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We consider a system of N spin-aligned p-wave fermions confined within
a one-dimensional harmonic trap. We study the energy spectrum and ground
state properties across different regimes of interaction strength by performing
numerical calculations. We compute the particle density and the eigenvalues
of the one-body density matrix. Additionally, we study two-particle properties
by calculating the pair correlation matrix. In the infinitely interacting limit,
our results coincide with those of a fermionic Tonks-Girardeau gas. We ana-
lyze the discontinuity behavior near the non-interacting limit and provide an
explanation. We propose a novel square well representation of the p-wave inter-
action in discrete space. We demonstrate the efficiency of this representation
by comparing the results obtained with it to those obtained from analytical so-
lutions and other numerical methods. We simulate the dynamics of the system
after altering a parameter of the system, such as the trap depth or the interac-
tion strength. We compute spectral properties of the system by analyzing the
Fourier transform of the time-dependent spatial spread of the wave function.
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1 Introduction

The use of ultracold gases as an experimental platform enables precise control over in-
teractions between atoms, as well as fine-tuning of system parameters such as geometry,
dimensionality, and particle number |1, 2]. This high degree of control makes them an ideal
testbed for simulating complex quantum many-body systems and realizing exotic phases
of matter [3, 4]. Significant advancements in trapping and cooling techniques [5, 6] have
enabled the confinement of cold atomic gases in a one-dimensional (1D) regime. This
has been achieved using waveguides with tight transverse confinement |7, 8|. The quasi-
1D regime is achieved when the chemical potential, i, and the thermal energy, kgT', are
smaller than the level spacing of the transverse oscillator, hiw, [9]. Under these conditions,
the longitudinal motion prevails over other directions, and the system can effectively be
considered as 1D.

In this thesis, we study a 1D system comprising NN spin-aligned fermions with a p-wave
contact interaction, confined in a harmonic potential. This problem is solved analytically
for two particles and any value of the interaction strength [10]. For a general number
of particles, analytical solutions are only known in two limits: the non-interacting limit
and the infinitely interacting limit. In the infinitely interacting limit, the system is solv-
able by mapping the original Hamiltonian to that of an ideal Bose gas [11]. The ground
state energy of infinitely interacting p-wave fermions is equal to the ground state energy of
non-interacting bosons. This mapping is analogous to that between an impenetrable Bose
gas and ideal fermions [12, 13]. In this case, the ground state energy of non-interacting
fermions is equal to that of infinitely repulsive bosons. Outside these limits, the p-wave
problem has to be solved numerically. However, this problem cannot be addressed using
standard numerical approaches. The p-wave interaction can be represented as a boundary
condition on the wave function [14, 15, 16], specifically at the intersection point of two
fermions x; = xj[, where .I]i = xj * € with € < 1. This property, combined with the anti-
symmetric wave functions arising from the fermionic nature of the particles, gives rise to
discontinuous wave functions when two fermions are at the same position, x; = ;. These
discontinuities complicate most numerical methods.

The structure of this thesis is as follows. In Sec. 2, we present the Hamiltonian of the
system, along with the three cases for which the solution has been found analytically. The
present study also investigates the relationship between the p-wave boundary condition and
the interaction strength by examining the case of two fermions. In Sec. 3, we present the two
numerical methods employed to solve this system. The first method involves transforming
our fermionic p-wave system into a bosonic s-wave system, which is solved using standard
numerical approaches. The second approach involves using a novel representation of the
p-wave interaction as a square well in discrete space. This representation yields results
consistent with those obtained by mapping the fermionic problem into the bosonic. In
Sec. 4, we examine the ground state properties of our system. First, we compare the
spectrum obtained via the mapping with the spectrum obtained using the discrete square
well representation. Second, we focus on two main properties of the one-body density
matrix: the density of particles and the eigenvalues of the one-body density matrix. Finally,
we study two-particle properties by computing the pair correlation matrix. In Sec. 5,
we examine the subsequent behavior of the system following an abrupt modification of
its parameters. Spectral properties are obtained by analyzing the Fourier frequencies of

the time-dependent spatial spread of the wave function, > ,(z?). Finally, in Sec. 6, we




summarize and present the main conclusions of our work.

2 Hamiltonian of the system

We consider a system of NV spin-aligned fermions in a 1D harmonic trap. In this situation,
the spin wave function is magnetically frozen in the configuration 171712 ... Txn. There-
fore, the spatial wave function must be antisymmetric to fulfill the fermionic statistics. At
low energies, the dominant interaction is the s-wave scattering [17]; however, due to the
antisymmetric spatial wave function, this interaction is forbidden. Consequently, the pre-
dominant interaction observed is the p-wave interaction. The Hamiltonian of the system
is 18]

N
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where §'(x; — ;) = Oq,;[0(w; — x5)] being x;; = 2; — z;, and d;; is the regularized operator
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The 1D scattering length, ay, is defined as the ratio
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and is related to the interaction strength as gr = 2aph?/m. Consequently, modifying
the interaction strength changes the ratio between the wave function and its derivative
at x; = xj Therefore, the p-wave interaction imposes a boundary condition at x; = :U?E
The combination of antisymmetry under the exchange of two fermions and this boundary
condition results in a discontinuous wave function when two fermions occupy the same

position [18, 10].

In general, the spectrum of this Hamiltonian has not been found analytically. However,
analytical solutions have been found in three cases: in the non-interacting limit (gp — 07),
the fermionic Tonks-Girardeau limit (gr — £00) [11], and for two fermions with arbitrary
interaction strength [10].

2.1 Two analytically solvable limits

There are analytical solutions for two different limits of spin-aligned p-wave fermions in
a harmonic trap, valid for any number of particles. In the absence of interactions, the
system is the Fermi gas. The solutions to the Schrédinger equation are the single-particle
eigenstates of the harmonic oscillator. The fermionic nature of the particles involves indis-
tinguishability and the Pauli exclusion principle. Therefore, the ground state wave function
is given by a Slater determinant of the N lowest energy states of the harmonic oscillator

po(z1)  d1(x1) - dn(21)
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with energy Ep = hwN?/2.




