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A Parker interplanetary magnetic field

In the ecliptic plane, the Parker interplanetary magnetic field can be expressed in polar coor-
dinates, B= (B, Bp), by

B, = &{%f (A1)
By = -B, (%) r

where Q is the sidereal solar rotation rate, u is the solar wind speed, ry is the radius at which
the field is completely frozen into the solar wind, and By = B(ry). This radius is greater
than the conventional *source surface’ where it is assumed that B is purely radial. Thus the
azimuthal component decreases with 1/r while the radial component decreases as 1/r%. The
sign of B, determines the polarity.

The field strength of §, B= |§|, decreases with r as

72

mm:Bdéf 1+ (A.2)

a2

where a = u/€Q. The angle ¢ between the magnetic field direction and the radius vector from

secy(r) = /1 + ;—Z (A.3)

the Sun is given by

i.e. tany = rQ/u. Thus

dz = secyr dr (A4)

An important propagation parameter is the focusing length, L, given by the parallel scale

length of the fractional variation of the field,

272
1 _léﬁ_(%) 2+r/a (A5)

L~ Bdz \r](+r/a)n
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A PARKER INTERPLANETARY MAGNETIC FIELD

Thus L =~ r/2 for r?/a* < 1 but L ~ r*/a for r*/a* > 1.

A.1 Length of a field line

The length of a field line is the integral of the differential distance dz. A simple formula for

the length of the field line is obtained by transforming the variable of integration

L ginhe — /1 + r_2 = coshe (A.6)
a a
and d
ar = coshe de (A7)
a

Making use of Equation (A.7) to express Equation (A.4) in an integral form, we obtain

dr [~ P !
E = f_r 1+ r_2 = fCOShZSdS = — f(l + cosh 28) de (A8)
a a a 2

where we have used the identity sinh 2u = 2 sinh u cosh u. Integrating,

1
2 =5 (¢ +sinhecoshe) + C (A.9)

where C is the integration constant. Since € — 0 and z — 0 as r/a — 0, we can set the
constant of integration to 0 and define the length of the field line "from the center of the Sun"
(r=20)as

2
P P LAy (A.10)
2 a a a?

From the identity £ = In(cosh € + sinh €), we can also write

sinh™! (f) —In (A1)

a

Therefore the general expression for the distance along the field line from the center of the

Sun is given by

(A.12)

Note that at small distances, r>/a> < 1, z ~ r, whereas in the limit 7*/a* > 1, we have
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z ~ r?/2a. We noted above that for r*/a*> < 1, the scale distance of the field is given by

L =~ r/2; thus L ~ z/2. For large distances, however, L ~ r*/a which implies that L =~ 2z.

A.2 Particle transverse kinetic energy change

In collisionless plasmas, the first adiabatic invariant, I' = pi /2B, remains constant in a slowly
varying magnetic field. Thus, if the particle speed remains constant, the quantity sin® a/B is
also constant; here « is the pitch-angle of the particle, i.e. the angle between the particle
velocity and the magnetic field vector. Then, (1 — u?)/B is the invariant of the motion, where
u = cos a. Thus, if the particle is initially at position r = ry with pitch-angle cosine u = py, it

will reach position r with pitch-angle cosine

B
u(r) = + \/ 1 B((:]))(l — ). (A.13)

Taking Equation (A.2) and substituting, we obtain

(A.14)

2
mn:il—u—%%%yﬂifﬁi
1+ r}/a?

The sign of u(r) is the same as that of yg, unless uy < 0 and the particle has mirrored at

rm <T.

A.3 Transit time along the field line

The differential distance along the particle’s full trajectory, ds, can be expressed as a function

of the differential distance along the field line by

1
ds = —dz (A.15)
u

or as a function of the differential time ds = v dt. Taking Equation (A.4) and substituting in

dz 1+ r*a

g L _N+rja
K Jz

for a particular choice of sign of the pitch-angle cosine. Then, substituting Equation (A.14)

Equation (A.15), we have
(A.16)

and integrating we obtain (E. Roelof; 2003, private communication)
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s T, 1+k . .
ST o) LK o coshe + 2k VT 3 R sinhe + %(1 +31%) (A.17)
a
where
xX2(1 — 2
ok = LK) e = 1O (A.18)
A1 +x§ a
and

1+7r2/a®>-k+ \/rz/az—Zk 1 +r2/a?
t=1In (A.19)
VI + k2

Thus, the trajectory path length As(r, u; ro, o) between the initial position, ry, (where the
particle has pitch-angle cosine p) and r is given by

AS(”,,U; rO’IJO) = |S(r7/~l; rO’/’lO) - S(rO’/’lO; l"(),/.l())l (AZO)
if r > r,, and the time elapsed in the propagation is

As(r, p; 1o, o)
v

AL(r, p15 1o, o) = (A.21)

A.4 Mirror point position

The mirror point position of a particle travelling along the magnetic field line with initial
position ry and pitch-angle cosine pg (1o < 0), is given by (E. Roelof; 2003, private commu-

nication)

N ey (A22)
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