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How to determine a curve singularity
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Abstract. We characterize the finite codimension sub-k-algebras of k[[¢]] as the solutions of a
computable finite family of higher differential operators. For this end, we establish a duality between
such a sub-algebras and the finite codimension k-vector spaces of k[u], this ring acts on k[[¢]] by
differentiation.

1 Introduction

It is well-known that the normalization of a curve X is a non-singular curve Y. Serre
considers in [26, Chapter IV] the opposite direction, he showed how to construct a
curve X from a given non-singular curve Y such that this curve is the normalization
of X. This idea appears in several different contexts. For instance, in [17, 18, 23] and the
references therein, is studied how to determine the finite codimension sub-k-algebras
Bofk[¢]. Notice that, in this case, X = Spec(B) is an algebraic curve and the affine line
Y = Spec(k[¢]) is its normalization. These sub-algebras are defined recursively on the
codimension by linear and higher differential conditions. Only for low codimensions,
explicit conditions are known. Since not all higher differential conditions define sub-
algebras of k[¢], it is an open problem for the characterization of families of linear
higher differential operators defining finite codimension sub-k-algebras of k[¢] (see
(18]).

In the search of one-dimensional reduced local rings with locally decreasing
Hilbert function, Roberts constructed such alocal rings as connex, finite codimension
sub-k-algebras of []}_, k[#;] defined by linear and first-order differentials conditions
(see [19]). See [11] for the proof of Sally’s conjecture on the monotony of Hilbert
functions of one-dimensional Cohen-Macaulay local rings.

In this paper, we consider the local complete case. We characterize the finite
codimension sub-k-algebras B of I' = k[[¢]] as the solutions of a computable finite
codimension k-vector space B* ¢ A = k[u] of higher differential operators (see The-
orem 3.9). For this purpose, we establish a Macaulay-like duality between finite
codimension sub-k-algebras B of I" and finite codimension k-vector subspaces B*,
so-called algebra-forming vector spaces, of the polynomial ring A. The polynomial
ring A acts on I" by differentiation as in Macaulay’s duality (see [14-16, 20]). At the end
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of Section 3, we describe the linear maps By — B; induced by k-algebra morphisms
B; — B, between two finite codimension k-algebras By, B,.

In Section 4, we study the algebra-forming vector spaces, showing that such a
condition can be checked effectively (see Proposition 4.1). After this, we prove that
for any finite codimension J k-algebra B there exist a finite filtration of k-algebras, so-
called standard filtration of B, B = By ¢ By c - ¢ Bs = I such that dimy(B;+1/B;) =
1 for i=0,...,0 -1 As corollary of this construction, we get that we only need
to consider algebra-forming single elements in order to define recursively a finite
codimension k-algebras. Moreover, we show how to recover the standard filtration
by considering recursively derivations of the local rings appearing in the filtration
(see Corollary 4.6).

Section 5 is devoted to study the inverse system of monomial k-algebras and the
special case of monomial Gorenstein algebras. We end the section relating the inverse
system of a curve singularity with its generic plane projection and its saturation.

In the last section, we link B* with the canonical module of B (see Proposition 6.1).

The computations of this paper are performed by using the computer algebra
system singular (see [8]).

2 Preliminaries

Let R denote the power series ring k[[x;, . . . , x, ]| over an algebraically closed charac-
teristic zero field k and we denote by max = (xi,.. ., x,) its maximal ideal.

Let A be a one-dimensional local ring with maximal ideal max. We denote by HF 4
the Hilbert function of A, i.e, HF4(i) = Length , (max’ / max'*"), i > 0. It is well-
known that HF) (i) = eg(A), i > 0, where ey(A) is the multiplicity of A. The first
integral of HF 4 is defined by, i > 0,

HF! (i) = 3 HEA(j) = Length,, (A/max'™).

Jj=0

We write HF = HF 4. There exists an integer e; (A) such that HF, (i) = eq(A) (i + 1) -
e1(A) for i >> 0; the (first) Hilbert polynomial is HPY (T) = eo(A)(T +1) — e;(A). See
[22, Chapter XII] for the basic properties of the Hilbert functions of one-dimensional
Cohen-Macaulay local rings.