In the infinitely interacting limit, the system is known as the fermionic Tonks-Girardeau
(FTG) gas [11]. In this regime, the system maps to an ideal Bose gas. The ground state
wave function is given by

Up(zy,...,2Ny) = Alx1,...,2Nn)¥YB(z1, ..., ZN), (5)

where Up(z1,...,2x) = [, ¢o(z;) is the wave function of the ideal Bose gas, ¢o(x) denot-
ing the ground state of a single particle in the harmonic trap. A is the unit antisymmetric
function

A(xy,...,zN) = H sgn(z; — x;). (6)

1<i<j<N

The ground state energy is Er = Nhw/2. Recently, a novel expression for the ground state
wave function of the FTG gas has been proposed in second quantization [19]. It is based
on the occupation numbers and paired natural orbitals of the one-body density matrix.

2.2 Two p-wave fermions in a harmonic trap

We now turn our attention to a system of two spin-aligned p-wave fermions trapped in
a harmonic potential. This problem has been solved analytically [10]. The Hamiltonian
of this system can be expressed in terms of the center of mass (CM) coordinate, X =
(z1 + x2)/2, and the relative position between the two particles, z = x1 — x9,
R L9 9 1(NA

HF:_mﬁ—i_iMw X —ﬂ@—i-ym x —gp(5 (.%')(%;, (7)
where M = 2m is the CM mass, and @ = m/2 is the reduced mass. This Hamiltonian is sep-
arable and, consequently, the wave function can be written as Up(z1, 22) = YoM (X) el ()
with energy Fp = Ecm + Ere. The solutions of the Schréodinger equation for the CM
are the harmonic oscillator wave functions with energy Ecy = (n + 1/2)hw. The relative
energies are given by

LB 4 1
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where a, = \/h/(puw) is the harmonic oscillator length. The relative wave function is

2 2
st 2 e (-5)0 (). o

Vau ay 2a;, 2 q;
where v is related to the energy as Fyo = (2v + 3/2) hw. The ground state relative wave
function depends on the boundary condition in Eq. (3), imposed by the p-wave interac-
tion. Fig. la displays the relative energy of the low-lying spectrum as a function of the
interaction strength. In the infinitely interacting limit, the ground state energy converges
to Er = hw/2, as expected for the FTG case. The energy increases monotonically as
the interaction strength increases from —oo to 0. At gr = 0, a discontinuity appears in
the ground state energy. For gr — 07, the energy approaches to the non-interacting limit
Eyel = 3hw/2, while for gr — 07, the energy diverges to Eye — —oo. For positive interac-
tion strengths, the energy increases with the interaction strength and converges again to

the FTG limit in the infinitely interacting case.

Fig. 1b illustrates the ground state relative wave function, ¥re10(z), for different inter-
action strengths. In the infinitely interacting limit, w;el,O(Oi) = 0 while 1y (0F) remains
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Figure 1: System of two p-wave fermions in a harmonic trap. Panel (a) shows the relative energy
low-lying spectrum as a function of the interaction strength. Panel (b) shows the relative wave function
for different interaction strengths. The blue, orange, green and red lines correspond to gr = —4 hwaz,
gr =—0.1 hwaz, gr =0.1 hwai, gr=1 hwai, respectively.

finite, corresponding to the FTG gas. As the interaction strength increases from —oo to
0, the discontinuity at the origin becomes less pronounced. At gr = 0, a discontinuity
emerges in the behavior of the ground state. The p-wave boundary condition forces the
system to adopt a different configuration on either side of this point. In the limit grp — 07,
the ground state converges to the non-interacting fermionic solution, where the wave func-
tion is continuous. This solution has the same sign for both ¥y, o(z = 0%) and tye10(07),
allowing the wave function to accommodate in this solution. Nevertheless, when gp > 0,
the boundary condition enforces opposite signs for both wllrel,O(O:t) and ye10(07), requir-
ing the wave function to adopt a different form. In the limit gr — 0T, the relative wave
function exhibits an infinite discontinuity at the origin. This indicates that both fermions
are located next to each other. For positive interaction strengths, this discontinuity at the
origin decreases as the interaction strength increases.

The kinetic energy is related to the curvature of the wave function; as the curvature
increases, so does the kinetic energy. The system increases FE,, by adding nodes to the
relative wave function. However, due to the odd parity of the relative wave function, exci-
tations introduce two additional nodes. Therefore, the n-th excited relative wave function
has 2n nodes. The ground state has no nodes in its relative wave function; the first excited
state has two nodes, the second has four, and this pattern continues successively.

3  Numerical methods

We now consider the general case of several p-wave fermions interacting with arbitrary
interaction strength. Two particular features of the interaction complicate the computa-
tions. First, finding discontinuous wave functions at x; = x; for ¢ # j, while maintaining
antisymmetry under particle exchange, is challenging. Solving the problem with exact di-
agonalization (ED) requires a basis set that incorporates both the discontinuity and the
antisymmetry conditions, which is non-trivial. Second, the interaction is modeled as a dis-
tribution, which is only well-defined under integration. This makes it difficult to represent
the interaction in terms of the position of the particles. In this section, we present two
numerical methods for solving this Hamiltonian.




3.1 Mapping p-wave fermions to s-wave bosons

In this section, we review the previously established mapping [18, 20|. It consists of
mapping the problem of p-wave fermions onto s-wave bosons. The bosonic wave function
is symmetric under the exchange of particle positions. This symmetry prevents the dis-
continuities that appear in p-wave fermionic wave functions from occurring in the s-wave
bosonic case. Therefore, the wave function of s-wave bosons is numerically easier to handle
than that of p-wave fermions.

