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Resum

Tı́tol de la tesi: Més enllà dels neutrins estàndard. Fı́sica fonamental en el sector dels
neutrins des de tres perspectives: oscil·lacions, astrofı́sica i cosmologia.

Si mirem la matèria que ens forma i forma l’Univers amb el màxim nivell de de-
tall a què hem arribat, hi trobem les partı́cules fonamentals. La teoria fı́sica que les
recull com una “taula periòdica” i que descriu com aquestes interaccionen és el Model
Estàndard. De totes les partı́cules fonamentals del Model Estàndard, n’hi ha tres que
no som capaços d’explicar del tot: els neutrins.

Segons el Model Estàndard de la fı́sica de partı́cules, els neutrins són partı́cules sense
massa. És a dir, cap de les partı́cules que coneixem és capaç de proveir amb massa als
neutrins, aixı́ com el Higgs ho fa amb la resta de partı́cules del Model Estàndard. Ara bé,
en les darreres dècades hem descobert i comprovat experimental –amb una precisió que
no deixa lloc al dubte– que els neutrins sı́ que tenen massa. Aquests experiments han
mesurat les anomenades oscil·lacions de neutrins, que representen la primera prova
directa experimental que el Model Estàndard, la fı́sica fonamental de partı́cules que
coneixem, és incomplet. És a dir, calen noves partı́cules o forces que expliquin per què
els neutrins tenen massa.

Aquesta, però, no és l’única manca del Model Estàndard. Alguns fenòmens, com la
Matèria Fosca o l’Energia Fosca, no tenen explicació dins el Model Estàndard, i general-
ment requereixen fı́sica Més enllà del Model Estàndard: noves partı́cules, noves forces.
Malgrat que la comunitat cientı́fica ha pensat moltes propostes que podrien resoldre
aquests problemes, per ara la cerca no ha donat cap resultat positiu. Ja que els neu-
trins són les primeres partı́cules que ens han avisat experimentalment que el Model
Estàndard està incomplet, per què no utilitzar-les per esbrinar què li falta exactament?

Aquesta tesi és un esforç en aquesta direcció. En concret, és un recull de tres maneres
–diferents i complementàries– en què podem utilitzar els neutrins per a descobrir quina
és la fı́sica Més enllà del Model Estàndard. En la primera part, ens endinsem en les
oscil·lacions de neutrins i, en concret, en la cerca de neutrins estèrils en experiments
a baixa energia. Revisitem la descripció de paquet d’ona d’aquestes oscil·lacions, i de-
mostrem que –donat el coneixement experimental que tenim– la mida del paquet d’ona
podria afectar els resultats de les cerques. En la segona part, passem de la baixa energia
fins a les energies més altes que coneixem, la dels neutrins cosmogènics. Aquests són
neutrins que es generarien degut a les partı́cules més energètiques mai mesurades, els
rajos còsmics ultraenergètics. Reanalitzem les deteccions anòmales de neutrins ultra-
energètics de l’antena ANITA-IV i analitzem com podrien els telescopis de neutrins del
futur i del present restringir possibles extensions del Model Estàndard. Finalment, en

v



Chapter 0 | CONTENTS

la tercera part, mirem com utilitzar la cosmologia per a calcular la massa dels neutrins
reĺıquia de l’Univers, i la robustesa de la mesura davant de modificacions Més enllà
de Model Estàndard. També, utilitzem la nucleosı́ntesi primordial per a entendre si els
neutrins podrien interactuar amb Matèria Fosca molt lleugera.

Aixı́ doncs, aquesta tesi s’emmarca en la fenomenologia de fı́sica de partı́cules i la
cerca de fı́sica Més enllà del Model Estàndard, en concret en el sector dels neutrins.
El seu enfocament és un pont entre la fı́sica teòrica i l’experimental: l’anàlisi de mod-
els motivats teòricament a partir de les seves conseqüències en experiments presents i
futurs. En concret, pretén fer entendre millor el potencial d’aquests experiments i fer
repensar les hipòtesis convencionalment assumides darrere les seves conclusions.

Paraules clau: neutrins, fı́sica de partı́cules, astrofı́sica, cosmologia.

vi



Abstract

If we look at the matter that forms the Universe with the highest level of detail we
have reached, we find fundamental particles. The physical theory that collects these
particles, like the “periodic table” did for the chemical elements, and that describes how
they interact is the Standard Model (SM) of Particle Physics. Of all the fundamental
particles of the SM, there are three of them that we cannot yet fully explain: neutrinos.

According to the SM, neutrinos are massless particles. That is, none of the par-
ticles that we know is capable of providing mass to the neutrinos, as the Higgs field
does with the rest of the particles of the SM. However, in recent decades we have dis-
covered and experimentally tested –with a precision that leaves no room for doubt–
that neutrinos do have mass. These experiments have measured the so-called neutrino
oscillations. These are the first direct experimental proof that the SM, or fundamental
particle physics as we know it, is incomplete. That is, new particles or forces are required
to explain why neutrinos have mass.

This, however, is not the only shortcoming of the SM. There are phenomena, such as
Dark Matter (DM) and Dark Energy (DE), that the SM can hardly explain, and that gen-
erally require physics Beyond the Standard Model (BSM): new particles or new forces.
While the scientific community has thought of many BSM extensions that could solve
these shortcomings, as of today the search for them has not given positive results. Since
neutrinos are the first particles that have experimentally warned us that the SM is in-
complete, why not use them to find out exactly what is missing?

This thesis is an effort in this direction. Specifically, it is a compilation of three ways
–different and complementary– in which we can use neutrinos to discover what physics
is beyond the SM. In the first part, we delve into neutrino oscillations and, specifically, in
the search for sterile neutrinos in low-energy experiments. We review the wave packet
description and demonstrate that –for our current experimental knowledge– the wave
packet width could affect the results of the searches. In the second part, we move from
low energies to the highest energies we know, those of cosmogenic neutrinos. These are
neutrinos which are produced by the most energetic particles we know of, ultra-high-
energy (UHE) Cosmic Rays. We reanalyze the anomalous detections of UHE neutri-
nos by the ANITA-IV antenna and analyze how future and present neutrino telescopes
could restrict possible BSM extensions. Finally, in the third part, we look at how to use
cosmology to calculate the mass of the relic neutrinos of the Universe, as well as the
robustness of the method against BSM. Furthermore, we use Big Bang Nucleosynthesis
to constrain interactions between neutrinos and ultralight DM.

Thus, this thesis belongs to the phenomenology of particle physics and the search
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for BSM physics, specifically in the neutrino sector. Its approach is a bridge between
theoretical and experimental physics: the analysis of theoretically motivated models
based on their consequences in present and future experiments. Specifically, it aims
to better understand the potential of these experiments and to rethink the hypotheses
conventionally assumed behind their measurements.

Keywords: neutrinos, particle physics, astrophysics, cosmology.
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1 Introduction to this thesis

Neutrins que tot ho travessen, a mils en micro-tempestes

Petits, traspassen es cossos, atòmics, inclús no tan grossos

Neutrins, pareix impossible, sou tot matèria intangible

Neutrins, amics invisibles, sou indestructibles, tranquils

– Antònia Font - Neutrins

Our world is traversed by neutrinos. They come in threes: electron neutrinos
𝜈𝑒, muon neutrinos 𝜈𝜇 and tau neutrinos 𝜈𝜏 . In this thesis, I have also confronted them
from three different perspectives: neutrino oscillations, neutrino ultra-high-energy as-
trophysics and neutrino cosmology. This triple approach to the three neutrinos, i.e.,
neuthreenos, explains the name of this thesis.

During the research that has lead to this thesis, I have approached these topics with
a phenomenological approach. The current state of particle physics phenomenology
lays on the shoulders of giants, many generation of researchers who have bridged the
gap between theoretical models and their experimental realisation. The work presented
here is inspired and lies on top of a great amount of theoretical work on particle ex-
tensions to the Standard Model (SM) of Particle Physics, commonly known as Beyond
the Standard Model (BSM) theories. In particular, this thesis collects different research
works which try to use neutrinos to experimentally constrain such BSM theories.

Neutrinos have long been carriers of New Physics. Indeed, their first proposal by
Pauli [5] was a desperate attempt to keep energy conservation against the apparent
missing energy of beta decay. Neutrinos were also necessary actors for the discovery of
neutral currents in the Gargamelle chamber at CERN [6], which then lead to the dis-
covery of the W and Z bosons [7–10]. However, the modern cornerstone of New Physics
from the neutrino sector begun with the solar neutrino problem [11, 12] and the dis-
covery of atmospheric neutrinos [13, 14]. These neutrinos from natural sources lead to
the discovery of neutrino oscillations [15, 16], which were later confirmed by terrestrial
experiments [17–19] and measured with higher precision. As of today, neutrino oscilla-
tions are the only direct experimental measurement that requires physics which is not
within the particle content of the SM.

Then, neutrinos, and neutrino masses in particular, are currently our best reminder
that the SM of Particle Physics is not yet complete. In other words, that there is still
a lot of work to do to understand the fundamental pieces of matter. Since neutrino
oscillations gave us the first hint, it is the natural place to search for more hints; and
so this is the topic of part I. In this part, chapter 2 reviews the basics of the SM in

1
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order to understand why neutrino masses are a BSM phenomenon1, and the theoretical
and experimental groundings of neutrino oscillations. Then, chapter 3 delves in sterile
neutrino searches at low-energy experiments, and how going beyond the plane wave
approximation may modify the results.

The neutrinos that gave us that first BSM hint came from the Sun and cosmic rays
from the Universe. Apart from this, astrophysical phenomena provide a natural source
for the most extremely energetic neutrinos, resulting into potential collisions at higher
center-of-mass energies than the Large Hadron Collider at CERN. Once again, neutrinos
from beyond the Earth can be the key to explore uncharted territory beyond the SM [20],
and so part II explores the intriguing world of neutrino ultra-high-energy astrophysics.
In this part, chapter 4 offers an introduction to astroparticle physics and multimessenger
astronomy. It explains why are ultra-high-energy neutrinos expected to exist, how are
we looking for them, and how could we use them to explore BSM physics. Then, in
chapter 5 explores the first anomalies of the field, the so-called ANITA-IV anomalous
events. Using their measurements, we quantitatively show how data from neutrino
telescopes can be leveraged to constrain BSM.

Finally, even if neutrino oscillations require the extension of the SM with neutrino
masses, they can not provide us with a measurement of their absolute value [21–23].
Even if neutrino masses were discovered on terrestrial experiments, our best shot to
finally measure the absolute neutrino mass, a currently unknown BSM parameter, is
within cosmology. Then, neutrino cosmology is the topic of part III. First, chapter 6
introduces the basics of cosmology and its two cornerstones: the Cosmic Microwave
Background (CMB) and Big Bang Nucleosynthesis (BBN). Then, chapter 7 explains the
physical meaning of the measurement of neutrino masses with the CMB, and tries to
make it more robust. Finally, in chapter 8 we use BBN to constrain the interaction
between neutrinos and ultralight Dark Matter.

As I will try to develop in this thesis, neutrino phenomenology is experiencing a very
exciting time, and particularly in these three fields. There are feasible discoveries in the
mid-term future (e.g., the neutrino mass hierarchy [24–28], the CP phase [29, 30], the
absolute neutrino mass [31–34]) which will precisely complete the measurement of the
known parameters in the neutrino sector. There are also long-term exciting challenges
(e.g. the Dirac or Majorana nature of the neutrino [35–37], cosmogenic neutrinos and
the GZK flux [20, 38], the measurement of the Cosmic Neutrino Background [39, 40])
to keep us motivated for many generations to come. In any of the three fields here

1This is, in fact, not an agreed-upon consensus of the particle physics community. Whether to call
neutrino masses BSM or not is simply a matter of notation and a sterile debate. If you would like to
spend your time in such a way, you might as well ask yourself what is the onomatopeia of a neutrino
(skibidi-woof!).
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presented, there is plenty of short-term work that must be done before we can set our
hands on the solutions to these mysteries.

This thesis is too a honest effort in this direction. In particular, it strives to explore the
potential of current and future experiments to uncover BSM physics through the neu-
trino sector, and to shed light on the challenges in the way. This thesis’ phenomenolog-
ical approach into BSM has mainly been model-independent, i.e, undergoing a minimal
set of assumptions on the underlying BSM theory. In this manner, the focus is cast on
the generic BSM Physics properties that experiments are probing, which can then be
applied to different extensions to the SM.

After working in these three very different fields, with very different expertises re-
quired, I expect this thesis to have the value of interdisciplinarity. I have tried to balance
clarity and concision, while providing a broad perspective of the fields. This has required
me to present three different introductions, one at the start of each part. I encourage
the reader to jump over these if they are already familiar with the topic. Also, I have
tried to acknowledge the work that precedes me, and illustrate the exciting research
landscape in the three fields, which implies a long list of references. All in all, I hope
that this thesis is able to transmit a sense of excitement towards the future of neutrino
phenomenology.
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Part I

Neutrinos from the lab
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2 What we know from the lab:
an introduction

I have done a terrible thing, I have postulated a particle

that cannot be detected.

– Wolfgang Pauli [5]

(also every other PhD student in modern Physics)

Particle Physics is the endeavor of studying the fundamental building blocks (i.e.
degrees of freedom) that make up the past and present Universe. During the last cen-
tury, their properties and interactions have been probed by high-energy experiments
to unfathomable precision. All these measurements have been matched with equally
precise predictions from the Standard Model (SM) of Particle Physics. In almost all ob-
servations, theory and experiments agree to great detail, thus making the SM the most
robust theory of particle physics. However, there is a experimental signature which the
SM cannot account for: neutrino oscillations. This part of the thesis is devoted to them.
In order to understand how do neutrinos break the SM and their existence as a light into
the unknown, we first must discuss what we know. And what we know is the Standard
Model.

Many lines have been shed to explain the SM, as lecture series [41–45], books [46–
48] and historical discussions [49–51]. It is neither possible for me nor my goal do to
a better task at explaining the SM than the existing bibliography. In this chapter we
will only shortly discuss the details of the SM which are relevant to neutrinos, and
which justify that neutrino oscillations (and masses) are not explained within the SM.
In general, for further insights into any of the statements of this chapter, please refer to
the cited references.

2.1 The Standard Model

If I could remember the names of all these particles,

I’d be a botanist.

– Enrico Fermi, presumably.

The SM is a renormalizable Quantum Field Theory in flat 3+1 spacetime, first pro-
posed by Weinberg, Glashow and Salam [52–54]. As such, it “only” describes elec-
troweak and strong interactions at a 10−11 level of accuracy [55], but does not include
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gravitational effects. The SM accounts for these interactions by introducing the local
symmetry group [52–54, 56–58]

SU(3)C × SU(2)L × U(1)Y . (2.1)

The SM is born from asking that the laws of physics are invariant under local transfor-
mations of this group, eq. (2.1) [42]. These are called gauge transformations, and thus
the SM is a gauge theory. In order for local gauge transformations to leave the system
invariant, it is necessary to introduce a gauge boson for each generator of the group.
Thus the SM predicts the existence of gauge bosons, spin-one particles which mediate
the interactions of the SM.

On the one hand, in eq. (2.1), SU(3)C is the gauge group which describes quantum
chromodynamics, i.e., the strong interaction between quarks which makes up mesons
and hadrons. It predicts color, an intrinsic degree of freedom which can take up to three
values, and gluons, massless bosons through which colored particles can interact. Since
neutrinos are colorless, i.e., singlets under SU(3)C, neutrinos do not interact through the
strong interaction. Admittedly, SU(3)C describes the structure of the nucleus, which is
definitely relevant for neutrino-nucleus interactions. Still, this thesis will not delve into
these further.

On the other hand, invariance under the symmetry group SU(2)L ×U(1)Y introduces
the electroweak sector of the SM. First, SU(2)L only applies to left-handed particles,
while right-handed particles are singlets under its transformations. This describes an
interaction which maximally violates parity by only interacting with left-handed par-
ticles, the weak interaction. Symmetries under this group predict two charged bosons,
𝑊 1, 𝑊 2, which allow charged currents that convert neutral leptons 𝜈𝐿 into charged
leptons 𝓁𝐿. But SU(2)L has three generators, and thus a further neutral gauge boson
is predicted, 𝑊 3. This mediates neutral currents which do not convert neutrinos. The
electroweak unification consists of describing weak and electromagnetic interactions
within the unified group SU(2)L × U(1)Y. To such purpose, the hypercharge is defined
as a combination of the electric charge 𝑄 and the third generator of SU(2)L, the weak
isospin 𝑇3, as

𝑌 = 2(𝑇3 − 𝑄) , (2.2)

leading to a fourth gauge boson, 𝐵. As we will see in the next section, the Higgs mecha-
nism spontaneously breaks this electroweak symmetry into a residual symmetry U(1)em
which predicts a massless photon, 𝛾 . Contrarily, the other three bosons become mas-
sive, now 𝑊 ± and 𝑍0. These bosons mediate the weak interaction, and their non-zero
mass explains the short range of the interaction.
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2.1. The Standard Model

(SU(3)C, SU(2)L, U(1)Y)

(1, 2, − 1
2) (3, 2, 16) (1, 1, −1) (3, 1, 23) (3, 1, − 1

3)

𝓁𝑒𝐿 = (
𝜈𝑒
𝑒 )

𝐿

𝑄1,𝑖
𝐿 =

(
𝑢𝑖

𝑑𝑖)
𝐿

𝑒𝑅 𝑢𝑖𝑅 𝑑𝑖𝑅

𝓁𝜇𝐿 = (
𝜈𝜇
𝜇 )

𝐿

𝑄2,𝑖
𝐿 =

(
𝑐𝑖

𝑠𝑖)
𝐿

𝜇𝑅 𝑐𝑖𝑅 𝑠𝑖𝑅

𝓁𝜏𝐿 = (
𝜈𝜏
𝜏 )

𝐿

𝑄3,𝑖
𝐿 =

(
𝑡 𝑖

𝑏 𝑖)
𝐿

𝜏𝑅 𝑡 𝑖𝑅 𝑏 𝑖𝑅

Table 2.1: The three generations of the fermionic particle content in the Standard Model, or
flavors. For SU(2)L and SU(3)C, 1, 2 and 3 denote the single, doublet and triplet representations,
respectively. For U(1)Y, the hypercharge 𝑌 is given; and for SU(3)C, 𝑖 = R, G, B are the colors
of the quarks. From left to right, left-handed leptons, left-handed quarks, right-handed charged
leptons and right-handed quarks. The SM contains only left-handed neutrinos.

Once the gauge bosons predicted by eq. (2.1) have been defined, we are allowed to
introduce the particle content, which must be in the irreducible representation of this
group. The particles that we have discovered up to today, and which make up the SM,
are listed in table 2.1. Additionally to the three generations of quarks and leptons, the
SM contains a neutral scalar, the Higgs boson. The field associated to this particle is
the responsible for giving mass to (almost) all particles in the SM.

2.1.1 The SM Lagrangian I: massless fields

Once the particle content of the SM is defined, its dynamics are described by the most
general renormalizable Lagrangian density invariant under eq. (2.1). First, in the gauge
sector we have

gauge = −
1
4
𝐺𝑎𝜇𝜈𝐺

𝑎 𝜇𝜈 −
1
4
𝑊 𝑎
𝜇𝜈𝑊

𝑎 𝜇𝜈 −
1
4
𝐵𝜇𝜈𝐵𝜇𝜈 . (2.3)

Here, 𝐺𝑎𝜇𝜈 , 𝑊 𝑎
𝜇𝜈 , 𝐵𝜇𝜈 are the field strength tensors of SU(3)C, SU(2)L and U(1)Y, respec-

tively. In these equations, and in the remaining of the thesis, the Einstein summation
notation is assumed, i.e., repeated indices are summed over. gauge describes the kinetic
energies of the gauge fields and their self-interactions. If gauge bosons were massless
and isolated, these would be the only terms in the Lagrangian.

Second, in the fermion sector we have

fermion = ∑
𝑓
𝑓 (𝑖𝛾 𝜇𝐷𝜇)𝑓 , (2.4)

where the sum on 𝑓 runs over the 15 fermion multiplets in table 2.1, 𝛾 𝜇 are the Dirac
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matrices, and 𝐷𝜇 is the covariant derivative

𝐷𝜇 = 𝜕𝜇 − 𝑖𝑔𝑠𝐺𝑖𝜇𝑡
𝑖 − 𝑖𝑔𝑊 𝑖

𝜇𝜏
𝑖 − 𝑖𝑔 ′𝑌𝐵𝜇 . (2.5)

Here,

∙ The second term introduces the coupling between quarks and gluons through the
coupling constant 𝑔𝑠. 𝐺𝑖𝜇 are the gluon fields, 𝑡 𝑖 are the generators from SU(3)C,
with 𝑖 = 1, … , 8.

∙ The third term involves the SU(2)L part of the electroweak sector, with 𝑔 the cor-
responding coupling constant,𝑊 𝑖

𝜇 the gauge bosons and 𝜏𝑖 the group generators,
for 𝑖 = 1, … , 3.

∙ The last term belongs to the U(1)Y part, with 𝑔 ′ the coupling constant and 𝑌 the
hypercharge of the fermion.

Then, fermion describes the dynamics of the SM fermions as if they were massless and
interacting with the gauge bosons. However, we know that SM fermions are massive.
We need something else.

2.1.2 The SM Lagrangian II: Higgs SSB and massive fields

Given the particle content of the SM from table 2.1, one can introduce a mass term
for the electron as 𝑚𝑒𝑒𝐿𝑒𝑅 or 𝑚𝑒𝑒𝑐𝑅𝑒𝑅. This term conserves electric charge, but is not
invariant under the subgroup SU(2)L. Explicitly introducing a mass term for charged
leptons is inconsistent with the symmetries of the SM, eq. (2.1). At the same time,
precisely because the electron has a mass, we know that the SU(2)L symmetry must not
be realized at low energies. The way to solve the inconsistency between the electron
mass and the symmetry group is through the Higgs mechanism, which spontaneously
breaks the SU(2)L × U(1)Y symmetry. That is, the fundamental theory describing the
dynamics satisfies this symmetry, but the ground state of the system does not.

In the Higgs or ABEGHHK’tH1 mechanism [59–61], we introduce the Higgs scalarΦ,
which is a complex scalar doublet under SU(2)L. The Higgs sector of the SM lagrangian
is given by

Higgs = 𝐷𝜇Φ𝐷𝜇Φ − 𝑉 (𝜙) , (2.6)

where 𝑉 (𝜙) is the Higgs potential energy density, usually written as

𝑉 (𝜙) = 𝜇2|Φ|2 + 𝜆|Φ|4 , (2.7)

1Fair but unutterable acronym for Anderson, Brout, Englert, Guralnik, Hagen, Higgs, Kibble, and ’t
Hooft.
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with 𝜇, 𝜆 parameters describing the shape of the potential. If 𝜇2 < 0 and 𝜆 > 0, then
this potential has a mexican hat shape and a minimum at Φ = ⟨Φ⟩𝑒𝑖 arg Φ, with

⟨Φ⟩ =
1√
2

⎛
⎜
⎜
⎝

0

𝑣

⎞
⎟
⎟
⎠
, (2.8)

where the Higgs vacuum expectation value (vev), 𝑣, is given by

𝑣 =

√

−
𝜇2

𝜆
. (2.9)

Each arg Φ gives a minimum of the potential which breaks the total electroweak group
SU(2)L × U(1)Y, but leaves the ground state symmetric under an electromagnetic group
𝑈(1)em. The breaking of the symmetry happens once a non-zero minimum is realized,
which for simplicity we pick to be arg Φ = 0. Then, the scalar field around the minimum
is

Φ(𝑥) =
1√
2

⎛
⎜
⎜
⎝

0

𝑣 + ℎ(𝑥)

⎞
⎟
⎟
⎠
exp

{

𝑖
𝜎⃗ ⋅ 𝜉
𝑣

}

, (2.10)

where 𝜉𝑖 are Goldstone bosons associated with excitations along the ring of the mexi-
can hat. However, since these bosons can be gauged away through an SU(2)L transfor-
mation, they are not physical. The only observable excitation is the Higgs field, ℎ(𝑥),
discovered at CERN in 2012 [62, 63].

Then, while𝑊 𝑖
𝜇, 𝐵𝜇 were the weak eigenstates of SU(2)L×U(1)Y, the mass eigenstates

after symmetry breaking become

𝑊 ±
𝜇 =

1√
2 (
𝑊 1
𝜇 +𝑊

2
𝜇 ) ,

𝑍𝜇 = cos 𝜃𝑤𝑊 3
𝜇 − sin 𝜃𝑤𝐵𝜇 ,

𝐴𝜇 = sin 𝜃𝑤𝑊 3
𝜇 + cos 𝜃𝑤𝐵𝜇 ,

(2.11)

where 𝜃𝑤 = arctan(𝑔 ′/𝑔) is the Weinberg angle [46]. The mass terms to these gauge
bosons comes from the kinematic term of the Higgs potential,

Higgs ⊃
𝑔2𝑣2

4
𝑊 +
𝜇 𝑊

𝜇 − +
1
2
(𝑔2 + 𝑔 ′2)𝑣2

4
𝑍𝜇𝑍𝜇 . (2.12)

We can read 𝑚𝑊 = 𝑔𝑣/2 and 𝑚𝑍 =
√
𝑔2 + 𝑔 ′2𝑣/2, while 𝐴𝜇, the photon field, remains

massless. Furthermore, the potential energy becomes 𝑉 (ℎ) ⊃ 𝜇2ℎ2, where we read𝑚𝐻 =
√
2𝜇.
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This is a beautiful result, which amazes me every time I revisit it. However, this does
not answer yet how does the Higgs mechanism explain fermion masses. While a mass
term like 𝑚𝑒𝑒𝐿𝑒𝑅 is forbidden by our symmetry group, Yukawa interaction terms with Φ
are not. For instance, for the first generation of fermions we can write

Yukawa ⊃ 𝑦𝑒𝓁𝐿Φ𝑒𝑅 + 𝑦𝑢𝑞̄𝐿Φ̃𝑢𝑅 + 𝑦𝑑 𝑞̄𝐿Φ𝑑𝑅 + h.c. , (2.13)

where 𝑦𝑖 are the Yukawa couplings of each of the SM fermions defined in table 2.1 (ex-
cept neutrinos) and Φ̃ = 𝑖𝜏2Φ∗. These interaction terms are invariant under SU(2)L.
After the Higgs field acquires a non-zero vev, these Yukawa interactions give the fol-
lowing mass terms,

Yukawa ⊃ 𝑦𝑒
𝑣√
2
𝑒𝐿𝑒𝑅 + 𝑦𝑢

𝑣√
2
𝑢̄𝐿𝑢𝑅 + 𝑦𝑑

𝑣√
2
𝑑̄𝐿𝑑𝑅 . (2.14)

Where we can identify the mass of the SM fermions, 𝑚𝑖 = 𝑦𝑖𝑣/
√
2. Not having enough

with unifying electromagnetism and the weak interaction, the Higgs mechanism simul-
taneously solves the problem of fermion masses, all in one.

Fermion masses through the Higgs mechanism work because right-handed elec-
trons exist. However, the SM does not include right-handed neutrinos, 𝜈𝑅. In fact, if
such right-handed neutrinos existed, they would be a singlet of all SM interactions.
Since right-handed neutrinos are not included in the SM, the Yukawa interaction la-
grangian from eq. (2.13) does not lead to a mass term for neutrinos in the SM, as is the
case of the charged fermions in eq. (2.14). No other term which respects the SM sym-
metry group from eq. (2.1) can lead to a mass term for neutrinos. In conclusion, within

the SM, neutrinos should be strictly massless.

2.1.3 Neutrino interactions

The only term in the SM relevant which directly involves neutrinos is fermion. After
spontaneous symmetry breaking, neutrinos interact only with the weak gauge bosons,
𝑊 ± and 𝑍0. This leads to charged-current (CC) and neutral-current (NC) interactions,
respectively. On the one hand, CC interactions are given by

𝐶𝐶 = −
𝑔
2 (𝓁𝐿𝛾 𝜇𝜈𝐿𝑊 −

𝜇 + h.c.) . (2.15)

CC interactions transform a neutrino of a given flavor, i.e., 𝜈𝑒, 𝜈𝜇, 𝜈𝜏 ; with the corre-
sponding charged lepton of the same flavor, 𝑒, 𝜇, 𝜏. That is, neutrino flavors are pre-
cisely defined through their interaction in charged currents.
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On the other hand, NC interactions are described by

𝑁𝐶 = −
𝑔 ′

2 cos 𝜃𝑤
(𝜈̄𝐿𝛾 𝜇𝜈𝐿𝑍𝜇 + h.c.) . (2.16)

NC interactions leave the neutrino flavor unchanged and are flavor-blind. In fact, it is
through the 𝑍 boson that we know that there are only three active neutrinos, (𝜈𝑒, 𝜈𝜇, 𝜈𝜏).
By looking at the decay 𝑍 → 𝑓 𝑓 , the branching ratio into invisible particles is propor-
tional to the number of active neutrinos (i.e., which participate in weak interactions
through eq. (2.16)), 𝑁𝜈 , as

Γinv = Γ(𝑍 → 𝜈𝜈̄)𝑁𝜈 =
𝐺𝐹𝑚3

𝑍

12
√
2𝜋
𝑁𝜈 . (2.17)

LEP measured 𝑁𝜈 = 2.9840 ± 0.0082 [64], which discards the existence of more undis-
covered active neutrinos.

Before closing this section, notice that all terms in the SM Lagrangian, and eqs. (2.15)
and (2.16) in particular, conserve lepton flavor number. That is, if an initial state contains
an electron neutrino 𝜈𝑒, the final state must also carry a net electron flavor (whether in
the form of 𝑒 or 𝜈𝑒); and analogously for muon and tau lepton flavors. Therefore, within

the SM, lepton flavor number is conserved.

2.2 Massive neutrinos and how to get them

We have now learned that, in the SM, neutrinos should be massless and conserve lepton
flavor number. However, nature does not know what is the SM, and needs not realize
it. Three decades ago, it was neutrino physicists who measured the first deviation from
SM predictions. From that time on, a plethora of neutrino oscillations experiments have
measured that lepton flavor number is not conserved, e.g., [15–17, 24, 25, 65, 66]. For
instance, we have seen how solar neutrinos (which should only contain electron neutri-
nos) measured in the Earth also contain muon and tau neutrinos [16]. Neutrinos do not
conserve their flavor during their propagation, and this has been independently proven
among: many different experiments, from many different sources, looking at many dif-
ferent channels, with many different energies and at many different propagation dis-
tances. Furthermore, the energy-dependence of this oscillations has been measured to
be in excellent agreement with neutrinos having a mass.

In other words, neutrinos are massive and the SM is not exactly realized in nature.
This is a fact, as the 2015 Nobel Prize in Physics shows, awarded to Takaaki Kajita and
Arthur B. McDonald, from the Super-Kamiokande [15] and SNO [16] collaborations,
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for the discovery of neutrino oscillations, which shows that neutrinos have mass. In this
section we will introduce an example on how can we extend the SM to explain neutrino
masses, while in the next section (section 2.3) we will describe the phenomenology of
neutrino oscillations. For further insights into both of them, we refer the reader to [55,
67–69].

2.2.1 Right-handed-neutrinos: Dirac vs Majorana

In eq. (2.14) we have seen that electrons receive their mass from their Yukawa interaction
with the Higgs field, which is possible due to existence of right-handed electrons. In
particular, electrons in the SM are Dirac fermions, since their particle and antiparticle
states are different. A possibility to extend the SM, which is analogous to the charged
lepton sector, is to introduce right-handed-neutrinos (RHNs), 𝜈𝑅, such that

Dirac = −𝑌𝑖𝑗 𝜈̄𝑅 𝑖Φ̃𝜈𝐿 𝑗 . (2.18)

Here, we have added a total of 𝑚 RHNs, 𝜈𝑅 𝑖, and a Yukawa couplings matrix, 𝑌𝑖𝑗 , of
dimension 𝑚 × 3. After symmetry breaking, this would lead to neutrinos having a mass
term

Dirac = −𝑀𝐷 𝑖𝑗 𝜈̄𝑅 𝑖𝜈𝐿 𝑗 , with 𝑀𝐷 𝑖𝑗 = 𝑌𝑖𝑗
𝑣√
2
. (2.19)

Here we have defined the Dirac mass matrix 𝑀𝐷 𝑖𝑗 , of dimension 𝑚 × 3. If this were the
neutrino sector Lagrangian, then neutrinos would also be Dirac fermions, with neutrinos
and antineutrinos being different particles. This term can break lepton flavor number,
but Dirac neutrinos conserve the total lepton number.

This scenario, while conceptually simple, holds two major caveats. First, in order
to get sub-eV neutrino masses [21], one would require to have a Yukawa coupling,
𝑦𝑖𝑗 ≲ 10−12, which is six orders of magnitude smaller than the electron one. This huge
separation of scales is unexplained by this minimal extension. Second, and most impor-
tantly, once we have added a RHN, the symmetries from the SM as in eq. (2.1) allow us
to include also a Majorana mass term,

Majorana = −
1
2
𝑀𝑁 𝑖𝑗 𝜈̄𝑅 𝑖𝜈 𝑐𝑅 𝑗 + h.c. , (2.20)

where 𝜈 𝑐 = 𝐶𝜈̄𝑇 is the neutrino charge conjugated field, with 𝐶 the charge conjugation
operator. Here, 𝑀𝑁 is a symmetric 𝑚 × 𝑚 matrix, the Majorana mass matrix. Since
RHNs are singlets of the SM gauge groups, there is no a priori reason not to include
this term. The consequent need to fine-tune𝑀𝑁 → 0 makes this minimal extension not
very natural.
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Apart from breaking lepton flavor, the Majorana mass term from eq. (2.20) breaks
total lepton number by two unities. This is possible because the mass eigenstates would
be Majorana fermions, fulfilling 𝜈 𝑐 = 𝜈 . Since such neutrinos are their own antiparti-
cle, they can annihilate and break lepton number by two unities. As a consequence,
this mass term predicts processes like neutrinoless double beta decay, where a nucleus
decays by emitting two electrons and no electron antineutrinos [70].

One could also try to define a Majorana mass term without introducing RHNs, e.g.,
𝑚𝜈̄𝐿𝜈 𝑐𝐿 . However, this term is not invariant under the SM gauge group and therefore
can not be UV complete. One must go to higher order in SM Effective Field Theory
(SMEFT) and write a higher-dimensional operator in terms of the SM fields which does
introduce a Majorana mass term for the neutrino [71, 72]. In fact, SMEFT only has one
5-dimensional operator, the Weinberg operator [73],

Weinberg =
𝐶𝛼𝛽
Λ

𝓁𝛼𝐿 Φ̃ Φ̃𝑇 𝓁𝛽 𝑐𝐿 . (2.21)

Here, 𝐶𝛼𝛽 is a matrix of coefficients, and Λ is the cut-off scale where New Physics is
expected. After Higgs symmetry breaking, this becomes

Weinberg = 𝐶𝛼𝛽
𝑣2

2Λ
𝜈̄𝐿 𝛼𝜈 𝑐𝐿 𝛽 , (2.22)

which precisely acts as a Majorana mass term. Then, any UV completion whose IR
realization is eq. (2.21) would make neutrinos Majorana, with their mass suppressed by
Λ, and break total lepton number. Let us look into a particularly natural realization of
such UV extensions (albeit definitely not the only one).

2.2.2 The type-I see-saw mechanism

Let us rewrite mass = Dirac + Majorana as

mass =
1
2 (

̄⃗𝜈 𝑐𝐿 , ̄⃗𝜈𝑅)
⎛
⎜
⎜
⎝

0 𝑀𝑇
𝐷

𝑀𝐷 𝑀𝑁

⎞
⎟
⎟
⎠

⎛
⎜
⎜
⎝

𝜈𝐿
𝜈 𝑐𝑅

⎞
⎟
⎟
⎠
+ h.c. ≡ ̄⃗𝜈 𝑐𝑀𝜈𝜈 + h.c. , (2.23)

where 𝜈 = (𝜈𝐿, 𝜈 𝑐𝑅)
𝑇

is a (3 + 𝑚)-dimensional vector, composed of 3 active neutrinos
and 𝑚 RHNs. The diagonalisation of 𝑀𝜈 leads into 3 + 𝑚 mass eigenstates 𝜈mass which
are Majorana. In particular, if 𝑀𝑁 ≫ 𝑀𝐷, then this leads to 3 light eigenstates of mass

𝑚light ∼ 𝑀𝐷𝑀−1
𝑁 𝑀

𝑇
𝐷 , (2.24)
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which are mostly left-handed; and𝑚 heavy eigenstates of mass ∼ 𝑀𝑁 which are mostly
right-handed. Such kind of heavy RHN are expected in SM extensions such as SO(10)
GUTs [74, 75] or left-right symmetric models [76], and usually predict that the scale of
New Physics, Λ ∼ 𝑀𝑁 , is much larger than the electroweak scale. Then, this mecha-
nism naturally explains the lightness of neutrino masses, and is commonly known as
the type-I see-saw mechanism [70, 73, 76, 77]. Indeed, integrating-out the heavy RHNs
out of eq. (2.23) leads into a Weinberg operator as in eq. (2.21) with Λ ∼ 𝑀𝑁 . Other
realisations of the see-saw mechanism also exist, without necessarily requiring RHN.
For instance, the so-called type-II see-saw extends the SM with scalar triplets with hy-
percharge 𝑌 = 2 [78]; and the type-III see-saw extends it with fermionic triplets with
no hypercharge [79].

2.3 Neutrino oscillations

We have introduced neutrino mass eigenstates, |𝜈mass, 𝑖⟩ ≡ |𝜈𝑖⟩ = {𝜈1, 𝜈2, 𝜈3, … , 𝜈𝑛}, with
𝑛 = 3 + 𝑚. These mass eigenstates need not be the same as the flavor (or interaction)
eigenstates, |𝜈𝛼⟩ = {𝜈𝐿 𝑒, 𝜈𝐿 𝜇, 𝜈𝐿 𝜏 , 𝜈𝑅 1, … , 𝜈𝑅𝑚}. In general, these two basis of neutrino
eigenstates are related by a mixing matrix 𝑈𝛼𝑖,

|𝜈𝛼⟩ = ∑
𝑖
𝑈 ∗
𝛼𝑖|𝜈𝑖⟩ . (2.25)

From eq. (2.15), a charged-current interaction will always produce a neutrino with de-
fined flavor 𝛼. After travelling for a time 𝑡, the neutrino state will evolve to

|𝜈(𝑡)⟩ = 𝑒−𝑖𝐻̂𝑡 |𝜈𝛼⟩ , (2.26)

where 𝐻̂ is the Hamiltonian operator. As a first step, we can assume that all the mass
eigenstates are described by plane waves, with energy

𝐸𝑖 =
√
𝑝2
𝑖 + 𝑚2

𝑖 ≃ 𝑝𝑖 +
𝑚2
𝑖

2𝑝𝑖
≃ 𝐸 +

𝑚2
𝑖

2𝐸
. (2.27)

Here, we have used that neutrinos are ultrarelativistic, and thus 𝑝𝑖 ≃ 𝑝𝑗 ≡ 𝑝 ≃ 𝐸.
Then, what differentiates the energy of the mass eigenstates is their squared mass, 𝑚2

𝑖 .
Removing the part of the Hamiltonian which is proportional to the identity (which only
introduces a global phase), the Hamiltonian in the mass base is

𝐻̂𝑚 =
1
2𝐸

diag (𝑚2
1, 𝑚

2
2, … , 𝑚

2
𝑛) . (2.28)
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Then, the evolution of the neutrino in eq. (2.26) becomes

|𝜈(𝑡)⟩ = 𝑒−𝑖𝐻̂𝑡 |𝜈𝛼⟩ =
𝑛

∑
𝑖=1
𝑈 ∗
𝛼𝑖 exp

{
−𝑖
𝑚2
𝑖 𝐿
2𝐸

}
|𝜈𝑖⟩ . (2.29)

Here, 𝐿 = 𝑐𝑡 is the travelled distance, usually called the baseline length.

Now, in general |𝜈(𝑡)⟩ does not remain as a |𝜈𝛼⟩, but has some possibility of under-
going a charged-current interaction into a charged lepton state 𝓁𝛽 . We would associate
this process to a final interaction state |𝜈𝛽⟩. The probability for such a transition is given
by [55, 80–86]

𝑃𝛼𝛽 =
||| ⟨𝜈𝛽 |𝑒

−𝑖𝐻̂𝑡 |𝜈𝛼⟩
|||
2
=
|||||

𝑛

∑
𝑖=1
𝑈 ∗
𝛼𝑖𝑈𝛽𝑖 exp

{
−𝑖
𝑚2
𝑖 𝐿
2𝐸

}|||||

2

= (2.30)

= 𝛿𝛼𝛽 − 4
𝑛

∑
𝑖<𝑗

Re [𝑈 ∗
𝛼𝑖𝑈𝛽𝑖𝑈𝛼𝑗𝑈

∗
𝛽𝑗] sin

2 Δ𝑚
2
𝑖𝑗𝐿

4𝐸
+ 2

𝑛

∑
𝑖<𝑗

Im [𝑈 ∗
𝛼𝑖𝑈𝛽𝑖𝑈𝛼𝑗𝑈

∗
𝛽𝑗] sin

Δ𝑚2
𝑖𝑗𝐿

2𝐸
,

where we have used the orthogonality of mass eigenstates, ⟨𝜈𝑖|𝜈𝑗⟩ = 𝛿𝑖𝑗 , and have de-
fined the squared-mass difference, Δ𝑚2

𝑖𝑗 = 𝑚2
𝑖 − 𝑚2

𝑗 . If we had followed the same ap-
proach for antineutrinos, we would have needed to replace 𝑈 → 𝑈 ∗, thus changing the
sign of the last term.

Equation (2.30) tells us that, if neutrinos have different masses (Δ𝑚𝑖𝑗 ≠ 0), and their
mass eigenstates are not aligned with their interaction eigenstates (𝑈𝛼𝑖𝑈𝛽𝑖 ≠ 0), then a
neutrino with original flavor 𝛼 has a non-zero probability of producing a charged lepton
of flavor 𝛽 after travelling some distance 𝐿. The oscillatory shape of this probability,
shown in fig. 2.1, gave this transition the name of neutrino oscillations. It is useful to
define the oscillation length as

𝐿osc𝑖𝑗 =
4𝜋𝐸
|Δ𝑚2

𝑖𝑗 |
(2.31)

as the characteristic length at which this oscillation happens. Equation (2.30) has two
limits,

∙ If 𝐿 ≪ 𝐿osc𝑖𝑗 , 𝑃𝛼𝛽 = 𝛿𝛼𝛽 . As expected, if the neutrino does not travel for a sufficiently
long distance, the oscillation does not happen.

∙ If 𝐿 ≫ 𝐿osc𝑖𝑗 , then the sin2 in the second term averages out to 1/2, and the transition
probability is constant

𝑃𝛼𝛽 = 𝛿𝛼𝛽 − 2
𝑛

∑
𝑖<𝑗

Re [𝑈 ∗
𝛼𝑖𝑈

𝛽𝑖𝑈𝛼𝑗𝑈 ∗
𝛽𝑗] . (2.32)
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Figure 2.1: The 3-neutrino oscillation probability for electron antineutrino survival, as a func-
tion of the 𝐸/𝐿 ratio. This is the important probability for reactor experiments, where antineu-
trinos are produced from beta decay and observed by inverse beta decay. The parameters for
this figure are taken from [21].

In this limit, many oscillations have happened on the baseline length, and only its
average effect remains.

Real sources and detectors have non-monochromatic spectra, finite lengths and finite
energy resolution. Neutrino oscillations must be integrated within spatial and energy
uncertainties and as a consequence get (partly) averaged.

Three-neutrino oscillations

Equation (2.30) has been tested to great detail between the three known active neutrino
eigenstates, {𝜈𝑒, 𝜈𝜇, 𝜈𝜏}. If we reduce the description to these 3 states, 𝑈 can be de-
scribed with only six independent parameters: three mixing angles and three phases.
Conventionally, it is parametrized as the Pontecorvo-Maki-Nakagawa-Sakata (PMNS)
mixing matrix [87, 88]

𝑈 =

⎛
⎜
⎜
⎜
⎜
⎝

1 0 0

0 𝑐23 𝑠23
0 −𝑠23 𝑐23

⎞
⎟
⎟
⎟
⎟
⎠

⎛
⎜
⎜
⎜
⎜
⎝

𝑐13 0 𝑠13𝑒−𝑖𝛿CP

0 1 0

−𝑠13𝑒𝑖𝛿CP 0 𝑐13

⎞
⎟
⎟
⎟
⎟
⎠

⎛
⎜
⎜
⎜
⎜
⎝

𝑐21 𝑠12 0

−𝑠12 𝑐12 0

0 0 1

⎞
⎟
⎟
⎟
⎟
⎠

⎛
⎜
⎜
⎜
⎜
⎝

𝑒𝑖𝜂1 0 0

0 𝑒𝑖𝜂2 0

0 0 1

⎞
⎟
⎟
⎟
⎟
⎠

, (2.33)
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2.3. Neutrino oscillations

where 𝑐𝑖𝑗 = cos 𝜃𝑖𝑗 and 𝑠𝑖𝑗 = sin 𝜃𝑖𝑗 , with 𝜃𝑖𝑗 ∈ [0, 𝜋/2] the mixing angles. Now,
𝛿CP ∈ [0, 2𝜋) is the CP phase, responsible for CP violation in the neutrino sector; and
𝜂𝑖 ∈ [0, 2𝜋) are the Majorana phases. If neutrinos are Dirac, 𝜂𝑖 can be absorbed in the
neutrino states and these phases are non-physical. Most importantly, even if neutrinos
are Majorana and 𝜂𝑖 ≠ 0, the dependence of 𝑃𝛼𝛽 on 𝜂𝑖 cancels out. In other words, it is
not possible to measure Majorana phases from oscillation experiments.

