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Introduction

The main subject of this thesis is the homology of the space of embedded com-
pact, connected, oriented surfaces in a manifold M. We first show that, under
some conditions, the homology groups of this space become stable with respect
to the surface genus. Then we show that a natural map from the space of em-
bedded surfaces to a space of sections over M is a homology equivalence in the
stable range. The methods used follow recent advances on cobordism theory
and the homology of diffeomorphism groups of surfaces, which we review in
the following sections.

Background

Cobordism and mapping spaces

It was Pontryagin who first realized a crucial relationship between spaces of
embedded submanifolds and spaces of maps into spheres. In 1938, he found
that the set of normally framed closed submanifolds of dimension k of a given
manifold M of dimension n up to normally framed cobordism is in bijection
with the set of homotopy classes of compactly supported maps from M to the
sphere S™ ¥ of dimension n — k:

{normally framed closed k-submanifolds of M} /cobordism

—— momap_(M, snR,

A normally framed submanifold of M of dimension k is a pair (W, {), where W
is a submanifold of M whose normal bundle is trivial and £ is a collection of
n —k linearly independent vector fields on the normal bundle of W. A normally
framed cobordism between two such framed closed submanifolds (W, £), (W', {’)
is a normally framed submanifold with boundary (B, 1) in M x I such that
0B = BN (M x 9I) and such that 0B = W x {0} U W’ x {1} and 1 restricts
to ¢ and ¢’ on its boundary.



If M = R™, then the resulting set of homotopy classes is the homotopy
group 7t, (S™ %), which is one of the main objects of research in algebraic topol-
ogy. According to [Pon50], the motivation of Pontryagin was the possibility to
use the above equivalence to compute homotopy groups of spheres, in the be-
lief that the space of normally framed cobordisms was easier to deal with.

Shortly after, Thom [Tho54] found that the set of cobordism classes of closed
normally oriented k-submanifolds of a manifold M of dimension n is in bijec-
tion with the set of homotopy classes of compactly supported maps from M to
the Thom space Th(yn_x). Here y_x is the tautological (n — k)-plane bundle
over the Grassmannian Gr,_, (R*) of oriented (n — k)-planes in the infinite
union R*® = J, -, R™, and Th(yn_«) is the result of collapsing all vectors of
length > T1in yn:k to a point:

{closed normally oriented k-submanifolds of M} /cobordism

— [M) Th(ynfknc-

The identification is given by the Pontryagin-Thom map, described as follows.
If W is a submanifold, we first choose a tubular neighbourhood U of W, that is,
an embedding e of the normal bundle m: NW — W into M that restricts to the
identity on W. Then W is sent to a map f that is constant with value the point
at infinity outside U, and is defined as f(p) = (N W, V) if e(v) = p.

If M = R", then [M, Th(yn_x)l. is precisely 7, (Th(yn—_x)). In this case
M itself is canonically oriented, so a normal orientation of a submanifold is
equivalent to a tangential orientation. The canonical inclusions R™ < R™*!
define compatible inclusions

{closed oriented k-submanifolds of R™} /cob. «———— 71, (Th(yn—«))

| J

{closed oriented k-submanifolds of R™'} /cob. «—— 7t 41 (Th(yni1-x))-

Letting n go to infinity, the space of embeddings of a manifold into R™ becomes
more and more connected, so the space of embeddings into R* is weakly con-
tractible. On the other hand, if we denote by e the trivial line bundle over
Grn—k(R*), then the pullback of yn_i1 along the inclusion Grn_x(R*) C
Grn_x+1(R*) is isomorphic to yn_k @ €. Therefore, there are maps

ZTh(‘Ynfk) = Th(ynfk @ e) — Th('YnfkﬂL] ))

which define a spectrum MSO whose (n—k)th space is Th(yn_x). By construc-
tion, the adjoint of this map induces the vertical map on the right. Therefore, in



the colimit one obtains
{closed oriented k-manifolds} /cobordism «— 71, (MSO). (0.0.1)

This theory led to an enormous amount of results in algebraic topology that
we skip to go directly to the application that concerns this thesis. The following
is the main theorem of [GMTWAQ9]. Its discovery was a consequence of several
advances on the homology of mapping class groups that we will review in the
next section.

Let us consider the category Cix whose objects are pairs (W, a) consisting of a
closed oriented (k — 1)-submanifold W of R*® and a number a € R, and whose
morphisms between (W, a) and (W', a’) are oriented cobordisms in R* x [a, a’]
between them. The set of objects and morphisms is topologised suitably. The
connected components of the classifying space of this category are in bijection
with the set of closed oriented (k — 1)-manifolds up to cobordism. The main
theorem of [GMTWOQ9] establishes a homotopy equivalence

BCx —= Q7 TQ®MTSO(k) (0.0.2)

with the following spectrum MTSO(k). Let Gry (R™) be the Grassmannian
of oriented k-planes in R™ and let yin denote the complement of the tau-
tological bundle yy  over Gr{ (R"), seen as a subbundle of the trivial vec-
tor bundle Gry (R™) x R™. If e denotes the trivial line bundle over Gr; (R™),
then the pullback of vi. . ,; along the inclusion Gry{ (R™) C Gry (R™*) is iso-
morphic to y,tn @ e. Hence, as before, we consider the spectrum MTSO (k)
whose nth space is Th(yin), and whose structural maps are the composites
Z(Th(yﬁ‘n)) = Th(ytn De)— Th(yin+1 ). In the following, we recall how the
equivalence relates to Thom'’s bijection (0.0.1).

There is an inclusion Gr; (R™) C Gry 1 (R™*+1) that sends an oriented plane
P to the sum P @ R with the last factor in R™*'. This yields a map of spectra
MTSO(k) — IMTSO(k + 1) (here (£X);, := Xn41).- On the other hand, notice
that Gri} (R™) is canonically homeomorphic to Gr;,_, (R™) by sending a plane
to its orthogonal complement. Composing this homeomorphism with the in-
clusion into the infinite Grassmannian gives a map

Gry (R") —— Gr}l_ (R") —— Gr,._, (R®),

where the second map is k-connected. Moreover, the pullback of the tautologi-
cal bundle yyn_x n is yf‘n. We have therefore induced maps from the nth space
of MTSO(k) to the (n — k)th space of MSO:

Th(vi ) — Th(yn-kn) —— Th(yn_i),



where the second map is n-connected. These maps commute with the struc-
tural maps of £XMTSO(k) and MSO(k), yielding a k-connected map of spectra
I*MTSO(k) — MSO. By construction, the latter map factors as

I*MTSO(k) — I TMTSO(k 4+ 1) — --- — MSO,

hence the spectra £XMTSO(k) give a filtration of the spectrum MSO. As a
consequence, 7 (MTSO(k)) = 71 (MSO) in degrees i + k < k, thatis, i < 0.
For i = —1, we recover Thom’s bijection (0.0.1) from the equivalence (0.0.2):

ToBCx — To(IMTSO(k)) = 7t_; (MTSO(k)) = mye_1 (MSO).

Stable homology of diffeomorphism groups

The moduli space Mg of connected, proper, smooth algebraic curves of genus
g over C is rationally homotopy equivalent to the classifying space BDiff " (Z)
of the orientation-preserving diffeomorphism group of a surface of genus g for
g > 2. In turn, the topological group Diff " (£4) has contractible components
[EE69] when g > 2, hence it is homotopy equivalent to its group of components
I'(Z4), called the mapping class group of L4:

Mg ~g BDiff " (£4) ~ BI'(Z,), g >2.

Harer [Har85] found that the homology groups of BI'(Zy) were indepen-
dent of g in the range < (g — 1) (the stable range). In order to state his result
more precisely, let us write Zg 1, for a generic compact connected oriented sur-
face of genus g with b boundary components. The mapping class group of a
surface with boundary is the group of connected components of the space of
orientation-preserving diffeomorphisms of the surface that restrict to the iden-
tity on the boundary. If S and S’ are oriented surfaces with boundary, and S is
the union of 4, and S’, then the inclusion 4, C S induces a map from the
mapping class group of Z, 1, to the mapping class group of S by extending dif-
feomorphisms with the identity. Harer’s theorem states that these maps induce
isomorphisms in homology groups in degrees < 1(g — 1). His estimation of
the stable range was improved by Ivanov [Iva93] and later by Boldsen [Bol09]
and Randal-Williams [RW10]]. The improved range is known to be essentially
optimal. If S’ is a torus with two boundary components, then it induces a map
Lg,1 — Zg41,1, which we call stabilisation map. We write B, for the colimit of
BI'(Z4,1) with respect to the maps induced by the stabilisation maps. It is the
recipient of the stable homology of the mapping class groups.

At the same time of Harer’s work, Mumford [Mum83] conjectured a com-
plete description of the stable rational cohomology of M . He defined classes



ki € H** (M) and conjectured that the stable rational cohomology ring would
be a polynomial algebra on these classes. The classes k; can be defined in the
rational cohomology of BDiff+(Zg) as follows: Let t: E — BDiff+(Zg) be the
universal oriented surface bundle, and let T*"'E be the vertical tangent bundle
of E (that is, the bundle of pairs (p, T, W), wherep € Eand W = ' (n(p))).
Let e € H?(E) be the Euler class of TV*"E. Then the class k; is defined as the
pushforward m (e**') € H2Y(BDiff " (£,)).

Using Harer’s stability theorem, Miller [Mil86] and Morita [Mor87] proved
independently that the map

Qlki,k2y...] — H*(BDiff*(Zg);Q)

was injective in the stable range. As part of his proof, Miller constructed a prod-
uct in the disjoint union [ [, BDiff(Z4,1), and the group completion with re-
spect to this product has a double loop space structure. This group completion
is homotopy equivalent to Z x BT, where * denotes the plus construction. In-
spired by this later result, Tillmann [Til97] proved that the space Z x BT’} has
an infinite loop space structure. In [MT01], Madsen and Tillmann conjectured
that certain map
Koo Z X BTL — Q®MTSO(2)

was a homotopy equivalence. The rational cohomology of Q*MTSO(2) is a
polynomial algebra with one generator in each even degree; therefore this new
conjecture implied Mumford’s conjecture. In addition, it gave a description of
the integral stable homology. They also showed that ., was a map of infinite
loop spaces. Finally, in [MWO07], Madsen and Weiss proved that o, was a
homotopy equivalence, which in particular solved Mumford’s conjecture.

The map &, is defined as follows. The space of embedded oriented surfaces
diffeomorphic to L4 in R* is a model for BDiff " (Z4), as it is the quotient of the
space of embeddings of I, into R, which is contractible, by the free action of
Diff " (£4). More generally, the space of cobordisms diffeomorphic to Z4 1, in
R x [0, 1] that restrict to a fixed closed submanifold in the boundary of R* x
[0, 1] is a model for BDiff " (Z4 1,). Recall that if W is a compact oriented surface
in R™, then the Pontryagin-Thom collapse map is a compactly supported map

R™ — Th('Yn—Z,n)

that restricts on W to the classifying map of the normal bundle of W in R™.
Instead we construct a Pontryagin-Thom collapse map

R™ — Th(vz,)



that restricts on W to the classifying map of the tangent bundle of W in R™.
Alternatively, it is the composite of the map R™ — Th(yn—» ) and the diffeo-
morphism Th(yn_2n) = Th(yi o). This construction assigns to each surface
W in R™ a point in Q" Th(yy ,,). Letting n go to infinity we obtain a map
BDiff"(£4) — colim Q" Th(y3 ,,) = Q*MTSO(2).
n )

Similarly, there is a map BDiff " (L4 1) — Q*MTSO(2) that is compatible with
the stabilisation maps, which defines a map

Bl — colim Q" Th(ys ) = Q®MTSO(2)
n )

that factors through the plus construction of Bl'.

At this point we may give a hint on the construction of the map (0.0.2). The
space of morphisms between two objects A and A’ of the cobordism category
Cx is the space of embedded surfaces with prescribed boundary. As already
observed, this space of embedded surfaces is a model for the disjoint union
]_[g BDiff+(Zg,b), where b is the number of components of the union of the
submanifolds A and A’. Therefore we obtain a map

Cr(A, A7) — Q®MTSO(2)

that induces the map (0.0.2).

Stable homology of configuration spaces of points

The Harer stability theorem applies to diffeomorphism groups of surfaces; more
specifically, of compact connected oriented smooth manifolds of dimension 2.
An analogous result for diffeomorphism groups of compact manifolds of di-
mension 0, that is, symmetric groups, is due to Nakaoka [Nak60], who proved
that the homology of the symmetric group on r letters is independent of r in de-
grees below /2. A precedent of the Madsen—Weiss theorem in this setting was
discovered earlier by Barratt and Priddy [BP72]. If we write BZ, for the col-
imit of BXZ, and S* for the sphere spectrum, then the Barratt-Priddy theorem
states that there is a homology equivalence

BLo — QF(S™),

where the subscript 0 stands for the component of the constant loop. The
sphere spectrum is precisely MTO(0) (the unoriented version of MTSO(0)).
Their proof is different from the Madsen-Weiss proof of Mumford’s conjec-
ture, because whereas Madsen and Weiss rely on Harer’s stability theorem,



Barratt and Priddy make no use of Nakaoka’s theorem. We remark that a proof
of the Madsen-Weiss theorem independent of Harer’s theorem was found in
[GRW10].

The symmetric group acts on the space of embeddings Emb([r], M) of a dis-
crete space with r points into a manifold M. The quotient is the configuration
space C(M). It was proved by McDuff [McD75] that, if the dimension of M is
at least 2 and M has boundary, then the homology groups of C.(M) are inde-
pendent of r in low degrees with respect to r. Later, Segal [Seg79] showed that
they are independent of r in degrees below r/2 (the stable range). In addition,
McDuff constructed a map

So: Cr(M) — T (Th?(TM) — M),

to the space of degree r compactly supported sections of the fibrewise one-
point compactification of the tangent bundle of M. Such a section is said to be
compactly supported if it sends each point p in the complement of some compact
subset to the point at infinity on the fibre of p. McDuff’s main theorem states
that the map Sp is a homology equivalence in the stable range when M has
dimension > 2 (but may have empty boundary).

The main result of this thesis is joint work with Oscar Randal-Williams
[CRW13] that generalizes the theorem of McDuff to configurations of connected
surfaces in a manifold, stabilising with respect to the genus of the surface (in-
stead of the number of connected components), as in Harer’s theorem:

Nakaoka
Barratt—Priddy" MCPUff

1

Harer — _ _ _ _ _ - this thesis.

Madsen-Weiss

One may also generalize McDuff’s theorem by stabilising with respect to the
number of components of the surfaces (instead of their genus). This has been
done by Palmer in his main theorem of Chapter 5 in [Pall2]. A particular
case of it states the following: Let M be a manifold of dimension n and let
W and P be (possibly non-connected) k-manifolds. Let £F (W, M) be the space
of k-submanifolds diffeomorphic to the disjoint union of W and [ [;_; P such
that each factor P is isotopic to some fixed embedding P C 9M. Then the ho-
mology of £F (W, M) is independent of T in degrees < 1/2 provided that M is
path connected and n > 2k + 3. In the particular case of surfaces one may take
n > 5, as we do in this thesis.



Homology stability for spaces of embedded surfaces

Let M be a smooth manifold, not necessarily compact and possibly with boun-
dary. Our object of study will be certain spaces of oriented surfaces in M, which
we define as follows. Let Z 4 denote a connected closed oriented smooth surface
of genus g, and let Emb(Z4, M) denote the space of all smooth embeddings
of this surface into the interior of M, equipped with the C*> topology. The
topological group Diff " (£,) acts continuously on Emb(Z4, M), and we define

E(Zg,M) = Emb(Z4, M)/Diff" (L)

to be the quotient space. As a set, £(X4, M) is in bijection with the set of all
subsets of M which are smooth manifolds diffeomorphic to g, which is why
we refer to £(X g, M) as the moduli space of genus g surfaces in M.

We will study the space £(Z4, M) using a technique called scanning, which
compares this space of surfaces in M with a certain space of “formal surfaces
in M”.

For an inner product space (V, (—, —)), define

S(V) =Th(y$ — Gt} (V)).

That is, we take the Grassmannian Grj (V) of oriented 2-planes in V, consider
the tautological 2-plane bundle y, C V x Grj (V), and take its orthogonal com-
plement using the inner product on V. Then we take the Thom space of this
vector bundle. We will denote the point at infinity by co € S(V).

If V — B is a vector bundle with metric, we let S(V) — B be the fibre bundle
obtained by performing this construction fibrewise to V. The constant section
with value oo in each fibre gives a canonical section of this bundle.

We fix a Riemannian metric g on M. The space of formal surfaces in M is
defined to be

Ie(S(TM) = M; 00),

the space of sections of S(TM) — M which are compactly supported, i.e., agree
with the canonical section co outside of a compact set and on dM. Every such
section chooses for each point x € M either an oriented affine 2-dimensional
subset of TyM or the empty subset. The scanning construction associates to
each oriented surface Z C M such a section by —loosely speaking— assigning
to each x € M the best approximation to X by an affine subset of T,M.

To make this precise, we let £Y(Z4,M) C (0,00) x (L4, M) be the set of
pairs (e,Z C M) such that the exponential map exp: v(£) — M restricts to an
embedding on each fibre of the subspace v (X) C v(Z) consisting of the vectors



of length < e. We then define a map M x £Y(Zg4, M) — S(TM) by

{@ € S(T,M) if p # exp(ve(X)),
(p, &, %) —
(D(exp lt,,m))(TwZ,v) C T,M if p =exp(v) forv € ve(Z)w,

where we consider the oriented 2-plane T,,XZ and the vector v as lying inside
T, (T\wM) using the canonical isomorphism T,,(T,,M) = T,,M, and then apply
the linear isomorphism D(exp|r,,m): Tv(T\wM) — T,M. The adjoint to this
map,

8§g: EY(Zg,M) — T (S(TM) — M;00),

is the scanning map. As the forgetful map £¥(Z4,M) — £(Z4,M) is a weak
homotopy equivalence, we often consider 84 as a map from £(Z4, M).

In Sectionwe construct a function x: I'. (S(TM) — M; c0) — Z such that
X o 84 takes constant value 2 — 2g; we think of x as sending a formal surface
to its Euler characteristic, and write I'. (S(TM) — M;o00)g = X~ '(2 — 2g). The
simplest form of our theorem is then as follows.

Theorem A. If M is simply connected and of dimension at least 5, then the scanning
map S4: E(Lg,M) — T(S(TM) — M;00)q induces an isomorphism in integral
homology in degrees smaller than or equal to 1(2g — 2).

Theorem [Al follows from two rather more technical results. First, a homol-
ogy stability theorem analogous to Harer stability [Har85]. To make sense of
such a result it is essential to discuss surfaces with boundary, and we will
shortly define spaces of surfaces with boundary inside a manifold M with non-
empty boundary. A large part of our work is devoted to proving this homology
stability theorem, which requires new techniques. The second technical result
is analogous to the Madsen-Weiss theorem [MW07], and identifies the stable
homology of these spaces of surfaces. To describe these results we must intro-
duce more terminology.

Surfaces with boundary

Now we suppose that M has non-empty boundary dM and that we are given
a collar C: 9M x [0,1) < M. For 0 < € < 1, we write C. for the restriction of
Cto oM x [0,€). Let L4, be a fixed smooth oriented surface of genus g with b
boundary components, and let c: 09Xy x [0,1) — L4, be a collar. We write c.
for the restricted collar. We also fix an embedding 6: 024, — 0M, which we
call a boundary condition.

Let Emb.(Z4 v, M;d) be the set of e-collared embeddings, that is, embed-
dings e such that eoce = Ce o (Ido,¢) x 8). We topologise Emb® (Zg ,, M) with
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the C* topology as before. Let Diff. (Z4,1) be the topological group of diffeo-
morphisms ¢ of Zg 1, such that ¢ oce = ce. This group acts on Emb. (X4 v, M),
and we define

Ee(Zg,0,M;8) = Embe (Zg b, M; 8)/Diff! (Zg.1).

If e < €’, then there is a continuous map Ec/ (g6, M;0) — Ec(Zg,p, M;0), and
we write £(Zg v, M;0) for the colimit taken over all €.

Let Q: oM ~» N be a cobordism which is collared at both boundaries.
Then we can glue M and Q along 0M to obtain a new manifold M o Q (us-
ing the collars to obtain a smooth structure). Similarly, if e: Ly 1y, — Q is
an embedding of a surface with b boundary components in 0M and b’ in N
(which we call the incoming and outgoing boundaries 0in, 9,4t respectively) such
that every component of the surface intersects the incoming boundary, and if
e(0inZb+b/) = Im(5), we obtain a gluing map

E(ZgvyM50) — E(InpyMoQselos, y)
(W C M) — (WU e(ZbH)/) C Mo Q)

where the value of h depends on the combinatorics of the topology of Xy,
(note that, as X4 is connected and every component of Xy, intersects the
incoming boundary, Z4p, U Zp1p- is connected).

In particular, if we let Q = 9M x [0, 1] and choose a diffeomorphism Mo Q =
M (for example by reparametrising the collar in M), we obtain gluing maps
E(XZg,0yM;0) = E(Inpr, M;07).

Homological stability

There are three basic types of gluing maps which generate all general gluing
maps under composition. These occur when Ly is

(i) the disjoint union of a pair of pants with the legs as incoming boundary
and a collection of cylinders;

(ii) the disjoint union of a pair of pants with the waist as incoming boundary
and a collection of cylinders;

(iii) the disjoint union of a disc with its boundary incoming and a collection
of cylinders.



11

When these surfaces are embedded in M x [0, 1], we call them stabilisation
maps, and we denote them by

Xg,b = “g,b(M;éyé/): E(Zg,b) M,(S) — g(zg+1,b—1)M;6/)
Bg,b = Bg,b(M;éyél): E(Zg,b) M,é) — S(Zg,bJr])M;é/)
Yg,b :Yg,b(M§536/): g(zg,b»M;é) — E(Zg,bfhz\/{;é/)-

As a warning to the reader, we remark that the notation does not determine the
map: we will often write, for example, 34 v to denote any gluing map of this

type. There are many because there can be many non-isotopic embeddings of
Zb+b’ into 0M x [O, H

(a) az,2(D3) (b) B2,2(D3) (0) v2,2(D3)

Figure 1: The three basic types of stabilisation maps acting on a surface in the
space £(%3,2,D?;8) of surfaces in the disc of dimension 3.

The following is our main result concerning homological stability.

Theorem B. Let M be a simply connected manifold of dimension at least 5. If the
dimension of M is 5, we assume that all the pairs of pants defining stabilisation maps
are contractible in OM x [0, 1].

(i) Every map og v induces an isomorphism in homology in degrees less than or
equal to %(Zg — 2), and an epimorphism in the next degree.

(i) Every map Bg,p induces an isomorphism in homology in degrees less than or
equal to +(2g — 3), and an epimorphism in the next degree. If one of the newly
created boundaries of the pair of pants is contractible in 9M, then the map B4 v
is also a monomorphism in all degrees.

(iii) Every map yg4,v(M;8,8") induces an isomorphism in homology in degrees less
than or equal to % g, and an epimorphism in the next degree. If b > 2, then it is
always an epimorphism.
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Note that we do not require that 9M be simply connected, but only that M
be. Thus there can be many non-isotopic boundary conditions.

The proof of this theorem follows the proof of the main result of [RW10],
where it is proven that the moduli space of surfaces with tangential structures
satisfies homological stability. It is important to observe that embeddings are
not determined by a local condition, hence they do not arise as a tangential
structure. The detailed survey [Wah12] has been of great aid too.

The space of embeddings of a compact surface into R* = (J,.,R™ is
weakly contractible by the Whitney embedding theorem. On the other hand,
the action of Diff"(£4,,) on this space of embeddings is free, hence the space
E(Z4,b, R®x [0, 1];8) is a model for the classifying space BDiff " (£4 1) (note that
the space of boundary conditions is contractible, so the embedding 4: 0S4, —
0(R> x [0,1]) is irrelevant). The statement of Theorem [Bfin this setting is pre-
cisely the content of the Harer stability theorem.

These stability ranges are known to be essentially optimal for Harer’s theo-
rem (cf. [Bol09]]), hence they are also optimal in this general setting.

Stable homology

To identify the stable homology groups resulting from Theorem [B| we require
a version of the scanning map for surfaces with boundary. We will not describe
it in full detail here, but just say that it is a map

8g,0: E(Zg,pyM;8) — T (S(TM) — M;8),4

to the space of sections of the bundle S(TM) — M which are compactly sup-
ported and which in addition are equal to a fixed section &: M — S(TM)lom
on the boundary.

Theorem C. If M is simply connected and of dimension at least 5, then the map
8g,0: E(Zg,0)M;8) — T (S(TM) — M;d) g
induces an isomorphism in integral homology in degrees < (29 — 2).

This theorem will be proven during the first two sections of Chapter [3| for
manifolds M with non-empty boundary. An additional argument in the third
section establishes this theorem in full generality. Theorem [A| follows as the
particular case when b = 0.

The proof of this theorem relies on [GMTW09] and also on [RW11], where
the homotopy type of the cobordism category of submanifolds in a background
manifold was found, using an h-principle argument. This homotopy type in
the case M = R™ was previously found by Galatius at the end of [Gall1].
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Applications and related results

During this section we assume that the surfaces X~ have non-empty boundary
for simplicity. If X is a paracompact space, then the set of homotopy classes of
maps [X,£(Z, M)] are in one-to-one correspondence with the set of subsurface
bundles of X x M up to concordance, that is, surface bundles that are fibrewise
included in the trivial bundle X x M up to concordances that are included in
the trivial bundle (X x I) x M:

{subsurface bundles of X x M} / concordance «+— [X, E(Z, M)].

As a consequence, the cohomology ring of £(Z, M) is the ring of characteristic
classes of subsurface bundles of X x M.

Characteristic classes of fibre bundle pairs and diffeomorphism
groups of manifolds

The topological group Diffa (M) acts on the space £(Z, M;8), and if O,(M) de-
notes the set of orbits of this action, then the orbit map

[T Diffa(M) x (W} — £(£,M;9)
W]eO, (M)

is a fibration whose fibre over a surface W is the group Diffs(M;W) of those
diffeomorphisms of M that are the identity on the boundary and restrict to
an orientation-preserving diffeomorphism of W. Taking classifying spaces we
obtain

IT €= M;8) — ] BDiffa(M;W) — BDiffo (M).
02(M) 02(M)

The stabilisation maps — U P of our Theorem [B|give stabilisation maps

o, m) £(Z, M;8) ——— BDiffa (M; W)
j | ebioimy)

HOZ (My) E(XUP,My;6) —— BDiffy (M1; WU P)

where M := MU (0M x I). Hence it follows that the relative homology groups
of the map in the fibre are zero in the range * < (g — 1). An argument with
the relative Serre spectral sequence shows that the homology groups of the map
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between total spaces are also zero in those degrees. There are maps of fibrations

E(XZ,M;8) BDiffs (M; W)
]—[oz(M)l — bl 1 -
I.(S(TM) — M;S)g ST (S(MTM) — M;S)g//Diffa(MT

BDiff, (M ;W U P),

(0.0.3)
where // denotes the homotopy quotient. A direct consequence of the main
theorem is

Corollary D. If M is simply connected and of dimension at least 5, then the map
between total spaces in (0.0.3)

BDiffy (M; W) — T (S(TM) — M;8)4// Diffa (M)

is a homology equivalence in degrees < (g — 1). If M has non-empty boundary, then
the space on the right is independent of the genus of the surface W.

If X is an oriented surface, let ®(M, L) := mo&E(Z, M)/Diffa (M). The set of
homotopy classes of maps from a paracompact space X to

[] BDiffo(M;W)
[Wled (M, X)

is in bijection with the set of pairs of fibre bundles with fibres M and Z over X
up to concordance. Each such pair consists of a triple (E C E’,p), where E is
a subspace of the space E’ and p: E/ — X is a smooth fibre bundle with fibre
M such that the restriction p¢ is an oriented surface bundle with fibre . Two
such pairs are concordant if there is a pair over X x I that restricts to the given
pairs over X x {0,1}. Therefore, the cohomology ring of BDiffs(M; W) is the
ring of characteristic classes of pairs of fibre bundles as above.