The spectrum of s-wave bosons with interaction strength gp in a harmonic trap is
equivalent to that of p-wave fermions with interaction strength gr = —4h*/(m?gg) [18].
We now show how to derive this relation. Consider N spin-aligned bosons trapped in a
one-dimensional harmonic potential. The Hamiltonian of the system is [10, 18, 21|

. N B2 1 N
Hp = Z —%831, + §mw2x§ + Zggéij , (10)
i=1 §>i
where the operator &j is defined by
A 1
The 1D scattering length, ap, is defined as the ratio
ap

¢|mlzw;r = 1’[)|:p1:x; = 7? (8931 B 896]) ¢|zi:xji’ (12)

and is related to the interaction strength as gg = —2h%/(mag). Consequently, changing

the interaction strength changes the ratio between the wave function and its derivative at
T = ;Uji Thus, the s-wave interaction imposes a boundary condition at z; = a:]i

Outside the range of interaction (i.e., when x; # x;), the fermionic and bosonic Hamil-
tonians are identical. Since both the p-wave and s-wave interactions can be represented
as boundary conditions at x; = asji [14, 15, 16|, the energy spectra are identical when
these boundary conditions coincide. This occurs when ap = ap, yielding the relation
gr = —4h*/(m?gg). This relation is used to map between the fermionic and bosonic sys-
tems. Although the spectra of both systems are the same, the symmetries of their wave

functions differ. The eigenfunctions are related by
\IJF(I'l, R J:N) = A('I"lv cee 7$N)‘1}B(x17 s ,SCN)- (13)

We solve the Schrodinger equation using the Hamiltonian from Eq. (10) by applying the
optimized ED method (see Appendix A for details).

3.2 Square well representation of the p-wave interaction

The second method is based on a new proposal to represent the p-wave interaction in
discrete space. In this framework, the s-wave interaction is well-known to be represented
by a square well of depth gg/Az at mesh points where z; = z;, with Az denoting the
spacing of the points in the mesh. We extend this idea by proposing a square well that
captures the physics of the p-wave interaction.




3.2.1 Derivation

First, we consider a p-wave fermionic system whose eigenstates and spectrum are analyti-
cally known. An interaction potential that reproduces the same spectrum and eigenstates
as the original problem can be determined by solving the following equation:

N K2 82 /]
=1 9, i F(x].v"')xN)
Vine(z1,...,on8) = Ep + = 32(21“._’xN) —V(x1,...,2N), (14)
where V(z1,...,2zn) is the external potential. To solve this equation, the spectrum and

eigenstates of the problem must be known beforehand.

We consider the system of two spin-aligned p-wave fermions in free space, for which

the solutions are known. The Hamiltonian of the system is

N R n? A

HF = _%6921 — %8@ — gF(Sl(xl — .%'2)612. (15)
This Hamiltonian is separable in the CM coordinates, X, and the relative position between
the two particles, . The Hamiltonian of the CM has only the kinetic term. Therefore, the
solutions to the CM Hamiltonian are plane waves. For gp > 0, the relative Hamiltonian
has a bound state with wave function [22]

hZ

Yral () = sgn(a)e 1o/ (mae) (16)

2497

with energy Eye = —h®/(2u3g2). This wave function and energy are used to solve Eq. (14).

In order to solve the problem numerically in position space, we discretize the space.
The mesh of the discrete space determines the shape of the potential. At x = 0, the
function sgn(x) is ill-defined. If sgn(z = 0) is assumed to be equal to zero, then Vi (z =
0) = oo, which results in an infinite term in the Hamiltonian that prevents numerical
diagonalization. Therefore, the mesh must exclude the point x = 0. We use the mesh
{-L,—L+ Azx,...,—Az,Ax,...,L — Az, L} to find the spectrum. On this mesh, the
discrete square well is non-zero at the points x = +Ax with height

ﬁwrel(o) - 2¢rel(_Ax) + 77b1"e1(_2A$)

Vieae = Ve=—nz = E
> Y Aa2ra(~Aa) !

hQ e~ ) ,72
TpA2\ 2 2)

where ¢ (0) = 0, and v = Azh?/(ugr). Using the same method, we find the square well
representation of the s-wave interaction (see Appendix B). In this case, the depth of the
square well is proportional to gg, which provides a straightforward discretization of d(x).
However, for the p-wave interaction, the depth is not simply proportional to gr, making it
impossible to find a representation of the operator 5,(1‘)éx in the discrete space.

(17)

In conclusion, we have introduced a new way to represent the p-wave interaction in
discrete spaces. Note that this interaction is non-zero only at the points where x; = z;£Ax.
If additional points are placed between the points x; = ;£ Az, the representation becomes
invalid. Therefore, the interaction must be defined such that it is non-zero only at z; =
xj £ Az, with no intermediate points. A similar limitation arises for the s-wave interaction.
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Figure 2. Relative ground state wave function for two free p-wave fermions as a function of the
position, /o, where zo = ugr/h?. The solid blue line shows the results obtained by diagonalizing the
Hamiltonian in discrete space with the potential given by Eq. (17). The orange dashed line shows the
analytical results from Eq. (16).

3.2.2 Testing the potential

In this section, we benchmark the performance of the potential defined in Eq. (17) by
comparing numerical results with the corresponding analytical solution. Specifically, we
model the p-wave interaction using the square well and compute the spectrum by diagonal-
izing the Hamiltonian in a discretized spatial basis. We begin by considering the system
of two free p-wave fermions. The numerically computed relative ground-state energy is
Byl = —0.500005 16 /(ug2), which is consistent with the analytical results [22]. In Fig. 2,
we compare the numerically obtained wave function of the bound state, ¥,., with the an-
alytical expression given in Eq. (16). The two results match exactly, confirming that the
potential in Eq. (17) accurately reproduces the p-wave boundary condition for free p-wave
fermions.