As of 2024, neutrino oscillation experiments have measured the mass-squared dif-
ferences Δ𝑚2

𝑖𝑗 and the mixing angles 𝜃𝑖𝑗 with great precision [21],

Δ𝑚2
21 ≡ Δ𝑚2

sol = (7.49 ± 0.19) × 10−5 eV2 ,

|Δ𝑚3𝑗 |2 ≡ Δ𝑚2
atm = (2.534+0.025−0.023) × 10

−3 eV2 ,

sin2 𝜃12 = 0.307+0.012−0.011 ,

sin2 𝜃23 = 0.561+0.012−0.015 ,

sin2 𝜃13 = 0.02195+0.00054−0.00058 .

(2.34)

Other global fits find consistent results [22, 89]. Shown explicitly as |Δ𝑚3𝑗 |2, experiments
have not yet reached the necessary precision to resolve the sign of the squared-mass
difference between𝑚3 and𝑚1 (and𝑚2). As a consequence, we don’t know if the lightest
mass eigenstate is 𝑚1 or 𝑚3. This leads to two possible ways of ordering neutrino mass
eigenstates (or neutrino mass hierarchy), as shown in fig. 2.2. Namely, in normal order-
ing (NO) 𝑚1 < 𝑚2 < 𝑚3 (the electron neutrino is mainly formed by the lightest state),
while in inverted ordering (IO) 𝑚3 < 𝑚1 < 𝑚2 (the lightest state has the least electron
neutrino mixing). Experiments in the mid-term future will be able to distinguish be-
tween these two scenarios [26–28]. Then, values in eq. (2.34) are obtained under the
assumption of normal ordering, but are similar to those from inverted ordering [21].
This is not the case for 𝛿CP due to the current tension between the NOvA and T2K
experiments, which does not lead to a clear image for 𝛿CP [24, 25]. The best-fit value de-
pends largely on the assumed ordering, with 𝛿CP = (177+19−20)◦ in NO and 𝛿CP = (285+25−28)◦

in IO [21].

Neutrino oscillations in matter

In general, neutrino oscillations do not happen in vacuum, but in matter. The cross-
section of incoherent neutrino-nucleon scattering at the characteristic energies of neu-
trino oscillations (MeV to GeV) is quite small,

𝜎 ∼ 𝐺2
𝐹𝑠 ∼ 10−43 cm2

(
𝐸

MeV)

2

. (2.35)
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Normal hierarchy Inverted hierarchy

Figure 2.2: There are only two ways of ordering the neutrino mass eigenstates by mass, the
normal hierarchy and the inverted hierarchy. For each mass eigenstate 𝜈𝑖, red is the composition
of 𝜈𝑒 , |𝑈𝑖𝑒 |2, blue for 𝜈𝜇, |𝑈𝑖𝜇|2, and orange for 𝜈𝜏 , |𝑈𝑖𝜏 |2. Values for the mixings taken from [21].

However, neutrinos propagating in matter can interact with the medium coherently.
In this case, both the medium and the neutrino remain unchanged, so the scatter and
unscattered neutrino waves can interfere. This enhances the effect of the interaction,
which becomes proportional to 𝐺𝐹 and not to 𝐺2

𝐹 . At the practical level, this requires
to add an effective potential to the evolution Hamiltonian at eq. (2.28). In the SM and
through ordinary matter, this is given by

𝐻 = 𝐻𝑚 + 𝑈 †𝑉𝑈 , with 𝑉 = diag (±
√
2𝐺𝐹𝑛𝑒(𝑥), 0, 0) , (2.36)

where 𝑛𝑒(𝑥) is the electron number density at the position 𝑥 in the medium. Here, +
applies to neutrinos, and − to antineutrinos. Characteristic values of the potentials in
the Earth core are 𝑉 ∼ 10−13 eV, while at the solar core are 𝑉 ∼ 10−12 eV. For neutrino
oscillations studied in this thesis, matter effects are negligible.

2.3.1 Wave packet formalism of neutrino oscillations

In the previous section, we have obtained the transition probability 𝑃𝛼𝛽 as in eq. (2.30)
assuming that neutrinos are in states with unique, well-defined, energy and momentum,
i.e., that they propagate as plane waves. This is in contradiction to the kinematics of any
neutrino production process, and furthermore neutrinos propagating between a source
and a detector are localized. Nonetheless, the plane wave derivation of the oscillation
formula leads to the correct result in the regime where the effect of the wave packet
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2.3. Neutrino oscillations

width is negligible [90].

Opposite to the plane wave (PW) formalism, the wave packet (WP) formalism de-
scribes the state |𝜈𝛼(𝑡)⟩ by

|𝜈𝛼(𝑡)⟩ =
𝑛

∑
𝑖=1
𝑈 ∗
𝛼𝑖 ∫ 𝑑𝑝 𝜓𝑖(𝑝)𝑒−𝑖𝐸𝑖(𝑝)𝑡 |𝜈𝑖(𝑝)⟩ . (2.37)

Here the produced state is a superposition of mass eigenstates with different momenta,
described by the wave function in momentum space, 𝜓𝑖(𝑝). This quantum state is local-
ized in space and describes the physics of a propagating neutrino. In order to reach an
analytical result, we assume the evolution to be one dimensional and the momentum
distribution to be Gaussian.

After its propagation, the produced neutrino 𝜈𝛼 can be detected at some detector
in a position 𝐿 at time 𝑇 through a charged-current interaction 𝜈𝛼𝑋 → 𝑙𝛽𝑌 , with 𝑙𝛽 a
lepton of flavor 𝛽. The amplitude for this process in the WP formalism is [80]

𝐴𝛼𝛽 ∝
𝑛

∑
𝑖=1
𝑈 ∗
𝛼𝑖𝑈𝛽𝑖 exp

{
−𝑖𝐸0𝑖 𝑇 + 𝑖𝑃𝑖𝐿 −

(𝐿 − 𝑣𝑖𝑇 )
4𝜎2

𝑥

}
. (2.38)

Here 𝑃𝑖 is the central linear momentum of each mass eigenstate wave packet, 𝐸0𝑖 =√
𝑃 2
𝑖 + 𝑚2

𝑖 its central energy and 𝑣𝑖 = 𝜕𝐸𝑖(𝑝)/𝜕𝑝|𝑝=𝑃𝑖 its group velocity. Finally, 𝜎𝑥 is
a length scale which parametrizes the dampening of the oscillations and that can be
referred as the wave packet size [80–86]. This wave packet size depends on the neutrino
production and detection mechanisms.

Experiments do not measure 𝑇 and oscillation periods are always much smaller than
the operation time of the detector, then the total probability 𝑃𝛼𝛽(𝐿) = ∫ ∞

0 d𝑇 |𝐴𝛼𝛽 |2

depends only on 𝐿,

𝑃𝛼𝛽 =
𝑛

∑
𝑖=1

|𝑈𝛼𝑖|2|𝑈𝛽𝑖|2 +

+ 2Re∑
𝑖<𝑗
𝑈𝛼𝑖𝑈 ∗

𝛼𝑗𝑈
∗
𝛽𝑖𝑈𝛽𝑗 exp

{
−2𝜋𝑖

𝐿
𝐿𝑖𝑗osc

− 2𝜋2
(
𝜎𝑥
𝐿𝑖𝑗osc)

2

− (
𝐿
𝐿𝑖𝑗coh

)

2}
.

(2.39)

Here we have imposed a posteriori the conservation of probability ∑𝛼 𝑃𝛼𝛽 = 1 and have
defined

𝐿𝑖𝑗osc =
4𝜋𝐸
|Δ𝑚2

𝑗𝑖|
and 𝐿𝑖𝑗coh =

4
√
2𝐸2𝜎𝑥

|Δ𝑚2
𝑗𝑖|

, (2.40)

the oscillation and coherence lengths, respectively. This formula can be obtained in
a more consistent manner in the QFT formalism [84, 91–93], without any a posteriori
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conservation of probability (and an additional energy dependence). Furthermore, the
QFT formalism introduces the wave functions 𝜓𝑖 in the incoming (outgoing) particle in
the source (detector) vertex, not in the unobserved propagation neutrino.

Note that eq. (2.39) is the usual oscillation probability, with two additional terms
in the exponential, which dampen the oscillation and only appear if we follow the WP
formalism. The term (𝜎𝑥/𝐿𝑖𝑗osc)2 inside the exponential in eq. (2.39) is significant when
𝜎𝑥 ∼ 𝐿𝑖𝑗osc. In this regime, the wave packet width from production and/or detection is
so large that it does not allow distinguishing between mass eigenstates. This results
in washed-out oscillations. Most experiments, such as the ones studied in this thesis,
work in the limit 𝜎𝑥 ≪ 𝐿𝑖𝑗osc, such that this term is negligible. Therefore, we will ignore
it from here on.

On the other hand, the term (𝐿/𝐿𝑖𝑗coh)
2 is significant when 𝐿 ≳ 𝐿𝑖𝑗coh. This term can

be understood as the decoherence arising from the separation of the mass eigenstates
during their propagation at different velocities. The larger 𝐿, the more separation, the
more decoherence and the more dampening of the oscillations. This term may be ab-
sorbed in the response function of the detector and thus could also be interpreted as a
worsening of its energy resolution [94]. Note from (2.40) that the dampening increases
with smaller 𝜎𝑥 and larger Δ𝑚2

𝑗𝑖. As we will see in chapter 3, this effect may be important
when studying mass-squared differences which are orders of magnitude larger than the
standard ones.

2.3.2 Neutrino oscillations experiments

As we have learned from eq. (2.30), the transition probability peaks at 𝐸/𝐿 ∼ Δ𝑚2
𝑖𝑗 .

In other words, in order to be sensitive to a particular energy splitting, the baseline
between the source and the detector must be chosen adequately, given the energy of the
neutrino source. Figure 2.3 shows the different (𝐸, 𝐿) for past, present and some future
experiments. These experiments may be classified in five families: solar, atmospheric,
nuclear reactor, accelerator-based and gallium experiments. In this section we briefly
review their properties, sources and (if any) anomalies.

Solar neutrino experiments. The Sun provides us with the largest natural flux
of neutrinos. These neutrinos (originally 𝜈𝑒) are produced during nuclear fusion pro-
cesses, which in the Sun are dominated by the 𝑝𝑝 chain. This includes reactions such
as 𝑝+𝑝 → 𝑑+𝑒+𝜈𝑒 or 𝑝+𝑒−+𝑝 → 𝑑+𝜈𝑒 (here, 𝑑 stands for deuterium). The neutrinos
released by these reactions carry an energy between (0.1 − 10)MeV. The energy and
flux intensity of these neutrinos are computed using the Standard Solar Model [95, 96].
When travelling from the neutrino core to the end of the photosphere, solar neutrinos
cross an adiabatic resonance due to the matter potential. This is called the Mihheev-
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Atmospheric

sol

Figure 2.3: Neutrino experiments and characteristic scales as a function of the baseline and
energy. 𝐿osc

sol (teal) and 𝐿osc
atm (orange) are computed from eq. (2.40) using eq. (2.34). Neutrino

oscillation with mass-spliting Δ𝑚2 are relevant close to the corresponding 𝐿osc lines: far below
oscillations do not have time to start, while far above they are averaged out. Matter effects
important for solar oscillations in the Sun are under the region so-called solar potential, while
the atmospheric regions covers the entire flux and baselines of atmospheric oscillations.

Smirnov-Wolfenstein (MSW) effect, which plays a fundamental role in explaining the
observed deficit of solar neutrinos [97, 98]. Inside the Sun, this resonance happens
at energies that allow for solar neutrino experiments to probe the value and sign of
Δ𝑚2

21 with great detail. Therefore, this is usually called the solar squared-mass split-
ting. In chronological order, experiments which have studied solar neutrinos are Home-
stake [99], SAGE [100], GALLEX [101], Kamiokande [102], SNO [103], KamLAND [104]
and Borexino [105]. The next generation experiment which will soon reach new levels
of precision is JUNO, which will also work as a reactor experiment [26].

Atmospheric neutrino experiments. The Earth is not only showered by particles
from the Sun, but also it is constantly receiving highly energetic cosmic rays. These
cosmic rays collide with nucleons in the top of the atmosphere, and produce particle
cascades. These cascades involve charged mesons, mostly pions and kaons, that decay
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to charged leptons and neutrinos, mostly through [46]

𝜋± → 𝜇± + 𝜈𝜇 (𝜈̄𝜇) ,

𝜇± → 𝑒± + 𝜈̄𝜇 (𝜈𝜇) + 𝜈𝑒 (𝜈̄𝑒) .
(2.41)

The energies of these neutrinos range from 100 MeV to TeV, and travel distances as
long as the Earth’s diameter. More precisely, neutrinos coming from different zenithal
angles travel different distances. As shown in fig. 2.3, these neutrinos have been used
to determine Δ𝑚2

31, usually called the atmospheric squared-mass splitting. In chrono-
logical order, experiments which have measured atmospheric neutrinos are IMB [106],
Kamiokande [107], MACRO [108], Soudan-2 [109], Super-Kamiokande [15] and Ice-
Cube [66]. In the future, these will be complemented by IceCube-Gen2 [38], Hyper-
Kamiokande [27] and KM3NeT [110, 111].

Accelerator neutrino experiments Particle accelerators provide high-energy pro-
tons which can be collided against a target to produce pions and kaons. These mesons
can decay, either in-air or after being stopped, producing a flux which is mostly 𝜈𝜇 or
𝜈̄𝜇, as shown in eq. (2.41). Magnetic horns can also be used to keep only positive or
negative pions, and thus generate a beam of neutrinos and antineutrinos, respectively.
Carefully choosing the design of the experiment allows to produce neutrino fluxes with
a very narrow energy spectrum, centered at energies around (1 − 20) GeV. This is the
case of K2K [18], MINOS [19], T2K [24] or NO𝜈A [25], and will be followed by Hyper-
Kamiokande [27] and DUNE [29].

Baselines of (500) km allow to measure the atmospheric mass splitting. These are
usually called long-baseline detectors. However, many experiments also place detectors
at baselines (1) km. These short-baseline detectors allow to reduce systematic uncer-
tainties by measuring the neutrino flux before neutrinos have oscillated. Since short and
long-baseline detectors have a similar or identic design, systematics and cross-section
uncertainties are equivalent, and mostly cancel out for their event ratios.

Precisely, the short-baseline detector of the Liquid Scintillator Neutrino Detector
(LSND) experiment studied neutrinos from stopped pion decay in the mid-1990s. While
neutrinos should be mostly 𝜈𝜇, 𝜈̄𝜇 or 𝜈𝑒, the experiment reported an excess of 𝜈̄𝜇 →
𝜈̄𝑒 appearance [112, 113]. In the 2010s, the MiniBooNE experiment at Fermilab [114,
115] measured a low-energy excess of 𝜈̄𝑒 with a 4.7𝜎 tension to standard oscillations.
A possible explanation for such excess is the introduction of a sterile neutrino with
Δ𝑚2 ∼ 1 eV, as we will discuss in chapter 3. While this still remains a valid explanation
for LSND and MiniBooNE excesses, the absence of similar signals in other experiments
difficults this explanation in the global picture.

24



2.3. Neutrino oscillations

On a sidenote, particle accelerators are also now producing the first signals of
neutrinos from high-energy collisions. By placing a detector close to the ver-
tex points of colliders, the FASER experiment at CERN announced in 2023 the
detection of the first neutrino coming from such a collision event [116]. Even
more recently, in 2024, the NA62 experiment announced the detection of the first
neutrino tagged experiment from a collision [117]. The measurement of tagged
neutrinos will allow to reconstruct the kinematics of LHC collisions that have a
neutrino in the final state with improved precision [118].

Reactor antineutrino experiments. The most luminous artificial source of neu-
trinos are nuclear reactors, both commercial and research-oriented. The electron an-
tineutrinos from nuclear fission processes have energies (MeV) and are detected by
inverse beta decay (IBD),

𝜈̄𝑒 + 𝑝 → 𝑒+ + 𝑛 . (2.42)

The annihilation of the positron with an electron in the detector produces two photons
which allow to precisely measure the positron energy 𝐸𝑝, and thus the antineutrino
energy 𝐸𝜈 ≃ 𝐸𝑝 + 0.8MeV. The lower energy threshold from IBD sets a cut for the
minimum energy that can be detected, 𝐸min

𝜈 = 1.806MeV.

Commercial nuclear reactors hold a mix of different heavy isotopes, usually 235U,
238U, 239U, 241U, and research reactors usually contain 235U only. The reactor antineu-
trino flux is the result from the superposition of produced neutrinos from thousand
of different beta-decay branches. Ab initio theoretical calculations are only available
for the antineutrino flux from 238U [119]. Current state-of-the-art calculations for 235U,
239U and 241U are based in the inversion of the known spectra of beta-decay electrons,
measured in the 1980s at the Institut-Laue-Langevin [120–123]. However, these cal-
culations predicted a ∼ 5% flux than that which was measured in reactor experiments
such as DayaBay [124] and STEREO [125], which was dubbed the “reactor antineu-
trino anomaly” [126]. While this anomaly could be solved by an sterile neutrino with
Δ𝑚2 ∼ (1) eV2, new measurements at the National Research Centre Kurchatov Insti-
tute refined the experimental input for the theoretical calculations, and the new pre-
dicted flux has become in good agreement with observations [127, 128]. However, the
reactor antineutrino flux still shows an unexplained excess around 5 MeV, the so-called
”5 MeV bump” [129].

While the vanishing of the reactor antineutrino anomaly washed out the necessity
for a sterile neutrino explanation [129], many nuclear reactor experiments have looked
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for Δ𝑚2 ∼ (1) eV2 oscillations. In chapter 3 we will discuss DayaBay [130], NEOS [131]
and PROSPECT [132], but DANSS [133], STEREO [134] and Neutrino-4 [135] have also
searched for them. Results vary from non-observation to 2𝜎 detections [136, 137].

Radionuclei experiments. Radioactive nuclei, even if in smaller quantities, can
also be used as a source of electron antineutrinos. Apart from studying solar neutrinos,
the SAGE, GALLEX and –more recently– BEST experiments have been used as very-
short-baseline experiments. In particular, the BEST experiment consists of a 51Cr nu-
cleus and two gallium targets 71Ga [138]. The radioactive nucleus produces a 𝜈̄𝑒 which
undergoes IBD in the target,

71Ga + 𝜈̄𝑒 → 71Ge + 𝑒+ . (2.43)

Then, the atoms of 71Ge are chemically extracted and counted. This is a measure of the
total number of events, integrated both in time and energy.

The baseline between the source and the targets are separated at less than 3 meters,
too close for Δ𝑚2

sol and Δ𝑚2
atm to produce any disappearance of 𝜈̄𝑒. After accounting

for the background from solar neutrinos, all SAGE, GALLEX and BEST have reported a
deficit of events in the target. The ratio to the predicted number of events is 0.80± 0.05,
which means a 4𝜎 discrepancy with standard three-neutrino oscillations [139, 140]. This
is the so-called “Gallium anomaly”, which was already present in the SAGE [141, 142]
and GALLEX [143–145] in the 1990s and has been reaffirmed by BEST in 2022 [138,
146, 147]. One possible solution to explain this deficit is, again, the introduction of a
sterile neutrino with Δ𝑚2 ∼ (1) eV. However, the 𝑈𝑒𝑠 mixing necessary to explain it is
“surprisingly large”, and in a tension with reactor and solar experiments which is of the
same order of the anomaly itself [140, 147].

2.3.3 Searching for the absolute neutrino mass scale

Neutrino oscillations only depend on Δ𝑚2. For a 3-neutrino space with {𝑚1, 𝑚2, 𝑚3},
this means that from them we can only measure two independent quantities, namely
Δ𝑚2

21 ≡ 𝑚2
2 −𝑚2

1 and Δ𝑚2
31 ≡ 𝑚2

3 −𝑚2
1. Then, there is an absolute mass scale which is not

measurable by oscillations, for instance the lightest mass 𝑚light. As seen in fig. 2.2, for
normal ordering 𝑚light = 𝑚1, and for inverted ordering 𝑚light = 𝑚3.

Measuring the absolute mass of neutrinos is not an easy task. We expect it to be
𝑚𝑖 ≲ (1) eV, much smaller than any other particle of the SM. However, the lowest-
energy neutrinos that we have measured have energies (105) eV [148]. Then, neutrino
masses only give corrections to the neutrino energy of at most 𝑚/𝐸 ∼ (10−5), which
requires excellent relative energy resolution.
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2.3. Neutrino oscillations

The current best direct bounds on the neutrino masses come from the KATRIN ex-
periment [149, 150]. KATRIN studies the beta decay of tritium,

3H → 3He + 𝑒− + 𝜈̄𝑒 . (2.44)

Tritium beta decay is a superallowed transition, and thus the nuclear matrix elements
are energy independent. Then, the spectrum of the outgoing electron is given only by
phase space kinematics,

d𝑁
d𝐸

= 𝐶(𝐸)∑
𝑖
|𝑈𝑒𝑖|2

√
(𝐸0 − 𝐸)2 − 𝑚2

𝑖 Θ(𝐸0 − 𝐸 − 𝑚𝑖) , (2.45)

where 𝐶(𝐸) contains all 𝑚𝑖-independent factors and 𝐸0 is the mass difference between
the initial and final nuclei. The Heaviside function Θ(𝐸0 − 𝐸 − 𝑚𝑖) expresses the fact
that the neutrino mass eigenstate 𝑚𝑖 can only be produced if there is enough available
energy, 𝐸0−𝐸 > 𝑚𝑖. Assuming than 𝐸0−𝐸 ≫ 𝑚𝑖, then we can write this energy spectrum
in terms of a single parameter, 𝑚𝛽,𝜈 , [55]

𝑚𝛽,𝜈 =
√
∑
𝑖
𝑚2
𝑖 |𝑈𝑒𝑖|2 =

⎧⎪⎪
⎨⎪⎪⎩

√
𝑚2

light + Δ𝑚2
21(1 − 𝑐213𝑐212) + Δ𝑚2

32𝑠213 ≥ 0.0085 eV NO
√
𝑚2

light + Δ𝑚2
21𝑐213𝑐212 − Δ𝑚2

32𝑐213 ≥ 0.048 eV IO
,

(2.46)
where the lower bounds are found setting 𝑚light = 0. In conclusion, neutrino masses
modify the electron energy spectrum to

d𝑁
d𝐸

= 𝐶(𝐸)∑
𝑖
|𝑈𝑒𝑖|2

√
(𝐸0 − 𝐸)2 − 𝑚2

𝛽,𝜈 . (2.47)

A non-zero mass will slightly move the endpoint of the electron spectrum to lower ener-
gies. The KATRIN experiment has not found this shortening of order 𝑚𝛽,𝜈/𝐸 ∼ (10−5),
and therefore has placed an upper bound on the effective mass [150]

𝑚𝛽,𝜈 ≤ 0.45 eV (95% C.L.) . (2.48)

While KATRIN holds the best direct bound on 𝑚𝜈 , the best indirect bounds come
from cosmology. As we will explain in chapter 7, massive neutrinos modify cosmology in
a distinct way, which allows us to use cosmological observations to place upper bounds
on the sum of neutrino masses,

∑
𝑖
𝑚𝑖 =

⎧⎪⎪
⎨⎪⎪⎩

𝑚light +
√
𝑚2

light + Δ𝑚2
21 +

√
𝑚2

light + Δ𝑚2
31 > 0.059 eV NO ,

𝑚light +
√
𝑚2

light + |Δ𝑚2
32| +

√
𝑚2

light + |Δ𝑚2
32| − Δ𝑚2

21 > 0.0099 eV IO .
(2.49)
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No cosmological survey has reported yet the observation of neutrino masses, and there-
fore only report upper bounds, which vary depending on the datasets used. For instance,

∑
𝑖
𝑚𝑖 < 0.24 eV CMB + lensing [151] ,

∑
𝑖
𝑚𝑖 < 0.12 eV CMB + lensing + BAO [151] ,

∑
𝑖
𝑚𝑖 < 0.07 eV CMB + lensing + DESI BAO [152] ,

(2.50)

at the 95% C.L. We show these constrains in fig. 2.4. Even if the latest cosmological
results from DESI point towards the exclusion of IO [152–154], the measurement of
neutrino masses in cosmology is indirect and model-dependent. A further investigation
of this topic is required before jumping to conclusions, as discussed in chapter 7.

10−3 10−2 10−1 1

mlight (eV)
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1

∑
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V
)

IO

NO

KATRIN

CMB + lensing
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Figure 2.4: Current constraints on the sum of the neutrino masses, as shown in eq. (2.50). Teal
and orange lines show ∑𝑖𝑚𝑖 in terms of the lightest neutrino mass for the normal and inverted
orderings, respectively, as in eq. (2.49). Cosmological constraints are closing up on the minimum
total neutrino mass allowed by oscillations.

Concluding remarks

In this first chapter we have learned (or remembered) that

1. neutrinos oscillate and at least two of them have a non-zero mass,

2. this is unexplained by the particle content within the SM and requires to extend
it in some manner,
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2.3. Neutrino oscillations

3. we have measured to great precision the parameters of the neutrino flavor sector
(eq. (2.34)), but the measurement of 𝛿CP, of the octant of 𝜃23 and of the neutrino
ordering is still missing,

4. we have not yet measured the absolute neutrino mass, but cosmology promises
an observation in the following decade (or to rule out neutrino oscillations)2.

Two big-picture conclusions can be drawn from what we have seen. First, we expect
New Physics to be connected in some manner with the neutrino sector. Second, even
if such New Physics is not reachable in the short-term future, there are still interesting
questions which can be addressed and succesfully answered. Obtaining these answers
is necessary to attain a complete description of the known Physics of the SM.

In the same manner that neutrino oscillations were not the main initial objective
of the Kamiokande experiment (these were proton decay and GUTs), New Physics can
be found serendipitously. That is, as an unexpected result of another research line.
While we try to measure with great precision the parameters from neutrino oscillations,
we might encounter unexpected behaviour. In 3-neutrino oscillations, this is usually
described in terms of Non-Standard neutrino Interactions (NSIs) [155–160]. However,
as we have learned, new (sterile) neutrino species are physically motivated and would
require to go beyond this paradigm.

This is the case for (1) eV sterile neutrinos. Signals that could be interpreted as
Δ𝑚2 ∼ 1 eV2 have been detected in multiple experiments and, while the global picture
does not favor the sterile neutrino explanation, the anomaly remains unexplained. In
the following section, chapter 3, we present the results from [1], where we address low-
energy sterile neutrino searches and their robustness against a finite wave packet width.
Understanding such robustness is necessary to undoubtedly discard the sterile neutrino
hypothesis.

2I am not entirely sure of which scenario I would prefer.
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3 Impact of Wave Packet Separation in
Low-Energy Sterile Neutrino Searches

The observation of an excess of electron antineutrino events in the Liquid Scintillator
Neutrino Detector (LSND) [112, 113] in the mid-1990s started a broad experimental
program to confirm this signal. The simplest explanation of the excess is that it is due to
the presence of a fourth neutrino, whose flavor state does not participate in the Standard
Model weak interactions, and whose mass splitting is on the order of 1 eV2. Given this as
the explanation of the LSND observation, we then expect that correlated signals should
be present at different baselines and energies but at a similar ratio of baseline-to-energy
of approximately 1GeV/km.

Experiments searching for these signatures have been performed with energies rang-
ing from MeV to TeV and baselines from a few meters to the diameter of the Earth, as
shown in fig. 2.3. These experiments use neutrinos produced predominantly by three
means: nuclear decay in the MeV range, pion decay at rest at the 100MeV scale, and
pion or kaon decay in flight in the highest energy range. In the lowest energy range,
gallium experiments study the production rate of inverse beta decay on 71Ga from an
intense electron neutrino source [138, 139, 141–143, 161]. Also at MeV energies, reactor
experiments have performed searches for the presence of electron antineutrino disap-
pearance by comparing observations to theoretical predictions of the rates [126] or by
searching for oscillatory patterns in measurements performed at different positions [65,
130–133, 135, 146, 162–165]. All these low-energy experiments have yielded confirma-
tory signals that range in significance from ∼ 2 to more than 5 sigma but at the same
time have yielded constraints that contradict these observations, specially when taking
into account solar neutrino analysis [137, 166]. In the intermediate energy range, the
MiniBooNE [114, 115] experiment has reported the appearance of electron-neutrino-like
events compatible with the LSND observation at a significance of 4.8 sigma. Operating
in the same beam, recently the MicroBooNE collaboration has published measurements
of electron neutrino events under various interaction channels [167–170]. When this
data is interpreted in the context of a light sterile neutrino, weak signals for electron-
neutrino disappearance are observed [171] and weak constraints on the MiniBooNE
region are obtained [172, 173]. Finally, in the highest energy range, the MINOS+ collab-
oration has placed very strong constraints on muon-neutrino disappearance, while the
IceCube Neutrino Observatory observes a mild signal [174–177]. This is a very confus-
ing situation that, when studied in the context of global fits, results in the conclusion
that the inconsistencies between the datasets rule out the light sterile neutrino inter-
pretation of LSND [178–181].
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In this chapter, we point out that the above-mentioned conclusion, specifically about
the apparent contradiction between reactor experiments and radioactive sources, has
overlooked an important fact that could resolve the tension. When deriving the results
quoted above, the experiments assume that the neutrino state is a plane wave. It is well-
known that the plane-wave (PW) theory of neutrino oscillations [182–184] is a simpli-
fied framework that upon careful inspection contains apparent paradoxes [90, 185, 186].
These can be resolved by introducing the wave packet (WP) formalism [80–86, 143], as
explained in section 2.3.1. The applicability of the plane-wave approximation has been
studied in detail for the standard mass-squared differences [84, 90, 187–189] and has
been shown to be a good approximation for current and future neutrino experiments.
However, this has not been shown to be the case for mass-squared differences relevant
to the LSND observation [112]. The correctness of the PW approximation depends on
the wave packet width, which varies with the neutrino production and detection pro-
cesses. For example, in the case of pion decay in flight the wave packet size has been
quantitatively estimated [190], and as such it is inconsequential to the light sterile neu-
trino analyses. This is seen in fig. 3.1, where we compare the oscillation length and the
coherence length. In the case of pion decay at rest or production from nuclear reactors
or radioactive sources, this has not been precisely calculated. In particular, for nuclear
reactors, it has been suggested that the relevant scales for the neutrino wave packet
width could be [191]: the typical size of the beta-decaying nuclei (∼ 10−5nm), the inter-
atomic spacing that characterizes the fuel (∼ 0.01 − 1 nm for uranium), or the inverse
of the antineutrino energy (∼ 10−4nm), or the mean free path of the parent nucleus
(∼ 102nm) [94]. Most of these values are not definitive quantitative results [192]. As a
matter of fact, a recent study following the formalism of open quantum systems states
that the wave packet width should lie in the 0.01−0.4nm range [193]. Taking an agnos-
tic viewpoint, our current knowledge is limited to bounds from experiments measuring
the standard oscillation scales, which set it to be no smaller than 2.1×10−4nm [191, 194].

In this work, we focus on the low-energy region, where searches using electron an-
tineutrinos from nuclear reactors and radioactive sources are performed [65, 130–132,
138, 164]. We will show how the plane wave approximation breaks for values of the
wave packet size currently allowed [194] and how introducing this formalism produces
observable effects. It is worth mentioning that the damping of oscillations in neutrino
physics is not exotic but an expected phenomenon in some scenarios. On the one hand,
a precise enough measurement of the kinematics of the final states in the production
region may effectively measure the mass of the outgoing neutrino. This effect is referred
to as quantum damping and is believed to be very small for the production of neutri-
nos [195]. On the other hand, the wave packets may separate during propagation due
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sol

Figure 3.1: Characteristic scales for sterile neutrino oscillations and decoherence, analogously
to fig. 2.3. 𝐿osc (dotted gray and solid teal) and 𝐿coh (solid orange) are computed from eq. (2.40)
using Δ𝑚2

41 = 1 eV2 and 𝜎𝑥 = 2.1 × 10−4 nm for 𝐿coh,nuc
ste , and 𝜎𝑥 = 10−11 m for 𝐿coh,𝜋 flight

ste [190].
Observable decoherence effects are expected at 𝐿 ≳ 𝐿coh (shaded orange gradient). Low-energy
experiments, i.e., nuclear reactor and radionuclei decay, are the most affected by sterile neutrino
decoherence.

to their different masses. This effect of decoherence is strictly equivalent to taking into
account the proper energy uncertainty in the production and detection processes [94].
The latter is related to the spatial and time localization of the interaction or, equiva-
lently, the uncertainty in the measurement of the neutrino energy. Since both these
phenomena are physically indistinguishable, in this work we consider the energy reso-
lution claimed by experiments and add a decoherence effect that introduces a damping
of the oscillations. This addition can either be understood as a separation of the wave
packets or as an underestimation of the energy uncertainties claimed by experiments.
Finally, the macroscopical production and detection regions averaging also produces
the same effect but is already considered in experimental analyses.

Caveats or fundamental physics unknowns in the wave packet size estimations or
any exotic physics can enlarge the damping effect. For this reason, we choose the small-
est wave packet size allowed by present bounds obtained from studies of standard oscil-
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lations in nuclear reactor experiments [191, 194]. Notice then that this must be robust
under the most exotic scenario since it involves the same production and detection pro-
cess and does not rely on any assumptions. Moreover, the chosen value is preferred by
experiments at 90% C.L. [194].

The allowed size of the wave packet, together with the larger sterile mass value,
brings us to the main points of this chapter. First: experimental results may need to
consider the decoherence effects arising from the WP formalism, which might produce
damped oscillations. Second: these effects may modify both signals from radioactive
sources and exclusion regions from nuclear reactors and can indeed alleviate part of the
tension between them.

The remainder of this chapter is organized in the following sections: Formalism,
where we particularise the wave packet formalism to nuclear reactor experiments; Im-

pact on neutrino experiments, where we show the impact of the finite wave packet size
from sterile neutrino searches by the Daya Bay, NEOS, BEST, and PROSPECT experi-
ments and we discuss the results; and, finally, in Conclusions, where we summarize our
main findings.

3.1 Formalism

In the plane wave formalism, a propagating neutrino is modeled with perfectly defined
momentum. However, this approximation cannot fully convey the physics effects we
mention earlier. As explained in section 2.3.1, we are going to parametrize the damping
of the oscillations by a length scale 𝜎𝑥 that is usually referred to as the wave packet
size [80–86, 196, 197].

Nuclear decay experiments study 𝑃(𝜈𝑒 → 𝜈𝑒) ≡ 𝑃𝑒𝑒, the electron antineutrino sur-
vival probability. Following from eq. (2.39), this is given by

𝑃𝑒𝑒 = 1 − sin2 2𝜃12 cos4 𝜃13 cos4 𝜃14Δ21 (3.1)

− sin2 2𝜃13 cos4 𝜃13(cos2 𝜃12Δ31 + sin2 𝜃12Δ32)

− sin2 2𝜃14[ cos2 𝜃13 cos2 𝜃12Δ41 + cos2 𝜃13 sin2 𝜃12Δ42 + sin2 𝜃13Δ43],

where we have defined, similarly to [80],

Δ𝑗𝑖 =
1
2 (

1 − cos
𝐿Δ𝑚2

𝑗𝑖

2𝐸
exp

{
−
𝐿2(Δ𝑚2

𝑗𝑖)2

32𝐸4𝜎2
𝑥

}

) . (3.2)

While in the PW limit, Δ𝑗𝑖 = sin2(𝐿Δ𝑚2
𝑗𝑖/4𝐸). Then, this is the analogous result to

Ref. [130], but taking into account decoherence effects. The difference between both

34



3.1. Formalism

2.5 5.0 7.5 10.0 12.5 15.0

E(MeV)

0.6

0.7

0.8

0.9

1.0

P
3+

1
/P

3

E = Ecoh

Plane wave Wave packet

L ·∆m2
41 = 80 m · eV2, sin2 2θ14 = 0.4

Figure 3.2: Illustration of the wave packet effect. Plot of the oscillation probability ratio for
𝜎𝑥 = 2.1×10−4nm. The 𝑦 axis represents the ratio between the 3+1 and the 3 neutrino oscillation
probabilities, in the PW formalism (pink) and in the WP one (blue). The effect demonstrated here
would appear for (0.1 eV2) sterile at the Daya Bay baselines, or (1 eV2) sterile at the NEOS
or PROSPECT baselines. The energy where 𝐿coh

ste = 𝐿osc
ste is defined as 𝐸coh

ste and is independent of
the sterile neutrino mass. This energy is indicated as a vertical dashed line.

results with and without decoherence effects are shown in fig. 3.2 for parameters mo-
tivated by the LSND observation and wave packet at the current constraints. For illus-
tration purposes, we show with a vertical line the energy

𝐸coh =

√
𝐿|Δ𝑚2

𝑗𝑖|
4
√
2𝜎𝑥

(3.3)

for which the exponential argument of the coherence suppression term is equal to 1.
Three different regimes can be clearly distinguished. At low energies, oscillations are
very fast and cannot be resolved given the experimental energy resolution, resulting in
averaging of the oscillations that cannot be distinguished from the decoherence effect.
At energies close to 𝐸coh, decoherence can produce an observable effect that in principle
can be measured and distinguished from other oscillation features. Finally, at high ener-
gies, the decoherence effect becomes less important and eventually is a small correction
to the oscillation amplitude.

In order to understand the potential impact of the decoherence effect, it is useful to
compare the different relevant scales. Figure 3.1 shows several oscillation experiments
compared to the sterile oscillation scale (𝐿osc

ste ) and the decoherence scale (𝐿coh
ste ); in both

35



Chapter 3 | Impact of Wave Packet Separation in Low-Energy Sterile Neutrino Searches

cases the parameters correspond to the Δ𝑚2
41 = 1 eV2 and the current best constrain for

𝜎𝑥 = 2.1 × 10−4nm [194]. For experiments with baselines smaller than 𝐿coh
ste , decoher-

ence can be neglected, while experiments with large baselines will experience complete
decoherence. Notice that the effect of not resolving fast oscillations experimentally is
from an observational point of view identical to a decoherence effect, meaning that an
experiment far above the 𝐿osc

ste line would also be effectively decoherent, and no effect
due to 𝐿coh

ste would be manifest. This narrows the region of interest for the decoherence
of light sterile neutrinos to the low-energy region and in particular to the reactor and
radioactive sources experiments.

3.2 Impact on neutrino experiments

To show the impact of the wave packet separation we choose the smallest value allowed
for the wave packet size, 𝜎𝑥 = 2.1 × 10−4nm [194], and perform analyses searching for
sterile neutrinos with and without the plane wave approximation. In this work, we
use this bound both in reactor and gallium experiments for simplicity, even though
they need not have the same wave packet size. In our global analysis, we consider
the null results from Daya Bay [65, 130], NEOS [131], and PROSPECT [132] and the
anomalous results observed from radioactive sources by BEST [138]. This is not an
exhaustive list of affected experiments, but they are sufficient to cover the regions of
interest illustrated in fig. 3.1. The aim of this chapter is not to perform a global fit in
the WP formalism, but to illustrate its phenomenology in low-energy sterile searches
in the context of decoherence effects. Here we explain the details of the different data
analysis undertaken.

3.2.1 DayaBay analisis

The Daya Bay experiment data has been fit using a test statistic ( DayaBay(𝜃14, Δ𝑚2
41, 𝛼⃗))

based on a Poisson log-likelihood,

 DayaBay(Δ𝑚2
41, 𝜃14, 𝛼⃗) = −2∑

𝑑
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∑
𝑖=1

(𝑂
𝑑
𝑖 − [𝛼𝑖𝑁 𝑑

𝑖 (Δ𝑚
2
41, 𝜃14) + 𝐵

𝑑
𝑖 ] +

+ 𝑂𝑑
𝑖 log

𝛼𝑖𝑁 𝑑
𝑖 (Δ𝑚2

41, 𝜃14) + 𝐵𝑑𝑖
𝑂𝑑
𝑖 ) .

(3.4)

This statistic is defined from the Poisson probability 𝑃(𝑘, 𝜆) = 𝑒−𝜆𝜆𝑘/𝑘! and already
takes into account statistical uncertainties, which are dominant in the Daya Bay exper-
iment. In eq. (3.4) 𝑂𝑑

𝑖 , 𝐵𝑑𝑖 , 𝑁 𝑑
𝑖 are the observed, background, and predicted data in the
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energy bin 𝑖 and experimental hall 𝑑 = EH1, EH2, EH3, respectively.

The reactor flux in which the analysis is built is taken from the theoretical pre-
dictions of Huber and Mueller [119, 120], even though there are known anomalies to
them [198]. Then, 𝛼⃗ are nuisance parameters that accommodate the uncertainties in
this flux. These are different for each energy bin but the same for each experimental
hall and minimize eq. (3.4),

𝛼𝑖 =
∑𝑑 𝑂𝑑

𝑖 − 𝐵𝑑𝑖
∑𝑑 𝑁 𝑑

𝑖
. (3.5)

With these nuisance parameters, the source flux and its normalization are free and the
same for the three experimental halls. Only relative differences between detectors (e.g.,
neutrino oscillations) will be manifest.

𝑂𝑑 , 𝐵𝑑 are taken from the Supplemental Material of [65], while 𝑁 𝑑
𝑖 is computed

following [199]

𝑁 𝑑
𝑖 =  𝑑∑

r

𝜖𝑑

𝐿2𝑟,𝑑 ∫
𝐸rec
𝑖+1

𝐸rec
𝑖

𝑑𝐸rec
∫

∞

0
𝑑𝐸𝜈 𝜎(𝐸𝜈) 𝜙(𝐸𝜈) 𝑃 𝑟,𝑑𝑒𝑒 (𝐸𝜈) 𝑅(𝐸

rec, 𝐸𝜈) . (3.6)

Here,

∙  𝑑 is a normalization constant which takes into account the number of target
protons in the detector. Note that this factor is accommodated in eq. (3.4) by the
free nuisance parameters 𝛼⃗ and therefore plays no role. However, we choose it
such that our prediction of the expected events without oscillations match the
corresponding data from Daya Bay.

∙ 𝑟 runs over the different reactor neutrino sources.

∙ 𝜖𝑑 is the detection efficiency of the experimental hall (averaged over all the de-
tectors in the experimental hall), taken from Table VI in [65].

∙ 𝐿𝑟,𝑑 is the mean distance between the reactor and the detectors in the experimen-
tal hall, taken from Table I in [65].

∙ 𝐸rec, 𝐸𝜈 stand for the reconstructed and true neutrino energies.

∙ 𝜎(𝐸𝜈) is the inverse beta decay cross section [200].

∙ 𝜙(𝐸𝜈) is the Huber-Mueller flux [119, 120],

𝜙(𝐸𝜈) = ∑
isotope

𝑓isotope 𝜙isotope(𝐸𝜈) , (3.7)

with 𝑓isotope the mean fission fraction of isotope = 235U, 238U, 239Pu, 241Pu.

∙ 𝑃 𝑟,exp
𝑒𝑒 is the survival probability from eq. (2.39).
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∙ 𝑅(𝐸rec, 𝐸𝜈) is the response matrix of the Daya Bay detectors [65].

Note that in this analysis (and all the following) the standard oscillation parameters are
not free but fixed at the values of [201]. A more rigorous treatment would marginalize
𝜃13 and Δ𝑚2

31. However, the effect would be small even in the worst-case scenario and
thus the present work does not consider this marginalization.

3.2.2 NEOS analysis

Our NEOS experiment analysis is based on the procedure in Ref. [131, 199] and using a
𝜒 2 function as its test statistic ( NEOS(𝜃14, Δ𝑚2

41, 𝛼⃗)).

 NEOS(𝜃14, Δ𝑚2
41, 𝛼⃗) =

60

∑
𝑖,𝑗=1

(𝑅𝑖 −
𝑁𝑖(Δ𝑚2

41, 𝜃14) + 𝐵𝑖
𝑁 SM
𝑖 + 𝐵𝑖 ) (𝑉 −1)𝑖𝑗 (𝑅𝑗 −

𝑁𝑗(Δ𝑚2
41, 𝜃14) + 𝐵𝑗

𝑁 SM
𝑗 + 𝐵𝑗 ) .

(3.8)
Here, 𝑅𝑖 is the ratio data from Fig. 3(c) in [131], 𝐵𝑖 is the background events from Fig. 3(a),
𝑉𝑖𝑗 is the NEOS covariance matrix, and 𝑁𝑗(Δ𝑚2

41, 𝜃14), 𝑁 SM
𝑗 are the expected events at

NEOS with a 3+1 and a 3 neutrino model, respectively. Since there is only one detec-
tor, the nuisance parameters are fixed to unity. As in Ref. [131, 199], we have used
the electron-antineutrino spectrum measured in the Daya Bay experiment [124] as the
source flux.

