Check for
updates

Forum of Mathematics, Sigma (2024), Vol. 12:¢64 1-14
doi:10.1017/fms.2024.42 CAMBRIDGE

UNIVERSITY PRESS

RESEARCH ARTICLE

Cyclic coverings of genus 2 curves of Sophie Germain type

J.C. Naranjo !, A. Ortega® and I. Spelta 3

Universitat de Barcelona, Departament de Matematiques i Informatica, Gran Via, 585, Barcelona 08007, Spain;
E-mail: jcnaranjo@ub.edu (corresponding author).

2Institut fiir Mathematik, Humboldt Universitit zu Berlin, Unter den Linden 6, Berlin, 10099, Germany;

E-mail: ortega@math.hu-berlin.de.

3Centre de Recerca Matematica, Edifici C, Campus Bellaterra, Bellaterra, 08193, Spain; E-mail: ispelta@crm.cat.

Received: 23 October 2023; Revised: 18 March 2024; Accepted: 6 April 2024
2020 Mathematics Subject Classification: Primary — 14H40; Secondary — 14K10

Abstract

We consider cyclic unramified coverings of degree d of irreducible complex smooth genus 2 curves and their
corresponding Prym varieties. They provide natural examples of polarized abelian varieties with automorphisms of
order d. The rich geometry of the associated Prym map has been studied in several papers, and the cases d = 2,3, 5,7
are quite well understood. Nevertheless, very little is known for higher values of d. In this paper, we investigate
whether the covering can be reconstructed from its Prym variety, that is, whether the generic Prym Torelli theorem
holds for these coverings. We prove this is so for the so-called Sophie Germain prime numbers, that is, for d > 11
prime such that % is also prime. We use results of arithmetic nature on G L;-type abelian varieties combined
with theta-duality techniques.

1. Introduction

We consider cyclic unramified coverings of degree d of irreducible complex smooth genus-2 curves
and their corresponding Prym varieties. They provide natural examples of polarized abelian varieties
with automorphisms of order d. The rich geometry of the associated Prym map has been studied in
several papers; see [1, 2, 7, 8, 11, 13], among others. Notice that the classical case, d = 2, is completely
explained in [9, section 7] and [10]. Nevertheless, very little is known for higher values of d. In this
article, we investigate whether the covering can be reconstructed from its Prym variety, that is, whether
the generic Prym Torelli theorem holds for these coverings.

It is known that the Prym variety of an unramified cyclic covering (over any smooth curve) is
isomorphic, as unpolarized varieties, to the product of two Jacobians (see [11]), and when the degree
d is odd, the Jacobians are isomorphic. Moreover, when d is not prime, the existence of intermediate
coverings gives a much more complicated scenario, which strongly depends on the decomposition of d
in primes. For this reason, as in [13], we assume d to be an odd prime.

Putting this in a modular setting, we consider the moduli space’ R of isomorphism classes of cyclic
unramified coverings f : C — C, with g(C) = 2 and deg(f) = d. Equivalently, R parametrizes
isomorphism classes of pairs (C, (1)), where 1 is a d-torsion point in JC generating a subgroup
(n) = Z/dZ. We recall that the curve C is constructed by applying the Spec functor to the sheaf of

1We opted for the upper index since the notation R for the moduli space of double coverings over a curve of genus g is well
established.
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O(-algebras:

Ocenene..n% .

Notice that C comes equipped with an automorphism o of order d such that C = C/{o).

An important consequence of this construction is that it shows that any automorphism of C leaving
(n7) invariant lifts to an automorphism on C. This is the case of the hyperelliptic involution on C, which
lifts to an involution j on C. Therefore, the dihedral group generated by o and j acts on C providing an
interesting geometric structure in the several Jacobians and Pryms appearing naturally in the picture.
We focus on the Prym variety P(C, C) defined as the component of the origin of the kernel of the norm
map JC > JC It is a consequence of the Riemann-Hurwitz theorem that g(C) = d + 1, and thus
dim P(C C) = d — 1. Moreover, the principal polarization on J C induces on P(C, C) apolarization T
of type (1,..., 1, d). We can define the Prym map as the map of moduli stacks:

PRI — A((i]_,.l.‘,],d)’

which maps f : C — C to the isomorphism class of (P(C, C),71).
It is known that the generic fiber of P, is positive dimensional for d = 3,5 ([2]), for d = 7 the degree
onto its image is 10 ([8]) and the map is generically finite for d > 7 ([1]). In this paper, we prove:

Theorem 1.1. The Prym map P, is generically injective for every prime d > 11 such that k := % is

also prime.

Remark 1.2. Itis conjectured that there are infinitely many pairs of prime numbers of the form (k, 2k+1).
These are called Sophie Germain prime numbers. Under this hypothesis on d and k, we will say that
f 1 C — C is of Sophie Germain type.

