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A Hamiltonian formalism is set up for nonlocal Lagrangian systems. The method is
based on obtaining an equivalent singular first order Lagrangian, which is pro-
cessed according to the standard Legendre transformation and then, the resulting
Hamiltonian formalism is pulled back onto the phase space defined by the corre-
sponding constraints. Finally, the standard results for local Lagrangians of any
order are obtained as a particular case.

I. INTRODUCTION

Nonlocal interactions have been proposed several times in theoretical physics with a variety of
purposes. A nonexhaustive examination of the literature reveals their occurrence in topics as
diverse as: Fokker-Wheeler-Feynman electrodynamics,l regularized local field t.heories,2 some
models of meson-nucleon interaction’ and, very recently, string field theory,‘*'5 and semiclassical
gravity.®

However, many of these attempts were abandoned in the past due to the lack of a Hamiltonian
formalism for nonlocal Lagrangian systems, which seems a necessary intermediate step towards
quantization. Indeed, there is nothing similar to the Legendre transformation for nonlocal
Lagrangians. Even the phase space itself is not well defined in the nonlocal case.

Regular first order Lagrangians lead to a set of Euler-Lagrange equations that can be solved to
write the generalized accelerations § in terms of the generalized coordinates g and velocities ¢ and
time . Then, the existence and uniqueness theorems for ordinary differential systems’ state that
for any given initial point (qg,4q,%o) in the extended phase space (or initial data space) there is a
unique solution g(?) passing through g, with velocity qo for r=t¢,.

Something similar happens for regular nth order Lagrangians, whose Euler-Lagrange equa-
tions yield a 2nth order ordinary differential system.

Thus, the existence and uniqueness theorems® play a crucial role in the definition of the phase
space for local systems. Moreover, since these theorems establish a 1 to 1 correspondence between
the phase space and the space of solutions to the Euler-Lagrange equations, we could readily take
both spaces as equivalent objects from the mathematical point of view.?

In the nonlocal case the Euler-Lagrange equations are of functional-differential type (integro-
differential or difference-differential in the best cases). In most instances there is nothing similar
to existence and uniqueness theorems, no finite set of initial data is enough to determine a solution
and it is not at all clear what the initial data space is like.

Most approaches,*'°1? to the construction of a Hamiltonian formalism for nonlocal
Lagrangians have tried to change the functional part of the Euler-Lagrange equations into some-
thing more handy, by expressing it as a function of all the derivatives of any order of g(¢). These
equations thus become local, but only in appearance. Then, either the problem of defining a finite
dimensional phase space is avoided'? and the Hamiltonization procedure ends with a sort of
extension of Ostrogradski transformation,'® or a finite dimensional phase space is defined for
perturbative solutions,*!""1# only.

Since the latter methods are either cumbersome and sometimes depend crucially on the form
of the perturbative expansion of the Lagrangian, a few years ago we developed a new way that
does not mix the Hamiltonization procedure with the perturbative expansions.!> Although that
procedure is perfectly valid and does not differ essentially from the methods exposed in the
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present paper, its presentation there was mainly based on guess work. Moreover, this paper had
strong overtones of the relativistic systems of directly interacting particles—the topic that the
method had been devised for—which may make it less accessible to scholars interested in other
fields in theoretical physics.

To provide a clearer idea of the above mentioned initial data problem, let us have a more
detailed look at Fokker-Wheeler-Feynman electrodynamics' for two point charges. The Lagrang-
ian is:

L= ~‘ml\J_*‘.‘1_’"2\/_"'72*'"—’1‘32fRd7"5([x1_xz(T')]Z)Jél/’éz(T') 0
and the Euler-Lagrange equations are
€
m o o(1) =5 [Fy(1" xa)ka( 1)+ Fy( 75 x0)da(7)] @

where F, is the electric field produced by charge b, and a#b=1,2.

So, to determine the acceleration of charge 1 at proper time 7, we must know the state of
charge 2 at 7 and 73%". As 7 elapses, we need data that belong more and more to the future of
worldline 2 to determine the acceleration of 1. One could think that giving x,(7) for all 7in the
right hand side, Eq. ( 2) with a=1 becomes a second order ordinary differential equation that
determines x,(7) for any given initial position x,(7y) and velocity x;(7,). We must then substi-
tute this x;(7) in Eq. (2) for =2 and, most probably, the first given x,(7) will not be a solution.

To summarize a little roughly: if we are given less than the whole solution, then probably the
initial data will be too little. But if the whole solution is given as initial data, it will be too much.

The above comments suggest we should change our attitude towards the Euler-Lagrange
equations and consider them as constraints on the space of all the possible solutions
ZHRM XM ) ={q(7),g=(x¥ ,x5)}, rather than as evolution equations. (The latter is only a nice
particular feature of the local case that comes from the existence and uniqueness theorems for
ordinary differential equations.)