The expected number of values are obtained using

𝑁𝑖 =  ∫
𝐿max

𝐿min

𝑑𝐿
𝐿2 ∫

𝐸rec
𝑖+1

𝐸rec
𝑖

𝑑𝐸rec
∫

∞

0
𝑑𝐸𝜈 𝜎(𝐸𝜈) 𝜙DB(𝐸𝜈) 𝑃𝑒𝑒(𝐿, 𝐸𝜈) 𝑅(𝐸rec, 𝐸𝜈) . (3.9)

Here,

∙ The normalization factor  is free and adjusted to match the total number of
observed events from Fig. 3(a) in [131] for any (Δ𝑚2

41, 𝜃14), taking into account
the background.

∙ Since the baseline is short, finite-size effects of the detector need to be taken into
account by integrating between 𝐿min = 22.14 m and 𝐿max = 25.14 m.

∙ 𝜎(𝐸𝜈)𝜙𝐷𝐵(𝐸𝜈) is the Daya Bay antineutrino flux weighted by the inverse beta
decay cross section, taken from Table 12 in [124]. As noted in [199], this spectrum
is computed under the assumption of three-flavor oscillations, and thus these
oscillations, although small, should be unfolded for a rigorous analysis. This effect
is only corrected in the Daya Bay + NEOS joint analysis.

∙ The response matrix 𝑅(𝐸rec, 𝐸𝜈) is not provided by the NEOS collaboration, and
therefore has to be reproduced from [202, 203] using the same technique as in [198].
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Figure 3.3: Example of the effect in NEOS. A figure of the decoherence effect, for 𝜎𝑥 = 2.1 ×
10−4nm, with the reactor antineutrino anomaly best-fit parameters [131]: Δ𝑚2

41 = 2.32 eV2 and
sin2 2𝜃14 = 0.14. The 𝑦 axis represents the ratio between the 3+1 and the 3 expected events for
the Daya Bay-NEOS joint analysis.

Finally, to build 𝑉𝑖𝑗 we have digitized the correlation matrix from [202], which has
unity diagonal elements. Then, this matrix is rescaled such that its diagonal elements
match the quadratic sum of the systematical and statistical errors digitized from Fig. 3(c)
in [131]. We take this rescaled matrix to be the covariance matrix 𝑉𝑖𝑗 in (3.8).

Figure 3.3 shows the ratio between the expected events from a 3+1 model and from
a 3 model at the NEOS baseline in this joint fit. Here, the decoherence effect of the wave
packet formalism is clearly manifest.

3.2.3 DayaBay+NEOS joint analysis

Now NEOS is treated as if it was a fourth Daya Bay detector. That is, we have com-
puted the expected events using the same Huber-Mueller flux for both Daya Bay and
NEOS, and accommodated the flux uncertainties using a common vector of nuisance
parameters.

However, we must take into account that the energy bins for Daya Bay and NEOS are
different. On the one hand, Daya Bays energy range is 𝐸rec

DB ∈ (0.7, 12.0)MeV, with energy
binning Δ𝐸rec

DB = 0.2 MeV. On the other hand, NEOS measures in 𝐸rec
NEOS ∈ (1.0, 10.0)MeV

and with bins of width Δ𝐸rec
NEOS = 0.1 MeV. Therefore, we pick the conservative choice to

only consider the energy bins that are well defined in both experiments and that share
the same energy bin edges, i.e., 𝐸rec

DB ∈ (1.3, 6.9)MeV. Since NEOS has twice as many
bins as Daya Bay, the nuisance parameter 𝛼𝑖 of Daya Bay’s energy bin 𝑖 is applied to
two consecutive energy bins in NEOS.
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Taking all this into account, the test statistic to minimize for 𝛼⃗ is

 DB+NEOS(Δ𝑚2
41, 𝜃14, 𝛼⃗) = −2∑

𝑑

29
∑
𝑖=2(

𝑂𝑑𝑖 − [𝛼𝑖𝑁 𝑑
𝑖 + 𝐵𝑑𝑖 ] + 𝑂

𝑑
𝑖 log

𝛼𝑖𝑁 𝑑
𝑖 + 𝐵𝑑𝑖
𝑂𝑑𝑖 )+ (3.10)

+
59
∑
𝑖,𝑗=4(

𝑅𝑖 −
𝛼floor(𝑖/2)𝑁NEOS

𝑖 + 𝐵𝑖
𝑁 SM
𝑖 + 𝐵𝑖 ) (𝑉 −1)𝑖𝑗 (

𝑅𝑗 −
𝛼floor(𝑗/2)𝑁NEOS

𝑗 + 𝐵𝑗
𝑁 SM
𝑗 + 𝐵𝑗 )

,

where 𝑁 𝑑
𝑖 = 𝑁 𝑑

𝑖 (Δ𝑚2
41, 𝜃14), and the test statistic is  DB+NEOS = min𝛼⃗  DB+NEOS(𝛼⃗).

This minimization can only be done numerically.

3.2.4 PROSPECT analysis

The PROSPECT data has also been analyzed following [132], where the detector is di-
vided into different subsegments with different baselines, and using a 𝜒 2 function as
its test statistic ( PROSPECT(𝜃14, Δ𝑚2

41)) with a covariance provided by the experiment.
Since our PROSPECT analysis uses ratios, it is independent of the reactor flux model.
The analysis of the PROSPECT data [132] is independent from those of Daya Bay and
NEOS, since PROSPECT’s neutrino source only contains 235U. The PROSPECT detector
is subdivided onto independent segments at difference distances to the nuclear reactor.
These segments are capable of measuring neutrino propagation in different baselines,
and are sensitive to a 1 eV2 sterile neutrino oscillation.

The test statistic to minimize is the 𝜒 2 function

 PROSPECT(𝜃14, Δ𝑚2
41) = 𝑥 ⋅ 𝑉

−1 ⋅ 𝑥 , (3.11)

where 𝑉 is the PROSPECT covariance matrix, and 𝑥 is a 160-dimensional vector that
describes the discrepancy between data and prediction. Namely, it contains this infor-
mation at each of the 16 energy bins of each of the 10 different baselines, ordered in
increasing length, and then in increasing energy. For each baseline 𝑙 and energy bin 𝑒,
it is defined as

𝑥 𝑙,𝑒 = 𝑀 𝑙,𝑒 − 𝑀𝑒 𝑃 𝑙,𝑒

𝑃 𝑒
. (3.12)

Here, 𝑀 𝑙,𝑒, 𝑃 𝑙,𝑒 are the observed and the predicted data at baseline 𝑙 and energy bin 𝑒,
respectively. Then,𝑀𝑒, 𝑃 𝑒 represent the total observed and predicted data, respectively,
summing for all baselines. That is,

𝑀𝑒 =
10

∑
𝑙=1
𝑀 𝑙,𝑒 and 𝑃 𝑒 =

10

∑
𝑙=1
𝑃 𝑙,𝑒 . (3.13)
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The test statistic in eq. (3.11) minimizes the effect of source flux uncertainties and
is independent of its normalization. Therefore, we use the Hubber-Mueller flux for 235U
only, 𝜙235U [120]. The prediction is computed as

𝑃 𝑙,𝑒 =  ∑
seg∈𝑙

𝜖seg
∫

𝐿seg+𝛿𝐿

𝐿seg−𝛿𝐿

𝑑𝐿seg

𝐿2seg
∫

∞

0
𝑑𝐸𝜈𝜎(𝐸𝜈)𝜙235U(𝐸𝜈)𝑃𝑒𝑒(𝐿seg, 𝐸𝜈)𝑅(𝐸𝑒, 𝐸𝜈) , (3.14)

where 𝐸𝑒 is the central energy of the energy bin 𝑒, 𝐿seg is the baseline of the segment,
𝜖seg its efficiency, 𝑅 the response matrix provided by the collaboration, and the sum is
done for all segments in the same baseline [132]. We also perform a fast integration
in 𝐿seg to consider the finite width of the reactor and the segments, with 𝛿𝐿 = 0.25cm.
Although the normalization constant  plays no role in eq. (3.11), it is computed such
that our predicted data without oscillations matches the analogous PROSPECT results
at each baseline.

Finally, the combined test statistic used in the joint fit of Daya Bay, NEOS, and the
PROSPECT is

  Joint(𝜃14, Δ𝑚2
41) =  PROSPECT(𝜃14, Δ𝑚2

41) +  DB+NEOS(𝜃14, Δ𝑚2
41), (3.15)

obtained by adding the individual test statistics and minimizing over the correlated
nuisance parameters.

3.2.5 BEST analysis

Again, the analysis on the Baksan Experiment on Sterile Transition data [138] is inde-
pendent from the rest of experiments. BEST uses a 51Cr radioactive source, which emits
neutrinos in only four discrete energies, namely 𝐸𝑖 = 747, 427, 752, 432 keV. Their fis-
sion fractions are 𝑓𝑖 = 0.8163, 0.0895, 0.0849, 0.0093, respectively.

Our 𝜒 2 only takes into accounts two points, namely

𝜒 2
BEST(Δ𝑚

2
41, 𝜃14) =

(𝑟 in
meas − 𝑟 in

pred)2

𝜖2in
+
(𝑟out

meas − 𝑟out
pred)2

𝜖2out
. (3.16)

Here, 𝜖 are the statistical and systematic uncertainties, and 𝑟 are the measured and
predicted production mean rates. The predicted rate 𝑟pred is computed as

𝑟pred = 𝜉in/out
𝑛𝜎𝐴0

4𝜋 ∫
𝑉in/out

∑𝑓𝑖𝑃𝑒𝑒(𝐿, 𝐸𝑖)
𝐿2

𝑑𝑉 , (3.17)

with 𝑛 = (2.1001 ± 0.0008) × 1022/cm3 the 71Ga number density of the detector, 𝜎 =
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(5.81+0.21−0.16)×10−45 cm2 [138, 161] the neutrino capture cross section,𝐴0 = (3.414±0.008) Ci
the initial activity of the 51Cr source, and the integration is done for the whole volume
of the inner or the outer detector. The geometry of the inner and outer detectors are not
exactly known and are subject to experimental details such as the quantity of 71Ga or the
position of tubes inside the detector. Therefore, we add two geometric correction factors
𝜉in/out. The BEST data provide the values of the integrals in eq. (3.17) when 𝑃𝑒𝑒 = 1. We
pick 𝜉in/out to match these values, and neglect its dependence on 𝑃𝑒𝑒.

In eq. (3.16) the production rate predictions are compared with the 𝑟meas from Table
I in [138]. Namely, 𝑟 in

meas = 54.9+2.5−2.4 and 𝑟out
meas = 55.6+2.7−2.6. Finally, 𝜖2 are computed as the

square sum of statistical uncertainties (taken from Table I [138]), systematic uncertain-
ties (∼ 2%) and the cross section uncertainty.

3.3 Results

We assume that the test statistic satisfies Wilk’s theorem and draw the two-sigma ex-
clusion contours in fig. 3.4, which represent the main result of this chapter. Here, the
solid pink line shows the exclusion regions at two sigma for the plane wave approxima-
tion, while the solid blue and solid yellow lines are analogous with 𝜎𝑥 = 2.1 × 10−4nm
and 𝜎𝑥 = 5.0 × 10−4nm in the wave packet formalism, respectively. Finally, the BEST ex-
periment has been fit with a two-point 𝜒 2 function, using the mean absorption rates for
the inner and outer targets of the detector. These rates can then be predicted as a func-
tion of the oscillation probability of the model. The positive hint regions at two sigma
by BEST are shown in fig. 3.4 as filled regions. Again, pink is used for the plane wave
approximation and blue and yellow for the wave packet formalism results. A couple of
effects of decoherence can be noticed. First, the suppression of oscillations connects
the two separated regions around Δ𝑚2

41 = 2 eV2, making both results compatible for
values of Δ𝑚2

41 that were excluded before. Notice that in the lower Δ𝑚2
41 part, the sup-

pression of the event rate comes from a slow oscillation, and large values of sin2 2𝜃14
are needed to compensate for the decoherence effect. Second, in the large Δ𝑚2

41 region,
the suppression of the event rate comes from the fast oscillations and therefore cannot
be distinguished from a full decoherence effect. For completeness, fig. 3.5 shows the
results for each of the measured experiments.

In this work, we have addressed only the tension between reactor and gallium exper-
iments. Aside from having a common energy range, this tension is specially interesting
because both neutrino sources come from nuclear decay within a controlled environ-
ment, and systematic uncertainties are under control. However, this is not the strongest
tension in this energy range. As can be seen in fig. 3.4, recent solar analysis excludes a
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Figure 3.4: Effect of finite wave-packet size on all the electron-neutrino disappearance experi-
ments together. While the solid pink contour bounds the exclusion region at two sigma in the
PW formalism, the solid yellow and solid blue contours are computed in the WP formalism with
𝜎𝑥 = 5.0 × 10−4nm and 𝜎𝑥 = 2.1 × 10−4nm [194], respectively. The preferred region at two sigma
for the BEST experiment is shaded for the plane wave approximation (pink) and the wave packet
formalism (yellow and blue). Notably, the region close to the global best fit point, Δ𝑚2

41 ∼ 2 eV,
is now allowed as well as a larger fraction of large mass-squared difference solutions. A gray
dashed line marks the 2 sigma bounds from solar neutrino experiments [137, 166].

wide range of the allowed parameter space by reactor experiments, and are in tension
with gallium experiments around three sigma. We do not expect a finite wave packet
size to affect this tension, and thus it is not addressed in this work.

3.4 Conclusions

In this chapter, we studied the impact of the oscillation damping phenomena within
the wave packet formalism in low-energy searches of sterile neutrinos. Estimations of
the wave packet sizes are currently larger than the experimental lower bound; how-
ever, these estimations are not without caveats. We found that within the bounds for
the wave packet sizes the effects are important in both the exclusion regions from nu-
clear reactors and the anomalous observations from radioactive sources measurements.
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Figure 3.5: Effect of finite wave packet size on different electron neutrino disappearance ex-
periments and their combination. The solid pink and solid blue contours bound the exclusion
region at two sigma for the PW and WP formalisms, respectively. All WP contours are obtained
using 𝜎𝑥 = 2.1 × 10−4nm [194], and are drawn with respect to the null hypothesis.

When setting the wave packet size at the current constraints, we find that the null ob-
servations using event ratios and the anomalous observations by BEST can be resolved.
The results become compatible not only at large values of Δ𝑚2

41 but also at the region
around Δ𝑚2

41 = 2 eV2. The work performed in this chapter does not necessarily include
additional new physics beyond a light sterile neutrino; instead, it highlights the impor-
tance of validating the plane wave approximation.

Our chapter implies that further experimental work ought to be performed to un-
derstand decoherence effects in neutrino production and detection, and to constrain the
size of the wave packet, since its impact is significant in sterile neutrino oscillations. Ad-
ditionally, we encourage calculations of the neutrino wave packet in the spirit of [190]
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for the relevant experimental contexts. Our work additionally motivates the importance
of understanding the reactor neutrino flux and the use of radioactive sources, whose
fluxes are better predicted. This is, there could be a scenario where the ratio experi-
ments see null results in the presence of a sterile neutrino due to the effect mentioned,
and the sterile neutrino could only be observed by comparing results to absolute flux
predictions. Finally, our code is available at this URL �. The experiments here analysed
can be easily reproduced using arbitrary probabilities.

Further insights in the wave packet width

In retrospect, it seems like this publication [1] sparked new interest in the ques-
tion of the wave packet width of neutrinos. This is not the case, of course, but
the interest is due to the expected sensitivity of the upcoming JUNO experiment,
which will improve the bound on 𝜎𝑥 by an order of magnitude [204]. As shown
in fig. 3.4, a non-observation of 𝜎𝑥 would wash out our proposed solution. But,
more interestingly, a possible observation of decoherence would require to un-
derstand its agreement with the SM.

The SM calculations, however, are not yet in agreement among themselves. In
particular, there is no consensus on what is the limiting distance scale for neutrino
coherence. On the one hand, [94, 205, 206] claim that coherence is interrupted by
collisions of the parent atom with the surrounding atoms on the medium, thus
leading to 𝜎𝑥 ∼ (10−7)m. This would make decoherence effect unobservable at
reactor experiments, and JUNO in particular. On the other hand, [192, 193] claim
that the limiting distance is sub-nuclear, from the nucleon-nucleon correlation
length to the diameter of the parent nucleus. This leads to𝜎𝑥 ∼ (10−15)m. While
much closer to the value used here, it would still be unobservable by JUNO and
would wash out our prediction. Finally, [207] claimed to have directly measured
𝜎𝑥 ≳ (10−12)m. However, the neutrino production process studied is electron
capture, not beta decay, and hence the limit does not apply [208].

All in all, the possibility of New Physics narrowing the wave packet width
is still open [209, 210], and the experimental search for 𝜎𝑥 is very much well
motivated [211–213]. In the end, neutrino decoherence is tightly related to the
theory of measurement in open quantum systems, and thus the measurement of
the neutrino wave packet width would represent a fundamental test of it [193].
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4 The dawn of ultra-high-energy
neutrino astrophysics

just one more collider bro. i promise bro just one more

collider and we’ll find all the particles bro. it’s just a bigger

collider bro. please just one more. one more collider and

we’ll figure out dark matter bro. bro cmon just give me 22

billion dollars and we’ll solve physics i promise bro. bro

bro please we just need to build one more collider t

– Internet meme, anonymous

As we have seen in the previous Part, laboratory particle accelerators and colliders
have been an absolutely succesful scientific program, setting all the stones for the SM
and starting the search beyond it. However, terrestrial experiments have not been able to
predict nor explain the existence of Dark Matter (DM) and Dark Energy (DE). Terrestrial
scales have not yet been sufficient for understanding the microscopical description of
these components. Their discovery has only been possible by looking at astrophysical
and cosmological scales, which so far only has taught us about their macroscopical
behaviour. The question is, then, natural: is there any way to exploit these scales for
microphysics searches?

In this chapter and for the rest of this Thesis, we leave behind terrestrial experi-
ments and gaze beyond Earth. Our intention is to understand how can we use astro-
physics (and, later on, cosmology) to complement laboratory and collider BSM searches.
Coincidentially, our first direct hint of BSM physics, neutrino oscillations, came from
extraterrestrial particles: solar neutrinos and cosmic rays impacting in the atmosphere.

In particular, in this second Part we will address a very specific field, ultra-high en-
ergy (UHE) neutrino astrophysics. That is, the study of extraterrestrial neutrinos with
𝐸𝜈 ≳ 100 PeV. As we will understand in this chapter, the motivation for this research
area is two-fold, both from astronomy and from particle physics. While still a dawning
field, it bears great scientific potential and it is already raising its first questions and
BSM searches. We will show an example of possible BSM searches in chapter 5 [2].
Then, let us first explore the foundations of the field of ultra-high-energy neutrinos, fol-
lowing [20, 214, 215]. First, in section 4.1 we explore the physical processes behind UHE
processes, and their potential use for BSM searches. Then, in section 4.2 we review the
experimental setups that allow to measure UHE neutrinos. As usual, if you’re familiar
with these you’re welcome to skip the chapter.
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Figure 4.1: As of July of 2022, a selection of the measurements of high-energy gamma rays
by Fermi-LAT [216] (green), high-energy neutrinos by IceCube [217–219] (blue), and ultra-high-
energy cosmic rays by the Pierre Auger Observatory [220] and the Telescope Array (TA) [221]
(red). Three different measurement datasets are shown: contained cascades (dots) [218],
Glashow resonance (diamonds) [217] and through-going muons (crosses) [219]. Error bars and
upper limits represent 68% C.L. intervals. Figure extracted from [20].

4.1 At the crossover of multimessenger astrophysics

The history of astronomy and astrophysics is founded in electromagnetic waves. From
radio to gamma-rays, the electromagnetic spectrum has allowed to observe and under-
stand the Universe with incredible precision (in astrophysical standards). However, light
is not a perfect astrophysical messenger. At energies larger than hundreds of TeV, the
photon-photon (𝛾𝛾 → 𝑒+𝑒−) cross-section with the interstellar and intergalactic media
stops the propagation of high-energy photons, and cascades them down to lower ener-
gies [222]. In fact, gamma-ray events with energies larger than the PeV are not expected
to arrive from long distances. Gamma-ray events as measured by Fermi-LAT are shown
in fig. 4.1 and have energies up to 𝐸 = 1TeV = 1012 eV. Recently, the LHAASO detector
has seen more energetic gamma-ray events, up to 𝐸 = 2.5 PeV = 2.5×1015 eV [223–226].

In any case, we know that the Universe is full of particle colliders which reach ener-
gies far beyond the PeV. As shown in fig. 4.1, we have measured Cosmic Ray (CR) events
with energies up to 𝐸 = 320 EeV = 3.2×1020 eV, the so-called Oh-My-God particle1 [227].
Such a particle carries an energy (107) times higher than LHC protons. However, since
CR collisions with protons in the atmosphere are fixed target experiments, the available

1That is around 50 joules in a single particle.
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energy is only the center-of-mass energy,

𝐸com =
√
2𝐸𝑚𝑝 . (4.1)

For the Oh-My-God particle this gives 750 TeV, which is only (50) times more ener-
getic than proton-proton collisions at the LHC. Immediately, this motivates the use of
CRs for BSM searches, which produce heavier states than in the LHC. However, CR
measurements are plagued with the systematic uncertainties from hadronic interac-
tions and are hard to control experimentally. While CRs can constrain the parameter
space of some BSM theories [228, 229], their existence poses a question which might
have a closer answer: where are these ultra-high-energy cosmic rays (UHECRs) coming
from? That is, what are the cosmic accelerators which are capable of producing such
ultra-high-energy particles? Also, through which mechanisms do they manage to do
so? Unluckily, the electric charge of CRs which allows to accelerate them also deflects
them as they travel through galactic and intergalactic magnetic fields. Even if the CRs
are heavier nuclei or have higher energies, such that they are less deflected, we have
not managed to trace them back to their cosmic sources [228, 229].

Even if we do not know too much about them, the existence of UHECRs is a guar-
antee for the existence of an ultra-high-energy flux of neutrinos, which could point
straight back to their sources and might give clearer signals with which to look for BSM
Physics. To understand this, we need to go back to the origin. In particular, to the origin
of Cosmic Rays.

4.1.1 The origin of ultra-high-energy Cosmic Rays

The general requirements for the acceleration of CRs to ultra-high-energies date back
to the seminal paper by Hillas [230]. Regardless of the acceleration mechanism with
produces such ultra-high-energy particles, the CR source must have a magnetic field 𝐵
which confines the particle for a sufficiently long time. Within this magnetic field, the
particle will spin in a circular orbit with a radius given by their Larmor radius. For an
ultrarelativistic charged particle with energy 𝐸 and atomic number 𝑍 , this is

𝑟Lar(𝐸) =
𝐸
𝑍𝑒𝐵

= 1.08
1
𝑍 (

𝐸
PeV)(

1 𝜇G
𝐵 ) pc . (4.2)

The maximum energy that a particle can reach then depends on the size of the region
where the magnetic field is extended, 𝑅. That is, the particle will not be contained
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anymore when 𝑟Lar(𝐸max) > 𝑅. This is the so-called Hillas criterion,

𝐸max ≃ 𝑍 (
𝐵

1 𝜇G)(
𝑅

1 kpc)
EeV . (4.3)

This criterion already tells us that the Milky way cannot be at the origin of the highest-
energy CRs that we have measured. Furthermore, the incoming direction of these CRs
do not show the anisotropy that the emission from the Galactic plane would predict.
Within astrophysical uncertainties, the consensus is that CRs energies larger than 3 EeV
have an extragalactic origin [214]. This energy also corresponds to the so-called “ankle”
of the CR spectrum, where the CR flux becomes steeper, compatible with a change on
the source population.

The Hillas criterion is a very intuitive physical argument, necessary for the acceler-
ation of UHECRs, but not sufficient. In particular, we also require that the acceleration
mechanism is efficient enough to overcome energy losses, to reach the right energy
within the lifetime of the source and before the particle escapes the source. The most
popular mechanism for CR acceleration is the first-order Fermi shock acceleration [231,
232]. In this mechanism, particles are accelerated through multiple crossings of a shock
wave which is expanding at non-relativistic speeds. At each one of these crossings, the
particle extracts energy from the varying magnetic field of the shock wave,

⟨
Δ𝐸
𝐸 ⟩ =

4
3
𝛽 , (4.4)

where 𝛽 is approximately the velocity of the shock wave. Then, after 𝑛 encounters, the
energy will be given by

𝐸 = 𝐸ini(1 +
4
3
𝛽)

𝑛

, (4.5)

with 𝐸ini the initial energy of the particle. This kind of acceleration mechanism leads to
the energy spectrum of the CRs to follow a power-law

d𝑁(𝐸)
d𝐸

= Φ0 (
𝐸
𝐸0)

−𝛾

, (4.6)

where 𝛾 is the spectral index and 𝐸0, Φ0 an arbitrary pivot energy and normalization,
respectively. In particular, first-order Fermi acceleration in shock waves predicts 𝛾 ∼ 2,
with the value varying depending on the velocity of the shock. This is remarkably close
to the power-law behaviour observed in the CR spectrum.
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4.1.2 A common origin for CRs, gamma rays and neutrinos

While we have good theoretical guesses on the possible CR sources and their acceler-
ation mechanisms, we do not yet have observational evidence. The deflection of CR
hinders the search. However, gamma rays and neutrinos share a common origin with
CRs, and so this opens two new messengers with which to understand their origin.

As we have seen, magnetic fields are required for confining protons while they are
accelerated. As a consequence, all charged particles in the media (i.e., electrons and
protons) will lose energy through synchrotron radiation, in the form of high-energy
photons. Both electrons and photons will then start electromagnetic cascades, which
will cascade down the energy spectrum of gamma rays to energies where their absorp-
tion by pair production is negligible [214, 233]. Then, this population of photons acts
as a target for the accelerating protons, which can undergo photohadronic interactions
such as

𝑝 + 𝛾 → 𝑛 + 𝜋0 + stuff , (4.7)

to produce more gamma rays through

𝜋0 → 𝛾 + 𝛾 , (4.8)

among other mechanisms such as inverse Compton scattering [234] or 𝑝𝑝 collisions.
UHE gamma rays point back to their origin and are a useful messenger to determine the
origin of UHECRs. However, as we have said, their mean free path in the intergalactic
medium is short. In this thesis, we are interested in neutrinos. Then, we need to look
into the analogous processes with charged pions in the final state, e.g.,

𝑝 + 𝛾 → 𝑛 + 𝜋± + stuff . (4.9)

The produced neutrons can beta-decay and inject 𝜈̄𝑒, but the neutron abundance will
be disminished by subsequent photohadronic interactions with other 𝛾 . However, the
𝜋± will produce neutrinos through its decay

𝜋± → 𝜇± + 𝜈𝜇 (𝜈̄𝜇)

𝜇± → 𝑒± + 𝜈̄𝜇 (𝜈𝜇) + 𝜈𝑒 (𝜈̄𝑒) .
(4.10)

That is, if UHE protons exist, photohadronic interactions predict that the same source
must produce a flux of ultra-high-energy neutrinos, which will escape the source and
arrive to Earth in a straight line.

Taking all this into account, one can use the observation of the CR flux to con-
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strain the intensity of the expected neutrino flux. This was first done by Waxmann
and Bahcall [233, 235], reporting an upper bound on the neutrino flux of 𝐸2𝜈Φ𝜈 ≲

2×10−8 GeV cm−2 s−1 sr−1, as long as the sources are optically thin to photohadronic pro-
cesses. The measured flux by IceCube is consistent with this Waxmann-Bahcall bound,
which reinforces the idea that CRs and neutrinos have a common origin [236].

4.1.3 The GZK cut-off and cosmogenic neutrinos

Photohadronic interactions in the environment of a CR source have a ∼PeV energy
threshold due to the high energy carried by the photons in the environment. However,
as soon as CRs leave the source, these target photons are now unavailable, and photo-
hadronic interactions are not possible for PeV protons. Still, the intergalactic medium
is filled with photons of the Cosmic Microwave Background (with energies ∼ 10−3 eV)
or interstellar light. Now, protons with energy 𝐸𝑝 ≳ 7 × 1019 eV can undergo photo-
hadronic interactions as in eq. (4.9) with these low-energy photons, which unavoidably
fill up the entire Universe. These photohadronic interactions cascade down the protons
to lower energies, and as a consequence we do not expect protons with 𝐸𝑝 ≳ 7 × 1019 eV
from further away of 75–150 Mpc [214]. This is the so-called Greisen-Zatsepin-Kuzmin
(GZK) cut-off [237, 238]. Above this region, we expect about one CR event per square
kilometer per century. A suppresion of the CR flux above 6 × 1019 eV has indeed been
measured, but it is not yet clear whether this is the GZK cut-off or the maximum energy
that accelerators can reach [214].

As a byproduct of the pion decay from eq. (4.10), the GZK cut-off predicts the exis-
tence of a flux of ultra-high-energy neutrinos, usually called GZK neutrinos or cosmo-
genic neutrinos. The intensity and shape of this flux is subject to many astrophysical
uncertainties, such as the chemical composition of the CR (e.g., if CR were only nuclei,
this flux would be greatly suppressed). While experiments are improving their sensitiv-
ities to this expected flux, cosmogenic neutrinos have not been measured yet.

4.1.4 Ultra-high-energy neutrinos for BSM searches

We have understood that UHE neutrinos are expected to exist, and they can hold the key
to solve a central question in astrophysics: what is the origin of Cosmic Rays? However,
the search for UHE neutrinos is also well-motivated from the perspective of Particle
Physics. In particular, the discovery of UHE neutrinos will expand the energy frontiers
for high-energy-physics.

Firstly, the center-of-mass energy in their collisions with nucleons, namely eq. (4.1),
can reach 𝐸com ≳ 30 TeV for neutrinos with energy 𝐸𝜈 ≳ 1 EeV. Therefore, they can
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Figure 4.2: Neutrino-nucleon cross section measurements and DIS predictions [244], as a func-
tion of energy. Yellow, green and blue bands show the projected sensitivity for 10 years of mea-
surements at IceCube-Gen2 radio, for different cosmogenic fluxes, assuming 10% energy reso-
lution and 2◦ angular resolution. Figure extracted from [20], adapted from [240]. UHE neutrinos
will be able to measure the DIS cross-section at energies not reachable by LHC, and constrain BSM
contributions.

serve to measure neutrino-nucleus cross-section at unprecedented energies [239–241].
In particular, UHE neutrinos will test models of nuclear structure [242–245] and new
physics in the neutrino-nucleon interactions [246–250], since undiscovered heavy de-
grees of freedom could lie at these high-energies. In fact, next-generation experiments
will be able to put good constraints on neutrino-nucleon cross-section with modest en-
ergy and angular resolution, even in the low-statistics regime (10 events per energy
decade), and rule out extra dimension or leptoquark models [240].

Secondly, measured UHE neutrinos –of extragalactic origin– will have travelled Mpc
distances. As a consequence, they will be able to probe fundamental properties of neu-
trinos that only manifest at high energy and at the propagation through cosmological
scales. Among others, this would be the case for neutrino self-interactions [251–264],
neutrino-DM interaction [263–274], neutrino-DE interaction [275, 276] or neutrino de-
cay [265, 277–282]. The propagation of neutrinos might also be flavor-dependent, and
thus measuring the flavor composition of the neutrino flavor would probe the flavor
structure of the leptonic sector at ultra-high-energies [265, 274, 275, 283–293].

Finally, UHE neutrinos will also be able to test DM models which produce neutrinos
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through annihilation or decay [266, 294–319]. In chapter 5, we present an example into
the capabilities of UHE experiments to constrain general high-energy BSM extensions.
To such purpose, let us review these experiments.

4.2 The experimental search for UHE neutrinos

As we learned in section 2.3, neutrinos can interact either through CC interactions, via
the exchange of an 𝑊 ±, or through NC interactions, via 𝑍0. One the one hand, CC
interactions, namely

𝜈𝑙 (𝜈̄𝑙) + 𝑁 → 𝑙∓ + 𝑋 , (4.11)

are flavour dependent. Thus, the detection of the secondary charged lepton 𝑙 allows for
the identification of the neutrino flavor. However, in UHE experiments 𝑙+ and 𝑙− leave
very similar traces, and thus this process does not allow to distinguish between neu-
trinos and antineutrinos, except for inelasticity measurements [320] and the Glashow
resonance [321]. That is, only electron antineutrinos are able to produce an on-shell𝑊 −

through
𝜈̄𝑒 + 𝑒− → 𝑊 − → stuff , (4.12)

which peaks at energies 𝐸𝜈 = 6.3 PeV. The IceCube experiment first measured this
resonance in [217].

On the other hand, NC interactions, namely

𝜈𝑙 (𝜈̄𝑙) + 𝑁 → 𝜈𝑙 (𝜈̄𝑙) + 𝑋 , (4.13)

are flavour-blind. Since they do not produce any charged lepton, they are only de-
tectable by the energy they deposit in the detector, which is independent of the original
neutrino flavour. Thus, flavor identification with NC interactions is impossible.

In both cases, neutrino-matter interactions are in the Deep Inelastic Scattering (DIS)
limit. The extrapolation to EeVs for the corresponding cross-sections are [239]

𝜎CC
𝜈𝑁 ≃ 2.35 × 10−32 cm2

(
𝐸𝜈

10 EeV)

0.363

,

𝜎NC
𝜈𝑁 ≃ 9.85 × 10−33 cm2

(
𝐸𝜈

10 EeV)

0.363

.
(4.14)

These cross-sections gives a mean free path for UHE neutrinos

𝜆 =
1

𝑛𝑁 (𝜎CC
𝜈𝑁 + 𝜎NC

𝜈𝑁 )
= 176.9(

2.835 g cm−3

𝜌 )(
10 EeV
𝐸𝜈 )

0.363

km , (4.15)
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where 𝑛𝑁 is the nucleon number density, 𝜌 the mass density, and we have used the
average value of Earth’s crust density, 2.835 g cm−3. As a consequence, the Earth is quite
opaque to UHE neutrinos, i.e., they cannot travel more than hundreds of kilometers
inside the Earth.

Therefore, UHE neutrinos are not detectable for the whole 4𝜋 solid angle sphere, but
are instead expected to come nearly horizontal, so-called Earth-skimming neutrinos.
While this narrows the available window for cosmogenic neutrinos searches, it also
allows for targeted searches. Current and future experiments are mainly based in two
different techonologies, optical and radar. Let us look into them.

4.2.1 Optical detection experiments

ANTARES [322], IceCube [323, 324] and KM3NeT [110] can detect neutrinos via the
optical Cherenkov light by neutrino-induced showers and tracks. Figure 4.3 shows the
topology of cascades and tracks in an optical detector (IceCube in particular). These
are,

∙ Cascade-like events [218] deposit all their energy in a localized point. Cherenkov
light then diffuses in all directions, forming a spherical topology. These are formed
by NC interactions from all flavors, which deposit energy in the nucleus, and by
CC interactions from 𝜈𝑒 and 𝜈𝜏 . In particular, 𝜈𝑒 produce an electron which loses
energy very efficiently before it propagates, and 𝜈𝜏 produces a tau lepton which
decays before it propagates.

∙ Track-like events [219] are formed by particles which cross the instrumented vol-
ume (either starting inside the detector or crossing it from side to side) and deposit
energy around their linear trajectory. This are formed by CC interactions from 𝜈𝜇.
Since its much more massive, the resulting muon loses energy less efficiently and
can travel a long distance without being absorbed or decaying.

∙ Ultra-high-energy 𝜈𝜏 interactions can also produce double-cascade topologies,
where two cascades happen at different points within the detector. This is be-
cause, at such energies, the boost factor of the produced tau lepton is sufficient to
separate the collision and the decay points. These have not been measured yet,
but future larger arrays will increase the sensitivity to them [38].

In general, track-like events give a much better angular reconstruction than cas-
cades. However, since the track is not contained in the detector, their energy losses are
harder to quantify and energy reconstruction is worse. Instead, cascade-like events have
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Figure 4.3: Event topologies at an optical Cherenkov detector. Here, in particular, at IceCube.
From left to right: a track, a cascade and a double cascade. Each sphere is a detector, the size
of the sphere shows the amount of light acquired and the color marks the time of the detection
(early signals are red, late signals blue). Extracted from [38]. Each event topology reconstructs
better a different quantity, and their differences can allow for flavour identification.

a very good energy reconstruction. The main background for astrophysical (and cosmo-
genic) neutrino searches are atmospheric neutrinos and muons. Since these fall more
steeply with energy, at sufficiently high energies (𝐸𝜈 ≳ 100 TeV) the flux is mainly as-
trophysical [325]. Another way to remove the background is to look at up-going events,
i.e., events which have crossed the Earth before arriving to the detector. As a conse-
quence, the hemisphere where the detector is placed determines in which directions
of the sky the signal-to-noise ratio is better. For this reason, KM3NeT (located in the
northern hemisphere) is better at looking towards the Galactic Center than IceCube
(located in the southern hemisphere).

IceCube

IceCube, located in the geographical South Pole, is the world-leading telescope for high-
energy neutrinos. It consists of a cubic kilometer of instrumented ice buried between
1.45 and 2.45 kilometers below the surface, just on top of the Anctartic bedrock. It is
also formed by IceTop, a surface array for CR searches. IceCube started operations in
2010, when it observed its first atmospheric neutrinos [326], and in 2013 first reported
the observation of astrophysical neutrinos [325].

As explained above, IceCube is excellent in looking at TeV astrophysical sources in
the Northern Sky, where atmospheric backgrounds are reduced. These events are called
Northern Sky Tracks (NST) [219]. In this portion of the sky, the good angular resolution
from muon tracks (roughly 1◦) can locate sources with good precision. This led to the
discovery of the first steady sources of neutrinos, namely TXS 0506+056 [327] and NGC
1068 [328]. In fact, the discovery of the former was the first and unique multimessenger
detection including neutrinos, since a gamma-ray flare was also observed [329].

However, IceCube also looks into the TeV Southern sky. In order to do so, it uses the
outer instrumented volume as veto, and trigger out any event which does not start in
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the detector. This reduces its effective volume, but it benefits from an inner region of the
detector with a higher density of detectors, the DeepCore component. Events detected
in this manner are called High-Energy Starting Events (HESE) [330] and provide a bet-
ter sensitivity to low-energy neutrinos, with hundreds of TeVs. The first detection of
astrophysical neutrinos was in this manner [325], and the reconstruction of contained
cascade-like events was essential for the discovery of neutrino emission from the Galac-
tic plane [331].

After a decade of observing data, IceCube has been able to characterize the astro-
physical diffuse neutrino flux up to the PeV, measuring its normalization Φ0 and its
spectral index 𝛾 , defined as in eq. (4.6). As a matter of fact, a slight tension exists be-
tween the preferred power law from NST and HESE measurements [219, 330]. Still,
IceCube has not yet measured any neutrino above 10 PeV.

KM3NeT

KM3NeT [110] is a gigaton water Cherenkov detector deployed at the bottom of the
Mediterranean Sea. It consists of two sub-detectors: the Astroparticle Research with
Cosmics in the Abyss (ARCA) and the Oscillation Research with Cosmics in the Abyss
(ORCA). On the one hand, ARCA is located south of Sicily, at a depth of 3.5 kilometers,
and it consists of two building blocks with increased spacing between photomultipli-
ers (PMTs). This allows for improved sensitivity to high-energy astrophysical neutrinos.
On the other hand, ORCA is a single block located south of France. It plans to study
the oscillations of 1-100 GeV atmospheric neutrinos. In both cases, string of PMTs are
attached to the seabed and located using acoustic positioning [332]. While both de-
tectors are currently still under construction, the KM3NeT collaboration has already
reported the detection of a 220 PeV neutrino [333], which is in 2.5 − 3.5𝜎 tension with
IceCube [333–335].

Photon scattering is less efficient in water than in ice [234], and thus photons keep
direction better2. As a consequence, the ARCA detector will have better angular resolu-
tion than IceCube, around 0.1◦ for PeV tracks, and 1◦ for cascades. This will be specially
useful to study the Southern Sky and, in particular, the Galactic Plane. For instance,
its sensitivity to Southern-Sky point-like sources will improve IceCube’s by an order of
magnitude in only three years of data-taking. The diffuse flux from the Galactic Plane
will be detected with 5𝜎 significance after only four years of observations.

Apart from IceCube and KM3NeT, other Cherenkov detectors are planned in the fu-
ture: IceCube-Gen2 [38], Baikal-GVD [336], P-ONE [337] and TRIDENT [338]. These
telescopes, which will be finished in the next 10-20 years, will form a global network

2In all fairness, photon absorption is more efficient in water than ice.
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Figure 4.4: Differential 90% C.L. sensitivities for UHE neutrino experiments to an all-flavor dif-
fuse neutrino flux in decade-wide energy bins, assuming 10 years of observation (unless stated
otherwise). Solid lines are present experiments, dashed lines are future ones. Gray bands show
different cosmogenic [340, 341] and astrophysical neutrino models [340]. Light blue bands show
the measurements from IceCube using tracks (hatched [219]) and cascades (solid [330]). For
references on the different experiments, see main text. Figure extracted from [20]. Future exper-
iments have the potential to discover the UHE cosmogenic neutrino flux.

capable of continously monitoring the entire sky and increasing the rate of neutrino
detection by an order of magnitude [339] and as shown in fig. 4.4. While optical tele-
scopes pose an exciting future to look forward to, the detection of UHE neutrinos will
also benefit from another kind of telescopes, radio detectors.

4.2.2 Radio detection experiments

Since the neutrino flux falls at higher energies, we require big effective areas to catch
UHE neutrinos, and thus to instrument a big volume. However, photons propagating
in water or ice get absorbed at distances (100)m, so the spacing between detectors
cannot be much larger than few hundreds of meters. As a consequence, to increase the
experiment’s volume, experiments are switching to radio detection techniques, where
signals from UHE neutrinos are also expected. Radio detectors are cheap and radio
waves attenuate at (2) km in ice, thus allowing to instrument a larger volume with the
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same number of detectors.

Neutrinos can produce radio signals in many ways. First, neutrino scatterings initi-
ate an electromagnetic shower. In a dense dielectric (such as ice, but also e.g. rock or
lunar regolith), positrons are quickly annihilated and the shower acquires a net electric
charge ∼ 106𝑒. If the wavelength of the electromagnetic waves is larger than (10) cm,
then the emission of all electrons is coherent, i.e., the shower effectively acts as a point
charge. This is called Askaryan radiation [342–344]. Aditionally, if these electromag-
netic showers propagate within a magnetic field (such as the Earth’s), this separates
positrons and electrons and creates a non-zero polarization, which emits polarized ra-
dio waves [345–347].

Finally, the CC scattering of 𝜈𝜏 produces a 𝜏 lepton. At ultra-high-energies, this 𝜏
can travel large distances,

𝑑𝜏 ≃ 51(
𝐸𝜏

1 EeV) km . (4.16)

Therefore, if the scattering and production of the 𝜏 lepton happens close enough below
the surface, it can escape the rock or ice, and decay in the atmosphere. This produces
an up-going electromagnetic shower, which in the presence of a magnetic field, emits
coherent, impulsive, polarized radio waves [348, 349].

Multiple experiments are looking for neutrinos in the radio frequency. For Askaryan
radiation in ice, ARA [350] and ARIANNA [351] are setting the ground for the under-
ground radio array of IceCube-Gen2 [38] and RNO-G [352]. Aerial experiments such as
ANITA [353] and, in the near-future, PUEO [354] look at Askaryan radiation in Antarc-
tica from a high altitude, and also 𝜏-emerging showers. From the ground, these are
also looked at by Auger [349] in the present, and by BEACON [355], TAROGE [356],
GRAND [357], TAMBO [358], TRINITY [359] and POEMMA [360] in the future.

ANITA

The Antarctic Impulsive Transient Antenna (ANITA) is a balloon-borne experiment which
has done four flights above Anctartica, for a total of four months between 2006 and 2016.
In each of these flights, ANITA has had an instantaneous effective area of (200) km2

to Askaryan radiation and electromagnetic showers from 𝜏 decay.

The signals are as explained above: short and impulsive pulses, of nanosecond dura-
tion, horizontally polarized by the vertical Earth magnetic field. The phase from these
pulses distinguish an upward-going shower from a reflected down-going shower (from
a CR), rephased by reflection in the ice. While human activity usually produces noise
in the radio band, the Antarctic region is very much radio-free and the experimental
collaboration claims that the background control is manageable [353].
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In its first and third flights, ANITA has measured one 𝜏-shower-like event per flight,
with energies (1) EeV [361]. The reconstructed direction is well below the horizon, 27◦

and 35◦ respectively. If these events came from a 𝜏 decay, the primary 𝜈𝜏 should have
crossed (6000) km, much larger than the neutrino mean free path shown in eq. (4.15).
This small survival probability of such neutrinos (≲ 10−6) strongly disfavours a SM inter-
pretation of these events [362]. Several BSM models have tried to explain these events in
various degrees of exoticness [363–371], but those which require high-energy extensions
are hard to explain within a diffuse flux explanation [364].