Our proof has ingredients of different nature. We use arithmetic arguments on abelian varieties of
G L-type to analyze the endomorphism algebra of some Jacobians, combined with the use of theta-
duality techniques inspired by the Fourier-Mukai transform.

More precisely: The automorphism o on C induces an automorphism, denoted by the same letter, on
P := P(C, C) preserving the polarization T and fixing point-wise the kernel of 1, : P — PV. We > prove
first that o is, generically, completely determined by (P, 7). Then, we consider the curve Cy := C/(j),
where j is a lifting of the hyperelliptic involution on C. In the second step, using a result of arithmetic
nature ([5, 15]), we prove that for a generic covering, the only automorphisms of Cy are the identity and,
possibly, the hyperelliptic involution.

Next, we consider the isomorphisms JCy X JCy — P studied in [13] and [11]. We prove, using step
2, that these isomorphisms are unique in general, which allows us to recover canonically from (P, 1)
the curve Cy and a set of automorphisms S; on JCy. _

Finally, we show how to reconstruct the covering f : C — C from these data. The key argument is
that the whole diagram (2.1) is determined by the map &g : Cy — P'. We recover explicitly the fibers
of hy in the following way: We fix a point x € Cy to embed Cj in JCp, and then we compute the theta
dual (as introduced in [12] and used in [6]) of the curves B;(Cy) C JCy. This gives a translation of
the Brill-Noether locus Wi_3(Cp) by an effective degree 2 divisor defined by two points in the fiber
hy '(ho(x)). Varying i, we recover the whole fiber of /g at s (x), and this ends the proof.

In the last sections of the paper, we consider the cases d = 9 and d = 13, which illustrate that
without our assumptions the generic injectivity requires a case-by-case analysis which depends on the
decomposition of d and k in prime numbers.

When d =9, since d is not prime, we have additional curves in the diagram. In this case, a deeper
analysis of the automorphisms that appear in step 3 combined with Galois theory arguments allows us
to conclude the following (see Theorem 4.6):

Theorem 1.3. The Prym map Py is generically injective.
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We finish by studying the case d = 13, providing a necessary condition for the generic injectivity of
the Prym map P;3.

2. Setup and notations

The content of this section is borrowed from [13] and [11]. We will state the results of these two papers
without further quoting. Let f : C — C be a cyclic d-covering of a curve C of genus 2 associated to
a nontrivial d-torsion point 7 € JC[d]. We denote by o both the automorphism of order d on C and
the induced automorphism on JC. The Prym variety of the covering, P := P(C, C), is the component
of the origin of the kernel of the norm map. One easily checks that o leaves P invariant, so we keep
the notation o for the restriction to P. The polarization on J C induces on P a polarization 7 of type
(1,...,1,d) which is invariant by o, that is, there is a line bundle L € Pic(P) representing 7 € NS(P)
such that o* (L) = L. Moreover, we have:

Lemma 2.1. The set of fixed points of o on P is exactly the kernel K(t) of the polarization map
Ar : P — PY. Moreover, K(t) = PN f*(JC).

From now on, we assume that d is an odd prime, and we set g =2k +1.

The hyperelliptic involution ¢ on C lifts to an involution j on C. The dihedral group with 2d elements
generated by j and o acts on C. Notice that all the automorphisms j o o' are involutions on C lifting ¢.
We define the following curves:

Co:=C/{j), C:=C/{joy, ... Cay:=C/od™.

And we denote by 7; : C—>C,i=0,...,d—1the quotient maps. These curves fit in the following
commutative diagram:

C
f - a1
70 !
C CO C1 Cd—l (21)
ho lhl
€ ha-1
Pl
where the maps &, 7o, . .., 14— are of degree 2 and the maps f, ho, h1, . . ., hg—1 of degree d. Moreover,
since d is odd, all the involution in the dihedral group are conjugate to each other, therefore all the
curves C; are mutually isomorphic. Moreover, g(Cp) = g(C1) = ... = g(Cy-1) = k. In fact, all the

maps 7; ramify in six points, one in each preimage by f of the Weierstrass points of C. In particular,
n7 : JC; — JC is injective. From now on, we identify JC; with its image in JC.

Proposition 2.2. (Ortega, Ries). With the notations in the diagram (2.1) and denoting by P the Prym
variety P(C, C), the following statements hold for anyi =0,...,d — 1:

a) JC; C P.
b) The automorphism o sends JCy to JCq_o; fori < k, and to JCrq_o; fori > k.
c) The automorphism f3; := o' + o7 leaves invariant JCy.

