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Abstract: Spontaneous photon emission by atoms is a fundamental quantum process with sig-
nificant implications for quantum technologies. We study the dynamics of N laser-driven two-level
atoms interacting with the electromagnetic vacuum and spontaneously emitting photons. Although
the framework of master equations for the density matrix provides a rigorous description of this
process, its computational cost scales exponentially as ~ 22V . As an alternative, we implement the
quantum jump method, a stochastic approach based on averaging over quantum trajectories. We
begin with the case of a single atom and then extend the analysis to a chain of closely spaced atoms,
focusing on the error scaling in the stochastic method. By comparing computational performance,
we find that the quantum jump approach becomes increasingly advantageous for larger systems.
These results establish quantum trajectories as a reliable and efficient tool for simulating collective

spontaneous emission in complex quantum systems.
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I. INTRODUCTION

Spontaneous photon emission is one of the most funda-
mental quantum processes, arising from the interaction
between a quantum emitter and the vacuum fluctuations
of the electromagnetic field. Control over this process
is crucial in quantum technologies. For instance, tailor-
ing decay rates enables the creation of on-demand single-
photon sources for quantum communication, and extends
qubit coherence in quantum computing [1].

The rate at which an excited atom decays depends
on several factors, including the strength of its electric
dipole transition and the density of available electromag-
netic modes at the transition frequency. When a second
atom is placed nearby, the decay dynamics can be signif-
icantly altered due to the indirect interaction mediated
by the shared vacuum field. This interaction leads to col-
lective radiative effects such as superradiance (enhanced
emission) and subradiance (suppressed emission) [2, 3].

Modeling the dynamics of such systems, especially
when extended to many atoms, is highly nontrivial, due
to the high number of photonic and atomic degrees of
freedom involved. For many-body dipole—dipole coupled
systems, one typically employs a density-matrix master
equation which rigorously describes the open-system evo-
lution of the atomic ensemble [4]. However, even under
the simple assumption of atoms at fixed positions (ne-
glecting motion), the size of the Hilbert increases expo-
nentially with the number of atoms. This scaling severely
limits the applicability of exact numerical methods based
on the density matrix formalism.

To address this challenge, we explore an alternative
approach based on the quantum jump (or quantum tra-
jectories) formalism. This method, developed in parallel
by several groups [5, 6], provides a stochastic unraveling
of the master equation in terms of individual quantum

trajectories, offering a conceptually intuitive and com-
putationally efficient framework. In particular, quantum
jump simulations scale more favorably for systems with
many atoms and can reveal dynamical features, such as
intermittent emission and correlations, that are obscured
in ensemble-averaged treatments.

In this work, we apply the quantum jump formalism
to obtain the dynamics of a system of atoms undergoing
spontaneous photon emission and driven by a laser field.
We first analyse the case of a single atom, and then ex-
tend the study to an atomic chain where dipole—dipole
interactions play a significant role. We focus on analysing
the error performed by the stochastic unraveling com-
pared to exact integration of the master equation.

II. THEORETICAL FRAMEWORK
A. Lindblad Master Equation for a Single Atom

We consider a quantum system consisting of a single
atom that can only occupy two energy levels (a two-level
atom): the ground state |g) and the excited state |e).
This atom interacts both with the set of modes of the
quantized electromagnetic field in its ground state and
with a classical, monochromatic laser field. On the one
hand, the interaction with the vacuum is responsible for
the phenomenon of spontaneous emission and therefore
introduces dissipation and irreversibility into the system.
On the other hand, the classical field can excite the atom.
It is the fact that the laser has a well-defined frequency,
close to a single atomic transition, that justifies the two-
level atom approximation.

The light field (or more precisely, the continuum of
vacuum photon modes) has an effectively infinite number
of degrees of freedom, making it impossible to track its
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dynamics in detail. A standard approach in quantum
optics is to treat the atomic system as an open quantum
system, coupled to an external bath corresponding to the
light field. In this case, the system does not follow a
unitary evolution governed by the Schrédinger equation.
Instead, a more general description based on the atomic
density matrix must be adopted.

By tracing out the photonic degrees of freedom and
under the Born-Markov approximation [4], it is possible
to arrive to a differential equation only depending on the
atomic reduced density matrix, known as the Lindblad
master equation (from now on A = 1):

Ohp = —i [Mo, p] + L(p). (1)

Here, the first term is unitary and describes the co-
herent dynamics of the system (it is essentially the
Schrodinger—von Neumann equation). The Hamiltonian
Ho describes the atom—laser coupling, which can be writ-
ten in the rotating wave approximation as:

Ho=—60"T0" + %(O’Jr +o07), (2)

where ot = |e) (g| and 0~ = (67) = |g) (e| correspond,
respecively, to the creation and anihilation operators of
an atomic excitation. The parameter 6 = wy — w4 is
the detuning between the laser and atomic frequencies
and Q = —d&, is the Rabi frequency and characterizes
the coupling between the atomic dipole d and the laser
electric field (the strength of the atom—field coupling).