Moduli spaces of surfaces in R" and rational homotopy theory

In Section 4.1 we compute the rational stable cohomology of the space of sub-
surfaces in R™. If we denote by v5 ,, the complement of the tautological bundle
over Grj (R™), then the main theorem in this case gives a rational homology
isomorphism in the stable range

E(£g,R™) — QFTh(vz ).

We compute the rational cohomology of the space on the right in Theorem[4.1.5|
We also describe the homomorphism induced in cohomology by the classifying
map £(Zg,M) — BDiff " (Zg4) in the stable range (Corollary .
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As part of these computations, we prove that the spaces Th(yi ) are in-
trinsically formal and give explicit Sullivan and Lie minimal models, which is
a first step in the calculation of the stable rational homology of other spaces of
surfaces with different background manifolds [Hae82| [BS97|, BEMQ9].

In addition, in Sectionf.2]we apply these calculations in the spirit of [BM12]
to deduce that

Theorem E. If M is a closed parallelizable manifold, then the rational homology of
E(Xg, M) is independent of g in degrees < %(g —1).

A metric for the space of submanifolds of Galatius and
Randal-Williams

One of the tools of the present work is the space Wi (R™) of submanifolds of
dimension k of R™ that are closed as subsets (but may be noncompact). This
space was introduced by Galatius and Randal-Williams in [GRW10] and its
main use is homotopical, through the following theorem:

Proposition. The space Wi(R™) is homotopy equivalent to the Thom space Th(y;. ).

In [BM11] Bokstedt and Madsen proved that a C' version of Wy (R™) is
metrizable as a step in their proof of the main theorem of that article. Their
proof is not constructive, but shows that the space is regular and second count-
able. In Sectionwe give an actual metric for this C' version, which, loosely
speaking, is given by the Hausdorff distance in the one-point compactification
of the Grassmannian of k-planes of the tangent bundle of R™, plus a correc-
tion term that measures the volume of the submanifolds in compact subsets.
We also give an interpretation of the topology given by the plain Hausdorff
distance.
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Chapter 1

Preliminaries

This chapter is a recollection of terminology and results that are used in the
proofs of the main theorems. We do not claim any originality in the presenta-
tion, except for several lemmas about local retractibility in Section[1.5]

1.1 Manifolds and submanifolds

An m-dimensional topological manifold is a Hausdorff second countable topologi-
cal space locally modeled on R™ and its homeomorphisms. A topological embed-
ding f: M — N is a continuous map that induces a homeomorphism between
M and its image.

An m-dimensional smooth manifold M is an m-dimensional topological man-
ifold locally modeled on R™ and its diffeomorphisms. Smooth maps between
smooth manifolds are required to preserve the local structure; in particular they
induce maps between tangent bundles. A smooth map f: M — N is a smooth
embedding if it is a topological embedding and the fibrewise linear maps in-
duced between tangent bundles are injective.

A subset W C M is a smooth submanifold if there is a smooth manifold ¥ and
an embedding f: £ — M whose image is W. The homeomorphism of X onto
its image endows W with a smooth structure, which does not depend on the
embedding [Hir%4].

An orientation on a manifold M is a compatible choice of orientations in
the tangent spaces of M. A manifold is orientable if it admits an orientation,
in which case there are exactly two possible orientations for each connected
component of M. An orientable submanifold of M is not naturally oriented,
even if M itself is oriented.

17
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If ¥ is an oriented manifold and M is a manifold, then there is a map
p: Emb(Z,M) — £(X,M)

from the space of embeddings of ¥ into M (with the Whitney C* topology
[Hir94]) to the set of oriented submanifolds of M that are diffeomorphic to &
through an orientation-preserving diffeomorphism, given by sending each em-
bedding to its image, with the orientation induced by the embedding. The in-
verse image p~! (W) of a submanifold W has a free action of the group Diff" ()
of orientation-preserving diffeomorphisms of Z, given by precomposition. As
the smooth structure on a submanifold W does not depend on the embedding,
if f,g: £ — M are two embeddings whose image is W, the composite fg~ ' is a
diffeomorphism of X. Therefore this action is also transitive.

Hence, there is a bijection between the quotient of the space of embeddings
of by the action of Diff" (£) and the set of oriented submanifolds of M that
are diffeomorphic to X. This bijection endows £(Z, M) with a topology.

During the proof of Theorem [B|we will need to consider embedded surfaces
with boundary. We will also need to consider spaces of embedded surfaces in
the complement of some submanifold of M. Such a complement in general will
not be a manifold, but will be a manifold with corners. We start by recalling their
definition in this section, and in Section 1.2 we will define spaces of embedded

surfaces in a manifold with corners.

Manifolds with corners

Although the main theorems of this thesis can be formulated in the realm of
smooth manifolds as defined above, at certain places of the proof it is unavoid-
able the use of manifolds with boundary, and, what is more, manifolds with
corners, which we next define.

Let ACR™ B CR™, andletf: A — B be a continuous map. We say that f
is smooth if it extends to a smooth map from an open neighbourhood of A to R™.
If f is a homeomorphism, we say that it is a diffeomorphism if it is smooth and
has a smooth inverse. In particular, this defines the notion of diffeomorphism
between subsets of RT* := [0, 00)™.

A manifold with corners M of dimension m is a Hausdorff, second countable
topological space locally modeled on the space RT* and its diffeomorphisms
[Cer61], [Lau00].

In detail, a smooth atlas of M is a family of topological embeddings (called
charts) {@i: Uy — [0,00)™}ic1, where each U; is an open subset of M and if
U; Ny # 0 then the composite @;@; ' is a diffeomorphism from @3 (U; NU;) to
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@; (Ui N'Uj). A smooth structure on a Hausdorff, second countable topological
space is a smooth atlas which is maximal with respect to inclusion.

A k-submanifold of a manifold with corners is a subset W C M such that for
each point p € W there is a chart (U, @) of M with p € U such that WN U =
@ '(v+R¥K), where v € RT (see [Cer61) Definition 1.3.1]). An embedding is a
smooth map whose image is a submanifold and that induces a diffeomorphism
onto its image.

The tangent space T,RT* at a point p € RT* is defined to be T,R™. Since
diffeomorphisms of R induce isomorphisms between tangent spaces of RT",
we can define the tangent bundle of a manifold with corners following the
usual procedure. A smooth map f: N — M induces a fibrewise linear map
Df: TN — TM between tangent bundles.

If (U, @) is a chart and p € U, then the number c(p) of zero coordinates in
@ (p) is independent of the chart. The boundary of M is the subspace

oM ={peM|c(p) >0}
A connected k-face of M is the closure of a component of the subspace
{peMlic(p) =k

A manifold with corners M is a manifold with faces if each p € M belongs to
c(p) connected 1-faces. A face is a (possibly empty) union of pairwise disjoint
connected k-faces, for some k, and is itself a manifold with faces. Observe that
the boundary of a k-face is a union of (k — 1)-faces.

connected 2-face connected 1-face connected 2-face
connected 1-face connected 0-face connected 1-face
connected 2-face connected 1-face connected 2-face

Figure 1.1: A rectangle is a manifold with faces.
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connected O-face

connected 1-face

connected 2-face

Figure 1.2: A drop is not a manifold with faces.

Notation 1.1.1. During Chapters 1 and 2, the word manifold will be used sy-
nonymously with manifold with faces. In Chapter 3 we will turn back to the
usual definition of a manifold.

Definition 1.1.2. If M is a manifold and 9°M is a 1-face in M, a collar of 0°M is
an embedding ¢ of the manifold 9°M x [0, 1) into M such that c(x,0) = x and
such that ¢(rnom)x[0,1) is a collar of 3°M N F in F for any other 1-face F. A
manifold is collared if a 1-face 9°M and a collar of 3°M are given.

If B and M are manifolds, and ¢ and C are collars of 9°B and 9°M, then
an embedding e: B — M is said to be e-collared if ec(x,t) = C(e(x),t) for all
t < e. In particular, e(0°B) C 9°M. An embedding e is said to be collared if it is
e-collared for some € > 0.

A smooth map f: B — M between manifolds is transverse to a submanifold
W C M if for each p € B such that f(p) € W we have Df(T,B) + T¢, )W =
T¢(pyM. A smooth map f: B — M to a manifold M is transverse to OM if it is
transverse to any connected face. A neat embedding f is an embedding that is
transverse to the boundary and that is collared if B is collared. A neat subma-
nifold is the image of a neat embedding.

If A and W are submanifolds of manifolds B and M, a neat embedding of the
pair (B, A) into the pair (W; M) is an embedding e: B — M such that e(B) "W =
e(A) and such that dim(e(T,B) + T ()W) = min{dim B + dim W, dim M}.
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1.2 Spaces of embeddings and spaces of
submanifolds

In this section we define carefully the spaces of embeddings of manifolds with
corners and the spaces of embedded surfaces with corners.

Boundary conditions for spaces of embeddings

We say that a pair of embeddings f, g: B — M have the same incidence relation
if f(x) and g(x) belong to the interior of the same connected face of M for every
x € B. To each embedding f: B — M we can associate a function [f] from B
to the set of faces of M that sends a point x to the minimal face to which f(x)
belongs. Then f and g have the same incidence relation if and only if [f] = [g].
We denote by

Emb(B, M; [f])

the space of neat embeddings g of B in M such that [g] = [f], endowed with the
Whitney C* topology, as in [Cer61]. If f: (B,A) — (M, W) is an embedding of
a pair, we denote by

Emb((B,A), (M, W); [f]) C Emb(B, M; [f])

the subspace of neat embeddings of the pair (B, A) into the pair (M, W) that
have the same incidence relation as f.

A boundary condition for Emb(B, M; [f]) is a function q that assigns to each
point of B a neat submanifold of [f](x) and is constant on each connected face.
We denote by

Emb(B, M; q) C Emb(B, M; [f])

the subspace of those embeddings g such that g(x) € q(x). If A C B and
W C M, then we denote by

Emb((B, A), (M, W);q) C Emb(B, M; q)

the subspace of embeddings of the pair (B, A) into the pair (M, W). We say that
a boundary condition is constant if q(x) is diffeomorphic to the connected face
that contains x.
We denote by Diff(M) C Emb(M, M; [Id]) the space of diffeomorphisms of
M that restrict to diffeomorphisms of each connected face. If W is a submani-
fold, we denote by
Diff(M; W) c Diff(M)
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the subspace of those diffeomorphisms of M that restrict to a diffeomorphism
of W, which is orientation-preserving if W is oriented. We denote by Diff (M)
the space of diffeomorphisms of M that restrict to the identity on the boundary.
If f,g: B — M are neat embeddings, we say that f and g have the same jet
along 9M if f~1(dM) = g~ ' (0M) and all the partial derivatives of f and g at all
points in f~' (M) agree. This defines an equivalence relation, and we define
the set of jets Jo (B, M) to be the quotient of the set of all neat embeddings of B
into M by the relation of having the same jet. If d € J5(B, M), we denote by

Emb(B, M; d)

the space of all neat embeddings of B into M whose jet is d endowed with the
Whitney C* topology.

Boundary conditions for spaces of submanifolds

As sketched in the Introduction, we will join the surfaces in M with cobordisms
defined in a collar of M. This operation is not defined in the space of all em-
bedded surfaces, so we need to define the space of all surfaces W that glue well
with a given cobordism P. Since we are in the realm of smooth manifolds, it
is not enough to take all submanifolds that intersect the boundary of M in the
same submanifold as the cobordism does: We need to impose that the partial
derivatives of W and P at their common boundaries agree.

Let us denote by T*M the k-fold tangent space of M, which is recursively
defined as T*"M := T T*~'M. Let T°(M) be the inverse limit of the projections

cii — "M — T M — ... — TM — M,

and write T°M = T®Mjpm. If e € Emb(B,M;d) is an embedding with
e(0B) C 0M, then it induces a map T*e: Tg°B — T§°M. By construction,
the image of this map only depends on d, and this defines a map

jB: Jo(B,M) — P(T*M)

to the power set of T M. We define the space of boundary conditions A(B, M)
as the image of jg. Let A,,(M) be the union of the images of jg, where B runs
along diffeomorphism classes of n-dimensional manifolds. If 5 € A(B, M), we
denote by £(B, M; 9) the set of submanifolds W in M diffeomorphic to B such
that T?W = 6. If jg(d) = 5, we endow £(B, M;d) with a topology via the
bijection

Emb(B, M; d)/Diffy (B) — £(B, M;d)
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that sends a class of an embedding e to its image. If W is orientable, we write
AT (B, M) for the space of pairs (5, 0) where § € A(B, M) and 6 is an orientation
of 5. If 5 € AT (B, M), we write £ (B, M; §) for the set of oriented submanifolds
W of M diffeomorphic to B such that T{°W = §, and we topologize it using the
bijection

Emb(B, M; d)/Diff; (B) — £ (B, M; ).

If B = X is a collared compact connected oriented surface, this topology does
not depend on the chosen d, because if j(d) = j(d’) then there exists a diffeo-
morphism h (that does not need to fix the boundary) of X such that the map
Emb(Z,M;d) — Emb(Z, M;d’) given by composing with h is a homeomor-
phism. Similarly, a diffeomorphism h: Z — X’ induces a homeomorphism
Emb(Z, M;d) — Emb(Z’,M;d o h™'), which is equivariant with respect to the
induced homeomorphism Diff* (£) — Diff"(Z’). Therefore, this space is de-
termined by the genus of X and the boundary condition 4 (which describes the
boundary of I).

Notation 1.2.1. If & has genus g and b boundary components, we use the
shorter notation 5;,0 (M;8) := ET(Z, M; ), although specifying b is redundant,
as it is already given by §. We write 5° := § 19°M, and observe that §° is deter-
mined by its underlying submanifold (hence, if M is a manifold with boundary,
ie, 9M = 0°M, then A, (M) is the set of compact submanifolds of dimension 1
in 0M). We denote by Diff(M; §) the space of those diffeomorphisms that fix 6.

1.3 Haefliger’s approximation for embeddings

In the proof of Theorem [B| we will need to compute moEmb(B, M; q) several
times. Our approach to this problem has been through the following theorem
of Haefliger, which we state in its relative version. Thus, homotopies and iso-
topies are relative to the boundary of B.

Theorem 1.3.1 ([Hae61]]). Let B be a compact connected manifold of dimension n and
let M be a manifold of dimension m. Let g: 0B — M be a smooth embedding and let
f: B — M bea (k + 1)-connected map with {35 = g. Then

(i) f is homotopic to an embedding if and only if m > 2n —kand n > 2k + 2
(alternatively, m > 2n —kand 2m > 3(n+1));

(i) two embeddings of B into M that are homotopic to f are isotopic if m > 2n —k
and n > 2k + 2 (alternatively, m > 2n —kand 2m > 3(n+ 1)).
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Corollary 1.3.2. If B is a connected surface, q is a constant boundary condition for
embeddings of B into M and either m > 5 or m = 5 and 11 (M) is trivial, then the
inclusion Emb(B, M;q) — map(B, M, q) induces a bijection on connected compo-
nents. If 1 (M) is not trivial, then it induces a surjection on connected components.

An alternative approach to this problem is through the Goodwillie-Weiss
calculus of embeddings [GKWO1]. Roughly speaking, their theory constructs a
sequence of spaces TyEmb(B, M) and maps Emb(B, M) — TxEmb(B, M) that
are (3—dim(M) +k(dim(M) —dim(B) —2))-connected. One might ask whether
this approach gives a better approximation of moEmb(B, M). A first remark in
this direction is that this approximation only works if dim(M) — dim(B) > 3,
so the only improvement we could expect would be the removal of the as-
sumption that M is simply connected. By the above theorem, as the dimen-
sion of M grows, the existence of homology stability for embedded surfaces
is equivalent to the existence of homology stability with respect to genus for
surfaces with maps to a background space, that is, the homotopy quotient
map(Z,M)// Diff" (Z) (i.e., the Borel construction [Hus94]). When M is simply
connected, homology stability for this quotient was established by Cohen and
Madsen [CM09, [CM10] and later improved by Randal-Williams [RW10]. On
the other hand, if M is not simply connected, then the problem of homology
stability for the quotient is still open.

If we let B be a surface with non-empty boundary and M be non-simply
connected, then the cardinality of momap(B, M; q) will in general grow to infin-
ity with the genus of B, and so will the cardinality of moEmb(B, M; q). We point
out that a higher version of the results of this thesis, that is, a study of homol-
ogy stability properties of the space of embedded high-dimensional manifolds
would find better approximations via the Goodwillie-Weiss theory.

1.4 Tubular neighbourhoods

Let V C M be a neat submanifold and denote by NmV = TMy /TV the normal
bundle of V in M. A tubular neighbourhood of V in M is a neat embedding

such that the restriction f}y, is the inclusion V C M and the composition
Df proj.
TVeNmV — T(NMV)|V — —IM‘V — NmV

agrees with the projection onto the second factor. If W C M is a submanifold
and the inclusion V C M is an embedding of pairs of (V, VNW) into (M, MNW),
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we define a tubular neighbourhood of V in the pair (M, W) as a tubular neighbour-
hood f of V in M such that f N W is a tubular neighbourhood of VN W.

We may compactify Ny V fibrewise by adding a sphere at infinity to each
fibre, obtaining the closed normal bundle NmV of Vin M. We denote by

the subbundle of spheres at infinity. We define a closed tubular neighbourhood of
a collared submanifold V to be an embedding of NmV into M whose restriction
to NamV is a tubular neighbourhood.

Note that V determines an incidence relation f for Ny Vin M, by assigning
to each vector (x,v) the minimal face to which x belongs. We denote by

Tub(V,M) C Emb((NmV, V), (M, V); f)

the subspace of tubular neighbourhoods. A boundary condition qx for a tubu-
lar neighbourhood of V is a boundary condition for V in M, and we denote
by

Tub(V; M; qn) € Tub(V, M)

the subspace of those tubular neighbourhoods t such that t(x,v) C gn(x). We
denote by
Tub(V, (M, W); qn) C Tub(V; M; qn)

the subspace of tubular neighbourhoods of V in the pair (M, W). Finally, if
q C qn is a pair of boundary conditions, we denote by

m(\/) M; (qN) q))

the space of tubular neighbourhoods of V in M such that the restriction to each
face Fis a tubular neighbourhood in the pair (qn(x), q(x)), where x is any point
in F.

The following lemma follows from the proof of [God07, Proposition 31],
where it is stated for the space of all tubular neighbourhoods of compact sub-
manifolds.

Lemma 1.4.1. If V and W are compact submanifolds of M and qn is a boundary
condition for V in M such that qn (x) is a neighbourhood of x in the face [V C M](x),
then the spaces Tub(V, M; qn) and Tub(V, (M, W); qn ) are contractible.

Proof. Letus denote by Tub(V, M; qn ) the space of all non-closed, collared tubu-
lar neighbourhoods of V in M. The proof in [God07] has two steps. In the
first, a tubular neighbourhood f is fixed and a weak deformation retraction
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H of Tub(V,; M; qn) is constructed into the subspace T¢ of all tubular neigh-
bourhoods whose image is contained in Im f. The second step provides a con-
traction of Tr to the point {f}. It is easy to see that if f is a closed, collared
tubular neighbourhood of a pair, then both homotopies define homotopies for
Tub(V, (M, W); qn ), and the argument there applies verbatim. O

1.5 Local retractibility

During the proof of Theorem [B, we will need to prove that certain restriction
maps onto spaces of embeddings or spaces of embedded surfaces are Serre fi-
brations. We approach this problem in this section, following Palais and Cerf,
through Lemma wich says that if E and X are spaces with an action of a
group G, then an equivariant map f: E — X between them is a locally trivial fi-
bration (in particular a Serre fibration) provided that X is “G-locally retractile”.
We point out that the role of the group G here is merely auxiliar to prove that a
map is a fibration. The rest of the section is devoted to verify that the spaces of
embeddings and embedded surfaces that will concern us are G-locally retractile
when G is the diffeomorphism group of M.

Definition 1.5.1. ([Cer61] [Pal60]) Let G be a topological group. A G-space X
is G-locally retractile if for any x € X there is a neighbourhood U of x and a
continuous map &: U — G (called the G-local retraction around x) such thaty =
&(y) -xforally € U

Lemma 1.5.2. If X is a G-locally retractile locally connected space and Go C G denotes
the connected component of the identity, then X is also Go-locally retractile.

Proof. If &: U — G is a local retraction around x € X, and x € Uy C U is
a connected neighbourhood of x, then, since £(x) = Id, we deduce that &,
factors through Gy and defines a Go-local retraction around x. O]

Lemma 1.5.3 ([Cer61l]). A G-equivariant map f: E — X onto a G-locally retractile
space is a locally trivial fibration.

Proof. For each x € X there is a neighbourhood U and a G-local retraction & that
gives a homeomorphism

1) x U — 1 (U)
(Z»y) L E(y) c Z. O

Lemma 1.5.4. If f: X — Y is a G-equivariant map that has local sections and X is G-
locally retractile, then Y is also G-locally retractile. In particular, f is a locally trivial
fibration.



1.5. Local retractibility 27

Proof. The composite of a local section for f and a G-local retraction for X gives
a G-local retraction for Y. O

Let P — B be a principal G-bundle and let F be a left G-space. The space of
compactly supported sections I'. (P — B) does not act on the space of compactly
supported sections of the associated bundle I'; (P x g F — B). On the other hand,
the space of compactly supported sections of the adjoint bundle P x,4ic G — B
—<lassified by the composition B — G — Aut(G) of the classifying map of the
principal bundle and the adjoint representation— does act on I'. (P xg F — B).
Recall that a space F is locally-equiconnected if the inclusion of the diagonal
into F x Fis a cofibration. This condition is satisfied by CW-complexes.

Lemma 1.5.5. If B is compact and locally compact, and F is a locally equiconnected G-
space that is also G-locally retractile, then map (B, F) is map(B, G)-locally retractile.
For a fibre bundle P x g F — B, the space of sections T'(E — B) is T'(P x,4jc G — B)-
locally retractile.

Proof. Here is a proof of the first part. A proof of the second part is similar to
this one, working with spaces over B.

Let ®: G x F — F x Fbe defined as ®(x, g) = (x, g- x). If we prove that there
is a neighbourhood V of the diagonal D = f(B) x f(B) C F x F and a global
section ¢ of the restriction @y : ® (V) — V, then we obtain a map(B, G)-
local retraction 1 around any point fo € map(B, F) as the composition

A ={f] (fo x f)(B) € V} "2  map(B, V) £25 map(B, G x F) 5 map(B, G),

where the last map is induced by the projection onto the second factor. To see
that this is a local retraction, we first notice that A is an open neighbourhood
of fo because B is compact and locally compact. Second, write ¥: map(B, G) x
{fo} — map(B, F), and

(Y () (x) = (Ymo(fo x ) (x) = Yme(fo(x), f(x))
= (1@ (fo(x), f(x))) - fo(x) = f(x).
So we only need to find V and ¢. Let us denote G = {g € G | gx = y}. Let

xo € Fand let &: Uy, — G x {xo} be a local retraction around x¢. Then there is
a homeomorphism

-1 ~
Uy, X Uy x @7 (x0,%0) = Uy, X Uy, X Gyg xo

that sends a triple (x,y, g) to the triple (x,y, &(y)~'g&(x)). Define V' to be the
open set |J . Ux x Uy. The restriction ®y.: ®'(V’) — V' is locally trivial,
hence a fibre bundle.
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As we have assumed that F is locally equiconnected, we may take a neigh-
bourhood deformation retract V of D C F x F, and, since f(B) is compact, we
may also impose that V. C V’. Then in the following pullback square of fibre
bundles

O '(D)—— @ (V)

L

D——V

the bottom map is a homotopy equivalence and the left vertical map has a
global section that sends a pair (x,x) to the pair (x,e), where e € G is the
identity element. Hence the right vertical map has a global section ¢ too. O

If p: E — B is a rank n vector bundle over a manifold B, we denote by
Vecty (E) :=T'(Gry(E) — B)

the space of rank k vector subbundles of E. If P — B is the associated principal
bundle, let
GL(E) = F(P Xadj(GLn(R)) GLn(R) — B)

be the space of sections of its adjoint bundle. If Z C 0B is a submanifold and
La € Vecti(E|z) is a vector subbundle, we denote by Vect, (E;Ly) C Vecty(E)
the subspace of those vector bundles whose restriction to Z is L. Similarly, we
denote by GLz(E) the group of bundle automorphisms of E that restrict to the
identity over Z. The Grassmannian Gry (R™) is compact, locally equiconnected
and GL(n)-locally retractile. As a consequence,

Corollary 1.5.6. If B is compact and E is a vector bundle over B, then the space
Vecty (E) is GL(E)-locally retractile and the space Vecty (E; L) is GLz(E)-locally re-
tractile.

The following lemma and its corollary are a consequence of a more gen-
eral theorem proved by Cerf [Cer61] 2.2.1 Théoréme 5, 2.4.1 Théoreme 5] in
full generality for manifolds with faces. Palais [Pal60] proved it for manifolds
without corners and Lima [Lim63] gave later a shorter proof.

Proposition 1.5.7 ([Cer61l]). If f: B — M is an embedding of a compact manifold B
into a manifold M, then Emb (B, M; [f]) is Diff(M)-locally retractile. If d is a jet of an
embedding of B into M, then Emb(B, M; d) is Diffa (M)-locally retractile.

Applying Lemma to the restriction map between spaces of embed-
dings, we obtain
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Corollary 1.5.8 ([Cer61l]). If A C B is a compact submanifold and f: B — M is an
embedding, then the restriction map

Emb(B, M; [f]) — Emb(A, M; [f|a])
is a locally trivial fibration.

We will need local retractibility for the space of surfaces in a manifold:

Proposition 1.5.9 ([BE8T, Mic80]). If B and M are manifolds, d is a jet of B in M
and & = j(d), then the quotient map

Emb(B, M;d) — Emb(B, M, d)/Diff5(B) := £(B, M, )
is a fibre bundle. Diffy (B) may be replaced by Diff} (B) if B is oriented.
From Lemmas and[L5.9/we deduce that
Corollary 1.5.10. The space 59+,b (M, 8) is Diffa (M)-locally retractile.
We will also need local retractibility for two more spaces.

Proposition 1.5.11. Let W C M be a submanifold, let A C B be manifolds, and
let f: (B,A) — (M, W) be an embedding. Then the space of embeddings of pairs
Emb((B, A), (M, W); [f]) is Diff(M; W)-locally retractile.

Proof. Let eg be one such embedding, and consider the diagram

Diff(M; W) x {eo} Diff(M) x {eo}
Diff(W) x {eo)a) Emb (W, M; W ¢ M])
/x ‘ Emb(B, M; [])

Emb(A, W; [f|a]) Emb(A, M; [f|a])

where the space X C Emb(B, M; [f]) is the subspace of those embeddings e such
that e(A) C W. Hence the bottom square is a pullback square and has a natural
action of Diff(M; W, [f]). The space Emb((B, A), (M, W);[f]) is a subspace of X
and is invariant under the action of Diff(M;W). All the vertical maps except
Emb(W, M; [W C M]) — Emb(A, M; [f|a]) are orbit maps. All the vertical maps
except possibly h: Diff(M; W) x {eo} — X are locally trivial fibrations by Lem-
mas[1.5.3|and[1.5.7] Moreover, h is the pullback of the other three vertical maps,
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hence is also a locally trivial fibration, so it has local sections. As the subspace
Emb((B, A), (M, W); [f]) C X is Diff(M; W)-invariant, any Diff(M; W)-local re-
traction around ey in X gives, by restriction, a local retraction around ey in
Emb((B, A), (M, W); [f]). O

Corollary 1.5.12. The space Emb(B, M; q) is Diff(M; q)-locally retractile and the
space Emb((B, A), (M, W); q) is Dift(M; W, q)-locally retractile.

