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1. Introduction

The propagation of the non-paraxial electromagnetic beams has been extensively investigated
in the last decade.™’ In fact, non-paraxial fields have revealed to be very useful in Optics, as
occurs, for examg)le, in high-resolution microscopy, particle trapping, high-density recording
and tomography.** At the waist plane, the transverse size of such strongly-focused beams is
smaller than the wavelength. Usually, the field amplitude is evaluated far enough from the
waist in order to neglect the contribution of the evanescent waves. However, this kind of
waves can be of considerable interest because of the possibility of subwavelength resolution,
beyond the diffraction limit.

In the present paper, atention is focused on two main subjects, namely, to get exact
solutions (without approximation) of the Maxwell equations behaving as highly non-paraxial
beams, and to investigate the analytical structure and the field magnitude and polarization
features of the associated evanescent-field distributions.

In the literature, different vectorial formulations of non-paraxial beams have been explored
(for example, in terms of the Hertz vectors, ***? or by using the complex-source-point
mode'®). Among them, several kind of representations of an electromagnetic beam based on
its angular plane-wave spectrum have been reported in recent years.*319%#%262" g ch kind of
decomposition is particularly useful because it enables to separate the contribution of the
propagating and evanescent waves #9%2% (gso called homogeneous and inhomogeneous
parts of the spectrum %%). When the contribution of the evanescent waves is negligible, it has
been shown %% that the electric field solution can be written as the sum of two terms: one
of them is transverse to the propagation direction; another one exhibits a non-zero longitudinal
component and its associated magnetic field is also transverse. This analytical structure differs
from alternative proposals also based on the angular spectrum (see, for example, Ref. 26). In
the present work we will extend this TE- and TM-decompoasition to include the evanescent
part of the plane-wave representation.

Accordingly, the paper is arranged as follows. In the next section, the formalism and the
key definitions to be used in the rest of the paper are introduced. In Section 3 the electric field
solution proposed in Section 2 is decomposed into its propagating and evanescent parts. It will
be derived a general expression with separate contributions of TE, TM and evanescent terms.
In particular it will be shown the appearance of pure TE-solutions for the globa field
(including the evanescent wave). Both, the field magnitude and the polarization structure of
the evanescent field are computed in Section 4 for severa illustrative cases in which this kind
of waves are significant. The concept of closest field is considered, and the analytical
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difference between our procedure and other recently proposed solutions % is discussed in the
same section. Finally, the main conclusions are summarized in Section 5.

2. Formalism and key definitions

The propagation of a time-harmonic electromagnetic field in homogeneous isotropic mediais
described by means of the Maxwell equations

VxH +ikE =0, (La)
VXE —ikH =0, (Lb)
V.E=V.H =0, (L0)

where E and H represent the spatial structure of the electric and magnetic fields, respectively,
k = nalc is the wavenumber, n the refractive index of the medium, @ the angular frequency of
the radiation and ¢ the speed of light in vacuum. As is well known, the fields E and H can be
expressed in terms of their angular plane-wave spectrum,

E(X,Y, z):fE(u,v, z) explik(xu + yv)[dudv, )

and a similar expression for H. In Eq. (2) £ denotes the spatial Fourier transform of E (the
same would apply for H ). Although x, y and z should be considered, in principle, as
equivalent directions, for simplicity we will choose z as the direction of propagation of the
beam. Moreover, in the present paper we will be concerned with the values of the field at
planes transverse to this axis.

In terms of the angular spectrum, the Maxwell equations become

LxH +ikE =0 (3.8
LxE —ikH =0, (3.)
L-E=L-H =0, (3.0)

where L = (iku, ikv, d /0z). Instead of using Cartesian coordinates, for the sake of convenience
we will next handle cylindrical coordinates R, € and z, along with polar coordinates, p and ¢
for the transverse Fourier-transform variables u, v. Thus we have

x=Rcosf y=Rsind (4.9)
U=pCoS¢p V=pSingo. (4.b)

Taking this into account, a general solution of Egs. (3) can formally be written as follows

E(p.0,2) = Eo(p.0) exp(ikzs) (5)
with the relations
EOXO'X + Iéoyay + EOZUZ =0, (6)
and
H (p,6,2) = (0 X Eo) exp(ikzs) (7)
where
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E=\1-p* p<l, (8.9)

E=iyp’—=1 p>1, (8.b)

and 6= (0,,0,,0,) =(pCosg,psing,{) . It is clear from Eq. (8.b) that the third
component of o would be, in general, a complex number whose physical meaning will be
apparent later. Note also that condition (6) is a direct consequence of the Maxwell equation
V-E=0.