The present paper is organized as follows. In Sec. II we state the variational principle for a
nonlocal Lagrangian system, derive the corresponding Euler-Lagrange equations and define its
phase space, I'. In Sec. III we introduce an equivalent local first order singular Lagrangian, whose
standard Hamiltonian formalism lives in a larger phase space I'Z, and establish the relationship
between the above Euler-Lagrange equations and the Hamilton equations plus a constraint. The
very important notion of reduction of finite order'® is introduced in Sec. IV as a subcollection of
the set of solutions, and the reduced phase space I'® is defined. In Sec. V the Hamiltonian
formalism is referred to a symplectic form on I'Z, which is pulled back onto the reduced phase
space to yield a Hamiltonian formalism there. In Sec. VI we first apply our methods to
Lagrangians that are either local or can be derived from other local Lagrangians—i.e., by formally
integrating the equations for a few degrees of freedom—and find the same Hamiltonian formalism
we should have obtained by the standard methods (this allows us to conclude therefore that the
methods proposed here are a generalization of the standard ones). In Sec. VI C we finally present
the application of our methods to systems that are truly nonlocal and admit local perturbative
expansions. The latter case is very common in theoretical physics where a Lagrangian consisting
of a local term plus a nonlocal one times a coupling constant is often found. Special attention is
paid to some Lagrangians cited in Ref. 4 in connection with string field theory.

J. Math. Phys., Vol. 35, No. 6, June 1994
Downloaded 14 Jul 2010 to 161.116.168.227. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp



2858 J. Llosa and J. Vives: Hamiltonian formalism for nonlocal Lagrangians

1. NONLOCAL LAGRANGIAN SYSTEMS

A nonlocal Lagrangian is defined by a functional L([g]) that depends on a continuous vector
function ql()\), AeR and /=1,...,N. We shall also assume some conditions on the behavior of
g'(\) for A— oo,

The action principle associated to this Lagrangian reads

55-=—5fRL(t) dt=0 (3)

for any &g'(\) with compact support. Here L(z) is a shorthand for L([T,q']) where
Tiq'(M)=¢'(t+\).
Writing the functional derivative of L as

, _ OL(1)
Et,t ;[q])=m (4)

the action principle (3) yields the Euler-Lagrange equation
f dtE(t,t',[q])=0. )
R

Notice that the instances where L is a local (standard) Lagrangian of the nth order are also
included in the framework here developed. Indeed, we only have to take a function

L m , _
L(q',¢,..., c; Yy of NX(n+1) variables and write

LI =L(g (1),4/(1),.... 0 (1))

Then
" [ oL
Efn,t;[qD)= 2 (—W;) &m(t—1"), (6)
m=0 194"/ ¢

which, substituted into (5) yields

> (-2l T

m=0

i.e., the Euler-Lagrange equations for a Lagrangian system of the nth order (see Ref. 13, p. 266).

Since the integrals in (3) and (5) run through the whole R, the action S will be divergent
unless L(¢) behaves properly at r=*o for all 4'(z) considered. However, even though S is
divergent, the Euler-Lagrange equations (5) could be meaningful. Indeed, we only need that
E(t,t';[q]) is summable on ¢ eR, for any given ¢’ eR.

This is the case for a wide variety of nonlocal Lagrangians that have physical interest, where
E)(2,t") decreases very fast as |+ —¢'| increases. Therefore, we shall hereafter assume that there
is a rapidly increasing function N(z) such that

lim E;(z,t)N(t—1t')=0. v

Je—t'|—e
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This is indeed the case for local Lagrangians because, as we have seen in ( 6), E(¢,t') is a sum
of &functions and its derivatives, or in the nonlocal examples examined in Secs. VI and VI C. We
shall now denote by I the collection of solutions q’(t), [=1,...,N, to the Euler-Lagrange equa-
tions (5) and call it the phase space of the nonlocal Lagrangian system.

Equations (5) are usually of functional-differential type and, generally, there is no theorem of
existence and uniqueness for this kind of functional equations, therefore the phase space I cannot
be parametrized as easily as in local cases. Generally it is not possible to find a finite set of
parameters characterizing every given solution in I'. The latter rule obviously fails in local in-
stances, and there is also a variety of nonlocal cases where it also does fail, as we shall see in Secs.
VI and VIC.

ll. THE EQUIVALENT FIRST ORDER LAGRANGIAN

We now consider the Lagrangian system

L=L{oeN])+ fdeuz(t,x)[Q’(t,h)—Q’I(M)], ®)

where ' means partial derivative with respect to A\, and L is a functional on 0'(t,\) and is

considered local in the evolution parameter ¢ but nonlocal in \.

Notice that we are somehow replacing ¢'(¢) by a function of two independent variables
Q'(1,\), but we immediately add the second term on the right hand side suggesting a constraint
3,0-3,0=0 [ie., Q(t,N) depends only on the variable ¢+ A1

The new Lagrangian L(z) can be viewed as first order Lagrangian for a 1+ 1 dimensional
field theory, (Q’(t,)x),uj(t,)\)); I,j=1,...,N, that is local in the time variable, ¢, but nonlocal in
the “space” variable, A. Thus, since it is local in time, we shall apply the standard Hamiltonian
formalism to L and then translate it into our temporally nonlocal case.

To ensure the convergence of the last term on the right hand side of (8), for the admitted
functions Q'(¢,\) some restrictions must be imposed on g,(¢,\).