The potential given by Eq. (17) has been derived for two free fermions. We use the
same expression to simulate p-wave fermions in a harmonic potential. Fig. 3 shows the
relative energy low-lying spectrum, FE,¢, and the corresponding relative eigenfunctions,
trel(x). The ground and excited state energies are accurately reproduced. Moreover,
the numerically computed wave functions for both the ground and excited states closely
match the analytical results. We have obtained successful results in two p-wave fermionic
problems. Eq. (17) appears to be a general representation of the p-wave interaction as a
square well.

We study the convergence of the ground state energy of two p-wave fermions in a
harmonic trap as a function of the discretization spacing. As Az — 0, the difference
between the analytical and numerical energies should approach zero, Ei, — FEgm — O.




—

Erel/(hw)

gr/(hwap)

Figure 3: Relative energy spectrum of low-lying states for two p-wave fermions in a harmonic trap as a
function of the interaction strength. The solid blue lines show the results obtained by diagonalizing the
Hamiltonian in position space with the potential given by Eq. (17). The orange dashed lines represent
the analytical results from Eq. (8). The inset displays the relative wave functions for gp = —1 hwaz.
The solid blue, green and purple lines correspond to the numerically computed wave functions of the
ground, first excited and second excited states, respectively. The dashed lines show the corresponding
analytical wave functions.

Fig. 4a shows the error, |Eiy, — Fsim|, as a function of the interaction strength for various
values of Ax. The error decreases as Ax becomes smaller, for all interaction strengths
considered. Fig. 4b presents the convergence of this error with respect to the spacing,
demonstrating a linear dependence, |Ei, — Fgim| o< Ax.

In this work, we perform calculations in discrete space using the square well represen-
tation of the p-wave interaction, allowing us to compute energies for systems with larger
number of particles. We determine the spectrum of the system using two different numer-
ical methods. The first method involves diagonalizing the Hamiltonian in position space.
The second method employs variational Monte Carlo (VMC), which requires a trial wave
function with variational parameters.

We design the trial wave function based on the ground state wave function for two
p-wave fermions in a harmonic trap

2
Up(z1,22) o (@2 —21) xl)e’(ﬁ”g)/@a%@)(] <_V ) ) ’ (18)

2 19 2
az, 2 2az,

where a,, = v/h/(mw) and v is obtained by solving Eq. (8). In the FTG limit, v converges
to v = —0.5. In this limit,

U(—y,g (:”2_‘7”1)2) L VA (19)

2’ 2a72n (2 — x1)?
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Figure 4: Absolute value of the energy difference between the analytical and the numerical results,
|Eth — Esim|, for the relative energy. Panel (a) shows |Ey, — Esim| as a function of the interaction
strength for different values of Az. The y-axis is on a log scale. The values of Az in the legend are
given in units of the harmonic oscillator. Panel (b) shows |Ew, — Esim| as a function of Az for various
interaction strengths. Both axes are logarithmic. The dashed lines show the linear fit of |Fy, — Egm| as
a function of Az for different interaction strengths, indicating a proportional dependence.

Therefore, in the FTG limit, the sgn(x; — x;) factor in the wave function arises from a
combination of U(—v,3/2, (z; — 24)*/(2a2,)) and (x; — 2j)/am. A possible trial function
for N p-wave fermions in a harmonic trap is [23]

N 22 /(942 Ty — Tp, 3 a?(zj — ap)?
\I/F(l'l,...,l'N):TﬂHe x’b/( am) H TU _l/a’i’T s (20)
Um  i=1 1<j<k<N T m
where A is a normalization constant and « is the variational parameter. The value of v,

is obtained by solving the equation

V2hwa3 T (—l/a - ;) = gral (—v,). (21)

However, this approach is computationally demanding. To overcome this difficulty, we use
an adapted trial function from [23]:

N N x? Tj — Tp
Uy(z1,...,2N) = 7z exp <_Za2> H ba (]a) ; (22)

i=1 M/ 1<j<k<N m

where N is the normalization constant and

e—olzl
Pa(z) = sgn(z) (1 - 1agF> . (23)

T 2hwa3,

and « is the variational parameter.

4  Ground state properties

The study of ground state (GS) properties provides insight into how the system behaves
at its lowest energy. We analyze the energy spectrum for N = 2 and N = 3 to evaluate
the performance of the square well representation of the p-wave interaction. Additionally,
we investigate one-particle properties by computing the particle density and the one-body
density matrix eigenvalues. Finally, we study two-particle properties by examining the pair
correlation matrix.

11



4.1 Energy spectrum

We compute the energy spectrum using three different methods. The first method in-
volves performing optimized ED on a system of s-wave bosons and mapping the results
to p-wave fermions. This approach provides an upper bound on the energy of the system.
The second and third methods use the potential deduced in Sec. 3.2. These two methods
do not provide an upper bound because they numerically solve a problem with a square
well potential that approximates the p-wave interaction. Therefore, both share a common
source of error due to the difference between the actual p-wave interaction and the square
well representation. The second method involves diagonalizing the Hamiltonian in posi-
tion space, introducing an additional source of error from computing the energy in discrete
space. The third method uses VMC and has two additional sources of error: one from com-
puting the energy variationally and another from statistical uncertainty in the calculations.

Fig. 5 compares the energy spectrum obtained using the three numerical methods as a
function of the interaction strength. In general, the energies predicted by the three meth-
ods are more similar for negative interaction strengths than for positive ones. However,
for higher excited states, the numerical results differ more significantly between methods.
Furthermore, for N = 3, the VMC results differ from those of the other two methods,
which are more consistent with each other. This discrepancy arises because the trial wave
function in Eq. (22) does not precisely capture the GS energy, combined with the fact that
the energy is more sensitive to the choice of the variational parameter, a. A more accurate
selection of the value of the variational parameter yields improved results, particularly for
positive interaction strengths.