Abranch X is an irreducible curve singularity of (k”,0) = Spec(R), i.e., X is a one-
dimensional, integral scheme X = Spec(R/I); we write Ox = R/Tand I(X) = I.

Let v: X = Spec(Ox) — (X,0) be the normalization of (X,0), where Ox =
k[[¢]] is the integral closure of Ox on its full field of fractions tot(Ox ). The singularity
order of X is §(X) = dimy (O%/Ox). We denote by € the conductor of the finite
extension v* : Ox > Oy and by ¢(X) the dimension of Ox/C.

Given a set of nonnegative integers 1 < a; < --- < a,, we consider the monomial
curve singularity X(ay, ..., a,) defined by the parameterization

y: R — K[1]]

a;
Xi = t,
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ie, I(X(ay,...,a,)) =ker(y).If gcd(ay,...,a,) =1, then the induced map

y:R/I(X(a,...,a,)) — Kk[[]

is the normalization map of Ox(q, ... 4,) = R/I(X(as,...,a,)) =k[t™, ..., t"]].
We denote by Dy the semigroup of values of X: the set of integers v((f) =
ord(t) where f € Ox ~ {0}. It is easy to see that §(X) = #(N \ D). If B is a finite
codimension sub-k-algebra of I' then X = Spec(B) is branch. We write Dg = Dy.
Let wx be the dualizing module of X; we can consider the composition of Ox-
module morphisms

Yx -+ Qx — V*QYE ViWx —> WX.

Let d : Ox — Qx the universal derivation, then we have a k-linear map yxd that
we also denote by d : Ox — wx. Recall that the Milnor number of X is u(X) =
dimk(wx/dOx), [5]. Since we only consider branches we have that u(X) = 286(X)
(see [5, Proposition 1.2.1]). Notice that X is non-singular iff 4(X) = 0 iff §(X) = 0 iff
c(X)=0.

We denote by 7 : BI(X) — X the blowing-up of X on its closed point. The fiber
of the closed point of X has a finite number of closed points: the so-called points of
the first neighborhood of X. We can iterate the process of blowing-up until we get
the normalization of X (see [7, 24]). We denote by Inf(X) the set of infinitely near
points of X. The curve singularity defined by an infinitely point p of X will be denote
by (X, p); we set (X,0) = X.

Proposition 2.1  Let X be a branch. Then
()
8(X)= > e(X,p).

pelnf(X)
(ii) It holds
eo(X)-1<e(X) <d(X) <u(X)

and e;(X) < (“°(X)) ("1
(iii) If X is singular, then §(X) +1< ¢(X) <28(X), and c(X) = 28(X) if and only
if Ox is a Gorenstein ring.

Proof (i) [25]. (ii) [5, Proposition 1.2.4(i)] and [10, 12, 25]. (iii) [26, Proposition 7,
page 80] and [2]. [ ]

3 Macaulay-like duality

In this section, we establish a Macaulay-like duality for the family of sub-k-algebras B
of I' = k[[ #]] of finite codimension. For the classical Macaulay’s duality, see [20], [14],
and for the generalization to higher dimension of Macaulay’s duality, see [15]. Recall
that Macaulay’s duality is a particular case of Matlis’ duality (see [4]).
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We write A = k[u]; I is a A-module with A acting on I by derivation. This action
denoted by o is defined by

o:AxIT — r
(&f) —  gof=g0)(f)

where d; denotes the derivative with respect to t. This action induces a non-singular
k-bilinear perfect pairing:

10 AxI' — k
(&f) » gLf=(gof)0).

Definition 3.1  Given a sub-k-algebra B of I' = k[[ ¢]] we define B* as the setof g € A
such that g 1 f =0 for all f € B. Notice that B* is a k-vector subspace of A, this is,
following the classic Macaulay’s duality terminology, the inverse system of B. Given
a k-vector subspace V c A we consider Ann(V') c I as the set of power series f € T’
suchthatg 1 f=0forallge V.

