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Abstract: In this work, we determine the degree of mixing of the η and η′ mesons from the
exclusive semileptonic D+

(s) → η(′)ℓ+νℓ and B+ → η(′)ℓ+νℓ decays. A controlled parametrization of

the participating hadronic form factor, D(s) → η(′) and B → η(′), in combination with experimental
measurements, has allowed us to determine ϕ = 40.6(4.8)◦ and ϕ = 42.3(3.7)◦ from the analyses
of differential decay width distributions and ratios of branching ratios, respectively. Our results
are in good agreement with a recent determination from the Lattice QCD Extended Twisted
Mass Collaboration, ϕ = 39.3(2.0)◦, and larger than the naive estimate we calculate from Chiral
Perturbation Theory at leading order ϕ = 33.5◦.
Keywords: η-η′ physics, hadronic form factors, semileptonic meson decays
SDGs: 4. Quality education.

I. INTRODUCTION

The η and η′ are the lightest pseudoscalar mesons
alongside the pions and kaons. Their masses are pri-
marily generated by the spontaneous breaking of chiral
symmetry in QCD. However, the η and η′ have signifi-
cantly higher masses than the pions, and their properties
are strongly influenced by the U(1) axial anomaly. Un-
like the other pseudoscalar mesons, the η and η′ acquire a
substantial portion of their mass from the U(1) anomaly.
This anomaly breaks the classical U(1) symmetry of the
QCD Lagrangian at the quantum level, leading to a mix-
ing between the singlet and octet states. This mixing
is crucial for understanding their observed masses. Ac-
curate knowledge of η and η′ properties, including their
mixing parameters, is crucial for various phenomenologi-
cal applications. They play a role in understanding low-
energy hadron physics, probing the QCD vacuum, and
are relevant for studying certain rare decays.

The mixing scheme have been analyzed in the con-
text of Chiral Perturbation Theory -the low-energy Ef-
fective Field Theory of QCD for light mesons- and also
recently by Lattice QCD collaborations. The degree of
mixing is accounted by the so-called mixing angle ϕ (in
the quark-flavor basis), and just for orientation, the de-
gree of mixing is about ϕ = 35◦ [1]. In this work, we will
perform a phenomenological analysis of semileptonic D
and B meson decays to determine the η and η′ mixing.
In particular, we will analyze the D+

(s) → η(′)ℓ+νℓ and

B+ → η(′)ℓ+νℓ decays experimental data to extract this
mixing. The structure of this paper is as follows. The
theoretical framework is given in Sec. II, where the par-
ticipant form factors are defined. In Sec. III we perform
our fits to extract the mixing from experimental data.
In Sec. IV we briefly introduce the Chiral Lagrangian at
leading order and provide and estimate of this mixing.
Finally, in Section V, we present our conclusions.

II. THEORETICAL FRAMEWORK

A. SU(3) flavor pseudoscalar multiplet description

Mesons are hadrons formed by couples quark-
antiquark, and can be classified in terms of their total
angular momentum J , parity P and charge conjugation
C. In our case, we will study pseudoscalar mesons, which
are those with JPC = 0−+, concretely the multiplet
conformed by u, d and s flavors. Since mu ≈ md and
both quarks experience the same intensity for strong in-
teraction, a new flavor symmetry SU(2) is defined: the
isospin, with its own generators. This allows us to clas-
sify the mesons forming a triplet of isospin I = 1 with
I3 = −1, 0, 1 and a singlet of I = 0 with I3 = 0. We use
a rougher approximation that expands the symmetry to
include s quarks but does not take into account the fact
that ms is larger than mu(d), in order to organize the
mesons in multiplets, resulting in the SU(3) symmetry.
We follow up by defining a new quantum number: the hy-
percharge Y , in order to keep characterizing the different
resulting mesons. Since we have a 3 quark space and a 3
antiquarks’ space, we obtain 3⊗ 3̄ = 8⊕1. Therefore, we
will have an octet connected through the symmetry gen-
erator operators and a singlet that cannot be connected.
In terms of the quantum numbers previously discussed,
pions have I = 1, Y = 0 and are distinguished by I3,
meanwhile kaons have I = 1/2 and are distinguished by
I3 and Y , and finally for η8 and η0 these quantum num-
bers are all equal to 0. Thereafter, we will focus on π0,
η8 and the singlet state η0. Their quark content is:

π
0
=

1
√
2
(uū−dd̄), η8 =

1
√
6
(uū+dd̄−2 ss̄), η0 =

1
√
3
(uū+dd̄+ss̄).