A crucial ingredient for the proof of our main theorem is the existence of k isomorphisms:
Wi JCo X JCy —> JCy X JCy_2i — P,

where the first map sends (x, y) to (x, 0" (y)) (fori = 1,..., k), and the second is the addition map.
Let us denote by A : JN — JNV the isomorphism attached to the natural principal polarization on
a smooth irreducible curve N. We will keep this notation for the rest of the paper.
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The pull-back of the polarization 7 to JCy X JCy gives rise to the following commutative diagram:

JCoxJCo—2 o p 2.2)

M.
‘ Ay (o) Ae

/lCO X/ICO v

JCyx JC) —————= JCy X JC) <——— PV,

where M; is the matrix

2 Bi
Bi 2 )
and the automorphisms §;, fori = 1, ..., k of JC are those appearing in the previous proposition.

It will also be useful to know the pull-back of the automorphisms o to JCy x JCy through the
isomorphisms ;. Indeed, we have the following:

Proposition 2.3. For anyi =1,...,k we have the equality:
; 0 -1

oloyi=y;o .

vi=vio({ )

Remark 2.4. Notice that a priori ¢ ({o)) yields d — 1 automorphisms of JCy X JCy. The crucial point
is that only one among them is of type

0 %

1 x|

3. Proof of the main theorem

Our aim is to prove the generic injectivity of the map
Pa: R — AL,
with d = 2k + 1, assuming k and d primes.

3.1. First step: uniqueness of o.

We want to use the automorphism o in order to read from (P, 7) relevant information to reconstruct
(C,C). We shall show that the only automorphisms of P of order d preserving 7 and in fact, fixing
point-wise K (7) (see Lemma 2.1) are the powers o-*.

Proposition 3.1. Let P be a general element in Im(Pg). Then the group of automorphisms
{€ € Aut((P, 1)) | €(x) =x, Vx € K(1)}
is{o) ~Z/dZ.

Proof. Let P and € # Id be as in the statement. We will see that € = ¢! forsomei=1,...,d -1, where
o is as in Section 2. Due to Lemma 2.1, there is an automorphism € : JC — JC such that the following
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diagram is commutative:

0 —> K(r) — fJCxP 25 JC —> 0

[ e |

0 — K(1) — friCxP —5 JC —> 0,

where u : f*JCXP — J C stands for the addition map. According to the diagram, u*€*O, 5(@) equals,
as polarizations, u*O, 5(@). Since u is an isogeny, the kernel of y* is finite and therefore

€'0,:(0)® 0,:(-0)

is a torsion sheaf, in particular belongs to Pic®(J C ). Hence, €0, 5(@) induces the canonical polariza-
tion on J C~’, and thus, by the Torelli theorem, there is an automorphism & on c inducing €. Notice that,
by construction, € is the identity on f*(JC). We claim that Norm s (Id — €) = 0. Indeed, for all x € JC
we write x =y + f*(z), where y € P and z € JC. Then:

(Id-&)(x) =y+ f"(2) = (e(y) + f(2)) =y — €(y).

Since € leaves invariant P, we obtain that Norm s (Id —€) = 0. Let p1,p> € C be two points with
f(p1) = f(p2). Then the norm of p; — py — €(p1) + €(p2) is zero. This implies that f(€(p1)) =
f(€(p2)), hence & descends to an automorphism of C. Since C is generic, this automorphism must
be either the identity or the hyperelliptic involution. The latter it is not possible, since the hyperelliptic
involution induces —Id in f*(JC).

So & preserves the fibers of f and descends to the identity automorphism of C. Therefore, € belongs
to the Galois group of C over C which is the cyclic group generated by o. O

3.2. Second step: determination of the automorphisms on Cy

This subsection is devoted to the study of the possible automorphisms on Cy that will appear in the
third step. From now on, the covering C — C is generic in R¢. Given an abelian variety A, we denote
by End(A) its endomorphism ring and by End’(A) the endomorphism algebra End(A) ®7 Q. Recall
that a CM-field E is a number field with exactly one complex multiplication, equivalently E is a totally
imaginary quadratic extension of a totally real number field. A CM-algebra is a finite product of CM-
fields.

Definition 3.2. The abelian variety A is said to be of G L;-type if for some number field E such that
[E : Q] = dim A, there is an embedding of Q-algebras E < End’(A).

Definition 3.3. The abelian variety A is said to be of CM-type if for some CM-field E such that
[E : Q] = 2dim A, there is an embedding of Q-algebras E < End’(A).

Proposition 3.4. The Jacobian variety JCy is of G L-type.

Proof. This is a straightforward check of Definition 3.2 for the Jacobian variety JCy. The automorphism
B1 determines the subfield E := Q(¢ + ¢é™') € End®(JCy), where & is a primitive d-root of the unity.
Since [E : Q] = (d — 1)/2 = k = dim JC the claim follows. O

Remark 3.5. Notice that the subfield E is totally real and that the Rosati involution acts here as the
identity.