@

Let B be a finite codimension sub-k-algebra of I". Then we have a non-singular
k-bilinear perfect pairing:

1: BfxL k

() -8
(&f) = gLf
We denote by Perp(B), the k-vector space of maps
g B — Kk
fe gif

for all g € A. These maps are the elements of the dual space of B with finite sup-
port: g*(max%) = 0 for d > deg(g). We denote by Dery(B) the k-vector space of
k-derivations of B. Since Dery(B) = (maxp / max3)*, we can identify Dery(B) with
the k-vector space of elements o of the dual space of B such that ¢(max}) = 0.

We have Der(B) c Perp(B), this inclusion is strict. Let us consider the codimen-
sion 8 algebra B = k[[t*, t’, t'”]]. The linear map (u'')* : B— k is not a derivation
since "' € max3 and («") L(#"") = 11! 0.

Next step is to characterize the vector k-vector subspaces B* of A, where B ranges
the family of finite codimension sub-k-algebras of I'. First, we give some properties
of B* that we will use along the paper.

Given a polynomial g = $% a;u’ € A we denote by Supp(g) the support of g: the
finite set of integers i such that a; # 0.

Proposition 3.2 Let B c T be a codimension § sub-k-algebra B of T', and let C = (t°)
be the conductor of the extension B c T'. Then:

(1) dimg(B) = 6.
(2) Forall g € B*, we have Supp(g) c [1, ¢ —1], and

ulbeo B = i e [1,e0(B) = 1]} € B*  (u,u?,...,uh).

(3) The following conditions are equivalent:
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i) 6=0,
(i) B=T,
(i) B* =0,

(iv) B*c(u®u?,...).

Proof (1) Since 1 is a k-bilinear perfect pairing, we get dimy(B*) = &, see the
equation (2).

(2) Since B is a k-algebra, we have 1 € B,so if g = ¥ ;50 aju’ € B', then0=g 1 1=
ag. Hence B*  (u,u?, ... ). We know that (¢°) c Bso for all g = ¥, a;u’ € B*, we
have

c+i

0=g 1t =(c+i)lac

i >0. Hence, if geB*, then deg(g) <c-1. From this, we deduce that B* c
(w,u?, ..., ut).

Notice that v,(f) > eo(B) for all f € B\ {1}, so given i € [, eo(B) — 1] we have
u' 1 f =0.Henceu' € B* and then ull¢(®)-1l c B+,

(3) The condition of (i) is equivalent to (ii). (ii) trivially implies (iii) and this
implies (iv). If B* c (u?,u’,...), then t € B, since B is a k-algebra, we get (ii). m

For all power series f = ;50 b;t' € I' and given a nonnegative integer s € N, we
denote by [ f]<, the truncated polynomial [ f]<s = S50 bit'.

Let B be a finite codimension sub-k-algebra of I' with conductor ¢. Then B is a
finitely generated k-algebra; let f;,. .., f; be a system of generators of B as k-algebra.
We denote by b 4, d > ¢ — 1, the finite set of polynomials [f" ... f]<4 with [; > 0,
i=1...,r,and L) + -+ 1, < d. We denote by W({fi,..., fr},d) c A the k-vector
space generated by the polynomials of b 4. Notice that W({fi,..., f,},d) + (t7*!) =

W({fo.. o i} d +1).

Proposition 3.3 Let B be a finite codimension sub-k-algebra of I' with conductor
c. Then B* is the set of g € A of degree at most ¢ —1 and such that g 1 h =0 for all
he t|B,c—1~

Proof Let fi,..., f, beasystem of generators of B as k-algebra, and let 5 _; be the
associated set of polynomials.
If g € B, then deg(g) < ¢ — 1, Proposition 3.2(2), so

0=gL (' ) =g L[A" S ]

Hence, g L h=0forall h € 5 ;.
Let g € A be a polynomial with deg(g) <c-1and suchthatg 1 h=0forall he
hB,c—1. Any f € B can be written as

I 1
ST D N [ i

lyeonlyeN
with ¢;,, ;. € k. Since deg(g) < ¢ — 1, we have
gif= Y ana@LA )= Y e @LIR . fr ) =0,
lyoolyeN hyoilyeN
sogeB* |
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Remark 3.4 Notice that Proposition 3.3 shows that the computation of B* is
effective. In fact, in the set 5,1, there are involved a finite number of monomials
and we only have to consider polynomials g of degree at most ¢ — 1.