(1)

In Fig. 1, we present the structure of the pseudoscalar
nonet:
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FIG. 1: Sketch of the SU(3) pseudoscalar nonet.

Due to the fact that SU(3) is not a perfect symmetry,
η8 and η0 mix to form the physical η and η′ mesons. This
mixing can be parametrized, in the so-called octet-singlet
basis, as:

(
η
η′

)
=

(
cos θ − sin θ
sin θ cos θ

)(
η8
η0

)
, (2)

where the angle θ accounts for the degree of admixture.
Another popular basis is the so-called quark-flavor,

with ηq = 1√
2
(uū + dd̄) and ηs = ss̄, that separates the

light quark content from the ss̄ content, and is given by
the rotation:(

η
η′

)
=

(
cosϕ − sinϕ
sinϕ cosϕ

)(
ηq
ηs

)
, (3)

where the mixing angle ϕ is related to the one obtained
from Eq. (2) through:

θ = ϕ− arctan
√
2 ≃ ϕ− 54.7◦ . (4)

This basis is specially useful given that it will allow us to
study each decay from the point of view of light quark
content against strange quark content. This will more-
over enable us to parametrize the D+ and B+ decays
with analogous expressions, due to the SU(2) symmetry
between light quarks.

B. Differential distributions for decays

Decays are the spontaneous breaking of one particle
onto two or more particles which must be less massive.
In our case, we will be working with decays led by weak
and strong interactions, since the decays we will study
are Mi → Mf ℓ

+νℓ, where Mi and Mf are the initial
and final mesons that only involve the change in flavor
of one quark. The physics of a such decay are described
by the next equation, which can be derived from Fermi’s
golden rule, and considering our leptons are µ+, e+ and
neutrinos that are medium-light massed:

dΓ(Mi → Mf ℓ
+νl)

dq2
=

G2
F |Vqiqf |2
24π3

|P⃗Mf
(q2)|3

×
(
1− m2

ℓ+

q2

)2 (
1 +

m2
ℓ+

2q2

) ∣∣∣fMi→Mf

+ (q2)
∣∣∣
2

,

(5)

where P⃗Mf
(q2) is the momentum of the final particle in

the initial particle rest frame divided by 2mMi :

∣∣∣P⃗Mf
(q2)

∣∣∣ = 1

2mMi

√
(m2

Mi
+m2

Mf
− q2)2 − 4m2

Mi
m2

Mf
,

(6)
GF is the Fermi constant and |Vqiqf | is the corresponding
component of the Cabibbo-Kobayashi-Maskawa matrix,
which governs the strength of the qi → qf transition.
For our analysis, we take all numerical input from the
PDG [1]. Γ is the partial decay width and somewhat mea-
sures the probability that the meson will decay through
this channel. Finally, q2 is the invariant mass of the lep-

ton pair in the final state and f
Mi→Mf

+ (q2) is the form
factor encoding the hadronic information, which will be
explained in the following section.

C. Form factors

Form factors are the functions that portray the inter-
nal structure of particles, in our case mesons. This avoids
considering our mesons as punctual non-structured par-
ticles, giving them an internal gross distribution of their
properties. In our study, we will consider two different
parametrizations for the form factor: a monopole and a
dipole structure. In Fig. 2 we introduce the quark dia-
grams for the decays:

νℓ

ℓ+

d̄d̄

dc
D+

{ }
η(′)

W+

Vcd

νℓ

ℓ+

s̄s̄

sc
D+

s

{ }
η(′)

W+

Vcs

FIG. 2: D+
(s) → η(′) ℓ+νl decays at the quark level.