First of all we shall assume that Q’(t,)\) is continuous, has continuous derivatives and does
not increase faster than N(\)-\ "%, a>2, as |[\|—c. That is,

Qi)
lim

N W_O; a>2. ©

Furthermore, we shall require that u,(z,\) is such that

fR/Ll(t’)\)¢(t’7\)<+w (10)

for any continuous function ¢(z,\) fulfilling the condition (9.
The Euler-Lagrange equations for L

0t -0 (1,0)=0, (11)
SL(¢) . , 3
207N — (8, M)+ (2,0)=0, (12)

are first order partial differential equations rather than second order, because L is singular.
The first term on the left of Eq. (12) must be understood as
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SL(1) _ SL([Q(1,A])
80'(t,\)  8Q(1,\)

Moreover, since L is singular, the Legendre transformation

OL(1) B
Pl(tvx)= 6Q (t’x) _#‘l(t’x)v (13)
. _ 6L()
II'(z,\) = W—O, (14)

is degenerate and the phase space of our system is not the whole space spanned by
(Q(t,M 1), (1. 2), Pi(2,83), TTF(2,00))
but only the submanifold defined by the primary constraints
(8, M)=P (1, M)~ (£, M)=~0;  x'(£,\)=II'(1,A)~0. (15)

Moreover, the Hamiltonian is

H=fdePz(t,>~)Q"(t,>~)—L([Q(tﬂ\)])+fRd>x[a’(t,>\)¢z(t,>~)+bz(t,7~)x’(t,7\)], (16)

where a’(t,)\) and b,(t,\) are Lagrange multipliers.
The primary constraints (15) are second class

{di(t. M), X (N} = = 58N =N"); { (8. N), (8. N} ={X'(t.N), X (1,A")}=0.  (17)

Hence, the Dirac theory of constraints can be applied to eliminate the variables u and II. The
elementary Dirac brackets for the remaining variables are

{Qi(ta)\)’Pj(t’x’)}D=6;.'5(X_x’); {Qi(t’)\%Qj(t’R,)}D={Pi(t’)\-)vpj(ts)")}D=0' (18)

The Hamiltonian is

Hp= fkmz(r,mg"(nx)—uw (19)

and the Hamilton-Dirac equations are

01N = o2 =07 (1) (20)
LU TNTRY) A,
. _ D o 5L(f)

Now, constraint (15) and condition (12) on w(#,\) imply that
J Pi(t,M)- (M) <+ (22)
R

for all continuous functions ¢(z,A) fulfilling the condition (9).
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_ This condition is essential to ensure the convergence of Hp and to derive Eq. (21) for
P l([ ’7\)
The Hamilton-Dirac equations (20), (21) can be easily integrated, so obtaining

0'(t,\)=040,t+ 1)), (23)

SL(t—o)
50 (t—o N+ 0)

1
Py(t,\)= f do sign(o) FK(t+)), 24)
where K, is an arbitrary function of £+ A.
This, in terms of initial data leads to the following.
Proposition 1: Given N-functions L'(N); 1=1,...,N, NeR that are continuous with continuous
derivatives and fulfill the slow growth condition (9), the functions

Ot N =L (t+N), (25)
1
P,(t,)\)= Efﬁd(r sign( o) E,(t— o1+ N[ LD +HK(t+ N, (26)

are a solution of the Hamilton-Dirac equations (20} and (21) for any arbitrary functions K(t+\);
{=1,...,N, and with E/(t,t',[{]) given by (4).
The result (25), (26) follows immediately from (23) and (24), and the fact that

SL(t— o)

L(T- L))
6Q(t—o,\+ o)

5N =FE(t—o,t+\,[L]). (27)

QU ) =Lt +\)

Equation (26) can also be written as:

P,(t,)\)=fRd0' YN, E(t—a, t+ N[ D+ K (t+N)— % sign()\)fRdcr Eo,t+7,[LD),
(28)
with

. 1 A>0, >0
x(\,0)= 3 (sign(o)+sign(A))=3 —1 A<0, 0<0
0 otherwise.

We should now check whether the summability condition (22) is fulfilled. In Appendix A this
condition is proven to hold for the first two terms on the right hand side of Eq. (28). Moreover, it
is obvious that this summability condition holds for the last term, at least for {(\) in a neighbor-
hood of the solutions of the Euler-Lagrange equations. [Indeed, notice that this term vanishes if
Q(0,M)=¢£(N\) is a solution of Eq. (5).]

As a consequence, we arrive at the following result.

Proposition 2: For any given solution ¢'(t); 1=1,...N of the Euler-Lagrange equations (5)
there is a solution (Q'(t,\),P,(t,\)); [=1,...,N of the Hamilton equations (20), (21) fulfilling the
convergence conditions (22).

Proof: The functions Q' and P, are obtained from (25) and (28), writing ¢’ instead of ',
taking K;=0 and using the fact that q is a solution of (5) [Notice that the canonical transforma-
tion with generatmg functxon F(Q P.t)= fd)\Q &,M)[—P,(t,\)+ K, (t+\)] transforms
O'(¢,\) into Q'(r,\) and P,(t \) into P,(z,A\)+ K (t+X).] We can therefore write:
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Q(1,M)=¢'(t+ 1),

P,(t,)\)=f do x(\,0) E(t—o,t+X,[q]). 29)

This enables us to establish a 1 to 1 correspondence between the phase space I' (with infinitely
many dimensions) of the Euler-Lagrange equations ( 5) and a submanifold of the phase space I'¥
of the Hamilton equations {20) and (21):

je:ToTE, g/ (\)—(Q'(0,N),P,(0,0)), (30)

with
0'(0N)=g'(\),  P,(0\)= f do x(\o) Ef(— o nslq)). (31)

It can be easily proven that the map j commutes with time evolution.
Indeed, time evolution on I'? is defined by the Hamiltonian flow of (20), (21)

TH(Q'(0,M),P1(0,M)=(Q'(t,X),P,(1,\)), (32)
where, according to (25) and (28)
0'(t,\)=0"0,t+N)=q'(z+\),

Pj(t,)\)=f do x(\,0) E(t—a,t+\;[q]) +K(t+)\) (33)

1
+3 sign(k)f doE(o,t+X;[q]).