Remark 3.5  Although B* is a k-vector subspace of A for any sub-k-algebra B of
I, not all Ann(V) is a k-algebra for a given k-vector subspace V c A. In fact, let
us consider the k-vector subspace V c A generated by u?. Then Ann(V) is the set
of f = Y50 ait' €T such that a, = 0. This is not a k-algebra because u* 1 t =0, so
teAnn(V)and u? L t* =2 #0,s0t> ¢ Ann(V).

Definition 3.6 A finite dimensional k-vector subspace V c A is so-called algebra-
forming with respect to a k-algebra B c I iff the following conditions hold:

(a) g(0)=0forall ge Vand,

(b) forall feBsuchthatg 1 f=0forallge Vitholdsg 1 f>=0forallge V.

An element g € A is so-called algebra-forming with respect to Bif V = (g) is algebra-
forming with respect to B.

Example3.7 Letus consider the codimension § = 4 algebra B = k[[t* + t*, £°]] of T".
The conductor of Bis ¢ = 8. Then B* is the set of polynomials g € A of degree at most 7
suchthatg | f =0for f € g,y = {£* + t*,1°, t° + 2t"}. A simple computation shows
that B* is the k-vector space generated by the four linear independent polynomials

u,u,u® - iu‘l, ub - 2—17u7. Let us consider

B, =K[[£*,t*,£°]) c Bs = k[[£*, £']],

then we have B, = Ann(u?) n Bs, i.e., u® is an algebra-forming element with respect
to Bz.

In the following result, we prove that, in fact, if V' c A is algebra-forming with
respect to a k algebra B c T, then Ann(V') n B is a sub-k-algebra of T'.

Proposition 3.8  Let V c A be an algebra-forming k-vector subspace with respect to a
k-algebra B c T. Then Ann(V) n B is a sub-k-algebra of T.

Proof Clearly C = Ann(V) n B is a k-vector subspace of I". Given fi, f, € C we
have that f; + f, € C and from

fifi= 5+ £ - f2 - ),

we deduce that ¢ 1 (fif2) =0, 1e., fifz € C. Since g(0) =0 forall ge V wegetle C,
so Cis a sub-k-algebra of I'. ]

The following result is an extension of Macaulay’s duality to finite codimension
sub-k-algebras B c I'.
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Theorem 3.9  Given a nonnegative integers § > 0 and ¢ > § + 1, there is a one-to-one
correspondence L between the following sets:

(1)  sub-k-algebras B of T" of codimension & as k-vector spaces such that the conductor
of Bc Iis (1°),

(2) algebra forming, with respect to T, k-vector subspace V c A of dimension §, gen-
erated by polynomials of degree at most ¢ — 1 and such that there is a polynomial
geVwithdeg(g)=c-1

This correspondence is inclusion reversing: given two sub-k-algebras By and B, of T,
B, c B, if and only if By c Bj.

Proof Let B be a sub-k-algebra B of I. Since we have a non-singular k-bilinear
pairing:

11 BfxL — k

(g,fi3 > gLf

we get that B* is a k-vector subspace of dimension & of A. By definition B* is algebra-
forming with respect to I". Being ¢ the conductor we have () c B, so deg(g) < ¢ —1
for all g € B* and there exist g € B* of degree ¢ — 1.

Let V be an algebra forming, with respect to I', k-vector subspace satisfying
the conditions of (2). Let us consider the k-algebra B = Ann(V'). From the perfect
pairing (1), we get that the codimension of B in I" is §. Since V is generated by
polynomials of degree at most ¢ — 1 we have that (¢°) c B, so the conductor of B is
at most ¢. Furthermore, since there is g € V with deg(g) = ¢ — 1 we deduce that ¢ is
the conductor of B.

It is straightforward to prove the inclusion reversing from the definition of the
inverse system B*. |

We end this section by describing the k-linear maps By —> Bi induced by
k-algebra isomorphisms B; — B, between two finite codimension k-algebras B; and
B, of I'. Let ¢ be an integer bigger than the conductors of B; and B;.