We observe that these decays occur through a W+ bo-
son, producing a lepton-neutrino couple. In D+ decay
there is an exchange of a c to a d quark, that is analo-
gous to the b̄ to ū antiquark exchange in B+ decay. As
we had seen in Sec. II A, all parametrization will be equal
except for the value of the constants, since in both decays
we are testing light quarks content.
If we focus only on the hadronic terms for the decay

D(B)+ → η(′), we can use Eq. (3) and so we can ap-
proximate the form factors of D+ → ηdd̄(uū) to those of

D(B)+ → π0, given that they have the same light quark
components. This results in:

f
D(B)+→η
+ (q2) = cosϕ f

D(B)+→ηdd̄(uū)

+ (q2)

≃ cosϕ f
D(B)+→π0

+ (q2),

f
D(B)+→η′

+ (q2) = sinϕ f
D(B)+→ηdd̄(uū)

+ (q2)

≃ sinϕ f
D(B)+→π0

+ (q2),

(7)
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where we will parametrize f
D(B)+→π0

+ (q2) with the next
monopole and dipole expressions:

f
D(B)+→π0

+ (q2) =
f
D(B)+→π0

+ (0)

1− q2

m2
D(B)∗

,

f
D(B)+→η
+ (q2) =

f
D(B)+→π0

+ (0)(
1− q2

m2
D(B)∗

)(
1− α q2

m2
D(B)∗

) ,

(8)

where f
D(B)+→π0

+ (0) is the form factor at zero momen-

tum transfer, e.g., fD+→π0

+ (0) = 0.6300 from the Fermi-
Lab Lattice QCD Collaboration [2], mD(B)∗ is the mass
of the excited resonance and where α is a free parameter
that will be fitted and will allow us to write a second pole
with an effective excited state mass.

In an analogous way to Ds decays, in Fig. 2 we notice
that there is an exchange from a c to an s quark. In this
case, when the rotation is applied to flavor base Eq. (3),
we obtain:

f
D+

s →η
+ (q2) = − sinϕ f

D+
s →ηss̄

+ (q2),

f
D+

s →η′

+ (q2) = cosϕ f
D+

s →ηss̄

+ (q2).
(9)

As before, we describe f
D+

s →ηss̄

+ (q2) with a monopole and
dipole form factors. For the monopole we write:

f
D+

s →η
+ (q2) = − sinϕ

f
D+

s →ηss̄

+ (0)

1− q2

m2
D∗

s

,

f
D+

s →η′

+ (q2) = cosϕ
f
D+

s →ηss̄

+ (0)

1− q2

m2
D∗

s

,

(10)

while the expression for the dipole proceeds in an analo-
gous fashion as in the previous case.

III. MIXING ANGLE DETERMINATION

Once the elements needed to obtain an experimen-
tal value for the mixing angle are introduced, we will
compute it following two different paths. The first tech-
nique uses the values given by the literature of differen-
tial distribution for decays Eq. (5) in small finite ranges,
and the form factors discussed in Sec. II C. The second
technique consists of computing the quotient of the nu-
merical integral of differential decay width Eq. (5) with
monopoles form factors, for the complete range of q2 from
different decay channels for the same particle, which is
equal to the quotient of branching ratios as will be pre-
sented in Sec. III B. This method of computing makes
constants cancel themselves, allowing us to obtain a nu-
merical value for the mixing angle.

A. Fits to decay distributions

In the next sections we will be fitting Eq. (5) with the
corresponding form factors and sets of data to obtain
values for the mixing angle.
We start analyzing the D+ → η(′) ℓ+νl decays. The

data for the fits is from [3] and they are two sets of val-
ues for D+ → η ℓ+νl, that originate from different sub-
channels, D+ → ηγγ(π0π+π−) ℓ

+νl. We will not study
these two subchannels separately, since both involve the
same first decay to η, which is the one we are study-
ing. For D+ → η′ ℓ+νl we obtain the values from [4].
These data were obtained from experiments of BESIII
collaboration, considering that those of η are notably re-
cent. The form factors utilised are Eq. (8) combined
with Eq. (7). Graphics from Fig. 3 represent the differ-
ential decay width fitted to monopoles and dipoles for
D+ → η(′) ℓ+νl. Results of each fit are shown in Table I.
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FIG. 3: Representation of the differential decay width for
D+ → η(′) ℓ+νl different channels with their corresponding
fits to monopole and dipole model.