However, in its fourth flight, ANITA measured four similar events, also with(1) EeV
energies, but from directions much more closer to the horizon. These could be explained
by 𝜈𝜏 , but are again in tension with IceCube and Auger. In chapter 5 we explore a pos-
sible BSM explanation for these events which relieves the tension [2].

Concluding remarks

We finish this introduction to UHE neutrino astrophysics with the taste that it is a field
which will bring exciting discoveries in the mid-term future. This is because,

∙ The origin of UHE Cosmic Rays is unknown, but their existence implies a flux of
UHE neutrinos which might point straight to their source.

∙ This is a question of great astrophysical interest which justifies the ongoing in-
ternational investment in developing an array of multiple telescopes around the
Earth to explore the extreme Universe with neutrinos.

∙ The energies and scales that concerns these neutrinos allows to probe physical
processes which could not be feasible in laboratory experiments, such as neutrino
interactions at energies larger than the LHC, or the existence of neutrinophilic
Dark Matter, among many others.

While the future of the field is bright, the present brings a lot of questions. We are
in the dawn of a new epoch, and as such a lot of work is necessary from both the
experimental and theory sides. Since we will be in the low-statistic regime for a long
time, it will be essential to have systematics and theoretical uncertainties under control.
In the following chapter, we study the first –anomalous– signals measured by UHE
experiments, namely the ANITA-IV events. Are they a hint of New Physics at the highest
energies, or an unidentified background? We advocate for the former, in order to learn
about the potential of UHE data to constrain BSM physics [2]. The reader is left to
decide, only time (i.e., more observational exposure) will tell.
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5 IceCube and the origin of ANITA-IV events

It has been over a decade since the IceCube Neutrino Observatory, located at the ge-
ographical South Pole, opened a new window to observe the Universe by detecting
high-energy astrophysical neutrinos with energies up to 6 PeV [217]. This decade has
witnessed the progress from observing a flux compatible with an isotropic distribu-
tion [325], the so-called diffuse flux; to the discovery of first sources [328, 329]. The
confidence of these observations as astrophysical neutrinos is extremely high, not only
because the sample sizes have grown to hundreds over the last decade, but also be-
cause systematic uncertainties are controlled by in-situ measurements. IceCube first
measured the atmospheric neutrino flux [326], proving that it could constrain its back-
grounds and that the event reconstructions were reliable, and then discovered the as-
trophysical component on top of this one.

As we venture into this new decade, radio detectors place themselves as a promising
technology to extend the observations of IceCube to Ultra-High Energies (UHE). This
requires surmounting significant technological and logistical challenges. Among the
challenges, one stands out. Unlike IceCube or ANTARES [322], where the detectors can
calibrate and test their selection procedures and reconstructions on the well-understood
atmospheric neutrino flux, in this upcoming generation such calibration is much more
challenging. Fortunately, the sensitivity of present UHE experiments is comparable with
IceCube limits, so current observations can be cross-checked with existing or future
IceCube data.

First results are showing up. The ANITA-IV experiment, a balloon flying over Antarc-
tica, has observed four events with energies ∼ 1 EeV and incident directions ∼ 1◦ below
the horizon with a significance ∼ 3𝜎 [372, 373], that we depict in Figure 5.1. The direc-
tions are compatible with a neutrino origin, which would make them the highest-energy
neutrinos ever observed. However, a Standard Model (SM) explanation is in tension with
non-observations from Auger [373] and, as we show below, IceCube.

It is pressing to understand the origin of these events, whether novel physics or
background, in order to guarantee the success of other UHE detectors with better sen-
sitivity than ANITA. If they are background, further work is needed to understand their
origin and filter them out to avoid overwhelming the neutrino signal. If they have a
Beyond the Standard Model (BSM) origin, we must robustly understand which particle
models can explain them and their predictions in different detectors, to fully confirm
this hypothesis.

In this Chapter, we exploit the aforementioned connection with IceCube to diagnose
if these detections correspond to neutrinos or to some BSM scenario, focusing on the
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Figure 5.1: Directions of the Anomalous Events as viewed from ANITA (left) and IceCube (right).
Particle physics models that explain the ANITA observations are challenged by the absence of signals
at IceCube.

latter. By exploring an energy scale never reached before with fundamental particles,
ANITA is opening a new window to such scenarios [240, 374–376]. We perform a model-
independent analysis, leaving most details to model builders, but we briefly comment on
specific models and encourage the reader to read Refs. [363–371, 377–388] for proposed
models on UHE anomalous events.

Our method extends beyond ANITA and IceCube, since these are expected to be
accompanied soon by a family of optical — such as KM3NeT [110], P-ONE [337], or
Baikal-GVD [336] —, radio — such as PUEO [354], GRAND [357], TAROGE [356], BEA-
CON [389], RET [390], or RNO-G [352] —, or even acoustic neutrino detectors — such as
ANDIAMO [391]. We do not discuss here the connection with Earth-skimming exper-
iments — such as TAMBO [358], TRINITY [359] or POEMMA [360] —, since they have
not yet reached the sensitivity to detect neutrinos, but we expect them to also provide
important information as they look at the region of Earth that is mostly transparent to
neutrinos.

The rest of this Chapter is organized as follows. In section 5.1, we introduce our
model-independent parametrization of generic BSM models; in section 5.1.3 we discuss
the source properties; in section 5.2 we study the inner consistency of ANITA’s data;
in section 5.3 we report on the consistency between ANITA and IceCube observations;
in section 5.4 we give the reader a brief discussion of potential models; and in section 5.5
we conclude.
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Figure 5.2: Possible origins of the ANITA anomalous events. In the SM, 𝜈𝜏 produce a 𝜏 lep-
ton that decays in-air (left). We parametrize a class of BSM models by incoming particles that
produce, with cross section 𝝈, long-lived particles that decay with lifetime 𝝉 (right). Event dis-
tributions only depend on 𝜎 and 𝜏.

5.1 Beyond the Standard Model explanation

In this section, following a model independent approach, we parametrize a class of BSM
models that could explain the anomalous events detected by ANITA. We seek generic
modeling, showing that few parameters capture the main physics.

Figure 5.2 shows how anomalous events can be generated. In the SM, an incoming
𝜈𝜏 flux interacts with Earth nucleons, producing 𝜏 leptons that decay and generate a
shower observed by ANITA. In BSM, we consider an incoming flux of particles, denoted
as N, that interact with Earth nucleons with cross section 𝜎 producing long-lived parti-
cles, denoted as T, that decay with lab-frame lifetime 𝜏 and generate a shower observed
by ANITA.

Our simplified BSM models are fully determined by three parameters: the incom-
ing N flux, Φ; the N-nucleon interaction cross section, 𝜎; and the lab-frame T lifetime,
𝜏. When 𝜎 is the SM neutrino-nucleon cross section and 𝜏 the 𝜏-lepton lifetime, this
parametrization approximates the SM. Although a SM explanation is inconsistent with
Auger UHE neutrino limits [373] (and IceCube, as we show below), different 𝜎 and 𝜏
modify the event morphologies in those experiments, leading to potentially weaker con-
straints as we explore below.

This parametrization is a proof-of-principle of scenarios where particle showers pro-
duce the events. It does not exhaustively explore all BSM models, and more detailed
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model-by-model studies can still be done; we comment on this in section 5.4. There
are also models for previous UHE anomalous events that do not invoke particle show-
ers [363], and hence do not fall under our parametrization.

We seek a minimal, conservative approach, assuming an incoming flux only at the
energies where ANITA has observed the anomalous events. We also ignore effects that
would redistribute particle energies — including T or N energy losses, or different ener-
gies of T at production —, as the detection efficiencies of IceCube and ANITA are quite
flat at the energies we consider [373, 392]. We assume T absorption by Earth with the
production cross section 𝜎, expected from the time-reversal invariance of the produc-
tion process. As we show in section 5.3.1, our conclusions do not change if T is not
absorbed by Earth.

5.1.1 Number of expected events

We parametrize the incoming flux by a normalization constant, the energy spectrum
and the angular distribution,

Φ(Ω, 𝐸) = Φ0 𝑓𝐸(𝐸) 𝑓Ω(Ω) , (5.1)

where 𝐸 is energy, Ω the solid angle (dΩ = sin 𝜃 d𝜃 d𝜑), and Φ0 the flux per unit area,
time, solid angle, and energy. The expected number of events per unit solid angle and
energy is

d𝑁(𝜃)
dΩ d𝐸

= Φ0 Δ𝑡 𝑓𝐸(𝐸) 𝑓Ω(Ω)(Ω, 𝐸) . (5.2)

Here Δ𝑡 is the total observation time; and  includes the geometric area of the detector,
detection efficiency, the absorption of the flux inside Earth, and the probability for the
flux to produce a detectable signal. It encodes all the details of the propagation and
absorption models, as we explain next. We assume  has axial symmetry and does not
depend strongly on energy [373, 392]. Then, (Ω, 𝐸) = (𝜃).

We are interested in the expected number of events per solid angleΩ, so we integrate
over a narrow energy bin which encloses all ANITA-IV events,

d𝑁(𝜃)
dΩ

= (Φ0 ∫
𝐸max

𝐸min

d𝐸 𝑓𝐸(𝐸)) 𝑓Ω(Ω) Δ𝑡(𝜃) ≡ Φ 𝑓Ω(Ω) Δ𝑡(𝜃) . (5.3)

Experiments do not perfectly reconstruct the true angle of the incoming particle, 𝜃true.
To take this into account, we assume Gaussian angular uncertainty Δ𝜃. For ANITA-IV,
Δ𝜃 is reported in Ref. [372]. Then, the expected number of events per unit solid angle
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as a function of the reconstructed angle 𝜃rec is given by

d𝑁̄ (𝜃rec)
dΩ

= ∫ d𝜃true 1√
2𝜋Δ𝜃

exp [−
(𝜃rec − 𝜃true)2

2(Δ𝜃)2 ]
d𝑁(𝜃true)

dΩ
=

=
ΦΔ𝑡√
2𝜋Δ𝜃 ∫ d𝜃true𝑓Ω(𝜃true, 𝜑)(𝜃true) exp [−

(𝜃rec − 𝜃true)2

2(Δ𝜃)2 ] .
(5.4)

Absorption and detection processes

There are four signals that the scenario we consider can produce. First, a shower is pro-
duced whenT decays, which generates the signals at ANITA. Second, a shower produced
when N interacts with Earth to produce T. (This signal can be avoided if the hadronic
part of the interaction between N and nuclei to produce T is very elastic, which may
happen for instance in models with light mediators [393].) Third, a shower produced if T
gets absorbed by Earth. Fourth, a track if T is charged. Since the last signal can only be
detected by IceCube and is easily avoided if T is electrically neutral, we conservatively
ignore it.

We separate these contributions as  = dec
T +int

T +N. On the one hand, T decays
are quantified by

dec
T (𝜃) = 𝑃T

exit(𝜃) 𝑃
T
decay(𝜃) 𝐴eff(𝜃) . (5.5)

Here 𝐴eff(𝜃) is the area to which the detector is sensitive, including detection efficiency.
For ANITA, the geometric area and trigger efficiency have been extracted from Figure 10
in Ref. [373]. For IceCube, we have set the geometric area to 1 km2 and the detection effi-
ciency has been extracted from Ref. [394]. Then, 𝑃T

decay(𝜃) ≡ 1−𝑒−𝑑(𝜃)/𝜏 is the probability
for T to decay inside the effective volume of length 𝑑(𝜃). For ANITA, 𝑑(𝜃) ∼ (500) km
is the distance between the exit point and the radio antenna, detailed in appendix A.
For IceCube, we set 𝑑(𝜃) = 1 km. Finally, 𝑃T

exit(𝜃) is the probability for T to be produced
and arrive to the effective volume, that we compute in appendix A.

Altogether, the total number of expected events from T decay per unit solid angle is

d𝑁 dec
T (𝜃)
dΩ

= Φ𝑓Ω(Ω)dec
T (𝜃) Δ𝑡 = Φ𝑓Ω(Ω) 𝑃T

exit(𝜃) 𝑃
T
decay(𝜃) 𝐴eff(𝜃) Δ𝑡 . (5.6)

We assume that the direction of the shower at ANITA corresponds to the incoming
direction of T and N, i.e., that all particles are relativistic.

As mentioned above, interaction of N or T with Earth can also lead to a visible
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shower. Their contribution is

int
T (𝜃) = 𝑃T

exit(𝜃) 𝑁targets 𝜎 𝜀 , (5.7)

N(𝜃) = 𝑃N
exit(𝜃) 𝑁targets 𝜎 𝜀 , (5.8)

respectively. Here, 𝑁targets is the number of targets in the detector, 𝜀 the detection effi-
ciency, and 𝑃N

exit(𝜃) is the probability for an N particle to arrive to the effective volume
that we compute in appendix A. Then, the number of expected events from T and N
interactions per unit of solid angle is

d𝑁 int
T (𝜃)
dΩ

= Φ𝑓Ω(Ω)int
T (𝜃) Δ𝑡 = Φ𝑓Ω(Ω) 𝑃T

exit(𝜃) 𝑁targets 𝜎 𝜀 Δ𝑡 , (5.9)

d𝑁N(𝜃)
dΩ

= Φ𝑓Ω(Ω)N(𝜃) Δ𝑡 = Φ𝑓Ω(Ω) 𝑃N
exit(𝜃) 𝑁targets 𝜎 𝜀 Δ𝑡 , (5.10)

respectively. The total number of events is

d𝑁(𝜃)
dΩ

=
d𝑁 dec

T (𝜃)
dΩ

+
d𝑁 int

T (𝜃)
dΩ

+
d𝑁N(𝜃)
dΩ

. (5.11)

5.1.2 Details of the test statistic

In this section, we describe our statistical analysis. As data is scarce, an unbinned Pois-
son likelihood is well-suited. This test statistic is given, up to constants, by

 (Φ, 𝜎, 𝜏) = 2 ∫ d𝜑 d𝜃 sin 𝜃 𝜇(𝜃, 𝜑; Φ, 𝜎, 𝜏) − 2
𝑁

∑
𝑖=1

log 𝜇̃(𝜃rec
𝑖 ; Φ, 𝜎, 𝜏) , (5.12)

where 𝜇 ≡ 𝑑𝑁/𝑑Ω, 𝜇̃(𝜃rec) ≡ sin 𝜃rec ∫ 2𝜋
0 𝑑𝜑 𝑑𝑁̄/𝑑Ω(𝜃rec, 𝜑), and 𝜃rec𝑖 are the recon-

structed angles of the 𝑁 observed events.

Since the ANITA-IV flight has detected 4 anomalous events,

 ANITA(Φ, 𝜎, 𝜏) = 2 ∫ d𝜑 d𝜃 sin 𝜃 𝜇(𝜃, 𝜑; Φ, 𝜎, 𝜏) − 2
4

∑
𝑖=1

log 𝜇̃(𝜃rec
𝑖 ; Φ, 𝜎, 𝜏) . (5.13)

For an isotropic flux, 𝑓Ω(Ω) = (4𝜋)−1. Then, integrating over 𝜑

 ANITA(Φ, 𝜎, 𝜏) = − 2
4

∑
𝑖=1

log(
ΦΔ𝑡
2

sin 𝜃rec
𝑖 (𝜃rec

𝑖 , Δ𝜃𝑖; 𝜎, 𝜏))+

+ ΦΔ𝑡 ∫ d𝜃 sin 𝜃(𝜃; 𝜎, 𝜏) .
(5.14)
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Here we have defined

(𝜃rec, Δ𝜃; 𝜎, 𝜏) = ∫ d𝜃(𝜃; 𝜎, 𝜏)
1√

2𝜋Δ𝜃
exp [−

(𝜃rec − 𝜃)2

2(Δ𝜃)2 ] . (5.15)

The best-fit value of Φ for this likelihood is

ΦBF
ANITA =

2 × 4
Δ𝑡 ∫ d𝜃 sin 𝜃(𝜃; 𝜎, 𝜏)

, (5.16)

that only depends on the total number of observed and expected events. We can then
insert Equation (5.16) in Equation (5.14) to obtain the ANITA test statistic profiled over
ΦANITA,

 ANITA(𝜎, 𝜏) = ∑
𝑖
−2 log(

sin 𝜃rec
𝑖 (𝜃rec

𝑖 ; 𝜎, 𝜏)
∫ d𝜃 sin 𝜃(𝜃; 𝜎, 𝜏))

, (5.17)

up to constant terms. The best-fit values of (𝜎, 𝜏) must maximize the argument of the
logarithm. That is, they must concentrate the flux around 𝜃rec

𝑖 . This way, the probability
for the events to happen at 𝜃rec

𝑖 and not elsewhere is maximal.

In turn, IceCube has not observed any event in the energy range of the ANITA
anomalous events. Then,

  IC(Φ, 𝜎, 𝜏) = 2 ∫ d𝜑 d𝜃 sin 𝜃 𝜇(𝜃, 𝜑; Φ, 𝜎, 𝜏) . (5.18)

This test statistic is twice the total number of expected events in IceCube. The bigger
the expected number of events, the worse the fit. For a diffuse flux, this gives

  IC(Φ, 𝜎, 𝜏) = ΦΔ𝑡 ∫ d𝜃 sin 𝜃(𝜃; 𝜎, 𝜏) . (5.19)

The total test statistic for both experiments contains the likelihoods from eqs. (5.14)
and (5.19),

 (Φ, 𝜎, 𝜏) = − 2
𝑁

∑
𝑖=1

log(
ΦΔ𝑡A
2

sin 𝜃rec
𝑖 A(𝜃rec

𝑖 , Δ𝜃𝑖; 𝜎, 𝜏))+

+ ΦΔ𝑡A ∫ d𝜃 sin 𝜃A(𝜃; 𝜎, 𝜏) + ΦΔ𝑡I ∫ d𝜃 sin 𝜃I(𝜃; 𝜎, 𝜏) ,
(5.20)

where the A, I subscripts stand for ANITA and IceCube, respectively. This test statistic
can be analytically profiled over Φ, which gives

 (𝜎, 𝜏) = −2
4

∑
𝑖=1

log(
sin 𝜃rec

𝑖 A(𝜃rec
𝑖 ; 𝜎, 𝜏)

Δ𝑡A tot
A + Δ𝑡Itot

I ) , (5.21)
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Figure 5.3: Angular event distribution at ANITA for different values of𝜎 and 𝜏 under the diffuse-
flux hypothesis. 𝜎 controls the angular event distribution, whereas 𝜏 mostly controls the nor-
malization (see text). The incoming directions at ANITA enforce cross sections around the SM value.

up to constant terms. We have abbreviated tot = ∫ d𝜃 sin 𝜃(𝜃; 𝜎, 𝜏). The best-fit
flux is

Φ(𝜎, 𝜏)BF =
2 × 4

Δ𝑡A tot
A + Δ𝑡I tot

I
. (5.22)

5.1.3 Transient sources vs diffuse flux

There are two scenarios for the incoming particle flux — 𝜈𝜏 for SM, N for BSM. It can
be transient, i.e., the flux is non-zero only in some time window; or it can be diffuse, i.e.,
the flux is produced by many sources and is constant in time.

As the IceCube effective area is a factor ∼ 102 smaller than that of ANITA [373, 392],
a transient origin for the events cannot be tested by IceCube as long as four transient
sources activated only in the month that ANITA-IV was flying and never again in the
nine years of IceCube operation (as the transient rate increases, the flux becomes dif-
fuse). This admittedly baroque hypothesis would allow even a SM explanation of the
anomalous events [373]. For the rest of the Chapter, we focus on the more realistic
diffuse flux hypothesis.

5.2 ANITA-IV angular self-consistency

In this section, we show that, despite the small sample size, the observed angular dis-
tribution at ANITA provides information on BSM parameters.
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Figure 5.4: Allowed BSM parameters from ANITA data under the diffuse-flux hypothesis, to-
gether with the required incoming N flux. We also show the mean free path of N in the Earth
crust, 𝜆crust; and the average distance travelled by the long-lived particle T, 𝑐𝜏.

Figure 5.3 shows how the N cross section, 𝜎, modifies the event distribution. Re-
duced 𝜎 increases the distance that N can travel inside Earth, making the outgoing
T distribution more isotropic. Generically, the distribution peaks at angles where the
chord length inside Earth equals the mean free path of N. The distributions are normal-
ized to predict four events at ANITA.

The impact of 𝜏 is less significant. If 𝜎 ≳ 𝜎SM, the distribution of outgoing T is quite
anisotropic, and 𝜏 only controls the probability for them to exit Earth and decay before
ANITA, which is degenerate with the overall flux normalization. Explicitly, very small 𝜏
requires large fluxes because of the suppressed probability to exit Earth, and so do very
large 𝜏 because of the suppressed probability to decay before ANITA. If 𝜎 ≪ 𝜎SM, the
distribution of T is more isotropic, and large 𝜏 implies a more isotropic event distribution.

We quantify the agreement with observations through the unbinned likelihood anal-
ysis described in Section 5.1.2. Figure 5.4 shows that the ANITA angular distribution
implies a preferred region of BSM parameters. The star signals the parameters where
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the BSM sector approximates the SM,

𝜎 ∼ 𝜎SM ≃ 3 × 10−32 cm2 ,

𝜏 ∼ 𝜏SM ≃ 2 × 10−4 s .
(5.23)

Although the approximation is not exact due to the simplifications described in sec-
tion 5.1, the phenomenology is similar. We also show the N flux Φ that would predict
four events at ANITA, which is always comparable to or greater than UHE cosmic-rays
fluxes (∼ 1 km−2day−1 at 1 EeV [220]). As described above, the flux is strongly correlated
with 𝜏; slightly increasing 𝜏 with respect to 𝜏SM reduces the required flux by an order
of magnitude.

ANITA data excludes large 𝜎, because the events would peak closer to the horizon.
For small 𝜎, 10−2 s ≲ 𝜏 ≲ 1 s is excluded because the event distribution would be too
isotropic. 𝜏 ≳ 1 s is allowed for small 𝜎 because most T decay after ANITA, and the
events are produced by interactions of N with the atmosphere at the expense of very
large fluxes.

We conclude that a large region of parameter space in our model independent frame-
work, including the SM-like scenario, is consistent with ANITA data. Below, we show
that this is challenged by null observations from IceCube.

5.3 Interplay with IceCube

The IceCube experiment is sensitive to the same flux that produces events in ANITA [395–
397]. Although IceCube has a smaller effective volume, its larger angular aperture and
observation time allow to test the origin of the ANITA events. In this section, we de-
scribe such a test, pointing out the parameter region where both experiments could be
compatible.

Figure 5.5 shows that explanations of the ANITA events are challenged by the lack
of observations at IceCube [398]. We show the expected event distribution at IceCube,
for the same 𝜎 and 𝜏 as fig. 5.3 and the flux normalization that predicts four events at
ANITA.

Most of the events predicted at IceCube are due to interactions of N with Earth (as
we assume that such interactions generate showers), and for SM-like or larger cross
sections, they are dominantly downgoing because of Earth attenuation. The sensitivity
of IceCube to 𝜏 is indirect but key for its compatibility with ANITA’s measurements. As
described above, slightly increasing 𝜏 with respect to 𝜏SM reduces the required flux, and
the predictions are then compatible with null observations at IceCube. For extremely
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Figure 5.5: Same as fig. 5.3, but for IceCube. The normalizations are fixed to predict 4 events at
ANITA. IceCube is mostly sensitive to the flux normalization required to explain 4 events in ANITA.

low values of 𝜎 (blue histogram), the contribution from N interactions in IceCube is sup-
pressed, and most of the events are generated by upgoing T-s produced by interactions
of N with Earth.

Figure 5.6 shows how the correlation between lifetime and flux affects the interplay
between ANITA and IceCube, with only some values of 𝜏 allowing Φ consistent both
with the observations at ANITA and the lack of events at IceCube. We show the al-
lowed values of 𝜏 and Φ for fixed 𝜎, obtained using an unbinned likelihood described in
section 5.1.2. For ANITA, Φ is always comparable to or higher than the cosmic-ray flux
as mentioned above. As the figure shows, IceCube is mostly sensitive to interactions of
N, i.e., to its flux Φ. In turn, ANITA mostly detects T decays, and Φ is very correlated
with 𝜏 because T must exit Earth and decay before ANITA: small 𝜏 spoil the former and
large 𝜏 spoil the latter.

Figure 5.7 shows the ranges of 𝜎 and 𝜏 allowed by a combined analysis of ANITA
and IceCube, together with the best-fit flux Φ. From fig. 5.4, non-observation of events
at IceCube only allows regions with small Φ, which implies 𝜏 ∼ 10−3 s. There is also
some information on 𝜎 because it controls both the angular distribution at ANITA and
the number of events at IceCube due to N interactions. Altogether, this implies closed
allowed regions up to ∼ 2𝜎 (we recall that the significance of the anomalous events is
∼ 3𝜎 [372, 373]), with the best-fit point at 𝜎 = 8.9 × 10−33 cm2, 𝜏 = 1.3 × 10−3 s, and
Φ = 1.8 km−2 day−1. The best-fit parameters predict 1.2 events at IceCube after nine
years of operation, and the best-fit flux at every point in the parameter space predicts
at least 0.9 events.
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Figure 5.6: Allowed regions for 𝜏 and the flux normalization Φ from ANITA and IceCube in-
dependently. We show for orientation the UHE Cosmic Ray flux [220]. 𝜏 and Φ are strongly
correlated in ANITA, while IceCube is insensitive to 𝜏. The BSM parameters can partially alleviate
the tension.

Overall, a BSM interpretation relaxes the tension between the ANITA anomalous
events and IceCube, but does not fully remove it. The combined allowed regions always
predict (1) events at IceCube, so if the anomalous events have a particle physics origin
parametrized by our set of BSM models, the signal should be observable in the future.

5.3.1 Impact of T absorption

Up to now, we have assumed that T interacts with Earth with the same cross section
that produces it, 𝜎. This is to be expected in the simplest BSM extensions. However, the
N absorption cross section 𝜎N and the T absorption cross section 𝜎T could in principle be
different. In particular, 𝜎T = 0 would maximize the compatibility between ANITA and
IceCube. The number of events in ANITA would increase due to fewer T particles being
absorbed by the Earth, and the number of events in IceCube would slightly decrease
due to fewer interaction of T particles with the detector.

Figure 5.8 shows the results obtained following the same procedure as in Figures 5.4
and 5.7 but setting 𝜎T = 0. The left panel shows the results including only ANITA-IV
data. There are some qualitative differences with respect to the 𝜎N = 𝜎T case in fig. 5.4.
For 10−3 s ≲ 𝜏 ≲ 1 s, larger 𝜎 is allowed because, even though N is always absorbed,
T can exit Earth and generate the anomalous events. However, data disfavors too long
lifetimes because the event distribution would be too isotropic.

In the right panel we show the results with both ANITA and IceCube data. The
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Figure 5.7: Allowed BSM parameters the combination of ANITA and IceCube (blue) under the
diffuse-flux hypothesis, together with the required incoming particle flux. The best fit predicts
1.2 events after 9 years of IceCube operation. Although the SM-like scenario is excluded at ∼ 3𝜎,
BSM models may explain the ANITA anomalous events, and signals would be observable in IceCube-
Gen2.

combination leads to an allowed region similar to the one shown in fig. 5.7 for the sce-
nario with 𝜎T = 𝜎𝑁 . This is because the large-𝜎N region that is allowed by ANITA if
𝜎T = 0 would produce too many downgoing events in IceCube. We thus conclude that
the results obtained above are robust against assuming that T does not interact with
Earth.

5.4 Particle physics models

Above, we have demonstrated in a model independent approach that BSM scenarios
could accommodate the ANITA observations and the absence of any signal in IceCube.
In this section, we discuss explicit particle physics models that can provide the required
ingredients.

As our best fit is not very far from the SM-like prediction, an appealing possibility is
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Figure 5.8: Allowed BSM parameters from ANITA (left, red) and the combination of ANITA and
IceCube (right, blue) under the diffuse-flux hypothesis, together with the required incoming
particle flux, if we remove interactions of T with Earth. Note that, by neglecting T absorption,
the “SM-like” point resembles less the SM than the choice in the main text. ANITA alone is
sensitive to T interaction with matter, but its combination with IceCube is mostly not.

to consider BSM models related to neutrinos, such as scenarios involving heavy neutral
leptons that mix with the SM neutrinos and further couple to other fields belonging to
a richer Dark Sector. In such scenarios, the SM neutrinos could play the role of N.

However, one of the main issues in searching for a successful particle physics model
is the origin of the flux ofN particles. Current neutrino flux limits areΦ ≲ 0.1 km−2 day−1,
well below the required N flux (see fig. 5.7) [349, 398]. Thus, a more exotic primary par-
ticle is generically required. A DM origin is probably the less exotic possibility. Such
option has been recently put forward [364, 365, 377, 386] to explain the two upgoing
highly anomalous events previously observed by ANITA [361, 399]. The decay of ex-
tremely heavy DM (in the EeV range) to N can produce very large fluxes [400]

ΦN =
1

𝜏DM𝑚DM
∫ 𝜌DM d𝑠 , (5.24)

where 𝜏DM > 1019 s [401] is the DM lifetime and 𝑚DM its mass, and the integral is along
the line of sight 𝑠. Numerically, ∫ 𝜌DM d𝑠 ∼ 5 × 1022 GeV/cm2 [400]. If 𝑚DM = 1EeV,
then ΦN can be as large as 1012 km−2 day−1, well in agreement with fig. 5.7.

Following this idea, we consider a toy model involving a dark sector that includes an
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extremely heavy DM candidate and two dark fermions playing the role of our N and T
particles. Adding an extra𝑈𝑋 (1) gauge symmetry in the Dark Sector, we introduce a new
dark boson 𝑋𝜇 that mixes with the SM photon via kinetic mixing [402, 403], allowing
the dark fermions to interact with ordinary matter and have nonzero 𝜎 and 𝜏.

In more detail, the DM can be a scalar SM singlet 𝜙 that decays via a Yukawa cou-
pling to a stable fermion 𝜒1, a SM singlet that would play the role of N. The role of T
would be played by a second fermion singlet 𝜒2 (heavier than 𝜒1) which, choosing the
dark charges of both fermions appropriately, couples to𝑋𝜇 just via a 𝑔𝐷𝜒2𝛾 𝜇𝜒1𝑋𝜇 term in
the Lagrangian. This way, 𝜒1 interacts with Earth nuclei via kinetic mixing generating
a 𝜒2, which subsequently decays via 𝜒2 → 𝜒1 + shower, the shower being originated
through kinetic mixing with the ordinary photon. The same model was proposed to
fit the previous ANITA anomalous events [386]. Following Ref. [386], we find that for
𝑔𝐷 = 1.1, particle masses 𝑚𝑋 = 1.5 GeV, 𝑚𝜒2 = 0.7 GeV, 𝑚𝜒1 = 0.5 GeV, and kinetic
mixing 𝜖 = 7 ⋅ 10−3, the values of 𝜎 and 𝜏 are in the right ballpark in agreement with
fig. 5.7 (these are different from the values considered in Ref. [386] to explain the previ-
ous anomalous events). These parameter values are currently allowed (see, e.g., Fig. 5.1
in Ref. [404]). The constraints on this scenario are weaker than for minimal dark photon
scenarios — where the dark photon decays predominantly either into SM visible parti-
cles (visible dark photons) or into missing energy (invisible dark photons) — because 𝑋𝜇
decays involve both SM and dark particles (semi-visible dark photons).

The proposal considered here is an extension of the so-called inelastic DM mod-
els [405]. In such models 𝜒1 constitutes the thermal DM relic, and there are typically no
new scalars such as our singlet 𝜙. The 𝑔𝜇 −2 anomaly can also be accommodated [406],
but it has been shown recently that both phenomena cannot be simultaneously ex-
plained in most part of the parameter space [404] (see also a review of semi-visible light
dark photon models in Ref. [407]). Instead, in the model considered here the DM is
mainly composed of a super-heavy scalar singlet 𝜙, while 𝜒1 is a subdominant compo-
nent. This super-heavy DM can be generated for instance via freeze-in [408] or at the
end of inflation [409–412].

5.5 Summary and conclusions

The fourth flight of ANITA found four upgoing UHE events coming from about a de-
gree below the horizon. Explaining these events within the SM implies a flux of 𝜈𝜏
inconsistent with the non-observations in Auger or IceCube. Here, we have performed
a model-independent analysis of IceCube and ANITA-IV results for BSM scenarios. We
consider a conservative approach assuming an incoming flux of generic particles N only
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at the energy window where ANITA has observed the anomalous events. The N parti-
cles interact with Earth nucleons — with cross section 𝜎 — generating primary showers
along with long lived particles 𝑇 that decay — with lifetime 𝜏 — producing another
shower (see fig. 5.2). Such formalism can be applied to better understand the origin of
any future observation.

Therefore, the set of models under consideration are determined by three parame-
ters: the flux (Φ) of the incoming N particles, their cross section with nucleons (𝜎), and
the lifetime (𝜏) of the secondary long-lived T particles produced after the interaction.
Performing a statistical analysis of the four events observed by ANITA, we found that
the low statistics allows large ranges for 𝜎 and 𝜏 compatible with a SM-like explana-
tion of the signals. The angular distribution of the events excludes 𝜎 ≳ 5 × 10−32 cm2,
where the events would peak closer to the horizon, together with 𝜎 ≲ 5 × 10−34 cm2 and
10−2 s ≲ 𝜏 ≲ 1 s, where the distribution would be too isotropic.

The large observation time and its large angular acceptance makes IceCube an excel-
lent candidate to explore the flux observed by ANITA. The main sensitivity of IceCube
to this set of models comes from interactions of N with Earth. Null results in IceCube
are compatible with ANITA for 𝜏 ∼ 10−3 s and 𝜎 ≲ 3 × 10−32 cm2 at 2𝜎.

Finally, we provide a concrete scenario based on super-heavy scalar Dark Matter
that can explain ANITA-IV and IceCube data. The decay of the Dark Matter into a
stable dark fermion 𝜒1, via a Yukawa coupling, can account for the large fluxes needed
(Φ ≳ 1 km−2day−1). In the scenario considered in this work, the Dark Sector is also
enlarged by an unstable dark fermion 𝜒2, heavier than 𝜒1, which plays the role of 𝑇 .
Adding, an extra 𝑈𝑋 (1) dark gauge symmetry, we also introduce a dark boson with a
non diagonal coupling to the dark fermions and kinetic mixing with the SM photon. This
allows 𝜒1 to interact with Earth nucleons, generating a 𝜒2 which subsequently decays
via 𝜒2 → 𝜒1 + shower with the shower generated through kinetic mixing. Previously
proposed as an explanation of the anomalous events observed by ANITA in previous
flights [386], this scenario can account for the new anomalous events with large kinetic
mixings (∼ 10−2), and masses around the GeV scale (𝑚𝑋 ∼ 2 GeV,𝑚𝜒2 ∼ 1 GeV,𝑚𝜒1 ∼ 0.5
GeV). Further model-building work can explore other options.

The ANITA experiment is starting to probe uncharted land. First results are already
anomalous, and understanding their BSM or background origin is pressing to ensure the
success of future, more ambitious, UHE neutrino detectors. As we have shown, BSM
explanations predict that anomalous events should be observed in other experiments
too. The upcoming flight of PUEO [354], with a detection principle similar to ANITA,
and the future IceCube-Gen2 upgrade [38] will thus be unique opportunities to gain
insight into the potential signals and backgrounds of the UHE landscape.
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Neutrinos from the Universe
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6 What we know of the Universe:
an introduction

[The Big Bang is] followed by what? By a dull-as-ditchwater

expansion which degrades itself adiabatically until it is

incapable of doing anything at all. The notion that galaxies

form, to be followed by an active astronomical history, is an

illusion. Nothing forms, the thing is as dead as a door-nail.

– Fred Hoyle [413]

Pioneer in stellar nucleosynthesis, he coined the term “Big

Bang” while clearly disliking the theory.

The Universe did not start with a Bang, and neither did the Big Bang Theory. Just like
the expanding cosmos, our progress on our understanding of the Universe has been slow
and steady, both in the theoretical and observational sides. In its early years, cosmology
was largely speculative, and it was not even clear whether it could evolve into a rigorous
scientific discipline [414]. Now, just a century after Alexander Friedmann solved General
Relativity for a homogeneous Universe [415], we have achieved the era of precision
cosmology, which has turned cosmology into a rigorous, data-driven research. This has
come with some surprises.

By probing the observable Universe as our research object we have discovered phe-
nomena which are unexplained by terrestrial experiments, namely (Cold) Dark Matter
(DM) and Dark Energy. The distances and time scales of the Universe bring afloat the
gravitational effects of these species, which have not been found to interact in any other
manner with ordinary matter, i.e., the SM. No particle within the SM can account for
the properties of these “dark sector”. Then, with the exception of neutrino oscillations,
cosmology remains our best reminder that the SM is not all there is.

Cosmology has provided us with a precise description of the macroscopical proper-
ties of this dark sector, the so-called Λ-Cold Dark Matter (ΛCDM) model of cosmology.
However, its microscopical description still remains a challenge, and the BSM opportu-
nities lie in this precise challenge. In order to uncover what is missing in our current
picture of fundamental physics, two paths open up in front of us.

First, it is imperative to challenge the ΛCDM paradigm and look for deviations from
it. This requires new observations with increasing precision and statistics, but also the-
oretical developments to interpret them and boost the reach of observations beyond
its original scope. The Hubble tension [151, 416–418], the hints of dynamical Dark En-
ergy [153, 419, 420] or “negative neutrino masses” [152, 421, 422], even if they end up
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vanishing in the air, are anomalies that make us think how BSM intercedes in some
particular cosmological observations. Chapter 7 provides an example on the challenge
of neutrino masses to cosmology [3].

Second, as we have seen in the previous part, the Universe provides us with extreme
environments where to test our theories, for free. In the case of the early Universe, this
is large energies and large number densities; in the late Universe, it is long distances and
large volumes. BSM properties that are invisible in terrestrial experiments may become
apparent when looking at the Universe. This is specially interesting for Dark Matter
(production, annihilation and/or decay) [423], but also for the neutrino sector [55, 424].
New manners of looking into the Cosmos, or the refinement of old ones, may open
unexpected windows to New Physics. In this case, chapter 8 describes a research work
which explores the Early Universe to constrain BSM properties.

Before we delve in these two examples, however, we need to present the basics of
cosmology. To such purpose, in this chapter we first introduce the basic description
of a homogeneous (section 6.1) and a linearly perturbed Universe (section 6.2). Then,
we describe the physical processes behind the key pillars of cosmology: the Cosmic
Microwave Background (section 6.3) and Big Bang Nucleosynthesis (section 6.4). This
chapter mostly follows [424–427]. If you are already familiar with these topics, you are
welcome to skip to chapter 7.

6.1 An homogeneous Universe, expanding

We live in an expanding Universe. It started approximately 13.79×109 years ago, when it
was in a hot and dense plasma of particles, and has been expanding since then. We know
this from the observation of the recession of galaxies, the measurement of the Cosmic
Microwave Background (section 6.3) and the observation of light element abundances
(section 6.4).

We live in a (quite) homogeneous and isotropic Universe too. While the Universe
is clearly not homogeneous at the scales of galaxies and of galaxy clusters, it is at the
scales of the Large Scale Structure of the Universe. The primordial Universe was also ex-
tremely homogeneous, with relative inhomogeneities of size (10−5). This observation
has led into the cosmological principle, which states that there is no privileged point
nor direction in the Universe, i.e., it is homogeneous and isotropic. This assumption, in
good agreement with current observations, puts great constrains on the dynamics of
the Universe. In this section, we write down the equations governing the expansion of
a homogeneous Universe.
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6.1.1 The geometry of the Universe

In the framework of general relativity, a metric 𝑔𝜇𝜈 describes the space-time struc-
ture of the Universe and, thus, gravity and the dynamics of objects within it. Under
the constraints imposed by the cosmological principle, the most general metric is the
Friedmann-Lemaı̂tre-Roberston-Walker (FLRW),

d𝑠2 = 𝑔𝜇𝜈d𝑥𝜇d𝑥𝜈 = −d𝑡2 + 𝑎(𝑡)2 (
d𝑟2

1 − 𝑘𝑟2
+ 𝑟2dΩ2

) . (6.1)

Here, d𝑠2 is the proper-time interval and 𝑡 is the cosmological proper time, defined as
the time measured by an observer moving along the Hubble flow. Then, Ω is the solid
angle and 𝑟 is the comoving distance, which refers only to the coordinate grid with
which we map the Universe space-time. Finally, 𝑘 = +1, 0, −1 for open, flat and closed
space-times, and 𝑎(𝑡) is the scale factor which follows the Universe expansion.

In order to simplify some expressions, one usually defines the conformal time d𝜂 =
𝑎(𝑡)d𝑡, which turns the standard FLRW metric into

d𝑠2 = 𝑎(𝑡)2 (−d𝜂
2 +

d𝑟2

1 − 𝑘𝑟2
+ 𝑟2dΩ2

) . (6.2)

This new time coordinate can be understood as the comoving distance that light travels
(in the absence of interactions) in a time interval d𝑡. Another useful time variable is the
redshift

1 + 𝑧 =
𝑎0
𝑎(𝑡)

, (6.3)

where 𝑎0 ≡ 1 is the scale factor today. In the popular interpretation, photons emitted
from distant sources in the past are stretched as they travel to us through an expanding
Universe, resulting in redshift. However, this popular belief contradicts that spacetime
must be locally Minkowskian, and thus cosmological redshift is better understood as the
accumulation of infinitesimal Doppler shifts along the line of sight between the source
and the observer [428]. In any case, the further the source, the more the Universe has
expanded, and the larger redshift 𝑧 we measure.

Even if it can be parametrised in terms of many different time variables, the metric
of the homogeneous Universe requires only one parameter to be described, here the
scale factor 𝑎. The expansion history of the Universe, encoded in 𝑎(𝑡), is governed by
the Einstein equations of general relativity,

𝐺𝜇𝜈 = 8𝜋𝐺 𝑇𝜇𝜈 . (6.4)
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Here, 𝐺 is Newton’s constant, 𝐺𝜇𝜈 is the Einstein tensor and 𝑇𝜇𝜈 is the total energy-
momentum tensor in the Universe. Equation (6.4) describes how the curvature of the
Universe influences the evolution of the matter content within it, and vice versa. We
leave 𝑇𝜇𝜈 for the following section, and briefly comment on 𝐺𝜇𝜈 now.

The spacetime of the Universe is a four-dimensional curved manifold described by
the metric in eq. (6.1). In such a spacetime, each point belongs to a different tangent
space and thus we require an affine connection between tangent spaces, given by the
Christoffel symbols

Γ𝜎𝜇𝜈 =
1
2
𝑔𝜎𝜌 (𝜕𝜇𝑔𝜈𝜌 + 𝜕𝜈𝑔𝜇𝜌 − 𝜕𝜌𝑔𝜇𝜈) . (6.5)

For the FLRW metric from eq. (6.1), the only non-vanishing Christoffel symbols are

Γ0𝑖𝑗 =
𝑎̇
𝑎
𝑔𝑖𝑗 ,

Γ𝑗0𝑖 = Γ𝑗𝑖0 =
𝑎̇
𝑎
𝛿𝑗𝑖 ,

(6.6)

where a dot denotes a derivative with respect to proper time. This affine connection
allows to define parallel transport along a vector field and, thus, the covariant derivative
∇𝜇. Once Γ𝜎𝜇𝜈 are defined, the Ricci tensor

𝑅𝜇𝜈 = 𝜕𝜎Γ𝜎𝜇𝜈 − 𝜕𝜇Γ
𝜎
𝜈𝜎 + Γ𝜎𝜎𝜌 Γ

𝜌
𝜇𝜈 − Γ𝜎𝜇𝜌 Γ

𝜌
𝜎𝜈 (6.7)

measures the local curvature, i.e., how much does spacetime locally differs from Eu-
clidean spactime. The trace of this tensor, 𝑅 = 𝑔𝜇𝜈𝑅𝜇𝜈 , is the Ricci scalar. Finally, the
Einstein’s tensor 𝐺𝜇𝜈 which relates the curvature of spacetime to its content is

𝐺𝜇𝜈 = 𝑅𝜇𝜈 −
1
2
𝑔𝜇𝜈𝑅 . (6.8)

The Einstein tensor fulfills the Bianchi identities, ∇𝜇𝐺𝜇𝜈 = 0, which immediately implies
the conservation of the energy-momentum tensor, ∇𝜇𝑇 𝜇𝜈 = 0.

6.1.2 The content of the Universe

Under the cosmological principle of homogeneity and isotropy, the energy-momentum
tensor for matter is that of a perfect fluid,

𝑇 𝜈
𝜇 = 𝑝𝑔 𝜈

𝜇 + (𝜌 + 𝑝)𝑢𝜇𝑢𝜈 ≡ diag (−𝜌, 𝑝, 𝑝, 𝑝) , (6.9)
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with 𝑢𝜇 the four-velocity of the fluid, 𝜌 its energy density and 𝑝 its pressure. An impor-
tant quantity of a perfect fluid is the equation of state,

𝑤 =
𝑝
𝜌
. (6.10)

The equation of state is a thermodynamical quantity which relates pressure and inter-
nal energy and governs how does the energy of a system evolve as it expands. This
will become clear in the following section. Important benchmarks are 𝑤 = 1/3 for an
ultrarelativistic gas (usually called radiation), 𝑤 = 0 for a non-relativistic gas (matter or
dust) and 𝑤 = −1 for a cosmological constant (Λ).