The perfect pairing (1) induce a perfect pairing

1 Agc—li% — k
(&f) = glf=(g°1)(0),

where A._; is the k-vector space of polynomials of degree at most ¢ — 1. We consider
the usual k-vector basis of I'/(t) of the cosets of t', i = 0,..., c — L Its dual basis is

%u",i:O,...,c—I,since
1 :
il =4, .
(i!”)“ =0
I1<i,j<c-1L

The k-algebra B; has conductor at most ¢ so we can consider that B; c T'/(t°),
i = 1,2. On the other hand, from Proposition 3.2, we have that B ¢ A4, i =1,2.
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If B, is isomorphic to B, by ¢, then their normalizations are isomorphic:

This automorphism is determined by a power series h(t) € (t) such that u L h 0
and

¢: ' — r
fo= f(h.

Then we have an isomorphism of k-vector spaces

I ¢ T

B, B,

and the perfect pairing induces a k-vector isomorphism

¢*: By — By.
The matrix M associated with ¢ in the basis t,i = 0,...,c — 1, is the ¢ x ¢ matrix
whose columns are the coefficients of ¢(t') = h', i =0,...,c — 1, with respect to this

basis. Hence, the matrix of ¢* : Bj = B; —> B} = B with respect to the basis +u/,
i=0,...,c—1,is the transpose matrix "My of M.

Example 3.10 Let B, c I" be a k-algebra generated by two elements f;, f, with
vi(fi) =2 and v/(f,) = 7. We may assume that f; = t*+monomials of higher degree.
Then B, is of finite codimension é = 3 and conductor ¢ = 6.

Since I' is complete there exist a power series h € (t) such that h? = f;; we write
h=t+hyt? +---+hst° +.... Notice that I" = k[ h]].

Let ¢ the automorphism of I defined by 4, i.e., ¢(f) = f(h). Then ¢ '(B,) is a
k-algebra B, generated by f/ = t* and fJ(h) such that v;,(f;) = 7. After a change of
generators Bj is generated by f/ = t* and f; = t’.

The induced isomorphism ¢ : B; — B, has the following 6 x 6 associated matrix
with respect the basis t,i=0,...,5,

1 0 0 0 0 0
0 1 0 0 0 0
0 hy 1 0 0 0
Mo={"0 2h, 1 0 0
0 hy 2h3+h3 3h, 1 0
0 hs 2by+2hyhy 3h3+3h3 4h, 1
Then the matrix of the isomorphism ¢* : By —> B{ with respectto +u',i=0,...,5,

is M§. Since By is the monomial k-algebra k[[#*,#']], the k-vector space Bj is
generated by u, u?, u”. From this, we can compute Bj by considering ("M,) ™.
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4 Algebra-forming vector spaces

The first goal of this section is to characterize the algebra-forming k-vector spaces.

Proposition 4.1  Let B be a k-sub-algebra of finite codimension of I with conductor c,
andlet fi, ..., f; be a system of generators of B. Given an integerd > ¢ — 1, let hy, . . ., hy,
be a system of generators of W({fi, ..., fs },d).

Let V be a dimension & k-vector subspace of (1) c A generated by polynomials of
degree at most d — 1. Let gy, ..., g5 € V be a basis of V.

Then V is algebra-forming with respect to B iff for all r-upla (Ay, ..., A) € kK™ such

that
3) ilxj(gi Lhy) =0
=
foralli=1,...,08, then
(4) il?(g,-th)+2 i AjAi(gi L hjhy) =0
i jeLI=Lj41

foralli=1,...,6.

Proof  From Proposition 3.2, we have to prove that forall f e Bsuchthatg 1L f =0
for all g € V we have that g 1 f> =0 for all g € V. Since the polynomials of V are of
degree at most d —1 we only have to prove that for all fe W =W({f,...,f},d)
suchthat g 1L f=0forall ge V,wehavethat g L f2=0forallge V.

A general element of W can be written as f = 3, Ajh;. Hence the condition g; 1
f = 01is equivalent to

ij(g, 1 h]) =0
i1

foralli=1,...,4. Similarly, the condition g; L f* = 0 is equivalent to

m

Zli(gthf)+2 Z )LJAJ(g,thhl):O

j=1 j=1,I=1,j#1

foralli=1,...,0. u

Remark 4.2 The set of points (Ay,...,A,,) € P{""! satisfying the identities of (3)
form a linear subvariety L, and the points satisfying the identities of (4) defines a
subvariety Q c P}"”! intersection of 8 quadrics. Hence, V is algebra forming with
respect to B iff L c Q. This is a computable condition.