Hence, we can state the following:

Proposition 3.6. For a generic (5 ,C) € R4, any nontrivial automorphism of Co has order 2.
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Proof. Let ¢ be an automorphism of Cy. Let us assume that it has order prime p > 3. This yields the
inclusion Q(¢p,) — E nd®(JCy), where £ p is a p-th primitive root of the unity. It is well known that for
every m|(p — 1) = |Gal(Q({,)/Q)| there exists a subfield K,,, € Q(¢,,) with degree m over Q. Thus, in
particular, there exists a subfield K> := Q(a) € Q({},) with degree 2 over Q. So we have the inclusion
Q(a, &+ &Y € End®(JCp) with

[Qa,é+¢7N) Q] = [Qa,é+&7) 1 Q(E+ED]QE+E7") 1 Q] = 2k.

Therefore, JCy is a CM-type abelian variety, but this is impossible since there are only countably many
such abelian varieties and JCj is a generic element in a positive dimensional family ([3][Section 9.6,
Example 6.6]).

By analogous reasons, we can exclude the case ord(¢) = 2* with 7 > 1. Indeed, the imaginary unit i
would determine a totally imaginary extension of our totally real field E. Finally, if ord(¢) is not prime
nor of the form 2! with ¢ > 1, we can factorize ¢ through maps of smaller prime order and thus conclude
the result. Therefore, it only remains the case p = 2. m]

In [15] (see also [5]), the author shows the following:
Proposition 3.7 ([15], Proposition 1.5). Let A be an abelian variety of G L,-type.

1 If A is not a CM abelian variety, then A is isogenous to A", where A is a simple abelian variety of
GLy-type and r € N.

2 If A is a CM abelian variety, then A is isogenous either to A", where A is a simple CM abelian
variety and r € N, or to A;‘ X A;z, where A; is a simple CM abelian variety and r; € N fori = 1,2

and r; dim Ay = rp dim Aj.
Applying this result to our situation, we have the following:

Proposition 3.8. Assume k be a prime number. Then, any automorphism ¢ of Cy is either the identity
or, potentially, the hyperelliptic involution. In particular, the induced automorphism on JCy is £1d.

Proof. Due to Proposition 3.6, we can assume that the automorphism is an involution. Since there are
only countably many CM abelian varieties, by Proposition 3.7, we have the following two possibilities:
Either JCy is simple or it is isogenous to A}. Suppose that JCy is simple: Either ¢ = Id, or the quotient
of the covering map Cy — Co/(¢) is P'. In the latter case, Cy is hyperelliptic and thus, on JCp, the
automorphism is —/d. Suppose now that JCy is not simple, namely JCy ~ A]. This yields k = r dim A;.
Since k is prime, the only possibility is » = k and dim A; = 1. This leads to a contradiction, since Cy
varies in a three-dimensional family (see Remark 3.9), whereas the moduli space of elliptic curves is
one-dimensional. O

3.3. Third step: recovering (Cy, B, ..., Bx)

The dihedral construction of diagram (2.1) gives a morphism
/8N R — My

sending [C,n] to [Cp]. Notice that this map is well defined since all the curves Cy,...,Cy4-; are
isomorphic. According to Diagram (2.2), the curve Cy together with the automorphisms g; of JCy
determine (P, 7) as a polarized abelian variety. Let us consider the moduli space Dy, of the isomorphism
classes of objects (Co, j, b1, - - -, Bk), where Cp is genus k curve with an embedding j : JCy — P
and the Bs are automorphisms of P leaving JCy invariant. Let Dy — Dy be the forgetful map
(Co, j,B1,---,Br) — Cy. Since the pair (P, T) can be constructed from these data (see diagram (2.2)),
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we have a factorization of the Prym map P, as follows:

P
N~ A
P Dk C Mk
’ T Pa,2
Dy

Remark 3.9. By means of this factorization, Albano and Pirola showed that the generic fibers of Py
have the same dimension as the dimension of the fibers of . Using this, they prove that the fibers of P;
and Ps are positive dimensional (see [2, Remark 2.8]).

The aim of this step is to prove that P, » is generically injective. In the fourth step, we will show that
‘Pa.1 also has degree 1.

We consider isomorphisms ¢ : JN X JN — P, where N is a smooth curve of genus k. We say that
such an isomorphism ¢ satisfies the property (*) if and only if the pull-back of 7 is as in diagram (2.2),
that is:

2y AN ©

Vv _ N NO°Y *

90 O/ITO‘p_(/lNO’y 2/lN) ()

for some y € Aut(JN). In the same way, property (**) holds if ¢ behaves as in Proposition 2.3, that is,
for some automorphism y of JN and some exponent i we have:

O_igga:(po((l) ;l) (**)

Then, we define the intrinsic set attached to (P, 7, (o))

AP, 7,{0)) :={(N,¢) | ¢ : JN XJN — P satisfies (%), (xx) for the same y € Aut(JN)}.phi.

3.1
Proposition 3.10. Let (P, 7, {0)) be generic in the image of Py. Then for all (N, ¢) € A(P,7,{0)), we
have that:
a) N = Cy;

b) y=8iforaniinl,--- k.