6.1.3 The evolution of the Universe

Once the geometry and content of the Universe are defined through eqs. (6.1) and (6.9),
we use eq. (6.4) to obtain the Friedmann equations [415]

𝐻 2 ≡ (
𝑎̇
𝑎)

2

=
8𝜋𝐺
3
𝜌 −

𝑘
𝑎2
, (6.11)

𝑎̈
𝑎
= −

4𝜋𝐺
3

(𝜌 + 3𝑝) . (6.12)

Equation (6.11) defines the Hubble parameter 𝐻 = 𝑎̇/𝑎, i.e., the expansion rate of the
Universe. 𝑝 and 𝜌 correspond to the total pressure and energy density of the Universe,
respectively. In a matter-dominated Universe (𝑤 ≈ 0) or a radiation-dominated Universe
(𝑤 ≈ 1/3), larger energy densities decrease the acceleration of the Universe, i.e., tend to
slow down the expansion. However, a Universe dominated by a cosmological constant
Λ (𝑤 ∼ −1) is in an ever-expanding acceleration.

The current value of the Hubble parameter is called the Hubble constant, 𝐻0, and is
usually quantified as

𝐻0 = 100ℎ km s−1Mpc−1 , (6.13)

with ℎ the reduced Hubble constant, ℎ = 0.6766 ± 0.0042 [151] from early-Universe
measurements. If working in terms of the conformal time, it is convenient to define the
conformal Hubble rate  = 𝑎′/𝑎, which is related to the Hubble rate as  = 𝑎𝐻 .

The evolution of the Universe must conserve the energy and momentum tensor,

∇𝜇𝑇 𝜇𝜈 = 𝜕𝜇𝑇
𝜇
𝜈 + Γ𝜇𝜇𝜎𝑇

𝜎
𝜈 − Γ𝜎𝜇𝜈𝑇

𝜇
𝜎 . (6.14)
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In the case of a perfect fluid, conservation of energy and momentum implies

𝜌̇ = −3𝐻(𝜌 + 𝑝) = −3𝐻𝜌(1 + 𝑤) , (6.15)

which can also be written as

1
𝜌

d𝜌
d log 𝑎

= −3(1 + 𝑤) . (6.16)

Then, the variation of the energy density of the Universe is given by its equation of state.
This is also true for the energy density of a decoupled species which does not interact
with the rest of the Universe. Importantly, eqs. (6.11), (6.12) and (6.15) are not linearly
independent, only two of them are. It is typical to work with eqs. (6.11) and (6.15).

For a constant equation of state, eq. (6.16) can be solved to

𝜌 ∼ 𝑎−3(1+𝑤) =

⎧⎪⎪⎪⎪
⎨⎪⎪⎪⎪⎩

𝑎−4 radiation

𝑎−3 matter

ct. cosmological constant

. (6.17)

Furthermore, under the constant 𝑤 approximation, one can solve eq. (6.11) and obtain
the scaling of 𝑎(𝑡) with time,

𝑎(𝑡) ∝

⎧⎪⎪⎪⎪
⎨⎪⎪⎪⎪⎩

𝑡1/2 radiation domination

𝑡2/3 matter domination

𝑒𝑡𝐻 Λ domination

(6.18)

For every species 𝑖 that the Universe has, with energy density 𝜌𝑖, one can define a
density parameter

Ω𝑖 =
𝜌𝑖
𝜌𝑐
, (6.19)

where 𝜌𝑐 is the critical density

𝜌𝑐 =
3𝐻 2

0

8𝜋𝐺
= 5.53 × 1041ℎ2 kgMpc−3 . (6.20)

Then, Friedmann eq. (6.11) can be written in the more compact manner

𝐻 2 = 𝐻 2
0 [Ω𝑟,0𝑎

−4 + Ω𝑚,0𝑎−3 + Ω𝑘,0𝑎−2 + ΩΛ,0] . (6.21)

Here, Ω𝑖,0 = Ω𝑖(𝑎0) is the density parameter today and, in particular, Ω𝑘,0 = 𝑘 𝐻−2
0 and
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ΩΛ,0 = Λ/3. The most recent analysis of Planck18 (with Baryon Accoustic Oscillations)
provides the best measurement of spatial curvature, Ω𝑘,0 = 0.001 ± 0.002 [151], which is
consistent with spatially flat Universe. Therefore, we will work with 𝑘 = 0 for the rest
of this thesis.

The conformal dictionary

To simplify expressions, in the rest of this thesis we will work with conformal time
𝜂 instead of the proper time 𝑡, which are related through d𝑡 = 𝑎d𝜂, and

d
d𝑡

=
1
𝑎
d
d𝜂
,

d2

d𝑡2
=

1
𝑎2

d2

d𝜂2
−

𝑎2

d
d𝜂
,  =

𝑎′

𝑎
= 𝑎𝐻 = 𝑎̇ . (6.22)

Here, a prime denotes a derivative with respect to 𝜂. In conformal time, eqs. (6.11),
(6.12) and (6.15) respectively rewrite to

 =
8𝜋𝐺𝑎2

3
𝜌 − 𝑘 , (6.23)

′ = −
4𝜋𝐺𝑎2

3
(𝜌 + 3𝑝) , (6.24)

𝜌′ = −3(𝜌 + 𝑝) . (6.25)

The non-vanishing Christoffel symbols are

Γ000 =
𝑎′

𝑎
,

Γ0𝑖𝑗 =
𝑎′

𝑎
𝑔𝑖𝑗 ,

Γ𝑗0𝑖 = Γ𝑗𝑖0 =
𝑎′

𝑎
𝛿𝑗𝑖 .

(6.26)

6.1.4 Geodesics and the Boltzmann equation

In the previous definitions, we have introduced a macroscopic description of the con-
tent of the Universe, through 𝑇𝜇𝜈 . However, most species of the Universe require the
microscopical description from a gas of particles. For these species, we begin by defining
the phase space distribution function 𝑓 (𝑥 𝑖, 𝑃𝑗 , 𝜂), which gives the number of particles
per unit of phase space volume at the point (𝑥 𝑖, 𝑃𝑗) of the phase space and at time 𝜂.
Here, 𝑃𝜇 is the conjugate momentum to 𝑥𝜇, and is related to the 4-momentum of the
particle 𝑃𝜈 by 𝑃𝜇 = 𝑔𝜇𝜈𝑃𝜈 , and to the physical momentum 𝑝𝑖 = 𝑝𝑖 as 𝑃𝑖 = 𝑎𝑝𝑖. Then, the
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4-momentum of the particle is described by the geodesic equation

𝑃 0d𝑃𝜇

d𝜂
+ Γ𝜇𝜈𝜌𝑃

𝜈𝑃𝜌 = 0 . (6.27)

In a homogeneous Universe, this returns that the physical linear momentum, 𝑝𝑖 = 𝑃𝑖/𝑎,
decreases as 𝑎−1 as the Universe expands. In this thesis, we will mostly work with the
comoving linear momentum, 𝑞𝑖 = 𝑎𝑝𝑖, which we describe in terms of its magnitude and
direction, 𝑞𝑖 = 𝑞𝑛𝑖.

From this microscopical description of the species, in terms of 𝑓 (𝑥 𝑖, 𝑃𝑗 , 𝜂), it is possi-
ble to recover the macroscopical description in terms of the energy-momentum tensor
through

𝑇𝜇𝜈 = ∫
d𝑃1 d𝑃2 d𝑃3√

−det 𝑔
𝑃𝜇𝑃𝜈
𝑃 0 𝑓 (𝑥 𝑖, 𝑃𝑗 , 𝜂) , (6.28)

where det 𝑔 denotes the determinant of the metric 𝑔𝜇𝜈 . For the conformal homogeneous
FLRW metric,

√
−det 𝑔 = 𝑎4.

Then, the distribution 𝑓 (𝑥 𝑖, 𝑞, 𝑛𝑗 , 𝜂) evolves according to the Boltzmann equation

𝐷𝑓
d𝜂

=
𝜕𝑓
𝜕𝜂

+
d𝑥 𝑖

d𝜂
𝜕𝑓
𝜕𝑥 𝑖

+
d𝑞
d𝜂
𝜕𝑓
𝜕𝑞

+
d𝑛𝑖
d𝜂

𝜕𝑓
𝜕𝑛𝑖

=
𝜕𝑓
𝜕𝜂

||||𝐶
. (6.29)

Here, the right-hand side describes the changes on the distribution function due to
collisions. For a decoupled species with constant mass in a homogeneous Universe,
d𝑞/d𝜂 = 0, d𝑛𝑖/d𝜂 = 0 and 𝜕𝑓 /𝜕𝑥 𝑖 = 0, which leads to 𝜕𝑓 /𝜕𝜂 = 0. This means that
any distribution function which depends on 𝑞 = 𝑝𝑎 is a solution to the homogeneous
collisionless Boltzmann equation. That is, 𝑓 (𝑥 𝑖, 𝑃𝑗 , 𝜂) = 𝑓0(𝑞), which will maintain its
shape and only have the physical momenta redshifted by 𝑝 = 𝑞/𝑎.

6.2 The linearly perturbed Universe

Luckily for us, the Universe is not homogeneous. While inhomogeneities at galactic
scales are large, there are scales of cosmological interest where inhomogeneities are
sufficiently small to be analytically treated. At the time of recombination, as seen in the
Cosmic Microwave Background, these are 𝛿𝑇𝛾/𝑇𝛾 ∼ (10−5). The Large Scale Structure
of the Universe, presents overdensities at most 𝛿𝜌/𝜌 ∼ (10−2) [424, 426]. These inho-
mogeneities can be described by perturbing the FLRW metric eq. (6.1) to linear order.
Following the notation from [425],

d𝑠2 = 𝑎2(𝜂) (−(1 + 2𝜓) d𝜂2 + (1 − 2𝜙) [d𝑟2 + 𝑟2dΩ2]) . (6.30)
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Here, 𝜓 = 𝜓(𝑥, 𝜂) is a generalization of the conformal Newtonian potential [427] (and
coincides with it for non-relativistic bodies at scales much smaller than the Hubble ra-
dius), while 𝜙 = 𝜙(𝑥, 𝜂) is a correction to the spatial curvature, which can also be un-
derstood as a small correction to time dilation. This parametrisation of scalar linear
perturbations is the so-called Newtonian (or longitudinal) gauge. We will describe per-
turbations in Fourier space, with

𝜓(𝑥, 𝜂) = ∫ d3𝑘 𝑒𝑖𝑘⋅𝑥𝜓(𝑘, 𝜂) , 𝜙(𝑥, 𝜂) = ∫ d3𝑘 𝑒𝑖𝑘⋅𝑥𝜙(𝑘, 𝜂) . (6.31)

Here, 𝑘 is the comoving wavenumber of the perturbation. A perturbation of comoving
wavenumber 𝑘 varies within a characteristic comoving scale 𝜆 = 2𝜋𝑘−1. The Newtonian
gauge is not the unique way of describing perturbations of a FLRW universe. However, it
is the best suited to study scalar perturbations [425]. Gauge freedom is further discussed
in section 6.2.1.

In the same manner that we perturb the geometry, we must also admit perturbations
in the matter content. The perturbed energy-momentum tensor is

𝑇 0
0 = −(𝜌 + 𝛿𝜌) , (6.32)

𝑇 0
𝑖 = (𝜌 + 𝑝)𝑣𝑖 , (6.33)

𝑇 𝑖𝑗 = (𝑝 + 𝛿𝑝)𝛿𝑖𝑗 + Σ𝑖 𝑗 . (6.34)

Here, 𝛿𝜌 is the overdensity, 𝛿𝑝 the overpressure, 𝑣𝑖 the three-velocity of the fluid and
Σ𝑖 𝑗 = 𝑇 𝑖𝑗 − 𝛿𝑖𝑗𝑇 𝑘𝑘/3 the traceless component of 𝑇 𝑖𝑗 . For scalar perturbations, the nec-
essary variables are the divergence of the fluid velocity 𝜃 and the anisotropic stress or
shear 𝜎,

𝜃 = 𝑖𝑘𝑗𝑣𝑗 , (𝜌 + 𝑝)𝜎 = −(𝑘𝑖𝑘𝑗 −
1
3
𝛿𝑖𝑗)Σ𝑖 𝑗 . (6.35)

Physically, 𝜃 represents the divergence of the bulk velocity of energy perturbations;
and 𝛿𝑃 and 𝜎 the isotropic and anisotropic components of the linear momentum flux,
respectively.

6.2.1 Gauge invariance and transformations

General Relativity allows the freedom to choose the system of coordinates to describe
spacetime. In the case of a homogeneous Universe, the choice of coordinates is imposed
by the symmetries of the system. However, this symmetry disappears when considering
inhomogeneous perturbations, and there is not a preferred system of coordinates to
describe them. The different systems of coordinates are related between them through
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gauge transformations, defined as in [425]

𝜂 → 𝜂 + 𝛼(𝑥, 𝜂) , (6.36)

𝑥 → 𝑥 + ∇⃗𝛽(𝑥, 𝜂) + 𝜖 (𝑥, 𝜂) . (6.37)

Here, ∇⃗𝛽 is a longitudinal component and 𝜖 (∇⃗ ⋅ 𝜖 = 0) is a transversal component. For
instance, matter perturbations transform under these gauge transformations as [425]

𝛿 → 𝛿 − 𝛼𝜌′/𝜌 , (6.38)

𝜃 → 𝜃 − 𝛼𝑘2 , (6.39)

𝛿𝑃 → 𝛿𝑃 − 𝛼𝑃 ′ , (6.40)

𝜎 → 𝜎 . (6.41)

This means that –broadly defined– 𝛿 , 𝜃 and 𝛿𝑃 are not gauge-invariant quantities, but
𝜎 is. As a consequence, one can always transform from a system of coordinates with
no real inhomogeneities (e.g., 𝛿 = 0) to a system of coordinates where 𝛿 ≠ 0, i.e., where
a fictitious inhomogeneity appears. In order to distinguish between fictitious and real
perturbations, it is standard to work in the Newtonian (or longitudinal) gauge. This
is because gauge-invariant metric, energy and velocity fluctuations correspond to their
values in the Newtonian gauge. Therefore calculations in these coordinates are identical
to calculations in terms of the gauge-invariant variables [427].

6.2.2 Initial conditions

The origin of perturbations goes back to quantum fluctuations in the inflaton field. In
the standard single-field inflationary paradigm, the value of the scalar field is the only
clock in the Universe. Then, all fluctuations are understood as local time shifts 𝛿𝜂(𝑥)
with respect to the average time 𝜂 [424]. As a consequence, densities and pressures
must obey

lim
𝑘→0

(𝑝 + 𝛿𝑝)(𝜂) = 𝑝(𝜂 + 𝛿𝜂) = 𝑝(𝜂) + 𝑝′(𝜂)𝛿𝜂 , (6.42)

lim
𝑘→0

(𝜌 + 𝛿𝜌)(𝜂) = 𝜌(𝜂 + 𝛿𝜂) = 𝜌(𝜂) + 𝜌′(𝜂)𝛿𝜂 , (6.43)

where, as we will describe now, the 𝑘 → 0 limit indicates initial conditions. The existence
of a single clock also implies that all species must have the same 𝛿𝜂(𝑥). Then, density
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perturbations for a species 𝑖 is

𝛿𝜌𝑖
𝜌𝑖 + 𝑝𝑖

=
𝜌′𝑖

𝜌𝑖 + 𝑝𝑖
𝛿𝜂(𝑥) = −3𝛿𝜂(𝑥) , (6.44)

where we have used eq. (6.15). Since this does not depend on the species, every species
𝑖 is originated with the same fractional density perturbation, and analogously for veloc-
ities. Another consequence is that pressure perturbations will fulfill

lim
𝑘→0

𝛿𝑝
𝛿𝜌

=
𝑝′

𝜌′
= 𝑤 −

𝑤′

3(1 + 𝑤)
≡ 𝑐2ad , (6.45)

where we have defined the adiabatic sound speed, 𝑐ad. These kind of initial conditions,
where a single clock is at the origin of fluctuations, are called adiabatic initial conditions.
Planck18 has precisely measured that cosmological perturbations are adiabatic, con-
straining non-adiabatic perturbations to less than a percent-level fraction [151]. There-
fore, in what follows we assume only adiabatic perturbations.

The initial period of fast inflationary expansion makes the fluctuations in the scalar
field grow beyond the horizon, 𝑘 < . At such scales, perturbations are not causally
connected and remain frozen. This is what we define as “initial conditions”. In particular,
if they are adiabatic, superhorizon perturbations must correspond to the background
Universe with a local time shift correction. Quantitatively, adiabatic initial conditions
predict that the comoving curvature perturbation [424, 426]

 = 𝜙 +
1

𝜃
𝑘2
, (6.46)

is conserved for superhorizon modes [424, 426].  receives its name from the fact that,
in a gauge comoving with the fluid (i.e., 𝜃 = 0), it exactly matches the curvature pertur-
bation  = 𝜙. Adiabatic initial conditions imply [425],

𝛿𝛾 = −2𝜓 , 𝛿𝑐 = 𝛿𝑏 =
3
4
𝛿𝜈 =

3
4
𝛿𝛾 ,

𝜃𝛾 = 𝜃𝜈 = 𝜃𝑐 = 𝜃𝑏 =
1
2
(𝑘2𝜂)𝜓 ,

𝜎𝜈 =
1
15

(𝑘𝜂)2𝜓 .

(6.47)

Here, 𝑐 stands for CDM, 𝑏 for baryons and 𝜈 for (ultrarelativistic) neutrinos.

All equations are then solved using  = 1 as an arbitrary initial condition, and
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plugging afterwards the power primordial spectrum (𝑘),

⟨(𝜂in, 𝑘),(𝜂in, 𝑘′)⟩ =
2𝜋2

𝑘3
(𝑘) 𝛿(3)(𝑘 − 𝑘′) , (6.48)

with 𝜂in is an initial time when modes are sufficiently super-horizon. One of the main
predictions of inflation is a nearly scale-invariant power spectrum as

(𝑘) = 𝐴𝑠 (
𝑘
𝑘0)

𝑛𝑠−1

, (6.49)

where 𝑛𝑠 is the spectral index, slightly below unity, and 𝐴𝑠 is the primordial spectrum
amplitude at the arbitrary pivot scale 𝑘0, usually taken to be 𝑘0 = 0.5Mpc−1. From
Planck18, 𝑛𝑠 = 0.9665 ± 0.0038 and 𝐴𝑠 = (2.105 ± 0.030) × 10−9 [151].

Another useful property of adiabatic initial conditions, as we will see in the next
chapter, is that in the 𝑘 → 0 limit,

𝑘2𝛿 = 3(1 + 𝑤)𝜃 . (6.50)

First of all, from eqs. (6.38) to (6.41), this identity is gauge-invariant. Then, super-
horizon adiabatic initial conditions in the radiation-domination regime corre-
spond to 𝛿 = −2𝜓, 𝜃 = 𝑘2𝜂𝜓/2, 𝑤 = 1/3, 𝑎′/𝑎 = 𝜂−1 [425]; which satisfy
eq. (6.50). Equation (6.50) is also maintained by super-horizon evolution: using
eqs. (6.56) and (6.57) with 𝑘 → 0 (where 𝜃 → 0 and 𝜎 → 0), as well as the Fried-
mann and perturbed Einstein equations [425], we obtain

d
d𝜂 [

3(1 + 𝑤)𝜃
𝑘2

+ 𝛿] =  [−
3
2 (

1 +
𝑝
𝜌)

+ 3𝑤] [
3(1 + 𝑤)𝜃

𝑘2
+ 𝛿] , (6.51)

Since the right-hand side vanishes for the initial conditions, super-horizon evo-
lution keeps the identity true at all times, even if  or 𝑤 change with time. This
is also fulfilled by decoupled neutrino perturbations.

6.2.3 Evolution of perturbations

Eventually, as the Hubble horizon grows with time, a mode will enter the horizon (𝑘 >
), become causally connected and evolve according to Einstein’s eq. (6.4). Then, modes
with 𝑘 > 𝐻0 remain always frozen, but these are larger than the observable Universe
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and are not observable. From eqs. (6.30) and (6.32), Einstein’s equation returns

𝑘2𝜙 + 3 (𝜙′ +𝜓) = −4𝜋𝐺𝑎2𝛿𝜌 , (6.52)

𝑘2 (𝜙′ +𝜓) = 4𝜋𝐺𝑎2(𝜌 + 𝑝)𝜃 , (6.53)

𝜙′′ +(𝜓′ + 2𝜙′) + 2(2
𝑎′′

𝑎
−2

)𝜓 +
𝑘2

3
(𝜙 − 𝜓) =

4𝜋
3
𝐺𝑎2𝛿𝑝 (6.54)

𝑘2(𝜙 − 𝜓) = 12𝜋𝐺𝑎2(𝜌 + 𝑝)𝜎 . (6.55)

Deep inside Hubble’s radius (𝑘 ≫ ), eq. (6.52) gives the Poisson equation for 𝜙. Fur-
thermore, eq. (6.55) shows that 𝜙 = 𝜓 in the absence of anisotropic stress. While this
is true to a good approximation in a neutrinoless Universe, neutrinos may carry a non-
negligible 𝜎 and eq. (6.55) needs to be treated with caution.

In addition, conservation of energy and momentum as in eq. (6.14) leads to

𝛿′ = −(1 + 𝑤) (𝜃 − 3𝜙′) − 3 (
𝛿𝑝
𝛿𝜌

− 𝑤) (6.56)

𝜃′ = −(1 − 3𝑤)𝜃 −
𝑤′

1 + 𝑤
𝜃 +

𝛿𝑝/𝛿𝜌
1 + 𝑤

𝑘2𝛿 − 𝑘2𝜎 + 𝑘2𝜓 , (6.57)

where we have defined the density contrast 𝛿 = 𝛿𝜌/𝜌. Physically, the first three terms
in eq. (6.56) correspond to energy dilution due to bulk motions, gravitational redshift,
and the expansion of the Universe; respectively. In eq. (6.57), the first term corresponds
to drag due to the expansion of the Universe; the second and third terms to isotropic and
anisotropic momentum flow, respectively; and the fourth term to gravitational forces.
These equations must be fulfilled by any uncoupled species, and by the mass-averaged
𝛿, 𝜃 of the total Universe. Equipped with the knowledge of cosmological linear pertur-
bation theory, let us study the CMB.

6.3 The Cosmic Microwave Background

The Cosmic Microwave Background (CMB) is a cornerstone of modern cosmology, pro-
viding a snapshot of the universe approximately 380,000 years after the Big Bang. At this
epoch, the universe had cooled sufficiently for electrons and protons to combine into
neutral hydrogen, a process known as recombination. This event marked the transition
from an opaque plasma to a transparent universe, allowing photons to travel freely. The
CMB is the relic radiation from this last-scattering surface, which has a nearly isotropic
blackbody spectrum with a temperature of 𝑇𝛾 ,0 = (2.27255 ± 0.00057) K [429].

Prior to recombination, the universe was dominated by a tightly coupled baryon-
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photon fluid, with small inhomogeneities seeded by primordial density fluctuations
from inflation. The interplay between photon pressure and baryon gravity led to acous-
tic oscillations in the fluid, approximately described by [430]

𝑚effΘ′′
𝛾0 + 𝑘

2Θ𝛾0
3

≃ −𝑚eff (𝑘
2𝜓
3
− 𝜙′′

) , (6.58)

Here, 𝑚eff ≡ 1 + 𝜌𝑏+𝑝𝑏
𝜌𝛾+𝑝𝛾

≃ 1 + 3𝜌𝑏/(4𝜌𝛾 ); with 𝜌𝑏 , 𝑝𝑏 , 𝜌𝛾 , and 𝑝𝛾 the baryon energy den-
sity, baryon pressure, photon energy density, and photon pressure, respectively. Equa-
tion (6.58) is the equation of a forced harmonic oscillator, with the gravitational poten-
tials playing the role of an external force. These oscillations, which propagate with a
sound speed 𝑐𝑠,𝛾 , created regions of compression (overdensities) and rarefaction (under-
densities) in both the photon and baryon distributions. The characteristic scale of these
oscillations is set by the sound horizon at recombination,

𝑟𝑠(𝜂) = ∫
𝜂

𝜂in
𝑐𝑠,𝛾 (𝜂′)d𝜂′ , (6.59)

the maximum distance sound waves could travel in the baryon-photon fluid before the
universe became transparent. Here, 𝜂in ≪ 𝜂 is an arbitrary initial time.

The power spectrum of the CMB temperature anisotropies, shown in fig. 6.1, re-
flects the imprint of these acoustic oscillations. The peaks and troughs in the spectrum
correspond to different oscillation modes that entered the horizon prior to recombina-
tion. The first peak represents the mode that underwent exactly one compression at the
time of last scattering, while subsequent peaks correspond to modes that experienced
multiple compressions and rarefactions. The CMB tail is damped due to photon diffu-
sion, which homogeneizes the temperature for modes which entered the horizon soon
enough. An excellent review on the information that can be extracted from the relative
heights and positions of these peaks can be found in [424, 426]. In the following sections
we introduce the basic ingredients we need to understand the CMB, so that then we
can understand how neutrinos impact it.

6.3.1 Temperature inhomogeneities

The perturbed phase space distribution for a photon gas is given by

𝑓𝛾 (𝜂, 𝑥, 𝑝) = [
exp

(
|𝑝|

𝑇𝛾 (𝜂)
{
1 + Θ𝛾 (𝜂, 𝑥, 𝑛̂)

}
)

− 1
]

−1

, (6.60)
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with Θ𝛾 = 𝛿𝑇𝛾/𝑇𝛾 the relative photon temperature shift. We can plug this 𝑓𝛾 in the
Boltzmann equation eq. (6.29), and obtain

Θ′
𝛾 + 𝑛̂ ⋅ ∇⃗Θ𝛾 − 𝜙

′ + 𝑛̂ ⋅ ∇⃗𝜓 = 𝑎𝑛𝑒𝜎𝑇 (Θ𝛾 ,0 − Θ𝛾 + 𝑛̂ ⋅ 𝑣𝐵) . (6.61)

The right-hand term corresponds to the collision term between photons and baryons,
and thus 𝑛𝑒 is the number density of free electrons, 𝜎𝑇 the Thomson cross-section and 𝑣𝐵
the bulk velocity of the baryon-electron fluid. Here, Θ𝛾 ,0 is the temperature perturbation
monopole (i.e., the average of Θ𝛾 over all directions 𝑛̂). The collision term tries to make
Θ𝛾 approach thermal equilibrium, with a unique temperatureΘ𝛾 ,0+𝑛̂⋅𝑣𝐵, i.e., the average
temperature with a Doppler shift from the velocity of the fluid. In the tight-coupling
limit (𝜎𝑇 → ∞), this forces the anisotropies to be only a sum of a monopole and a dipole,
and vanishes higher multipoles.

To solve this equation we work in Fourier space of 𝑘. Afterwards, we would need
to expand Θ𝛾 (𝜂, 𝑘, 𝑛̂) in two-dimensional spherical harmonics. However, eq. (6.61) only
depends in 𝑘 through 𝜇 ≡ 𝑛̂⋅𝑘, and initial conditions ofΘ𝛾 correspond to tightly coupled-
photons, which only depend on 𝑛̂ through a monopole or a dipole. Then, we can consider
Θ𝛾 = Θ𝛾 (𝜂, 𝑘, 𝜇) and work in one-dimensional Legendre space instead,

Θ𝛾 (𝜂, 𝑘, 𝜇) = ∑
𝓁
(−𝑖)𝓁(2𝓁 + 1)Θ𝛾 ,𝓁(𝜂, 𝑘)𝑃𝓁(𝜇) , (6.62)

where the index 𝓁 tags the Legendre multipole. Most importantly, we can relate the
coefficients Θ𝛾 ,𝓁 to the variables just defined, through

𝛿𝛾 = 4Θ𝛾 ,0 , 𝜃𝛾 = 3𝑘Θ𝛾 ,1 , 𝜎𝛾 = 2Θ𝛾 ,2 . (6.63)

Again, in the tightly-coupled limit, Θ𝛾 ,𝓁 = 0 for 𝓁 ≥ 2.

6.3.2 From inhomogeneities to anisotropies

Now we want to compute the temperature anisotropy observed today (𝜂 = 𝜂0), at the
Earth’s position 𝑥 = 𝑜, for photons coming to us (in the −𝑛̂ direction), Θ𝛾 (𝜂0, 𝑜, −𝑛̂).
This temperature anisotropy can be now expanded in spherical harmonics 𝑌𝓁𝑚(𝑛̂),

Θ𝛾 (𝜂0, 𝑜, −𝑛̂) = ∑
𝓁,𝑚
𝑎𝓁𝑚𝑌𝓁𝑚(𝑛̂) , (6.64)
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where, from eq. (6.62),

𝑎𝓁𝑚 = (−𝑖)𝓁 ∫
d3𝑘
2𝜋2𝑌𝓁𝑚(𝑘)Θ𝛾 ,𝓁(𝜂0, 𝑘) . (6.65)

Assuming that first-order cosmological perturbations are gaussian and that the Uni-
verse is isotropic, then all the information of CMB anisotropies can be described by the
two-point correlation functions

𝐶𝓁 = ⟨𝑎𝓁𝑚𝑎∗𝓁𝑚⟩ . (6.66)

The harmonic power spectrum coefficients 𝐶𝓁 are currently the best measured quan-
tities of CMB anisotropies, as shown in fig. 6.1. The fundamental property by which
low multipoles have more (statistical) uncertainty is called cosmic variance. Assuming
ergodicity, we can understand causally disconnected points to be independent realiza-
tions of the same observable. Then, we can take advantage of the independence of 𝐶𝓁

on 𝑚, and average over all two-point functions with the same 𝓁 and different 𝑚. Since
−𝓁 ≤ 𝑚 ≤ 𝓁, we have more statistical power for large 𝓁, and thus the measurement of
the corresponding 𝐶𝓁 has less statistical error.

Using eqs. (6.65) and (6.66) and the properties of 𝑌𝓁𝑚, we retrieve the useful formula

𝐶𝓁 =
1
2𝜋2 ∫

d𝑘
𝑘 [Θ𝛾 ,𝓁(𝜂0, 𝑘)]

2 (𝑘) . (6.67)

The transfer functions Θ𝛾 ,𝓁 can be computed by solving eq. (6.61) numerically. Since this
is computationally costly, it is more convenient to use a line-of-sight integral, where we
trace the evolution of CMB photons from the last-scattering surface to the Earth today.
In this approach,

Θ𝛾 ,𝓁(𝜂0, 𝑘) = ∫
𝜂0

𝜂in
d𝜂 [𝑔 (Θ𝛾 ,0 + 𝜓) + (𝑔𝑘−2𝜃𝑏)

′
+ 𝑒−𝜏 (𝜙′ + 𝜓′)] 𝑗𝓁 [𝑘(𝜂0 − 𝜂)] , (6.68)

where 𝑗𝓁(𝑥) are the spherical Bessel functions and 𝜃𝑏 the velocity divergence of baryons.
We have also introduced the optical depth

𝜏(𝜂) = ∫
𝜂0

𝜂
d𝜂 𝑎𝑛𝑒𝜎𝑇 , (6.69)

which is the integrated scattering rate from a time 𝜂 until today. Then, the visibility
function

𝑔(𝜂) = −𝜏(𝜂)′ 𝑒−𝜏(𝜂) (6.70)
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Figure 6.1: Power spectrum of the temperature anisotropies of the Cosmic Microwave Back-
ground. Black dots show observed data, while the teal solid line shows the best fit to the
data from the 6 parameters of the ΛCDM model (with massless neutrinos). Namely, 100𝜃𝑠 =
1.04172, 𝜔𝑏 = 0.02237, 𝜔cdm = 0.1200, log(1010𝐴𝑠) = 3.044, 𝑛𝑠 = 0.9649, 𝜏reio = 0.0544.

is the probability that a photon, which has arrived to us, has experienced its last scat-
tering at a time 𝜂. Both functions are plotted in fig. 6.2. In the instantaneous decoupling
approximation, 𝑒−𝜏(𝜂) is a step-function which equals one after the last-scattering time
𝜂LS, and 𝑔(𝜂) a delta function centered at 𝜂LS.

Equation (6.68) offers a very intuitive way to understand the different effects that
contribute to CMB anisotropies. In particular,

∙ The term 𝑔 (Θ𝛾 ,0 + 𝜓) is the effect from the intrinsic temperature anisotropy of
the photon-baryon fluid at the time of recombination Θ𝛾 ,0, redshifted by the local
gravitational potential 𝜓. This is the usually called Sachs-Wolfe (SW) effect [431].

∙ The term 𝑒−𝜏 (𝜙′ + 𝜓′) is the accumulated gravitational redshift as CMB photons
travels from recombination to us, which is conventionally called the Integrated
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Figure 6.2: Evolution of the visibility function 𝑔(𝜂) and the exponential of the optical depth
𝑒−𝜏(𝜂). The visibility function is narrow, its peak marks the time of recombination 𝜂rec. On the
contrary, 𝑒−𝜏(𝜂) grows close to unity just after recombination. Then, 𝑛𝑒 = 0 and the optical depth
remains constant until the reionization time 𝜂reio. In eq. (6.68), terms with 𝑔(𝜂) are evaluated only
around recombination, while terms with 𝑒−𝜏(𝜂) are only evaluated at times just after recombination.

Sachs-Wolfe (ISW) effect [431]. Notice that a photon crossing a static potential
well would experience a blueshift and a redshift exactly equal when entering and
exiting the potential well, respectively. Then, in order to make a net effect on the
photon, the gravitational potentials must evolve while the photon is inside them.
Technically, the term 𝜓′ accounts for gravitational redshift, while 𝜙′ accounts for
the time dilation redshift. Potentials can only decay if the Universe is not matter-
dominated [426]. Then, the ISW is usually split in an early ISW contribution, due
to residual radiation left shortly after recombination; and a late ISW, due to the
Λ-accelerated expansion.

∙ The term (𝑔𝑘−2𝜃𝑏)
′

is an anisotropic Doppler shift due to the different peculiar
velocities of the photon-emitting baryons at the last-scattering surface.

Furthermore, on their way to Earth, CMB photons get randomly deflected by the
gravitational pull of the large-scale structure of the Universe [426, 432]. This weak grav-
itational lensing is a second-order non-linear effect, since it is a perturbative deflection
of perturbative anisotropies, but with the precision of current data it is detectable. Lens-
ing has two observable features on CMB anisotropies, that are more prominent at high
multipoles. First, it smoothes out the power spectrum, since it mixes photons coming
from different points in the last scattering surface. Second, it transfers power from large
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scales to small scales, due to its non-linear nature. This leads to increased anisotropies
at high 𝓁.

6.3.3 A modified separation of the Sachs-Wolfe effects

While artificial, the standard separation between the SW and ISW effects provides an
intuitive explanation for the different contributions to CMB anisotropies. However, this
separation is not particularly appropriate to study the impact of neutrinos. In particular,
both (Θ𝛾0 + 𝜓) and (𝜙′ + 𝜓′) depend on the anisotropic stress 𝜎 even at super-horizon
scales [425], which can be non-negligible in the presence of neutrinos. Thus, the SW
contribution to modes that are much larger than the horizon would depend on𝜎; and, as
𝜎 changes with time, there would be an ISW effect even for modes that are well outside
the horizon. This would contradict the expected super-horizon behavior of adiabatic
perturbations: as 𝑘 → 0, these perturbations behave as background and their evolution
cannot depend on perturbation-related quantities such as 𝜎.

Indeed, one can numerically check that the 𝓁 → 0 limit of eq. (6.68) is independent
of the anisotropic stress around recombination, even if the SW and ISW terms sepa-
rately are not. Technically, the SW term can be integrated by parts, leading to terms
proportional to 𝑒−𝜏 that may as well be interpreted as an ISW contribution. Physically,
as argued by Bardeen in his seminal paper on gauge-invariant cosmological pertur-
bations [433], there is an ambiguity of what one means by a temperature or metric
perturbation at scales comparable to or bigger than the horizon.

To facilitate physical understanding, below we redefine the separation between SW
(understood as the temperature fluctuation at recombination, redshifted by the local
gravitational potential) and ISW (understood as the accumulated gravitational redshift
from recombination until today) contributions, so that they both depend only on back-
ground quantities in the 𝑘 → 0 limit [3].

To such purpose, we split the last term in eq. (6.68) as

𝜙 + 𝜓 =
6(1 + 𝑤)
5 + 3𝑤 [𝜙 +

2
3(1 + 𝑤) (

𝜓 +
𝜙′

)] −
1 + 3𝑤
5 + 3𝑤 (𝜙 − 𝜓 +

2
3
𝜙′


6

1 + 3𝑤) .
(6.71)

We identify the comoving curvature perturbation

 ≡ 𝜙 +
𝑘−2𝜃


= 𝜙 +
2

3(1 + 𝑤) (
𝜓 +

𝜙′

) , (6.72)

where we have used eq. (6.53) to express 𝜙 and 𝜓 in terms of 𝜃. Thus, we can rewrite
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eq. (6.71) as

𝜙 + 𝜓 =
6(1 + 𝑤)
5 + 3𝑤

 −
1 + 3𝑤
5 + 3𝑤 (𝜙 − 𝜓 +

2
3
𝜙′


6

1 + 3𝑤) . (6.73)

Then, we have separated 𝜙 + 𝜓 in a first term which is conserved on super-horizon
scales (except for the background variation of 𝑤), and a term which explicitly depends
on the shear (see eq. (6.55)). Substituting eq. (6.73) in the third term in eq. (6.68), and
integrating by parts the second term in eq. (6.73), we obtain

Θ𝛾𝓁 (𝜂0, 𝑘) = ∫
𝜂0

𝜂in

{
𝑔(𝜂)ΘSW

𝛾𝓁 + [𝑔(𝜂)𝑘−2𝜃𝑏]
′
𝑗𝓁 [𝑘 (𝜂0 − 𝜂)] + 𝑒−𝜏ΘISW

𝛾𝓁

}
d𝜂 , (6.74)

with

ΘSW
𝛾𝓁 ≡ [Θ𝛾0 + 𝜓 +

1 + 3𝑤
5 + 3𝑤 (𝜙 − 𝜓 +

2
3
𝜙′


6

1 + 3𝑤)] 𝑗𝓁 [𝑘 (𝜂0 − 𝜂)] =

= [
1 + 3𝑤
5 + 3𝑤

 + (Θ𝛾0 +
𝑘−2𝜃
 )] 𝑗𝓁 [𝑘 (𝜂0 − 𝜂)] ,

(6.75)

where we have used the Einstein equations to go from the first to the second line; and

ΘISW
𝛾𝓁 ≡ (

6(1 + 𝑤)
5 + 3𝑤

)

′

𝑗𝓁[𝑘(𝜂0 − 𝜂)]

−
1 + 3𝑤
5 + 3𝑤 (𝜙 − 𝜓 +

4
1 + 3𝑤

𝜙′

)𝑘 𝑗
′
𝓁 [𝑘(𝜂0 − 𝜂)] .

(6.76)

This definition of the SW and ISW contributions are shown and compared to the stan-
dard definitions in fig. 6.3. The first term in eq. (6.75) is, on super-horizon scales, ex-
plicitly 𝜎-independent. Since on such scales  is conserved, it only depends on the
background quantity 𝑤—the amplitude of super-horizon perturbations does depend on
the background equation of state [427, 434]—, and provides the 𝓁 → 0 SW plateau of
the CMB power spectrum [426, 431],

lim
𝓁→0

𝓁(𝓁 + 1)𝐶SW
𝓁 ≈ 8 [

1 + 3𝑤(𝜂rec)
5 + 3𝑤(𝜂rec)]

2

𝐴𝑠 . (6.77)

This coincides with the standard result 𝓁(𝓁 + 1)𝐶SW
𝓁 ≈ 8𝐴𝑠/25 for matter domination,

𝑤tot(𝜂rec) = 0 [426, 431]. The second term in eq. (6.75) is zero for super-horizon scales and
adiabatic perturbations (see section 6.2.2). It corresponds to one of the gauge-invariant
density perturbations defined by Bardeen [433], and it represents the photon tempera-
ture perturbations in a gauge comoving with matter.
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ISW

SW

Figure 6.3: Decomposition of the CMB temperature anisotropies in the Sachs-Wolfe effects.
Solid lines show our modified definitions of the SW (teal, eq. (6.75)) and ISW (orange, eq. (6.76)),
while dashed lines show their original definitions (eq. (6.68)). The gray filled region and the gray
solid line show the total 𝐶𝓁 and the Doppler term, respectively, which remain unmodified. As
expected from its definition in eq. (6.67), the different 𝐶𝓁 are not directly additive.

The first term in eq. (6.76) is also, on super-horizon scales, explicitly 𝜎-independent.
It only introduces an ISW effect if 𝑤 changes, which would affect the super-horizon
gravitational potentials. The second term in eq. (6.76) is explicitly suppressed as 𝑘 → 0.

6.4 Big Bang Nucleosynthesis

Big Bang Nucleosynthesis (BBN) is the process by which the primordial light elements
are formed in the first twenty minutes of the Universe. Mainly, 2H (deuterium), 3He, 4He
and 7Li. Thanks to CMB observations, we know that the primordial Universe was ther-
mal, dense and hot enough for nuclear reactions to take place. Furthermore, from CMB
measurement that the particle content of the very early Universe was vastly dominated
by photons, with the baryon-to-photon ratio 𝜂 ∼ (10−10), measured with percent pre-
cision [55]. For going beyond this section, we recommend [424, 435].

Initially, at energies GeV ≳ 𝑇𝛾 ≳ 2MeV, the matter content of the universe is in
the form of free nucleons, i.e., protons and neutrons. Neutrinos are still in thermal
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equilibrium with the plasma through the processes

𝑛 + 𝜈 ↔ 𝑝 + 𝑒− ,

𝑛 + 𝑒+ ↔ 𝑝 + 𝜈 ,

𝑛 ↔ 𝑝 + 𝑒− + 𝜈 ,

(6.78)

and thus 𝑇𝜈 = 𝑇𝛾 . These equations maintain the equilibrium abundances between
neutrons and protons, which we describe as

𝑋𝑖 = 𝐴𝑖
𝑛𝑖
𝑛𝐵
, (6.79)

with 𝐴𝑖 the mass number, 𝑛𝑖 the volume density of the species 𝑖 = 𝑝, 𝑛, 2H, 3He,…,
and 𝑛𝐵 = ∑𝑖 𝐴𝑖𝑛𝑖 the total baryon volume density. From the processes in eq. (6.78),
the neutron-to-proton ratio at 𝑇𝛾 ∼ 2MeV is set to 𝑋𝑛/𝑋𝑝 ∼ 0.37 [424]. This is differ-
ent from equality since neutrons and protons have a mass difference Δ = 𝑚𝑛 − 𝑚𝑝 ≃
1.29333MeV [435], which unbalances the processes. In general, a given reaction will
cease to be efficient when its decay rate Γ is slower than the Hubble rate, that is, when,

Γ ≲ 𝐻 . (6.80)

For neutrino interactions this happens at 𝑇 ∼ 2MeV, and thus then neutrinos decouple.
Still, equilibrium between neutrons and protons can still be maintained by

𝑛 + 𝜈 ← 𝑝 + 𝑒− ,

𝑛 + 𝑒+ → 𝑝 + 𝜈 ,

𝑛 → 𝑝 + 𝑒− + 𝜈 ,

(6.81)

At 𝑇𝛾 ∼ 0.8MeV, weak interactions fulfill eq. (6.80). At this point, the neutron-to-proton
abundances are fixed to 𝑋𝑛 ≃ 0.17 and from now on these are only reduced by neutron
decay, to 𝑋𝑛 ≃ 0.135 when nucleosynthesis starts. At 𝑇𝛾 ∼ 0.5MeV, electrons and
positrons annihilate into photons and increase 𝑇𝛾 , but not 𝑇𝜈 (since they are decoupled).
Then, at 𝑇𝛾 ≃ 0.078MeV, deuterium can be formed efficiently because photons are not
energetic enough for deuterium photodissociation to be efficient. This starts a chain of
nuclear reactions which ends up producing the light elements until 𝑇 ∼ 0.01MeV, when
nucleosynthesis ends.

4He abundance can be measured by observing low-metallicity stars in primitive
galaxies [436–440]. Deuterium abundance is obtained from the observation of a few
cosmological clouds at high redshift which absorb the light of even more distant quasars
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on their line of sight, e.g., [441–444]. 3He has not yet been observed outside our Galaxy
and therefore only an upper bound exists [445, 446]. 3Li is also obtained by looking at
old galaxies, e.g., [447–449], but its modelisation is tricky and the current measurement
is in tension with the SM prediction, the so-called “lithium anomaly” [450]. Strictly
speaking this 7Li abundance should be considered a lower bound [55]. All in all, we will
use the reference values from the PDG [55],

𝑌P ≡ 𝑋4He = 0.245 ± 0.003 ,

D/H ≡ 𝑛D/𝑛1H = (2.547 ± 0.025) × 10−5 ,
3He/H ≡ 𝑛3He/𝑛1H < (1.1 ± 0.2) × 10−5 [435] ,
7Li/H ≡ 𝑛7Li/𝑛1H = (1.6 ± 0.3) × 10−10 .