We next analyze the D+
s → η(′) e νe decays. All the

data for the fits are obtained from [5], acquired from an
experiment of BESIII collaboration. In this case, we have
two sets of values for each channel since data came from
two different subchannels: D+

s → ηγγ(π0π+π−) e
+ νe and

D+
s → η′ηγγπ+π−(γρ0) e

+ νe. Again, we will not study
them separately given that the first decays of both sub-
channels are the ones we are studying. The form factors

used for this decays are shown in Eq. (10), where f
D+

s →η′

+ ,
ϕ and α must be fitted. The difficulty stems from the

product of f
D+

s →η′

+ and sin(ϕ) or cos(ϕ), that can be fit-
ted but not for each component individually. To solve
this issue we perform a combined fit to all sets of data
with their corresponding form factors, due to the fact
that they have the same parameters but different func-
tions. In Fig. 4 we represent the differential decay width
fitted to monopoles and dipoles for D+

s → η(′) e+ νe while
in Table I we collect our fit results. As seen, all our deter-
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minations are compatible within errors and the quality
of the fits is good according to the χ2/dof .
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FIG. 4: Representation of the differential decay width for
D+

s → η(′) e+ νe different channels with their corresponding
combined fits to monopole and dipole model.

TABLE I: Values and errors of the different parameters fitted
for each model for the different decay channels with their cor-
responding χ2

dof divided by the number of degrees of freedom.

Decay channel
Monopole Dipole

ϕ (◦) χ2
dof ϕ (◦) α χ2

dof

D+ → η′ µ+ νµ 40.0(4.1) 2.89 31.3(4.2) 3.2(6) 0.57

D+ → η′ e+ νe 39.3(2.5) 1.45 34.8(3.3) 1.8(8) 0.54

D+ → η µ+ νµ 43.5(4) 3.46 45.0(6) 0.21(6) 2.55

D+ → η e+ νe 45.1(3) 5.48 46.4(5) 0.26(7) 4.59

D+
s → η(′) e+ νe 40.8(8) 1.57 40.0(8) 0.4(1) 0.72

B. Extraction from ratio of branching ratios

The branching ratio for one channel is defined as the
probability to decay on this channel related to the prob-
ability of all possible modes. Its expression is BR(i) =
Γ(i)
Γtotal

, where i indicates the decay channel. We will com-

pute Γ(i) integrating Eq. (5) for the complete range of
values of q2. If we compute the ratios from two different

channels, for example Rη′/η ≡ BR(D+
s →η′e+νe)

BR(D+
s →η e+νe)

= 0.35(2),

and we equate it to the quotient of integrals of Eq. (5)
that can be performed numerically we obtain:

Rη′/η = |tanϕ|2
∫ (m

D
+
s
−mη′ )2

m2
e

|P⃗η′(q2)|3
∫ (m

D
+
s
−mη)2

m2
e

|P⃗η(q2)|3

×

(
1− m2

e+

q2

)2 (
1 +

m2
e+

2q2

) ∣∣∣fD+
s →η′

+ (q2)
∣∣∣
2

dq2

(
1− m2

e+

q2

)2 (
1 +

m2
e+

2q2

) ∣∣∣fD+
s →η

+ (q2)
∣∣∣
2

dq2
,

(11)

where we use the monopoles’ expressions from Eqs. (8)
and (10) as form factors, completing it with Eq. (7).
From this expression we can obtain ϕ,

ϕ = 41.1(8)◦. (12)

This calculus can be done for all the combinations of the
different channels, using the values from Table II of the

appendix. Individual results of all possible computations
of ϕ are presented in Table III of the appendix.

C. Results

By conducting fits to the distributions for decays, we
achieved the results from Table I, with an average and
error of

ϕ = 40.6(4.8)◦ . (13)

Moreover, from calculations using branching ratios, we
obtained the values in Table III, with an average and
error of

ϕ = 42.3(3.7)◦, (14)

where the errors correspond to their respective standard
deviations, since the uncertainties obtained through error
propagation are minimal and no longer reliable. All these
values are shown in Fig. 5. Note that these values are in
agreement with the very recent extraction by the ETM
Lattice QCD Collaboration, ϕ = 39.3(2.0)◦ [6].
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20
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40
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FIG. 5: Summary of our η-η′ mixing angle determinations.