Now, based on the plane-wave spectrum given by Eq. (5), we finally express the electric
field solution of the Maxwell equationsin the form

oo 27

E(RO,2) = [ [ Eqo(p.0)explikpReos(t— )]exp(ikzs) pdpde, ()

whereE,, should fulfill condition (6).

3. Field decomposition into propagating and evanescent waves

To go further into the analysis of this general solution, let us write the field E(R, 8, 2),
given by Eg. (9), asthe sum of two terms

E(R.6,2)= E(R6,2) +Eg/(R.6,2), (10)

where

E,(RO.D= [ [ E(p.0)explikpRoos(t—o)]explike)pdpds, (119

< 27

E.(R0,2)= [ [ Eq(p.0)explikpReos(t - ¢)|exp(ikzt)pdpde.  (11.b)

It is well known that the term E, should be understood as a superposition of plane waves
propagating in the directions specified by p and ¢. Some authors % refer to this term as the
homogeneous part of the angular spectrum. The field E, would then represent the
contribution of the propagating (homogeneous) waves. The second term, Ee, should be
considered as a superposition of inhomogeneous waves that decay at different rates in the z-
direction. In other words, this term accounts for the contribution of the evanescent field. As
we pointed out in the Introduction, our present interest is focused on those cases in which the
evanescent part of the exact solution is significant enough (as we will see in the examples
shown in Section 4, this would occur in the highly non-paraxial case at the neighbourhood of
theinitial planez = 0).

To handle this problem we will next extend the formalism used in previous papers,
and write thefield E (R, 0, z) , given by Eqg. (10), in the alternative equivalent form

13,19,25
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E(RO.2= [ [ a(p.o)e@)epliks1)pdpdo

[ [ blpdre,(pdyexplics-n)pdode (12

o 27

+[ [ [alp.0)e,(9) + b, (p,0)e, (p.0) | expliks,, 1) ]pd pdes

where
e = (sing,—cosg,0) (13.3)
e, = (y1—p*c0sp,/1— p*sing,—p) (13)
and
S(p,9) = (pCOng), pPSINQ, 41— pz) ,withp €[0,] (13.0)
denote atriad of mutually orthogonal unitary vectors, and
e = (i(* ~120086,i(p" ~1) Zsing, ) (149
J2p° -1
S = (00086, pSiNG,i(p? —1)’2) , with p € 1,00, (14.1)

are formally vectors with complex components. In Eq. (12), s indicates the propagation
direction of each plane wave associated toE,. Note that the vectors s and E, are connected
through the Maxwell’s divergence equation (condition (6)) in the interval p € [0,1]. The
vectors e; and e, can be considered as reference axes with respect to which the components of
E, can be given.

Concerning the evanescent term, the structure of s,, (see Eq. (14.b) assures the fulfilment
of condition (6) whenp c {1 oo} In addition, for this range of values of p, vectors e; and e,

constitute now the two-dimensional reference basis. It should be noted that the choice of the
above reference vectors, namely, e;, & and e, characterizes the formalism handled in the
present paper. A final remark should be added with regard to the notation used to define the
inner product: In the present paper, a -b should be understood asa,b, +a,bj +a,b; , where

* means conjugation.

Going back to Eq. (12), we see that the functions a(p, ¢), b(p, @) and be(p, @) contain the
complete information about the Fourier-transform spectrum of the global field (cf. Eg. (5)): In
fact, these functions can be inferred from g as follows

a(p.¢) =E, e, , (15.8)
b(p,4) = Ey-6,, (15b)
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b, (p.¢) =E,-€, (15.0