(6.82)

These observed values are shown in fig. 6.4 as yellow boxes. Light element abundances
are extremely sensitive to the details of BBN. For instance, in the SM, the predicted
values depend finely in the baryon-to-photon ratio. A joint fit with CMB provides an
excellent agreement between the two cosmological probes at 𝜂 ≡ 𝑛𝑏/𝑛𝛾 = (6.143 ±
0.190) × 10−10 [55]. The excellent agreement with the SM also makes BBN a powerful
probe of BSM physics in the very-early Universe. For instance, a modification of the
amount of radiation in the early Universe will modify its expansion rate, the duration of
the different BBN epochs and the observed abundances. Additional radiation is usually
written in terms of the number of relativistic degrees of freedom,

𝑁eff =
𝜌rad − 𝜌𝛾

7
8 (

4
11)

4/3
𝜌𝛾
, (6.83)

where 𝜌rad = 3𝑝tot is the amount of radiation energy density. In the Standard Model,
𝑁eff = 3.044, which corresponds to the three active neutrinos plus corrections from non-
instantaneous decoupling and non-equilibrium neutrino heating [451–453]. 𝑁eff is con-
strained by the CMB to𝑁eff = 2.99+0.34−0.33 [151] and by BBN to𝑁eff = 2.843±0.154 [55, 454],
both of which are greatly compatible with the standard scenario. Then, the measure-
ment of 𝑁eff allows to strongly constrain models which predict non-standard relativistic
species in the early Universe.

Concluding remarks

In this introduction to cosmology, we have had but a glance of the theoretical develop-
ment required to bring cosmology to its precision era. From all the things that we have
learned, I would like to emphasize three of them,
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Figure 6.4: Primordial abundances of 4He, D, 3He, 7Li as a function of 𝜂. Yellow boxes indicate
the observed values, as in eq. (6.82), while bands show the 95% C.L. predictions from the SM.
The cyan vertical band shows the measurement from CMB, while the hatched band shows the
region where the measurements of deuterium and 4He are compatible (both at 95% C.L.).

∙ The energy-momentum tensor 𝑇 𝜇𝜈 is the essential quantity which determines the
evolution of the Universe, both at the background and perturbation levels. While
it is a macroscopical quantity, we need microscopical assumptions in order to
compute it.

∙ Perturbations are perturbations of something. Thus, there are some consistency
laws between the variables that describe perturbations, i.e., 𝛿, 𝜃, 𝑐2𝑠 and 𝜎; and
the background evolution, i.e., 𝑤.

∙ The CMB is an integrated observable. That is, the CMB we observe today is not
only dependent on the physics at recombination, but also in the evolution of the
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gravitational potentials from recombination until today, specially of weak lensing.

With this knowledge in mind, we are ready to delve into neutrino cosmology. As a first
step, the next chapter dissects the effects of neutrino masses in cosmology, in order to
physically understand the meaning of cosmological bounds on them [3].
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7 Origin of cosmological neutrino mass
bounds: background versus perturbations

Negative masses? I am not bothered anymore, I would

suggest to just analytically extend them to imaginary

masses, and see what does the fit prefer.

– Jordi Salvadó

Neutrinos are hot thermal relics, permeating the Universe and being the most abun-
dant particles after Cosmic Microwave Background (CMB) photons. As we have seen
in the first part of the thesis, neutrino masses have meant the first departure from the
Standard Model (SM), where no gauge-invariant renormalizable neutrino mass term can
be written. Yet neutrino oscillation experiments have robustly measured two squared-
mass differences, |Δ𝑚2

31| ≡ |𝑚2
3−𝑚2

1| ≃ 2.5⋅10−3 eV2 andΔ𝑚2
21 ≡ 𝑚2

2−𝑚2
1 ≃ 7.5⋅10−5 eV2 [21,

22, 89], confirming that neutrinos are massive and that the SM must be extended. Two
mass orderings are possible, normal (NO, Δ𝑚2

31 > 0) and inverted (IO, Δ𝑚2
31 < 0), and

oscillation experiments aim to determine it [24–28].

The absolute neutrino mass scale, however, remains unknown, as oscillations are
only sensitive to mass differences. Oscillation results constrain ∑𝑚𝜈 > 0.06 eV for NO
and ∑𝑚𝜈 > 0.1 eV for IO [21], and direct searches in the KATRIN experiment imply
∑𝑚𝜈 < 1.35 eV [150]; where ∑𝑚𝜈 ≡ 𝑚1 + 𝑚2 + 𝑚3 is the total neutrino mass. This is
shown in fig. 2.4. Even if neutrino masses are tiny, determining them is a mandatory
first step to understand not only the origin of the particle masses and hierarchies, but
also the Universe’s evolution and structure formation—neutrinos are, so far, the only
known form of (hot) dark matter.

In the early Universe, neutrinos are relativistic and behave as radiation, constituting
up to 40% of the total energy density. At temperatures ≲ MeV, their weak-interaction
rate with the primordial plasma falls below the expansion rate of the Universe. Then,
they decouple and stream freely, with their momentum being redshifted by the expan-
sion. When neutrino momenta fall below their mass, neutrinos move at non-relativistic
speeds, contributing to the Universe’s matter energy density.

Due to their abundance, neutrinos leave a measurable imprint on cosmological ob-
servables. This leads to upper bounds on the total neutrino mass that are around
∑𝑚𝜈 ≲ 0.05–0.3 eV [153, 154, 455–457], potentially raising a tension between oscil-
lation results and cosmological observations. As cosmological datasets grow, the neu-
trino mass will soon be either measured or a bound in clear conflict with oscillation
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experiments will be placed [31–34].

Cosmological inferences, however, are indirect. The cosmological neutrino-mass
bound is known to be correlated with, among others, the equation of state of dark
energy [458–480]; the Hubble constant 𝐻0 [151, 416, 417, 481] and the amplitude pa-
rameter 𝜎8 [151, 482, 483], which are in tension among different datasets [484–489].
The bound is also correlated with CMB lensing [421, 422, 466, 490–494], where some
observations are anomalous [151, 495–497]. Finally, new physics in the neutrino sector
could also modify the bound [498–519].

To clarify the robustness of cosmological neutrino-mass determinations, and the
complementarity with direct searches, it is key to understand the physical effects of
neutrino masses that cosmology is most sensitive to [424, 520–522]. Is current and up-
coming data only sensitive to the background energy in neutrino masses, degenerate
with other sources of energy and cosmological unknowns? Or is it sensitive to a char-
acteristic scale-dependent imprint, induced by neutrinos not moving at the speed of
light?

In this Chapter, we explicitly separate background neutrino-mass effects, which cap-
ture the evolution of the average neutrino energy density; from perturbations effects,
which capture “kinematic” scale-dependent effects directly related to the neutrino ve-
locity. As a first step, we focus on their impact on CMB anisotropies, which is sensitive
to both background and perturbations effects. To gain intuition, we study in detail the
physical origin of detectable effects. Finally, we carry out an analysis of current CMB
data, finding out that it mostly constraints background neutrino-mass effects. In turn,
the limit on perturbations effects is significantly weaker than the standard bounds.

Our results provide insight into the physical origin of cosmological neutrino-mass
bounds, and serve as a benchmark of extended models that could affect them. As one
direct consequence, we find that any change on the background expansion history that
is degenerate with the impact of neutrino masses can strongly affect the cosmological
neutrino-mass determination. Our definitions of background and perturbations effects
are not tied to particular observables (e.g., CMB anisotropies are perturbations, but their
evolution is sensitive to the background expansion rate), providing a generic framework
to understand the cosmological effects of neutrino masses.

The structure of this chapter is as follows. In section 7.1, we describe our formal-
ism to separate background and perturbations effects. In section 7.2, we examine and
illustrate their physical effects on CMB anisotropies at different angular scales. In sec-
tion 7.3, we present our statistical analysis together with the cosmological constraints
on the key parameters of this study. Finally, we draw our conclusions in section 7.4.
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7.1 Formalism

After decoupling from the primordial plasma, neutrinos only affect cosmological observ-
ables via gravity, i.e., via their stress-energy tensor 𝑇 𝜇𝜈 that enters the Einstein equations.
In this Section, we set up the formalism to separate background and perturbations ef-
fects. We start from the most general parametrization, and compute the relevant quan-
tities for the specific case of massive, non-interacting neutrinos. On top of establishing
our framework, this identifies the neutrino-mass effects that cosmology can be sensitive
to, enabling a better understanding of the cosmological neutrino-mass determination.

7.1.1 Evolution of the background

At the background level, neutrinos enter in the Friedmann eq. (6.11) explicitly as

2 =
8𝜋𝐺
3
𝑎2(𝜌𝛾 + 𝜌b + 𝜌cdm + 𝜌𝜈 + 𝜌Λ) . (7.1)

We make explicit that, in this Section, we include photons, baryons, cold dark matter,
neutrinos and a cosmological constant. Then, 𝜌𝑖 the background energy density of each
species 𝑖. This is the only equation where neutrinos modify the background evolution
of the Universe.

As we have seen in eq. (6.16), the covariant conservation of the neutrino stress-
energy tensor (eq. (6.14)) leads to the time dependence of the neutrino energy density
𝜌𝜈 ,

1
𝜌𝜈

d𝜌𝜈
d ln 𝑎

= −3[1 + 𝑤𝜈(𝑎)] , (7.2)

with 𝑤𝜈 ≡ 𝑝𝜈/𝜌𝜈 the neutrino equation of state and 𝑝𝜈 the neutrino pressure. That
is, the cosmological impact of neutrinos at the background level is fully determined by
their energy density at an initial time (usually parametrized in terms of 𝑁eff) and their
equation of state, which controls how fast 𝜌𝜈 dilutes.

Differences among particle physics models enter when specifying 𝑤𝜈 . For massive,
non-interacting neutrinos that decoupled while being relativistic,

𝑤𝜈(𝑎, 𝑚𝜈) =
1
3

∫ d3𝑝 𝑝2√
𝑝2+𝑚2

𝜈
𝑓0(𝑎|𝑝|)

∫ d3𝑝
√
𝑝2 + 𝑚2

𝜈𝑓0(𝑎|𝑝|)
=

1
3

∫ 𝑞2d𝑞 𝑞2√
𝑞2+𝑎2𝑚2

𝜈
𝑓0(𝑞)

∫ 𝑞2d𝑞
√
𝑞2 + 𝑎2𝑚2

𝜈𝑓0(𝑞)
, (7.3)

with 𝑝 linear momentum, 𝑞 the comoving linear momentum, 𝑚𝜈 each neutrino mass
and

𝑓0(𝑞) =
1

(2𝜋)3
1

𝑒𝑞/𝑇 𝜈0 + 1
(7.4)
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Background effect

(CMB)

(KATRIN)

Recombination

(  oscillations)

Figure 7.1: Impact of ∑𝑚𝜈 on the neutrino equation of state𝑤𝜈 , that controls how the neutrino
energy density dilutes. When the neutrino temperature drops below their mass, 𝑤𝜈 varies from
1/3 (radiation) to 0 (matter). The only background effect of neutrino masses is to change how fast
the neutrino energy dilutes, which modifies the expansion rate of the Universe.

a Fermi-Dirac distribution, with 𝑇 𝜈0 ≃ 1.9 K the current neutrino temperature. Equa-
tion (7.3) encloses the only background effect of neutrino masses.

Figure 7.1 shows how, by changing the equation of state, ∑𝑚𝜈 determines how fast
the neutrino energy density dilutes. We plot the equation of state of non-interacting
massive neutrinos for different total neutrino masses. The chosen values are the smallest
value allowed by neutrino oscillation experiments, ∑𝑚𝜈 > 0.06 eV [21–23]; the current
cosmological limit from Planck CMB data alone, ∑𝑚𝜈 < 0.24 eV [151]; and the current
limit from the KATRIN experiment, ∑𝑚𝜈 < 1.35 eV [150].

As the figure shows, ∑𝑚𝜈 controls at which time 𝑤𝜈 switches from 1/3 (radiation,
𝜌𝜈 ∝ 𝑎−4) to 0 (matter, 𝜌𝜈 ∝ 𝑎−3). The change happens earlier for higher ∑𝑚𝜈 , leading
to a slower dilution of 𝜌𝜈 in eq. (7.1) due to the energy in neutrino masses. Hence, the
only background effect of increasing neutrino masses, with other parameters fixed, is
to increase the expansion rate of the Universe.

For instance, the background effect of a mass corresponding to current CMB limits
(orange line) is that the neutrino energy density dilutes as radiation until 𝑧 ∼ 103. While
in the minimal scenario only neutrino masses control this effect, it is rather indirect, and
non-minimal cosmological extensions —either a different neutrino equation of state or
additional background components— may mimic it [498, 499, 502–519].
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Implementation. To implement these background effects, we parametrize 𝑤𝜈 as
in the massive, non-interacting case 𝑤𝜈 = 𝑤𝜈(𝑎,∑𝑚Backg.

𝜈 ); with ∑𝑚Backg.
𝜈 a parameter

that we name background neutrino mass. Then, we solve eq. (7.2) for an equation of state
of massive, non-interacting neutrinos with total mass ∑𝑚Backg.

𝜈 ,

𝜌𝜈(𝑎) = 𝜌𝜈(𝑎1) exp [−3∫
𝑎

𝑎1

1 + 𝑤𝜈(𝑎,∑𝑚Backg.
𝜈 )

𝑎
d𝑎] , (7.5)

where 𝑎1 is an initial scale factor. For simplicity, we assume the standard initial energy
density for three light neutrino species, [424]

𝜌𝜈(𝑎1) =
7𝜋2

40𝑎41
(𝑇 𝜈0 )

4 , (7.6)

with the initial condition evaluated when neutrinos are ultrarelativistic, i.e., 𝑇 𝜈0 /𝑎1 ≫
∑𝑚Backg.

𝜈 . The hereby computed neutrino energy density affects the expansion of the
Universe via the Friedmann equation, eq. (7.1).

7.1.2 Evolution of perturbations

At the perturbations level, in the neutrino sector we define the energy density perturba-
tion 𝛿𝜌𝜈 , the pressure perturbation 𝛿𝑝𝜈 , the velocity divergence 𝜃𝜈 , and the anisotropic
stress 𝜎𝜈 , following the definitions from eq. (6.32). These parameters source the per-
turbed Einstein eqs. (6.52) to (6.55). They evolve following energy-momentum conser-
vation, which reads

𝛿′𝜈 = −(1 + 𝑤𝜈)𝜃𝜈 + 3(1 + 𝑤𝜈)𝜙′ − 3 (𝑐2𝑠,𝜈 − 𝑤𝜈) 𝛿𝜈 , (7.7)

𝜃′𝜈 = −(1 − 3𝑐2ad,𝜈)𝜃 +
𝑐2𝑠,𝜈

1 + 𝑤𝜈
𝑘2𝛿𝜈 − 𝑘2𝜎𝜈 + 𝑘2𝜓 , (7.8)

where 𝛿𝜈 ≡ 𝛿𝜌𝜈/𝜌𝜈 , 𝑐2𝑠,𝜈 ≡ 𝛿𝑝𝜈/𝛿𝜌𝜈 is the so-called squared sound-speed, and

𝑐2ad,𝜈 ≡
𝑝′
𝜈

𝜌′𝜈
= 𝑤𝜈 −

𝑤′
𝜈

3(1 + 𝑤𝜈)
, (7.9)

is the so-called adiabatic squared sound-speed.

To solve these equations, 𝑐2𝑠 and 𝜎 (together with the background quantity𝑤𝜈 ) have
to be provided. An indeterminacy arises because 𝑐2𝑠 is gauge-dependent, that is, its value
depends on the coordinate system used to separate background from perturbations. As
we have seen in section 6.2.2, for adiabatic perturbations, the evolution equations for
small 𝑘 should only depend on background quantities. This may enforce a consistency
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relation between 𝑐2𝑠 , 𝜎, and 𝑤𝜈 . In particular, adiabatic conditions impose eq. (6.45),
which means,

lim
𝑘→0

𝑐2𝑠,𝜈 ≡ lim
𝑘→0

𝛿𝑝𝜈
𝛿𝜌𝜈

=
𝑝′
𝜈

𝜌′𝜈
= 𝑤𝜈 −

𝑤′
𝜈

3(1 + 𝑤𝜈)
≡ 𝑐2ad,𝜈 (7.10)

This issue can be overcome if, instead of 𝑐2𝑠,𝜈 , the equations are written in terms of the
so-called effective sound-speed [523–525]

𝑐2eff,𝜈 ≡
𝑘2𝑐2𝑠,𝜈𝛿𝜈 + 3(1 + 𝑤𝜈)𝑐2ad,𝜈𝜃𝜈

𝑘2𝛿𝜈 + 3(1 + 𝑤𝜈)𝜃𝜈
. (7.11)

Physically, 𝑐eff,𝜈 is the sound speed in a frame comoving with neutrinos. Firstly, from sec-
tion 6.2.1, 𝑐2eff,𝜈 is gauge-invariant. Then, we can invert its definition to retrieve

𝑐2𝑠,𝜈 = 𝑐
2
eff,𝜈 + (𝑐2eff,𝜈 − 𝑐

2
ad,𝜈)

3(1 + 𝑤𝜈)𝜃𝜈
𝑘2𝛿𝜈

. (7.12)

And, from eq. (6.50), in the 𝑘 → 0 limit this immediately means 𝑐𝑠,𝜈 = 𝑐ad,𝜈 . There-
fore, when expressing the evolution equations in terms of 𝑐eff,𝜈 , adiabatic perturbations
behave as background as 𝑘 → 0 regardless of the values of 𝑐eff,𝜈 , 𝜎, and 𝑤𝜈 .

Equations (7.7) and (7.8) always hold. Differences among particle physics models
(including neutrino-mass effects) enter when specifying 𝑐2eff,𝜈 and 𝜎. For massive, non-
interacting neutrinos; they can be computed from the perturbed distribution function

𝑓𝜈(𝑘, 𝑞, 𝑛̂, 𝜂) = 𝑓0(𝑞) [1 + Ψ(𝑘, 𝑞, 𝑛̂, 𝜂)] . (7.13)

The explicit expression for the stress-energy tensor leads to [425]

𝛿𝜈 =
𝑎−4

𝜌𝜈 ∫ 𝑞2 d𝑞 dΩ
√
𝑞2 + 𝑎2𝑚2

𝜈𝑓0Ψ , (7.14)

𝜃𝜈 =
𝑎−4

𝜌𝜈 + 𝑝𝜈 ∫
𝑞2d𝑞 dΩ (𝑖𝑘 ⋅ 𝑛̂)𝑓0Ψ , (7.15)

𝛿𝑝𝜈 =
𝑎−4

3 ∫ 𝑞2d𝑞 dΩ 𝑞𝑣𝑓0Ψ , (7.16)

𝜎𝜈 =
𝑎−4

𝜌𝜈 + 𝑝𝜈 ∫
𝑞2d𝑞 dΩ 𝑞𝑣 [

1
3
− (𝑘̂ ⋅ 𝑛̂)2] 𝑓0Ψ , (7.17)

where 𝜖 =
√
𝑞2 + 𝑎2𝑚2

𝜈 is the comoving energy and 𝑣 ≡ 𝑞/𝜖 is the neutrino velocity.
These expressions explicitly show the physical meaning of 𝜃, 𝛿𝑃 , and 𝜎 for massive,
non-interacting neutrinos. We detail how do we obtain Ψ in the following subsection.
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Figure 7.2: Impact of ∑𝑚𝜈 on the comoving neutrino squared-sound-speed 𝑐2eff [left] and
anisotropic stress 𝜎 [center, for fixed scale and varying time; right, for fixed time and vary-
ing scale]. These parameters control all perturbations effects of neutrinos (see text). 𝑐2eff,𝜈 is
essentially scale-independent and falls when the neutrino temperature drops below their mass. In
turn, 𝜎 gets suppressed above a characteristic scale, the neutrino free-streaming length, that depends
on the neutrino mass.

Figure 7.2 shows that the anisotropic stress contains the leading “kinematic” effects
of ∑𝑚𝜈 . We plot the time- and scale-dependence of 𝑐2eff,𝜈 and 𝜎 (normalized to an initial
comoving curvature perturbation  = 1) of non-interacting massive neutrinos, for the
same total neutrino masses as in fig. 7.1. We fix other cosmological parameters to the
best fit of the Planck 2018 CMB analysis [151].

The scale dependence can be understood in terms of the neutrino free-streaming
wavenumber [424]

𝑘FS(𝑎) =
√
3
2

𝑐𝑠,𝜈

≃ 0.776
𝑎2𝐻
𝐻0 (

𝑚𝜈
1 eV) ℎ Mpc−1 . (7.18)

Physically, if 𝑘 < 𝑘FS, perturbations tend to collapse gravitationally; whereas if 𝑘 > 𝑘FS,
velocity dispersion inhibits gravitational collapse [424]. Thus, 𝑘FS directly encodes the
“kinematic” impact of ∑𝑚𝜈 ≠ 0, i.e., that nonrelativistic neutrinos move at velocities
much slower than the speed of light.

As the left panel of fig. 7.2 shows, the time dependence of 𝑐2eff,𝜈 resembles that of
the equation of state, falling from 1/3 to 0 when neutrinos become non-relativistic. The
scale dependence introduced by 𝑘FS is subleading (see Ref. [526]). Physically, super-
horizon adiabatic perturbations behave as background, 𝑐2eff,𝜈 → 𝑐2ad at all scales, and
scale dependence only appears after subleading sub-horizon evolution [526, 527].

The center and right panels of fig. 7.2 show that the evolution of 𝜎𝜈 is much more
scale-dependent, with a characteristic feature at 𝑘 = 𝑘FS. As the center panel shows, at
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early times 𝜎𝜈 oscillates. These oscillations get steadily damped with time, as neutrino
free-streaming steadily suppresses perturbations. However, when the mode becomes
larger than the free-streaming scale (which shrinks with time as neutrinos become non-
relativistic), i.e., when 𝑘 < 𝑘FS; neutrinos cluster instead of free-streaming, the momen-
tum flux diminishes, and 𝜎𝜈 decays much faster. The right panel also shows the two
distinct behaviors as a function of scale at fixed time. At scales below the free-streaming
scale, 𝑘 > 𝑘FS, 𝜎𝜈 is larger at large scales, which had less time to evolve and are less
damped by free-streaming. On the contrary, at scales above the free-streaming scale,
𝑘 < 𝑘FS, 𝜎𝜈 is smaller at large scales, where neutrino clustering reduces the momentum
flux.

Implementation. To separate the background and perturbations effects of neutrino
masses, we parametrize 𝑐2eff,𝜈 and 𝜎𝜈 as in the massive, non-interacting case; computing
them for a value of∑𝑚𝜈 that we name perturbations neutrino mass, ∑𝑚Pert.

𝜈 . Technically,
𝑐2eff,𝜈 and 𝜎 depend on ∑𝑚Pert.

𝜈 as well as on the gravitational potentials 𝜙 and 𝜓. Physi-
cally, this captures the backreaction of gravity onto neutrinos, in the same way that the
background equation of state 𝑤𝜈 depends both on the neutrino mass and on the scale
factor 𝑎 (see eq. (7.3)). To compute this dependence for massive, non-interacting neutri-
nos; we start from the collisionless Boltzmann equation (see eq. (6.29)) for the perturbed
neutrino distribution Ψ as defined in eq. (7.13) [425],

𝜕Ψ
𝜕𝑥

+ 𝑖𝜇
𝑞
𝜖
Ψ =

d ln 𝑓0
d ln 𝑞 (𝑖𝜇

𝜖
𝑞
𝜓 −

d𝜙
d𝑥)

. (7.19)

Here, 𝑥 ≡ 𝑘𝜂 is the product of Fourier wavenumber and conformal time, and 𝑓0 is given
by eq. (7.4) in the main text. Following Refs. [526, 528], this equation can be implicitly
solved in terms of 𝜙 and 𝜓. After expanding in Legendre polynomials and integrating
by parts,

Ψ𝓁(𝑥) = Ψ(0)𝑗𝓁 (𝑦(0, 𝑥)) +
d ln 𝑓0
d ln 𝑞

{
𝜙(0)𝑗𝓁 (𝑦(0, 𝑥)) − 𝜙(𝑥)𝑗𝓁(0)

− ∫
𝑥

0
d𝑥′ [

𝜖
𝑞
𝜓(𝑥′) +

𝑞
𝜖
𝜙(𝑥′)] 𝑗

′
𝓁 (𝑦(𝑥

′, 𝑥))

}
,

(7.20)

where

Ψ(𝑘, 𝑞, 𝜇, 𝑥) ≡
∞

∑
𝓁=0

(−𝑖)𝓁(2𝓁 + 1)Ψ𝓁(𝑘, 𝑞, 𝑥)𝑃𝓁(𝜇) , (7.21)

with 𝑃𝓁 the Legendre polynomials; 𝑗𝓁(𝑥) the spherical Bessel functions; and

𝑦(𝑥1, 𝑥2) ≡ ∫
𝑥2

𝑥1

𝑞
𝜖(𝑥′)

d𝑥′ , (7.22)
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the distance traveled by neutrinos between times 𝑥1/𝑘 and 𝑥2/𝑘, divided by the mode
size. The super-horizon adiabatic initial condition for Ψ, assuming radiation domination
and ultrarelativistic neutrinos, is [425]

Ψ(𝑥 = 0) =
1
2
𝜓(𝜂 = 0)

d ln 𝑓0
d ln 𝑞

. (7.23)

These equations allow to explicitly compute Ψ(𝑘, 𝑞, 𝜇, 𝜂) as a function of the gravi-
tational potentials and the neutrino dispersion relation 𝜖(𝑞). The latter depends on the
total perturbations mass ∑𝑚Pert.

𝜈 , since 𝜖(𝑞) =
√
𝑞2 + 𝑎2(𝑚Pert.

𝜈 )2 with𝑚Pert.
𝜈 each individ-

ual perturbations neutrino mass. Once Ψ is known, 𝑐2eff,𝜈 and 𝜎 can be computed from
eqs. (7.11) and (7.14) to (7.17). For instance,

𝜎 =
8𝜋𝑎−4

3[𝜌𝜈 + 𝑝𝜈]pert. ∫
d𝑞 𝑞2

𝑞2

𝜖
𝑓0(𝑞)

d ln 𝑓0
d ln 𝑞

{

(
1
2
𝜓(0) + 𝜙(0)) 𝑗2 (

1
𝑘 ∫

𝜏

0

𝑞
𝜖(𝜏′)

d𝜏′)

−
1
𝑘 ∫

𝜏

0
d𝜏′𝑗 ′2 (

1
𝑘 ∫

𝜏

𝜏′

𝑞
𝜖(𝜏′′)

d𝜏′′)[
𝜖(𝜏′)
𝑞

𝜓(𝑘, 𝜏′) +
𝑞

𝜖(𝜏′)
𝜙(𝑘, 𝜏′)]

}
,(7.24)

with

[𝜌𝜈 + 𝑝𝜈]pert. = 4𝜋𝑎−4 ∫ d𝑞 (𝑞
2𝜖 +

𝑞4

3𝜖)
𝑓0(𝑞) . (7.25)

Note that this definition of 𝜎 is also consistent with the background. Adiabatic pertur-
bations behave as background at super-horizon scales, which implies a diagonal stress-
energy tensor, i.e., 𝜎 → 0 as 𝑘 → 0. Equations (7.17) and (7.20) trivially fulfill this,
because 𝑗2(0) = 0. That is, the anisotropic stress is non-zero only when the distance
travelled by neutrinos is of the order of the mode size. Since 𝜎 is a gauge-invariant
quantity, this is true in all gauges.

Then, to implement these perturbations effects, we compute at every time 𝑐2eff,𝜈 and
𝜎𝜈 from eqs. (7.20) and (7.24), corresponding to neutrinos with total mass∑𝑚Pert.

𝜈 . At the
practical level, this is equivalent to solving a Boltzmann tower of Legendre multipoles,
as in the standard manner [425]. Then, we solve the fluid eqs. (7.7) and (7.8), which must
necessarily be fulfilled from the conservation of energy and momentum, with these 𝑐2eff,𝜈
and 𝜎𝜈 . This is the proper way to evolve perturbations separately from the background,
but consistent with it. We set initial conditions corresponding to adiabatic perturbations
of an ultrarelativistic relic from eq. (6.47). The hereby computed neutrino energy density
and pressure perturbations 𝛿𝜌𝜈 and 𝛿𝑃𝜈 , velocity divergence 𝜃𝜈 , and anisotropic stress
𝜎𝜈 affect the evolution of the Universe via the perturbed Einstein equations.
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Mass only in background

Mass only in perturbations

Mass both in background 
and perturbations

Figure 7.3: Background- and perturbations-induced impact of ∑𝑚𝜈 on CMB anisotropies. As
detailed in the main text; at low and high 𝓁, the background affects the LISW effect, Silk damping,
and lensing; at intermediate 𝓁, both background and perturbations directly couple to photon-
baryon oscillations via gravity. Most effects are background-induced. Perturbations-induced effects
are mainly relevant at intermediate 𝓁, where their effect is opposite to that of the background.

7.2 Physical effects on the CMB

In this Section we describe the different effects that ∑𝑚Backg.
𝜈 and ∑𝑚Pert.

𝜈 imprint on
CMB anisotropies. All effects are collected in fig. 7.3, which already shows that ∑𝑚Backg.

𝜈

and ∑𝑚Pert.
𝜈 leave distinct signatures at different scales. To better represent the observ-

able effects, in the figure we fix the well-measured cosmological parameters {100𝜃𝑠, 𝜔𝑏 ,
𝜔cdm, 𝐴𝑠, 𝑛𝑠, 𝜏reio} to the best fit of the Planck 2018 CMB analysis [151]. Below, we explore
in detail the physical origin of the different effects at the different scales, while showing
explicit checks and figures that illustrate them. To such purpose, it is convenient to sep-
arate the SW and ISW contributions, as defined in section 6.3.3, to distinguish between
effects at recombination from effects after recombination. This is shown in fig. 7.4.
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Figure 7.4: Background- and perturbations-induced impact of ∑𝑚𝜈 on the Sachs-Wolfe (SW,
left) and Integrated Sachs-Wolfe (ISW, right) effects as defined in eqs. (6.75) and (6.76), without
including CMB lensing. The SW contribution can be understood as due to the temperature
fluctuations at recombination, redshifted by the local gravitational potential. In turn, the ISW
contribution can be understood as the accumulated gravitational redshift from recombination
until today. Top plots show the contribution to the total CMB anisotropy power spectrum, and
bottom plots the relative difference with respect to massless neutrinos. The SW contribution, as
defined in this work, only depends on background quantities as 𝑘 → 0.

7.2.1 Low multipoles (𝓁 ≲ 10)

Low multipoles correspond to modes that enter the horizon at very late times, when
neutrinos constitute a subleading component of the energy density of the Universe.
The main neutrino-mass effects in the CMB are induced in recombination, when the
modes are larger than the horizon. Since, for adiabatic perturbations, the evolution of
super-horizon modes depends only on background quantities, the effect of ∑𝑚Pert.

𝜈 at
these scales is subdominant.

The main effect of ∑𝑚Backg.
𝜈 is indirect and in the ISW effect. An increased ∑𝑚Backg.

𝜈

slows down the dilution of the neutrino energy density, increasing𝐻(𝑧) and, in principle,
modifying the observed angular scale of CMB peaks [424]

𝜃𝑠 =
𝑎(𝜂rec)𝑟𝑠(𝜂rec)
𝐷𝐴(𝜂rec)

= ∫
∞

𝑧rec

𝑐𝑠,𝛾 (𝑧) d𝑧
𝐻(𝑧) /∫

𝑧rec

0

d𝑧
𝐻(𝑧)

, (7.26)

with 𝐷𝐴(𝜂rec) the angular distance to recombination, 𝑐𝑠,𝛾 (𝑧) the sound speed of the
baryon-photon fluid and 𝑧rec the redshift of recombination. Since 𝜃𝑠 is very-well mea-
sured, changes in it are compensated by modifying𝐻0, which modifies the cosmological
constant Λ. This changes the Λ-induced late-time boosting of large-scale anisotropies
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through the late ISW. There is also a subleading ISW reduction caused by ∑𝑚Pert.
𝜈 , as

neutrino clustering slows down the Λ-induced decay of potentials. This effect is small,
see figs. 7.3 and 7.4, and it is only present if ∑𝑚Backg.

𝜈 ≠ 0, because otherwise the neu-
trino energy density is too diluted at late times and neutrinos do not affect gravitational
potentials.

However, the amplitude of super-horizon CMB perturbations also depends on the
expansion rate of the Universe around recombination (see section 6.3) through the SW
effect, which depends on ∑𝑚Backg.

𝜈 as shown in eq. (6.77). Increasing ∑𝑚Backg.
𝜈 reduces

the neutrino contribution to𝑤tot, reducing the 𝓁 → 0 limit of the SW contribution. In the
left fig. 7.4, the blue line has the same background as ∑𝑚𝜈 = 0, and therefore the SW
contribution is consequently suppressed as 𝓁 → 0. This only happens in our definition of
ΘSW
𝛾,𝓁 in eq. (6.75), and shows that super-horizon modes can only depend on background

quantities. The purple and red lines also share the same background evolution, but they
have sub-percent differences as 𝓁 → 0. That is, there is a sub-percent effect of ∑𝑚Pert.

𝜈 .
This is reasonable, as these multipoles correspond to scales where (𝑘𝓁=2𝜂rec)2 ∼ 0.004,
so they are not completely out of the horizon around recombination, and already show
partial sub-horizon evolution.

7.2.2 Intermediate multipoles (10 ≲ 𝓁 ≲ 500)

Intermediate multipoles correspond to modes that are comparable with the horizon at
recombination. Anisotropies at these scales are largely influenced by the gravitational
potentials around recombination. These act as a driving term for photon-baryon acous-
tic oscillations, as seen in eq. (6.58). More precisely, decaying gravitational potentials
increase the amplitude of oscillations. Physically, large initial potentials force the fluid
into a highly compressed state. If they then decay, photon pressure overcomes gravity
and the photon-baryon fluid oscillates with a larger amplitude. On top of that, decay-
ing gravitational potentials reduce the redshift experienced by CMB photons as they
leave the last-scattering surface, further increasing the anisotropies. For a detailed ex-
planation of these effects, we refer to the work of Ref. [430]. Gravitational potentials
decay in the radiation-dominated era [426], and since recombination happens soon af-
ter matter-radiation equality, they are still decaying when SW anisotropies get frozen
(see fig. 7.5).

The effect of neutrino masses is then straightforward. A large ∑𝑚Backg.
𝜈 increases the

expansion rate of the Universe, boosting the decay of gravitational potentials, as shown
in fig. 7.5; and increasing the SW contribution to CMB anisotropies, as shown in fig. 7.4.
A large ∑𝑚Pert.

𝜈 enhances neutrino clustering above the free-streaming scale, slowing
down the decay of gravitational potentials, as shown in fig. 7.5; and decreasing the SW
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Radiation domination is still close,
so potentials are decaying.

Recombination Recombination

Mass only in
perturbations

Mass in perturbations:
neutrino clustering 

slows down the decay.

Mass only in 
background

Mass in background:
a faster expansion rate
boosts the decay.

(Mpc)(Mpc)

Figure 7.5: Gravitational potential 𝜓 (left) and its derivative with respect to conformal time
(right) for a mode entering the horizon (𝑘𝜂rec ∼ 1) at the time of recombination. We normalize
to an initial comoving curvature perturbation  = 1. This mode corresponds to 𝓁 ∼ 100. Back-
ground and perturbations neutrino masses affect intermediate-𝓁 CMB anisotropies by boosting and
slowing down the decay of 𝜓, respectively.

contribution to CMB anisotropies, as shown in fig. 7.4. On top of these effects, decaying
gravitational potentials further increase the amplitude of CMB anisotropies through the
integrated Sachs-Wolfe effect, boosting the aforementioned effects, as shown in fig. 7.4.
In any case, background and perturbations-induced effects are opposite, and thus the
net effect for standard massive neutrinos with ∑𝑚Backg.

𝜈 = ∑𝑚Pert.
𝜈 is smaller, as shown

in figs. 7.4 and 7.5. As we will show in the next Section, this leads to a partial degeneracy
among both parameters in our data analysis.

Figure 7.6 shows the scale dependence of the clustering effect induced by ∑𝑚Pert.
𝜈 .

As described in section 7.1.2, neutrino clustering is a scale-dependent “kinematic” effect
that reflects that non-relativistic massive neutrinos move much slower than the speed
of light. The characteristic scale, 𝑘FS, is proportional to ∑𝑚Pert.

𝜈 , see eq. (7.18). As can be
seen in fig. 7.6, if ∑𝑚Pert.

𝜈 increases, the aforementioned depletion of CMB anisotropies
affects higher multipoles.

We conclude that, while background effects are present at all multipoles, ∑𝑚Pert.
𝜈

on its own is mainly relevant at intermediate 𝓁, where anisotropies are suppressed due
to the direct gravitational impact of neutrino perturbations. Even if this effect can be
partially hidden by a non-zero ∑𝑚Backg.

𝜈 , unique background effects at high 𝓁 allow dis-
entangling both.
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Figure 7.6: Scale-dependent impact of increasing ∑𝑚Pert.
𝜈 on the SW contribution to CMB

anisotropies. Larger ∑𝑚Pert.
𝜈 slow down the decay of gravitational potentials through neu-

trino clustering (see fig. 7.5), reducing the amplitude of acoustic oscillations at recombination.
Since neutrino clustering is a scale-dependent effect controlled by the free-streaming length, 𝑘FS,
eq. (7.18), larger perturbations masses increase 𝑘FS and propagate the impact to higher multipoles.

7.2.3 High multipoles (𝓁 ≳ 500)

High multipoles correspond to modes that enter the horizon much before recombina-
tion. There are two main ways in which neutrino masses affect these modes, both of
which are mainly sensitive to background effects. On the one hand, these modes are
affected by diffusion damping due to the finite mean free path of photons before re-
combination. Modes are damped below the angular damping scale 𝜃𝐷,

𝜃𝐷 ∼

√

∫
∞

𝑧rec

1 + 𝑧
𝑛𝑒(𝑧)𝜎𝑇

d𝑧
𝐻(𝑧)/∫

zrec

0

d𝑧
𝐻(𝑧)

, (7.27)

with 𝑛𝑒 the electron density and 𝜎𝑇 the Thomson scattering cross section. Since 𝜃𝐷
only depends on background quantities, the high-𝓁 contribution in fig. 7.4 depends only
on ∑𝑚Backg.

𝜈 and not on ∑𝑚Pert.
𝜈 . In particular, ∑𝑚Backg.

𝜈 slows down the dilution of
the neutrino energy density, increasing 𝐻(𝑧) both in the numerator and denominator.
Overall, 𝜃D gets reduced, which is visible as an excess at high 𝓁 in fig. 7.3. This is purely
an SW effect, and the ISW is negligible at high multipoles. We have checked that all
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Lensed

Figure 7.7: Impact of∑𝑚Backg.
𝜈 and∑𝑚Pert.

𝜈 on CMB anisotropies, with (left) and without (right)
the effect of gravitational lensing. At high 𝓁, unlensed anisotropies only depend on ∑𝑚Backg.

𝜈

through diffusion damping. However, both ∑𝑚Backg.
𝜈 and ∑𝑚Pert.

𝜈 have an effect on the lensed
anisotropies, and they do so in opposite directions. ∑𝑚Backg.

𝜈 reduces CMB lensing, while ∑𝑚Pert.
𝜈

enhances it.

the enhancement is due to a modified 𝜃𝐷, because it can be completely removed by
artificially keeping 𝜃𝐷 fixed (technically, this is achieved by changing the primordial
Helium fraction 𝑌𝑝, which rescales 𝑛𝑒 in eq. (7.27) [424]).

On the other hand, high multipoles are affected by weak gravitational lensing, i.e.,
by the random gravitational deflection of CMB photons due to the large-scale structure
of the Universe, as described in section 6.3.2. Lensing smooths out the power spectrum
and transfers power from low multipoles to high multipoles [426]. Figure 7.7 shows how
∑𝑚Backg.

𝜈 and∑𝑚Pert.
𝜈 control this effect. The left panel shows CMB anisotropies without

lensing, while the right panel includes lensing. The high-𝓁 tail of the unlensed power
spectrum only depends on ∑𝑚Backg.

𝜈 through diffusion damping. Then, ∑𝑚Backg.
𝜈 reduces

CMB lensing by accelerating the expansion of the Universe, which suppresses structure
formation. This is visible in fig. 7.7 as wiggles that are in phase with the CMB power
spectrum. Weaker lensing also implies less power transferred to high multipoles, which
leads to a slight depletion at 𝓁 ≳ 2000. In turn, ∑𝑚Pert.

𝜈 enhances neutrino clustering and
structure growth, which enhances CMB lensing in a scale-dependent way. As ∑𝑚Pert.

𝜈

increases lensing, its effect is opposite to∑𝑚Backg.
𝜈 , reducing the amplitude of the wiggles

and slightly enhancing anisotropies in the 𝓁 ≳ 2000 region. Perturbations mass effects
are only relevant if ∑𝑚Backg.

𝜈 ≠ 0, because otherwise the neutrino energy density is too
diluted at late times and neutrinos do not affect gravitational potentials. Overall, the
main impact of ∑𝑚Pert.

𝜈 on CMB lensing is to partially reduce the effect of ∑𝑚Backg.
𝜈 as
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Figure 7.8: Scale-dependent impact of ∑𝑚Pert.
𝜈 on the CMB lensing power spectrum. ∑𝑚Pert.

𝜈
increases gravitational potentials through neutrino clustering, increasing CMB lensing. Neu-
trino clustering is a scale-dependent effect, controlled by the scale 𝑘FS (see eq. (7.18)). A larger
∑𝑚Pert.

𝜈 increases 𝑘FS, shifting the impact of neutrino clustering to higher multipoles.

can be seen in fig. 7.3.
Finally, Figure 7.8 shows how the impact of ∑𝑚Pert.

𝜈 is scale-dependent, with the
characteristic scale 𝑘FS being proportional to ∑𝑚Pert.

𝜈 (see eq. (7.18)). We plot the power
spectrum of the lensing potential, which is directly related to gravitational potentials [426,
432] (the scale dependence in CMB anisotropies is less evident, because lensing is non-
linear and the translation between 𝑘 and 𝓁 is not straightforward). As the figure shows,
∑𝑚Pert.

𝜈 enhances lensing, and increasing ∑𝑚Pert.
𝜈 shifts its strongest impact to higher 𝓁.

7.3 Constraints from Planck18 CMB data

In the Sections above, we have discussed how the different neutrino masses that we
introduce affect the cosmological evolution. In short, ∑𝑚Backg.

𝜈 encodes the equation
of state, i.e., how fast the neutrino energy density dilutes; while ∑𝑚Pert.

𝜈 contains a
more direct “kinematic” effect related to the free-streaming nature of neutrinos. In this
Section, we carry out an analysis of CMB data to quantify the allowed values of∑𝑚Backg.

𝜈

and ∑𝑚Pert.
𝜈 .
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Figure 7.9: CMB limits on the separate neutrino-mass effects due to background and pertur-
bations. The limit on ∑𝑚Pert.

𝜈 gets strongly relaxed compared to that on ∑𝑚𝜈 . The CMB ∑𝑚𝜈
limit is mostly a limit on background neutrino-mass effects.

7.3.1 Results

We analyze the Planck 2018 temperature, polarization, and lensing power spectra (TT,
TE, EE+lowE+lensing in Ref. [151]). To do so, we modify the public code CLASS [527,
529–531], to solve the evolution of cosmological perturbations; and we explore the pa-
rameter space with the public Markov Chain Monte Carlo code COBAYA [532, 533]. Ta-
ble 7.2 at the end of this chapter contains the priors on the cosmological parameters
over which we scan.

Figure 7.9 shows that splitting neutrino mass effects among background and pertur-
bations strongly increases the allowed perturbations effects. We show in solid the 1D
posterior probabilities and 2D credible regions of our analysis for ∑𝑚Backg.

𝜈 , ∑𝑚Pert.
𝜈 , the

Hubble parameter 𝐻0, and the amplitude parameter 𝜎8. Dashed lines correspond to the
standard scenario, i.e., ∑𝑚Backg.

𝜈 = ∑𝑚Pert.
𝜈 .

The 1–3𝜎 credible intervals on the total neutrino mass, both for the standard sce-
nario (where ∑𝑚Backg.

𝜈 = ∑𝑚Pert.
𝜈 ) and for our analysis that splits among background

and perturbations neutrino-mass effects, are found in table 7.1.
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Planck 2018; TT, TE, EE+lowE+lensing

Mass type 68% CL 95% CL 99% CL

∑𝒎𝝂 < 0.11 eV < 0.24 eV < 0.35 eV

∑𝒎𝐁𝐚𝐜𝐤𝐠.
𝝂 < 0.13 eV < 0.29 eV < 0.40 eV

∑𝒎𝐏𝐞𝐫𝐭.
𝝂 0.40+0.19−0.29 eV < 0.79 eV < 0.97 eV

Table 7.1: Neutrino-mass limits at different confidence levels. These results correspond to the
posteriors shown in fig. 7.9. ∑𝑚𝜈 refers to the standard scenario, ∑𝑚Backg.