Proof. Both results are obtained by applying Lemma [1.5.11] recursively to the
submanifolds in the image of q. O

Let B and M be manifolds and let C C B be a submanifold. Let q and qn
be boundary conditions for B in M. The set TEmby ¢ (B, M; q, gn ) is defined as
the set of triples (e, t, L), where

(i) e € Emb(B, M, q) is an embedding;
(i) t € Tub(e(B),M;(qn,q));
(iii) L € T(Grx(Nme(C)) — e(C));Nq(aoC)e(aoC)).

If k = 0, the subset C is irrelevant and we will write TEmb(B, W; q, qn) for
TEmbo,C(B, M; g, qn). Note that, if 9°C # (), then the last condition forces
k = dim q(3°C) — dim 2°C.

The set TEmbk)c(B, M; q, qn) has a natural action of the discretization of
Diff(M; q, qn) given as follows: If g is a diffeomorphism of M and t is a tubular
neighbourhood as above, then g induces isomorphisms TM gy — TMge(B)
and Te(B) — Tge(B), hence an isomorphism g.: Npe(B) — Nmge(B). We
define g(t) as the composite

—1
Nmge(B) AT Nme(B) =—M —2 5 M.

We define g(L) as g.(L).

Endow the set TEmby (B, M;q, qn) with the following topology: For a
point (eo, to, Lo), pick a Diff(M; q, qn )-local retraction &: Uy — Diff(M; g, qn)
around e¢ using Lemma [1.5.7jand write

Ue, ={(e,t,L) € TEmby,c(B,M;q,qn) | e € Uo).
There is an injective map

jl er — Emb(NMeo, M; qN)
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given by j(e,t,L) = (&(e),t o §(Nme(B)), E(Nme(C))(L)) and we give U,
the subspace topology. The U,’s cover TEmby ¢ (B, M;q, qn), so they define
a topology.

This discussion applies to the subspace TEmbk,C((B, A), (M, W);q, qn) of
tubular neighbourhoods of embeddings of a pair (B, A) in a pair (M, W), and
this latter space has a natural action of Diff(M; W, q, qn ).

Proposition 1.5.13. The space TEmbk’C (B, M; q, qn) is Diff(M; q, qn)-locally re-
tractile.

Proof. Let (eo,to,Lo) € TEmby c(B,M;q, qn). Let
&eo: Ue, — Diff(M; q, qn)
be a local retraction around ep in Emb(B, M; q). Let
&, Uy, — Diff(M; q, qn)
be a local retraction around t, in Tub(eo(B), M; (qn, q)). Let
&, UL, — GLaoc(Nme(C))

be a local retraction around L in Vectk(NMeo(C);Nq(aoc)eo(aoC)). There is
a canonical embedding GLyo ¢ (Nmeo(C)) — Diff(to(Nme(C)); q, gn) induced
by the diffeomorphism to, and using a bump function we may construct a non-
canonical embedding Diff(to(Napeo(C)); q, qn) — Diff(M; g, qn). We denote
by
&Lt Ur, — Diff(M; q, qn)
the composite of &; = and these embeddings. Note that &, (t)(eo) = eo, that
&1, (L)(eo) = eo, and that & (L)(to) = to, by the definition of tubular neigh-
bourhood and the definition of the action of Diff(M;q, qn) on the space of
tubular neighbourhoods. Let U C TEmby (B, M; g, qn) be the intersection of
the inverse images of U,,, U, and U; , under the projection maps. For a point
(e,t,L) in U, let us denote t; = &¢,(e)~"(t) and L1 = &, (t1)7" 0 &, (€)1 (L),
and define a map
&: U — Diff(M; q, qn)

givenby &(e,t,L) =& (e) 0 &y, (t1) 0 &,y (Ly). [
Using the proof of Lemma|1.5.11} and the previous lemma we obtain

Corollary 1.5.14. The spaces TEmby c((B,A), (M, W); q, qn) are Diff(M; q, qn)-
locally retractile.
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1.6 Homotopical resolutions
A semi-simplicial space, also called A-space, is a contravariant functor
X,: Aﬁs — Top

from the category Aj,j whose objects are non-empty finite ordinals and whose
morphisms are injective order-preserving inclusions to the category Top of
topological spaces. The image of the ordinal n is written X,, and we denote by
0;j: Xnt1 — Xy the image of the inclusionn ={0,1,...,n—1} = {0,1,...,n} =
n + 1 that misses the element j € {0,1,...,n}. These are called face maps and
the whole structure of X, is determined by specifying the spaces X, for each n
together with the face maps in each level.

A semi-simplicial space augmented over a topological space X is a semi-simplicial
space X, together with a continuous map e: Xo — X (the augmentation or
O-augmentation) such that edp = €97: X; — X. Alternatively, an augmented
semi-simplicial space is a contravariant functor

Xo: A

inj,0 — Top

from the category Ajnj 0 whose objects are (possibly empty) ordinals and whose
morphisms are injective order-preserving inclusions to the category Top. As
above, we denote by 9;: X, — Xy 11 the image of the inclusion that misses j
and we denote by e the image of the unique inclusion ) — 0. We denote by
€i: Xy — X the unique composition of face maps and the augmentation map.

A semi-simplicial map between (augmented) semi-simplicial spaces is a nat-
ural transformation of functors. If €,: Xo — X and €/: Y, — Y are augmented
semi-simplicial spaces, a semi-simplicial map f, is equivalent to a sequence of
maps frn: Xn — Yy such that diofy, = f,,_7 od; for all i and all n, together with
amap f: X — Ysuch thate’ofp =foe.

There is a realization functor [Seg74|

| - |: Semi-simplicial spaces — Top

and we say that an augmented semi-simplicial space X, over a space X is a
resolution of X if the map induced by the augmentation

|€o|: |Xo| — X

is a weak homotopy equivalence. It is an n-resolution if the map induced by
the augmentation is n-connected (i.e., the relative homotopy groups m; (X, [X,|)
vanish when i < n).
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We will use the spectral sequences given by the skeletal filtration associated
with augmented semi-simplicial spaces as they appear in [RW10]. For each
augmented semi-simplicial space €,: X, — X there is a spectral sequence de-
fined fort > 0and s > —1:

Bl = Hu(Xs) = Hyper (X, X)),

and for each map between augmented semi-simplicial spaces f,: Xo — Y, there
is a spectral sequence defined fort > 0 and s > —1:

Bl = He(Ys, Xs) = Horen ((1€d]), (1€X]),

where, for a continuous map f: A — B, we denote by My the mapping cylinder
of f and by (f) the pair (M¢, A).
The following criteria will be widely used throughout the paper.

Criterion 1.6.1 ([RW10, Lemma 2.1]). Let eo: Xo — X be an augmented semi-
simplicial space. If each € is a fibration and Fiby(e;) denotes its fibre at x, then the
realization of the semi-simplicial space Fiby (e,) is weakly homotopy equivalent to the
homotopy fibre of |e.| at x.

An augmented topological flag complex is an augmented semi-simplicial space
€q: Xe — X such that

(i) the product map X; — Xo xx - - xx Xo is an open embedding;

(ii) a tuple (xo,...,x%¢) is in X; if and only if for each 0 < j < k < i the pair
(Xj,Xk) € Xo Xx Xp isin Xj.

Criterion 1.6.2 ([GRW12|, Theorem 6.2]). Let e4: Xo — X be an augmented topo-
logical flag complex. Suppose that

(i) Xo — X has local sections, that is, € is surjective and for each xo € Xo such
that €(xo) = x there is a neighbourhood U of x and a map s: U — Xo such that
e(s(y)) =yand s(x) = xo;

(i) given any finite collection {x1,...,xn} C Xo in a single fibre of € over some
x € X, there is an X in that fibre such that each (xi, X0 ) is a 1-simplex.

Then |eq| : |Xe| — X is a weak homotopy equivalence.

Remark 1.6.3. For the second condition, we could also ask that there is an xo
such that each (xo, x;) is a 1-simplex, and the conclusion still holds.
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Resolutions of a single surface

In the proof of [RW10, Proposition 4.1] the following semi-simplicial space
was introduced: If W is a compact connected oriented surface with non-empty
boundary, and ko, k1 are embedded intervals in 0W, the semi-simplicial space
O(Wi; ko, k1)e is defined as follows: An i-simplex is a tuple (ayo,..., a;) of pair-
wise disjoint embeddings of the interval [0, 1] in W such that

(1) a)-(O) € ko and (lj(]) € ky;
(if) the complement of ap U ... U a; in W is connected;

(iii) the ordering at the endpoints of the arcs is (ag(0),...,ai(0)) in ko and
(ai(1),...,0a0(1)) in k1, where ko and k; are ordered according to the
orientation of 8.

The jth face map forgets the jth arc. In order to simplify the notation we will
write [i] for {0, ..., 1}. The set of i-simplices is topologized as a union of compo-
nents of the space Emb(I x [i], W; q) with q(x) =k;ifx € {j} x [i] and q(x) =M
otherwise.

Proposition 1.6.4 ([RW10, Proposition 4.1]). The realization |O(W;ko,k1)el is
(g — 2)-connected, where g is the genus of W.

This proposition is the hardest step in the proof of homological stability
for diffeomorphism groups of surfaces, and the change in the definition of this
complex of curves yielded various improvements [Iva93| [Bol09, RW10] of the
original complex of Harer [Har85]. A detailed proof of the above proposition
may be found in [Wah12].

1.7 A criterion for homological stability

Criterion 1.7.1. Let f, : X¢ — Y, be a map of augmented semi-simplicial spaces such
that || : [Xo| — X'is (L — 1)-connected and |eY| : |Yo| — Y is l-connected. Suppose
there is a sequence of path connected based spaces (B, by) and maps pi: Yi — By, and
form the map

gi: hOﬁbbi (pl o fi) — hOﬁbbi (pl)

induced by composition with f;. Suppose that there is a k < 1+ 1 such that

Hq(gi) = 0 when q +1 < k, except if (q,1) = (k,0).
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Then the map induced in homology by the composition of the inclusion of the fibre
and the augmentation map

Hq(go) S Hq(fO) - Hq(f)

is an epimorphism in degrees q < k.
If in addition Hy.(go) = O, then Hy(f) = 0 in degrees q < k.

Given the data in this criterion, we will call the map of pairs (gi) — (fi) the
approximation over b;, and we will call the composition (gi) — (fi) — (f) the

approximate augmentation over b;.

Proof. We have a homotopy fibre sequence of pairs (g;) — (fi) — By, andsoa
relative Serre spectral sequence

E2 4 =Hp(Bi;Hqlgi) = Hpq(fi),

where #4(gi) denotes homology with twisted coefficients. Since Hq(gi) = 0
for all ¢ < k —1iexcept (q,1) = (k,0), we have that Hy(f;) =0 forallq +1i < k
except (q,1) = (k,0). Moreover, if i = 0, all differentials with target or source
Ho(B; Hq(go)) for g < k are trivial, and these are the only possibly non-trivial
groups with total degree p 4+ q < k. Hence

Hq(go)—Ho(B;Hq(go)) — Hgq(fo)

is the composition of two epimorphisms if q < k.
The first page of the spectral sequence for the resolution (f,) — (f) is

Bl =Hqlfp), p>-1,

and it converges to zero in total degrees p + q < 1. Since Hq(f,) = 0 for all
p+q < kexcept (p, q) = (0,k), any differential with target E”; ; for q < kand
r>2,

- ET T
dr: Erf1,qfr+1 — E71,q)

has source a quotient of Hq_r41(fr—1), which is trivial. Ask —1 < 1, and the
spectral sequence converges to zero in total degrees p + q < 1, we have that for
each q < k thereis an r > 1 such that E" q= 0, hence the homomorphisms
induced by the augmentation map dy: Hq(fo) — Hq(f) are epimorphisms in
degrees g < k.

For the second part, note that in that case all epimorphisms Hq(go) —
Hq(fo) — Hgq(f) have trivial source when q < k, hence the target is also trivial
is those degrees. O
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There is one final concept that we will use rather often to describe the ho-
motopy type of the fibre of a fibration. Recall that each map f: B — C admits a
factorization B — B’ — C, where the first map is a homotopy equivalence and
the second map is a fibration. Here B is the space of pairs (b,y), where b € B
and vy is a path in C with y(0) = f(b). The map B’ — C sends a pair (b,vy) to
v(1). The fibre of this map over ¢ € C is called the homotopy fibre of f and is
denoted by hofib. (f).

We say that a pair of maps

ASLB- S

is a homotopy fibre sequence if f o g is homotopic to the constant map to a point
¢ € C, and the induced map A — hofib. (f) is a weak homotopy equivalence.
For our purposes, such data can be treated as if f were a fibration and f were
the inclusion of the fibre over c.



Chapter 2

Homology Stability

This chapter contains the proof of Theorem [B] In the first section we define
two kinds of gluing maps between spaces of surfaces. In the second section
we construct resolutions of the stabilisation maps. The third section contains
the proof of the first two assertions of the theorem, except for a claim that is
proved in Sections [2.4]and The proof is by induction and uses the resolu-
tions constructed in Section 2.2 via Criterion The last section proves the
last assertion of the theorem.

2.1 Stabilisation maps

For a collared manifold M, we will use two kinds of maps between spaces of
surfaces of the form E;b(M;é). The first map glues a collar 3°M x [ to M
and a surface P ¢ 9°M x I to the surfaces in Eg‘b (M;6). For the second map,
we remove a submanifold u’ C M from M. If a surface u” C u’ is given,
we may glue u” to the surfaces in M \ 1/, obtaining a map from &, (M \
u’;8’) to £4,6(M;08), where h, ¢, 5" depend on the surfaces 1”. In the following
paragraphs these constructions are explained in detail.

The manifold M, is defined as the union of the manifold 3°M x [0, 1] and
the manifold M along 3°M x {0} using the collar of M. The collar of M gives a
canonical collar both to 3°M; := 93°M x {1}and to 9°(0°M x I) := 3°M x {0, 1}.
The boundary condition $ also gives boundary conditions

§=T5(8% x I) € A2(0°M x T)
S=TLWU(8° x 1)) e Ay(My)

where W is any surface in 5;{,1: (M;8). Let L’ be another collared surface with

37
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0L’ =9(3°L x I). Foreach P € £(£’,3°M x [0, 1;5), there is a continuous map

—UP: E(Z,M;8) — E£(ZUZ,Mq;8)

that sends a submanifold W to the union W U P. These are maps of type 1.
If ¥ is a compact connected oriented surface of genus g and b boundary
components, then, in some cases, we will denote the map — U P by

%g,b(M;8,8): Egb(M;8) — Eg11,6—1(M;0)
Bg,b(M;évg): gg,b(M;é) — Eg,bJr] (M»S)
Yg,0(M;8,8): Egp(M;8) — Eg,p—1(M;0)

depending on the genus and the number of boundary components of the sur-
faces in the target. Note that, if X has no corners, then P will be a disjoint union
of connected surfaces, one of them a pair of pants or a disc, and the rest dif-
feomorphic to cylinders. If ¥ has corners, then P will be a disjoint union of
strips, one of them meeting 0 in two intervals, and the rest meeting & in a single
interval. Often we will write &g, (M), Bg,5(M) and v, (M) when the bound-
ary condition is clear from the context or when we are talking about arbitrary
boundary conditions.

Now we define the second type of gluing map. Let s C L’ be either empty
or a closed tubular neighbourhood of an arc or a point in . The complement
L\ s is again a collared manifold, but if s is an arc and M is a manifold with
boundary, its complement is no longer a manifold with boundary. This justifies
working with manifolds with corners.

Consider a tuple u = (u/,u”,u’”)

consisting on a neat embedding u"’ €
Emb(B, M; q), a closed tubular neighbourhood 1’ of u”’ in M, and a (possibly
empty) surface u” € £(s,u’;d[ul) such that d[ul Nd = 3[ul®. Then cl (M \ u’)
is a collared manifold with 3°cl (M \ u/) = cl(0°M \ 9°u’). The boundary
conditions 5 and b[u] give rise to a boundary condition

d(u) =T (d (W\u")) € Az(cIM\ 1)

where W € &4 (M; ) is any surface that contains u”.

The triple u = (u/,u”,u’)

defines a map
E(clZ\ s,dM\u;8(u)) — E(Z,M;9)
that sends a submanifold W to the union W U u”. These are maps of type II.

Notation 2.1.1. First, since the map defined above is completely determined
by the tuple u, we will use the notation M(u) for cl M \ u’. Second, for maps
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of type I, we denote with a tilde ~ the objects that we glue to the space of sur-
faces and with a dash ~ the objects obtained by removing or gluing surfaces to
Eg,6(M;8). For maps of type II, we denote with brackets [ ] the objects that we
remove from the space of surfaces and with parentheses ( ) the result of remov-
ing those objects. In addition, we denote with " the submanifold, with ’ the
tubular neighbourhood and with ” the surface in the tubular neighbourhood.
We will be consistent with these notations. Third, for maps of type I, the triple
u defines triples @i and U in the manifolds 9°M x I and M; givenby i = 9%u x
and U = uUf. If we assume in addition that PN’ = i” and that (0%)xI c Z’,
then in the diagram

E(Z(s)yMu);8(u)) — — = — — 5 E((ZU (), My (w); (1))
E(Z,M;5) E(ZUZX' M1;9)

we may construct the upper horizontal arrow as —U P \ ii”. As before, we will
use the notation P(ii) = P \ ©i”. We will apply these constructions three times:

In Section u” will be an embedding 1"’ of an interval with 9°T = {0, 1},
u” will be a strip, 5°[u] a pair of intervals and ii” C P a pair of strips.

In Section we will use the letter v instead of u, and v/ will be an em-
bedding of a half disc D, = D?NR xR, with 3°D; = D?NR x{0}. The surface
v” will be empty, therefore 5°[u] and ¥” will also be empty.

In Section we will use the letter p instead of u, and p””’ will be an em-
bedding of an interval with 9°T = {0}. The surface p” will be a disc with §°[u]
empty, hence p” will be empty too.

2.2 Resolutions of pairs of pants and their fibrations

In this section we construct two (g — 1)-resolutions of the space &g v (M;0),
where M is a collared manifold with non-empty boundary, and 6 € A;(M) is
a non-empty boundary condition (in particular b > 1). We will also charac-
terize the space of i-simplices of each resolution as the total space of a certain
homotopy fibration. Afterwards we will explain how these (g — 1)-resolutions
give rise to a (g — 1)-resolution or a g-resolution of the stabilisation maps (the
connectivity of each resolution depends on the stabilisation map), and how to
characterize their spaces of i-simplices.
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Resolutions of spaces of surfaces

Let £y, &1 C 9°M be a pair of disjoint open balls that intersect §° in two intervals

and write £ = ({o, {1 ). There is a semi-simplicial space Og4 1 (M; 5, {)o (for which

we write Og,(M; ), for brevity) whose i-simplices are tuples (W, uo,...,u;)
"

with u; = (uj,u",uj"), where

(i) W e &gp(M;3);

(i) (W', ul") € OWs ko N8, b M18)s;

(iii) (uj,u")isaclosed tubular neighbourhood of u;” in the pair (M, W), such
that uj’(O,—) € {p and uj’(1,—) € ly;

(iv) ug,...,u{ are pairwise disjoint.
The jth face map forgets u;, that is, it sends an i-simplex (W, ug, ..., u;) to the
(i—T1)-simplex (W, uo,...,{j,...,u;). There is an augmentation map e, to the

space £4,b(M; d) that forgets everything but W. This defines a semi-simplicial
set, and we topologise the set of i-simplices as a subspace of

5g,b(M; 6) X TEmb(I X [ﬂ) Ma q) qN))
where q and qn stand for the boundary conditions

q{o} x i) =€ nd, q{1} x ) =6 Nd, q(x) =M otherwise,
an{0} x i) =L, gn({1}x [ =€,  q(x) = M otherwise.

If we want to stress that £y and {; intersect the same component of 6, we denote
the semi-simplicial space by (’);’b (M;6,0).. If we want to stress that £y and {;
intersect the different components of 5, we denote the semi-simplicial space by
0F v (M;8,0)..

Proposition 2.2.1. Oy, (M;5,4), isa (g — 1)-resolution of £4.v(M;5).

Proof. In order to find the connectivity of the homotopy fibre of €,, we use Cri-
terionto assure that the semi-simplicial fibre Fibyy (€, ) of €, over a surface
W is homotopy equivalent to the homotopy fibre of |e,|: the space 8;,}3 (M;9)
is Diffa (M)-locally retractile by Corollary and, as the group Diff(M; 9, {)
also acts on this space, any local retraction for Diffy (M) gives also a local retrac-
tion for Diff(M; 5, (). In addition, the augmentation maps €; are Diff(M; 9, {)-
equivariant for all i. Therefore, by Lemma they are locally trivial fibra-

tions.

The i-simplices of Fibw (e,) are tuples (uo,...,u;) with u; = (uj’,uj”,uj’”)
i are embeddings of an interval in W and (uj, ") are pairwise dis-
joint closed tubular neighbourhoods of u;” in the pair (W, M). Forgetting the

where u
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closed tubular neighbourhoods gives a levelwise Diff(M;W, §, {)-equivariant
semi-simplicial map

To: Fiby (€s) — O(W:ilo N8, 8 N 8)e,

and the space of i-simplices of O(W;£o N 8,81 N 8), is Diff(W)-locally retrac-
tile, and also Diff(M; W, 6, {)-locally retractile by Corollary[1.5.12} Therefore, by
Lemma Te is a levelwise locally trivial fibration. The fibre of v, over an i-
simplex is a space of closed tubular neighbourhoods of arcs in the pair (M, W),
which is contractible by Lemma 5o T. is a homotopy equivalence. As
the space on the right is (g — 2)-connected by Proposition the result fol-
lows. O

Define A;(M; , £) to be the set of tuples (uo, ..., u;) with u; = (uj’, uj”,uj’”)

and

(i) thew”: I — M are pairwise disjoint embeddings with u;"(0) € {oN6 and
uj’“(l) €N, and uj”’(O) > u{g/(O),u]f’/(l) <w/(1)ifj >k

n
j
whose restriction to uj’ ""({0,1}) is a closed tubular neighbourhood in the
pair (3°M, 8 N ¢);

(ii) uj is a closed tubular neighbourhood of u;” disjoint from w; if j # k

iii) u!’ is the restriction of u! to some subbundle L; € Nmu!” such that
j j j

j
Ljjouyr = Nene(0wj”), ie., Lj € Gry (Nmw”; Nsne (9u)")).

This space is in canonical bijection with a union of components of the space
TEmby 1,5 (I x [i],M;q, qn). The bijection sends a triple (u’/,u”,u”’) to the
triple (u”’,u’,L;), and we use it to give a topology to A;(M; 8, ¢).

There are restriction maps

Og,6(M;5,0); — Ai(M;5, ()
that send (W, uop,...,u;) to (ug,..., ;).
Proposition 2.2.2. The restriction maps

Og,0(M;0,0); — Ai(M;6,1)

are fibrations, and, using the notation of Section their fibres over a point u =
(woy ..., ui) in Ay (M, £) are given by

Eg-i-1,prir1(M)d(w) — Of ,(M;8,0; — Ai(M;8,0)
Eg—ipri-1(M(u);8(w)) — OF ,(M;6,0i —  Ai(M;3,0),

depending on how many components of & intersect {y and €;.
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Proof. The restriction maps are Diff(M; §, {)-equivariant and, by Lemma
the space Ai(M; 9, ) is Diff(M; 8, £)-locally retractile, hence the restriction maps
are locally trivial fibrations by Lemma

The fibre over a point u is the space of surfaces W in M that contain the

strips (ug, ..., u{") and such that W\ (ug, ..., u!’) lies outside ujU...Uu{. If we
take a parametrization f: £ — W of any surface and write a = (ao,...,a;) =
(f~ ' ouf,...,f~1 ou!’), then this space is canonically homeomorphic to the

space £(Z(a), M(u);5(u)), so we just need to classify X(a).

Removing a strip from X is the same as removing a 1-cell, up to homotopy
equivalence, hence x(Z(a)) = x(X) +1i+ 1. Now, let us say that a strip aj’ "in X
is of type I if both components of da;" are contained in a single component of
0X((ag,..., aj’L] )), and that it is of type II otherwise.

e If aj’ is of type I, then 9X(ag, ..., a;’) has one more boundary component
than 6 and, as a consequence of the last condition of the definition of
O(Z)., the strip aj 1 is again of type L.

e If a/’ is of type II, then 9%(ag, ..., aj’) has one less boundary component
than 6 and, as a consequence of the last condition of the definition of
O(X),, the strip af’, ; is of type L.

Hence, the only strip of type II that may occur in the construction of 0X(a) is the
one given by ao in 0?(%),. Hence 9% (a) has b+1i+1 componentsifa € 61 (X)e
and b +1i— 1 components if a € 62(}:).. Finally, we obtain the genus of Z(a)
from the formula g = %(2 —x—b). O

(b)

Figure 2.1: (a) A 2-simplex in the boundary resolution. The grey shadows are
the balls £y and {;. (b) Detail of one of the closed tubular neighbourhoods uj’
with its strip u;’ near the boundary.
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Stabilisation maps between resolutions

In this subsection we show how to extend the stabilisation maps defined in
Subsection[2.1|to maps between the resolutions we have constructed.

Oéyb(M;éye)i - == O;+1,b,] (Mﬂgvhi O;)b(M;éye)i - == Oé)bJr](Ml;S»E)i
i g, b(M;8,3) i — n Bg,b(M;8,5) 4 —
EfyM8) 2588 (My;D) EF M 8) 5 gl (My;).
(2.2.1)

In Section we defined the map «g,,(M;5,8) by gluing a cobordism P C
9°M x I to each surface in Eg,6(M;8). As we did there, in the following con-
structions we will assume, without loss of generality, that

(1) Eo :20 ><{1}and?1 =4{ X{]};
(i) PN xI)=(LNd) x I, inparticular (N & = (£N ) x {1}

These assumptions make the extension of the stabilisation map canonical: Let
us define 7i; = 0wy x 1. Then, joining the closed tubular neighbourhoods,
strips and arcs in (uyo, ..., u;) thatlive in A;(M; , £) to the products (o, . . ., Tii)
that are subsets of 3°M x I, we obtain new triples (uo,...,u;) that live in
Ai(My;8,0), defined as W; = uwU{i;. This yields the dashed maps g, (M;8, 8);
in the first diagram. These maps commute with the face maps and with the
augmentation maps, so they define a map of semi-simplicial spaces

g6 (M;8,8)e: OF L (M;8,8)e — O} 11, 1(M1;5,0)s
which is augmented over (ag,p(M; 9, 5)). Analogously, we can define a map
Bg,b (M; 6>8)o : O;,b(M§ 5, ﬂ). — Oé,b+] (M ;S) E).
which is augmented over (Bg4,5(M;8,8)).

Corollary 2.2.3 (To Proposition . The semi-simplicial pair (g, b (M;8,8)s)
together with the natural augmentation map to (g, (M; 8,8)) is a g-resolution. The
semi-simplicial pair (Bgv(M;8,8)s) together with the natural augmentation map to
(Bg,b(M;8,8)) is a (g — 1)-resolution.

There is a commutative square

Xy b (M;5,8);

, )i _
02 (M5 8,0); ——50] 1 (M35, 1)

J (2.2.2)

Ai(M;8,0) tni Ai(M1;5,0)
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I —

| —

Figure 2.2: The map « (M) acting on a 2-simplex in the boundary resolution.

where the lower map is a homotopy equivalence. Hence we obtain a map be-
tween the fibres over the points u and u of the fibrations of Proposition

Eq i brii(M(u);d(u)) — &+

g—i,b+i (M (w); 3(u)). (2.2.3)

More concretely, this is a map of type I given by the cobordism P \ @” C
9°M(u’) x I, which is denoted Bg—i,briT (M(u);8(u), 6(w)), as can be seen
from the difference between the genus of the surfaces in the source and target
spaces.

As the map A;(M;5,8) — Ai(My;9,) is a homotopy equivalence, the space
5;1& +i_1(M(u);8(u)) is homotopy equivalent to the homotopy fibre of the
composition of the augmentation map of O;»b(M; 5,0) with this map. More-
over, we have shown that the map between the fibres of the locally trivial fibra-
tions of diagram is a stabilisation map Bg—i,p+i—1(M(u);5(u),8(u)).