Definition 4.3  Let B be a sub-k-algebra of finite codimension & of I and conductor
c. Let D be the semigroup of B; we write the set P2 = {t';i e N\ Dp} as g =
!, ..., gs = t. Then we define the so-called standard filtration of B as follows: B;
is the k-algebra generated by B and g3,...,¢; for i =1,..., §; we set By = B. Notice
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that Bs = I" and that we have
B=BycBjc---cBs=T
anddimk(B,-H/B,-) =1,i= 0,...,6—1.

After the definition of standard filtration, we only have to consider algebra-forming
elements g € A, with respect a suitable sub-k-algebras of I', in order to define a k-
algebra recursively. The algebra-forming elements are not unique as the following
example shows.

Example 4.4  Let us consider the Example 3.7. The standard filtration of B is
B=k[+ ", c B =k[£ +t*,, 7] c B, =k[[*, *, ] ¢ Bs = k[, *]]  T.

The chain of k-algebras is defined as follows. The cosets of t, t*, t*,¢” in I'/B form a
basis of I'/B as k-vector space. Then B, is the k-algebra generated by B and ¢/, B; is
the k-algebra generated by B, and t*, B; is the k-algebra generated by B and t?, and
finally I is the k-algebra generated by B and ¢.

We know that B* is a four-dimensional k-vector space generated by u, u®, u’ —
su*,u® - s-u’; we have B; = Ann(u), B, = Ann(u?) n B3, By = Ann(u® — Ju*) n
By, B = Ann(u® - 5-u’) n By. On the other hand, the k-algebra C; = k[[#* + *, *]]

B; can be obtamed as
1
Ci = Ann{u® - —u’) n By,
! (=5 E

i.e, u’ — ;zu° is an algebra-forming element with respect to B,. Notice that B; and

C, are non analytically isomorphic codimension one k-algebras of B, .
Next, we show how to build the standard filtration by using derivations.

Proposition4.5  Let C c B be two sub-k-algebras of T such that diimy (B/C) = 1. There
exist o € Dery(B) such that ker(a) = C.

Proof If we denote by maxp, the maximal ideal of B then maxc c maxg,
dimy (maxp / maxc) = 1 and max} c maxc. Since we have

maXc maxp

2 © 2>
max3  maxj

we deduce that there exists a linear form o« : 22 — k such that ker(a) = 52¢,
B B
From this, we get the claim. [ ]

Corollary 4.6  Let B be a sub-k-algebra of finite codimension & of . Let us consider
the standard filtration of B:

B=BycBjc---cBs=T.

For all i=1,...,08, there exists a derivation 0;, € Dery(B;), I; € maxp,, such that
ker(9d;,) = B;.
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Example 4.7 Let us consider the Example 4.4. The element u* corresponds to
the derivation d; of " defined by ¢, so B; = ker(9;). The maximal ideal of Bj is
minimally generated by 2, £*, the element (u?)* is the derivation ;> € Der(B3), so
B, = ker(9;2). The maximal ideal of B, is minimally generated by £3, t*, £*. The ele-
ment (u* — {u*)* is the derivation Op_1p1 € Dery(B;),s0 By = ker(ata_itq). Finally,
0y € Dery(B;) and B = ker(dy).

5 Monomial algebras

In this section, we first compute the inverse system of a monomial k-algebra. After
this, we characterize monomial Gorenstein curve singularities in terms of its inverse
system. We end the section relating the inverse system of a curve singularity with its
generic plane projection and its saturation.

The following result it is easy to deduce from the proof of the second part of
Proposition 3.2(2).

Proposition5.1  Let D be an additive sub-semigroup of N with finite complement. Then
B* is the k-vector space generated by: g; = u' fori e N\ D.