Proof. Let (N, ¢) € A(P,1,{0)). We fix i, the exponent appearing in (#x). The composition:

v
F:JNXJN ¢ P JCo x JC,,

), provides an isomorphism such that the polarization in

whose associated matrix is of type F = (2 g

JCy X JCy with matrix:

20cy, Ay ° Bi
A := 0 0 ,
0 (/100 ofi 2A¢,

https://doi.org/10.1017/fms.2024.42 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.42

8 J.C. Naranjo, A. Ortega and I. Spelta

pulls-back to the polarization on JN X JN with matrix:

Ay = ( 2Av An 07).

Anoy 2An

Considering the restriction to JN x {0} and projecting to the first factor JCp, we get a commutative
diagram as follows:

JN —“ 3 JNxJIN —E 5 jcy x JCy -2 JCy

lu N lAN le luo (3.2)

JNY o JNY X JNV (F—V JCg ><]C0v < JC(\)/.

Indeed, the dual of ¢ is pr; and the polarization induced by Ay on JN is exactly Ay . Therefore, the map
prioFou:JN — JCy satisfies that the pull-back of twice the canonical polarization on JCy is twice
the canonical polarization on JN. Hence, (JN,B®y) = (JCy,O¢,). By the Torelli theorem, N = Cp.
This proves a).

In order to prove b), we fix an isomorphism N = Cy and we look again at diagram (3.2) (by an abuse
of notation we still use the letter F). The composition prj o F ot : JCy — JCy corresponds to the piece
A in the matrix of F. Hence,

240 = 2AY A,

that is, A preserves the polarization on JCy. Thus, A comes from an automorphism of Cy. By Proposition
3.8, we obtain A = +Id. Replacing ¢ by ¢, (the restriction to the second factor of JCy X JCy) and,
analogously, pr; by pr; in diagram (3.2), we obtain D = +/d. In order to study the terms B and C recall
that, by assumptions (property (**)), for a certain unique i, we have

; 0 -1
oglop=po s 3.3
p=¢ (1 y ) (3.3)
and, thanks to Proposition 2.3, the same occurs for ¢; with og, := ((1) ;) Therefore, we have the
L

following diagram:

JCox JCy —E— JCyx JCy

lcry lrrﬁi (3.4)

JCo X JCy —E— JCy x JCy,

where o, is the matrix in (3.3). Now, we analyze the possibilities for F.

1. Let F = (Ig I]il) The commutativity of the diagram above says that B = —C =0 and y = 3;.
Id B \. ..
2. Let F = (C —Id) in this case B = —C and y = §3;.
And the same occurs for the other configurations. This ends the proof. O

3.4. Fourth step: theta duality.

The first three steps show that the curve Cy and the set of automorphisms {g1, . .., Bk} of JCy can be
recovered from the initial data (P, 7, (o")). We shall prove that these automorphisms determine the map
ho : Co — P! appearing in Diagram (2.1).
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Let us recall the definition of the theta-dual of a subvariety X of a principally abelian variety (A, 74),
with dim(X) < dim A — 2. Fix an effective theta divisor ® representing the polarization 4.

Definition 3.11. The theta-dual T (X) of X is set-theoretically defined by
T(X)={a€A| X CO+a}.

That is, we consider the set of translates of X contained in the theta divisor or, equivalently, the set
of a € A such that X is contained in ¢* ,(©), where ¢, stands for the translation x +— x + a. Notice that
changing the effective divisor representing the principal polarization 7 (X) is modified by a translation.

Pareschi and Popa gave a natural scheme structure to 7'(X) for any closed reduced subscheme X (see
[12, Def. 4.2]) by defining 7'(X) in terms of the Fourier—Mukai transform on A; more precisely, 7'(X)
becomes the support of an explicit sheaf on A. They also proved (see [12, Section 8]) that for a smooth
curve N embedded in its Jacobian it holds, up to translation, T(N) = ~Wg(n)-2(N), where W (n)-2(N)
stands for the Brill-Noether locus of effective divisors of degree g(N) —2 translated to JN by subtracting
some @ € Pic8™V)=2(N). Similar results for Prym curves in their Prym varieties are obtained in [6].

The key idea in this part is to compute the theta-dual of the curve 8;(Cy) embedded in JCy and use
this to recover the whole map hy.