As is known in the literature,"***? the first term that appears in the right-hand side of Eq.
(12) represents a superposition of plane waves that generate a pure transverse field, Exg,
without longitudinal component (E,=0). The second term, Eqy, gives * an electric field
(perpendicular to E+¢ at the far field) whose associated magnetic field, Hy, is also orthogonal
to the propagation axis z. This structure of the propagating field essentially follows our
particular choice of the orthogonal reference axes, e;, & and s. In the present work the novelty
arises from the third term, which contains the evanescent part, understood as a superposition
of inhomogeneous waves whose constant phase surfaces are planes orthogonal to the
transverse (non-unitary) vector s, namely,

$ = (pcosg, psing,0), (16)

and whose constant-amplitude planes are perpendicular to the z-axis. We thus see that the
formal structure of the evanescent part of our solution is similar to that of the propagating
field, aresult not previously reported for this type of waves to our knowledge. Furthermore, it
follows at once from Egs. (15) that the global solution (12) (propagating + evanescent terms)
behaves as a pure transverse field if and only if functions b(p, @) and be(p, ¢) vanish.

Before applying the above expressions to particular cases, it is interesting to remark
several advantages of Eq. (12): It provides a general exact solution of the Maxwell equations,
which is valid for both, paraxia and strongly-focused beams. Any particular field is then
defined by its angular spectrum EO at some initial plane. Furthermore, as we will see in the

next section, the field magnitude and polarization features of the transverse profile of any
vectoria beam can be computed in a direct way from Eq. (12). In particular, the third term of
this equation provides a simple but general procedure to obtain the evanescent field associated
to the exact solution given by Eqg. (9). In addition, the separate contribution of TE-, TM- and
evanescent parts of the electric field allows one to compare the weight of these terms (for
example, by comparing the respective sguare modulus, integrated throughout the beam
profile). Consequently, one can determine the ranges of the propagation distance and of the
beam size for which the evanescent waves are not negligible. It should also be noted that the

evanescent term involves the sum(E, -€,)e, -+ (E, - €, )€,, , which can be understood as the

projection vector EO onto the subspace generated by e; and e,,.. A similar interpretation led to

the concept of “closest” field to a given vector-field solution, introduced not long ago * for
the propagating term E,, of the general solution.

In the next section we will use Egs. (12), (14) and (15) to describe the evanescent structure
of the vectorial field closest (in the above algebraic sense) to a polarized Gaussian beam.

4. Numerical examples

It is well known that the widely used pure-transverse linearly-polarized Gaussian field does
not satisfy the condition V-E = 0, so it cannot represent an exact solution of the Maxwell
equations. In such amodel, the vector plane-wave spectrum is represented by the function

f(p,0)= Cexp(—ﬁ)(x 0,0), (17)

where C is a normalization constant, D = 1/kay is a constant proportional to the beam
divergence a the far field, and ap is the 1/e intensity beam radius of the Gaussian factor at the
near field. To derive an exact non-paraxial solution based on the paraxial Gaussian model, one
can follow alternative procedures. On the one hand (see, for example, Ref. 26), we may
consider that the x- and y-components of the field at the initial transverse plane z = 0 have a
Gaussian structure. The angular spectrum of each transverse component would then be
obtained by using the inverse Fourier transform. In addition, the plane-wave spectrum

#90265 - $15.00 USD  Received 29 Nov 2007; revised 10 Jan 2008; accepted 24 Jan 2008; published 15 Feb 2008
(C) 2008 OSA 3 March 2008/ Vol. 16, No. 5/ OPTICS EXPRESS 2850



associated to the longitudinal component E, is analytically inferred from Eqg. (6). The electric
field vector E(r) = (E, E,, E;) (including its evanescent part) would finally evolve in the z> 0
half-space according with well-known integral expressions.?® The transverse components of
this solution would therefore exhibit a Gaussian profile across the plane z = 0.

In the present work an aternative treatment is used: We start from the Gaussian spectrum

given by Eq. (17) and calculate the inner products f e, =a(p,9); f e, =b(p,¢); and
f.e, =h,(p,0). Weget

a(p,¢) =Csingexp(—p°/ D?), (18.9)

b(p, ) = Ccospy/1— p® exp(—p? I D?), (18.b)

'2 Ccoso(p” _1)% exp(—p°/ D). (18.c)

b, (0,9) :_ﬁ
07—

An exact field solution is then obtained after substitution of functions a, b and b, into Eq.
(12). This solution should be considered as the generalization (which now includes the
evanescent part) of the so-called “closest” field associated to the (paraxial) Gaussian model.
Note that our solution should be considered as the field closest (in an algebraic sense) to the
Gaussian model (in this connection, recall that functions a, b and b, give the projections of

f onto e, e and e, respectively). Note also that, although the above discussion has

considered the Gaussian case, it can immediately be extended to ageneral function f (p, ¢).