𝜈 = ∑𝑚Pert.
𝜈 [151].

That is, the standard limit on ∑𝑚𝜈 is mostly a limit on ∑𝑚Backg.
𝜈 (the limit on the

latter is slightly weaker due to a degeneracy with ∑𝑚Pert.
𝜈 that we discuss below). As the

figure shows, the posterior probabilities of ∑𝑚𝜈 , in the standard analysis; and ∑𝑚Backg.
𝜈 ,

in our analysis; almost match. The correspondence among ∑𝑚𝜈 and ∑𝑚Pert.
𝜈 , however,

is null. In other words, CMB data tightly constraints the neutrino equation of state; but,
compared to the standard scenario, the limit on “kinematic” effects of neutrino masses
is relaxed by about a factor of 3.

The background neutrino mass is correlated with 𝐻0 and 𝜎8. These correlations are
also present in the standard scenario, and they are due to the neutrino contribution
to the total energy density of the Universe. Larger 𝜌𝜈 increases the expansion rate,
which suppresses structure formation (i.e., 𝜎8); and, as described in the previous Section,
modifies the angular scale of the CMB peaks that is degenerate with 𝐻0. These are both
background effects, so ∑𝑚Pert.

𝜈 is not strongly correlated with 𝐻0 and 𝜎8.

Finally, fig. 7.11 further includes the 1D posterior probabilities and 2D credible re-
gions for all parameters in our analysis. All posteriors are well-contained within their
priors, and the convergence of the MCMC run is determined by an 𝑅−1 < 0.02 Gelman-
Rubin test [534, 535].

7.3.2 Discussion

Figure 7.10 (left) shows that intermediate-𝓁 data constrains both perturbations and
background mass effects, whereas high-𝓁 data mainly constrains background-mass ef-
fects. In both cases, perturbations-mass effects can partially compensate background
mass effects; we discuss this below. As in fig. 7.3, we fix {100𝜃𝑠, 𝜔𝑏 , 𝜔cdm, 𝐴𝑠, 𝑛𝑠, 𝜏reio}
to their Planck 2018 best-fit values [151]. The blue and purple lines are close to the 2𝜎
allowed region in our analysis, whereas the red line is more strongly excluded.

As discussed in the previous Section, the sensitivity at intermediate multipoles is
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Mass in background

Mass in perturbations

Mass in background and perturbations

Figure 7.10: Impact on CMB anisotropies of parameters excluded by our analysis, with and
without lensing effects. The left figure shows how background effects are most excluded by
high-𝓁 data (CMB lensing), and perturbations effects by intermediate-𝓁 data (direct coupling via
gravity). On the right, since the predictions are unlensed, but data is lensed, here the Planck18
data only shows visually the uncertainty of the measurements. Opposed physical effects induce
a degeneracy between ∑𝑚Pert.

𝜈 and ∑𝑚Backg.
𝜈 (see text).

due to the direct impact of neutrino masses on the gravitational potentials. The high-𝓁
sensitivity to background mass effects can be traced back to the impact on the damping
tail and CMB lensing, as the right plot of fig. 7.10 shows. This is particularly relevant
in light of the lensing anomaly: Planck 2018 data prefers more CMB lensing than what
is present in the standard ΛCDM scenario [151, 495, 536–538] (see, however, Refs. [496,
497]). Since, as described in the previous Section, ∑𝑚Backg.

𝜈 reduces CMB lensing, the
anomaly enhances the high-𝓁 constraints, and the resulting limit is somewhat stronger
than what would be expected. This is visible in the bottom panel of fig. 7.10 as wiggles in
the data that are out of phase with the effect of ∑𝑚Backg.

𝜈 . However, a value of ∑𝑚Backg.
𝜈

that is excluded by our analysis predicts an unlensed damping tail well within error
bars.

An interesting feature of fig. 7.9, also visible in fig. 7.10, is that when splitting neu-
trino masses into background and perturbations, ∑𝑚Backg.

𝜈 and ∑𝑚Pert.
𝜈 are partly de-

generate. When ∑𝑚Pert.
𝜈 increases, the limit over ∑𝑚Backg.

𝜈 can relax by almost a factor
of two. This is driven by opposite effects of background and perturbations: ∑𝑚Backg.

𝜈

suppresses structure formation due to the increased expansion rate of the Universe,
whereas ∑𝑚Pert.

𝜈 enhances structure formation due to neutrinos clustering as matter.
As described in the previous Section, this introduces opposite effects on the amplitude
of CMB anisotropies, at intermediate 𝓁; and on CMB lensing, at high 𝓁. The degener-

125



Chapter 7 | Origin of cosmological neutrino mass bounds: background versus perturbations

acy is not perfect, partly because increasing ∑𝑚Backg.
𝜈 also affects the CMB damping

tail that is insensitive to ∑𝑚Pert.
𝜈 . We also note from fig. 7.9 that the best fit for ∑𝑚Pert.

𝜈

is non-zero, with ∑𝑚Pert.
𝜈 = 0 being excluded at ∼ 1𝜎. This is driven by the lensing

anomaly (∑𝑚Pert.
𝜈 increases CMB lensing), but the result is not statistically significant.

Overall, our results explicitly show that the CMB bound on ∑𝑚𝜈 is mainly a limit
on background effects, i.e., on how the neutrino energy density evolves with time. Once
we separate neutrino-mass effects into background and perturbations (the latter con-
taining more direct “kinematic” signatures related to neutrino free-streaming), the limit
on perturbations effects gets largely relaxed. This could serve as an insight for theories
that evade cosmological neutrino mass bounds, as our results show that such theories
should have a radiation-like dilution of the neutrino energy density until recombination.

7.4 Conclusions and Outlook

The absolute neutrino mass scale remains unknown. Cosmological surveys are close
to either measuring it or excluding the lower limit set by oscillations. In this chapter,
we explore the origin of the cosmological neutrino-mass bound from CMB data. Our
results show that the driving constraint arises from the contribution of the energy in
neutrino masses to the expansion of the Universe.

We focus on the macroscopic quantities that capture the cosmological impact of
neutrinos. This enables us to explicitly discriminate, for the first time, between back-
ground and perturbations effects of neutrino masses. The separation can be understood
in terms of standard “fluid” variables: the equation of state 𝑤𝜈 , which governs how fast
the background neutrino energy density dilutes; the sound speed in the frame comov-
ing with neutrinos 𝑐2eff,𝜈 , which captures isotropic neutrino momentum flow; and the
anisotropic stress 𝜎, which captures anisotropic neutrino momentum flow. 𝑤𝜈 encloses
all background effects, directly impacting the expansion rate of the Universe—which
increases as ∑𝑚𝜈 increases due to the energy in neutrino masses. In turn, 𝑐2eff,𝜈 and 𝜎
enclose the perturbations effects. 𝑐2eff,𝜈 is almost scale-independent, and 𝜎 contains the
main “kinematic” impact of neutrino masses, related to the free-streaming scale set by
neutrinos not moving at the speed of light.

Since our goal is to disentangle among background and perturbations effects, we
explore two types of neutrino masses: the one that governs 𝑤𝜈 , that we name back-

ground neutrino mass ∑𝑚Backg.
𝜈 ; and the one that governs 𝑐2eff,𝜈 and 𝜎, that we name

perturbations neutrino mass ∑𝑚Pert.
𝜈 . Although these parameters are phenomenological,

they encode the distinct physical implications of neutrino masses in cosmology. Hence,
they serve as a benchmark to understand the effects that cosmology is most sensitive
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to, and to shed light on potential degeneracies of extended models with ∑𝑚𝜈 .

The effects on the CMB temperature anisotropies can be split into different multi-
pole regions (see section 7.2). The low-𝓁 region has a minor impact on the constraints
due to cosmic variance. At high 𝓁, ∑𝑚Backg.

𝜈 modifies the CMB damping tail, and both
background and perturbations effects impact CMB lensing in opposite directions. While
a larger∑𝑚Backg.

𝜈 suppresses structure formation (and hence CMB lensing) by increasing
the expansion rate of the Universe, a larger ∑𝑚Pert.

𝜈 enhances structure formation above
the neutrino free-streaming scale. At intermediate 𝓁, neutrino perturbations directly
affect photon-baryon oscillations via gravity, where again the effects of ∑𝑚Backg.

𝜈 and
∑𝑚Pert.

𝜈 are opposite. As a consequence, there is a slight degeneracy among ∑𝑚Backg.
𝜈

and ∑𝑚Pert.
𝜈 . Overall, high-𝓁 data is mostly sensitive to background effects, whereas

intermediate-𝓁 data determines both background and perturbations effects.

We then carry out an analysis of Planck 2018 CMB data to shed light on the effects
that observations constrain. We conclude that the Planck 2018 neutrino-mass bound is
a bound on the background effects, i.e., on the evolution of the neutrino energy density.
This provides a rule-of-thumb to understand if CMB data excludes a model with new
physics in the neutrino sector: if its equation of state significantly deviates from 𝑤𝜈 =
1/3 around recombination, the model is probably excluded.

The perturbations limit on “kinematic” effects of neutrino masses is consequently
relaxed, ∑𝑚Pert.

𝜈 < 0.8 eV. The limit is still competitive—models that dramatically affect
free-streaming properties of neutrinos are still excluded—, and it is similar to the pro-
jected reach of KATRIN [150]; yet in the standard scenario such high neutrino masses
are excluded within ∼ 7𝜎. This result underscores the complementarity among labora-
tory and cosmological determinations of the neutrino mass.

In this work, we have focused on the consequences for the CMB of “energy-dilution”
versus “kinematic” effects of neutrino masses. Since current and near-future obser-
vations of the matter power spectrum (particularly Baryon Acoustic Oscillation, BAO,
measurements) have a strong impact on neutrino-mass determinations [153, 154], we
will explore them in detail in incoming work [539]. For BAOs, which measure quantities
that can be expressed in terms of background neutrino properties [498], we foresee a
stronger impact on ∑𝑚Backg.

𝜈 than on ∑𝑚Pert.
𝜈 .

Our separation among background and perturbation neutrino-mass effects opens
many research avenues. The observed CMB-lensing excess drives the strong limit on
∑𝑚Backg.

𝜈 and the best-fit for nonzero ∑𝑚Pert.
𝜈 in fig. 7.9. In light of this, our frame-

work could be explored with state-of-the-art CMB likelihoods where this anomaly is not
present [421, 496, 497]. The opposite effects of ∑𝑚Backg.

𝜈 and ∑𝑚Pert.
𝜈 on CMB lensing,

together with the scale-dependence of perturbations effects, could also be leveraged
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to separate both effects in future high-precision determinations of CMB lensing [33,
34, 538, 540, 541]. Moreover, some cosmological tensions are correlated with neutrino
masses, motivating new studies that address them in the context of our separation of
neutrino-mass effects. This may shed light on the physics that can alleviate these ten-
sions. Beyond pure cosmology studies, our results provide a benchmark to build models
that evade the cosmological neutrino-mass bound. In short, the main way to relax the
cosmological bound is by modifying the expansion history of the Universe, with the
“kinematic” properties of the model being less important.

While we wait for a positive neutrino-mass signal from terrestrial experiments, cos-
mological measurements lead current limits. As they improve, we find ourselves in an
era where cosmological limits are approaching values disfavored by oscillation experi-
ments. If this tension grows, the solution may rely on a non-standard neutrino sector.
If, in turn, a neutrino-mass signal is found, scrutinizing the robustness of this determi-
nation will be mandatory. In both cases, understanding the involved physical effects
and degeneracies is key for solid progress in cosmology and particle physics. Future ob-
servations will guide the next steps for the physics of neutrinos, the first particle whose
mass may be first measured outside laboratories.

Parameter log(1010𝐴s) 𝑛s 100𝜃s 𝜔b 𝜔cdm 𝜏reio ∑𝑚Backg.
𝜈 [eV] ∑𝑚Pert.

𝜈 [eV]

Prior  [1.61, 3.91]  [0.8, 1.2]  [0.5, 10]  [0.005, 0.1]  [0.001, 0.99]  [0.01, 0.8]  [0.0, 3.0]  [0.0, 3.0]

Table 7.2: Cosmological parameters that we scan over, and their corresponding priors.  [𝑎, 𝑏]
denotes a uniform distribution with lower limit 𝑎 and upper limit 𝑏 .
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Figure 7.11: CMB 1𝜎 and 2𝜎 credible regions for all parameters in our analysis, together
with individual posterior probabilities. Dashed lines correspond to the standard results, where
neutrino-mass effects are not split between background and perturbations. In each subfigure,
unshown parameters are marginalized over.
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8 BBN bounds on neutrinophilic
ultralight Dark Matter

Our technical discussion up to now has been limited to neutrinos alone, which indeed
are a direct proof for the existence of BSM. But neutrinos are not alone. The existence of
Dark Matter (DM) is also unexplained by the SM particle content, and is backed up by
plenty of evidence [423]. Particle physics, astrophysics and cosmology have managed
to greatly constrain the portals that can connect this dark sector with the SM [423,
542–544]. However, this is not the case for the neutrino portal, i.e., the possibility that
DM is neutrinophilic and only interacts with the SM through neutrinos. Due to the
elusive nature of neutrinos, current experimental and observational constraints on 𝜈-
DM couplings are much weaker than their electromagnetic counterpart.

One particularly interesting candidate to DM are ultralight scalar fields, which are
predicted by many extensions to the SM [545–551]. Since they could be non-thermally
produced through the misalignment mechanism –where the initial (random) value of
the field is displaced from zero– [542, 552–555], these bosons could make up for the
entirety of DM. When these bosons have mass𝑚𝜙 ≪ 1eV, namely𝑚𝜙 ∼ 10−22−10−10 eV,
they are called Ultra-Light Dark Matter (ULDM) candidates, and have their own distinct
phenomenology [542, 555–570].

The unconstrained properties of neutrinos and DM make 𝜈-ULDM interactions span
a wide range of interesting phenomenology, from distorted neutrino oscillations to high-
energy astrophysics [512, 571–606]. Here, in this work we are particularly interested in
studying the cosmological evolution of 𝜈-ULDM interactions.

One of the main interests of 𝜈-ULDM couplings is that neutrinos acquire a mass
by propagating through a medium of ULDM. Hence, these models might be able to
provide a joint explanation to neutrino masses and dark matter [512]. Since the DM
number density increases to the early Universe as 𝑎−3, these models predict a mass-
varying neutrino with𝑚𝜈 ∼ 𝑎−3/2. If one then requires neutrino masses to have the right
order of magnitude in terrestrial oscillation experiments, then this predicts 𝑚𝜈 ∼ 10 eV
in the CMB epoch.

However, cosmology is not directly sensitive to the neutrino mass [3], as widely
explained in chapter 7. In order to properly derive cosmological bounds, we must follow
the evolution of the full neutrino fluid, i.e., its energy density and its pressure. To achieve
that, one must understand the coupled evolution of neutrinos and ULDM. For instance,
if neutrinos acquire a mass when the amplitude of ULDM increases, this will require an
energy expense which will modify the dynamics of ULDM [593, 596]. As shown in [593],
this modifies the neutrino mass scaling to 𝑚𝜈 ∼ 𝑎−1.
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In this work, we study the cosmological implications of a pseudoscalar coupling be-
tween neutrinos and the ULDM field, namely 𝑖𝑔𝜓̄𝛾 5𝜙𝜓 [607, 608]. We quantitatively
compute the background evolution of the coupled field, accounting for the fast oscilla-
tions of the ULDM with an adiabatic approximation. Apart from modifying the scaling
of𝑚𝜈 , this full calculation predicts additional relativistic degrees of freedom in the early
Universe. These two effects allow to use primordial element abundances from Big Bang
Nucleosynthesis to constrain the properties of the coupled 𝜈-ULDM fluid and, thus,
their coupling.

The outline of this chapter is as follows. In section 8.1, we introduce the lagrangian
for the model and derive the equations of motion for both species. In section 8.2, we
introduce the adiabatic approximation, a necessary ingredient to solve the equation of
motion for an ULDM field. In section 8.3, we describe the cosmological implications of
this model and its phenomenological signatures. In particular, in section 8.3.5 we discuss
its effects on BBN. Finally, in section 8.4 we present our results and in section 8.5 we
conclude.

8.1 Formalism

Let us consider the following action, in a curved spacetime background [609]

𝑆 = ∫
√
−det 𝑔 d4𝑥 (𝑥) =

= ∫
√
−det 𝑔 d4𝑥 (−

1
2
𝐷𝜇𝜙̂ 𝐷𝜇𝜙̂ −

1
2
𝑚2
𝜙𝜙̂

2 + 𝜓̄ [𝑖 /𝐷 − 𝑚0 + 𝑔𝜙̂]𝜓) .
(8.1)

Here,  is the Lagrangian density of the model, 𝐷𝜇 is a covariant derivative, det 𝑔 is the
metric determinant, 𝜓̄ = 𝜓†𝛾 0, 𝑚𝜙 is the bare mass of the pseudoscalar field, 𝑚0 the
bare mass of the neutrino field and 𝑔 the coupling between both fields. The pseudoscalar
coupling between fermions (𝜓) and ultralight bosons (𝜙) has already been extensively
studied [607, 608]. Naively, gauge invariance asks that a coupling must exist both to
electrons and to neutrinos. However, the coupling to electrons can be suppressed, for
instance, if the ultralight pseudoscalar is coupled to a SM-singlet right-handed neu-
trino [572, 574]. Then, for now on 𝜓 will refer to active neutrinos. Since we are in-
terested in cosmological phenomenology, we choose a diagonal coupling. We expect
similar results for a scalar coupling, but a detailed discussion on their differences is left
for future work.
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The equations of motions for the quantum fields from eq. (8.1) are

−𝜕𝜇𝜕𝜇𝜙̂ + 𝑚2
𝜙𝜙̂ = 𝑖𝑔𝜓̄𝛾 5𝜓 , (8.2)

𝑖/𝜕𝜓 − (𝑚0 − 𝑖𝑔𝜙̂𝛾 5)𝜓 = 0 . (8.3)

However, when working within a cosmological framework, we can consider that the
occupation number of the pseudoscalar field 𝜙̂ is large, and that it can be described
by a coherent state with a well-defined value. Furthermore, the coherence length of
the fermion field is always much smaller than any considered distance. Then, we can
describe the fermion field 𝜓 as an ensemble of classical particles with a given momen-
tum 𝑝. In this framework, we can replace every quantum operator ̂ by its expectation
value [498]

⟨̂⟩ = ∑
𝑠
∫ d𝑃1d𝑃2d𝑃3

1√
−det 𝑔

1
2𝑃 0 𝑓 (𝑃, 𝑥, 𝑠)⟨𝜙, 𝑃

𝑠 |̂|𝜙, 𝑃 𝑠⟩ . (8.4)

As introduced in section 6.1.4, 𝑃𝜇 are the conjugate momenta to the positions 𝑥 𝑖, 𝑠 is
the spin and 𝑓 (𝑃, 𝑥, 𝑠) the distribution function. |𝜙, 𝑃 𝑠⟩ = |𝜙⟩ ⊗ |𝑃 𝑠⟩ is the product of a
coherent state with field 𝜙 and a one-particle fermion state, given by [48, 610–612]

|𝜙⟩ ≡ exp

{

−
1
2 ∫

d3𝑘
(2𝜋)3

|𝜙(𝐾)|2

(2𝐾 0)5

}

exp

{

∫
d3𝑘
(2𝜋)3

𝜙(𝐾)
(2𝐾 0)5/2

𝑎𝜙
†

𝐾

}

|0⟩,

|𝑃 𝑠⟩ =
√
2𝑃 0𝑎𝑠𝑃

†|0⟩ .

(8.5)

Here, |0⟩ is the vacuum state, 𝑎𝑠𝑃 (𝑎𝜙𝐾 ) is the annihilation operator of the field 𝜓 (𝜙),
𝐾 𝜇 = (𝐸𝐾 , 𝑘) such that 𝐾 2 = −𝑚2

𝜙, and 𝜙(𝐾) is the Fourier transform of the classical
scalar field 𝜙(𝑥),

𝜙(𝑥) ≡ ∫
d3𝑘
(2𝜋)3

1
(
√
2𝐾 0)3 [

𝜙(𝐾)𝑒−𝑖𝐾𝑥 + 𝜙(𝐾)∗𝑒𝑖𝐾𝑥] . (8.6)

8.1.1 Dirac equation and effective fermion mass

Let us analyze the equation of motion of free fermions, eq. (8.3), where for now we
treat 𝜙 as a constant and homogeneous value. In order to transform this equation into
something that we already know, we undergo the change of variables

𝜓 → 𝑒𝑖𝛼𝛾
5
𝜓 = (cos 𝛼 + 𝑖𝛾 5 sin 𝛼)𝜓 , (8.7)
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where then 𝛼 is a constant parameter. The equation now becomes

(𝑖/𝜕 − (𝑚0 cos 𝛼 − 𝑔𝜙 sin 𝛼) + 𝑖𝛾 5(−𝑚0 sin 𝛼 + 𝑔𝜙 cos 𝛼))𝜓 = 0 , (8.8)

where we have used (𝛾 5)2 = 𝕀4, the 4x4 identity matrix. Now, by making the right choice,

tan 𝛼 =
𝑔𝜙
𝑚0

, (8.9)

we convert this equation into

(𝑖/𝜕 − 𝑚𝜈) 𝜓 = 0 . (8.10)

This is the standard Dirac equation with a mass term given by

𝑚𝜈 =
√
𝑚2

0 + 𝑔2𝜙2 . (8.11)

Now, this tells us that the eigenstates to the Dirac operator from eq. (8.3) are two states
with the same mass,𝑚𝜈 . For instance, one can use the Pauli-Dirac representation of the
gamma matrices,

𝛾 0 =
⎛
⎜
⎜
⎝

𝕀2 0

0 −𝕀2

⎞
⎟
⎟
⎠
, 𝛾 𝑖 =

⎛
⎜
⎜
⎝

0 𝜎𝑖

−𝜎𝑖 0

⎞
⎟
⎟
⎠
, 𝛾 5 =

⎛
⎜
⎜
⎝

0 𝕀2
𝕀2 0

⎞
⎟
⎟
⎠
, (8.12)

with 𝕀2 the 2x2 identity matrix, and𝜎𝑖 the Pauli matrices. Then, the positive and negative
frequency solutions to eq. (8.10), with defined mass 𝑚𝜈 , are [46]

𝑢𝑠0(𝑝) =
⎛
⎜
⎜
⎜
⎝

√
𝐸𝑝 + 𝑚𝜈 𝜉 𝑠

𝜎⃗ ⋅ 𝑝√
𝐸𝑝 + 𝑚𝜈

𝜉 𝑠

⎞
⎟
⎟
⎟
⎠

, 𝑣𝑠0(𝑝) =
⎛
⎜
⎜
⎜
⎝

𝜎⃗ ⋅ 𝑝√
𝐸𝑝 + 𝑚𝜈

𝜒 𝑠

√
𝐸𝑝 + 𝑚𝜈 𝜒 𝑠

⎞
⎟
⎟
⎟
⎠

, (8.13)

respectively. Here 𝐸𝑝 =
√
𝑝2 + 𝑚2

0 + 𝑔2𝜙2, and 𝜉 𝑠, 𝜒 𝑠 are spinors corresponding to the
eigenvectors of a Stern-Gerlach experiment in an arbitrary 𝑛̂ direction, with 𝑠 = 1, 2 that
differentiates between the two helicity eigenstates. These must fulfill 𝜉 𝑠†𝜉 𝑠 = 𝜒 𝑠†𝜒 𝑠 = 1.
Now, we must perform a chiral rotation to recover the plane wave solutions to eq. (8.3),

𝑢𝑠(𝑝) = 𝑒𝑖𝛼𝛾
5
𝑢𝑠0(𝑝) , 𝑣𝑠(𝑝) = 𝑒𝑖𝛼𝛾

5
𝑣𝑠0(𝑝) , (8.14)
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which compose the general solution

𝜓 = ∫
𝑑3𝑝
(2𝜋)3

1√
2𝐸𝑝

∑
𝑠=1,2

(𝑒−𝑖𝑃𝑥𝑎𝑠(𝑝)𝑢𝑠(𝑝) + 𝑒𝑖𝑃𝑥𝑏𝑠†(𝑝)𝑣𝑠(𝑝)) . (8.15)

Here, 𝑃𝜇 = (𝐸𝑝, 𝑝) and 𝑎𝑠(𝑃) and 𝑏𝑠(𝑃) are the annihilation operators to 𝑢𝑠(𝑝) and 𝑣𝑠(𝑝).
Most importantly, the plane wave solutions fulfill

𝑢̄𝑠(𝑝)𝛾 0𝑢𝑟(𝑝) = 𝑣𝑠(𝑝)𝛾 0𝑣𝑟(𝑝) = 2𝐸𝛿𝑠𝑟 ,

𝑢̄𝑠(𝑝)𝛾 5𝑢𝑟(𝑝) = −𝑣𝑠(𝑝)𝛾 5𝑣𝑟(𝑝) = 2𝑖𝑔𝜙 𝛿𝑠𝑟 .
(8.16)

Evolution of the distribution function

The evolution in the neutrino sector is described by the evolution of the fermion distri-
bution function, given by the geodesic eq. (6.27) and the Boltzmann eq. (6.29). However,
in this model we are dealing with mass-varying neutrinos, 𝑚𝜈(𝜂) =

√
𝑚2

0 + 𝑔2𝜙(𝜂)2,
which might make us wonder if d𝑞/d𝜂 = 0 as we had assumed in the standard case. To
first order, we would then have

𝜕𝑓0
𝜕𝜂

+
d𝑞
d𝜂
𝜕𝑓0
𝜕𝑞

= 0 , (8.17)

which could make 𝑓0(𝑞) vary with time. For mass-varying neutrinos, the geodesic equa-
tion gets modified to [613]

𝑃 0 d𝑃𝜇

d𝜂
+ Γ𝜇𝜈𝜌𝑃

𝜈𝑃𝜌 = −𝑚2
𝜈
d log𝑚𝜈

d𝜙
𝜕𝜙
𝜕𝑥𝜇

. (8.18)

After some algebra, in the 0th component of the geodesic equation the contribution
from 𝜙 vanishes and we still get

d𝑞
d𝜂

= 0 . (8.19)

Therefore, 𝜕𝑓0/𝜕𝜂 = 0 and the shape of the momentum distribution function 𝑓0(𝑞) does
not vary with time, even for the mass-varying neutrinos from this model.

8.1.2 Pseudoscalar equation of motion

Now, we are ready to take the expectation value of eq. (8.2) assuming an homogeneous
background field 𝜙 = 𝜙(𝑡) and a collection of particles as in eq. (8.4), which leads to

−𝐷𝜇𝐷𝜇𝜙 + 𝑚2
𝜙𝜙 = 𝑖𝑔∑

𝑠
∫ d𝑃1d𝑃2d𝑃3

1√
−det 𝑔

1
2𝑃 0 𝑓 (𝑃, 𝑥, 𝑠)⟨𝑃

𝑠 |𝜓̄𝛾 5𝜓|𝑃 𝑠⟩ . (8.20)
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The expectation value in the right hand side gives

⟨𝑃 𝑠 |𝜓̄𝛾 5𝜓|𝑃 𝑠⟩ = 𝑢̄𝑠(𝑃)𝛾 5𝑢𝑠(𝑃) = 2𝑖𝑔𝜙 , (8.21)

with the same result for antiparticles. Plus, if 𝑓 (𝑃, 𝑥, 𝑠) = 𝑓 (𝑃, 𝑥) is spin-independent,
the equation for the pseudoscalar field becomes

−𝐷𝜇𝐷𝜇𝜙 + 𝑚2
𝜙𝜙 = −2𝑔2𝜙 g∫ d𝑃1d𝑃2d𝑃3

1√
−det 𝑔

1
2𝑃 0 𝑓 (𝑃, 𝑥) , (8.22)

where g is the number of fermionic internal degrees of freedom: particles and antipar-
ticles, and both spins. This is a spin-independent result, since the field is homogeneous.
It is convenient to work in the comoving momentum 𝑞 in order to explicitly show the
scaling dependence of neutrino phase distribution integral,

𝜙̈ + 3𝐻𝜙̇ + 𝑚2
𝜙𝜙 = −2𝑔2𝜙 g 𝑎−2 ∫ 4𝜋d𝑞 𝑞2

1√
𝑞2 + 𝑎2(𝑚2 + 𝑔2𝜙2)

𝑓0(𝑞) . (8.23)

Here, there are three characteristic timescales,

∙ the cosmological time, 𝐻−1, which controls the Hubble friction term and the rate
at which 𝑓0 = 𝑓0(𝑞) changes (d𝑓0d𝑡 = 𝐻 d𝑓0

d log 𝑞 ).

∙ the characteristic oscillation time of 𝜙. Naively, given by 𝑚𝜙, but might be modi-
fied by the interactions.

∙ the timescale of neutrino dynamics, controlled by 𝐸𝑝 =
√
𝑝2 + 𝑚2

0 + 𝑔2𝜙2.

In the regime𝐻 ≫ 𝑚𝜙, then 𝜙would be frozen to its value after inflation. Then, 𝜙would
be fixed to its initial non-zero value and behave as quintessence [613]. Instead, we are
interested in the the regime where𝑚𝜙 ≫ 𝐻 , and thus it oscillates in scales much shorter
than the cosmological expansion. In this limit, 𝜙 can be understood as a collection of
CDM particles. Furthermore, we will also work in the limit 𝑚𝜙 ≪ 𝐸𝑝, the fermion sees
the instantaneous value of 𝜙 as a constant, and thus the discussion of the previous
subsection applies here.

The cosmological and oscillation timescales in eq. (8.23) are, in general, separated by
many orders of magnitude. In usual standard cosmology, we average over the oscillation
of the field which leads to ULDM behaving like CDM. However, here we want to follow
the dynamics of the interaction between the field and the fermions, e.g., see if fermions
backreact in the dynamics of the field. To such purpose, we will follow an adiabatic
approximation [614].
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8.2 Adiabatic approximation

In the framework of the adiabatic approximation, we define two different time variables.
First, we parametrise the slow cosmological timescale 𝐻−1 with the scale factor 𝑎. Sec-
ond, we will parametrise the timescale of the field oscillation with a proper time 𝑡. We
will assume that, during an oscillation of 𝜙 (of timescale 𝑡), the scale factor 𝑎 can be
held constant, i.e. 𝑎′ = 0. Thus, the equation of motion for 𝜙 becomes

𝜙̈ + 𝑚2
𝜙𝜙 = −2𝑔2𝜙 g 𝑎−2 ∫ 4𝜋d𝑞 𝑞2

1√
𝑞2 + 𝑎2(𝑚2 + 𝑔2𝜙2)

𝑓0(𝑞) , (8.24)

This is the equation of a one-dimensional non-relativistic particle moving on a potential
well. The adiabatic approximation assumes that the real motion of 𝜙 is well described
by this evolution, which assumes 𝑎 constant in a complete period of oscillation 𝑡𝜙.

In the adiabatic approximation, every observable  at cosmological timescales is
replaced by its value averaged over the oscillation,

⟨⟩ =
1
𝑡𝜙 ∫

𝑡𝜙

0
d𝑡 (𝜙(𝑡), 𝜙̇(𝑡)) =

1
𝑡𝜙 ∮

d𝜙
(𝜙, 𝜙̇(𝜙))
𝜙̇(𝜙)

, (8.25)

where ∮ marks an integral over an oscillation of 𝜙 and 𝑡𝜙 is the period of the oscillation,

𝑡𝜙 = ∫
𝑡𝜙

0
d𝑡 = ∮

d𝜙
𝜙̇(𝜙)

. (8.26)

The period of oscillation would then define an oscillation frequency which we can in-
terpret as an effective mass, 𝑀𝜙 = 2𝜋/𝑡𝜙.

One of our main interests is to find the evolution of the total energy density,

𝜌(𝑎, 𝑡) =
1
2
𝜙̇2 −

1
2
𝑚2
𝜙𝜙

2 + 𝜌𝜈(𝑎, 𝜙) . (8.27)

This is similar to the standard ULDM scenario, but with an additional term accounting
for the energy in the fermion sector,

𝜌𝜈(𝑎, 𝜙) = 𝑎−4g∫ 4𝜋d𝑞 𝑞2
√
𝑞2 + 𝑎2(𝑚2

0 + 𝑔2𝜙2) 𝑓0(𝑞) . (8.28)

We can obtain the evolution equation for 𝜌 by multiplying eq. (8.23) by 𝜙̇, and rewriting
it into

d𝜌(𝑎, 𝑡)
d𝑡

= 𝐻 [
𝜕𝜌𝜈
𝜕 log 𝑎

− 3𝜙̇2
] , (8.29)
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Figure 8.1: Illustration of the adiabatic approximation method. The top plot shows how the
ULDM field 𝜙(𝑎, 𝑡) is oscillating rapidly around zero with amplitude 𝐴(𝑎) and frequency 𝑀𝜙.
As a consequence of the oscillating field, the bottom plot shows how the mass of the neutrino,
𝑚𝜈 (𝑎, 𝑡), also oscillates rapidly with time. The adiabatic approximation allows to compute the
averaged neutrino mass, ⟨𝑚𝜈 ⟩, or the average of any other observable  as in eq. (8.25). Curves
here correspond to 𝑚0 = 10 𝜇eV, 𝑔 = 1.5 × 10−20 and 𝑚𝜙 = 10−19 eV, and 𝐴0 ≡ 𝐴(𝑎 = 1). For
illustration purposes, the shown oscillation frequency is reduced by (1021) compared to 𝑀𝜙.

Within cosmological timescales, the energy density varies as

𝐻
d𝜌(𝑎, 𝑡)
d log 𝑎

=
d𝜌(𝑎, 𝑡)

d𝑡
. (8.30)

In the adiabatic approximation, we replace d𝜌/d𝑡 by its averaged value over an oscilla-
tion,

𝐻
d𝜌

d log 𝑎
= ⟨

d𝜌
d𝑡 ⟩

. (8.31)

Now, plugging eq. (8.29) here,

d𝜌
d log 𝑎

= ⟨
𝜕𝜌𝜈
𝜕 log 𝑎⟩

− 3⟨𝜙̇2⟩ . (8.32)
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Within an oscillation we can treat the total energy as a constant of motion, 𝜌(𝑎, 𝑡) ≃
⟨𝜌(𝑎, 𝑡)⟩ ≡ 𝜌(𝑎). This allows to use eq. (8.27) to find a closed expression for 𝜙̇,

𝜙̇ =
√
2
√
𝜌(𝑎) − 𝑚2

𝜙𝜙2/2 − 𝜌𝜈(𝜙) (8.33)

Then,

𝑡𝜙⟨𝜙̇2⟩ = ∮ d𝜙 𝜙̇ =
√
2∮ d𝜙

√
𝜌(𝑎) −

1
2
𝑚2
𝜙𝜙2 − 𝜌𝜈(𝜙) . (8.34)

This is an important quantity, since we notice that

𝑡𝜙
d𝜌

d log 𝑎
− 𝑡𝜙⟨

𝜕𝜌𝜈
𝜕 log 𝑎⟩

=
1√
2 ∮

d𝜙
𝜕(𝜌(𝑎) − 𝜌𝜈(𝑎, 𝜙))/𝜕 log 𝑎√
𝜌(𝑎) − 1

2𝑚
2
𝜙𝜙2 − 𝜌𝜈(𝜙)

=

=
√
2

d
d log 𝑎 ∮

d𝜙
√
𝜌(𝑎) −

1
2
𝑚2
𝜙𝜙2 − 𝜌𝜈(𝜙) =

=
d

d log 𝑎 (
𝑡𝜙⟨𝜙̇2⟩) .

(8.35)

Plugging this result into eq. (8.32), we get that

d
d log 𝑎 (

𝑡𝜙⟨𝜙̇2⟩) = −3𝑡𝜙⟨𝜙̇2⟩ . (8.36)

So,

(𝑎) ≡
1√
2
𝑎3𝑡𝜙⟨𝜙̇2⟩ = 𝑎3 ∮ d𝜙

√
𝜌(𝑎) −

1
2
𝑚2
𝜙𝜙2 − 𝜌𝜈(𝜙) (8.37)

is an invariant quantity for the whole cosmological evolution, since d/d𝑎 = 0. This
adiabatic invariant allows to compute the total energy density 𝜌(𝑎) of the system as a
function of the scale factor, given some initial conditions.

The framework of the adiabatic approximation allows to compute 𝜌(𝑎) at every time.
However, for clarity we work in terms of the amplitude of oscillations of the pseu-
doscalar, 𝐴(𝑎). In particular, 𝜙 = 𝐴 is reached when 𝜙̇ = 0, and thus

𝜌(𝑎) =
1
2
𝑚2
𝜙𝐴(𝑎)

2 + 𝜌𝜈(𝑎, 𝐴(𝑎)) . (8.38)

Then, eq. (8.37) allows to compute the evolution of𝐴(𝑎). In the 𝑔 → 0 limit, the adiabatic
invariant becomes

(𝑎) = 𝑎3 ∮ d𝜙
√
1
2
𝑚2
𝜙(𝐴2 − 𝜙2) =

𝜋
2
𝑚𝜙 𝑎3𝐴2 , (8.39)
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which means that 𝐴(𝑎) ∼ 𝑎−3/2. As expected, in the 𝑔 → 0 limit we retrieve that 𝜙 be-
haves as CDM, with 𝜌(𝑎) ∼ 𝑎−3. In the limit where the interaction potential dominates,
i.e. 𝑚2

𝜙𝐴2 ≪ 𝜌𝜈(𝑎, 𝐴(𝑎)), the adiabatic invariant becomes

(𝑎) = 𝑎∮ d𝜙
√

g∫ 4𝜋𝑞2 d𝑞 (
√
𝑞2 + 𝑔2𝑎2𝐴2 −

√
𝑞2 + 𝑔2𝑎2𝜙2) 𝑓0(𝑞) . (8.40)

By making a change of variables to 𝜙̃ = 𝑎𝜙, one can check that (𝑎, 𝐴) = (𝑎𝐴), i.e.,
only the variable 𝑎𝐴 enters in the invariant, thus 𝑎𝐴 = constant. In the limit where
the interaction potential dominates, the pseudoscalar field does not scale like CDM,
but following 𝐴(𝑎) ∼ 𝑎−1. This is due to the neutrino-dominated potential having a
different scaling dependence to the 𝑚𝜙 potential. Let us look into this further.

8.3 Phenomenology

This adiabatic approximation now allows us to compute all the important cosmological
variables, averaging-out the fast oscillations of the ULDM field. This has allowed us to
fully follow the bidirectional feedback between the neutrino sector and the ULDM field.
In particular, we have seen that the interaction can modify how does the field scale as
the Universe expands. In this Section, we explore further the phenomenological conse-
quences of this interaction into all the affected cosmological variables. All the shown
results are computed in a modified version of CLASS [527, 529–531] which implements
the full adiabatic approximation method.

8.3.1 Energy density and effective mass

From the energy-momentum tensor,

𝜌(𝑎) = ⟨𝜌(𝑎, 𝑡)⟩ =
1
2
⟨𝜙̇2⟩ +

1
2
𝑚2
𝜙⟨𝜙

2⟩ + ⟨𝜌𝜈(𝑎, 𝜙)⟩ ≡
1
2
⟨𝜙̇2⟩ + ⟨𝑉 (𝜙)⟩ , , (8.41)

which has been checked to exactly coincide with eq. (8.38). We have defined the pseu-
doscalar potential

𝑉 (𝜙) =
1
2
𝑚2
𝜙𝜙

2 + 𝜌𝜈(𝑎, 𝜙) . (8.42)

The shape and scaling of this potential at different epochs are shown in fig. 8.2. Firstly,
𝑚2
𝜙𝜙2 is a quadratic potential, which scales as 𝑎−3 if 𝜙 behaves as standard CDM. Sec-

ondly, 𝜌𝜈 ∼ 𝑎−4. Then, at some point in the past, defined as 𝑎tr in fig. 8.2, 𝑉 (𝜙) changes
scaling from 𝑎−3 to 𝑎−4, while still being quadratic. Finally, if 𝑔𝐴 ≫ |𝑝|, neutrinos be-
come non-relativistic, and then 𝑉 (𝜙) becomes linear at large 𝜙. The couplings required

140



8.3. Phenomenology

Figure 8.2: Evolution of the potential as in eq. (8.42). Left to right, top to bottom goes back
in time. Today, the effect of neutrino interactions is negligible, and 𝑉 (𝜙) = 𝑚2

𝜙𝜙
2/2. However,

𝜌𝜈 (𝜙) scales as 𝑎−4, and therefore at some point (𝑎 = 𝑎tr) in the past the neutrino potential
equals the bare-𝑚𝜙 potential. From that time on, 𝑉 (𝜙) ∼ 𝑎−4 and the scaling of 𝐴(𝑎) changes.
If the momentum of neutrinos is larger than their effective mass, the 𝑉 (𝜙) is quadratic, but if it
becomes comparable, 𝑉 (𝜙) becomes linear at large 𝜙.

for this scenario are ruled out from the bounds obtained in section 8.4.

In a first approximation, we can assume that the linear momentum of neutrinos is
much larger than their instantaneous mass, i.e., 𝑇𝜈 ≫ 𝑔𝐴. We will refer to this regime
as the linearised regime. In this limit, we can expand 𝜌𝜙 up to first order in 𝜙 and get

𝜌(𝑎, 𝑡) =
1
2
𝜙̇2 +

1
2
𝑚2
𝜙𝜙

2 +
1
2
𝛿𝑚2

𝜙𝜙
2 + 𝜌𝜈(𝑎, 0) , (8.43)

where
𝛿𝑚2

𝜙 = 2
𝜕𝜌𝜈(𝑎, 𝜙)
𝜕𝜙2

||||𝜙=0
= 𝑎−2 𝑔2 g∫ 4𝜋d𝑞 𝑞2

1√
𝑞2 + 𝑎2𝑚2

0
𝑓 (𝑞) (8.44)

is an effective pseudoscalar mass from the energy expense necessary to provide neutri-
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nos their mass. This effective mass scales as 𝛿𝑚2
𝜙 ∼ 𝑎−2, as follows. The energy of a

single neutrino coupled to 𝜙, when 𝑇𝜈 ≫ 𝑔𝑎𝐴 ≫ 𝑚0, is

𝐸𝑝 =
√
𝑝2 + 𝑚2

0 + 𝑔2𝜙2 ≃ |𝑝| +
𝑔2𝜙2

2|𝑝|
, (8.45)

which implies an increment in energy ∼ 𝑔2𝜙2/|𝑝|. For fixed 𝜙, this scales as ∼ 𝑎, but the
number density of neutrinos which receive the mass scales with 𝑎−3. Thus, 𝛿𝑚2

𝜙 ∼ 𝑎−2.

Then, the total effective mass of the pseudoscalar field is given by

𝑀2
𝜙 = 2

𝜕2𝑉 (𝜙)
𝜕𝜙2

||||𝜙=0
= 𝑚2

𝜙 + 𝛿𝑚
2
𝜙 ∼

⎧⎪⎪
⎨⎪⎪⎩

𝑚2
𝜙 ∼ constant 𝑎 > 𝑎tr

𝛿𝑚2
𝜙 ∼ 𝑎−2 𝑎 < 𝑎tr

, (8.46)

where 𝑎tr is quantitatively defined through 𝑚𝜙 = 𝛿𝑚2
𝜙,

𝑎2tr =
𝑔2

𝑚2
𝜙
g∫ 4𝜋d𝑞 𝑞2

1√
𝑞2 + 𝑎2𝑚2

0
𝑓 (𝑞) ∼ (8.4 × 10−5

𝑔/𝑚𝜙
eV−1 )

2

, (8.47)

where we have used 𝑇𝜈,0 = 0.1681meV and g = 6 for the numerical estimate. Then, the
equation of motion eq. (8.24) simplifies to

𝜙̈ + 𝑀2
𝜙𝜙 = 0 , (8.48)

which is the equation of a quadratic harmonic oscillator, with standard solution

𝜙(𝑎, 𝑡) = 𝐴(𝑎) sin(𝑀𝜙𝑡 + 𝜑0) , (8.49)

with 𝜑0 an initial phase. In this case, it is trivial to average over an oscillation of the
field, and for instance the total energy density is given by

𝜌(𝑎) =
1
2
𝑀2
𝜙𝐴

2 + 𝜌𝜈(𝑎, 0) , (8.50)

where 𝜌𝜈(𝑎, 0) is the energy density of neutrinos as if they were decoupled. The evolu-
tion of this energy density is compared to standard 𝜈+ULDM in fig. 8.3. While every-
thing looks very similar, we can see that 𝜌𝜙 ≡ 1

2⟨𝜙̇
2⟩ + 1

2𝑚
2
𝜙⟨𝜙2⟩ scales like radiation for

𝑎 < 𝑎tr.