As a consequence, we have a diagram

EF i (M(u); 5(u) P £ s (M (@) 5(0)
hofibg(p) hofibg(p’)

L .

02, (M;5,0); ‘ : Ol 10-1(M1;8,0);
\ /
AI(MDS)E)

This gives that the pair (hofibg(p’), hofibg(p)) is homotopy equivalent to the
pair (Bg—i,b+i—1(M(u);8(u),5(w))).
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Following the same procedure with the map 4,5 (M; 5,8), we obtain that
the pair given by the map from the homotopy fibre of

0} v (M;8,0); — Ai(My;35,0)
to the fibre of the composition
0f v (M;8)i — Ai(M1;8,1) — Ai(M1;5,0)
is homotopy equivalent to the pair given by

5+

g—i—1,b+i+1 (M(u);8(u)) — Sg_i,bH(M] (ﬁ)§5(ﬁ)))
which is a map of type ag_i—1,b+i+1(M(u);5(u), 5(a)).
Corollary 2.2.4 (To Proposition[2.2.2). There are homotopy fibre sequences
(Bg—ibri1(M(u);8(u))) — (agp(M;8)i) — Ai(M1;5,0),
(dg—i—1,b+ir1(M(u);8(w))) — (Bgu(M;8)i) — Ai(M1;8,10),

that is, the homotopy fibre over U is homotopy equivalent to the pair shown.

2.3 Proof of homology stability for « and 3 maps

In this section we prove the first two assertions of Theorem [B} leaving some
details until Sections[2.4land 2.5] The proof of the last assertion will be deferred
to Section 2.6l

Proposition 2.3.1. Let M be a simply connected manifold of dimension at least 5. If
the dimension of M is 5, we assume in addition that the pairs of pants defining the
stabilisation maps are contractible in 0°M x [0, 1]. Then

(i) Hilog,p(M)) = 0fork < 1(2g +1);

1
3
(ii) Hic(Bg,b(M)) =0fork < 2g.

This proposition will be proven by induction: Lemma gives the start-
ing step and Lemma gives the inductive step.

Remark 2.3.2. The proof of Proposition follows the proof by induction of
Theorem 7.1 in [RW10]. Following the language in that paper, stabilisation on
T is covered by Lemma and T-triviality will be the subject of Sections
and 2.5

One important difference with [RW10] is that the fibrations in Proposition
have as fiber a space of surfaces in M(u) —the complement of i arcs in
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M—, instead of M. In [RWI10, Propositions 4.2 and 4.4] the fiber of the cor-
responding fibrations are moduli spaces of surfaces with the same tangential
structure as the moduli space for which the (g — 1)-resolution was constructed.
This problem is solved in Section where an additional resolution is intro-
duced. This is the main technical departure from [RW10].

The inductive step

We define the following statements, which we will prove by simultaneous in-
duction: Firstly, for the stabilisation maps,

Fg: Hyl(oth,u(M)) = 0 for all simply connected manifolds M of di-
mension at least 5 with non-empty boundary, for h < g and
k< 1(2h+1);

Gg: Hx(Bn,p(M)) = 0for all simply connected manifolds M of dimen-

sion at least 5 with non-empty boundary, for h < gand k < %h.
Second, for the approximated augmentations for the g-resolution oy, (M) and

the (g — T)-resolution B4 v(M),,

Xg: Hi(Brp—1(M(u))) — Hi(oth,p(M)) is an epimorphism for all
simply connected manifolds M of dimension at least 5 with non-
empty boundary, for h < gand k < J(2h+1);

Ag: Hi(Brp—1(M(u))) = Hy(an,p(M)) is zero for all simply con-
nected manifolds M of dimension at least 5 with non-empty
boundary, for h < gand k < %(Zh +2);

Yg: Hiloth—1,p4+1(M(u))) = Hi(Bn,b(M)) is an epimorphism for all
simply connected manifolds M of dimension at least 5 with non-
empty boundary, for h < gand k < 2h;

Bg: Hil(ath—1,0+1(M(u))) — Hi(Bn,p(M)) is zero for all simply con-
nected manifolds M of dimension at least 5 with non-empty
boundary, forh < gand k < %(2h+ 1).

Lemma 2.3.3. If M satisfies the hypotheses of Proposition then
(i) Xg;Ag = Fg;  (iii) Gg = Xg; (V) Gg; Xg—1 = Ag;
(ii) Yg;Bg = Gg; (iv) Fg—1 = Yg;  (vi) Fg_1;Yg—1 = By.
Proof. (i) The morphism induced in homology by the approximate augmenta-
tion
Hi(Bg,o-1(M(u))) — Hi(ag,u(M))

is both zero and an epimorphism in all degrees k < %(Zg +1) (since Xg and A4
hold), so Hy(otg,5(M)) = 0 in these degrees. Similarly for (ii).
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(iii) Consider the g-resolution otg p (M;0)e of xg v (M;0) given by Corollary
together with the homotopy fibre sequences

(Bg—i,b+i—1(M(u);8(u))) — (ag,6(M;8)i) — Ai(Mi;9)

of Corollary For all i > 1 we have the inequality 13(29 +1)—1i< %(g —1),
and so, as M(u) is simply connected, by inductive assumption

Hq(Bg—t,6+i—1(M(u);8(u))) =0

for q < %(29 + 1) —i. When i = 0, we have the inequality %(29 +1)—-1< %g
50 Hq(Bg,b—1(M(u);8(u))) = 0 for q < %(Zg + 1) — 1. In total we deduce
that we have Hq(Bg—i,b+i—1(M(u);8(u))) = 0 for q < %(Zg + 1) — i except
(q,1) = (3(29+1),0). As |1(2g+1)] < g+1,and A;(M;,?) is path connected,
Criterion shows that the approximate augmentations are epimorphisms
fork < 13(29 + 1). Similarly for (iv).

The implications (v) and (vi) will be proven in Sections2.4/and O

Stability on connected components

In this section we prove that the assertions Xg4, Y, Ag and By hold for g = 0.
This, together with Lemma will finish the proof of Proposition For
that, we first construct a (non-canonical) bijection between 7 (S;b (M;8)) and
the second homology group of the manifold M.

Suppose that M is a simply connected manifold of dimension d > 5, and
let us describe an action of the abelian group H,(M;Z) on the set ﬂog;b (M;6)
of isotopy classes of surfaces of genus g in M with boundary condition 6. Let
€: X4 p — M be an embedding with boundary condition §, representing an
element e € noggyb(M;é). Let x € (M) = H,(M;Z) be a homotopy class of
maps from S? to M.

As M has dimension at least 5, x may be represented by an embedding
% : $? — M disjoint from the image of €, and we can then choose an embedded
path from the image of € to the image of X. Forming the ambient connected
sum along this path we obtain a new embedding X -€: Ly, — M.

Lemma 2.3.4. The map

H,(M;Z) x KOEJb(M;é) — noggfb(M;é)

(x,e) — [R- €]

is well defined and gives a free and transitive action of Hy(M;Z) on Ttoé';b (M; ).
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If 9: Ho(M, 8, Z) — Hq(8;Z) denotes the boundary homomorphism and [8] €
H; (8; Z) denotes the fundamental class, then the map

T, (M;8) — 87 ([8])

(6] — .([Xg,b,0Zg,b]))
is an isomorphism of Ha (M, Z)-sets.
Proof. Consider the natural Diff(Zy p)-equivariant inclusion
@: Emb(Z4 v, M;8) — map(Zy v, M;d).

As the dimension of M is at least 5 and it is simply connected, the main
result of [Hae61]] says that ¢ induces a bijection

oEmb(Z g4 v, M;08) = momap(Zg,p, M;0).

Consider the cofiber sequence S! -5 Il — Zgb, where I!, denotes a 1-
skeleton of g 1, to which just a single 2-cell needs to be attached to obtain Zg .
The second inclusion gives the locally trivial fibration

map(Zg,p, M;0) — map(}:;’b, M;d),

whose base space is connected because M is simply connected. The fiber over a
point ¢ € map(Zg]‘b, M; 8) is the space map(Dz, M; ¢) of maps from the 2-disc
D? to M that restrict to ¢ o i on the boundary.

By considering the long exact sequence on homotopy groups for this fi-
bration, in low degrees we find that m (map(Z’Q,b, M;d),d) acts on the set
mo(map(D?, M; ¢)) with quotient 7o (map(Zg.b, M;0)).

We have the composition

7o (map(D?, M; ¢)) — 7o (map(Zg,u, M;8)) ——» 3~ ([8])

where the source has a free transitive 7, (M)-action and the target has a free
transitive H, (M; Z)-action, and the map is equivariant with respect to the Hure-
wicz homomorphism. This shows that both maps are in fact bijections, and that
the induced 7t (M)-action on the set 7o (map(Z 4,1, M;8)) is free and transitive.

Given this calculation, it is clear that the group Diff " (Z4 1) acts trivially on
the set moEmb(Z4 v, M;8)), so there is an induced bijection

o€ (M;8) — 0 (181).

It is then easy to see that the H,(M;Z)-action on 3~ '([5]) corresponds to the
one that we constructed on 7 ngb (M;0). O
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This lemma allows us to begin the inductive proof of Proposition as it
tells us what the zeroth homology of Egyb (M; ) is.

Lemma 2.3.5. If M is simply connected of dimension at least 5, then the statements
Fo and Gy hold. As a consequence, the statements Xo, Yo, Ao and Bo hold too.

Proof. Each stabilisation map glues on a cobordism P with incoming bound-
ary & and outgoing boundary 8. With the notation of Lemma adding on
the 2-chain representing the relative fundamental class of P defines an isomor-
phism of Ha(M;Z)-sets 3~ ([8]) — 9~ '([8]) between the inverse images of the

fundamental classes [5] and [8], and hence Fo and G hold. O

2.4 Resolutions of complements of arcs and their

fibrations

In the following two sections we prove statements (v) and (vi) of Lemma m
These say that the approximate augmentations over a 0-simplex u for the reso-
lutions (&g, p(M)s) and (Bg4,6(M)s), that is, the maps

(Bg,o—1(M(W)) — (ag,5(M))
(xg—1,04+1(M(W))) — (Bg,b(M)),

induce the zero homomorphism in homology in degrees < 1(2g + 2) and
< 1(2g+1) respectively.

Let us explain the strategy of our proof of these statements, where as an
example we consider the approximate augmentation for «g,,(M),. In this sec-
tion (in particular in Corollary we construct a resolution of pairs, called
the relative disc resolution,

(DBg,p(M(u))e) — (Bg,p(M(u))),

and in Corollary we show that its space of 0-simplices fits into a homotopy
fibre sequence

(Bg,0(M(v))) — (DPBg,0(M(u))o) — Di(M(u)),

where M(v) denotes a manifold obtained from M (u) by cutting out a 2-disc v
spanning the arc u. Assuming that G4 holds, in Lemma[2.4.7) we show that the
approximate augmentation for (D ¢,5 (M(u))s),

(Bg,0(M(v))) — (DBg,u(M(u))o) — (Bg,0(M(u))),
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induces an epimorphism in homology in degrees < 1(2g + 3).

In Section [2.5| we apply the relative disc resolution as follows. Assuming
that Xy_1 holds, we show that the composite of the approximate augmentation
for the resolution (DB 4—1,b+1(M(u))e) and the approximate augmentation for
the resolution (g v(M),),

(Bg,o—1(M(V))) — (Bg,o—1(M(u))) — (g0 (M)),

induce the zero homomorphism in homology in degrees < 1(2g + 2). Since
we have shown that the first map induces an epimorphism in homology in
at least these degrees, we deduce that the approximate augmentations for the
resolution (g v(M),) must induce the zero homomorphism in homology in
those degrees, as required.

Thick disc resolution

Suppose that we have a resolution of a stabilisation map og,5(M;8,8) and a
0-simplex u as in Section (the stabilisation map 4,1 (M;?9, §) can be treated
identically). This means that we are given a pair of open balls £ = (o, ;) in
0°M and a triple u = (u/,u”,u”’) € Ao(M;5,€) where 1’ is a tubular neigh-
bourhood of an arc u”’ in M and u” is a strip in u’ that contains u””. In addi-
tion, the stabilisation map is a map of type I that glues a cobordism P C 9°M x I
to the surfaces in 5;13 (M;8), and P contains the strips t” = ou” x L.

Recall that the space E;b (M(u); d(u)), consisting of surfaces in M(u’) with
boundary condition given by & and the boundary of u”, was defined in Section
and it appeared in Proposition[2.2.2)as the fibre of the map

Og.b(M;8,0)0 — Ao(M;8,0) 2.4.1)

that forgets the surfaces. In Section we showed how to extend the stabili-
sation map to a semi-simplicial map between resolutions, which in particular
gives a map on O-simplices

g b (M;8,8)0

Oé,b(M;&ﬂ)o O;Jr]’bf](MHg»E)O-
This map also fits in the commutative square

OZ b(M‘S)e)O “g,b(M;évg)O O]
g, )

! |

AO(Mvé)E) el AO(MﬂE)E))
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and the maps between the fibres are
Booo1(M;8,8): €5y (MW 8(w) — £, (M (@3(@),  (242)

where T = uU it and M; = M UJ°M x L This is a map of type I obtained by
gluing the cobordism P(ii) := P \ ii” to each surface. We will now construct a
resolution of the individual spaces in (2.4.2), and later show how to extend the
map of to a map of resolutions.

Construction 2.4.1. Let ¢ be a path in P(1i) from Lo N 6(u) to €1 N d(u) that cannot
be contracted to the boundary of P. Then & is isotopic in 9°M to the oriented ambient
connected sum #,8 of & along @ (when @ is homotoped in 3°M x [0,1] to lie in
°M x {O}).

Let 1 be a path in 3°M from w"(0) to (1) that cancels the surgery done by @,
that is, so that #.# 0 is ambient isotopic to b.

Let D, ={(a,b) € R? | a? + b? < 1,b > 0} be the half disc with some collar
of °D, = D, NR x {0}, and write 3'D_ for the other 1-face of D_.. Let us
fix a neat embedding (using that M is assumed to be simply connected and of
dimension at least 5 [Hae61]])

y: Dy — M(u)

disjoint from 8, such thaty(d' D ;) is contained in u’(S(Npmu)) € 9M(u), and
Yjoop, =mnrel (Lo Uly).

We remind the reader that, by the definition of neat embedding, we have
y(0°D,) € 9°M(u). Choose, once for all, an (open) tubular neighbourhood Y
of y disjoint from § and write YO = Y|, 50p,)and Y! =Yy 51p,)-

Definition 2.4.2. Let Dy, (M(u);5(u),Y)s be the semi-simplicial space whose

i-simplices are tuples (W, vy, ...,v;) where v; = (vj’ ,v].” ") and

(i) We &g, (M(u);8(u);

" .

(ii) v{”: D4 — M is an embedding isotopic to y with v/”(3°D) C Y°, and
V(3D \ D) € Y';

!//

j

striction to v{”(dD ) is contained in YO U Y'.

(iii) v is a closed tubular neighbourhood of v;" disjoint from W, whose re-

The jth face map forgets vj, and there is an augmentation map e, to the space
ngb (M(u);8(u)) given by forgetting all the v;. We topologise this set as a sub-
space of

Eq,6(M(W);8(u)) x TEmb(D-. x [i], M; q, gn),
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where
q(aODJr) = YO) q(31D+) = Yl) Q(X) =M otherwise, aNn =g.

Proposition 2.4.3. If M is simply connected and of dimension at least 5, then the
augmentation

Dg,b(M(w); (1), Y)e — €51, (M(w);8(u))
is a resolution ofé';b (M(u); 8(u)).

Proof. In order to find the connectivity of the homotopy fibre of €,, we use
Criterion to assure that the semi-simplicial fibre Fiby/(e,) of the augmen-
tation map e, over a surface W is homotopy equivalent to the homotopy fibre
of |e,|. The space ngb(M(u); 5(u)) is Diffs (M (u))-locally retractile by Corol-
lary hence also Diff(M(u);8(u), 9Y)-locally retractile. In addition, the
augmentation maps €; are Diff(M; 6(u), 0Y)-equivariant for all i, therefore they
are also locally trivial fibrations by Lemma [1.5.3]

The space of i-simplices of the semi-simplicial fibre is the connected compo-
nent of TEmb((D x [i], 0), (M, W); q, qn) to which (y, Y) belongs. Let us define
the semi-simplicial space D(W, M), whose space of i-simplices is the space of
embeddings Emb((D x [il, 0), (M, W); q), and the face maps are given by for-
getting half-discs. Forgetting the tubular neighbourhoods gives a map

Te: Fibw(€e) — D(W, M),.

The space on the right is not levelwise Diff(M;0Y)-locally retractile, because
an arbitrary diffeomorphism may change the isotopy class of each embedding,
but is Diffo(M; Y)-locally retractile by Lemma and Corollary In
addition, r, is levelwise Diff(M;dY), hence it is a levelwise fibration by Lemma
The fibre over an i-simplex v = (v}, ..., v]”) is the space

Tub((v"'(I x [il), 0), (M, W); qn),

which is contractible by Lemma

The semi-simplicial space D(W, M), is a topological flag complex, and we
will apply Criterion [1.6.2] to prove that it is contractible. Suppose we are given
a (possibly empty) collection v§’,...,v{" of O-simplices in D(W, M),. As the
dimension of M is at least 5, we may perturb the embedding y and obtain a map
that is transverse to v{’,...,v!” and to W (hence disjoint). By [Hae61|] and the
assumption on the dimension of M, this map is homotopic to an embedding,

which is in turn isotopic to y, giving a 0-simplex orthogonal to v{’,...,v!”. O
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Recall that TEmb(D . x [i], M; q, qn ) is the space of tuples (vo, ..., vi), with
v = (v]-’ ,vj”’ ), where vj’” is an embedding of D, into M and v]-’ is a tubular
neighbourhood of v;’ as above, and such that the tubular neighbourhoods are
pairwise disjoint. We denote by D;(M(u);Y) € TEmb(D. X [il, M;q, qn) the
connected component of any tubular neighbourhood of the embedding y.

There is a restriction map
Dy, (M(u);8(u), Y)i — Di(M(u);Y) (24.3)
that sends a tuple (W, vy, ..., Vi) to the tuple (vo,...,vi).

Proposition 2.4.4. The map (2.4.3) is a locally trivial fibration, and its fibre over an i-
simplex v = (vo, ..., vi) is the space ngb(M(v); d(uw)) where M(v) := cl (M(u)\v).

Proof. Since the restriction map is Diff(M(u); 9, Y)-equivariant, and the space
Di(M(w);Y) is Diff(M(u); 8, Y)-locally retractile by Lemma we deduce
from Lemma that the map is a fibration.

The fibre is the space of oriented surfaces of genus g with boundary con-
dition 8(u) in M(u) that do not intersect the closed tubular neighbourhoods
Vg, ..., Vi, which is the space 5;b(M(v);6(u)). O

Stabilisation maps between resolutions

In this section we show how to extend the stabilisation maps of Section [2.2| to
maps between the resolutions that we have constructed. We will follow closely
the methods of that section. As recalled in Section[2.4} to define the bottom map
in the diagram

Dgp(M(u);d(u)yY)e—— === - - - - Dg+1,0—1 (M (1);8(w),Y),

|

og,b (M(1);8(u),8(T)) N T—
— Ef i1 o1 (M (@);3(w)

E6u(Mlw);8(w)

we joined each surface with a cobordism P(it) in 3°M(u) x I. We now impose,
without loss of generality, the following conditions:

(i) P(i) N (Y® xI) =0, and
() Yo=Y x {1, Y =Y' U (aY' x I).

These assumptions make the extension of the stabilisation map canonical: Let
us define ¥; = aov,- x 1. Then, joining the discs in (vo,...,V;) that live in
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(©

Figure 2.3: Figure shows the tubular neighbourhood u’ and, in light grey,
the boundary condition for the discs, thatis, Y® and Y'. Figure corresponds
to the condition that y° has to be homotopic to 1, which in the picture can be

seen as the requirement that the dark circle has to be contractible in 9°M (w).
Figureshows a typical O-simplex in Dy 1 (M (w);8(1t))e.
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D;i(M(w);Y) to the products (¥, ...,V;) that are subsets of 3°M x I, we ob-
tain new triples (Vo, ..., V) that live in D;(My;38), where V; = vU9;. This rule
defines the dashed maps Do g,p (M(1); 8(u), 8(t)); in the first diagram.

These maps commute with the face maps and with the augmentation maps,
so they define a map (the resolution of og v, (M(1); 8(u), 5(w))) of semi-simplicial
spaces

Dotg,b (M (1); 8(1),8(W))e: Dg,u(M(u);8(u), Y)e — Dgi1,bo—1(M(TW); 8(T), Y)a

that extends ag,p (M(1); §(u), 8(11)). Analogously, we may also define the reso-

DBg,b(M(1); (1), 8(W))e: Dg,u(M(u);8(u),Y)e — Dg,pi1 (M(T); 8(T), V).

Corollary 2.4.5 (To Proposition 2.4.3). The pair (Dag,, (M(w);8(w), 8(T0))e) to-
gether with the natural augmentation map to the pair (ocg p (M(uw);8(1w), 5(t))) is an
oo-resolution. The pair (Dﬁg’b(M(u);é(u),g(ﬁ)).) together with the natural aug-
mentation map to the pair (4,5 (M(u); d(u), 8(11))) is an oo-resolution.

There is a commutative square

Doag,p (M(u);8(u),d(T))1 -
Dy b (M(W); 5(w),Y); 2L Dy y1,0-1(My(w);8(0), Y);

Di(M(u);Y) kindd Di (M, (@), Y),

(24.4)
where the vertical maps are the fibrations of Proposition and the lower
map is a homotopy equivalence. Hence we obtain a map between the fibres
over the points v and V of the fibrations of (2.4.4),

E5u(M(V);8(w)) — 7 4 41 (M1 (9);3(w)),

which is obtained by gluing the cobordism P(it) C 9°M(v) x I to each surface.
This is a map of type ag b (M(v); 8(u), §(T)).

Following the same procedure with the map DB g,»(M(u);5(u),5(u))., we
obtain a map on the fibres over the points v and v of the analogous diagram
(2.4.4)

E5 o (MWV);B(W) — E5 4y (M (9);5(10),

which is of type 4,5 (M(Vv); d(u), §(w)). Since the inclusion

Di(M(u),Y) — Di(M; (w), Y)
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is a homotopy equivalence, we may compose the right-hand side fibration in
diagram (2.4.4) with the bottom map, obtaining a map of homotopy fibrations
over the same base space.

Corollary 2.4.6 (To Proposition[2.4.4). There are homotopy fibre sequences of pairs

ag,u(M(V);8(w))  — Dogp(M(u);d(u))i — DM (W);3(W))s
Bg,b(M(V);8(w) — DRgp(M(u)d(w))i — DM ();8())i.

Proof. As in Corollary the map between the base spaces is a weak equiv-
alence, hence we obtain a fibrewise map of fibrations. O

Homology of approximate augmentations of the thick disc
resolution

Lemma 2.4.7. If Fq holds, then the approximate augmentations for Dag v, (M(u))e
induce epimorphisms in homology up to degree % (2g +4).

If G4 holds, then the approximate augmentations for D g »(M(u))e induce epi-
morphisms in homology up to degree (29 + 3).

Proof. We apply Criterion Consider the map of semi-simplicial spaces
Dag,p(M(u);5(1))e — otg,n(M(u);d(u)

given in Corollary which is a homotopy equivalence (so we take 1 = oo
in the criterion). Consider also the sequence of path connected based spaces
D(M; (w); §(w))i, for which we choose an arbitrary basepoint v = (vo, ..., Vi).
By Corollary the map called g; in the criterion is of type o¢g v, (M(V); 8(u)).

Now, if we let k = [ }(2g 4+ 1) + 1 in the criterion and
Hq (g, u(M(v);8(u))) =0 (24.5)

when

q+1i<k (exceptfor(q,i) = (k,0)), (2.4.6)

then the approximate augmentation is an epimorphism in degrees q < k. Be-
cause F4 holds, we have that the equality holds for all ¢ < 1(2g+1)
and all i, in particular for the (q,1) in (2.4.6). The proof for DBgu(M(u))e is
analogous. O



2.5. Triviality 57

2.5 Triviality

This section is divided in two parts. In the first part we prove Lemma [2.5.1}
which is geometric in nature (in contrast to the previous sections). In the lan-
guage of [RW10], it says that the space of embedded subsurfaces is 1-trivial. In
the second part, we apply this lemma to prove assertions (v) and (vi) in Lemma
hence finishing the proof of Proposition The second part follows
[RW10] too, and we slightly improve the argument in that article avoiding the
use of homomorphisms that only exist at the level of homology.

Composition of approximate augmentations

Suppose we have a resolution of a stabilisation map ag 1 (M;$,d), a 0-simplex
uin Ogyb(M; 8,0)s and a O-simplex vin Dy p (M(u);5(u), Y), as in Section

Let us denote by by v_1(v) the composition of the approximate augmenta-
tion for the resolution Oéyb (M; 6, ), over u and the approximate augmentation
for the resolution Dy p_1(M(u);8(u),Y)s over v, and by ag p(v) the analogue
composite when we start with O;?b(M; 8)e. With the notation of Sections
and we have the following commutative square:

Bg,o—1(M(v);5(u))

Eqp1(MV);8(u)) Eq v (M1 (¥);8(W))
bg b1 (V)JV - - J’ug‘b(v) (251)
£1 4 (M;5)

5;—0—1,b—1 (M3 9).

The first result of this section will be the construction of a dotted map with
certain properties making both triangles commute up to homotopy. We will
construct it in Lemma All maps in the diagram are maps between spaces
of surfaces of the two kinds of maps constructed in Section[2.1}

xgb(M;8) =—UP with PcC oM x I (type 1),
Bgb—1(M(WV);8(u)) =—UP(@”) with P(@)c°M(v) x1 (typel),
bg,b—1(v) =—uUu” with  u” cu' uv’ (type 1),

agp(v) =—uu” with  uw’ cvut (type I1).

Let us denote by M; = M U3°M x [0,1i]. We first prolong the vertical maps
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in the diagram to obtain

Bg,b—1(M(v);5(u)) .5
Eq o1 (MV);8(u) ——— Eqp(Mi();3(T

bg,b—1 (V)JV—ULL” ag,o( \ !’

og,v(M;8)
£56(M;0) 27 Erip (M) (252)

—uUP
10(5)JU6°><[0,2] Ju@ x[1,3]
xg,b(M32)
Eqp(M2;8+2) ey Editp1(M3;8+2),

using the maps i;(8) = —U8° x [j,j+2], with 8° x [j,j+2] € 3°M x [j,j+2] and
the map og v(M2) = —U (P +2), where P +2 C 9°M x [2,3] is the cobordism
P translated 2 units. The boundary condition & + 2 is (5 \ §°) U (38° x [0,2]) U
(8° x {2}). In the diagram we have specified both the name of the map and the
cobordism that defines the map (see Figures2.4Jand 2.5).

The maps io(8) and i; (8) are homotopy equivalences and the bottom square
commutes up to homotopy. The purpose of enlarging the diagram is to make
room to define a map —UQ from the upper right corner to the lower left corner.

In (2.5.2), we have that

M; (V) U (TUV UM x [1,2]) = M,,
and we want to find a cobordism Q C N:=uUvU 0°M x [1,2] defining a map
—UQ: &, (M1 (9);3(10) —— &5, (M2;8 +2). (25.3)
The boundary of N is divided in three parts:
ON = OM;(¥) U 90°M; x [1,2] U 3°M x {2}
and the boundary condition which Q must satisfy is
§= 5w U s’ x[1,2] U &° x{2}.