In the example we are studying, the terms Er¢ and Eqy, associated to the propagating
waves, were studied elsewhere:*'%%, It was shown that the transverse part (E,, E,) of the
propagating field closely resembles both, the profile irradiance and the polarization
distribution of a conventional (paraxial) Gaussian beam (of course, the presence of a
longitudinal z-component involves a conceptually important difference with regard to the
paraxial model). It should be pointed out that, for the beam size and the propagation distances
considered in those papers, the influence of the evanescent waves was negligible. In the
present paper, however, we are basically interested on the evanescent field (cf. Eq. 11.b)).
Accordingly, we have to choose parametric values for which the evanescent behaviour
becomes significant.

Figure 1 can help to clarify this point. In the figure we plot the ratio A=|l, - lo,|/lr fOr ap =
0.14 (highly non-paraxia case) at different distances zfrom theinitia planez= 0, where

1 27

o = [ [ 0. 0) +Io(p,0) Jpdpdo, (19

oc 27

o= [ [0 0+l (0.0 | exp(—2i@yp” ~Dpdpds. (190
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Fig. 1. Ratio 4 in terms of the propagation distance z for the field defined by Egs. (18), with a
=0.14 (highly non-paraxial case).

In other words, I, and |, compute the (integrated) squared modulus of the propagating
and evanescent fields, respectively. Thus the ratio A provides direct information about the
importance of the propagating-field solution: A ranges from zero (the field is purely
evanescent) to 1 (the evanescent term vanishes). For the field we are considering, the
evanescent waves are significant enough for propagation distances not longer than, say, A. Of
course, if the waist size ax increases, the relative weight of E, would drastically reduce, as it
should be expected. For example, when an = 0.24, the distance for noticeable evanescent
waves does not exceed 0.14.

Once we have determined the appropriated ranges for ay and z, we will show the
evanescent structure involved in the closest-field solution associated to a Gaussian beam.

Figures 2, 3 and 4 describe the transverse distributions of the squared modulus of the
electric field components of i) propagating waves (Fig. 2); ii) evanescent waves (Fig. 3); and
iii) global field (Fig. 4). In these figures we have chosen the values ay = 0.14 and z = 0.14
(recall that the angular spectrum is defined by Egs. (18)). In all the figures, abcises and
ordinates correspond to the conventional transverse Cartesian axes x and y, respectively. The
length of the side of each square frame is 8 A. Within such frames, the red colour has been
associated to the peak value. Furthermore, integration over the entire transverse plane has
been normalised to 1 in Fig. 4(d). The rest of the plots are then referred to this value. For
example, in Fig. 3(d) the integration gives the value 0.19. This means that the global
evanescent field contributes to the overall combined field (propagating + evanescent waves) in
a percentage of 19 % (and analogously for the other figures).

In addition, Fig. 2(a) shows that (|EX|2)pr is significant on a region whose transverse size
aong x is nearly A. This value reduces to 0.5 for (|E)e, in Fig. 3(a). Accordingly, it should
be expected that the size of the region over which is significant enough the squared modulus
of the x-component of the combined field would closely take the intermediate value =0.74, in
agreement with Fig. 4(a). A similar interpretation appliesfor the rest of the figures.

Finaly, from the comparison of Figs. 2 and 3, we see the qualitative agreement (a scale
factor apart) between the transverse spatial distribution of the propagating and evanescent
fields.

It should be noted that no approximation has been used to compute the electric-field
solution shown in the above figures. This is particularly remarkable in the case of the
evanescent field, usually neglected in the literature.
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For comparative purposes, let us also determine the closest field associated to a typical
circularly-polarized Gaussian beam. In such a case, instead of using Eq. (17), the vector

function f (p,¢) now reads

f(p,0)= Cexp<—§>(1i,0> , (20)

where ay and z take the same values as before. The characteristics of the associated closest-
field solution are reported in Figs. 5, 6 and 7. As expected, all the graphics (c) and (d) show
rotational symmetry. Note also the different spatial structure exhibited by the evanescent wave
with regard to the former case (see Figs. 3 and 6). It should aso be mentioned the similar
contributions (percentages) involved in the linear and circular cases, associated to the z-
components (figures (c)) and to the global waves (figures (d)).