Example5.2  Let Bbeasub-k-algebra of k[[ ¢]] of codimension § = 1. Then Bis the k-
algebra B = k[[ D]], where D is the sub-semigroup of N generated by 2, 3. Hence, B* is
the k-vector space generated by , i.e., Bis the set of power series f = ¥, bit’ € k[t]]
withu L f = b; = 0 (see [26, Example b, Section 4 of Chapter IV] and [18, Section 22]).

Example 5.3  Assume now that B is sub-k-algebra of k[[¢]] of codimension § = 2.
Then its semi-group Dg is D; = (2,5) or D, = (3,4). In the first case, B is generated as
k-algebraby f; = t* + b3t and f, = t°. The conductor is ¢ = 4. Then B* is generated by
g1 = U, g = 6b3u’ + u’. In the second case, B is the monomial k-algebra B = k[ D, ]]
so B* is the sub-k-algebra generated by g = u and g, = u*. The conductor is ¢ = 5
(see [18, Section 23]). It is known that the algebras of the first case are all analytically
isomorphic to k[[ D;]].

The inverse system of a monomial Gorenstein k-algebra case can be handled. Let
us recall the definition of symmetric semi-group and the celebrate result of Kunz.

Definition 5.4 We say that a sub-semigroup D of N such that #(N \ D) < co and
with conductor ¢ is symmetric if the condition ¢t € D is equivalentto c —1—-¢ ¢ D.

Kunz proved that the ring k[[ D]] is Gorenstein ring if and only if D is a symmetric
semigroup,[21]. This symmetry is inherited by B*.

Proposition 5.5  Let D be a sub-semigroup of N such that #(N \ D) < oo and conduc-
tor c. The following conditions are equivalent:

(1) K[[D]] is Gorenstein,

(2) forall g e k[[D]]* it holds t*g(1/t) e k[[D]].
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Proof Since B = k[[D]] is a monomial k-algebra we know that B* is generated by
g = X5 a;u’ such that a; = 0 for i € D (see Proposition 5.1). Then the exponents of
the nonzero terms of t*~g(1/t) are ¢ — 1~ i with i ¢ D. Then the claim is equivalent
to the symmetry of D, i.e., the Gorensteinness of B. [ ]

Example 5.6 Let D be the semigroup generated by 4, 6, and 9. This is a symmetric
semigroup with conductor ¢ = 12. The algebra B = k[ D]] is Gorenstein and isomor-
phic to k[[x, y, z]] /I, where I = (x* — y?, y* — z*). Then B* is generated by the poly-
nomials g = ayu + a,u® + azu® + asu® + a;u’, a; € k. The polynomials t'g(1/t) =
a1t + ayt® + azu® + a,u® + asu* have all exponents in D. The k-vector space B* is

generated by the following elements g, = u, g, = u*, g3 = u®, g4 = u°, gs = u’.

Given a finite codimension subalgebra B of I, we consider the curve singularity
X = Spec(B) defined by B. Let X’ be the generic plane projection of X, [3], and let X
be the saturation of X, [28] and the references therein. We have

OXrCOX:BCOX"CF,
and then
0% c B* c Oy
We have, [9],

8(X) < 8(X) < 8(X') < (eo(X) -1)8(X) - (60();) - 1)‘

From [27, Proposition 1.6, page 971], we know that X is also the saturation of X'.

On the other hand, X is a monomial curve singularity. Assume that the coset
of x; in B is t* with e the multiplicity of B. Since the rings are complete and the
ground field is algebraically closed, we can assumed it after a suitable election of the
uniformization parameter of I'. Let {eg; f1, ..., B¢} be the characteristic of X', [28,
Section 3, page 993], then O is the monomial subalgebra with generators:

teo,
it o, <s, < [mv+l/”v+l], v=1...,8-1
et 0<i<ey—1,
where f3,/eo = m,[n;...n, is the vth characteristic exponent of X', v=1,...,¢-1,

and gcd(m;,n;) =1foralli=1,..., g (see [28, Section 3, page 995]).
The facts O3 c B* and Proposition 5.2 can be useful in order to simplify the
computation of B* as the next example shows.