Lemma 2.5.1. If the dimension of M is at least 6, then there is a disjoint union of
strips and cylinders X', a cobordism Q € (X', N; &), and isotopies

u”U(8° x[0,2]) € uUvUI'M x [0,2]

TUE x1,3) € TUTUIM x [1,3]

Pl@uQ
QU(P+2)

RT RO

relative to the boundaries. If there is a simply connected open subset Y of 0°M with
P C Y x [0, 1], then the result also holds for manifolds of dimension 5.
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Figure 2.4: The cobordisms in diagram when & = §°. The grey colourings
in the boundary show how these pieces of the boundary glue together. The
cylinders attached to the other boundary components have not been drawn.

Proof. First we show that the space £(X’, N; &) is non-empty. Recall that, by the
assumption made in Section (see also Section [2.1), 35(w)° = 98°(u)°. From
Construction we know that §(t) ~ #,8(u). Moreover, §(u) = #,8, and
u’” is isotopic in N to 1 relative to their boundaries, as both are contained in
the interior of the thick disc with corners u U v, hence 6(u) = #,5. In addition,
all these isotopies are constant on 95(1t)°. Therefore we conclude that

S(TW) = #p0(u) ~ #,#,6 ~ 5 rel 95(T0)°,
where we have used the natural identifications
IM(u) = oM (1) and oM = OM;.

As the dimension of M is at least 5, this isotopy can be realized as a union of
embedded strips Q C N whose boundary is & and a union of cylinders in the
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Figure 2.5: Background manifolds in diagram in the case when 0°M
is a disc. The upper picture should be interpreted as the complement of the
coloured figure in the cylinder.

components of § that are disjoint from u’”. This shows that there existsa Q C N
giving a map (2.5.3).

Now, for each triangle of @, we show how to choose a Q so that the
triangle commutes up to homotopy (and these homotopies satisfy certain extra
properties). Note that all the cobordisms in diagram contain some part
of the product (6° N (& U €;)) x [0,3]:

(%N (Lo Uly)) x 0,1 CP(in), (8°N (Lo Uty)) x[0,2] cu”uUd® x[0,2],
(BN Ul))x2,3]CcP+2, (8°N(LouUty)) x[1,3] cu’ud’ x 1,3].

Fix an interval 1o in 8°(u) N £y and an interval 1; in §°(u) N ¢y, and let Ly =

lo x [0,3] and Ly = 1; x [0, 3], and write L for their union. The extra property
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- o m m ]

<

Figure 2.6: From left to right, a picture of the cobordisms P(ii), Q and (P + 2)
when P is a pair of pants (this covers the case 9M = 9°M). The thick lines are
the strips L, and the grey lines indicate how P(ii) and Q glue together.

satisfied by the homotopies that we construct is that they are constant on L.

The four cobordisms in diagram (2.5.2) are discs with corners or pairs of
pants. Hence the complement of L in each of these cobordisms is a union of
discs with corners, that we denote with a superscript L.

Observe first that the inclusion N € 1’ Uv’ U3°M x [0,2] is an isotopy
equivalence, and second that the inclusion Q C P(@)t U Q is surjective on
components (see Figure . As each component is a disc (with corners), we
deduce that the isotopy type of the discs P(i)" U Q is fully determined by the
isotopy type of the discs Q. Let us choose a Q; € £(Z’,N; &) for which P(i)- U
Q; is isotopic to u”Us° x [0, 2]. Similarly, the inclusion N C /' Uv'U3°M x [1, 3]
is an isotopy equivalence and the inclusion Q C Q U (P + 2) is surjective on
components, hence we may choose a Q; € £(£’,N; &) for which Q; U (P +2)t
is isotopic to u” U 5° % 1,3l

Finally, we prove that Q1 is in the same isotopy class as Q;, hence we may
take Q = Q;, finishing the proof of the lemma. For this, observe first that the
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Figure 2.7: An abstract picture (that rounds some corners, for simplicity) of the
cobordisms P(i)", Q and (P + 2)t. The inclusion Q C P(i)t U Q is a surjection
on 7y, and when restricted to each component of Q, it is an isotopy equivalence
onto the component it hits. The same holds for the inclusion Q ¢ Q U (P + 2)L.

composite cobordisms
WU x0,2)-U(P+2),  P@LU@ U x[1,3),

which are the complements of L of the two ways in diagram are isotopy
equivalent. Therefore, by the choices made,

Ry :=P(@)"uUQ;uU(P+2)t, Ry :=P(@"uQu(P+2)t

are isotopy equivalent and so are the complements Ry \ Q; and R; \ Q,. Take
now isotopy equivalent parametrizations fy,f2: X1, — 9°M x [0,3] of Ry
and R, with the same jet d near their boundaries and such that fﬂ (Q1) =
f5'(Q2) =: S. In addition, fix an isotopy between them. The restriction of
these parametrizations to S defines a pair of points in 710 (Fiby, s (p)) of the
restriction map

p: moEmb(Z; 2,3°M x [0,3];d) — moEmb(12\ $,3°M x [0,3];dz, ,\s)-

These points are mapped to the same point [f1] = [f,], and Lemma[2.5.2]implies
that they are in the same isotopy class, hence [fs] = [fys], so [Q1] = [Q2], as
we wanted.

If there is a simply connected subset Y C 3°M x [0, 1] with P C Y, we may
perform the same proof replacing 3°M by Y. O

Lemma 2.5.2. Let X be a manifold of dimension at least 6 or a simply connected man-
ifold of dimension 5. Let ¥ be an oriented surface, let S C L be a disc and write
£ :=cl(£\S). Let f: £ — X be an embedding with jet d. Then, the inclusion of the
fiber Fib¢(p) of the locally trivial fibration p: Emb(Z, X;d) — Emb(X’,X; d|z/) over
f|x is injective on .
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Proof. Let T be a tubular neighbourhood of f(Z’), and let d’ be the jet of the
restriction fjs: S — X\ T along the boundary 0S. Let

q: map(Z,X;d) — map(Z’, X;djs/)

be the restriction map, which is also a locally trivial fibration. There is a com-
mutative square

mtoFiby (p) ! mEmb(Z, X; d)

ToEmb(S, X\ T;d’)
b K (2.5.4)
momap(S, X\ 1;d’)

(¢

mtoFibs(q) = momap(S, X;d’) — ' memap(Z, X; d).

The map a is induced by a homotopy equivalence, and c is a bijection due to
the high dimension of X and the fact that X \ T is homotopy equivalent to the
complement in X of a union of submanifolds of dimension 1 (namely, the image
of a 1-skeleton of X’). In addition, X\ T remains simply connected if X is simply
connected and of dimension 5, hence the map b is injective (and surjective) by
Haefliger’s theorem [Hae61].

Moreover, the lower map fits in the exact sequence of pointed sets

mmap(E’, X)¢ —— 7o Fiby (q) —— momap(Z, X; d), (2.5.5)

and we claim that the action of mymap(Z’, X)¢ on 7oFib¢(q) is trivial: Given
A€ ﬂo(Fibf‘}/: (p)) and B € 7ty (map(Z’, X), f|%), that is, a map A: D? — X from
a disc (possibly with corners) D? satisfying a boundary condition and a map
B: [0,1] x £’ — X whose restriction to {0,1} x L’ is {0, 1} x f|,, the element
y(B,A) is obtained by gluing the map B, |
the disc. As B ..,
cobordant, so the two (relative) cycles A and y(B, A) are homologous. But as

s, tO A to get a new map from

extends to B (by construction), both A and y(B, A) are

X is simply connected, the (relative) Hurewicz map is a bijection, so A and
y(B, A) are homotopic.

As a consequence, the map j is injective, hence jcb is injective, and so is kia,
and since a is a bijection, we deduce that i is injective. O

Composing the map — U Q with an inverse of the homotopy equivalence
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ip(8) we obtain a diagonal map for the square (2.5.1), and the isotopies found
in Lemma yield the following:

Corollary 2.5.3 (To Lemma 2.5.1). In the square (2.5.1) the dashed diagonal map
exists and both triangles commute up to homotopy.

Zero in homology

During this section, if A — X is a map, we will denote by (X, A) its mapping
cone. We will use the letter X for unreduced suspension, and write CX = [0, 1] x
X/{1} x X.

Lemma 2.5.4. If

A X
is a map of pairs and there is a map t: X — A’ making the bottom triangle com-
mute up to a homotopy H: f =~ jt, then the induced map between mapping cones
(f,g): (X, A) = (X', A) factors as (X, A) Py CA U; CX it (X' A’), where p comes
from the Puppe sequence. In addition, if there is also a homotopy G: g ~ ti, then the
composite CA U; CX B (X7, AY) P, CA’ U;j CX’ is nullhomotopic.

Proof. The map h: CA U; CX — CA’ U; X' is given by

h(a,s) = (g(a),s) € CA’ if (a,s) € CA
h(b,s) = H(b,2s) € X’ if (b,s) e CXand 0 <s<1/2
h(b,s) = (t(b),2s — 1) € CA’ if (b,s) € CXand 1/2 < s <1,

and it restricts to (f, g) in the mapping cone CA U; X, hence hp = (f, g).
For the second part, let C%Y ={(y,s) € CY |0 < s < 1/2}, notice that

(CA UL CX)/Cy X = ZAV IX,

and consider the diagram

CAUCA =ZA
~ | IdUuCi
h p’ collapse CX’
CAU; CX — 5 A’ Uy X! D A Uy oX! 2 sAY

collapse C 1 X
J z V[
TgVit

(CAU; CX)/C1 X = TAV £X A’V IA!
2
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which is easily checked to commute. As ti is homotopic to g, the lower compo-
sition is homotopic to Vo (£gV Zg) oV, ie. £g — Xg, so it is nullhomotopic, as
required. O

We now return to (2.5.1), where we had chosen anarcug = u € (99 v(M;8)0
and adiscvg = v € Dg,b(M(uo),é(uo)) Suppose that we have another arc
u € O;,b—] (M(vo);8(up))o and another disc vi € Dg_1,1,(M(vo)(u1),8(uo))o
(notice that we can also consider u; as a point in Oé‘b (M;8)o and ug as a point
in O;’bq (M(v1);8(u1))o). The diagram below shows the various maps which
can be constructed from these data using Lemma[2.5.4

Ed 1 (M(v)) ——— £, (M(v0)) —— Bg.n—1(Mlvo)) — = ZEF,; (M(vo))

bg,b 1 (vo) 1) ag,6 (Vo) /

EgpM) ——— €5 (M) ———— g (

bg,b—1(v1) (2) ag,b(vi) (\Z“g 1,0 (vo,v1)

8;},_1(M(V1)) E— 5;‘}3(M(VI)) E— Bg,b 1M 4) ng b 1

h//
ag—1,b(vo) (3) by b—1(vo)

Eq1,5MW0,v1)) — €5 1 (M(vo,v1)) — otg—1,5(M(vo,v1)) — ZE5_; 1 (M(vo,v1)).

g—1,b

The second line of the diagram is the Puppe sequence for the stabilisation
map ag,b(M;8,38), and the first and third lines are the Puppe sequences for the
approximate augmentations corresponding to the data (uo,vo) and (uy,v1) re-
spectively. The fourth line is the Puppe sequence for the approximate augmen-
tation obtained by using the data (10, vo) on the map B4,v—1(M(v1)). Impor-
tantly, it may also be considered to be the Puppe sequence for the approximate
augmentation obtained by using the data (u,v1) on the map 4, v—1(M(vo)).

We use Corollary [2.5.3]in order to provide a diagonal map and isotopies in
the square (3), which gives the map h” such that p’ o h” is nullhomotopic. We
use the same diagonal map and isotopies in the square (1) to obtain the map h,
because in square (1) the problem of finding such data is the same as in square
(3), but without the requirement that the isotopies have to fix the cylinders t].
We choose any diagonal map and isotopies for the square (2) to obtain the map
h'. After doing this, it follows from the definition of the map h that

Lemma 2.5.5. The maps
(ag,b(v1),bgb—1(vi))oh” and hoZag_qp(vo,v1)

from Zﬁ;hb(M(vo,v] )) to g5 (M) are homotopic.
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Proof. The map Zag_1,5(vo, V1) is the suspension of the map that glues back
the strip u}’ corresponding to vi. The map (ag,u(v1), bg,b—1(v1)) glues back the
strips uy’ and uj’. The homotopies in square (3) fix these strips by their very
definition, and we have chosen the homotopies in (1) to be the ones in square
(3), so they fix the strips too. Therefore the manifolds in which the cobordisms
that define h and the cobordisms that define Zagy_1 1, (vo,v1) live are disjoint.
The maps h and h” are obtained by gluing to the spaces of manifolds the same
cobordisms and performing the same isotopies on them. O

Proposition 2.5.6. Let M be simply connected and of dimension at least 5. If the
dimension is 5, then we assume that all the stabilisation maps in what follows are
induced by pairs of pants that are contractible in °M x L If Xg_1 holds, then the
map (Bg,0—1(M(vo))) — (xg,5(M)) induces the zero homomorphism in homology
degrees < 15(29 +2). If Yg_1 holds, then the map (og,p—1(M(w,V))) — (Bg,6(M))
induces the zero homomorphism in homology degrees < 1(2g +1).

Proof. We find homotopies
hoZag_1,6(vo,v1) > (ag,b(vi),bgp—1(vi))oh” ~h'op’oh” ~x

by applying Lemmas and Since Xg4_1 holds, the map Zag_1,v(vo,v1)
induces an epimorphism in homology degrees < 1(2(g—1) + 1) + 1 (although

the map ag_1,u(vo,v1) is not a map of type og,p(M(vo, V1), it is isotopic to
such a map after rounding the corners of M), hence h must induce the zero
homomorphism in those degrees, and so must hp. The second part is proven
similarly, by rewriting all of this section in the analogous way. O

The following finishes the proof of parts (v) and (vi) of Proposition[2.3.3}

Corollary 2.5.7. Let M be a simply connected manifold of dimension at least 5. If
the dimension of M is 5, we assume in addition that the pairs of pants defining the
stabilisation maps are contractible in 9°M x [0, 1]. If Xq—1 and G g hold, then the map

(Bg,o—1(M(uo))) — (xg,6(M))

induces the zero homomorphism in homology degrees < (29 +2). If Yg_1 and Fg_4
hold, then the map
(xg—1,41(M(10))) — (Bg,n(M))

g,b(
induces the zero homomorphism in homology degrees < 1(2g +1).

Proof. In the first case, by the previous proposition we have seen that if Xg_1
holds, then the composition

(Bg,o—1(M(V))) — (Bg,o—1(M(u0))) — (etg,u(M))
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induces the zero homomorphism in degrees < %(2g + 2), while in Proposition
we have proven that if G4 holds, then the left arrow is an epimorphism
in degrees < 1(2g + 3). Thus the composition is zero in the range of degrees
claimed. The second case is completely analogous. O

2.6 Closing the last boundary

We have to prove the last assertion of Theorem [B} as well as the injectivity in
homology of the maps of type (3 for which one of the newly created boundaries
is contractible in 9M. That 34,1, (M;$) induces a monomorphism in homology
in this case and thatyg4,, (M; 8) induces an epimorphism in homology if b > 2 is
a consequence of the fact (cf. Remark that for each such B4, (M;0) (resp.
each v4,5(M;?)), there is a yg,p41(M;d’) (resp. Bg,b—1(M;d’)) and homotopy
retractions

Yg,b+1 (M;él)ﬁg,b(M;é) = Id» Bg,bf1 (M;él)YQ,b(M;B) ~ Id.

Moreover, by Proposition the 3-maps induce isomorphisms in homology
in degrees < 2g — 1 and an epimorphism in the next degree, but since the 8
maps are monomorphisms, it follows that they also induce isomorphisms in
homology up to degree g. Finally, this implies that v4,,(M;3) is an isomor-
phism in those degrees too.

Therefore, it only remains to prove the third assertion of Theorem [B|when
b = 1. This is the purpose of this section.

Resolutions and fibrations

Consider the space €;b (M;5), and let £ C 9°M be a subset diffeomorphic to
a ball disjoint from 0. There is a semi-simplicial space Py (M;d,{)s whose

i-simplices are tuples (W, po, ..., pi), where p; = (pj,p;’, p;”) and

i) We &, (M)

(ii) p;”: ([0,1,{1/2}) — (M, W) is an embedding of pairs with p;"(0) € ¢
and p]f”(l) eM;

(iii) (pj’ , pj’ ") is a closed tubular neighbourhood of pj’ ([0, 1]) in the pair (M, W);
(iv) the neighbourhoods p(,...,p{ are disjoint.
The jth face map forgets p; and there is an augmentation map to S;b(M; d)
that forgets all the p;. We topologise the space of i-simplices as a subset of
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Edp(M;8) x TEmb(I x [i], M; q, qn), where
q(x) = qn(x) =Lifx =0, q(x) =gn(x) =Mifx #0.

Proposition 2.6.1. If M is connected and of dimension at least 3, then the semi-
simplicial space Py, (M;0), is a resolution ofé';b (M;6).

Proof. The space 5Z;L,b (M; 8) is Diffs(M)-locally retractile by Lemma and
therefore it is also Diff(M; 8, £)-locally retractile. For each i, the augmentation
map

€i: Pg’b(M;é)i — 5;:})(]\/[,6)

is Diff(M; 6, £)-equivariant for all 1, therefore it is also a locally trivial fibration
by Lemmal[l.5.3} As a consequence, the semi-simplicial fibre Fibyy (e, ) is homo-
topy equivalent to the homotopy fibre of |e,| by Criterion The space of i-
simplices of the semi-simplicial fibre is TEmb((Ix [i],{1/2} x [il), (M, W); q, qN)-
Let us define the semi-simplicial space P(W,; M), whose space of i-simplices is

Emb((I x [i],{1/2} x [i]), (M, W); q),

and the face maps are given by forgetting embeddings. Forgetting the tubular
neighbourhoods yields a map

To: Fibyw(€s) — P(W, M),

that is levelwise Diff(M; W, {)-equivariant onto the space P(W, M),, which is
levelwise Diff(M; W, {)-locally retractile by Corollary hence this map is
a levelwise fibration by Lemma The fibre of the map r; over an i-simplex
p=(pd,...,p!") is the space Tub(p"’(I), (M, W); qn ), which is contractible by
Lemma

The semi-simplicial space P(W, M), is a topological flag complex, and we
will apply Criterion to prove that it is contractible. As M is connected,

for each tuple (W,p§’),...,(W,p{”;) of 0-simplices over a surface W there is

"

another 0-simplex (W, p;”) over W orthogonal to them all, by general position.

Hence it is contractible by Criterion[1.6.2] O

n

j
p;” is an embedding of an interval in M, pj is a tubular neighbourhood of p;’

Let Bi(M; ) be the set of tuples (po,...,pi) with p; = (pj’,pj”,p ), where

in M and p;’ is the restriction of p; to some vector subspace L; C Nij’ "(1/2)
of dimension 2. Moreover, we require that p; be disjoint from py. This space
is in canonical bijection with TEme‘{] /2«11 (I x [il, M5 q, qn ), and we use this

bijection to topologize it.
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There is a map
,Pg,b(M;é»e)i — Bl(Mve)

that sends a tuple (W, po, ..., pi) to the tuple (po,...,pi).

Proposition 2.6.2. For a point p € Bi(M;{), with the notation of Section there
is a homotopy fibre sequence

Eqbrir1 (M(P);3(p)) — Pg,b(M;8)i — Bi(M;0).

Proof. The map is Diff(M; 9, {)-equivariant and B;(M;¢) is Diff(M; 3, £)-locally
retractile by Lemma therefore this map is a locally trivial fibration by
Lemma The fibre over a point p is the space of surfaces W in M that meet
the tubular neighbourhoods p; in the image of p;’. This space is canonically

homeomorphic to the space 5;,b+i+1 (M(p); d(p)). O

Stabilisation maps between resolutions

In this section we will show how to extend the stabilisation map y4,,(M;?) to
a map between resolutions

Pg,b(M;éve)l 77777 ﬁlpg,b—1(M1;SaE)i
\ Yg,0(M138,8) J -
Eip(M8) — 22— g8 (Mg, D)

To define the maps v4,5(M; 98, 8): Equ(M;8) = €5y (Mg ,8), we joined each
surface with a cobordism P in 0°M x 1. We will assume, without loss of gener-
ality, that

(i) e=x {1}
) ExD)NP=0.

As in previous constructions, we define p; = aopj

similarly ]5).’ and ﬁj’ . There is a map vgq,5(M; §,8); making the diagram com-

x Iand pj = pj Up; and

mute, that sends a tuple (W, p) to the tuple (W U P,p). These maps commute
with the face maps and with the augmentation maps, so they define a map of
semi-simplicial spaces (the resolution of v 4,,(M; 8, d)),

Vg,b(M;é)g)o: Pg,b(M;é)o - 'Pg,b71 (Mﬂg)n

extending v4,u(M;5,d).
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Corollary 2.6.3 (To Proposition . The pair (vg,5(M)a, b, ) together with the
natural augmentation to the pair v 4 v, (M; 8, ) is a resolution.

The diagram
YQ,b[M;éyg)i =
Pg,o(M;08); Pg,o—1(M;8);
B:(M;0) PP Bi(My, )

is an extension of the homotopy equivalence B;(M;{) — B;(Mj;{). Hence we
obtain a well-defined map on the homotopy fibres over the points p and p of
the fibrations of Proposition [2.6.2}

g;b+i+1 (M(p);d(p)) — g;bJﬂ(M(ﬁ)yg(ﬁ)))

obtained by gluing the cobordism P to each surface. This is a map of type
Yg,b+i+1(M(p); 8(p), 3(P)).

Corollary 2.6.4 (To Proposition[2.6.2). There is a relative homotopy fibre sequence

(Yg,b+i+1(M(p); 8(p), 8(P))) — (Yg,0(M;8,8)i) — Bi(M;0).

Homological stability

Remark 2.6.5. Consider a stabilisation map v4,,(M;$,8), which is given by
closing off one of the boundaries b of § (which must necessarily be nullhomo-
topic in 3°M). If 8 has another boundary component b’ in the same component
of 3°M as b, then there exists a stabilisation map Bg,b—1(M;do, ) creating the
boundaries b and b’. In this case we may enlarge collars, and we have the
composition

Bg,o—1(M;d0, Yg,0(M1;8,8) —

3)
5;:1)71(7\/[;50) g;b(MUé) g;bfﬂMZ;é)

which is homotopic to a stabilisation map which takes the union with a cylinder
inside 0°M x [0, 2]. This map may not be homotopic to the identity —the cylin-
der may be embedded in a non-trivial way— but it is a homotopy equivalence
(as we may find an inverse cylinder), so the map v4 »(M;; 9, 8) is split surjec-
tive in homology. By the same argument, any map B 4,5(M;; 8, ) which creates
a boundary which is nullhomotopic in 93°M is split injective in homology.

The following proposition finishes the proof of Theorem B}
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Proposition 2.6.6. Let M be a simply connected manifold of dimension at least 5
with non-empty boundary, and & be a boundary condition. Then, for any boundary
condition §,

(i) for every map v 4v(M; 8, 8) we have Hi (v4,6(M;8,8)) =0fork < 3g+1;

(ii) every map Bg,(M;8,d) for which one of the newly created components of & is
contractible in 9°M induces a monomorphism in all homology degrees;

(iii) every map vq4 v (M;8,d) for which there is another component of & in the same
component of 3° M as the one one which is closed induces an epimorphism in all
homology degrees.

Proof. We have already shown the last two statements above. Regarding the
first statement, suppose first that there is another component of 6 in the same
component of 3°M as the one which is closed by Yg,0(M; 5,9), and choose a
Bg,b—1(M;80,8) as in Remark By Proposition we know that the
map Bg,b—1(M,;do, ) induces an epimorphism in homology degrees < 2g, and
it also induces a monomorphism in all degrees: thus it induces an isomorphism
in degrees < %g. As vg,0(M; 5,8) is a left inverse to it, this also induces an
isomorphism in these degrees. Hence Hy (vg4,u(M; 5,8)) =0fork < %(Zg + 3),
asvgq,0(M;8,38) induces an epimorphism in all degrees.

Now suppose that there is no other component of § in the same compo-
nent of 0°M as the one which is closed by v4,1(M;5,5). We choose a ball
¢ ¢ 3°M and form the resolution of Yg,0 (M9, ) given by Corollary Us-
ing Corollary[2.6.4]to identify the space of i-simplices in this resolution, the pair
(Vg,b+i+1(M(p);8(p)) is a map of type v for surfaces with (after rounding the
corners of M) at least i+ 1 extra boundary components of §(p) in the component
of dM containing the boundary which is closed off, so the discussion above ap-
plies and shows that Hy (vg,b+i4+1(M(p); 8(p))) = 0fork < %(29—!—3). Applying
the second result of Criterion[I.7.1]to this resolution gives the result. O
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Chapter 3

Stable Homology

In this chapter we prove Theorem|C] The first section proves the theorem in the
case where M has non-empty boundary, except for the proof of a proposition
(Proposition B.1.9), which we defer to the second section. We show how to
deduce Theorem[A]for manifolds without boundary in the third section. In this
chapter we only work with manifolds and manifolds with boundary, but not
manifolds with corners, as we did in the previous chapter.

3.1 Group completion

This section gravitates around a group completion argument that takes place in
Proposition Roughly speaking, the space of all compact connected ori-
ented surfaces ]_[g,zs £ :;b (M;8) in M is a module over the cobordism category
of cobordisms in 9M x I, and the group completion will invert the operation
“gluing a torus in 0M x I”. We will compare the homotopy type of these mod-
ules with the homotopy type of certain spaces of sections in order to deduce
Theorem [C|for background manifolds with non-empty boundary.

Spaces of manifolds and scanning maps

Galatius and Randal-Williams introduced a topology on the set W, (R™) of all
smooth oriented 2-dimensional submanifolds of R™ that are closed as subsets
of R™. This topology is discussed in detail in Section More generally, for
any real vector space V we can consider the space ¥,(V) of smooth oriented
2-dimensional manifolds in V. If (—, —) is an inner product on V, we can define
the Thom space of the orthogonal complement of the tautological bundle over

73
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the oriented Grassmannian Grj (V),

as in page|8|in the Introduction. There is an inclusion
ir S(V) — ¥ (V) (3.1.1)

given by sending a pair (L € Grj (V),v € L*) to the oriented surfacev+L C V,
and sending the point at infinity to the empty surface.

Proposition 3.1.1 ([GRW10]). The inclusion i is a weak homotopy equivalence.

Let M be a smooth manifold of dimension d, possibly with boundary. Let
Y, (M) be the set of all smooth oriented 2-dimensional submanifolds of M
which are closed as subsets of M. Due to the fact that ¥, (R™) is a sheaf of
topological spaces, there is a unique way of promoting the sheaf of sets ¥, (M)
to a sheaf of topological spaces [RW11] Section 3].

Let g be a Riemannian metric on M, not necessarily complete. There is an
associated partially defined exponential map exp: TM --» M. The injectivity
radius of g at p € M is the supremum of the real numbers r € (0, 00) such
that exp is defined on T, M on vectors of length < 1, and exp is injective when
restricted to the open ball of radius r in T, M.

Let a: M — (0, 00) be a smooth map whose value at each point is strictly
less than the injectivity radius of the metric g at that point —such functions
exist by a partition of unity argument. If V is an inner product space, define
an endomorphism h of V by v — (1; arctan Hvll) v. Let exp: TM — M be the
composition of the endomorphism of TM given by v — a(p)h(v) ifv € T,M
and the exponential map.

Let W(TM) denote the space of pairs (p, W) withp € Mand W € ¥(T,M),
i.e., the space obtained by performing the construction ¥(—) fibrewise to TM.
There is a map

Y(M) x M — ¥Y(TM),

given by (W,p) — ((exp, Ir,m) "' (W) C T,M), whose adjoint
st W(M) — T(¥(TM) — M),

a map to the space of sections of the bundle ¥(TM) — M, is called non-affine
scanning map.