Observe that in the Jacobian JCy (of genus k), we can give a canonical definition of the set 7'(X) by
representing it in the torsor Pic*~!(Cp), where the theta divisor is canonically identified with Wj._1 (Cp).
We change slightly the notation to avoid confusion, so for any subscheme X C JCy we define the
following:

Definition 3.12. The canonical theta-dual T’ (X) of X c JCy is set-theoretically defined by
T'(X) = {¢ € Pic" ™1 (Co) | X +¢ € " = Wiy (Co)}-
Let us fix from now on a point x € Cy, and consider the injection ¢y : Cy < JCp, p — [p — x]. Our
aim is to compute 77 (B; (1 (Cp))) € Pick=1(Cy).
Observe that to use the definition of §; we need to see JCy = 7;(JCp) as a subvariety of P. Given a

point p in Cy, tx(p) = [p —x] appears as [p’ + j(p') —x" — j(x')] € P, where x’, p’ € C are preimages
of x, p, respectively. We denote by

p.p'li=0(p),....p'd=1=p2k =04 (p)

the whole fiber f~!(f(p’)) and analogously for x’. We denote by p; (resp. x;) the image of p’i (resp.
x’1) in Cy. With these notations, we have:

Proposition 3.13. Assume that k > 4, then the following equality holds in Pic*~'(Cy):

T'(Bi(1x(Co))) = xi + xa-i + Wi_3(Cop).

Proof. Following the previous notation, the action of 8; = o/ + o on [p’ + j(p’) — x" — j(x’)] is as
follows:

[ (p")+ () +o (p)+ o ' (j(p) =o' (&) =o' (j(x') =7 (x)) =o' (j(x")] =
[pli+j(p'd=i)+p'd—i+j(p'i)—xi—jx'd—i)—x'd—i-jx'i)]=
A+ )([pli+pd-i-x"i—x"d-1i]).

Then, as element in JCj, we have obtained that:

Bi([p = x]) = [pi + pa-i —xi — Xa—i].
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Observe that these points describe the fiber hal (ho(x)), more precisely, as divisors:
hyt (ho(x)) =X +X1 +. .. +X41. (3.5)
By definition, & € T’ (B;(tx(Cp))) means that:
hO(C0,§ +pi+ Ppa—i —Xi —Xgq-i) >0, for all p € Cy.

If £ is of the form x; + x4—; + E for some effective divisor E, the condition is satisfied trivially,
hence x; + x4-; + Wi—3(Co) C T'(B;i(tx(Cp))). To prove the opposite inclusion, we consider & €
T (Bi(1x(Co))). If h°(Cy, & — x; — x4_;i) > 0, then we are done. So assume h°(Cy, & — x; — x4_;) = 0.
Set L := K¢, — (£ — x; — xj_q). By Riemann—Roch theorem,

W(Co, L) =2k —2— (k=3)—k+1=2.

Hence, L is a line bundle of degree k + 1 with h1°(Cy, L) = 2 and such that #1°(Cy, L — p; — pg_i) > 0
for all p;, pa-i € Co, namely, L gives a g11<+1 whose associated map ¢ satisfies ¢ (p;) = oL (pa-i)-

Now, let us take p € Cy such that no points in the fiber ha‘ (ho(p)) are in the base locus of L. Then
this shows, as before, that o7 (p;) = ¢r(pa-i). Set now g = pg-»;. The same argument proves that
eL(pa-i) = ¢L(q:) = ¢L(qa-i) = ¢r(P2a-3i)-

Proceeding in this way, one can prove that 7 (p;) = ¢1.(pa—i) = ... = @1 (Pi+h(a-2:)) for all h. Since
d is an odd prime which does not divide i, we can write every element p ; in the form p; = p;ip(a-2:) for
a certain /. This shows that the whole A Y(ho(p)) is contained in the fiber of ¢, which is impossible
since hg has degree d = 2k + 1. O

Remark 3.14. The proposition allows recovering intrinsically the class of the divisors x; + x4—; since
there are no translations leaving invariant Wy ,_1)-3(Co). It may well happen that x; +x4_; would belong
toa g; linear series, since we have not excluded the possibility of Cy being hyperelliptic. Assume that this
is so for a generic point in Cy, that is, for a generic p there is an index i such that h°(C, O(p;+pa_;)) = 2.
We can assume that 1°(C, O(x; + x4_;)) = 2 for the fixed point x we used to embed the curve. Then
Bi1(p —x) = p1 + pa-1 — xi — xq-1. Replacing p for a convenient point p’ in the same fiber we obtain
Bi1(p’ —x) = pi+ pa-i —x; —x4-1 = 0 since both divisors represent the hyperelliptic linear series. This
contradicts that 81 is an automorphism.

Proof of Theorem 1.1. Tn order to show that the Prym map P has generically degree one, we factorize
it as 7351 o Pfl and we show that both maps Pl.d have generically degree one.