The radiation behaviour of 𝜌𝜙 can be understood at the same time as one explains
why 𝑎tr also describes the transition between𝐴 ∼ 𝑎−3/2 and𝐴 ∼ 𝑎−1 from eq. (8.37). This
stems from the conservation of the number of 𝜙 particles, i.e., the scaling of its number
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Figure 8.3: Evolution of the energy density of the 𝜈+ULDM fluid, in the interacting scenario
(solid) and in the decoupled scenario (dotted). In both cases, 𝑚0 = 10−5 eV. A vertical dashed
line shows the time of transition between 𝑚𝜙-domination and 𝜈-domination. As explained in
Note 8.1, 𝜌𝜙 (teal) and 𝜌𝜈 (orange) can only be understood as independent fluids for 𝑎 ≫ 𝑎tr.
For 𝑎 < 𝑎tr, their separation is artificial.

density as 𝑛𝜙 ∼ 𝑎−3 [593]. Its energy density is, in turn, 𝜌𝜙 = 𝑀𝜙𝑛𝜙. For 𝑎 > 𝑎tr, 𝑀𝜙

is constant, and thus 𝜌𝜙 = 𝑚𝜙𝑛𝜙 ∼ 𝑎−3. Since 𝜌𝜙 ≡ 1
2𝑚

2
𝜙𝐴2, this means that 𝐴 ∼ 𝑎−3/2,

as standard CDM. However, when 𝑎 < 𝑎tr, 𝜌𝜙 = 𝛿𝑚𝜙𝑛𝜙 ∼ 𝑎−4, as if it were radiation.
Since 𝜌𝜙 ≡ 1

2𝛿𝑚
2
𝜙𝐴2, this means that 𝐴 ∼ 𝑎−1. Since 𝜙 is homogeneous, we expect

perturbations to still behave as CDM with zero momentum, but the exact treatment of
perturbations is left for future research. In order to better understand the effect of this
transition in the expansion history of the Universe, we now quantitatively compute the
equation of state.

8.3.2 Pressure and equation of state

From the energy-momentum tensor, the pressure of the fermion-pseudoscalar fluid is

𝑝(𝑎) =
1
2
⟨𝜙̇2⟩ −

1
2
𝑚2
𝜙⟨𝜙

2⟩ + ⟨𝑝𝜈(𝑎, 𝜙)⟩ , (8.51)
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with

𝑝𝜈(𝑎, 𝜙) = g∫ d3𝑝
𝑝2

√
𝑝2 + 𝑚2

0 + 𝑔2𝜙2
𝑓0(𝑝𝑎) = 𝑎−4g∫

4𝜋d𝑞 𝑞4√
𝑞2 + 𝑎2(𝑚2

0 + 𝑔2𝜙2)
𝑓0(𝑞) .

(8.52)
In the linearised regime approximation, this can be simplified to

𝑝(𝑎, 𝑡) =
1
2
𝜙̇2 −

1
2
𝑚2
𝜙𝜙

2 −
1
2
𝛿𝜇2𝜙𝜙

2 + 𝑝𝜈(𝑎, 0) , (8.53)

where

𝛿𝜇2𝜙 = −2
𝜕𝑝𝜈(𝑎, 𝜙)
𝜕𝜙2

||||𝜙=0
= 𝑎−2𝑔2g∫ 4𝜋d𝑞

𝑞4

(𝑞2 + 𝑎2𝑚2
0)3/2

𝑓0(𝑞) (8.54)

is a higher-order integral of the momentum distribution. Now, plugging the solution
from eq. (8.49) and averaging over an oscillation,

𝑝(𝑎) =
1
4 (
𝛿𝑚2

𝜙 − 𝛿𝜇
2
𝜙)𝐴

2 + 𝑝𝜈(𝑎, 0) . (8.55)

Since 𝛿𝑚2
𝜙 ≥ 𝛿𝜇2𝜙, the scalar part of the pressure is never negative. Then, one can define

an equation of state for the total fluid,

𝑤(𝑎) =
𝑝(𝑎)
𝜌(𝑎)

= (𝛿𝑚2
𝜙 − 𝛿𝜇2𝜙)𝐴2/4 + 𝑝𝜈(𝑎, 0)

(𝑚2
𝜙 + 𝛿𝑚2

𝜙)𝐴2/2 + 𝜌𝜈(𝑎, 0)
. (8.56)

Now, we can simplify this expression further. In the early universe, for allowed values
of 𝑚0, 𝑇𝜈 ≫ 𝑚0, and 𝑚0 can be neglected in integrals over the distribution function. In
this limit, 𝛿𝑚2

𝜙 = 𝛿𝜇2𝜙, and therefore

𝑝(𝑎) = 𝑝𝜈(𝑎, 0) =
1
3
𝜌𝜈(𝑎, 0) , (8.57)

the pressure of the total fluid is only the pressure of the neutrino part, as if they were

uncoupled from the pseudoscalar field, which are completely relativistic at early times.
This simplifies the equation of state to

𝑤(𝑎) =
1
3

𝜌𝜈(𝑎, 0)
𝜌𝜈(𝑎, 0) + (𝑚2

𝜙 + 𝛿𝑚2
𝜙)𝐴2/2

=
1
3 [

1 −
(
1 +

𝜌𝜈(𝑎, 0)
(𝑚2

𝜙 + 𝛿𝑚2
𝜙)𝐴2/2)

−1

]
. (8.58)

Figure 8.4 shows the evolution of 𝑤(𝑎) for different couplings. For the standard sce-
nario 𝑔 → 0, 𝛿𝑚2

𝜙 = 0. Then, if 𝑚2
𝜙𝐴2 ≫ 𝜌𝜈(𝑎, 0), 𝑤 = 0 (CDM domination); and if

𝑚2
𝜙𝐴2 ≪ 𝜌𝜈(𝑎, 0), 𝑤 = 1/3 (relativistic neutrino domination). In the coupled scenario,
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Figure 8.4: Evolution of the equation state of the 𝜈+ULDM fluid for interacting scenarios (solid
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domination and 𝑚𝜙 domination) for the different couplings, as in eq. (8.47). The coupled fluid
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the modified scaling of 𝐴(𝑎) makes 𝑤(𝑎) grows faster to 1/3 than in the standard case.
One of the consequences of the fluid staying relativistic for a longer time is that the time
of equality between matter and radiation is delayed. However, for couplings allowed by
BBN this is a subleading effect, as we will explore below.

Note 8.1. On the separation of the species

Looking at eqs. (8.50) and (8.55), one might be tempted to split the energy density
and pressure as

𝜌(𝑎) = 𝜌𝜙(𝑎) + 𝜌𝜈(𝑎) ,

𝑝(𝑎) = 𝜌𝜙(𝑎) + 𝜌𝜈(𝑎) ,
(8.59)

where

𝜌𝜙(𝑎) ≡
1
2
⟨𝜙̇2⟩ +

1
2
𝑚2
𝜙⟨𝜙

2⟩ ,

𝑝𝜙(𝑎) ≡
1
2
⟨𝜙̇2⟩ −

1
2
𝑚2
𝜙⟨𝜙

2⟩ .
(8.60)
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However, in general the evolution of 𝜌𝜙 (𝑝𝜙) and 𝜌𝜈 (𝑝𝜈 ) is not physically sepa-
rable, i.e. the pseudoscalar field and the fermion ensemble do not evolve as in-
dependent fluids. In fact, the conservation of the energy-momentum tensor only
implies:

𝜕𝜌(𝑎)
𝜕 log 𝑎

=
𝜕[𝜌𝜙(𝑎) + 𝜌𝜈(𝑎)]

𝜕 log 𝑎
= −3 [(𝜌𝜙 + 𝜌𝜈) + (𝑝𝜙 + 𝑝𝜈)] . (8.61)

All the time, 𝜌𝜈 and 𝑝𝜈 depend on the evolution of 𝜙, and viceversa. Therefore,
we cannot split this equation on two decoupled equations for 𝜕𝜌𝜙/𝜕 log 𝑎 and
𝜕𝜌𝜈/𝜕 log 𝑎.

8.3.3 Initial conditions

We want to impose that 𝜙 makes up all DM, namely Ω𝜙,0ℎ2 = Ω𝑐,0ℎ2 = 0.1200 [151].
This requires that the amplitude of the field today is

𝐴(𝑎 = 1) ≡ 𝐴0 =
√
2Ω𝑐,0 𝜌crit
𝑚𝜙

, (8.62)

assuming 𝑚𝜙 > 𝛿𝑚𝜙 today. The value of 𝐴 today fixes the value of the adiabatic in-
variant (𝑎) = 0, and allows to compute 𝐴(𝑎) at all times if we know 𝑓0(𝑞). Since the
coupling with 𝜙 does not change the evolution of 𝑓0(𝑞), its shape is frozen from its initial
conditions, i.e., neutrino decoupling.

The early-Universe physics and, in particular, decoupling depend on the time of
the misalignment mechanism. In standard ULDM, oscillations start when the potential
energy term is larger than the Hubble friction, i.e., 𝑚𝜙 > 3𝐻 . However, the interaction
modifies the condition to 𝑀𝜙 > 3𝐻 . This advances misalignment, 𝑎mis, to earlier times,
as shown in fig. 8.5.

Since 𝐴0 ∝ 𝑚−1
𝜙 and 𝐴 always appears as 𝑔𝐴, many of the cosmological observables

depend only on 𝑔/𝑚𝜙. However, 𝛿𝑚2
𝜙 ∼ 𝑔2 is independent of𝑚𝜙. Thus, the misalignment

mechanism 3𝐻 < 𝑀𝜙 breaks the degeneracy between 𝑔 and 𝑚𝜙. We find that, for
couplings such that 𝛿𝑚2

𝜙 > 𝑚2
𝜙, misalignment happens at

𝑎mis ≃ 10−11 (
5 × 10−20

𝑔 ) . (8.63)

Decoupling happens approximately at 𝑇𝛾 ∼ 2MeV, which –assuming a naive linear
scaling for temperature– corresponds to 𝑎 ∼ 10−11. That is, misalignment happens after
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left to right, initially 3𝐻 > 𝑀𝜙, and thus 𝐴(𝑎) remains constant. At misalignment, 3𝐻 ∼ 𝑀𝜙,
the field starts evolving as 𝑎−1 if 𝑎 < 𝑎tr or as 𝑎−3/2 if 𝑎 > 𝑎tr. Curves with the same coupling 𝑔
satisfy the misalignment condition at similar times, while fields with the same 𝑚𝜙 arrive at the
same point in 𝑀𝜙. Here, the amplitude today is set to match the abundance of DM, and thus
𝐴0 ∼ 𝑚−1

𝜙 .

decoupling roughly if 𝑔 ≲ 5 × 10−20. Two scenarios open up,

∙ Before misalignment, 𝑚𝜈 is constant, 𝑇𝜈/𝑚𝜈 grows to the past and neutrinos are
relativistic soon before misalignment. If misalignment happens after decoupling,
𝑔 ≲ 5 × 10−20, then neutrinos are relativistic at decoupling and effects from the
interaction are negligible. If they are, their distribution function at later times will
be a relativistic Fermi-Dirac such as eq. (7.4).

∙ If misalignment happens while neutrinos are in thermal equilibrium with the
baryon plasma, 𝑔 ≳ 5 × 10−20, then the growth of 𝐴(𝑎) might make them non-
relativistic. Then, their distribution function will deviate from a Fermi-Dirac with
𝑚𝜈/𝑇𝜈 corrections. The full treatment requires thermal masses [597], but also to
consider the effect of scatterings mediated by 𝜙, far from the extent of this work.
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With this in mind, we assume that misalignment happens after decoupling, and we
approximate the misalignment to be instantaneous at 3𝐻 = 𝑀𝜙. Before misalignment,
we set 𝜙 = 𝐴 and no oscillation is needed. At misalignment, 𝜙 starts to oscillate with𝑀𝜙

and all observables are averaged as in eq. (8.25). This approximation produces an artifi-
cial discontinuity between unaveraged and averaged variables. A smooth misalignment
should not strongly modify the results.

8.3.4 Massive neutrinos and 𝑁eff

The neutrino-feedback into the pseudoscalar field has two main phenomenological con-
sequences, an increased effective mass for neutrinos and an increase of early radiation.

Firstly, neutrinos will acquire a mass given by

⟨𝑚𝜈⟩ = ⟨𝑚𝜈(𝜙)⟩ = ⟨
√
𝑚2

0 + 𝑔2𝜙2
⟩ , (8.64)

where the average is taken over the oscillation of the field. In the linearized regime, and
for early enough in the Universe, ⟨𝑚𝜈⟩ ≃ 𝑔𝐴/

√
2. Figure 8.6 compares the evolution of

the neutrino mass and 𝑇𝜈 , which is related to the mean momentum of the distribution.
While early enough, the neutrino mass can reach (1)MeV, the important quantity is
the relativisticness (i.e., velocity) of neutrinos, 𝑇𝜈/ ⟨𝑚𝜈⟩. That is, the interaction with the
field can make them non-relativistic, ⟨𝑚𝜈⟩ ≫ 𝑇𝜈 . Figure 8.6 also shows how 𝑇𝜈/ ⟨𝑚𝜈⟩
diminishes as 𝑎−1/2 for 𝑎 > 𝑎tr, while 𝑇𝜈/ ⟨𝑚𝜈⟩ becomes constant for 𝑎 < 𝑎tr. At mis-
alignment, 𝜙 freezes and neutrinos become relativistic soon enough.

Secondly, if we fix the right DM abundance today, a longer radiation epoch as shown
in fig. 8.4 increases the amount of radiation in the early Universe. We quantify this by

Δ𝑁eff = 𝑁eff − 3.044 , (8.65)

with 𝑁eff as defined in eq. (6.83). Figure 8.7 shows the evolution of Δ𝑁eff in our model.
The radiation excess is specially significant at the pre-CMB epoch, as expected from
eq. (8.47). As a consequence, we expect BBN to put better constraints on the neutrino
feedback of the model. Figure 8.7 also shows a short depletion of 𝑁eff at the time of
misalignment, which is an artifact of the instantaneous misalignment approximation.
Namely, since at 𝑎 < 𝑎mis we set 𝜙 = 𝐴 and skip oscillations, then 𝑚𝜈 = 𝑔𝐴 instead of
⟨𝑚𝜈⟩ = 𝑔𝐴/

√
2, neutrinos become slightly non-relativistic and decrease 𝜌rad. However,

as soon as the plasma heats the constant mass of neutrinos becomes negligible, thus
making them relativistic and retrieving Δ𝑁eff = 0.

As explained in section 6.4, BBN constraints on 𝑁eff are a derived result from the
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Initially, 𝑚𝜈 ∼ 𝑚0 = 10−5 eV, and soon ⟨𝑚𝜈 ⟩ ∼ 𝑔𝐴/

√
2. Thus, ⟨𝑚𝜈 ⟩ follows 𝐴(𝑎), shown in

fig. 8.5. For large (excluded) couplings, neutrinos become non-relativistic. Since the linearised
approximation is an expansion on (⟨𝑚𝜈 ⟩ /𝑇𝜈 )2, the bottom plot justifies the validity of the ap-
proximation for non-excluded couplings.

observation of light element abundances and nucleosynthesis simulations. Since 𝑁eff is
not the only consequence of our model, we implement our model in the full calculation
of the abundances and constrain the model from there.

8.3.5 Impact on Big Bang Nucleosynthesis

The impact of the model in BBN is two-fold. First, Δ𝑁eff will increase the Hubble rate,
thus making the processes in eq. (6.78) less efficient and modifying the duration of nu-
cleosynthesis. Secondly, the non-zero mass of neutrinos will modify the kinematics
of the reactions and thus the interaction rates Γ. For instance, if neutrinos had mass
𝑚𝜈 > Δ − 𝑚𝑒, with Δ = 𝑚𝑛 − 𝑚𝑝 ≃ 1.29333MeV, neutron decay would be forbidden,
greatly increasing 𝑌P.

149



Chapter 8 | BBN bounds on neutrinophilic ultralight Dark Matter

10−12 10−10 10−8 10−6 10−4 10−2

a

−0.2

0.0

0.2

0.4

∆
N

eff

g/mφ = 0.15 eV−1

g/mφ = 0.01 eV−1

g/mφ = 0.50 eV−1
mφ = 10−19 eV

BBN

CMB

Figure 8.7: Number of relativistic neutrino species for different values of the coupling. The di-
lation of the radiation phase, shown in fig. 8.4, increases the amount of radiation in the early
universe. Data points show the measurements of 𝑁eff at CMB and BBN, with horizontal er-
rorbars showing the approximate duration of each epoch. Couplings which have a significant
impact on BBN are negligible at CMB. BBN is the best epoch to constrain this model.

In order to implement neutrino masses in 𝑛 → 𝑝 (and viceversa) interaction rates,
we follow the Born approximation, where neutrons and protons are approximated to
have infinite mass. In this limit, interaction rates from all the processes in eq. (6.78) are
given by [615],

Γ𝑛→𝑝 = 𝐺̃2
𝐹 ∫

∞

0
d𝐸𝑒 𝐸𝑒𝐸−𝜈

√
𝐸2𝑒 − 𝑚2

𝑒

√
𝐸−𝜈 − 𝑚2

𝜈 [𝑓𝜈(𝐸
−
𝜈 )𝑓𝑒(−𝐸𝑒) + 𝑓𝜈(−𝐸

−
𝜈 )𝑓𝑒(𝐸𝑒)] ,

Γ𝑝→𝑛 = 𝐺̃2
𝐹 ∫

∞

0
d𝐸𝑒 𝐸𝑒𝐸+𝜈

√
𝐸2𝑒 − 𝑚2

𝑒

√
𝐸+𝜈 − 𝑚2

𝜈 [𝑓𝜈(𝐸
+
𝜈 )𝑓𝑒(−𝐸𝑒) + 𝑓𝜈(−𝐸

+
𝜈 )𝑓𝑒(𝐸𝑒)] .

(8.66)

Here, 𝐺̃2
𝐹 = 𝐺𝐹𝑉ud

√
(1 + 3𝑔2𝐴)/(2𝜋3) with 𝐺𝐹 the Fermi constant, 𝑉ud the Cabibbo angle

and 𝑔𝐴 the axial electroweak coupling; and 𝐸±𝜈 = 𝐸𝑒±Δ. The distribution functions 𝑓𝜈 , 𝑓𝑒
follow Fermi-Dirac distributions as in eq. (7.4), controlled by 𝑇𝜈 and 𝑇𝛾 , respectively.
These implement the amount of allowed fermions for the interaction if in the initial
state, or Pauli blocking if in the final state. While a modified neutrino mass will not
modify the matrix element leading to Γ, further investigation is needed into whether the
eigenstates of eq. (8.3) modify the interaction vertex. These rates are shown in fig. 8.8.

Now, Γ = Γ(𝜙) through 𝑚𝜈 = 𝑚𝜈(𝜙). Before misalignment, 3𝐻 > 𝑀𝜙, the field is
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we show the effect of a constant mass 𝑚𝜈 = 0.12MeV (dotted line). The blue shaded region
encloses Γ𝑛→𝑝(𝜙) for all possible values of 𝜙 < 𝐴(𝑎). Thus, the solid blue line is the average of
the blue shaded region. A larger neutrino mass decreases the interaction rate, which will increase
the helium and deuterium abundances.

frozen and oscillations need not be taken into account. However, after misalignment, the
field oscillates and Γ needs to be averaged. Different timescales play a role here. First,
the oscillation of the field is always much slower than the timescale of the electroweak
vertex, 𝑀2

𝜙 ≪ 𝐺−1
𝐹 , and therefore electroweak interactions happen within a constant

value of the field. Then, two regimes can follow,

∙ If Γ > 𝑀𝜙, many interactions happen within an oscillation of the field, and so
eq. (8.66) can reach equilibrium within a constant 𝑚𝜈 . Since 𝜙 oscillates many
times within cosmological timescales, we need to average Γ over each 𝑚𝜈(𝜙).

∙ If Γ < 𝑀𝜙, interactions happen only once every many oscillations. At cosmological
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scale, with Γ > 𝐻 , still many interactions happen, each of them effectively at a
random value of 𝑚𝜈(𝜙). Then, the result is still an effective averaged Γ.

In any case, we must average as in eq. (8.25)

⟨Γ⟩ = 𝑡−1𝜙 ∮
Γ(𝜙)
𝜙̇

d𝜙 , (8.67)

where Γ(𝜙) is given by eq. (8.66) with𝑚𝜈 = 𝑚𝜈(𝜙). Finally, neutrinos do not play a role in
the subsequent thermonuclear interactions, and therefore hadronic rate are unmodified
by non-zero 𝑚𝜈 . We implement the modified expansion history and expansion rates
from eqs. (8.66) and (8.67) in the numerical code PRyMordial [615]. Figure 8.8 shows
how the coupling reduces ⟨Γ𝑛→𝑝⟩. As a consequence, a reduced 𝑛 → 𝑝 interaction rate
will then increase 𝑌P.

8.4 Results

The modified version of PRyMordial allows to compute all the light element abun-
dances. From the observed abundances given in eq. (6.82), we discard 3He, for which
only an upper limit exists, and 7Li, which is currently anomalous. Thus, restricting the
analysis to the 4He (𝑌P) and the deuterium (D/H) abundances makes it more conserva-
tive and robust. Figure 8.9 shows how an increased interaction rate increases the ex-
pected abundances, far above the observed values. The results also indicate that, while
both Δ𝑁eff and 𝑚𝜈 increase the final abundances, the 𝑌P result is more sensitive to 𝑚𝜈
than to Δ𝑁eff and is the dominant quantity driving the constraints.

Then, for every point in the (𝑔, 𝑚𝜙) parameter space we can define a 𝜒 2 function,

𝜒 2(𝑔, 𝑚𝜙) = (
𝑌P(𝑔, 𝑚𝜙) − 𝑌 obs

P

𝜎𝑌P )

2

+ (
D/H(𝑔, 𝑚𝜙) − (D/H)obs

𝜎D/H )

2

, (8.68)

where 𝑌 obs
P ((D/H)obs) is the observed value of the 4He (2H) abundance, and 𝜎𝑌P (𝜎D/H) its

1𝜎 uncertainty, as given in eq. (6.82). As shown in fig. 8.9, there is percent discrepancy
between the Born approximation and the result with next-to-leading order corrections
(e.g., finite nucleon mass, bremsstrahlung losses [435]). We perform a hypothesis test
by defining

Δ𝜒 2 ≡ 𝜒 2(𝑔, 𝑚𝜙) − 𝜒 2
NLO(𝑔 = 0) , (8.69)

where 𝜒 2
NLO(𝑔 = 0) is the value of eq. (8.68) at 𝑔 = 0, including next-to-leading order

corrections, i.e., the null hypothesis. The 95% C.L. contours of this function is presented
in fig. 8.10. At 𝑚𝜙 ≳ 3 × 10−20 eV, the bound is 𝑔 ≲ 0.13(𝑚𝜙/eV). At this region,
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misalignment happens before BBN, and all observable effects depend only on 𝑔/𝑚𝜙.
However, as explained in section 8.3.3, bounds for 𝑔 ≳ 5 × 10−20 depend on the physics
of decoupling and might be corrected by thermal effects [596, 597]. At𝑚𝜙 ≲ 3×10−20 eV,
misalignment happens at some point in BBN. Previous to misalignment, the feedback
effects disappear and BBN loses constraining power, thus weakening the bound to 𝑔 ≲

1.8 × 10−11
√
𝑚𝜙/eV.

Due to the Milky Way DM halo, the local DM density is larger than the cosmological
mean field value that we have defined up to now. In particular, 𝜌⊙DM = 0.3GeV cm−3.
Taking this into account, it would be specially interesting if this model could predict the
right order of magnitude for neutrino masses without requiring the extra parameter𝑚0.
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Figure 8.10: 95% C.L. exclusion regions for the 𝜈 − 𝜙 coupling (as defined in eq. (8.1)), for the
test statistic defined in eq. (8.69). A gray dashed line shows the bound for a scalar coupling
to RHNs, assuming that 𝑚𝜈 (𝜙) ≲ 0.23 eV at CMB time [572]. A green dotted line shows a
bound for this same model, assuming it has flavor structure and gives rise to time-dependent
neutrino oscillations [572]. The gray shaded region corresponds to misalignment happening
before neutrino decoupling, meaning neutrinos can be non-relativistic at decoupling and modify
their distribution function from the here-assumed Fermi-Dirac.

Neglecting 𝑚0, this means

⟨𝑚⊙𝜈⟩ ≃
𝑔
𝑚𝜙

√
𝜌⊙DM = 2 × 10−4(

𝑔/𝑚𝜙
0.13 eV−1) eV. (8.70)

Setting the target neutrino mass to 𝑚⊙𝜈 ∼
√
|Δ𝑚2

3𝓁| = 3 × 10−3 eV, this would only be
reached at couplings saturating the bound for 𝑚𝜙 ∼ 10−22 eV.

8.5 Conclusions and outlook

The nature of DM and the origin of neutrino masses are two yet unsolved mysteries of
particle physics. Models which connect both of these sectors are theoretically motivated
and phenomenologically rich. In particular, models of ULDM are gaining interest in the
community. In this chapter, we have explored the phenomenological implications of a
coupling between ULDM and the neutrino sector in the early Universe. As a result, we
have presented a quantitative bound from a full cosmological evolution of such models.

In this work we have quantitatively solved the equations of motion for the ULDM
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field, which have a large separation of scales between the frequency of 𝜙 oscillations
and cosmological evolution. To such purpose, we follow an adiabatic approximation
which provides an invariant quantity with which to compute the amplitude of the field
at every time. This method predicts that the scaling of the ULDM field changes when
the neutrino interaction potential dominates over its mass potential, from 𝑎−3/2 to 𝑎−1.

Two observable consequences in the early Universe derive from this scaling transi-
tion. First, neutrino masses scale linearly with the scale factor, and thus their velocity,
related to 𝑇𝜈/𝑚𝜈 , stays constant. This is shown in fig. 8.6. When compared to the naive
scaling of 𝑎−3/2, this weakens the effect of time-dependent neutrino masses in the early
Universe. Second, the modified scaling also reduces the contribution of the bare-mass
potential, 𝑚2

𝜙𝜙2, to the total energy of the system. As a consequence, the coupled 𝜈-
ULDM stays relativistic for a longer time, as in fig. 8.4. If then we ask for 𝜙 to fulfill the
totality of DM, this requires that the radiation energy density in the early Universe is
slightly larger, which contributes positively to Δ𝑁eff , as in fig. 8.7.

Finally, we implement this two phenomenological consequences in Big Bang Nu-
cleosynthesis using the PRyMordial code [615]. We modify the 𝑛 → 𝑝 and 𝑝 → 𝑛
interaction rates to account for a non-zero neutrino mass, following the Born approxi-
mation. Since these rates are faster than the oscillation frequencies and the cosmologi-
cal evolution, we average them for the oscillation of the ULDM field. Using the modified
rates and 𝑁eff , we compute the primordial element abundances for different (𝑔, 𝑚𝜙), as
in fig. 8.9. Comparing these to observations, we present our bounds on the parameter
space of the model in fig. 8.10, which improve naive scaling bounds by up to an order of
magnitude.

The non-trivial dynamics of the coupled fluid are an unexpected consequence of 𝜈-
ULDM which open new research possibilities. In particular, in this work we have focused
on BBN consequences since we a priori expect it to provide further constraints on the
model. However, to extend this framework to cosmological perturbations might bring
about new unexpected consequences which make the CMB a better tool to constrain
the model. In fact, to understand the dynamics of 𝜈-ULDM perturbations is a problem
sufficiently interesting on its own.

Furthermore, the exact coupling that we have used should be understood as a first
approach to 𝜈-ULDM couplings with time-varying masses. Other couplings, which have
more theoretically motivated SM extensions, have been proposed in the literature. Even
if their phenomenological implications have already been explored [593, 596], it would
be interesting to extend the quantitative analysis here presented into such models to
place consistent bounds into them.

All in all, cosmology remains an exciting framework within which to look for signa-
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tures of BSM particle physics models, specially for particles which interact extremely
feebly. That is, the large particle number densities involved compensate for the small
couplings. This is specially interesting for interactions which involve the neutrino sec-
tor. At the same time, cosmology is a complex science with a lot of subleties that must
be under control in order to produce robust statements. In this work we have tried
to clarify some of such details and to make claims on 𝜈-ULDM claims consistent and
quantitative.
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9 Conclusions

Why should a man climb Everest?

– Because it is there.

– George Leigh Mallory, one of the first British to Everest.

Understanding the fundamental properties of Nature is a quest which requires the
sum and interference of many different perspectives, expertises and methodologies.
Experimentalists are essential to interrogate Nature and pave the way towards New
Physics, while theorists must interpret the answers into the global picture. Lying in the
middle, phenomenologists are the translators which bridge the gap between them. They
are necessary to keep theories grounded, and to take the full potential of experiments
beyond their original reach.

This thesis sums, and hopefully interferes constructively, to the enormous amount
of work that has preceded it. We have tried to extend the frontiers of BSM searches
using one of the richest and most diverse approaches to them, the neutrino sector. As
reviewed in chapter 2, we know for sure that the neutrino sector must be extended in
some manner, as neutrino oscillations have been our first hint of New Physics. There-
fore, this was the first approach towards New Physics searches, and chapter 3 marked
the beginning of this thesis. In this chapter, we reviewed how the bounds of reactor and
gallium experiments varied if the wave packet width of sterile neutrinos were taken into
account within experimental constraints, and how this could relieve their tension. While
the experimental bounds on 𝜎𝑥 used are conventionally supposed to be far from the ex-
pected theoretical value, this work sparked lively discussion in the community. On the
one hand, encouraging experimentalists to take 𝜎𝑥 as an unknown in sterile neutrino
analysis; on the other hand, motivating theorists to undergo better calculations for 𝜎𝑥
and to think BSM models that could narrow the width down.

Neutrino oscillations were followed by ultra-high-energy astrophysics. In chapter 4,
we reviewed the prediction of cosmogenic neutrinos and why they are useful to ex-
plore BSM at unprecedented energies. While this certainly is a promising field in the
mid-future, it also brings interesting questions as of today. In chapter 5, we explore
the anomalous ANITA-IV events and propose a general BSM explanation for them, si-
multaneously relaxing their tension with the silence from IceCube. On the one hand,
our phenomenologist approach to this anomaly provides to model-builder theorists the
requirements that their particular theory must fulfill. On the other hand, our exercise
shows –with real data– what is the potential of UHE neutrino telescopes to constrain
New Physics and how complementarity between experiments is essential for best re-
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sults.
This thesis concludes with the third part, neutrino cosmology. In chapter 6 we review

the basics that have lead cosmology into becoming a precision science, with the CMB as
its most successful landmark. Chapter 7 then describes the role of neutrino masses in it,
with a careful interpretation of their effect at the background and perturbations. This is
a didactical work which elaborates not only on the datasets and measurements as many
other works, but on the physical processes beneath them. On the one hand, this allows
experimentalists to better understand the neutrino properties actually being measured,
and understanding how to produce a more robust measurement of neutrino masses.
On the other hand, it allows theorists to better understand cosmological bounds, and
to visualize which kind of BSM physics could spoil the measure (and avoid a possible
tension with terrestrial experiments). Finally, chapter 8 studies the cosmological conse-
quences of a non-zero coupling between neutrinos and ultralight Dark Matter (ULDM).
We describe how the scalar can give mass to the neutrinos and, as a consequence, its
dynamics are affected by a neutrino-induced potential. We find that this interaction
predicts mass-varying neutrinos and additional radiation in the early Universe. This
modifies the primordial abundances of the light elements, which we then use to set
quantitative and competitive bounds for the coupling. These bounds difficult the un-
derstanding of the measured neutrino masses as a direct coupling to ULDM.

All in all, this thesis collects different research works which bridge the gap between
theory and experiment in a satisfactory manner. It manages to answer each of the the
scientifical questions that are addressed, while opening opportunities for new research
and future prospects. To me, this thesis has the intrinsic value of approaching neutrino
BSM from three completely distinct fields, which require different theoretical knowl-
edge and methodologies, and which engage completely different communities. Beyond
the produced work that forms this thesis, these four years have equipped me with a
broad perspective of the current status of neutrino physics, and with the baggage to
tackle new problems, even beyond neutrinos. In any case, obtaining the complete de-
scription of Nature will still require further constructive interference. Hopefully, this
thesis is just the beginning to my contribution to it.
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A UHE particle propagation inside the Earth

In order to measure UHE neutrino properties it is essential to take into account the
physical processes during the neutrino and charged lepton propagations, e.g., scattering
cross-sections, inelasticities, energy losses and regeneration processes.

Since these are stochastic processes, a Montecarlo method is necessary to com-
pute the flux of particles at a detector, given an incoming astrophysical flux. This is
the case of PROPOSAL [616], NuPropEarth [617] TauRunner [618], NuPyProp [619] or
NuLeptonSim [620]. In chapter 5 we introduce a BSM scheme which emulates this prop-
agation in a simplified manner. In this appendix, we write down the probabilities for
the arrival of the different particles. In particular, we call N a BSM neutrino-like particle
which can interact with ordinary matter with a cross-section 𝜎, to produce a secondary
T particle through N+𝑁 → T+𝑋 . Then, T –with a laboratory lifetime 𝜏–, can propagate
and in average decay after a distance 𝑐𝜏.

Geometry

We use analytic estimates by approximating the Preliminary Earth Reference Model
(PREM) parametrization of the Earth density [621] by a set of homogeneous layers (al-
though the results from chapter 5 are robust against different parametrizations). For a
given trajectory inside a spherical Earth with exit angle 𝜃, the particle changes layers at

𝑥±𝑖 = 𝑅⊕ cos 𝜃 ±
√
2
2
√
2𝑟2𝑖 − 𝑅2

⊕(1 − cos 2𝜃) , (A.1)

with 𝑟𝑖 the radii of the discontinuities between layers and 𝑅⊕ the radius of the Earth.
The width of each layer is Δ𝑙𝑖 = 𝑥𝑖+1 − 𝑥𝑖.

In ANITA, the total travelled distance is the chord length inside Earth, 𝐿(𝜃) = 2𝑅⊕ cos 𝜃.
In IceCube the trajectory must finish at the detector, before leaving Earth. The distance
between the detector and the exit point is

2𝑅2
⊕[1 − cos(𝜃 − 𝛼(𝜃))] − 2𝑅⊕𝐷[1 − cos(𝜃 − 𝛼(𝜃))] + 𝐷2 ≡ 𝑎(𝜃) , (A.2)

where 𝐷 = 1 km is the depth of the detector.

We compute all probabilities in terms of the zenith angle 𝜃 of the particle T at its
exit point. For ANITA, this is related to the elevation angle 𝛼 as

sin 𝜃 = cos 𝛼 (1 +
ℎant

𝑅⊕ ) , (A.3)

with ℎant the height of the ANITA antenna and 𝑅⊕ the Earth radius. However, radio
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waves are refracted during propagation, which modifies the relation between 𝜃 and
the observed elevation. We implement this by effectively increasing the Earth radius
by a fudge factor 1.13 that reproduces the horizon elevation angle as a function of ℎant

as provided by the ANITA collaboration (see Table 1 in Ref. [372]). For instance, the
distance 𝑑(𝜃) between the detector and the exit point of the T particle –which enters
in the detection probability– is

𝑑(𝜃) = −𝑅⊕
cos(𝜃 − 𝛼(𝜃))

cos 𝛼(𝜃)
∼ (500 km) . (A.4)

For the IceCube experiment, the relation between angles is

sin 𝜃 = − cos 𝛼 (1 −
ℎexp
𝑅⊕ ) , (A.5)

with ℎexp = 1 km the depth of IceCube.

N exit probability

The probability for a particle N to interact with a nucleus in a medium after travelling
a distance 𝑥 is 𝑝𝜆(𝑥; 𝜆) = 𝑒−𝑥/𝜆/𝜆, where 𝜆−1 = 𝑛𝜎 is the mean free path and 𝑛 the
nucleon number density. The probability for N to leave a uniform medium of depth Δ𝑙
is 𝑃(𝑋int > Δ𝑙) = ∫ ∞

Δ𝑙 𝑝𝜆(𝑥; 𝜆) d𝑥 = 𝑒−Δ𝑙/𝜆 , and the probability to escape all the layers is

𝑃N
exit =

𝑚

∏
𝑖=1
𝑃(𝑋 (𝑖)

int > Δ𝑙𝑖) =
𝑚

∏
𝑖=1
𝑒−Δ𝑙𝑖/𝜆𝑖 , (A.6)

with 𝑚 the number of layers crossed in the trajectory. In order to account for N regen-
eration, we add two additional terms,

𝑃Nexit =
𝑚
∏
𝑖=1
𝑃(𝑋 (𝑖)

int > Δ𝑙𝑖)+

+
𝑚
∑
𝑖=1 (

∏
𝑘<𝑖

𝑃(𝑋 (𝑘)
int > Δ𝑙𝑘))

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
N survives all layers before 𝑖

×
(
∏
𝑘>𝑖

𝑃(𝑋 (𝑘)
int > Δ𝑙𝑘))

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
N survives all layers after 𝑖

×

× ∫
Δ𝑙𝑖

0
𝑃(𝑋 (𝑖)

int = 𝑥) d𝑥 ∫
Δ𝑙𝑖

𝑥
𝑃(𝑌 (𝑖)

dec > 𝑦 − 𝑥)𝑃(𝑌 (𝑖)
int = 𝑦 − 𝑥)𝑃(𝑋 (𝑖)

int > Δ𝑙𝑖 − 𝑦) d𝑦
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

In the layer 𝑖, N produces a T that produces another N

+

(A.7)
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+
𝑚
∑
𝑖=1

𝑚
∑
𝑗>𝑖 (

∏
𝑘<𝑖

𝑃(𝑋 (𝑘)
int > Δ𝑙𝑘))

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
N survives all layers before 𝑖

×
(
∏
𝑘>𝑗

𝑃(𝑋 (𝑘)
int > Δ𝑙𝑘))

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
N survives all layers after 𝑗

×

× ∫
Δ𝑙𝑖

0
𝑃(𝑋int = 𝑥)𝑃(𝑌decay > Δ𝑙𝑖 − 𝑥)𝑃(𝑌int > Δ𝑙𝑖 − 𝑥) d𝑥

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
N interacts at layer 𝑖 and T leaves the layer

×

×
(

𝑗−1

∏
𝑘=𝑖+1

𝑃(𝑌 (𝑘)
decay > Δ𝑙𝑘)𝑃(𝑌 (𝑘)

int > Δ𝑙𝑘))
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

T survives all layers between 𝑖 and 𝑗

×

× ∫
Δ𝑙𝑗

0
𝑃(𝑌 (𝑗)

decay > 𝑦)𝑃(𝑌
(𝑗)
int = 𝑦)𝑃(𝑋 (𝑗)

int > Δ𝑙𝑗 − 𝑦) d𝑦
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

T produces a N in layer 𝑗 and N leaves

The first term describes N exiting without interaction. The second term introduces one
intermediate T which is created and destroyed in the same layer. In the third term, the
T is created and destroyed in different layers. This gives

𝑃N
exit = (

𝑚

∏
𝑘=1

𝑒−Δ𝑙𝑘/𝜆𝑘
)[ 1 +

𝑚

∑
𝑖=1

(
𝑐𝜏
𝜆𝑖 )

2

(
Δ𝑙𝑖
𝑐𝜏

+ 𝑒−Δ𝑙𝑖/𝑐𝜏 − 1) + (A.8)

+
𝑚

∑
𝑖,𝑗>𝑖(

∏
𝑘>𝑖,𝑘<𝑗

𝑒−Δ𝑙𝑘/𝑐𝜏
)

(𝑐𝜏)2

𝜆𝑖𝜆𝑗
(1 − 𝑒−Δ𝑙𝑖/𝑐𝜏) (1 − 𝑒−Δ𝑙𝑗/𝑐𝜏)]

We find that one regeneration process is enough to describe the dominant contributions.

T exit probability

In order for a T particle to exit a medium, we need the parent N to interact, and T not
to decay nor interact before it leaves the medium. We define

𝑃(𝑌decay > Δ𝑥) ≡ ∫
∞

Δ𝑥
𝑝𝜏(𝑥, 𝜏) d𝑥 = 𝑒−Δ𝑥/𝑐𝜏 , 𝑃(𝑌int > Δ𝑥) ≡ ∫

∞

Δ𝑥
𝑝𝜆(𝑥, 𝜏) d𝑥 = 𝑒−Δ𝑥/𝜆 .

(A.9)
Treating Earth as a multi-layered medium, the total exit probability is

𝑃T
exit =

𝑚

∑
𝑖=1 (

∏
𝑗<𝑖
𝑃(𝑋 (𝑗)

int > Δ𝑙𝑗))
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

N survives layers before 𝑖

×
(
∏
𝑗>𝑖
𝑃(𝑌 (𝑗)

decay > Δ𝑙𝑗)𝑃(𝑌 (𝑗)
int > Δ𝑙𝑗))

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
T leaves all layers after 𝑖

× ∫
Δ𝑙𝑖

0
𝑃(𝑋int = 𝑥)𝑃(𝑌decay > Δ𝑙𝑖 − 𝑥)𝑃(𝑌int > Δ𝑙𝑖 − 𝑥) d𝑥
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N interacts at layer 𝑖 and T leaves the layer

.

(A.10)
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This gives

𝑃T
exit = (

𝑚

∏
𝑗=1
𝑒−Δ𝑙𝑗/𝜆𝑗

)(
∏
𝑗>𝑖
𝑒−Δ𝑙𝑗/𝑐𝜏

)

𝑚

∑
𝑖=1

𝑐𝜏
𝜆𝑖

(1 − 𝑒−Δ𝑙𝑖/𝑐𝜏) . (A.11)
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[533] Jesús Torrado and Antony Lewis. Cobaya: Bayesian analysis in cosmology. Astrophysics
Source Code Library, record ascl:1910.019. Oct. 2019.

[534] Antony Lewis. “Efficient sampling of fast and slow cosmological parameters”. In: Phys.
Rev. D 87.10 (2013), p. 103529. doi: 10.1103/PhysRevD.87.103529. arXiv: 1304.4473
[astro-ph.CO].

[535] Andrew Gelman and Donald B. Rubin. “Inference from Iterative Simulation Using Multi-
ple Sequences”. In: Statistical Science 7.4 (1992), pp. 457–472. doi: 10.1214/ss/1177011136.
url: https://doi.org/10.1214/ss/1177011136.

[536] Pavel Motloch and Wayne Hu. “Lensinglike tensions in the 𝑃𝑙𝑎𝑛𝑐𝑘 legacy release”. In:
Phys. Rev. D 101.8 (2020), p. 083515. doi: 10.1103/PhysRevD.101.083515. arXiv:
1912.06601 [astro-ph.CO].

[537] George Efstathiou and Steven Gratton. “A Detailed Description of the CamSpec Like-
lihood Pipeline and a Reanalysis of the Planck High Frequency Maps”. In: (Oct. 2019).
doi: 10.21105/astro.1910.00483. arXiv: 1910.00483 [astro-ph.CO].

[538] F. Ge et al. “Cosmology From CMB Lensing and Delensed EE Power Spectra Using 2019-
2020 SPT-3G Polarization Data”. In: (Nov. 2024). arXiv: 2411.06000 [astro-ph.CO].

197

https://doi.org/10.1088/1367-2630/16/6/065002
https://arxiv.org/abs/1404.1740
https://arxiv.org/abs/1404.1740
https://doi.org/10.1103/PhysRevD.71.047301
https://arxiv.org/abs/astro-ph/0410680
https://arxiv.org/abs/astro-ph/0410680
https://doi.org/10.1016/S0370-2693(99)00602-4
https://arxiv.org/abs/hep-th/9904176
https://arxiv.org/abs/hep-th/9904176
https://doi.org/10.1086/306274
https://arxiv.org/abs/astro-ph/9801234
https://doi.org/10.1103/PhysRevD.108.023505
https://arxiv.org/abs/2303.09580
https://doi.org/10.1088/1475-7516/2011/09/032
https://arxiv.org/abs/1104.2935
https://doi.org/10.1103/PhysRevD.81.123516
https://arxiv.org/abs/1003.0942
https://arxiv.org/abs/1003.0942
https://arxiv.org/abs/1104.2932
https://doi.org/10.1088/1475-7516/2011/07/034
https://doi.org/10.1088/1475-7516/2011/07/034
https://arxiv.org/abs/1104.2933
https://arxiv.org/abs/1104.2934
https://doi.org/10.1088/1475-7516/2021/05/057
https://arxiv.org/abs/2005.05290
https://doi.org/10.1103/PhysRevD.87.103529
https://arxiv.org/abs/1304.4473
https://arxiv.org/abs/1304.4473
https://doi.org/10.1214/ss/1177011136
https://doi.org/10.1214/ss/1177011136
https://doi.org/10.1103/PhysRevD.101.083515
https://arxiv.org/abs/1912.06601
https://doi.org/10.21105/astro.1910.00483
https://arxiv.org/abs/1910.00483
https://arxiv.org/abs/2411.06000
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És ara, en acabat d’escriure la tesi, que puc mirar enrere i agrair. Primer de tot, agrair-
me a mi, per ser, per escoltar-me i per cuidar-me. Jo mateix soc un dels aprenentatges
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El jo cientı́fic que soc és qui és gràcies a la persona que li ha ensenyat tot el que sap.
Jordi, espero haver estat un bon primer doctorand, i espero que jo t’hagi també permès
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Virgile i Francesco, gràcies per llançar-vos a la piscina amb mi i ensenyar-me a fer ciència
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surrealistes en què ens hem trobat. A qui van fer de la meva estada al mojón de Fermilab
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condicionalment i m’ha empentat per a perseguir allò que sentı́s (fins i tot la carrera
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