Proposition 3.1.2 ([RW11]). If M has no compact components, then the non-affine
scanning map sq is a weak homotopy equivalence.
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On the other hand, let S(TM) denote the result of performing the construc-
tion S(—) fibrewise to the tangent bundle of M. Let ¥ (M) denote the space of
pairs (W, t) consisting of a submanifold W € ¥(M) and a map t: W — (0, 00)
such that the exponential map restricted to the subspace

V(W) ={(w,v) e N\W | |p]| < t(w)} C NW
is an embedding. There is a map
YM)Y x M — S(TM)
given by

00 if p & exp(ve(W)),
W t,p) — if p = exp(w, V)
(Dlexplrm)(TWv) c oM P~ 9P
for (w,v) € v¢{(W),
where we consider the oriented 2-plane T,, W and the vector v as lying inside
T, (T.wM) using the canonical isomorphism T, (T,wM) = T,,M, and then apply
the linear isomorphism D (exp |1,,m): Tv(TwwM) — T, M. The adjoint to this
map,
s: YWY (M) — T(S(TM) — M),

is called the scanning map.
Because the inclusion (3.1.1) is O(n)-equivariant, it follows that the inclu-
sion
1:T(S(TM) = M) — T(Y(TM) — M)

is a weak homotopy equivalence. The projection 7: ¥¥(M) — W(M) is also
a weak homotopy equivalence, by Lemma The following proposition
shows that the scanning map is also a weak homotopy equivalence if M has no
compact components.

Proposition 3.1.3. The square
INS(M) - M) —T(¥(TM) = M)
YM) ——F— 5 Y(M)
commutes up to homotopy, so if M has no compact components then
s: ¥V(M) — T(S(TM) - M)

is a weak homotopy equivalence.
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Proof. For (V, (—,—)) an inner product space, let us define an auxiliary subspace
Y(V) ={WeV¥(V)|Wis empty or has a unique closest point to the origin}

of ¥(V), which is again natural in (V, (—, —)). This subspace contains S(V), and
we wish to show that the inclusion S(V) — ‘I’(V) is a homotopy equivalence.
Let ¥(V), be the subspace consisting of the non-empty manifolds. There is a
continuous function

c:¥(V)y — V

which picks out the unique closest point to the origin. This function extends to
a continuous function ¢™: ¥(V) — V' by sending the empty manifold to the
point at infinity.

We define a homotopy Hy : [1, 00] x ‘T’(V) — ‘I’(V) by the rule

c(W)+t- (W—c(W)) ift< ocoand W is non-empty,
(t, W) — ¢ c(W) + Tewy) W if t = co and W is non-empty,
0 if W is empty,

which is easily checked to be continuous.

The above discussion is completely natural in the inner product vector space
(V, {(—,—)), so we may apply it fibrewise to any vector bundle with metric. In
particular, the homotopies Hr, m fit together to give a deformation retraction H
of ‘I’(TM) onto S(M). The map sq o 7 lands in F(‘T’(TM) — M), and applying
the deformation retraction H gives a homotopic map H(co, —) o sq o 7, which
by inspection is equal to the map s. O

Scanning maps with boundary conditions

We will also often need scanning maps when M has a boundary, and surfaces
are required to satisfy a boundary condition, as in Section We formalise
this as follows.

Let M be a manifold with boundary, c: (—1,0] x 9M — M be a collar, and
& C OM be a compact oriented 1-manifold. Write M(co) = MUam ([0, 00) x OM)
for the manifold obtained by attaching an infinite collar to M. Let also

V(M &) :={W € ¥(M(o0)) [ WN ((—T,00) x OM) = (—1,00) x &}

By choosing a Riemannian metric g on M(oo) (which is a product on (—1, co) x
0M) and a function a as above, we obtain a scanning map s, for M(oo). If the
function a is chosen so that

exp, (TM(00)[(0,00)xam) C (—1,00) x IM,
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then for W € ¥(M; &) the section s (W) is a product when restricted to [0, co) x
0M, and is independent of W. By a slight abuse of notation, we call this product
section sq ([0, 00) x &), and write I'(W(TM) — M;s4(&)) for the space of sections
of ¥(TM) — M which agree with s,([0,00) X &)[am over 9M. In this case there
is a scanning map

Sa: Y(M;E) — T(W(TM) — M;s4(&))

by construction. As in Proposition if M has no compact components then
this scanning map is a weak homotopy equivalence.

Adding tails to M.

Suppose that M is a compact manifold with collared boundary, and let N,L C
O0M be open codimension 0 submanifolds, with L diffeomorphic to a ball.

Definition 3.1.4. We define the following subspaces of IM x [0, c0):
Nia,b) = N x [a, b], Lia,b) = L x [a, b],

and we also write Ng o) = N x [0,00) and Ny = N4 4j, and similarly for L.
We then write
Ma,b := MUNo,q) ULo,b)

and let M oo, Moo,b OF M oo have their obvious meaning.

Note that the boundary component N, C Mg, has a canonical collar inside
((—1,0] x 8M) Uam (N x [0, 00)); similarly for the boundary component Ly, C
Ma,b-

For 6 C N and & C L compact oriented 1-manifolds, we define

Y(Ma,p;8,&) :=¥(Mq,p;0 U &) C ¥(Moo,o0),

as in Section A careful examination of the topology of W(M, o) shows
that W¥(Mg,b; 8, £) is homeomorphic to the disjoint union [ [5; £(Z, Mq,5;0 U £)
where [X] runs along a set of compact oriented surfaces with boundary diffeo-
morphic to 6 U &, one in each diffeomorphism class.

Restricting the scanning map

Sa: W(Ma,b; 6) E,) — FC(S(TMa,b) — Ma,b; Sa(é)v Sa(‘(-v))
to the subspace of connected genus g surfaces gives a map

Sg,c(é» &): gg,c(Ma,b§5’ &) — FC(S(TMa,b) - Ma,b;sa(éjysa(‘i))- (3.1.2)



78 CHAPTER 3. STABLE HOMOLOGY

Semi-simplicial models

In order to show that the map (3.1.2) induces an isomorphism in homology in a
range of degrees, we will pass through certain auxiliary semi-simplicial spaces.

Definition 3.1.5. For & C Ly, a boundary condition, let D(M v; &)y be the set
of tuples (ao, ai,..., a,, W) where

(i) 0<ag <ay <--- < ap are real numbers;

(if) W € ¥(Muo,b; &) is a surface satisfying the boundary condition &, and the
a; are regular values for the projection pw: W N Nig o) — [0, 00).

We give it the subspace topology from (R®)P! x W(Mq, p; &). The collection of
all the spaces D(Mqo,b; &)p for p > 0 forms a semi-simplicial space, where the
jth face map is given by forgetting a;, and it is augmented over ¥(Meo,b; &).

Definition 3.1.6. Let D(N ))p be the set of tuples (ao, a1,..., ap,, W) where
(i) 0 <ap <ay <--- < ap are real numbers;

(i) W € ¥(N(o,00)) and the a; are regular values for the projection pw: W —
[0, c0).

We topologise this as a subspace of (R®)P+! x W(N (0,00)). The collection of all
these spaces forms a semi-simplicial space where the jth face map forgets a;. It
is not augmented.

Let 15(1\1(0’00] )p be the quotient space of D(N ¢, 0))p by the relation

(Clo,(l],...,(lp,W) ~ (aé)a{)"')a{))wl)

if a5 = aj’ for all j and p\j\) ([ap,0)) = p\j\), ([ag, 00)). These form again a semi-
simplicial space by forgetting the a;.
There is a semi-simplicial map

70: D(Mao,b; &)e — D(N(0,00))e

given by sending a tuple (ao, ai,...,ap, W) to [ap,ar,...,ap, W N N o0l
which factors through the quotient map r: D(N (¢ o0))e — ﬁ(N(o,OO)).. In ad-
dition to these semi-simplicial spaces, we require another pair with stricter re-
quirements.

Definition 3.1.7. Let D3(Moo,b;&)e € D(Mog,b;&)e be the sub-semi-simplicial
space where, in addition,



3.1. Group completion 79

(i) WN Mg,,b is connected, and
(ii) each pair (p\jvl lai, ai+1],p\7v1 (ai)) is connected.

Similarly, let ﬁa(N(o’w]). C ﬁ(N(O,OO)). be the sub-semi-simplicial space
where, in addition, each pair (p\jvl lai, ai+1],p\7\} (ai)) is connected. As before,
there is a semi-simplicial map 715: Dy (Moo,b;&)e — ﬁa(N(o,oo))- given by re-
striction.

If Z C Lip,c is a surface satisfying the boundary condition & C Ly and the
boundary condition &’ C L., we obtain a semi-simplicial map

—UZ: D(Mao,p;E)e — D(Moo,c;&')e
over 7, and if (£, ZNLy ) is connected then we also obtain a semi-simplicial map
—UZ:Ds(Meo,b;&)e — Do(Moo,c;E e

over Ty.

Proof of Theorem [CJwhen OM =/ ()

Let us choose once and for all a surface £ C L x [0, 3] which satisfies the bound-
ary condition & C L at both ends (with respect to the obvious collars), is con-
nected, and has positive genus. We define

D(Moo,c03€)e 1= cOLiM D (Moo, b; £,
where the colimit is formed using the maps
—UZ: D(Mao,b; &)e — D(Moo,b+3; Ee-
We define D3 (Moo, 0; &) e in the same way. Similarly, we define

W(Moo,oo; E') = COlim\y(Moo,b; &),

b—oo

where the maps in the colimit are again given by union with X.
There is a commutative diagram

Da(Moo,oo;E»)o E— D(Moo,oo; Ele —— D(Moo,oo;a)o €*.>ly(]vloo,oo; &)
ﬁa(N(O,oo))o —_— ﬁ(N(O,oo))o — D(N(0,00))e €—°>‘1’(N(o,oo))

(3.1.3)
which we will use to compare the leftmost and rightmost vertical maps after

geometric realisation. The first step in doing so is the following.
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Lemma 3.1.8. The map v, is a levelwise weak homotopy equivalence, and the two
augmentation maps labelled e, are weak homotopy equivalences after geometric reali-
sation.

Proof. The map 7, can be treated with the techniques of [GRW10, Theorem 3.9],
and the two augmentation maps can be treated with the techniques of [GRW10,
Theorem 3.10]. O

The second step in comparing the leftmost and rightmost vertical maps
of is to show that the unlabelled horizontal maps are weak homotopy
equivalences after geometric realisation. This is much more complicated and it
is deferred to Section 3.2} although we state the result here.

Proposition 3.1.9. The maps
Do (Moo,00; £)el — ID(Mo 0 E)el - and [Da(N0,00))el — ID(N(0,00))s]
are weak homotopy equivalences.

Before moving on to the proof of this proposition, let us show how we will
apply it. We choose a Riemannian metric g on M o, an ap € (0,00), and a
function a: My, — (0,00) bounded above by the injectivity radius, and so
that exp  (TMeo, colN
following commutative diagram:

eorr) C N(0,00). The non-affine scanning map gives the

Y(Moo,b; &) —2 T(W(TMoo,b) — Moo b; Sal&))

L Jnao,b (3.1.4)

W(N(O,oo)) L’ r(‘y(m[ao,oo)) — N[ag,oo])»

where both vertical maps are given by restriction. By Proposition the two
non-affine scanning maps are weak homotopy equivalences. (For the lower
one, we must use that the restriction map

P: T(W(TN(0,00)) = N(0,00)) = T(¥(TN{[q4,00)) = Niag,00))

is an equivalence, and that if we choose a different function a’ bounded above
by the injectivity radius of g|n , ,, then the functions s, and p o s are homo-
topic.)

Finally, as N{q,,00) <@ Moo,b is a cofibration, the rightmost vertical map is a
fibration, so its homotopy fibre over a section f is equivalent to

MY(MMqg,6) = Mob; fiNg, » Sa (&)
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The following group completion argument lets us understand the homotopy
fibre of |ra|. Recall that a map f: X — Y is a homology fibration if for each point
y €Y, the natural map fib(y) — hofib(y) to the homotopy fibre (cf. page is
a homology equivalence, that is, induces isomorphisms in homology groups.

Proposition 3.1.10. If x = (ao, W) € 153 (N(0,00))0 then the fibre of |7ta| over x is

F(aO)W) = Cljol}org (H gg,cleao,b;p\j\/1 (a())) a)) )
g>0

where the colimit is formed by — U L, and c denotes the number of components of

p\j\} (ao) U & Furthermore, the map |ma| is a homology fibration.

Proof. Identifying the fibre is elementary. To show that || is a homology fi-
bration we wish to apply [MS76), Proposition 4]. To do this, we observe that
(73)p is a fibration, and that its fibre over [ao, a1, ..., ap, W] is F(ap, W). Thus
face maps d; for i > 0 induce homeomorphisms on fibres, but the face map do
induces a map

colim (]g[()gg,c(Mao,b;w) (ao),«i)) — colim (];[Ofg,c/(Mm,b;Pm) (al)»«i))
gz gz

on fibres, given by union with the cobordism py,/ ([ao, ai]). As this cobordism is
connected relative to py, (ao), union with it may be expressed as a composition
of maps of type «, 3 and v, so by Theoremthe induced map on homology is
an isomorphism. O

In all, taking geometric realisation and the colimit of diagrams and
(3.1.4) over stabilisation of the top row by — U £, we obtain a diagram where
all horizontal maps are homotopy equivalences. A choice of point (ag, W) €
D(N(0,00))o such that p\j\) (ap) = 0 gives a compatible collection of basepoints
in all the spaces on the bottom row, and we obtain a zig-zag of weak homotopy
equivalences between the homotopy fibres of all the vertical maps, taken at
this compatible collection of basepoints. In particular, we obtain a zig-zag of
homology equivalences between the actual fibres of of |m3| and T,

colim (H Eg,c(May, 030, E,)) (3.1.5)
g=>0
and
colim (M"¥(TMa,,6) = Ma,,b;8a(0),54(£))) . (3.1.6)

b—oco
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Lemma 3.1.11. The stabilisation maps between the spaces of sections
F(W(TMao,b) — Mao,b; Sa (@), Sa(a))
are homotopy equivalences.

Proof. The stabilisation map is given by union with the section
sa(Z) € Te(W(T(L x [0,1])) = L x [0,1];54(&),5a(&)) = X

obtained by scanning the surface . The space X is a homotopy associative H-
space, by concatenating intervals and reparametrising. As L was chosen to be
diffeomorphic to RI-T we may choose such a diffeomorphism; this identifies
X with

map (R x [0, 1], W(R%);sq(E),5a(E)) = Qq, (2)(QTW(RY))

as an H-group. In particular, 7o (X) is a group. Thus there is a section f such
that sq(X) - f is homotopic to the constant section s4 (&) x [0, 1], but then union
with the section f gives a homotopy inverse to the stabilisation map. O

Corollary 3.1.12. There is a bijection
o (M(¥(TMa,,6) = Ma,,b;5a(0),5a(E))) = Z x Ha (M Z).

Proof. The set of path components of (3.1.5) is isomorphic to Z x H,(M;Z), by
Lemmal[2.3.4 O

In SectionB.3|we give a concrete description of this bijection. Combining the

homology equivalence between (3.1.5) and (3.1.6), Lemma|3.1.11} and Theorem
we see that the scanning map

5g,c(Mao,b;®)a) — F(W(Wao,b) - Mao,b;sa(w))sa(a))

is a homology isomorphism in degrees < %( g — 1). (We have used the fact that
L is contractible, so when we write Z C L x [0, 3] as the composition of & and
 maps, the 3 maps are always gluing on a pair of pants with nullhomotopic
outgoing boundary, so Theorem gives a stability range < 2g for gluing
maps.)

Extending surfaces and sections cylindrically from M to Mg, v gives a com-
mutative square

Eg,c(M; &) ————— T(¥Y(TM) = M;sq(E))

J J

gg,c(Mao,b;(b» &) — r(\y(TMao,b) — Mao,b;sa(m)Sa(a))
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where the vertical maps are clearly homotopy equivalences; this proves the first
part of Theorem [C| The second part of Theorem|[C} in the case where the manifold
M has non-empty boundary, follows from the commutative square

Eg1 (M5 E) —— T(¥(TM) — M;sq(E))

.

Eg(My) ——T(¥(TM1) — My;s4(0))

where & C 0M is a single nullhomotopic circle, v 4,1 is the map that glues on a
collar [0, 1] x OM containing a disc, and the right-hand map is given by union
with the section obtained by scanning the disc. The right-hand map is an equiv-
alence by an argument analogous to that of Lemma and the left-hand
map is an isomorphism in homology in degrees < %g by Theorem [B| This fin-
ishes the proof of Theorem [CJin the case where the manifold M has non-empty
boundary. In Section 3.3 we show how to deduce Theorem [CJin the case where
M has empty boundary.

3.2 Surgery on semi-simplicial spaces

In this section we prove Proposition[3.1.9} following the methods of [GMTWQ9]
and [GRW12]. There is an improvement in the way we deal with the complex of
surgery data in the sense that the maps used are always simplicial (cf. [GRW12,
Section 6]). We will prove in detail that the map

IDa(Moo,c0; &)el = ID(Mog 005 &)l B21)

is a weak homotopy equivalence, and then briefly explain the changes in the
argument to show that

IDo(N(0.00))el — ID(N(0.00))el (3.2.2)

is a weak homotopy equivalence. We first introduce two more auxiliary semi-
simplicial spaces.

Definition 3.2.1. Define a semi-simplicial space D% (Mo,b; &)e Whose space of
i-simplices is the space of tuples (W, ao, ..., a;) such that

() 0<ap<ar < ---<a €R;

(i) WeY¥(Ms,b;&);
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(iii) each qj is either a regular value of pyw: W NN o) — [0,00), or p\jv] (a5)
contains only Morse critical points of index at least 1. We denote 8; =
P\7\/1 (aj );

(iv) for eachj, the map 71o(8;5) — 7o(W N N(q; q;,,)) induced by the inclusion
is a surjection;

(v) WN (M UNj q,)ULjp,p1) is path connected.

Similarly, we let D" (Moo b5 &)e have as i-simplices those tuples (W, ao, ..., ai)
which satisfy just the first three conditions above. In both cases, the simplices
are topologised as a subspace of (R®)"*! x W(Mq, p; &) and the face maps are
given by forgetting the a;.

Lemma 3.2.2. The inclusions
Do (Moo,b3&)s| — D5 (Moo, €)el - and  [D(Moo,b; E)el — [DF(Moo,bi &)
are weak homotopy equivalances.

Proof. The argument is the same in both cases; to be specific, we treat the
first case. Let J, o be the bi-semi-simplicial space whose (i,j)-simplices con-
sist of the tuples (W, ao,...,ai,bo,...,bj) such that (W, aop,...,a;) is an i-
simplex in Dy (Mg 1;&)e and (W, ao, ..., ai, bo,...,bj) isan (i+j+ 1)-simplex
in D} (Moo b; &)

The (p, ®)-face map forgets the value a, and the (e, q)-face map forgets the
value by. It has an augmentation e_ , to D%(Moo,b; &)e given by forgetting
all the values ay, ..., a; and an augmentation €, — to Dy (Muo,b; &)e given by
forgetting all the values by, ..., b;. The triangle

1ol
N
IDo(Meo,v; &)al ID% (Moo, b3 &)l

commutes up to homotopy, by construction.

The augmentation maps have local sections. We try to define a section of
€i,—: Ji,0 = Da(Meo,p; &)1 through the point (W, ao, ..., ai, bp) on the open
neighbourhood U of (W, ay, ..., ai) consisting of those W’ such that ao, ..., a;
are still regular values and by contains only Morse critical points of index at
least 1, by the formula (W', ao,...,a;) — (W', ao,...,ai, bo). To see that this
defines a section, we must check that p\j\), ([aj, aj+1)) and p;\), (lai, bo)) all sat-
isfy the connectivity requirement (iv). The first case is immediate: as the a;
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remain regular values, py,. ([aj, aj+1)) = pyy ([aj, aj41)) and
wn(Mu Nio,a0) U L[()’b]) =w'n(MuU Nio,a0) U L[O,b])-

In the second case, p;\),([ai,bo)) differs from p;\) (lai, bo)) by adding 1- or 2-
handles, but this does not change the connectivity property with respect to the
lower boundary. We show that the augmentation map e_ ; has local sections in
a similar (but easier) way.

The fibre F, of €, over (W, ao,...,a;) has p-simplices those tuples of
real numbers (bg,...,b,) such that (W, ao,...,ai, bo,...,b,) is a simplex of
D% (Mgo,b;&)e, 1., p\jvl (b;) contains only Morse critical points of index at least
1, and p\j\} ([ai, bo)) and each pg\) ([bj, bj41)) are connected relative to its lower
boundary. These conditions only involve pairs of bj’s, so this is a topological
flag complex (whose topology is discrete). Given a finite collection by, ..., by
of elements of Fy, we may choose a; < ¢ < min(b;) such that [a;, c] consists
of regular values of pw. Then c is also in Fy, and (c,b;) € F; for each bj. It
follows from Criterion [1.6.2] (and Remark[1.6.3) that |e, _| is a weak homotopy
equivalence.

The fibre F, of e_ , over (W, by, ..., bj) has p-simplices those tuples of real
numbers (ao, ..., ap) which are regular values of pw, such that

(V\/,ao,...,(lp,bo,...,bj)

is a simplex of D% (Moo,b; &)e, which is again seen to be a topological flag com-
plex (whose topology is discrete). For a finite collection ay,..., ay of elements
of Fj, choose max(a;) < ¢ < by such that [c,bo) consists of regular values of
pw. Then c is also in F§, and we claim that each (aj, c) is a 1-simplex of F_, i.e.,
that p\j\) ([aj, c)) is path connected relative to p\j\) (a;). To see this, first note that
p\j\} ([aj,b0)) is path connected relative to p\j\) (a;) by assumption, so there is
a path from any point of P\7v1 ([aj,c)) to p\j\) (a;) inside of p\j\) ([aj,b0)), but as
[c,bo) consists of regular values py, ([c,bo)) is a cylinder, so this path may be
homotoped into P\7v1 ([aj, c)) relative to its ends. It follows from Criterionm
that [e_ .| is a weak homotopy equivalence. O

Local surgery move

Letw = (W, ao, ..., a;) be a simplex in D¥(Mo 1; &)s. We first construct a path
from this i-simplex to a i-simplex w' = (W', ap,...,a;) in D% (Mg, b;&)e. In
particular, this will prove that the inclusion D% (Moo,b3&E)e — Dt (Meo,b;&)e is
levelwise 0-connected. In the last section we use this path to show that it is in
fact a homotopy equivalence after geometric realisation.
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Let R(w) = {W1,..., Wi} be the set of connected components of WNMg, v,
and let W, be the connected component that contains &. Define

i
Pa,b(W) ={w € mo(py/ [a,b)) | a & pw(w))}, P(w) = U Pay,ar (W)
k=0

Observe that w is in Dh M; &)e if and only if R(w) U P(w) = (. We define the
following subsets of Rs.

= ({0} x [=3,3)) U ((0,5] x {0}) C R* C R?
T={(xv,2) € R [ d(T',(x,y,2)) < 1, x| <3, y <5}
and let x1,x2: T — R be the first and second coordinate functions.

Definition 3.2.3. Letw = (W, ao,...,a;) be an i-simplex in D¥(M; ¢),. A local
surgery datum for w is a pair Q = (A, e) where Aisasetand e: A x T = My
is a closed embedding, whose restriction e(x}« T we denote by ej, such that:

(i) e ' (WNMa,p) =Ax (TNx'({=3,3));
(ii) (Ida x x1)(e”"(WNNiq,,00))) C A X (4,5);
(iii) foreach A € A, ex(x;'(—3)) € Wo N Mgy b;
(iv) for each w € P(w) UR(w), thereisa A € A such that ex(x; '(3)) C w;
(v) limy_5ex(x,y,z) = oo forall A € A and all (y, z) such that \/W <1

(vi) for each A € A and for eachj =0,...,1 there is an € > 0 such that for all
a € (aj — €, a; + €), either xze;1 (Ng;) € (=2,—-T) or x1e;1 (Na;) € (2,3).

Proposition 3.2.4. A local surgery datum Q for an i-simplex w of D#(M; &), deter-
mines a path © g (t) that starts at w and ends in an i-simplex ofD% (Moo,b5&)e-

Proof. Consider the 1-parameter family of diffeomorphisms of
Y=Tu{(xy,2) € R® |x <5y, 2)ll < 1}

given by

o 1
he(x,y,2) = (U,X+(X—3)tez =22 ) z) if||(y, z)|l < 1,x < 3,
e (%, ,2) otherwise.

The properties of this family which we will use are the following:

(i) ho is the identity;
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(i) if x € (4,5) and [/(y, z)ll < 1/v2, then x1hy ' (x,y,2) € (3,4);
(iii) hy is the identity on T N x?l ([0, 3));
(iv) h¢ extends to R® with the identity outside T.
The family h; induces a 1-parameter family of maps
He: W(T) — W(T)

given by sending a submanifold W to h{(W) N T. From the first property of h
it follows that Hy is the identity. In Figures and we give a picture of
the action of H on the dark disc at the bottom of Figure

|
. TINR . AP

(@ (b)

LT

©

Figure 3.1: The effect of the family H; in the surgery movement on discs in
X7 1((2,3)), %, 1((3,4)) and x7' ((4,5)).

Consider now the path i in ¥(T) given in Figure[4.1|that starts with the sur-
face xz’1 ({—3,3}), which is the disjoint union of two open balls in T. It pushes
both balls to infinity, joins the balls there and then pulls them backwards. In
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Figure a picture at time 0 is given. The three vertical circles represent
the balls x]_1 (2), x1_1 (3) and X1_1 (4) and the horizontal circle represents the ball
X, ' (—1). The planes in the figure will be given an interpretation later. In Fig-
ures [3.2b] [3.2q and [3.2d] the ball is pushed to infinity, and in Figures and

B.2f|the surface returns in the shape of a (non-compact) pair of pants. The main

properties of this movement are the following;:
® n(0) =x; ' ({-3,3);

(ii) all the values in (1,2) are regular values or Morse critical values of index
2 for the restriction of x, ton(t);

(iii) all the values in (2, 3) are regular values for the restriction of x; ton(t) or
Morse critical values of Morse index 1 or 2 (the former possibility happens

only in the step from [3.2¢|to 3.2f);
(iv) n(t) Nx7'((4,5)) € {(x,y,2) € T ll(y, 2)ll < 1/V2, y € (4,5));

(v) in the surfacen(1), the circles x;‘ ({—3,3})Nn(1) are in the same connected
component.

Now, let V € Y(T) be the union of the balls V, = xf ({—3,3}) and some
surface Vi C {(x,y,z) € T|x € (4,5)}. We define a path ¢y : I — ¥(T) as

dv(t) =

Ha (V) ift€[0,1/2],
Hi(Vi)un(2t—1) ifte[1/2,1].

Property of h assures that both paths glue well: H; (V) = H; (V1) UV, =
H; (V1) Un(0). Property [(ii)| for hy and property [(iv)]for n assure that the union
H1 (V1) Un(2t — 1) is a union of disjoint surfaces, hence a surface. Hence the
path is well-defined. We will use the following properties of this path:

(i) ¢v(0) =V by Property [@) of hy;
(i) dv(1) N xz’1 ({—3, 3}) is connected, by property|(v){of 1.

If we are given a set V5 of surfaces Vi, C W({A} x T) indexed by A, we denote
by ¢v, (t) the result of performing ¢v, (t) in each A x T.