Example 5.7 Let us consider the k-algebra B = Kk[[#¢,® + 1, £ + B]]; its sat-
uration is B = k[[£9, 8, 11, £, 3, £*°]] (see [6, Example 2.5.1]). The sequence of
multiplicities of the resolution of X = Spec(B) is {6,2,2,2,2,1,... }. We can compute
8(X) by computing e;(C), where C ranges the local rings of the resolution process,
in this case, we get {8,1,1,1,1,0,...}, so §(X) =12. The semigroup of B is D =
{0,6,8,10,12,14,16,18,19, 20, 22 —}, i.e., the conductor of D is 22.
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On the other hand, the semigroup of Oy is {0,6,8,10 —}, its conductor is
10. Hence, O% is generated by u' with i€{1,2,3,4,5,7,9}, and B* is the set of
polynomials g = Z,Z»io a;u’ such that ag = 0, 990a;; — ag = 0, a = 0, 1716453 — ayp =
0, aig = 0, 4080ay7 — ay =0, aig = aj9 = azo = az =0.

6 The canonical module

As in the Artin case, we can relate the canonical module with the inverse system. In
that case, we have that if I is an Artinian ideal, then I* = Eg/;(k) = wg/; (see [4, 14]).
In the case of branches, we can determine the “negative” part of the canonical module.

Let X be a branch of (k",0) and X its normalization. We first describe the
canonical module wx by using Rosenlicht’s regular differential forms (see [26, Chapter
IV 9], [5, Section 1], see also [13]). We denote by Q+(p), the set of meromorphic forms
in X with a pole at most in p = v1(0). Then Rosenlicht’s differential forms are defined
as follows: @Y is the set of v, (), a € Qx(p), such that for all F € Oy,

res,(Fa) = 0.
Notice that we have a mapping that we also denote by
dR : OX —> QX — V*th_) (Ui.
¢
In [1, Chapter VIII], it is proved that wx = w§ and dg = ¢d, where d : Ox — wx is
the map defined in the Section 1. Since Oy is a one-dimensional reduced ring, we

know that w(y,gy is a sub-Ox-module of tot(Ox) (see [4, Proposition 3.3.18]). There
is a perfect pairing, [26, Chapter IV],

V*OY w(x,o) n
ox w0y ; C
F x a — resy(Fa)

notice that for all A € R it holds #(AF, «) = res,(AFa) = n(F, Aa).

Proposition 6.1  Let X be a branch of (k",0) and X its normalization. Then we have
an isomorphism of the §(X) dimensional k-vector spaces:

wx

B2
Vi ‘QY

such that &(g) is the coset defined by o = ¥\¢_y ilc;t ™"\, for all g = Y2 c;u’ € B*.

Proof =~ We write B = Oy, I' = v.Ox, and Qy = I'dt. Then & is the composition of
the isomorphisms induced by the above two perfect pairings

BLQ(E)* wx
B V*QY

Next, we describe both morphisms 1, €. Given g € B, we can write it as

11e

g=co+au+... S Cequh

https://doi.org/10.4153/5000843952400002X Published online by Cambridge University Press


https://doi.org/10.4153/S000843952400002X

646 ]. Elias

so £;(g) is the linear form induced by & : I'* — k defined by: if f = 3,0 a;t' €T,
then

E(f) = E)i!uici'

On the other hand, every a € wx can be written as « = t"h(t)dt with n € Z and
h(t) € T an invertible series. From [13, Proposition 2.6], we get that a = ¥, __ e;t’
such that reso(«F) = 0 for all f € B. Given f = 3,5 a;t' € I', we have

c—1
reso(fa) = Z aje_i_
i=0

so &5'(«) is the linear form induced by & : I'* — k defined by

c—1
5'(f) = Z aie_j-1.
i=0
From this, we deduce thate_;_; = il¢c; fori =0,...,c -1 ]

Example 6.2 [13, Example 2.7]  Let us consider the monomial curve X with parame-
terization x; = t*, x, = t/, x3 = t°. We have ¢ = 11, § = 6. Then wy is the k-vector space
spanned by t7, 77,70, 7%, +7,+72, ", n > 0, and the quotient wx /v, Qx admits as
k-vector space base the cosets of ™, 7, ¢7¢, %7, t72, and O is the k-vector

space with basis u, u?, u®, u®, u®, u'°.
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