Fig 5a illustrates the spectrum of two p-wave fermions in a harmonic trap. Unlike the
previous figures, Fig 5a displays the total energy, including the CM energy. Focusing on
negative interaction strengths, the first curve corresponds to the GS of both the relative
and the CM modes. The second curve is similar to the first, but includes a CM excitation.
The third and fourth states exhibit similar energies; however, the former corresponds to
the first excited state of the relative mode with the CM situated in the GS, while the
latter corresponds to the GS of the relative mode with the CM in its third excited state.
For positive interaction strengths, the relative GS energy diverges to —oo as gp — 0T.
Therefore, the first, second, third, and fifth curves correspond to the ground, first, second,
and third excited states of the CM, respectively, with the relative mode in its ground state.
The fourth curve corresponds to the first excited state of the relative mode with the CM
in the GS.

For three fermions, the wave function separates into a CM part and an intrinsic part.
Figure 5b shows the total energy for three fermions. For negative interaction strengths,
the first, second, and fourth curves correspond to the intrinsic part being in its GS, with
the CM in the ground, first excited, and second excited states, respectively. The third
curve corresponds to the first intrinsic excited state with the CM in its GS. For positive
interaction strengths, the first, second, and third curves correspond to the intrinsic mode
in its GS, with the CM in the ground, first excited, and second excited states, respectively.
The fourth curve corresponds to the first intrinsic excited state and the CM in its GS.

12
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Figure 5: Energy spectrum of N p-wave fermions in a harmonic trap as a function of the interaction
strength. The blue dashed lines represent the numerical results obtained using optimized ED on the
bosonic Hamiltonian. The orange solid lines show the results from diagonalizing the Hamiltonian in
position space with the p-wave interaction modeled as a square well. The purple solid line corresponds to
the VMC results, which also use the square well representation of the p-wave interaction. The statistical
uncertainty of the VMC is small enough to be negligible in the figure. Panels (a) and (b) correspond to
N =2 and N = 3, respectively.

4.2  One-body properties
The one-body density matrix (OBDM) is defined as

pW (x, 2) :N/dxg...de\Il*(x’,xg,...,:):N)‘I/(x,@,...,x]v), (24)

and is normalized to the number of particles, V. The diagonal of this matrix gives the
particle density at position z, p(z) = pV(z, z).

Note that the density profile is the same for fermions with an interaction strength of gg
and for bosons with an interaction strength of gg = —4h*/(m?gr). Therefore, we compute
the density of particles by performing optimized ED on the system of s-wave bosons. We
express the GS wave function in position space and use Eq. (24). We use the bosonic wave
function instead of the fermionic one because the sgn(z; —x;) factor in the latter introduces
numerical errors in the integrals.

Fig. 6 shows the density profiles of N = 2 and N = 3 p-wave fermions in a harmonic
trap. In the FTG limit, the particle density corresponds to a system of N ideal bosons in
the GS

p(x) = Nlgo(2)|?, (25)

where ¢o(x) is the single-particle GS of the harmonic trap. As the interaction strength in-
creases from —oo to 0, the density profile flattens and converges to that of a non-interacting
system as grp — 0. In the non-interacting limit, the density profile takes the form

p(z) = lgo(@)]” +o1(2)]* + ... + on-1 ], (26)

where ¢;(x) is the i-th single-particle excited state of the harmonic trap. The behavior
at gr = 0 is discontinuous. For gr — 07, a peak appears at = 0 that decreases as the
interaction strength increases. This peak converges to the FTG gas profile for the limit
gr — +00.
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Figure 6: Density profile of the GS for a system of p-wave fermions trapped in a harmonic potential for
different interaction strengths. In the limits gr — £00, both curves converge to the same profile. Panel
(a) corresponds to the case of two fermions, and panel (b) to the case of three fermions.

Despite their different natures, the density of particles in bosonic and fermionic sys-
tems is the same. However, computing other quantities reveals characteristic features
that distinguish the two systems. The off-diagonal terms of the OBDM differ due to the
sgn(z; — xj) factor present in the fermionic wave function. As a result, the eigenvalues,
A, of the OBDM differ between fermions interacting with gr and bosons interacting with
g = —4h*/(m2gr). These differences in the OBDM may lead to distinct physical phenom-
ena in the two systems.

We compute the OBDM by performing optimized ED on the system of s-wave bosons.
Next, we express the GS wave function in position space and map it to the fermionic
wave function using Eq. (13). We then use Eq. (24) to compute the OBDM and obtain
its eigenvalues by diagonalizing it in position space. Fig. 7a shows the dependence of
the eigenvalues of the OBDM for the GS in the case of two fermions. Note that all the
eigenvalues are doubly degenerate. In the FTG limit, the eigenvalues have an analytical
expression [24]

8
W= o 27
B (m(2k — 1))2 (27)
where k = 1,2, .... As the interaction strength ranges from negative infinity to zero, the two

largest eigenvalues increase and converge to one, while the remaining eigenvalues approach
zero, as expected in the non-interacting limit. A discontinuity appears in the behavior of
the eigenvalues at gr = 0. In the limit gr — 0T, the two largest eigenvalues decrease,
reaching their minimum values, while the others reach their maxima. In this limit, the par-
ticles are strongly correlated, as the relative wave function diverges at x1 = xét Therefore,
knowing the position of one particle guarantees knowing the position of the other. In the
limit gr — 400, the eigenvalues again converge to the FTG limit.

Fig. 7b shows the dependence of the OBDM eigenvalues of the GS for N = 3. All the

eigenvalues are doubly degenerate, except for the largest one, which is non-degenerate. In
the FTG limit, the largest eigenvalue is /\83) = 1, and the doubly degenerate eigenvalues

are 24
(3) _

As the interaction strength varies from negative infinity to zero, the largest eigenvalue first
decreases slightly and then increases, converging to 1. The second and third eigenvalues

14
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Figure 7: Eigenvalues of the OBDM of the GS for a system of N p-wave fermions in a harmonic trap as
a function of the interaction strength. The numerical results are shown as solid blue lines. The analytical
values in the FTG limit are shown as dashed gray lines. Panel (a) corresponds to the case of two
fermions, where all the eigenvalues are doubly degenerate. Panel (b) shows the case of three fermions,
where all the eigenvalues are doubly degenerate except for the largest one, which is non-degenerate.

increase, also converging to 1, while the remaining eigenvalues decrease and converge to
zero. At gr = 0, the system behaves analogously to N = 2 case, exhibiting a disconti-
nuity in the behavior of the system. In the limit g — 0T, many eigenvalues contribute
significantly. As gr increases, the eigenvalues converge to the FTG limit again.