© (d)

Fig. 2. Transverse distributions (pseudocolour) of the squared modulus of the propagating
waves for the field given by Egs. (18). In this figure, @ = 0.14 and the field magnitude is
computed after propagating a distance z = 0.14. Abcises and ordinates follow the conventional
Cartesian representation, namely, abcises are parallel to the lines of writing and ordinates are
orthogonal. (a) plot of (IEPw: (b) (IEPer () (EPw ; (d) (Ef + |EF + [EP)p. Integration
throughout the transverse plane gives the values (a) 0.69; (b) 0.035; (c) 0.085; (d) 0.81. These
val ues have been normalised with respect to that of Fig. 4.d (see below).
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© (d

Fig. 3. The same asin Fig. 2 but now referred to the evanescent waves: (a) plot of (|ExPev; (b)
(EyPevi (©) (EP)ev : () (Exf + [Eyf + [E)ev- Integration throughout the transverse plane gives
the values (a) 0.14; (b) 0.025; (c) 0.025; (d) 0.19.

#90265 - $15.00 USD  Received 29 Nov 2007; revised 10 Jan 2008; accepted 24 Jan 2008; published 15 Feb 2008
(C) 2008 OSA 3 March 2008/ Vol. 16, No.5/ OPTICS EXPRESS 2854



(© (d)

Fig. 4. Thesame asin Fig. 2 but now referred to the combined field (propagating + evanescent
waves): (a) plot of (Ex)peesi (0) (EP)peeri (©) (Ef)orew 5 () (Ef + [EF + [Efprren-
Integration throughout the transverse plane gives the values (a) 0.83; (b) 0.06; (c) 0.11; (d) 1.
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© (d

Fig. 5. The same as in Fig. 2 but now for the closest field associated to a circularly polarized
Gaussian beam (see Eq. (20)). Integration over the entire transverse plane has now been
normalised with respect to the value of Fig. 7.d (see below). () plot of (IExw; (0) (IEyPes (©)
(EPpr ; () (EL + [EF + [E)w- Integration throughout the transverse plane gives the values
(a) 0.362; (b) 0.362; (c) 0.085; (d) 0.81.
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© (d)

Fig. 6. The same asin Fig. 5 but now referred to the evanescent waves: (a) plot of (|ExP)ey; (b)
(IEyPevi (©) (EP)ev : () (Exf + [Eyf + [E)ev- Integration throughout the transverse plane gives
the values (a) 0.082; (b) 0.082; (c) 0.025; (d) 0.19.
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© (d

Fig. 7. Thesame asin Fig. 5 but now referred to the combined field (propagating + evanescent
waves): (&) plot of (Ed)pevi (0) (EP)pei (©) (EPdorev i (@) (Exf + [EF + [Esf)prren-
Integration throughout the transverse plane gives the values (a) 0.445; (b) 0.445; (c) 0.11; (d) 1.

5. Conclusions

Based on a certain choice of areference vectoria system, the evanescent field associated to a
kind of exact solutions of the Maxwell equations has been obtained in a simple way in terms
of the angular spectrum of the field. The analytical expressions allow to directly compute
(without introducing any approximation) both, the field magnitude and the polarization
features of the evanescent waves. Moreover, since the exact solution has been decomposed
into propagating and evanescent terms, the ranges of both, the beam size and the propagation
distances can be easily determined for which the evanescent field is significant. The above
general expressions have been applied to study the structure and the behaviour of the
evanescent waves associated to the so-called closest field associated to the polarized Gaussian
model. No confusion should arise between the evanescent field, obtained from Eq. (12) and
(18), and the evanescent wave discussed in Ref. 26 for a polarized Gaussian beam. In that
work, the angular spectrum representation was also considered, but a different treatment was
used. Finally, the characteristics observed in the numerical examples have revealed to strongly
depend on the type of polarization (linear or circular) of the Gaussian model.
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