Now suppose we are given a surgery datum Q for w, and let us define a
path ®q in Dh(Moo’b; &)e starting atw = (W, ap,...,a;) as

(DQ(t) = (WQ (t)a Aoy .- -y (.11),

where
Wol(t)Ne=ede—1w)lt), Wo(t)\e=W\e.
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(a) (b)

() ®

Figure 3.2: The path n in the surgery movement. The shadowed surface at
the top of (3.2a) is y(t), starting with y(0) = xz_1 ({—3,3}). The dotted planes
are e ' (Ng,), and are still planes because of condition of the local surgery
data.
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There are five things to check for each A € A in order to verify that this path
is well-defined. First, that e;l (W) is the union of V, and some surface V; as
above is granted by conditions and of the surgery data, hence betiw) is
well-defined. Second, that ® ¢ (0) = w follows from property [[©)] of ¢v. Third,
that the union of the two pieces of Wq (t) is indeed a surface is guaranteed by
Property of h.. Fourth: as described, the embedding e does not induce a
map {A} x ¥(T) — ¥(Mqo,b). Condition [(v)] of the surgery data and properties
and of hy grant that the precomposition I — ¥(T) — ¥Y(M, b) with
) el (W) is continuous. In other words, they grant that the surface Wq(t) C
Moo, b is closed in M(oo0) and that W N M p is compact. Fifth, that (ao,..., a;)
are regular values or Morse critical points of index 1 or 2 is a consequence of
properties|(ii)|and of the path n, together with the following consequences
of conditions|(v)|and [(vi)| of the surgery data:

(1) If xze;](aj) € (72,71),thenp\7v1Q(t)(aj) :x;1(bj) for some b; € (1,2).
(i) If x1e;](a]-) € (2,3), then p;\)Q(t)(aj) = x1_1 (bj) for some b; € (2,3).
(iii) %pwey\(x,y,z) >0ify e (=2,-1).

(iv) %pwe;\(x,y,z) <0ifx € (2,3).

Finally, from conditions [(ii)] and [(iii)] in the definition of surgery datum and
property [(ii)| of ¢y, it follows that P(®@ ¢ (1)) UR(® g (1)) is the empty set, hence
q)Q“) GDh(Moo,b;a)r O

Remark 3.2.5. This move is a simplified version of the one used in [GMTW0Q9].
The one used there is more powerful and extends to surfaces with any tangen-
tial structure. Sadly, that move needs to push parts of the surface to both +oo
and —oo, while here we are only allowed to push things to +oco.

Global surgery move

We will now construct a bi-semi-simplicial space H, , with an augmentation
to D* (Moo,b; &)e Which, over each simplex of Dt (Moo, &), consists of certain
tuples of local surgery data. This will allow us to compare it to D% (Moo,b; &)
by “doing surgery” in an appropriate way.

Definition 3.2.6. Let #, . be the bi-semi-simplicial space whose space of (i, j)-
simplices is the space of tuples (w, Qo, ..., Qj, so,...,s;j) where

(i) wis an i-simplex in D¥(Muo v;&)e;

(ii) each Qg is a local surgery datum for w;
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(iii) the embeddings in Qo, ..., Q; are pairwise disjoint;
(iv) (s0y---,8j) € [0, 1P+,

The (p, e)th face map forgets the regular value a, € w and the (e, q)th face
map is

ao,q(W»QO)'-'aQi)s())'-'asi) =
(D, (5q)yQoye-vy Qqrevvr Qiy S0y vy 8qy-veysi)-

There is an augmentation map €q.o to D¥(Moob;&)e given by performing
the surgery Q4 on w up to time s for all q and forgetting all the surgery data.
Let 7] , be the bi-semi-simplicial subspace of those simplices such that sy =

. = s; = 1. Note that by Proposition the restriction el’, of €. o to this
subspace gives an augmentation onto D% (Mg b; &)e and the following diagram
commutes:

H o Has

J{el‘. leo,- (323)

D% (Moo.b; &)e —— D (Meo 1} £)e-

Proposition 3.2.7. If M has dimension at least 4, the inclusion of H] , into Ha o and
the augmentation maps are weak homotopy equivalences after geometric realisation.

The first part of Proposition now follows from the commutative dia-
gram

|D6(M00,b;zv).| — |D(Moo,b) E‘)o|

| J

ID% (Moo,b; &)l —— ID* (Moo b; &)al,

after taking the limit when b — oo, since the vertical maps are equivalences by
Lemma and the lower map is an equivalence by (3.2.3) and Proposition
As we remarked earlier, the second part of Proposition is proved

similarly.

Proof of Proposition[3.2.7} Itis clear that the inclusion H, , — Ha o is a levelwise
equivalence. To see that the augmentation map e, , is a homotopy equivalence
after geometric realisation, we notice that the augmented semi-simplicial space
el .t Hl, = D4(Mqv; &); has a simplicial contraction, by adding the empty
surgery data.



92 CHAPTER 3. STABLE HOMOLOGY

For the map e, ., let %, be the semi-simplicial subspace of H, . where
the simplices are required to have all s; equal to 0, and let H, , be the semi-
simplicial space defined as HJ ,, but replacing Condition in the definition
of e, by

(iii’) The restrictions of the embeddings e in each Q4 = (Aq, eq) to the sub-
space A x T’ C A x T are pairwise disjoint.

Notice that ’H(,),, C H, . and the following diagram is commutative:

H:,o Hg,o HO °

Dh(Moo,b;(t—.)o-

We next prove that the following statements are true, concluding that the aug-
mentation map €, o for H, « is a homotopy equivalence after geometric realisa-
tion, hence finishing the proof of this proposition.

(i) The inclusion of HJ , into H, . is a levelwise homotopy equivalence.
(ii)) The inclusion of 7—[9,, into H, , is a levelwise homotopy equivalence.
(iii) The augmentation map e, , is a homotopy equivalence.

Statement (i) is clear. For statement (ii), we will prove that the inclusion
HQ, — H(, is a levelwise weak homotopy equivalence. Consider the defor-
mation h: 7—[1’] x (0,1] — 7—[1’] that sends a tuple (w, Qo, ..., Q1) to the tuple
(W, he(Qo), -, he(Qu)), where he(Qq) = (Aqyhuleq)) and hyleq)(x,y,2) =
h¢(tx,y, tz). Under this deformation, any point eventually ends up, and stays,
in the subspace #{ ;. If f: (D™, S™ 1) — (#]

e H?)j ) represents a relative homo-
topy class, then because D™ is compact the map h(—, t) o f has image in #? ; for
some t, so the homotopy class of f is trivial.

For statement (iii), we notice that 7—[{’, — D”(Moo‘b; &)i is an augmented
topological flag complex, so we may apply Criterion to show that it is a
weak homotopy equivalence. Then e, , will be a levelwise equivalence in the
i-direction, hence a weak homotopy equivalence after realization.

We will prove in Lemma that the augmentation map is surjective and
has local sections. Moreover, given w € Dha (Mo,b; &)1 and a non-empty finite
collection (w, Qo), ..., (w, Q;) of (i,0)-simplices over w, as the dimension of M
is > 2, we can perturb the restriction egax1/ of eg € Qo to be disjoint from
Qo,-..,Qj, and any extension ej; to A x T of this perturbation will define a
0-simplex orthogonal to the given ones. O
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Lemma 3.2.8. The augmentation map €{ o: H{ o — D! (Moo v; &)i is surjective and
has local sections.

Proof. First we show that €/ , is surjective: if w € D% (Moo,b; &)1, let A = P(w)U
R(w). As M is connected, it is clear that we may take a smoothmape’: AxT' —
Moo, satisfying the restriction of conditions|(i)) and|[(v)|of the local
surgery data to T’, except that of being an embedding and that of being disjoint
from W outside e(xﬂ ((4,5))), e(0,—3,0) and e(0,3,0). As the dimension of M
is at least 4, a small perturbation makes it satisfy the latter properties. Again,
as the dimension is greater than 3, we may thicken the embedding e’ to an
embedding e: A x T — Mg, p that satisfies all conditions except and we
may deform e to satisfy this last condition.

Next, we show that ei’,o has local sections. Let (w, (A, e)) € H{ ;. We need
to find a neighbourhood U of w in D#(My,b; £): and a section s: U — H/ ; so
that s(w) = (w, (A, e)). Write w = (W, by,...,bi) and choose a regular value
a > b; of pw. Let U be an open neighbourhood of w in D¥(My, 1v; &)i for which
a remains regular. The space

E:={((W,bo,...,bi),x e W'nN Mu,b) e U x Ma,b}

over U is a fibre bundle, and so it is locally trivial. Choosing a trivialisation on
a smaller neighbourhood U’ of w, we obtain a map

P: U — Emb(WN Mg b, Moo,b),

and using the Diff. (M v )-locally retractile property of Emb(WNMg b, Moo,b)
we obtain an even smaller neighbourhood U” and a map

¢: U” — Diff. (Meo.p)

such that $(W’, bo,...,bi)(WNMgp) = W NMg, for (W' bg,...,bi) e U”.
We now attempt to define a section s: U"” — H{ , by

S(W/>b0a .o ')bi) = ((W/abOa .o ')bi)) (/\a d)(W/,bo, .. ')bi) o e))

To check that this is indeed a section, we must verify the six properties of Def-
inition for these data. Properties [(i)] and [(iii)] are immediate from the fact
that inside Mg p the data (W, (A, d(W’, bo,...,bi) o e)) agree with the data
(W, Q) modified by a diffeomorphism of M. Property[(v)]is automatic, and
property [(if) holds at the point w and is an open condition, so it also holds on
some neighbourhood w € U”" C U". Property [(vi)| holds after perhaps shrink-
ing U”, as then the diffeomorphisms ¢(U"”) may be assumed to be supported
away from e N p~ ' ({bo,...,bi}).
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This leaves Property|[(iv), which follows from the important observation that
if w' is sufficiently close to w, then P(w’) and R(w’) can only be smaller than
P(w) and R(w); i.e., the amount of surgery we must do to obtain suitably con-
nected surfaces is upper semi-continuous. More precisely, if w’ is sufficiently
close tow then W/ N (MUN o p,)ULjp, ) is obtained from WN (MUNg p,) U
Lo,b)) by attaching 1- and 2-handles at by, and p\j\), (Ibi, biy1)) is obtained from
p\j\), ([b1,bi41)) by attaching 1- and 2-handles at b;, 1, or subtracting 1- and 2-
handles at b;, neither of which change the required connectivity properties. [

3.3 Manifolds without boundary

In this section we prove Theorem [C] for manifolds M with empty boundary.
Before doing so, we briefly study the set of path components of the space of
sections . (S(TM) — M) for such manifolds. We fix a complete Riemannian
metric g on M.

Path components of I'.(S(TM) — M)

The space S(TM) is a bundle of Thom spaces over M, with fibre over p ¢ M
given by Th(ys — Gr3 (T,M)), the Thom space of the orthogonal complement
to the tautological bundle over the Grassmannian of oriented 2-planes in T, M.
Similarly, we can form the bundle of Grassmannians q: Gr; (TM) — M, which
comes equipped with a bundle injection vy, — q*TM from the tautological
bundle to the pullback of the tangent bundle of M. We let y3 — Grj (TM)
denote the orthogonal complement to v, in q*TM.
There is a map

c: S(TM) — Th(yy — Gr3 (TM))

given by identifying all the points at infinity. If we choose an orientation of TM
there is an induced orientation of v5, hence a Thom class

ue Hd*Z(Th(yzL — Gr; (TM)); Z).
There is also an Euler class e = e(y,) € H?(Gr; (TM);Z), and so a class
u-e € HY(Th(yy — Grl (TM)); Z).

By abuse of notation, we use the names u and u - e for the cohomology classes
on §(TM) given by c*(u) and c*(u - e) respectively.
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There are maps

T (S(TM) = M) — HI2(M;Z) — Hz2(M;Z)
S s*(u) —  71(s)

X:Te(S(TM) = M) —  HIM;Z)  — Ho(M;Z)
s s*(u-e) —  x(s)

obtained by pulling back the classes e or u- e along a section, and then applying
Poincaré duality.

Lemma 3.3.1. If M is connected then under the scanning map
8:&4(M) — T (S(TM) — M)
we have

n(8(If: Lg — M])) = f.([Zg]) € H2(M;Z)
X(8([f: g < M])) =2 —2g € Z = Ho(M; Z).

Proof. The cohomology class u € H4~2(S(TM); Z) is Poincaré dual to the class
of the submanifold Gr3 (TM) C S(TM), so if s is a (suitably transverse) section
then s* (1) is Poincaré dual to the submanifold s~ (Gr] (TM)).

The cohomology class u - e € H4(S(TM);Z) is Poincaré dual to the class of
the submanifold Z ¢ Grj (TM) C S(TM), which is the zero set of a transverse
section of v, — Grj (TM). Thus if s is a (suitably transverse) section, then the
class s* (u-e) is Poincaré dual to the set of zeroes of a section of Ts~' (G 3 (TM))
which is transverse to the zero section. The latter is x (s~ (Gr3 (TM))) by the
Poincaré-Hopf theorem.

The map obtained by scanning an embedded submanifold f(Z4) is suitably
transverse, and s~ (Gr3 (TM)) = f(Z4), so the claimed identities hold. O

Proposition 3.3.2. If M is connected, so Ho(M;Z) = Z, then the map x takes values
in 27Z. If M is simply connected and of dimension d > 5, then the map

X X 10 (I (S(TM) = M)) — 2Z x Ha (M Z)
is a bijection.

Proof. The space of compactly supported sections is the space of compactly
supported lifts along p: S(TM) — M of the identity map of M. We will use
the notation F = S(R4) = Th(yy — Grj (RY)) for the fibre of the map p, and
suppose for simplicity that M is compact.
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The map Grj (RY) — Grj (R*) induces an isomorphism in cohomology in
degrees < d —1, so
Zle(y2)] — H*(Gr3 (R?); Z)

is an isomorphism in degrees < d — 1, and hence
- Zle(v2)l — H'(S(RY); 2)

is an isomorphism in degrees < 2d—3. As there are cohomology classes u-e' €
H*(S(TM), M; Z) restricting to u - e(y2)* on the fibre, the bundle p satisfies the
conditions of the (relative) Leray—Hirsch theorem in degrees < 2d — 3, so

H*(M;Z) ® (u- Zle(y2)]) — H*(S(TM), M; Z)

is an isomorphism in this range of degrees.

Let us show that  takes even values. As q*TM = v, @ y5, we calculate in
the F>-cohomology of Th(yy — Gr3 (TM))
X

Sq*(u) =u-walyy) =u- (W2 (v2) + ¢*w2(M)) =u-e+u- q*wz(M)

and so pulling back via ¢ we have
Sq* (W) =u-e4u-p*wa(M) € HY(S(TM);F,).

=s*(u-e)+ s*u-wz(M) in the F;-
cohomology of M. However qu(s*u) v2(M) - s*u = wy(M) - s*uwas M is
simply connected, and so s*(u-e) = 0 € HY(M;F;). Thus s*(u-e) € HY(M;Z) =
7Z is even, as claimed.

We will be required to know 7y (S(R?)) for k < d. By considering the coho-
mology calculation above in degrees < 2d — 3, we see that as long as d > 4 then
S(R9) has a cell structure whose (d + 1)-skeleton X consists of a (d —2)-cell and
a d-cell. Because

Thus for any section s we have Sq°(s*u)

qu(u) =u-wy(yz) =u-wayz) #0,

we see that the d-cell is attached along a non-trivial map S~ — S4-2, which
must be the Hopf map as long as d > 5. Thus X ~ £4-%CP?, and it remains
to calculate the homotopy groups of this space in degrees < d. By the Blakers-
Massey theorem, the map of pairs 7 (S472,S971) — m (X, *) is an isomor-
phism for k < 2d — 5, so for k < d as we have assumed that d > 5. Calculating
by means of the known stable homotopy groups of spheres in this range shows
that
Ta-2(SRY) =Z,  ma1(SRY) =0,  m(SRY) =7Z,
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and also that the Hurewicz map is injective in these degrees. (When d = 5 we
must use that 715(S3) = Z/2(n?), even though it is not in the stable range; this
may be found in Toda’s book [lod62].)

Let sp and s be two sections of p which have the same value of the invari-
ants 7 and x, and let us show that they are fibrewise homotopic. We obtain a
diagram

soUs

0,1} x M 2225 S(TM) 225 M x K(Z,d — 2)

\ ///” k F@ (3.3.1)

[O,]]xM&)M:M

and we must supply the dashed arrow. By obstruction theory, the first possible
obstruction lies in

HAH10, 17 x M, {0, T} x Mjma—2(S(R))) = H 2 (M; Z)

and it must be 7t(sp) — 71(s1), as it agrees with the first possible obstruction for
the (trivial) right-hand fibration in (3.3.1I). But we have assumed that 7t(so) —
7t(s1) is zero, so there is no obstruction at this stage. The next possible obstruc-
tion lies in

HAFT([0,1] x M, {0, 1} x M;ma(S(RY))) = HY(M; Z),

and by comparing it with the trivial bundle M x K(Z,d) — M viap x (u-
e), as above, and using the injectivity of the Hurewicz map, we see that this
obstruction vanishes if and only if x(so) — X(s1) does; we have assumed this.
As M has dimension d, there are no higher obstructions to constructing the
dotted map, which gives a fibrewise homotopy between the two sections. I

Proof of Theorem |[C'when OM = ()

Recall that we have fixed a complete Riemannian metric g on M. Let £5 (M) C
Eq (M) x (0, 0o) be the space of pairs (W, ), where W € £5 (M) and e is smaller
than the injectivity radius of the exponential map exp: v(W) — M; we denote
by W€ the image of this embedding. The forgetful map £5(M) — &5 (M) is a
weak homotopy equivalence. We denote by oo, the point at infinity of S(T, M)
and write co = Up oop, and we define the support of f € I.(S(TM) — M),
denoted supp f, to be the closure of M\f~' (o).

Definition 3.3.3. Let G4(M), be the semi-simplicial space whose i-simplices
are tuples (W, €; do, ..., di), where

(i) (We) € &(M);
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(if) do,...,d; are disjoint embeddings of the closed unit disc into M;
(iii) the geodesic distance from d;(0) to W is at least ¢, for all j.

The semi-simplicial structure is as usual given by forgetting data, which gives
a semi-simplicial space augmented over £5 (M).

Proposition 3.3.4. If the dimension of M is at least 3, then G4(M), is a resolution
of € M (M).

Proof. Let G, be the semi-simplicial space constructed similarly to the above,
with i-simplices consisting of those tuples (W, €; do, . . ., di) such that condition
above holds, as well as

(ii") do,...,di: D4 < M are embeddings of the closed unit disc into M such
that the d;(0) are distinct;

(iii") dj(0)N'W =0, for all j.

There is an inclusion G4(M), — G,, which is a levelwise weak homotopy
equivalence, by shrinking the discs and €. Now G, is an augmented topological
flag complex over £; (M), so we apply Criterion The augmentation map
is a fibration by Corollary hence has local sections, and given any finite
(possibly empty) collection (W, €, do), ..., (W, €, d;) of 0-simplices over (W, €),
the complement M \ (W U |Jd;(0)) is a non-empty manifold of dimension at
least 3, so there is an embedding d of a closed d-ball into it. Then (W, d) is
orthogonal to all the former O-simplices. O

Proposition 3.3.5. There are fibrations
&M\ UG;(0)) — Gg(M)y — Ci(M) = Emb({0, 1,...,i} X D4 M)
where the fibre is taken over the point (do, ..., di).

Proof. This is a consequence of Corollary O

In the notation of the last section, we let I'. (S(TM) — M)4 denote the col-
lection of path components x ~'(2—2g). Thus it consists of those sections which
have “formal genus g”.

Definition 3.3.6. Let F4(M), be the semi-simplicial space whose i-simplices
are tuples (f, (do, ho), ..., (di, hi)), where

(@) € Te(S(TM) = M)g;
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(ii) doy...,di: D¢ < M are disjoint embeddings of the closed unit disc of
dimension d into M;

(iii) ho,...,hi: [0,1] x M — S(TM) are homotopies of sections such that
hj(o)*) :f(*)) d](O) é Supphj“)*))
and the homotopy h; is constant outside of the set d;(D?).

The jth face map forgets (d;, hj), and forgetting everything but f gives an aug-
mentation to the space I'. (S(TM) — M),.

Proposition 3.3.7. If M has dimension at least 3, then Fq(M), is a resolution of
M (S(TM) — M)g.

Proof. Let us define Fg(M), as the semi-simplicial space whose i-simplices are
tuples (f, (do, ho), - ., (di, hi)) such that conditions (i) and (iii) above hold and
condition (ii) is replaced by

(ii") do,...,di: D4 < M are embeddings such that the d;(0) are distinct,

and whose face maps are given by forgetting data, and it has an augmentation
to I.(S(TM) — M) that forgets everything but f. There is an obvious semi-
simplicial inclusion F4(M), — Fg(M), over I'.(S(TM) — M), and the lemma
will follow from the following statements:

(1) the semi-simplicial inclusion is a levelwise weak homotopy equivalence
and

(2) the augmentation of F4(M), is a weak homotopy equivalence.

For the first statement, take a smooth function A: [0, c0) — [0, 1] with
A([1,00)) =0, A([0,1/2]) = 1.

Consider the following deformation Hg: Fg(M); x (0,1] — F4(M); (which re-
stricts to a deformation of F¢4(M);):

hy (AlllsylDt, sy)  if x = dj(sy)

Hs(f) = f, Hs(dj)(y) = dj(sy), Hs(h;)(t,x) = { i
X otherwise.

Under this deformation, every i-simplex eventually ends up, and stays, in the
subspace Fg(M);. If f: (D™, S 1) — (Fg(M)i, Fg(M);) represents a relative
homotopy class, then because D™ is compact the map h(—,t) o f has image in
Fg(M); for some t, so the homotopy class of f is trivial.
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For the second statement, note that F;(M), is a topological flag complex
augmented over £; (M) whose augmentation is a fibration by Lemmas[1.5.10
and Given a possibly empty finite collection of 0-simplices

(f) dO)hO)v [E) (f) dhhi)

over f, we may find an embedding of a disc di1 such that d;1(0) is different
from the points do(0),...,di(0). We may also find a homotopy hi,; satisfy-
ing condition for the embedding di 1 and the section f, because the space
S(Ta,,, (0yM) is path connected. Hence the conditions of Criterion hold,
so the augmentation for F4(M), is a weak homotopy equivalence. O

Proposition 3.3.8. There are homotopy fibrations
I (S(TM\ Ud;(0)) = M\ Ud;(0))g — Fg(M); — Ci(M),
where the fibre is taken over the point (do, ..., di).

Proof. The space C;(M) is Diffs(M)-locally retractile by Lemma and the
map is equivariant for the action of Diffs(M); hence, by Lemma this is
a locally trivial fibration. The fibre is the space Fib; of tuples (f,ho,...,hi)
where f € T.(S(TM) — M)g4 and h; is a homotopy of f supported in d; such
that h;(1,—) is a section supported away d;(0). Since the homotopies h; have
disjoint support, we may compose them. There is a homotopy

H: I x Fib; — Fib;
(t, (fy (hoy ..., hi))) = (He(f), He(ho), ...y He(hyi))
where

He(f)(—=) = ho(t,—) o... o hy(t,—)
He(h)(s, =) =hj(t +s(1 — 1), —).

This homotopy deformation retracts Fib; into the subspace Y of those tuples
(f,ho, ..., hi) such that d;(0) ¢ supph; and h; is the constant homotopy. Fi-
nally, there is a map

Y — Te(S(TM\ Ud;(0)) — M\ Ud;(0))4

given by sending (f, ho, ..., hi) (recall that these homotopies are all constant)
to fim\uad; (0), and this map is a homeomorphism. O

By condition of Definition the scanning map

8: &4 (M) — T (S(TM) — Mg
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constructed using the previously chosen Riemannian metric g extends to a
semi-simplicial map 8,: Gg(M), — F4(M), given on i-simplices by sending
each tuple (W, e, do,...,d;i) to the tuple (8(W, ), (do,Id),..., (di,Id), where
Id denotes the constant homotopy.

Proposition 3.3.9. The resolution 8. of the scanning map is a levelwise homology
equivalence in degrees < }(2g — 2). Hence the scanning map is also a homology

equivalence in those degrees.

Proof. The induced map on the space of i-simplices is a map of fibrations over
Ci(M), and the induced map on fibres is

8i: £ (M A\ UG;(0)) — Te(S(TM A\ Ud;(0)) — M\ Ud;(0))g.

As §; is a scanning map, Theorem [C] for surfaces in a manifold with boundary
(which was proven in the preceding two sections) asserts that 8; is a homology
equivalence in degrees < %(29 — 2). Note that although M \ Ud;(0) does not
have boundary, it does admit a boundary. O
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Chapter 4

Applications

41 Thecase M =R"

Recall from the Introduction (page[I2), that the colimit of the spaces of compact
connected oriented embedded surfaces of genus g in R™ is a model for the
homotopy type of BDiff " (Lg):

colim £(Z4, R™) ~ BDIff " (L),

and Theorem [A]is in this case the Madsen-Weiss theorem, which establishes a
homology equivalence

BDiff" (£4) — QFMTSO(2)

in degrees < %(29 — 2). Here MTSO(2) is a spectrum obtained as follows: If
YzL, ., 1s the orthogonal complement of the tautological bundle on the Grassman-
nian of oriented 2-planes in R™, then there is a pullback square

1 1
Yon R ———————— v 149

| |

Grj (R") ——— Grj (R™1)

which induces a map on Thom spaces ETh(ys,,) — Th(yz,, ). The spaces
Th (‘yz{ ) together with these maps define the spectrum MTSO(2).

The rational cohomology of the component QFMTSO(2) of the constant
loop of Q*°*MTSO(2) is a polynomial algebra with a single generator in each
even dimension. One may take as generators the Miller—Morita—Mumford classes
Ki € HZi(ngMTSO(Z); Q), also called «-classes [Mum83}, Mil86, Mor86]|:

H*(QFMTSO(2);Q) = Qlk1, k2, .. .].

103
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The k-classes may be constructed as follows. The integral cohomology of the
Grassmannian Grj (R™) in degrees < n — 2 is a truncated polynomial algebra
generated by the Euler class e, of the tautological bundle. In addition, the
inclusion Grj (R™) — Grj (R™*1) preserves the Euler class by naturality and is
therefore (n — 2)-connected. The Thom isomorphism

¢: HZ(Gr3 (R™);Q) — H™ 272(Th(v3,,); Q)

sends the power ei2 to a class un_42i, and it follows that the induced map
between Thom spaces Th(yi n) = Th(yzl‘n +1) is (2n — 4)-connected. The class
Un—2+2i transgresses in turn to a class ki, in the cohomology of Q”Th(yi )
The map of loop spaces

Q"Th(vz,) — Q™' Th(y3,.,1) (4.1.1)

is (n — 4)-connected, and, if 2i — 2 < n — 4, then the homomorphism induced
in cohomology sends the class ki, in the right-hand side to the class ki in
the left-hand side, hence the classes ki, stabilise to a class in the cohomology
of OFMTSO(2). This is the class ki_1.

The cohomology of Q5 MTSO(2) with coefficients in a finite field was com-
puted in [Gal04].

In this section we apply our main theorem to compute the rational stable co-
homology of each of the spaces £(Zg4, R™). Recall that our main theorem (Theo-
rem[A]on page[9) applied to the background manifold M = R™ establishes that
the scanning map

E(£4,R™) — T(S(TR™) = R™), 4.1.2)

is a homology equivalence in degrees < %(g—1). By Proposition the con-
nected components of the space of sections I'.(S(TR™) — R") are indexed by
the even numbers, and the subindex g in indicates that we take the com-
ponent labeled by 2 — 2g. Since R™ admits a boundary, all connected compo-
nents of this space of sections have the same homotopy type by Lemma
so it will be enough to compute the rational homotopy type of any component,
say I.(S(TR™) — R™)o.

As the tangent bundle of R™ is trivial, the space of compactly supported
sections I'. (S(TR™) — R™) is homotopy equivalent to the space of based maps
from the one-point compactification of R™ to the space S(R") := Th(yin),
which is the n-fold loop space Q“Th(yi ). The component QQTh(YZ{ ) of the
constant loop corresponds to the component I'. (S(TR™) — R™),.

The computation of H*(Q"Th(yz,,); Q) will be done in the following steps.
First, we recall the multiplicative structure of the cohomology of the Grassman-
nian Grj (R™). We give details in the case when n is odd, as we have not found
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any reference. Then, we deduce the cohomology ring structure of Th(yziy W)
Afterwards, we prove that the spaces Th(yz{ ) are intrinsically formal. This is
immediate in the odd-dimensional case, but requires an argument when n is
even.