4.3 Pair correlation

The pair correlation is defined as
N(N -1
p D (z,2') = (Q)/dl‘g dzy|U(z, 2 23, )|, (29)

and is normalized to the number of pairs. This matrix illustrates the degree of correla-
tion between particles. Note that the off-diagonal terms of the pair correlation matrix are
identical for fermions with an interaction strength gr and for bosons with an interaction
strength gg = —4h*/(m?gr). However, the diagonal terms differ. For p-wave fermions, the
diagonal is filled with zeros due to the Pauli exclusion principle. Therefore, we compute
the pair correlation matrix using the bosonic wave function in position space via Eq. (29),
and manually set the diagonal to zero.

Fig. 8 shows the pair correlation matrix of the GS for three fermions at different inter-
action strengths (see Appendix C for the pair correlation matrix of the GS for N = 2). In
the FTG limit, the pair correlation matrix correspond to that of IV ideal bosons in the GS,
with zero on the diagonal:

N(N —1)

@) (/) —

[sen(z — )] [do(x)o(2")], (30)
where [sgn(z # 0)]> = 1 and [sgn(0)]*> = 0. As the interaction strength increases from
negative infinity to zero, fermions separate, approaching the non-interacting limit at gp —
0~. In the limit gr — 07, the pair correlation is mostly non-zero near the diagonal and zero
elsewhere, indicating a high degree of proximity between fermions. This behavior arises
from the divergence of the wave function at x; = $;t In this limit, particles exhibit a
high degree of correlation. Additionally, a maximum appears at the center of the harmonic
trap. As the interaction strength increases, the fermions separate again and converge to

the FTG limit as gp — +00.
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Figure 8: Pair correlation matrix of the GS for three p-wave fermions in a harmonic trap at six different
interaction strength values. The limits g8 — Zo0 correspond to the FTG limit, while gr — 0~
corresponds to the non-interacting limit. The case of gr = 0.6 wa3, represents a regime where the
particles are strongly correlated. The remaining two values correspond to intermediate interaction
strengths, illustrating the transition between the limiting cases.

5 Dynamical excitations

Heretofore, the emphasis has been on the static properties of the system. In this section,
we examine the dynamics of the system under two distinct sudden perturbations. This
reveals the spectral properties of the system.

The oscillation frequencies of the time-dependent spread of the wave function, (3N, 22) (1),
are associated with the energy gaps of the spectrum after the perturbation:

N N
(3oa2) 0 =3 S shvionihicioh)
i=1 i=1 m
N (31)
D D 2cos (Wnnt) (GA1P(0)) (S, 1L (0)) (Dh]aF o)),
i=11<n<m<N

where ¢/ represents the m-th excited state of the final Hamiltonian, 3':[{;, ¥(0) is the
initial state, and wy, = |E, — Ef|/h being 7:[{; ‘¢£1> = EJ ‘¢7J;> It is assumed that
¢7];1(1)1, ...,zy) € R. While the first term remains constant, the second term exhibits tem-
poral oscillations. These oscillation frequencies are associated with the energy gaps of the

final Hamiltonian.

It is also noteworthy that the expectation value of the wave function spread can be

written as N )
xs.
<Zx3> _ <NX2 Ly A;> (32)
i=1

1<j<i<N

where X = SV, 2;/N denotes the position of the CM, and x;; = x; — x; represents the
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Figure 9: Panel (a) shows the expectation value of the square of the relative position between two
fermions in a harmonic trap with an interaction strength of gp = —1 hwfaz’f. The presence of multiple
oscillatory frequencies is visible. Panel (b) displays the absolute value |X(w)| as a function of w. Four
distinct peaks are observed at w/w; = 1.89, 3.85,5.82, 7.81is indeed feasible. The y-axis is shown on a
logarithmic scale.

relative position between particles ¢ and j. This decomposition enables the separation of
CM excitations from relative modes excitations.

5.1 Breathing

A well-known method for studying the internal structure of a quantum many-body system
trapped in a harmonic oscillator is through the excitation of the breathing mode |25, 26].
This is achieve by perturbing the system via changes in the trap of the harmonic oscilla-
tor. The system is initially prepared in the GS for a given frequency, wp, and interaction
strength between fermions, gp. A spontaneous modification in the frequency of the trap,
wy, is introduced, while the fermionic interaction strength remains unchanged.

This perturbation excites both the CM and the relative modes of the system. It has
been established that, due to the change in frequency, (¢, |¥(0)) # 0 if the CM component
of ¢/ has the same parity as the CM component of the initial state. The effect of the
perturbation on the CM is characterized by the factor (¢f,|X2|¢l); as a result, the gap of
the CM detected by this perturbation is 2wy. Higher gaps in the CM spectrum are not
detected.

We predict the gap of a system of two p-wave fermions by driving their breathing
modes. To do so, the initial state is decomposed as Ui(z1,72) = ¥y (X)), (x), and
the excitations of the relative modes are examined. The GS of the initial Hamiltonian
7—2%, with trap frequency wg = 0.3 wy, is used as the starting point for the evolution of the
system. The subsequent dynamics are governed by the final Hamiltonian 7—21{:, with a trap

frequency wy. Applying the Fourier transform reveals peaks at distinct frequencies

X(w) = F (@) —E [@)(0)]] = jT / (@0 —E[@0)]) e a3

where T is the total integration time, E [(z?)(t)] = fg(ﬁ)(t)dt/T, and z is the relative po-
sition between particles. The term E [(z%)(t)] removes the constant component in Eq. (31).
Fig. 9a shows (z2)(t) for gp = —1 hwfai,f, where a, ¢ = \/h/(pwy). The variable un-
der consideration is not centered around zero due to the presence of the constant term.
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Figure 10: Energy gaps of the final Hamiltonian as a function of the interaction strength. The numerical
results, obtained by identifying the peaks in |X'(w)|, are represented by blue crosses with error bars;
however, the error bars are not visible due to the small size. The first, second, third, and fourth dashed
orange lines correspond to the energy gaps between the GS and the first, second, third, and fourth
excited states, respectively.