Let (P(C,C), 7) be a generic element in Im(P<). The first three steps of the proof are devoted to
the generic injectivity of Pg. First, we show that the triplet (P(C, C), T, o) is uniquely determined by

(P(g ,C), 7). In the second step, we show that the only possible automorphisms of JCy are +/d. This
allows us to prove in the third step, that the fiber of Pzd above (P(C,C),7) is given by the element
(Co,B1>- - Br)-

The last step is devoted to the generic injectivity of Pld . Let (Co, B1, . .., Bk) be a generic element
in Im(’Pld). According to Proposition 3.13; for a fixed x € Cp, we obtain intrinsically the subset
Xi + Xg-i + Wr_3(Cp). A classical result of Weil (cf. [14, Hilfssatz 3]) states that Wy_3(Cp) is not
‘translation invariant’, that is, if @ € JCy satisfies that @ + Wi_3(Cp) = Wr_3(Cp), then @ = 0. This
says that x; + x4_; is uniquely determined in Cyp. Varying i = 1, ..., k and using (3.5), we get that for
all x € Cy the fiber of hg containing x is recovered. Now, by construction the map A is ramified over
six points in P!, which are also the images of the Weierstrass points of C by &. Therefore, £ : C — P!
is determined by h. The fiber product of & : C — P! and hg : Cy — P! gives the map C — C. This
finishes the proof. O
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4. Cased =9

This section is devoted to the analysis of the case d = 9, which is no longer a prime number. Due
to the structure of the dihedral group Dy, the corresponding diagram is more complicated since
new intermediate quotients of the curve C and of the curves C; appear. Indeed, the situation can be
summarized in the following diagram:

sy

4.1

The curves C; correspond to the quotients C /{jo"), the curve C’ := C /{o?) and, finally, the curves
E; are obtained as C/(j ol 0'3). Hence, E; and E; are exactly the same curve if i — j is a multiple of 3.
The map f’ is étale of degree 3, while the maps C — E; (composing C — C; with C; — E;) are Galois
of degree 6 with Galois group (jo!, o>) = D3. We have that g(C’) = 4, g(C;) = 4 and g(E;) = 1. By
congruence modulo 3, it is sufficient to consider the first three quotient curves Cy, C1, C; (respectively,
Ey, E1, E,). Moreover, since the three dihedral groups (j, o3), (jor, o3), and (jo2, o) are conjugated
in Do, all the curves E; are isomorphic. Finally, notice that the non-Galois degree 9 maps h; : C; — P!
factor as noncyclic triple covers f; : C; — E; composed with some degree 3 maps E; — P! ramified
exactly over the Weiestrass points of C. The map fy : Co — Ey decomposes JCy up to isogeny as the
product Ey X P(Cy, Ep), where P(Cy, Ep) is the three-dimensional abelian variety defined as the Prym
variety associated with fp.

A step-by-step analysis of Proposition 2.2 and Proposition 2.3 shows that they remain true in case
d = 9 too. Indeed, we have:

Proposition 4.1. Fori =1, ...,4 the following properties hold.

1. The automorphisms 8; = o + o restrict to automorphisms of JC.
2. The maps r; : JCo X JCy — P, sending (x,y) to x + o' (y) are isomorphisms of polarized abelian
varieties such that

2Ac, Acy° Bi
v L 0 0 .
° i ”""”l‘(moﬁi 20¢, )
_ ; 0-1
OwilOO—lolﬁi:(l ﬁl)'

Since both 7y and f; are ramified maps, we have the inclusions Ey c JCy C J C. More precisely, we
have the following:

1
Proposition 4.2. The map fy : Co — Ey is given by the composition Cy — JC ﬂ Ey. In

particular, Eg = Im(1 + j)(1 + B3).
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Proof. Let us focus on the following part of diagram (4.1):

E ™ =G/
lfx Is 42)
¢’ =C/{o?) — Eo=Cl{a, ).
Let

x,o-(x),...,o-g(x) resp. jx,o-(jx),...,o'g(jx)

be the whole fibers £~!(f(x)),resp. f~'(f(jx)). By construction, the map f’ identifies [x] = [0 (x)] =
[0®(x)]. By the commutativity of the diagram, we also have Eq = C’/{j). Thus, in Eo, we get the 6 : 1
identification

[x] = [0? ()] = [0°(0)] = [jx] = [jo ()] = [jo° ()]. (4.3)

Obviously, the analogous holds true for the fiber of o-(x) and of o2 (x).

By definition, in Cp, we have [x] = [jx], [°(x)] = [jo3(x)] = [¢®(jx)], and [c®(x)] =
[jo®(x)] = [0 (jx)]. The commutativity of Equation (4.2), together with Equation (4.3), gives us the
3:1 map fy. As we already know, JCy = Im(1 + j). Thus, we get JEg = Eq = Im(1 + j)(1+ 03 + 0©).
Finally, it is easy to check that composing with the natural injection ¢, : Cy < JCy, p — [p — x], we
obtain the map fp. O

As a consequence, we get the following:

Proposition 4.3. The automorphisms B, B2, Ba restrict to —1d on Ey, while B3 acts as multiplication
by 2.