IV. THEORETICAL ESTIMATE OF THE
MIXING ANGLE FROM CHPT

First, we have the Chiral Perturbation Theory Leading
Order Lagrangian [7]:

LχPT@LO =
f2
π

4
Tr

[
∂µU

†∂µU
]

+
f2
π

4
Tr

[
2B0(MU +MU†)

]
− 1

2
m2

0η
2,

M =




mu 0 0

0 md 0

0 0 ms


 , U = exp

( i
√
2Φ

fπ

)
,

Φ =




1√
2
π0 +

1√
6
η8 +

1√
3
η0 π+ K+

π− − 1√
2
π0 +

1√
6
η8 +

1√
3
η0 K0

K− K̄0 − 2√
6
η8 +

1√
3
η0




,

(15)
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where Φ is the field matrix, M is the quark mass matrix,
fπ is the pion decay constant, U is the unitary matrix
that parametrizes and governs the dynamics of the pseu-
doscalar fields, B0 is the constant used to normalize the
mass term in such a way that M2

π = B0(mu +md), and
m0 is the mass term due to the symmetry breaking that
gives a significant part of their masses to η and η′. We
expand U in a power series up to second order and retain
only the terms that generate particle masses, discarding
constant and higher-order terms. Therefore, we obtain:

−B0

〈
MΦ2

〉
= −B0(mu +md)π

+π− −B0(mu +ms)K
+K−

−B0(md +ms)K
0K̄0 −B0

mu +md

2
π0π0

−B0
mu +md + 4ms

6
η28 −B0

mu +md +ms

3
η20

−B0
mu −md√

3
π0η8 −B0

√
2

3
(mu −md)π

0η0

−B0

√
2

3
(mu +md − 2ms)η8η0,

(16)

Eq. (16) corresponds to the parametrization LχPT@LO ⊃
− 1

2 ϕ
T M̃2ϕ for real scalar fields, where M̃2 is the meson

mass-squared matrix. Using the isospin limit (mu = md)
and focusing on the η8 − η0 subspace we attain the fol-
lowing matrix:

M̃
2
η8η0

=

 m2
η8

m2
η8η0

m2
η8η0

m2
η0

 ,

m
2
η0

= m
2
0 + 2

3B0 (mu + md + ms),

m
2
η8

=
B0
3 (mu + md + 4ms),

m
2
η8η0

=
√

2
3 B0 (mu + md − 2ms).

(17)

This matrix can be diagonalized using the rotation shown
in Eq. (2). In this case, θ can be analytically computed
using B0 and the mass values for quark and η′, acquired
from [1]. Thus, we obtain θ = −21.2◦, which can be
related to the mixing angle through Eq. (4), achieving
ϕ = 33.5◦.

V. CONCLUSIONS

In this work, we have performed a phenomenological
study of the D+

(s) → η(′)ℓ+νℓ and B+ → η(′)ℓ+νℓ decays

to extract the η-η′ mixing angle ϕ in the quark-flavor
basis. We have employed two different representations of

the participating form factors, specifically a single pole
and dipole (cf. Eqs. (7)).

From fits to most recent differential decay width dis-
tributions experimental data we have obtained ϕ =
40.6(4.8)◦, while from the analysis of ratios of branch-
ing ratios we determined ϕ = 42.3(3.7)◦. Interestingly
enough our determinations are in very good agreement
with a very recent determination from the Lattice QCD
Extended Twisted Mass Collaboration, ϕ = 39.3(2.0)◦.
On the other hand, our values are larger than the naive
estimate we calculate from Chiral Perturbation Theory
at leading order ϕ = 33.5◦. In Fig. 6 we present a sum-
mary of our results (red and blue triangles) as compared
to the Lattice QCD result (orange square) and the ChPT
estimate (green square). We hope our study strengthens
the case for new and more precise measurements as it
would allow more precise determinations of the η-η′ mix-
ing.