Choosing the initial data (31), taking into account that g’ e T" and writing q” for T,q', we obtain
K;=0 and arrive at

0t ) =gt +N)=T,g'(\)=q"'(N),

Pj(t,)\)=f do x(\,0) E(t—o,t+\;[q])

SL([T.-+q])
=f do X(X,O’)W

BL([T_4q'])
8q"(\)

=f do X()\,O‘) Ej(_O',X;[q'])’

which, again using (31), leads to

Vg'el; Tre jp(g))=jg Tdqh. (34)
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IV. REDUCTIONS OF FINITE ORDER

For certain Lagrangians, by applying a variety of procedures (see Sec. VIC below), it is
possible to find an ordinary differential system of finite order:

(r) . (r=1), . .
g =&',¢’,..., q ".i,j.klI,...=1,.,N (35)

such that every solution of (35) is a solution the Euler-Lagrange equations (5). [ The latter does not
mean the converse, namely, there are many solutions of (5) that do not obey (35).] In such a case
we say that (35) is an r-order reduction of the functional differential equations (5).

Let ¢'(t,z) be a solution of (35) for some given initial data z=(qf),q{,,...,rflllo) and let
I'® denote the space of initial data (phase space) of the r-order reduction (35). We can then
establish the 1 to 1 map

jR :FR"*I‘,

1= a' N =g'(\.2), (36)

because, Egs. (35) being reduction of (5), every solution the former is also a solution of the latter
and hence ¢'(n,z)eT.

Proposition 3: The map jr commutes with time evolution.

Proof: We have a time evolution transformation Tf :TR TR defined by

S (r—1) . (r=1) 4
2=(gh.dhss q 'O)—=THZ)=(a¢" .4 s @ o) (37
with
0, [&el(1,2)
q' 0= [—atT— ; (38)
t=t0
where ¢(¢,z) is the solution of (35) determined by the initial data z € T'®.
Furthermore, we have also a time evolution acting on I':
T,.:I'->T,
(39)

g'\)=(T,gH(N)=g'(t+N\).

By the theorem of existence and uniqueness of solutions,® we have for the ordinary differential
system (35) that

VzeT®:,NeR, <pl(t+)\,z)=(pl()\,sz), (40)
which, using (36) and (39), can be written as
VzeTR, Tpe ja(z)=jz TX(2), (41)

which proves the proposition.
Now recalling the 1-to-1 map j:I'—=T% introduced at the end of Sec. IIl, we find that the
product

J=Je® jr (42)

is a 1-to-1 map from I'? into I'Z, and from (41) and (34) we also have
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Vzel®  jo T®(z)=TE0 j(2). (43)

Moreover, the following diagram is commutative

NG d s
Pl aed
TtR T: TtE
JR JE
r
‘" .
r'# re
J

As a consequence of this commutativity, the infinitesimal generators of the various time
evolutions, T, T, and T%, are related by the respective Jacobian mappings.

(=1
At every given z=(q',¢’,..., :1’ ) eI the infinitesimal generator'® of TR is the vector Xf
tangent to the orbit {Tf(Z);t e R} at 1=0. According to (38) and (35), we have that

] d =1 g -1 @

Xf=g'— +¢— +..+ ¢ ! +&(qyr q ) , (44)
dq aq (r=2) (r—=1)

3 q' d q

/4

which acts on functions defined on I'%.
Similarly, the infinitesimal generator of T at q' el is

5
X,= fRdx q ,mm, (45)

which acts on functional defined on I.
Finally the generator of TZ at (Q,P)eI'? is

S 1)
E  _ Y] : —_—
X(Qv")_fxd)‘ [Q (z,)\)———,——SQ 78S +Pf(t’)‘)5Pj(t,7\) ) (46)

with Q! and P ; given by the Hamilton Egs. (20) and (21).
As a consequence of (41), (34), and (42) we have respectively that
X, =djr(XF); Vzel¥,
XEqu=djE(Xq); VQEF, (47)
X}, =dj(XE); VzeT*k
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V. HAMILTONIAN FORMALISM

The generator of time evolution, X%, on T'Z is defined by the Hamilton Eqs. (20), (21). We can
write the latter in more compact a fashion as the Hamiltonian vector field associated to the
Hamilton function Hp, by a symplectic form.'®

The latter is the nonsingular, closed differential two-form on I'®

QF= fRd)\ 5P(0,M)ASQH0,\) e AXTE), 48)

Notice that two distinct symbols for differential occur in (48), in order to distinguish 4\ from
8Q and 8P, the differential of the integration parameter N and the functional differentials of
dynamical variables, respectively.

The Hamilton Egs. (20), (21) can then be expressed as

i(XEYQE=—-6H) . (49)
The pull back mapping® corresponding to j:T'®—TF is
dj: A (TE)—AXTF),
which enables us to define a differential 2-form Yz e I'%
0F=dj(Q3}). (50)

Now, since Q2% is closed and the pull back commutes with the exterior derivative,?® QX is also
closed. However, F may be singular and hence it need not be symplectic. It is then said to be
presymplectic.