In contrast, the second term of the master equation
corresponds to the Lindblad dissipator, which renders
the dynamics non-unitary and represents the interaction
with the external photonic bath. For a single atom in free
space and interacting with the electromagnetic vacuum
it acquires the following form:

T
Llp)=5 (20 pot —oto p—potoT),  (3)

where I' = d?wi/3mc3eq is the spontaneous decay rate,
i.e., the probability per unit time that the system under-
goes a spontaneous transition from |e) to |g).

B. Lindblad Master Equation for N Atoms

When several atoms couple to the same radiation
mode, this induces coherent dipole-dipole interactions
between the atoms and collective spontaneous photon
emission. Following the same procedure as for a single
atom, a master equation of the Lindblad form Eq. (1)
can be derived [7], now with:

N Q N N
Ho = —0 Zaf05+52(0i++0[)+ > Jyoie;,
i=1 i=1 ij=1
o
N
Lip)= Y Q05 pot —afoyp—poiof). (4)
ij=1
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Here the operators o;" and o; correspond to the creation
and anihilation operators of a single excitation of the i-th
atom. The Couplings Jij = %[GU] and Fij = 72%[Gij]
are determined by the real and imaginary parts of the
Green’s function propagator, which dictates how the pho-
ton propagates between two atoms at distance r;;. In the
case of a chain of atoms transversally polarized with elec-
tric dipole moment transverse to the chain axis, it takes
the simple form G(r) = (3Te*" /4k37r3)(k?r? + 3ikr — 3).

C. Quantum Jump Approach

We present here an alternative approach using a wave
function treatment to describe the atomic system. The
apparent incompatibility between such a wave function
approach and the inherent irreversibility of the sponta-
neous process we are dealing with is lifted by introducing
repeated gedanken measurements on the atomic system
simulating the detection of the spontaneously emitted
photons. The random result of each of these measure-
ments determines the atomic state afterward and is at
the origin of the irreversibility.

Let us begin by rewriting Eq. (1) in the following form:

Oip = —i[Hest, pl, + Lo~ po™, (5)

where we define the effective non-Hermitian Hamiltonian
as Heg = Ho — iga+o_ and the commutator [4, B], =
A.B— Bf. Af,

We now assume that all spontaneously emitted pho-
tons are detected with a perfect photon counter, and
we perform a measurement at time t + dt to determine
whether a photon has been emitted. Depending on the
outcome of this measurement (either 0 or 1 detected pho-
tons), the system’s wave function |¥ (¢ + dt)) is projected
accordingly, resulting either in a quantum jump to the
ground state or a no-jump evolution.

The probability that a spontaneous emission occurs
during the infinitesimal time interval dt is given by dp =
['|ce|?dt, where c, is the excited-state amplitude of the
wave function |¥(¢)). Numerically, in order to mimic
the randomness of the measurement result, we choose a
random number € uniformly distributed between 0 and
1. The two possible cases € > dp and € < dp correspond,
respectively, to the detection of 0 and 1 photon.

In the case where no photon is detected (that is, no
quantum jump occurs), the system evolves under the
action of the non-Hermitian Hamiltonian Heg. This
non-unitary evolution leads to a gradual decrease in
the norm of the wave function, reflecting the probabil-
ity loss due to possible emission. The state evolves as
| (t+ dt)) = exp (—iHendt) |U(t)), which must then be
normalized. On the other hand, if a photon is detected
during dt, this implies that the atom has spontaneously
decayed from the excited state to the ground state. In
this case, the wave function undergoes a quantum jump
and collapses to |U(t+ dt)) = |g). These two possible
evolutions define the stochastic dynamics of the system
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under continuous photodetection, forming the basis of
the quantum jump formalism.

This method can be directly generalized to the
N atom case, replacing Hy by the expression in
Eq. (4). Also, there are now N independent decay
channels described by the operators O, = Y, Vo, ,
k € {1,--- N}, where V/* are the coefficients of the
eigenstates of the I';; matrix. Once the photon emission
takes place, the atoms are projected to one of the states
| (t+ dt)) = O |¥(t)) with probability proportional to
pr = (P(t)] O;LOk |¥(t)), and normalized to 1 [§].

Error quantification.— In order to compare both
methods, we can use the trace distance, a quantitative
measure of the distinguishability between two quantum
states. Given two density matrices p and o, the trace
distance is defined as

T(0.0) = 5T |- ©

Physically, the trace distance quantifies the maximum
difference in measurement outcome probabilities between
the two states under optimal measurement. A value of
T(p, o) close to 0 indicates that the states are experimen-
tally indistinguishable, while a value of T'(p, o) close to 1
means that they are perfectly distinguishable.