Furthermore, the oscillatory behavior exhibited by the system is not solely attributable
to a single frequency, but rather to multiple frequencies. This is a consequence of the
overlap between the initial state and the eigenstates of the final Hamiltonian. Fig. 9b
displays the peaks in the Fourier transform, X'(w). It is possible to distinguish four peaks
at w/wy = 1.89,3.85,5.82,7.81. These peaks indicate the energy gaps between the ground
state and the excited states of the final Hamiltonian, 7—21{:

As illustrated in Fig. 10, a comparison is made between the energy gaps computed from
the dynamics of the system and those obtained analytically Eq. (8). This perturbation is
capable of exciting all relative modes. The m-th excited state of 7—2{; has the form

T x? 3 z2

qbfn(m) = ./\/'—3 sexp| 55— |U(-m,5, 5|, (34)

/ 2a 2" a
auyf Nﬂf M:f

where A is the normalization constant and m € R. Therefore,

<¢Zn

where we use the relation 2U (a, b, 22) = (b —2a)U(a, b, 2%) —a(b—1 — a)U(a + 1,b, 2?) +
U(a — 1,b,22). In the case of general interaction strength, the energy difference between
two states is not necessarily 2/uvs. Therefore, Eq. (35) is nonzero, and the perturbation
excites all relative modes.

ok = (5 ) (ot ey 0 (5 ) (o] o)+ okl oo 9
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Figure 11: Energy gaps of the final Hamiltonian as a function of the interaction strength. The numerical
results are shown as blue crosses with error bars, which are not visible due to their small size. The first,
second, third, and fourth dashed orange lines represent the energy gaps between the GS and the first,
second, third, and fourth excited states, respectively.

The ability to accurately compute higher energy gaps depends on the value <¢{;’ x? ‘¢£>
In both the non-interacting and infinitely interacting limits, the smallest energy gap is
2hwy. In the intermediate regime, for negative interaction strengths, the smallest gap is
smaller and deviates from 2Awy, allowing the computation of several gaps. Furthermore,
the smallest gaps are computed with greater accuracy. For positive interaction strengths,
the smallest gap differs significantly from 2wy, enabling a more precise determination of
the other gaps.

5.2 Interaction strength quench

The second perturbation involves modifying the interaction strength of the fermions 27, 28|.
The system begins in the GS for a Hamiltonian with a given interaction g%, and an abrupt
change is applied to the interaction strength, setting it to QIJ;' In this perturbation, only
the relative modes of the system are excited. Since the change affects only the interaction
term in the Hamiltonian and not the CM, the eigenstates of the CM of the initial Hamil-
tonian remain eigenstates of the final Hamiltonian. Consequently, (¢f,|¥(0)) = 0 if the
initial state, U(0), and ¢/ have different CM components. By analyzing the post-quench
dynamics of the system, we can extract the energy gaps between the GS and the excited

states.

We predict the energy gaps in a system of two p-wave fermions by performing a quench
on the interaction strength. To do this, the initial state is written as U(z1,22) =
P& (XYY, (z), and we focus on excitations of the relative modes. The system starts in
the GS of the initial Hamiltonian 7:[0F, with interaction strength g% and then evolves under

the final Hamiltonian 7:[1{: with interaction strength gg. By performing the Fourier trans-
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form of (z2)(t), Eq. (33), we observe peaks at various frequencies. These peaks correspond
to the energy gaps between the ground state and excited states of the final Hamiltonian 7-21{:

As shown in Fig. 11, we compare the energy gaps extracted from observing the dynamics
of the system with those obtained analytically. As with the breathing mode excitation, it
can be shown that any relative mode can be excited by this quench. The accuracy of the
gap calculation is comparable to that achieved using the breathing mode method.

6 Conclusions

In this thesis, we have investigated the properties of N spin-aligned p-wave fermions con-
fined in a one-dimensional harmonic trap. We have developed and applied two numerical
strategies to overcome the challenges introduced by the singular nature of the p-wave in-
teraction. The first method exploits a mapping between fermionic and bosonic systems,
based on the observation that their spectra are identical. The corresponding eigenstates
are related via the fully antisymmetric function A(xy,...,zx). The second method in-
troduces a novel square well representation of the p-wave interaction, which allows direct
diagonalization of the Hamiltonian in real space. This formulation also facilitates the use
of the VMC method.

We have carried out a comprehensive analysis of the ground-state properties of the
system across a broad range of interaction strengths. In the strongly interacting regime,
the system approaches the FTG limit, displaying characteristics of an ideal Bose gas. The
system exhibits a discontinuity in behavior at gr = 0. As gr — 07, the system behaves
like a gas of non-interacting fermions. In contrast, as grp — 0T, strong correlations emerge.
The position of one particle can be used to determine the positions of other particles.

We have also studied the real-time dynamics of the system under sudden quenches.
Two perturbations have been explored: a change in the trapping frequency and a change
in the interaction strength. The former excites both CM and relative modes, while the
latter excites only relative modes. These dynamical probes have allowed us to extract exci-
tation gaps and gain insight into the spectral structure of the system. However, limitations
in numerical resolution—especially for higher excited states—have restricted our ability to
fully reconstruct the spectrum.