Due to the properties of the pull back mapping dj,”° we have that Vz e T'®

(XD QR =i(XF)(dj05) = djli(djXF)(QE) 1=
djli(X5)Q51=dj(— 6Hp);,= — 8(j*Hp),»

where (47) and (49) have been used.
Then, writing

HR=j*Hp=Hpe j, (51)
we arrive at
i(XRQOFR=— sHR, (52)
that is, X® is a Hamiltonian vector field on I'® associated to the Hamiltonian function H® by the
presymplectic form QF.
If QR is nonsingular, it enables us to set up a Poisson bracket formalism for the generator

XR i.e., the reduced system ( 35). This we shall see in the next section.
An explicit expression for O can be obtained by substituting g’(\) for ¢'(\,z) in (31)

PUON;Z)= f do x(\ o) E(— o \ile]) (53)

and in (48)
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SE(—o,M[e]) .
Qf= f d)\f daf dp x(\,0) ——8———— o) 8t (p,2) N8P (\,2) (54)
with
x(\,0)= 3(sign(o)+sign(\))
and

. (r—1)
z=(q".¢’,..., ¢ ).

Moreover, replacing (31) in (19), we obtain an explicit expression for the Hamiltonian

r r
H*=| dxj do x(\,0) Ej(—o.M[e])@(M,2) ~ L[ e(N,2)]). (55)

VI. APPLICATIONS

In the first and second cases here considered, the phase space I' has finitely many dimensions
and I'®=T" can be taken.

A. Local Lagrangians

Let us consider a local Lagrangian, depending on the coordinates ¢g* and their derivatives up
to the nth order, all the same instant ¢:

L()=L@*(1),d5(2),.... %)), . orv=1,...m. (56)

In this case

E (t't;[qD)=2

G (57)
r=0 (’)n
9q (1)
and the Euler-Lagrange Egs. (5) read
d | éL
Balt[q])= 2 (-1)y— | —| =0. (58)
r=0 di (f)a
9q (1)
If L is nonsingular, that is,
L
det] — #0 (59)
(n) (n)
B
aq aaq a,f=1,....m

(2n)
then Eqs (58) can be solved for the derivatives qn “ and for every set of initial data
—-1)
(to,q"‘, . ¥), there is one solution £*(t) such that
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&1L =0

and

d ¢%(r )
—% =q%r=0,1,....2n—1,a=1,...,m.

Therefore the phase space, I', of all solutions of (58) can be coordinated by

y: (2n-1) . R
q%,49",..., q, q"), andrdlm T'=2nXm.

The momenta and the presymplectic form (% can be thus calculated substituting (57) into
(53) so obtaining

-1
Isi<r=n d\’ aqa

PON)= 3 <—1>’“(')5“-”(x)dr—l (i)
a ’ l T 3
)

which, using well known properties of the &function can be also written as

n—1

Po(ON)= 2 poy SF(—1), (60)
k=0
with
n—k—1 dl aL
Pu= 2 (—1)!— [ ———]|, (61)
=0 dt (I+k+1)
3 9q°

namely, the Ostrogradski'® transformation which, by (59), is nondegenerate and hence a true
transformation of coordinates.
Furthermore, using (60) in the Hamiltonian (51) we obtain

n—1

(k+1) ) (n)
HR:E 2 Par 4 a“‘L(‘Ia(Is---,Q) (62)

a k=0 '

and the presymplectic form
n—1 ®
Q=2 2 spa/N6q", (63)
a k=0

which is obviously nonsingular. These are respectively the same Hamiltonian function and sym-
plectic form we should have obtained by applying the Ostrogradski transformation to the ath order
Lagrangian system (56).

B. Nonlocal (derived) Lagrangians

As an illustration of a nonlocal Lagrangian whose phase space I has finitely many dimensions
we shall consider

1 1 /
L= 53%0)= 300+ 5 (0] dr'q(s)e =", (64
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which, according to the classification in Ref. 4 belongs to the class of derived Lagrangians.
Indeed,

G(t,t')= eIl

is the Green’s function for the singular boundary value problem y —y=0, with y(¢) bounded for
|t| =0, and in the notation of Ref. 4 we should write

i; q(t)fndt’q(t’)e"""’= %q(t)(DL 1)7q

The functional derivative (4) yields

E(ty[g) =d(0 80— 1) =g () 8(—1)+ §

5(t_tl)fRdt'q(tl)e—lt—t’|+q(t)e—lt—t”]

(65)
and the Euler-Lagrange Egs. (5) are
fla)=—d(-a()+ £ [ dna(n) 1= (66)
To find the general solution we use that
32G(t,1))—G(t,t;)=—8(1—1y), (67)
and substitute it into Eq. (66) to obtain
g —(1-g)g=0,
whose general solution is
4
q(t)=2 Ag e, (68)
a=1
where wi=1-g, if g#1, or
3
q(1)=2 A, 1%, (69)

a=0
ifg=1.
Now, since the integral in the Euler-Lagrange Eqs. (66) must be convergent, we can only

consider the case |Re(wa)|<1 For a wide range of values of g, the phase space I" can be coordi-

nated with (¢,4,4, q) and dim '=4.
Then, using Egs. (29), (48), and (65), we arrive at the presymplectic form

OR=54/\6q+gSM/\SN. (70)

Moreover, from (51) and (29), the Hamiltonian is
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-2 2
R 4 8 v e L8
H + 5 (MN-NM)+ > = 5

) (M+N)q (71)

with
M(z)=f d\ e *q(t—\)  and N(r)=f d\ e rq(t+\) .
0 0
Now, using (68) into these integrals, we obtain
1 L. ® 1 )
M= gt(q—q”rq* q) and N= E(q+q+q+ q).