▲▲

▲▲

■■

■■

▲ Fits

▲ BR

■ ChPT

■ QCD Lattice

30 35 40 45 50

Values for ϕ(◦)

FIG. 6: Summary of our determinations of the η-η′ mixing
angle ϕ and the value obtained from Lattice QCD [6].
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Resum: En aquest TFG hem determinat el grau de barreja dels mesons η i η′ a partir de
les desintegracions semileptòniques D+

(s) → η(′)ℓ+νℓ i B+ → η(′)ℓ+νℓ, emprant dades aportades

per la col·laboració BESIII i el PDG. A partir de parametritzar els factors de forma i de mesures
experimentals, hem realitzat ajustos a les distribucions diferencials per a les desintegracions, trobant
un valor de ϕ = 40.6(4.8)◦ i realitzant quocients de les proporcions de ramificació hem obtingut un
valor de ϕ = 42.3(3.7)◦. Aquests valors són compatibles amb els resultats obtinguts recentment a
través de Lattice QCD, ϕ = 39.3(2.0)◦ portat a terme per la col·laboració ETM. Finalment, hem
realitzat un càlcul teòric a través de la Teoria de Pertorbacions Quiral, obtenint ϕ = 33.5◦ el qual
és més petit que els obtinguts prèviament al ser una estimació näıf.
Paraules clau: F́ısica de l’η-η′, factors de forma hadrònics, desintegracions semileptòniques
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FIG. 7: Gràfica resum dels valors de ϕ obtinguts en aquest treball i comparats amb l’obtingut amb QCD Lattice per la ETM
Collaboration.
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Appendix A: SUPPLEMENTARY MATERIAL (OPTIONAL)

TABLE II: Values of the branching ratio for the different decays and it’s corresponding dependence of ϕ for their form factor.
Data for D+

s → η(′) ℓ+νl, B+ → η(′)(π0) ℓ+νl and D+ → π0 ℓ+νl are extracted from [1] meanwhile for D+ → η ℓ+νl and
D+ → η′ ℓ+νl are taken from [3] and [4] respectively, which are more precise.

Mi Mf f(ϕ) ℓ BR(%)

D+

η cos(ϕ)
µ+ 9.08(41)·10−2

e+ 9.75(40)·10−2

η′ sin(ϕ)
µ+ 1.92(29)·10−2

e+ 1.79(20)·10−2

π0 1
µ+ 35.0(1.50)·10−2

e+ 37.2(1.70)·10−2

D+
s

η − sin(ϕ)
µ+ 2.4(0.5)

e+ 2.26(6)

η′ cos(ϕ)
µ+ 1.1(5)

e+ 8.0(4)·10−1

B+
η cos(ϕ) ℓ+ 3.5(4)·10−3

η′ sin(ϕ) ℓ+ 2.4(7)·10−3

π0 1 ℓ+ 7.80(27)·10−3

TABLE III: Values and errors for mixing angle calculated through branching ratios quotients for the different decays using
data from Table II.

Mi Mf1 Mf2 ℓ1 ℓ2 ϕ (º)

D+

η′

η µ+ e+ 45.2(2.4)

η e+ µ+ 41.2(1.8)

η µ+ µ+ 44.8(2.5)

η e+ e+ 41.5(1.8)

π0 µ+ µ+ 49.8(5.5)

π0 µ+ e+ 49.9(5.5)

π0 e+ µ+ 42.2(3.2)

π0 e+ e+ 42.3(3.2)

η

π0 µ+ µ+ 39.7(2.2)

π0 µ+ e+ 39.7(2.3)

π0 e+ µ+ 40.6(2.0)

π0 e+ e+ 40.6(2.1)

D+
s η′

η µ+ e+ 34.5(7.6)

η e+ µ+ 43.2(3.4)

η µ+ µ+ 36.5(8.9)

η e+ e+ 41.1(8)

B+ η′ η ℓ+ ℓ+ 43.4(5.0)

π0 ℓ+ ℓ+ 43.7(8.6)

η π0 ℓ+ ℓ+ 43.1(3.7)
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