laf +1n)!
Pu= o ©
To compute the Bergman kernel we use Theorem 3.11 and obtain
K]Bn z, ZU E (PD(
x€IN"

_ Z (ap+-+ -+ g +n)!z"‘w"‘
T0q !

leoop,!
% Ky

_ Z Z “n +::1'+ 71) T

k=0 |a|=k

= —nZ(k+n)(k+n—1)---(k+1)(z@1+---+znm)"
T >0

n!
(1 — (2101 + - - - 4 2,W,) )"

3.3 Relationship with the Riemann mapping

In this section we will describe the behavior of the Bergman kernel under
biholomorphic maps and study an interesting connection with the Riemann Map-
ping Theorem.
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Theorem 3.15. Let F : () — Q) be a biholomorphic map between bounded domains in

C". Let f1,..., fu be the components of F and F'(z) = (ajgz(f) )=1- Then

Kq, (z,w) = det F'(z)Kq, (F(z), F(w))det F'(w), (3.8)
forall z,w € ().

Proof. As seen in Lemma 1.11, the determinant of the Jacobian of the mapping F
equals to | det F/(z)|?. Let g € L?(();), using the substitution formula for integrals
we have

L 18@PAAQ@) = [ [5(F()P|detF (z) PdA(2).

1
The map Tr : ¢ — (g o F) det F/ establishes an isometric isomorphism from L2(Q);)
to LZ(Q1), with inverse map Tr-1, which restricts to an isomorphism between
A%2(Q)) and A%(Q)). Let f € A%2(Q)) and apply the reproducing property of Kq,
to the function Tr 1 f = (f o F~1) det(F~!)’. Rewriting F(z) as u, we get

/. Koy (,0)Ty1f(0)dA(0) = Ty f(u) = f(z)(detF'(2)) L (39)
Since Tr is an isometry,
o, TS (0)Ka, (v, u)dA(0) = o/ (w) TrKa, (-, u) (w)dA (w). (3.10)
Now, from (3.9) and (3.10), we obtain

fl2) = | detF'(z)Ko, (F(z), F(w))detF (w)f (w)dA(w),

hence, the right side of the equation (3.8) has the reproducing property and be-
longs to A%(Q);). By the uniqueness theorem it must agree with Ko, (z, w). O

We will now see a useful formula for the orthogonal projections

P:j:L*(Qy) — A*(Qy),j =12

Theorem 3.16. For all ¢ € L2(Q),) one has
Py(detF'go F) = detF'(Py(g) o F).

Proof. We rewrite the left-hand side of the equality as P;(Tr(g)) and using Theo-
rem 3.4 it gives us P1(Tr(g)) = Tr(g). Hence, by (3.3), we obtain

Py (Te(8))(2) = /01 Ko, (z,w0)Te(g) (w)dA(w), z € .
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Using (3.8) together with (3.10), it is seen that

Ko, (w,2) = [Tr(Koy (-, F(2))) (W)]det F'(2),

and since TF is isometric, we get

Pi(TF(8))(z) = det F'(z) /Q1 Tr(8)(w) Te(Kay (-, F(2))) (w)dA (w)

— detF'(2) /Q 2(v)Ko, (0, E(2))dA (0)

= det F'(z)(P2(8))(F(2)),
and the result has been proven. O

If O C C is a simply connected domain, there is a connection between the
Bergman kernel K of () and the Riemann mapping theorem.

Theorem 3.17. Let (3 C C be a simply connected domain, and let Kq be the Bergman
kernel of ). Let F : Q3 — D be the Riemann mapping with the uniqueness properties
F(a) =0,F'(a) > 0 for some a € Q). Then

T

F(z) = KQ(a,a)KQ(Z'u)' z e Q. (3.11)

Proof. The transformation Tr establishes an isometry between L?(Q)) and L?(ID)
which restricts to be an isometry between A%(Q)) and A%(ID). As it is an isometry,
it follows that

(TFH, TFM)Q = (u,u)]D, uc L2(ID),

where (-,+)q is the inner product in L2(Q) and (-,-)p is the inner product of
L*(ID). For v € L?>(Q)) and G = F~! we have

(Tgo, Tev)p = (v,0)q.

Using the following polarization identity

—_

1 ) .
(u1,u2) = —([lur + uz||* = lur — uz|?) — 1(”“1 + iup||* = [luy — iuz|?)

4
one obtains
(Truy, Truz)a = (u1,u2)p and (Tgoy, Tev2)p = (v1,v2)0 (3.12)

for uy,up € L?(D) and v1,v, € L?(Q)). TrTg is the identity, hence from (3.12) we
get
(TFM, U)Q = (TFM, TF(TGU))Q = (1/[, TGU)]D. (313)
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Let h € A%(ID), observe that the inner product (h,1)p is:
(h,1)p = / h(z) - 1dA(2)
D
— / h(z)dA(2)
D

and by (3.1) we get that (h,1)p = 7th(0). Using (3.13), we get that for f € A%2(Q)

(f, F)a = (G'(foG),1)p = nG'(0)f(G(0)) = F’(a)f(a)'

The function @F' (z) has the reproducing property and belongs to A%(Q)), so by
the uniqueness theorem it must be the Bergman kernel of A%(Q)). We now get

s
F/(Z) = WKQ(ZIIZ),
and setting z = a, one obtains F'(a)? = 1Kn(a,a), which proves the result. O

Remark 3.18. The connection between the Bergman kernel and the Riemann map-
ping seen in Theorem 3.17, is not merely of theoretical interest; it also has practical
implications for numerical approximation. The formula

provides a concrete method to compute the derivative of the Riemann mapping
function directly from the Bergman kernel. Since the Bergman kernel can often be
approximated numerically, this theorem serves as a valuable tool for approximat-
ing the Riemann mapping function itself.
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Conclusions

In this work, we have studied how some of the most important theorems in
complex analysis of one variable behave when extending to higher dimensions.
This analysis has revealed fundamental differences and limitations that emerge
when moving from one complex variable to several, offering a deeper understand-
ing of the structure and scope of complex analysis.

One key result we explored is the Riemann mapping theorem, a central the-
orem in one variable complex analysis. This theorem guarantees the existence of
a conformal map that transforms any simply connected domain (2 C C onto the
unit disc. However, we observed that this theorem does not hold when transition-
ing to higher dimensions, reflecting the increased complexity and constraints of
higher dimensional complex spaces.

We also studied Bergman spaces, which consist of square-integrable holomor-
phic functions, and investigated their properties. A significant finding is that given
a Bergman kernel, it is possible to compute Riemann mappings using it. This is
relevant because, given certain conditions, the Bergman kernel can be computed
using an orthonormal basis, which can be found numerically. This method pro-
vides a practical framework for numerical approximation of Riemann mappings,
making their computation more feasible in applied settings.

Looking ahead, future research could focus on studying more advanced results
of analysis in several complex variables. Regarding functions of one complex vari-
able, we could see if there are any applications of the Riemann mapping theorem
where problems can be solved by mapping them to a different space.
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