Proof. 1t is a straightforward computation using that Eo = Im(1 + j)(1 + o3 + ©), the fact that ;
commutes with (1 + j)andthat | + o +---+ 0% =0o0n JC. O

Let & be a ninth primitive root of unity. In what follows, we want to describe more explicitly the
automorphisms S;. First, we recall that the following equalities hold:

[Q(¢) : QI =[Q(¥) : QE+¢h][QE+¢T) :Ql=2-3=6. (4.4)
The action of o on HO(E, a)g) decomposes as follows ([7, Section 3])
8
H(C,wz) = @ H(C,wc ®7'), (4.5)
i=0
where H(C, wc ® ') is the eigenspace corresponding to the eigenvalue &’. This yields the following:
Proposition 4.4. The automorphisms B; act on ToJ Cy as the diagonal matrices
diag(gh + &7, g2 4 &2 g3 4 g3 gy gty
Therefore, up to permutation of the eigenspaces, the automorphisms Sy, 82, 84 correspond to the

matrix diag (& + &3,&% + &7,&% + £, —1) while B3 is given by diag(—1,—-1,—-1,2). As an immediate
consequence, we get the following:

Proposition 4.5. The Prym variety P(Cy, Ey) is of G Ly-type.
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Proof. Using the description of the automorphisms S; : JCyp — JCy as a diagonal matrix, together with
Proposition 4.3, we obtain that they restrict to automorphisms of P(Cy, Eo). Therefore, F := Q(£ +£7")
is embedded in Endy(P(Cy, Ep)). Since, by Equation (4.4), F is a totally real cubic field, we conclude
that P(Cy, Ey) is of G L-type. O

Now, we have all the ingredients to prove the following:
Theorem 4.6. The Prym map Py : R° — Aél """ L9 s generically injective.

Proof. The proof traces the one given in case of d, k prime numbers. The main difference here is that
instead of recovering hgy : Cop — P!, we recover the map fp : Co — Ep.

Let (P, 7) be a general element in Im(Py). By Proposition 3.1, we obtain the triplet (P, 7, {0)).
Thus, as in Equation (3.1), we define the set A(P, 7, (o). Since, by Proposition 4.1 also in case of d = 9
the maps i; are isomorphisms of polarized abelian varieties, we can use Proposition 3.10 to recover
the curve Cy. Using the same proposition (the second part of its proof where property (sx) is exploited)
one can show that y is of the form ¢~!B;¢ for an i € {1,2,3,4} and for ¢ an automorphism of JCy
(compatible with the principal polarization, but this will not be used).

Now, using the obtained automorphisms y’s, we consider the one-dimensional images Im(y + Id).
By Proposition 4.3, these images are the curves Egy or ¢(Ep). We do not take into account higher-
dimensional images, that is, the ones coming from S3; or from qﬁ_l Bi¢ fori =1,2,4. By Proposition 4.2,
we get the map fp in case of y = B3, resp. the map Cy — ¢(Ep) in case of y = ¢~ B3¢. In this way,
we conclude the result. Indeed, by definition, the qalois closure of C — E( does not depend on the
automorphism of the base. This yields the element C — C € R’ we are looking for. )

5. Cased =13

This section is devoted to the analysis of the case d = 13, where d is a prime number, whereas k = 6 no
longer is. This prevents us to use the full Proposition 3.10, so one has to characterize the set A(P, 7, {0"))
defined as in Equation (3.1). The diagram to keep in mind is the following:

c
SN
C Co
\y
&
Pl

We recall that g(Cy) = 6 and that 8; = o/ + o~ are automorphisms of JCy not preserving the
polarization. The second step of Section 3 yields the following:

5.1

Proposition 5.1. The Jacobian variety JCy is of G La-type which is either simple or is isogenous to X",
where X is a simple abelian variety of G Ly-type and r € N. Moreover, any automorphism of the curve
Cy is an involution.

Proof. It follows from Propositions 3.4, 3.6 and 3.7(§1). ]

We have the following:

Corollary 5.2. Fora general C — C, the Jacobian variety JCy is either simple or isogenous to the square
of a simple abelian threefold. In the first case, any involution induced on JCy from an automorphism of
Cois £1d.

Proof. Indeed, we have to exclude that JCj is one of the following cases:

1. E®, where E is an elliptic curve,
2. S3, where S is a G L,-type abelian surface.
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This follows from a dimensional argument. The first case is excluded because the moduli of elliptic
curves is one-dimensional. In the second case the moduli of abelian surfaces is three-dimensional, but
the endomorphism algebra of the generic element is Z, and this is not compatible with our assumptions
on the endomorphism algebra of S, so it can be also ruled out. O

Thus, in order to conclude the generic injectivity of 3, it only remains to exclude the case JCy ~ T?
(which prevents us to obtain a result as in Proposition 3.10). Such configuration is realized when an
involution ¢ acts on Cy with quotient a genus 3 curve C’0. That is, the 2:1 covering Cy — C’0 = Cy/{¢)
is branched in two points and such that T ~ JC’0 ~ P(Cp, C’'0) is a G L,-type threefold. One should
then show that this does not occur for the general curve Cy of the three-dimensional family appearing
as a quotient of C.
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