Overall, this work offers a detailed picture of the equilibrium and nonequilibrium be-
havior of p-wave fermions across the full interaction landscape. In particular, the regime
gr — 0T emerges as an especially rich and subtle limit, warranting further investigation.
Improved numerical resolution in position space is essential to accurately capture the diver-
gent correlations in this regime. The behavior of the eigenvalues of the OBDM in this limit
may serve as a sensitive probe for distinguishing fermionic from bosonic character. Finally,
the square well representation introduced here could serve as a useful numerical tool for
future studies. From an experimental perspective, tracking the evolution of the system
after parameter quenches may offer a practical route to access its excitation spectrum.
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A Solving s-wave bosons with optimized exact diagonalization

We solve the problem of s-wave spin-aligned bosons in a one-dimensional (1D) harmonic
trap using the optimized exact diagonalization (ED) method [29] in second quantization.
The method involves performing ED on a basis that incorporates nogp variational param-
eters. The energy spectrum is obtained by exploring the nogp variational parameter space
and performing ED at each point.

The Hamiltonian of the system is
» al R o 15,
Hp = ;:1 —2—8 + WL + J; gB(L] . (36)

In the numerical simulation, we use the basis

1 mQ\ /4 mQa? [mS
Un(z) = NGl (ﬂ_h) exXp <_ on ) H, ( h$> ) (37)

where n = 0,1,2,..., and H,(z) are the Hermite polynomials. The parameter € is the
variational parameter used to minimize the ground state (GS) energy obtained from the
ED. Since the basis is continuous, the s-wave interaction Eq. (11) can be rewritten simply
as 0(z; — x;).

To facilitate numerical computations, the Hamiltonian is rewritten as:

N 2 N
y h” o 2.2, 1 2.2 :
Hp = ; 2m8 - 2mQ x; + 2m(w — Q)5 —i—;ggézj . (38)
(”7""1/2)5Q Vextra

The extra potential, Viytra, in second quantization becomes:

N 1
Vextra = Z 2m(w - QQ) < | 2 |j> CL a] (39)
(]

The matrix elements (i| 2 |j) are expressed as

1 mQ\ /2 2 ms ms
2N — - [ eeE —mQz?/h,.2 7. Hese . Hese
(i) 2i+741 51 (wh) /6 vH; ( h z) H; (\/ h x) d (40)

1 h _52~2 ~ ~ ~
_ \/ﬁ (mQ> /e PH, (&) H, (7) di.

where £ =z . The integral is analytically solvable:

extra — fw ~2 ~

1 " . . .
= 5 ( Z(Z — 1)(5]',1'_2 + (21 -+ 1)5]',1' + (Z + 2)(Z + 1)5]‘,1'4_2) .
The s-wave interaction term in second quantization is
B Afa B |mS At a
% <;l(lj|é($1 — x2)|k:l) [Gja 0y = % = --Zk:llijklaza; 10k, (42)
Z?J? 17]7 b
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where ;i = (ij]|6(21 — &2)|kl), and it has an analytical solution [30]

./ El: k1! 1 (i+j—k+l—2r+1>
ikl = 5 A 0 — )\ (k — !
s \/57?:0 | il rl(l —r)l(k l+r).. | 2 (43)
xF(Z_]+k_l+2r+1)F(_Z+‘7+k_l+2r+1>,
2 2
where we assume [ < k. The complete Hamiltonian in second quantization becomes
2 AT A 1 1 2 2 h xtra AT A
Hp = Z@: (a}ai + 2) hQ + Zz]: im(w — Q) (mQ) b aagaj+
. (44)
m A A A A
+ g?B 5 Z Iijklaja;alak
Z7j7k7l

This form of the Hamiltonian allows for more efficient computation. In the context of ED,
the matrix elements do not need to be recomputed for every value of Q.

B The s-wave interaction as a square well

Consider two spin-aligned s-wave bosons in free space. The Hamiltonian of this system is
. R, R% .
Hp = —%8@«1 - %axg + gBo12. (45)
This Hamiltonian is separable in the coordinates of the center of mass (CM), X, and the
relative position between the two particles, z. The solutions to the CM Hamiltonian are
plane waves. For gp < 0, the relative part exhibits a bound state, and its wave function is
given by [22]:
gBH 2

Yrer() = T}ﬁelx‘gBMh ’ (46)

with energy Eq = — ug% /(2h%). To solve the problem numerically in position space, the

space is discretized. The structure of the mesh determines the form of the potential. We

use the mesh: {—L,—L + Ax,...,—Az,0,Ax,...,L — Az, L}. It can be shown that, on
this mesh, the square well is nonzero at * = 0 with height
Voo ﬁlbrel(Ax) — 21e1(0) + Vel (—Ax) LB — EQGQBAI#/EQ 1 B MQ% o .
7=0 24 Az (0) rel I Ax? 2r2 Az’

where we use the Taylor expansion e* ~ 1 4 x. Therefore, the discrete representation of
the interaction ngJU is a square well of height gg/Ax located at = 0, and zero elsewhere.
This suggests that, in general, the Dirac delta is represented in discrete space by 1/Ax
at a single mesh point. This well-known representation is commonly used in numerical
simulations. Nevertheless, this derivation provides a potential methodology for deriving a
general expression for the p-wave interaction.

C Pair correlation matrix for N = 2

For g — —o0, the pair correlation matrix corresponds to that of N ideal bosons in the
GS, with zero on the diagonal. As the interaction strength increases from negative infinity
to zero, the fermions gradually separate, reaching the non-interacting limit at g — 07. In
gr — 07, the fermions are next to each other. As the interaction strength increases, they
begin to separate, and the pair correlation matrix once again converges to the FTG limit
in the infinitely interacting limit, ggp — +o0.
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Figure 12: Pair correlation matrix of the GS for two p-wave fermions in a harmonic trap at six different
interaction strengths. The limits gr — d-00 correspond to the FTG limit, while gg — 0~ corresponds
to the non-interacting limit. The case of gr = 0.6 hwa?, represents a regime of strong correlations.
The remaining two values correspond to intermediate interaction strengths, illustrating the transition

between the limiting cases.
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