That substituted in (70) and (71) leads to
QR=8p/\6q+ 6u/\ bx,

HR= Yp*+g*+m?—x2—2gqm), (72)

where

. i @
p=q¢, w=g YG+q), and x=g Y% (4+q). (73)

We could have arrived at the same result by recognizing that the nonlocal Lagrangian (64)
might be derived* from the local first-order Lagrangian:
Lo= §§*+i*— g’ +x>+2gqx), (74)

on replacement of x(¢#) and x(¢) by

x(t)=\/EfRdt1 G(1,1,) g(11)

obtained by formally solving for x the Euler-Lagrange equations derived from Ly with the bound-
ary conditions:

x(t) bounded for |¢|—.

C. Perturbative expansions

So far we have considered Lagrangians whose phase space I" has finitely many dimensions.
Hence, an ordinary differential system that is equivalent to the Euler equations can be easily found
and it itself acts as the reduction of finite order used in the methods developed in Secs. IV and V.

It often happens that the Lagrangian can be written as a sum

L=Lot+g-Ly,

where the first term is local and the second one is nonlocal and comes multiplied by a “coupling
constant”, g.

Then, although the solutions of the Euler-Lagrange Eqgs. (5) cannot usually be parametrized by
a finite set of initial data, we can always find a reduction of finite order for them, which corre-
sponds to the pertubative solutions {namely, those that can be written as a series of powers of g).2
The reduced phase space T'® then has as many dimensions as the phase space for L.
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The situation is pretty similar to what happens in singular perturbation problems,?? where
taking some parameter equal to zero dramatically changes the very nature of the problem. Here,
taking g=0 converts the nonlocal Lagrangian into a local one, and the Euler—Lagrange equations
become an ordinary differential system. Nevertheless, in the limit g—0, a solution of the latter
equations for L does not generally converge to a solution of those equations for L.

Let us thus consider, for instance, the Lagrangian

L(1)=Lo(q(1),q(1))+g Li(t;[q]), (75)

where

1 -2 2 2

5(4" ~wiq") (76)
is a local, nonsingular, first order Lagrangian, and

1 , .
L= 3—,J dNy dNy dNs Kijp(t—Np,0=Ng,t=X3) ¢/ (A )g/(Ny)gk(N3) (77)

and g is a coupling constant. We shall also assume that the kernel in (77) is symmetric, that is, for
all permutations e S,

Kijk()‘l1)\2’)\3)=Ka'iaja'k()\a'l1>‘a-2 v)\o-3)' (78)
For further calculations it will be useful to have

SL .
Et,t";[q])= 5;% =4'8(t—t")~ wipg's(1—1")

4 . ,
+ Ef dhy dhgy Kij(t=Xpt=Ng,t—1") ¢'(N) g/ (). (79)
The Euler-Lagrange Egs. (5) are thus
" g ; ;
ql(l‘)"'w(zz)ql(f)“ Ef dNjdNydN3K (A3 — A A3 =X, A3—1)g' (M )g’(A)=0,  (80)

which are of integral-differential type and the problem of initial data is usually not well defined
(i.e., there is no theorem of existenqe ar_xd uniqueness of solutions).
For a given set of initial data (g4 ,4%), a pertubative solution of (80) for these data is a power

series
Dl(1,2;8)= 2 8"®{,(1.2) (81)
n=0
such that:
@
d)fn)(oiz)=Q£)50n and atd)én)(o’z):q'g)ébn . (82)

(ii) The coefficients of the power series resulting from the replacement of g(t) by ®'(z,z;g) in
(80) all vanish. That is
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n=0 &+ wj®((1)=0, (83)
n=1 &, (L) +ef Pl (1,2)— 5 X | dhidhadhs, (84)
— m+r n—1
KN =N A=Ay A=) @0 (M,2) DY, (M ,2) =0. (85)

Now, (83) is a second order differential system on Cbéo) , and the initial data (82), determine a
unique solution

Blo)(1,2)=d!, el +al o, (86)

with
N
ar= 5190+ - 40 (87)

Furthermore, every equation in the hierarchy (85), n=1, can be solved once the solutions
CI)fm ,(1,2) are known for all m<n. Indeed, for n=1, the Eq. (85) plus the initial data (82) yields,
after a short manipulation,

d)fl)(t,z)= 2 Mflfagag, (88)
AB=+,—
with
ljl(t)_ —_‘f dt’ sin Cl)[(f"l‘ )f d)\ d)\z d)\3 U[(X:}, )\1,)\3 )\,2,X3—1‘) e’(Aw)‘l+Bw iha)
(89)

and so on for higher order coefficients <I)(,, (t,2).

So far we have proven that the initial data z= (qo ,qo) determine a unique perturbative solu-
tion of (79). Hence, we can consider the reduced phase space I'"={z=(q},4})} and the 1 to 1
map

jR :FR—')I‘,

z—®l(1,2;8). (90)

Applying the methods developed in Secs. IV and V, i.e., Egs. (54) and (55), we then arrive at
the presymplectic form

SE{(—11,12;[®'])
8g"(13)

QR(Z)=fR3df1 dty dty x(t),t3) 6D*(13,2;8) NP (15,2;8) 91)

and the Hamiltonian
H= N do x(0,0) E(~o M (9] $zg)- L), ©2)

where the kernel in (90) is obtained as the functional derivative of (80)
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‘6%22;5—(1)]) = 5ki{5(f1_f3)5(f1_fz)"‘w(zi)fs(’l*fz)a(l‘l_ts)}

+gf dejki(ll_)\,tl—t:;,tl_[z) CD’()\,z,g).