We choose p = pjump = Zf\[:tl“ |U), (¥, /Nizaj as
the state obtained over many quantum jump trajecto-
ries (here |¥), denotes the state obtained within a single
trajectory i), while 0 = pexact 1S the state computed by
direct integration of the master equation. Hence, a small
trace distance between pjump and pexact proves that the
quantum trajectories method faithfully reproduces the
dynamics predicted by the master equation.

III. RESULTS
A. Single-atom Population Dynamics

The Lindblad master equation Eq. (1) yields for each
density matrix component a set of differential equations,
commonly known as the Optical Bloch Equations (OBE):

Q

atpee = 15 (pge - peg) + Fp667 (7)
Q .

atpge = 7'5 (pgg - pee) - ('L(s + 2) Pges (8)

and atpgg = _8tpeea atpeg = (atpge)*~

Using the fourth-order Runge-Kutta method, we can
numerically solve the OBEs exactly and observe the
evolution of, for example, the excited-state population
pee = (N), where it = o700~ is the excitation number
operator. This is shown in Fig. 1, for different values of
the system parameters §/§ and I'/.

To begin with, we consider the role of the detuning
d. As the system moves away from resonance (6 = 0),
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FIG. 1: Time evolution of the excited state population pee
for different values of detuning § and decay rate I' in units of
Rabi frequency 2.

the excitation probability is expected to decrease, since
the laser becomes less effective at driving transitions. In
addition, the population oscillates with a renormalized
frequency /2 + §2/4. In parallel, we also explore the
influence of the decay rate I', which leads to a damping
in the oscillations. Increasing I' reduces the population
of the excited state and leads to faster relaxation towards
the ground state.

Next, we may ask whether the wave function approach
yields similar behavior. To investigate this, we employ a
Monte Carlo method; that is, we generate a large num-
ber of individual stochastic trajectories of the system, as
explained in Sec. II C. We define the average excitation
number over Ni,j different simulated trajectories as:

(i =5 2 () )

and evaluate the estandard deviation of the mean as:

Niraj

A7) 2 ] . (10)

1 . -
Vs — g (@)} - ()2,

This corresponds to the standard deviation of a single
trajectory divided by +/Ntraj-

Having qualitatively verified that the wave function
approach reproduces the same behavior as the solution
of the master equation, we now aim to quantify the
error introduced by this alternative method and how
it depends on the number of trajectories used. Since
the exact time-dependent density matrix is known from
solving the OBEs, we can compute the trace distance
T'(pjump, Pexact) as defined before and for different num-
ber of trajectories.

In Fig. 4, we show T'(pjump, Pexact) for a single atom
as a function of the number of trajectories (solid red cir-
cles), in logarithmic scale for both axis, together with the
many-body case results that will be studied later. The
results clearly exhibit a power-law decrease in error with
the number of trajectories, following a 1//Nyya; scaling.
This behavior is expected due to the statistical nature of
the wave function approach. Assuming each trajectory
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FIG. 2: Time evolution of the excited state population of a
two-level atom: (a) driven and initially in the ground state
(T'/Q2=0.2,6/2=0.1), and (b) undriven and initially in the
excited state (2 = 0). The excited state population (7)) = pee
from the master equation (solid black line) is compared with
the trajectories average (n), (full circles), for the number of
trajectories Ni;aj indicated in the legend. The error bars rep-
resent the calculated standard deviation of the mean. Addi-
tionally, three sample trajectories are shown in each subplot,
illustrating individual quantum jumps.

is independent, and according to the central limit theo-
rem, the error in the mean value of an observable must
decrease proportionally to 1/4/Niaj, as in typical Monte
Carlo methods.

B. Many-body Population Dynamics

Similarly to the single-atom case, we can verify if the
wave function approach accurately captures the time evo-
lution of the system in the many-body case. In Fig. 3, we
plot over time the ensemble average excitation number,
(n),,, defined in Eq. (9) now with 2 = Zjvzl a;.ra;. This
represents the average over all trajectories of the quan-
tum mechanically expected value of the number of ex-
cited atoms. We can see that the quantum jump method
successfully reproduces the expected behavior of the sys-
tem. In contrast to the single-atom results shown in
Fig. 2, where quantum jumps manifest as discrete transi-
tions between just two levels, here each event signals the
decay of one atom from the excited to the ground state,
and the overall dynamics arise from the accumulation of
these individual processes.