Now, taking the perturbative character of @' into account, QR and H® also admit perturbative
expansions

QfR=7 g"an) and HR=, g”an). (93)

n=0 n=0

The first and second terms in these expansions can be readily calculated substituting (86) into

2]
n
08,=2 84/\oqp, (94)
=1
Qf,= 2 M€ a sah/\dag (95)
(1) ijk Qs oap/\odc,
ABC=%x
o1
Hfg=2 ~(46+wlqs), (96)
=1 2
ijk . .
Hy= 2 —5—SiC ay dyag, ©7)
ABC=%*
with
1 ~
ABC _ A — Ay, — i ) .
Sijk - Aw,»+Bwj+ka Kuk( Awu Bwl’Awl+Bwj) (98)
and

Izijk(wl,wz,w3)=f d)\l d)\z dh:; K,»jk(Kl,)\z,)\3) ei(wl)\1+w2)\2+w3)\3)' (99)

Furthermore, the change of variables (86) enables us to rewrite QF in terms of the variables
9, ¢’

Now, the matrix of QF is the matrix of the elementary Lagrange brackets, whose inverse is the
matrix of the elementary Poisson brackets. Hence, after a little algebra we arrive at
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BC_ GACB
(STieC—Si5) +0(g),

l\)| —

—-g
{¢/.q"}= 2 — q’—#q’)
4 ABc @jWk @)

. A \1
{¢/.d"}= 8 E ( ——%q’)i(sﬁ-‘,fc Si5%) +0(g?),
ABC

o g iA
{¢hd'= 72 (q ~ o d )—(S?,ic St )+ 0(g?),
ABC

which, with a little more calculation can be seen to coincide with Eq. (3.83b) in Ref. 4.
Although it might seem at first that our methods require the previous knowledge of the
solution ®' to set up the Hamiltonian formalism, this is not the case. Notice that to determine
Qf,,) and an) for n=1 we only need (I)fm), m<n, and n=0 is the local case.
The methods developed in this section can also be applied to systems with infinitely many
degrees of freedom, i.e., field theories.

We can consider, for instance, the Lagrangian

L(t)=f d’x F(t,x;[ $])

with Lagrangian density

1 1 g -
— 7budt- §m2¢2+ 37 ¢, (100)
where
- ieam’ n 2
= ey [ dty ettag(y =@y, (101)

which is relevant in string field theory.*
The symplectic form we obtain is

Of=0f+g OF+0(g?), Q§=J d*pd@(p,H) \Sp(p.t), (102)

Of=2m)~ 3 BPpdp’ 2 S*EC(p,p')as(p,t) Sag(p’ ;) \Sac(p+p',1), (103)
A,B,C==*

and the Hamiltonian

HR=H{+g H{+0(g?)
& [ s 1. . 1 ) )
HO_ d | Y 5¢(PJ)¢(‘PJ)+ E(p +m ) ¢(pvt)¢(_p’t) s (104)

IC(D '
H‘f=(2w)'3’2f d’p d’p’ X —2”—“’S"BC(p,p’)aA(p,t)aB(p',t)ac(p+p’,t),
ABC==
(105)
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where
2 2
iea(mp+p,—(Awp+BwP') )
ABC 1Y — /
SR )= B T Cayry (106)
and
w,= \/pi+m2 .
As before, the elementary Poisson brackets are
g(2’77)_3/2
{¢(p).d(p)}= ————
2wp_p,
e~ ax®p.p") e—axp’.p)
XE 9’—7——¢p —pit)=— 90——-5——¢(p p'.t)
Bw,x*(p,p’) Bw, k°(p’,p)
(107)

with
+ 2
K_(p’p,)=(wp—p’iwp)2—wp' .

In order to compare with the results given in Ref. 4 we can consider the same system in terms
of light cone coordinates (x*,x”,x!,x?), with

+

7— (x+x3).
The zeroth order perturbative equation is then
2ip* (x*,~p—p*)~(p*+m?) p(x*,—p,—pT)=0. (108)

Taking x* as evolution parameters, p=(p',p?) and p*=1/y2 (p'+p>) as canonical mo-
menta, and defining w, = (p2+m2)/2p+, we arrive at the symplectic form

Q§=f dp* d’p —ip* 84(x*,~p,~p*)NEH(x*,p.p*), (109)

Qf=_i(27r)—3/2f dp+ d2p dp'+ d2pl dp"+ d2p" 5(p++pr++pn+) 52(p+pl+p”)

XS(p,p',p") d(x*,p'.p'*) S(x*,p " INES(x* pp*), (110)

and the Hamiltonian

1
R=f dp* d’p -2-(p2+m2)¢(x+,—p,~p+)¢(x+,p,p+), (111)
R (277)_3/2 + 32 1+ 2.0 n+ g2 " + ’+ "+ 2 ' "
Hy= ————| dp” d°pdp’” d°p’ dp"" d"p &(p”+p'"+p ) &“(p+p'+p)
Xw, S(p,p",p") (x*.pp*) S(x*.p'.p’ )d(x*,p "), (112)
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with

S(p pr p")=e3am2e—2a(wp+wpr+wp”)p+ga 1
e wp + Wyt + COp"

and the elementary Poisson brackets

i

2p+

{$(x*.p),d(x".p")}= S(pT+p' ") p+p’)

+g(27r)”3’2f dp"* % 8(p*+p'*+p"") S(ptp +p)

H N
XA(p,p'.p") $(x*,—p .~ p""), (113)
where
" ie?:amz + PR
Apop" )= i €720 o e g2yt oy e W e,

which writing a= 1/m? yields the same result as given in Eq. (3.104) in Ref. 4.