In addition, we investigate how the error evolves as a
function of the number of trajectories Niaj used, and if
this dependence is influenced by the atom number N.
Fig. 4 shows that, as N increases, the value of the trace
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FIG. 3: Time evolution of the average excitation number for
N = 3 two-level atoms: (a) driven and initially all atoms in
the ground state (I'/©2 = 0.2, §/©2 = 0.1), and (b) undriven
and initially all atoms in the excited state (2 = 0). Results
from the master equation () (solid black line) are compared
with the trajectories average (n), (full circles), for the num-
ber of trajectories Niraj indicated in the legend. The error
bars represent the calculated standard deviation of the mean.
Additionally, three sample trajectories are shown in each sub-
plot, illustrating individual quantum jumps.

distance also increases. While we still observe an ap-
proximate power-law scaling ~ 1/4/Niraj in the error,
deviations from this trend become more pronounced as
the system size increases. This is possibly due to the nu-
merical inaccuracy of the solver for the unitary evolution
(Runge-Kutta method), as we expect the error will in-
crease as the Hilbert space dimension increases. It could
in principle be reduced by decreasing the tolerance error
in the integration method.

Another comparison that can be made between the
two approaches concerns the computation time required
by each method as a function of the number of atoms
in the system. In Fig. 5 we observe that initially, the
quantum jump method is significantly slower than the
exact approach. However, for a system of N two-level
atoms, the Hilbert space has dimension 2%V, and thus the
density matrix involves 22V elements. This leads to a
computational cost that scales exponentially with ~ 22V
for the exact master equation approach. In contrast,
each individual quantum trajectory requires the time
evolution of a wave function of size 2V, resulting in
a milder scaling, ~ 2V. Therefore, as the number of
atoms increases, the difference in computational cost
between the two methods decreases, eventually reaching
a point where the quantum jump approach becomes
computationally more efficient than the exact method.
However, we note that the number of trajectories Niyaj
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FIG. 4: Trace distance T'(pjump, Pexact) between the exact den-
sity matrix and the one reconstructed from quantum jump
simulations, as a function of the number of trajectories, for
different N. A clear power-law decrease (~ N;;ju) in the er-
ror is observed as the number of trajectories increases, while

the trace distance increases with larger N.
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FIG. 5: Scaling of computation time with atom number N
using the density matrix formalism and the wave function
approach. Both methods were simulated using 50 time steps;
100 trajectories were used for the wave function approach.
Simulations were performed on a 4-core machine.

required to achieve a given level of accuracy also affects
the overall cost of the jump approach. As the trace

distance decreases as ~ 1/,/Niaj, improving precision
demands more simulations. Consequently, the crossover
point where the quantum jump method becomes advan-
tageous shifts towards higher atom numbers as stricter
accuracy requirements are imposed.

IV. CONCLUSIONS

In this work, we explored the dynamics of open quan-
tum systems through the case of laser driven two-level
atoms coupled to the electromagnetic vacuum. Using
the Lindblad master equation formalism, we modeled the
dissipative and coherent dynamics of the system both
in the single-atom case and in the many-body regime,
where collective effects became relevant. We also imple-
mented and analyzed the quantum jump approach as an
alternative numerical method to simulate open quantum
systems. Despite its stochastic nature, we showed that
the trajectory-averaged dynamics obtained via quantum
jumps reproduced the results of the exact master equa-
tion with high fidelity. Specifically, we used the trace dis-
tance as a quantitative measure of agreement between the
two methods, and confirmed that the error decreased as
1/+/Niraj, consistent with the expected scaling of Monte
Carlo methods. We also found that the trace distance
between the quantum trajectories and the exact result
increased with the number of atoms, but the 1/y/Niyaj
scaling remained approximately valid.

Finally, we compared the computational efficiency of
both approaches. Although direct integration of the mas-
ter equation was initially more efficient, we find that
for sufficiently large systems, the quantum jump ap-
proach became computationally advantageous, offering
a scalable method for simulating the dynamics of open
many-body quantum systems. These results validated
the quantum jump method as a reliable and efficient al-
ternative for solving Lindblad-type master equations.
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Resum: L’emissié espontania de fotons per part dels atoms és un procés quantic fonamental
amb implicacions importants per a les tecnologies quantiques. Estudiem la dinamica de N atoms de
dos nivells excitats per laser que interactuen amb el buit electromagnetic. Tot i que el formalisme
d’equacions mestra per a la matriu de densitat proporciona una descripcié rigorosa d’aquest procés,
el seu cost computacional escala exponencialment com ~ 22~. Com a alternativa, implementem el
metode de salts quantics, un enfocament estocastic basat en la mitjana sobre trajectories quantiques.
Comencem pel cas d’un sol atom i després estenem ’analisi a una cadena d’atoms proxims entre si,
centrant-nos en ’escalat de I’error del metode estocastic. En comparar el rendiment computacional,
trobem que ’enfocament de salts quantics esdevé progressivament més avantatjés per a sistemes
més grans. Aquests resultats estableixen les trajectories quantiques com una eina fiable i eficient
per simular I’emissié espontania col-lectiva en sistemes quantics complexos.
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