VIl. CONCLUSION AND OUTL.OOK

The construction of a Hamiltonian formalism for nonlocal Lagrangian systems has been
accomplished in two steps. The first consisted in establishing a presymplectic formalism on the
phase space of the nonlocal Lagrangian system. This is not yet a Hamiltonian formalism, because
we are not able to prove, for the general case, that the presymplectic form so obtained is actually
symplectic (i.e., regular), thus having an associated Poisson bracket structure. The main difficulty
in proving this comes from the fact that a minimal set of independent data (either finite or infinite)
parametrizing each solution of the Euler-Lagrange equations is not well determined in general.

The second step consisted in restricting ourselves to systems whose phase space has finitely
many dimensions, either by itself (e.g., local Lagrangians) or by what is called order reduction.
We have seen how local, regular Lagrangians can be included in our framework, and proven that
our methods yield the well known Hamiltonian formalism that is obtained in the standard ways.

We have also considered the case of nonlocal “derived” Lagrangians, whose phase space also
has finitely many dimensions. In this case our method is simpler to apply and clearly less artificial
than the approaches based on Lagrangians that depend on the derivatives of any order.

Genuine nonlocal Lagrangians are not so easy to deal with. However, most nonlocal
Lagrangians occurring in theoretical physics can be written as: L=Lq+ gL; where L, corresponds
to the free part and is a local first order Lagrangian, and all the nonlocal contribution comes from
L,. The Euler-Lagrange equations for L are of functional differential type, and the phase space
has infinitely many dimensions. It might be, however, that resorting to physical reasons, only
perturbative solutions, namely, solutions that admit a formal expansion in powers of g, were
interesting from a physical viewpoint. We have shown, with two examples, that the space of
perturbative solutions can be parametrized by a finite number of coordinates (actually, in the same
number as the nonperturbed system, Ly. We have also seen (Sec. VI C) that, if L, is regular, the
presymplectic structure defined in the first part of the work, when restricted to the phase subspace
of perturbative solutions, yields a symplectic structure and a Poisson bracket formalism.

There are two points concerning the power of tools here developed that are worth stressing.
First, the process of construction of presymplectic formalism is thoroughly independent of any
perturbative expansion, unlike the case in other previous attempts. And second, we have advanced
a set of formulas, namely, (54) and (55). The application of these formulas to any given nonlocal
Lagrangian only requires integration of the nonperturbed system [Eq. (83)], the integration of a
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linear ordinary differential system [Eq. (85)], and the calculation of some integrals. Although these
operations can be sometimes cumbersome, they merely involve mechanical manipulations.

Not surprisingly, it usually happens that the final elementary Poisson brackets {g;, ¢;} do not
vanish, but are first order with respect to g (this is a familiar result in the relativistic theory of
direct interaction, where the no interaction theorems apply).?! Hence, the coordinates of the
original configuration space are not canonical coordinates. One way of continuing the present
work would be the determination of possible canonical coordinates and momenta, and the subse-
quent canonical quantjzation.
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APPENDIX: PROOF OF SUMMABILITY CONDITIONS

We shall now show that the first and second terms on the right hand side of Eq. (28) fulfill the
summability conditions (22), provided that £/ is a solution of the Euler-Lagrange Egs. (4).
For the first term we must prove that

fzf;d)\ do x(\,0) E(t—o,t+X;[q]) (M) <o A1)

for any slowly increasing [see condition (9)] continuous function @(X).
Defining Z;={\>0 ,0>0}; ¥,;={A<0, o<0} we can write

Iﬂis(fyfﬁn,,)|Ez(r—<f.t+>~;[q])l le(M)] (A2)

and, since &, transforms with &; upon replacement of (\,c) by (—\,— o), it will be enough to
prove the convergence of the integral over &;. (The proof for &, is quite similar.)
According to (7), there exists L, >0 such that

1
|E,(f—0',t+>\)’ < m‘

whenever A+ o=L,.
Hence, the integral over % in (115) has the upper bound

f sf d\ do |E(t—o,t+))[ |e(N)]
Yy JA>0;0>0 A+osL

P(A+0o)

W4T N )

+f VL=L,, (A3)
A>0; >0 A +o>L

where ®() is the increasing, continuous, positive function defined by
d(N)y=max{|p(\")|;0=<\'=\}.

It is immediate to see that the condition (9) also holds replacing |@()\)| by ®()\). Hence,
there exists L,>0 such that

DN)<NA)-A"%  (a>2) (A4)
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whenever A>L2.
And using (A4) in (A3), we find that

f gfx>o;a>od)\ do |E(t— 0,1+ )\)] |<P()\){+f>\>o;o>od7\ do (\+0)"*L=max{L,,L,}
@y AtosL Ato>L
(A5)

or
j sfpo; a>od)xda|E(t—-a’,t+)\)H(p()\)|+j dup=et! (A6)
) L

Ato<L

and both terms in the right hand side converge for a>2. Hence, [ o <+
Since Z;; converts into &; upon replacement of (\,c) by (—\,—0o), we can similarly prove
that [, <+c°.
Hence || ZI<[ gy, +/g,<+. QED.
As for the second term in Eq. (28), we must prove that

f d\ Ki(t+ M) (M) <o .
But this follows immediately from the facts that
j dN Ki(Mo(h—1),

that the slow growth condition (9) holds for ¢(A—1) provided that it does for ¢(\), and that
K (\) itself meets the summability condition (10).
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