We recall that a cochain complex is formal if it is quasi-isomorphic to its co-
homology with zero differential. A graded ring R is intrinsically formal if any
two simply connected spaces with rational cohomology rings isomorphic to R
are rationally homotopy equivalent. We say that a simply connected topolog-
ical space is formal if its rational cochain complex is formal. This implies, for
simply connected spaces, that the rational homotopy type of the space can be
deduced from the rational cohomology ring. We say that a simply connected
space is intrinsically formal if its rational cohomology ring is intrinsically formal.

Then, using formality, we give an explicit minimal Lie model for Th(yy ),
which is used to find the rational homotopy type of QTh(yi o); cf. [Pet67]
Bak12]. A loop space of a simply connected space is rationally homotopy
equivalent to a product of rational Eilenberg-Mac Lane spaces, hence from the
knowledge of the rational homotopy type of QTh(y3 ,,), the rational homotopy
type of Q“Th(yi ) follows, and so its cohomology ring.

We will also compute the homomorphism induced in rational cohomology

by the maps in (4.1.1) and by the map
QfTh(vz,) — QFMTSO(2)

into the colimit. From these computations we deduce also a cohomological
description in the stable range of the maps

E(Zg,R™) — E(£4,R™T),
£(Zg,R™) — BDiff " (Zg).
In this section, all cohomology rings are meant with Q coefficients if unspec-

ified. As we have already done, we will use subindices to indicate the degree
of cohomology classes.
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Case n odd

If n is odd, the rational cohomology ring of Grj (R™) is easy to compute by
means of the Serre spectral sequence associated with the fibrations

Snfz

|

V5 (R") —— Grj (R™) —— BSO(2),

|

Sn71

where V,(R™) is the Stiefel manifold of 2-frames in R™. The vertical fibration
is the unit sphere bundle of the tangent bundle of S™~'. The second page of
the associated Serre spectral sequence has only four non-trivial groups, and the
transgression

HO(S™ T HM2(S™2)) — HM T (S™ L HO(S™2)) (#13)

is multiplication by the Euler characteristic of S"—1, which is 2 since n is odd,
hence is an isomorphism. As a consequence, the rational cohomology
of V,(R™) is isomorphic to the rational cohomology of S™ 3. After writing
the Serre spectral sequence for the horizontal fibration, one realizes that, since
Gr3 (R™) is compact, it has finite-dimensional cohomology, so the transgression

HO(BSO(2); H2™ 3 (V4 (R™))) — HZ2(BSO(2); HO (V2 (R™)))

has to be an isomorphism. Hence, if we denote by e, the Euler class of the
tautological bundle over Gr; (R™) (which is the pullback of the generator of
the cohomology ring of BSO(2)), then

H*(Gr3 (R™)) = Qlea]/e5 .

Now we use the Thom isomorphism to compute H*(Th(yi o). Recall that if
E — B is a rank n vector bundle and E, is the complement of the zero section,
then there is a relative cup product

H"(E) @ H*(E, Eo) — H*(E, Eo)

which we denote with a dot. By excision, H*(E, Eo) is the cohomology of the
Thom space of E. The Thom isomorphism theorem establishes that if E is ori-
ented, then there is a class u € H™(E, E¢) such that the homomorphism

H*(E) — H"™™(E, Eo)
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that sends a class a to the product a - u,_; is an isomorphism. Turning back to
our situation, if u,_> is the Thom class of Yin and un ok = elz<+1 - Un_>2, then
the Thom isomorphism theorem gives an isomorphism

H* (Th(’yin)) = Q<1 yUn—2yUny ...y u3n76>

of graded vector spaces. Moreover, Th(yi ) is an intrinsically formal space
by the following theorem, from which we deduce also the ring structure on its
cohomology.

Theorem 4.1.1 ([HS79, Theorem 1.5], [Bau77l). If the rational cohomology groups
of a simply connected space X vanish in even degrees, then X is formal, therefore ratio-
nally homotopy equivalent to a wedge of spheres.

Hence, Th(yin) ~0 \/E;i1 Sk If we write Ty yok—1 = s~ 'Uj, 5y, then
a minimal Lie model of Th(yi o) is the free Lie algebra on the vector space
EBE;E] Q(fin+2x_1), with zero differential.

Case n even

The integral cohomology ring of Gr (R™) when n = 2r was computed by
Lai in [Lai7Z4], using that Grj (R™) is canonically diffeomorphic to the even-
dimensional complex quadric. The standard isomorphism R? = C defines an
embedding of CP™! into Gr; (R™) thatsends a complex line in C™ to the under-
lying oriented 2-plane in R™. Write c,_, € H"2(Gr; (R™); Z) for the Poincaré
dual of the fundamental class of the image of this embedding, e, for the Euler
class of the tautological bundle v, » and f,,_, for the Euler class of the orthog-
onal complement yzl’ ., of the tautological bundle.
Proposition 4.1.2 ([LaiZ4]). The ring H*(Grj (R™); Z) for n = 2r is isomorphic to
1

Zles,cn—2]/ (€3 =2eycn_3, 5~ =0, c;_, =0).

In addition f,_, = 2¢n_2 — 65_1 and cn_fn_> is the dual of the fundamental class
of Gry (R™). As a consequence, the following relations also hold:

e;_z = (-1 )T_1 fi—z» exfn_> =0.

Let us describe now the cohomology ring of the Thom space Th(yi ) with
rational coefficients. If u,,, denotes the Thom class of v3 ,,, then H*(Th(y3,,))
is generated as a vector space by the classes

ok ._
Uni2k =€y Un_—2, Van—4:=Tn 72 -uUn 2,
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where k ranges from —1 to n —3. In order to find the ring structure, we use that
(a-un—2)(b-un—2) = (abfr_3) - un_; forall a and b. From the relations given
in Proposition [4.1.2} the only non-trivial products are

2
Un 2= fno2 -Un—2 =Von_4,

Wy =y un2 = (1) wns.
Hence, the ring structure on the rational cohomology of Th(yz,,) is given by
H*(Thh’z{n)) = Q(1,un-—2, u121—2) ui—Z» Uny Unt2 .-y Un—8),

and the class uz,,_¢ is non-zero and equal to (—1)" " Tu3_,.

Theorem 4.1.3 ([HS79| Corollary 5.16]). If X is a simply connected rational space
such that HP (X) = 0 for 1 < p < land for p > 3L+ 1 for some 1, then X is formal.

Note that it actually follows from this theorem that such an X is intrinsically
formal.

Proposition 4.1.4. The Thom space Th(yz{ ) 1s intrinsically formal.

Proof. The space Th(yzf o) 1s (n — 3)-connected and has nontrivial rational co-
homology up to degree 3n — 6, which is bigger than 3(n —3) +1 = 3n — 3§,
hence Theorem does not apply. Nevertheless, it applies to its (3n — §)-
skeleton Skzn_g (which is therefore intrinsically formal). The space Th(yi L) is
the result of adjoining a single cell of dimension 3n — 6 to Sk3,_s.

The attaching map is an element of 713, 7 (Sk3n—8)®Q, and this vector space
is isomorphic to the degree 3n — 7 part of the Sulivan minimal model (AV, d)
of Skz,_g. It is immediate to see that

e abasis for the degree 3n—6 part is given by the cube u?_, and the double
products uxuy such that k +1=3n—6.

The first generator different from wuy is some a in degree 2n — 3, with d(a) =
Un—2Un. Therefore, since each uy has even degree, the first decomposable with
odd degree is un_,a, with degree 2n — 5. In particular, as n is even,

e all elements in degree 3n — 7 are indecomposable, therefore
o all elements in degree 3n — & have zero differential.

Since the homology of Sk3,_g in degree 3n — 6 vanishes, a basis for the de-
gree 3n — 7 part of AV is given by an element b and elements a(k, 1) for each
product ww with d(b) = u?_, and d(a(k,1)) = way. Following [FHTOT,

n—2
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Proposition 13.12], a commutative model for the result of attaching a (3n — 6)-
cell to Sk3n_s with a map f: S>™~7 — Sks,,_g that is in the class of a linear
combination
b + Z oera(k, 1) € m3n—7(Skan—g) ® Q
k,1
is given by (AV @ Qz, d), where z has degree 3n — 6, all products with z are
trivial, and there are numbers 3, o1 € Q such that

d(a(k, 1)) = d(a(k, 1)) + a1z = ey + k12,
d(b) = d(b) + Bz =13, + Bz,
d(z) =0.
In our case u3, , = z, hence B = —1, and wyw; = 0if k + 1 = 3n — 6, therefore

ax,1 = 0 for all k, 1. As a consequence, the homotopy class of the attaching map
f is determined by the rational cohomology ring of Th(y; ). Finally, if X is
any other simply connected space with the same rational cohomology ring as
Th(yi ), then the same argument shows that X ~¢ Th(yi ). Hence Th(yi )
is intrinsically formal. O

The argument used in the previous proof shows that there is only one sim-
ply connected rational homotopy type, which we denote by C} 2, such that

H*(C3 %) = Qlun 2]/l _,.

(Alternatively, one may use that this cohomology ring is hyperformal, hence
C} 2 is intrinsically formal by [FH82].) Since spheres are formal and a wedge
of formal spaces is formal [HS79]], we deduce that

n—4
Th(vz,,) ~g C3 2V \/ sM2K,

k=0
Now we compute the minimal Lie model of Th(yi ) to obtain the rational
homotopy groups of its loop space. Recall that the minimal Lie model of the
sphere S¥ is the free Lie algebra on one generator of dimension k — 1. In order
to find a minimal model of C} 2 we notice that its Sullivan minimal model has
three non-trivial cohomology groups in dimensions n — 2,2n —4 and 3n — 6,
hence its minimal Lie model has three generators in dimensions n — 3,2n — 5
and 3n — 7. On the other hand, its Sullivan minimal model has two generators
in dimensions n — 2 and 4n — 9, therefore the homology of the minimal Lie
model has only two non-trivial groups in dimensions n — 3 and 4n — 10. This



110 CHAPTER 4. APPLICATIONS

completely determines the differentials of the three generators in its minimal
Lie model, namely;, if i, 3 denotes the desuspension of u,_;,

(L(ﬁn73)b2n75ac3n77)) d(ﬁ) = O) d(b) = [ﬁ—a ﬁ—]) d(C) = [ﬁ) b]) .

Therefore, denoting by tin4sx—1 the desuspension of U2k, a minimal Lie
model L(Th(yz,,)) of Th(yz ) is

(L(tin—3,b2n-5,C3n—7, Un—1,tnt1y.- ., U3n—9),

d(ﬁk) = O) d(banS) = [ﬁnfS)ﬁnf\%}) d(C3n,7) = [ﬁnfS)banS])'

Conclusion

Let V,, be the homology of the minimal Lie model of Th(y; ) computed in
the previous sections, and let us denote by A(s'"™V}).0 the free commuta-
tive algebra (where, as usual, we mean graded-commutative) on the dual of the
graded vector space (s' "™V, )~ of vectors with positive degree.

Theorem 4.1.5. There is an isomorphism of graded algebras
H*(QFTh(vz,,)) = Als' Vi) o

Proof. If (L, 0) is a minimal Lie model of a simply connected space X, then the
desuspension of the homology of (L, d) with zero differential and trivial prod-
ucts is a model for QX, which is a product of Eilenberg—Mac Lane spaces in-
dexed by a basis of H(L, 9). The cohomology of QX is generated by the dual of
H(L, 9), and the cohomology of O™X is generated by the positive degree part
of the dual of the (1 —n)th desuspension of H(L, 9). O

We now summarize the results so far attained, both in the odd and the even-
dimensional cases. From the construction given at the beginning of this sec-
tion, the class k; is the dual of the desuspension s ™, 4211, which can be
also denoted by s ™, 2i. Observe that when n is even, if un 2k # 0, then

ST U ok = Tny2k—1 # 0in V;, except for the top class uzn . In the minimal
Lie model s~ 'u}, = c3n_7, which is zero after taking homology.

Corollary 4.1.6. In the cohomology ring of Q{)‘Th(yi ), the class k; is non-trivial if
and only if i < n — 3 when nis odd and i < n — 4 when n is even. There are many
additional classes that are not «-classes, and the first of them is sT M M3, Tin_1]",
in dimension n — 3.
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Below is a table with the dimensions of the graded vector space s' ™V} in
low degrees, for n =5, 6,7. A bold number indicates the presence of a k-class.

n 12345 6 7 89
5 — 2 — 3 — - 6 -
6 - 1112 — 223
7 -1 -2 — 2 — 4 —

The map Q"Th(yy,) — QA Th(vy,,,) in cohomology

The inclusion R™ ¢ R™*! induces an inclusion Grj (R™) C Grj (R™*') that is
covered by a bundle map YZL,n ®R — 'YZL,n +1- This induces a map between

Thom spaces:
ITh(ys,n) — Th(y3,n41) (4.1.4)

and also an adjoint map Th(yj-‘ a) — QTh(yi nt1)- Now, recall that the coho-
mology of Grj (R™) is generated by the Euler class e; of the tautological bundle
and the Euler class f;,_, of the complement of the tautological bundle. The in-
duced homomorphism in cohomology

H*(Gr3 (R™1)) — H*(Gr3 (R™))

sends e to itself and f,,_» to zero. Using the naturality of the Thom isomor-
phism, this implies that the homomorphism induced in cohomology by

@ ZTh(‘YZL,n) — Th(‘YZL,TL—Q—.I)

sends the classes uy to the suspensions suy_j. From the previous computa-
tions, we deduce that, if w, # 0, then

)

0 ifn+lisoddandk=3(n+1)—6
e (u) = ¢ (=1)"sud ifn+lisoddand k =3(n+1) — 8,

n—2

is indecomposable  otherwise.
Its adjoint ¢: Th(yin) — QTh(yinH ) factors as
Th(ys,) — QITh(ys,) — QTh(y3 1)

A minimal Lie model L(Th(yzl’ 1)) of the leftmost space has been computed in
the previous section and is the free Lie algebra on the cohomology of Th(y;,,)
seen as a graded vector space, with a possibly non-trivial differential. A mini-
mal Lie model L(QZTh(yz{ ) of the middle space is the same free Lie algebra
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with trivial differentials. A minimal Lie model L(Th(yz{ na1)) of the rightmost
space is the Lie algebra with trivial differential and trivial product on the desus-
pension of the homology of a minimal model L(Th(yi nt1)). The latter has
been computed also in the previous section.

The first map sends the generators of L(Th(yi 1)) to the generators of
L(QZTh(yz{ 1)), and all decomposables to zero. The second map is the loop
of the map ¢, and is determined by it on generators. Therefore, if we denote by
¢, the homomorphism induced in Lie models, then

& (Ting 211

)=
$x(ban-—s)
) =
)

un+2k>

d)(c3n7
¢ (bx, Yl

u3n 6)

where by,_5 and c3n—7 only exist when n is even. The desuspension of the
homology of L(Th(yy,,)) with trivial differential and trivial product is a Lie
model of Q(Th(yi »)), and the homomorphism

Qd.: L(Q(Th(vz3,))) — LQ*(Th(v3 1))

is the desuspension of the homomorphism H(¢.) induced in homology by ¢...
The classes byn—5 and c3n—7 are not cycles in the homology of L(Th(yz{n)),
which is therefore generated by the classes sf‘ﬁnﬂk 1 and desuspensions
of indecomposables. Hence, Q.. is given by Qd. (s~ Wi gok_1) = s 2Tk
and is trivial on desuspensions of decomposables. Analogously, the homomor-
phism
Q" .: L(Q™(Th(yz,,))) — LQ™(Th(yzn11)))

is given in generators by Q™. (s ™ini2k—1) = s~ iy 2k and is trivial on

decomposables too.
From the last corollary of the previous section we deduce that

Corollary 4.1.7. The homomorphisms induced in rational cohomology by the maps

QO"pni1: Q"Th(yz,) — Q" 'Th(yz, 1)

5

O"poo: Th(yz,) — QFMTSO(2)
send the classes «; to themselves and any other class to zero. Therefore:

() The kernel of Q™ &, ¢ contains kn_2 and Ky 3 if nis even. If n is odd, there
is no k-class in the kernel. The first class in this kernel is s~ ™[lin_2,Tnl*, in
dimension n — 2.
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(if) The kernel of Q™% consists of all k; withi >n —3ifnisodd andi>n—4
if nis even.

(iii) The cokernels of both homomorphisms contain no k-classes. The first class in the
cokernels is s' ™ [{in_3, Tin_1]*, in dimension n — 3.

In particular, both homomorphisms are (n. — 3)-connected.

Geometric interpretation

The cohomology ring of £(X4,R™) is the ring of characteristic classes of -
subsurface bundles of the trivial R™-bundle. In detail, if X is a topological space
and X is a manifold, then a X-manifold bundle is a fibre bundle with fibre . A
Y-submanifold bundle of the trivial R™-bundle is a subset E C X x R™ such
that the restriction to E of the projection 7t: X x R™ — X is a XZ-manifold bundle.
Two such k-submanifold bundles E, E’ are concordant if there is a X-submanifold
bundle Q of the trivial R™-bundle over X x [0, 1] such that Q N X x {0} x R™ =
Ex{0}and QN X x {1} x R™ = E x {1}. In order to short the notation, a
¥ -submanifold bundle of the trivial R™-bundle over X will be called (Z£,n)-
submanifold bundle over X.
A (X,n)-submanifold bundle E over X has a classifying map

Op: X — E(L,R™)

defined by sending a point x € X to the submanifold n"El (x) € R™ Two (L, n)-
submanifold bundles are concordant if and only if their classifying maps are
homotopic. Consider now the inclusion £(Z,R") C &(Z,R™*') induced by
the inclusion R™ ¢ R™*'. Then a (Z,n + 1)-submanifold bundle E over X
can be compressed to a (X, n)-submanifold bundle over X if and only if the
classifying map of E lifts along the inclusion. In particular, the kernel of the
homomorphism
H*(E(L,R™1)) — H*(&(Z,RM)),

gives obstructions to compress a (X,n 4 1)-submanifold bundle into X x R™.
On the other hand, the cokernel gives obstructions to compress a concordance
of (X, n+ 1)-submanifold bundles to a concordance of (X, n)-submanifold bun-
dles.

In the stable range the relative cohomology of £(Z,R™) — £(Z, R™*!) isiso-
morphic to the relative cohomology of Q™ Th(ys,,), therefore, in that range the
classes in the kernel and the cokernel of the second map of Corollary 1.7/ give
obstructions to compress (£, n + 1)-manifold bundles and their concordances.
We state it as a corollary:
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Corollary 4.1.8. The rational relative cohomology of the map

E(Zg,R™) — E(Zg4,R™MT) (4.1.5)

vanishes up to degree min{n — 3,%(g — 1)}. If n—3 < 3(g — 1), then the first
generator in the cokernel of the homomorphism induced in rational cohomology is the
class '™ [tin_3,Tin_1] in degreen—3. Ifn—2 < %(g — 1), then the first generator

in the kernel is s™™[tin_2, Tin] in degree n — 1

From the Madsen-Weiss theorem, the previous corollary and Theorem
we deduce that

Corollary 4.1.9. The rational relative cohomology of the map
E(Zg,R™) — BDiff" (L) (4.1.6)

vanishes up to degree min{n — 3, %(g -} Ifn—-3< %(g — 1), then the first
generator in the cokernel of the homomorphism induced in rational cohomology is the
class s' ™[y 3, Tin_1] in degree n — 3. If nis even (odd) and 2(n — 3) < %(g —1)
(resp.2(n — 2)), then the first class in the kernel is kKn_3 (resp. Kn_2).

The connectivity of the map can also be studied by means of the
connectivity of its fibre, which is the space of embeddings of L4 in R™. From
Corollary 1.4.7 in [GKWO01], it follows that Emb(Z4, R™) is (min{n—4, 2n—10})-
connected, hence is (min{n — 3, 2n — 9})-connected.

The connectivity of the map can also be studied by means of the fol-
lowing map of fibrations:

Emb(Ly,R") ——— &(L4,R™) ——— BDiff " (L)

o

Emb(Ly,R™"1) —— (L4, R™T) —— BDIff " (£,).

Since the map between the base spaces is the identity, the maps g and h have
the same connectivity. If n > 6, then h goes from an (n — 4)-connected space
to an (n — 3)-connected space. Therefore h is at least (n — 3)-connected, hence
f is at least (n — 3)-connected. If n =5,then2n —10 =0 < 1 =n —4, so we
know that Emb(Z4,R®) is 0-connected and that Emb(Zg,]RG) is 2-connected.
Therefore h is at least 1-connected, and so is f.

Note thatifn—3 < %(g —1), then Corollaryasserts that f isnot (n—2)-
connected, hence g is not (n — 2)-connected.

Corollary 4.1.10. The maps in Corollaries and are (n — 3)-connected.
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Example 4.1.11. Let us discuss this problem in low dimensions. Let X — S' be
a line subbundle of the product bundle S' x R™. Such a line bundle is classified
by a map to RP™~!. Its unit sphere bundle is a 2-sheeted covering space of
S', fibrewise contained in the product S! x R™, hence classified by a map g to
C2(R™). Moreover, the map

RP™ ! — Co(R™)

that sends each line to its intersection with S"~! is a homotopy equivalence.
In particular the characteristic classes of line bundles and 2-sheeted covering
spaces in R™ coincide. The only non-trivial characteristic classes of a covering
space over S' have degree 1, and we have:

H'(C2(R');Q) =0, H'(C2(R*;Q)=Q, H'(C2(R*;Q)=0. (417)

Therefore, if h is the universal characteristic class in H' (C>(R?);Q), and the
classifying map g: S' — C,(R?) = S is non-trivial, then g*(h) # 0 gives
an obstruction to compress X to a subcovering space of ' x R. If Y — §!
is another subcovering space of S' x R? classified by a map f: S' — Cz(R?),
then the difference g*(h) — f*(h) gives an obstruction to compress an isotopy
equivalence between X and Y viewed as subcovering spaces of S! x R? to an
isotopy equivalence between X and Y.

Alternatively, the isomorphisms in for R? and R? can be obtained
by applying McDuff’s theorem [McDZ75] (see also page[7), which establishes a
homology equivalence

Ck(R™) — QpS™
in degrees < Jk. The rational cohomology of the loop space on the right can be
computed as in the previous section: A minimal Lie model for S™ is the free Lie
algebra on one generator i in dimension n with trivial differential. Therefore

Q<ﬁn,1> ifk:ﬂ.f‘l,
m(QS™) ® Q = S Q([{in_1,Tn_1]) ifk=2n—2andniseven,

0 otherwise,

and the non-trivial class in (#.1.7) is s~ [ti1, Ti1]*.

4.2 Rational stability for spaces of surfaces

in closed manifolds

Recall that Theorem (B states that the homology groups of £(X4, M) are inde-
pendent of g in the stable range * < %(g — 1) when M is simply connected, of
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dimension > 5 and with non-empty boundary. In this section we prove that the
same result is true for parallelizable manifolds with empty boundary if we take
rational coefficients.

It was first discovered by Church [Chul2] (see also [RW13]) that configu-
ration spaces of points in a closed manifold satisfy rational homological sta-
bility (this fact for manifolds with boundary follows from McDuff’s theorem
(see page[7)). Following the results in [MR85] on the rational homotopy type
of spaces of maps into spheres, Miller and Bendersky [BM12] gave a new proof
of Church’s result as follows: McDuff’s theorem states that there is a rational
homology equivalence

C+(M) — T(ThP(TM) — M),..

Miller and Bendersky proved that the path components of the right-hand side
space are rationally homotopy equivalent in most cases, which implies that the
rational homology of C,(M) is independent of 1 in the stability range Jr. We
follow their argument in what follows.

If M is parallelizable, then the space I'.(S(TM) — M) (see page [9) is ho-
motopy equivalent to the mapping space map_(M, Th(yi )). As proven in
Proposition 3.3.2} there is a bijection

momap, (M, Th(yz,,)) «— 2Z x Hy(M;Z) (4.2.1)

defined as follows: We let e, be the Euler class of the tautological bundle
Y2,n over Grj (R™). We denote by uZ (resp. uy) the image of e“~! under the
Thom isomorphism with integral (resp. rational) coefficients. After choosing
an orientation on M, the correspondence assigns to each map f the pair
given by the Poincaré dual of f*(u%) € H(M;Z) and the Poincaré dual of
f*(uZ_,) € H*2(M;Z). The mapping subspace map_(M, Th(y;,,))g consists
of those maps f such that the Poincaré dual of f*(uZ) is 2 — 2g. We will write
map,. +(M, Th(yi n))g for the component that contains f. Our main theorem in

this case establishes a homology equivalence
£(£4,M) — map (M, Th(yz,))g-

Lemma 4.2.1. For a parallelizable manifold M the rational cohomology of the space
map (M, Th(yin))g is independent of g, as long as g # 1.

Proof. Recall that, by the previous section,

n—3

n—4
Th(vi, e~ V S3*%,  Thlyz,)o~C3 2V \/ 32k,
k=—1 k=0
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depending on whether n is odd or even. In addition, composing with the ra-
tionalization map yields a rational homotopy equivalence

Lo,+: mapcyf(M, Th(yz{n)) — mapcyf@(M, Th(yin)(@)

where we denot by fg the image of a map f. We remark that if H,(M;Z) has
torsion, then there are maps f and f’ in different connected components but
whose rationalizations fg and f(, are in the same component.

For a non-zero rational number q and a natural number n, there are rational
homotopy equivalences oq,n: S — Sg such that of ,, (un) = qun. The maps
0tq,n induce homotopy equivalences

n—3 n—3
Ban: \/ S§T— \/ sgt* if nis odd,
k=—1 k=—1
n—4 n—4
Ban: C3 2V \/ SpH2* — 32V \/ spte* if nis even,
k=0 k=0

by extending o«q n with the identity on the other factors. By construction, if
v is a compactly supported map from M to Th(yin)Q, then (Bgny)*(un) =
qy*(un) and (Bgq,nY)*(un—2) = ¥*(un—2). Hence, if g and h are numbers
different from 1 so that q = 3=3%

f € map_(M, Th(yz ,,))g, then composing with 3 4  defines a homotopy equiv-

is well-defined and different from 0, and

alence between connected components

Bqn:map, ;. (M, Th(y3n)g)g — mapcyﬁq)nf@(M, Th(v3.n)o)n-

Let f': M — Th(y3 ,,) be a map such that the Poincaré dual of f"*(u};) is 2 —2h
and such that f"*(u%_,) = f*(u%_,). Then B4 nfg is in the same component as
fy, therefore the zig-zag

Lao,r Ba,n Lo,e/

map, (M, Th(yin)) e . map, ¢, (M, Th(yin))

gives a rational homotopy equivalence. Considering all components at the
time, one obtains an isomorphism in rational cohomology

H*(map, (M, Th(y2,,))n) — H*(map, (M, Th(vz,,)))- O

From this lemma and Theorem[A](and also Lemma for the case g = 1)
we deduce Theorem [E] which reads as follows:

Corollary 4.2.2. If M is a closed parallelizable manifold, then the rational homology
of £(Xg4, M) is independent of g in degrees < %(g —1).
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4.3 Distances on spaces of submanifolds

Galatius and Randal-Williams defined a topology in the set of closed subman-
ifolds of R™ in [GRW10]. Bokstedt and Madsen in [BMT1] proved that a C'
version of this topology is metrizable by showing that it is regular and second
countable. In this section we give an explicit metric to the space considered by
Bokstedt and Madsen.

The space ¥;,,(R™") and its topology

Let ¥,,,(R™) be the set of all submanifolds of R™ of dimension m that are closed
as subsets of R™ (including the empty set). We will denote it by W(R™) if m is
clear from the context. If A C R™ is an open subset, then V,,, (A) denotes the set
of all closed submanifolds of A of dimension m.

The GRW-topology

The topology of Galatius and Randal-Williams [GRW1(] is defined in three
steps. First, if W € W, (A) is a submanifold, then the space of compactly sup-
ported sections of its normal bundle I'. (NW — W) is a subspace of the space of
sections of the restriction of TR™ to W, which is in turn canonically identified
with the product []iL; C(W) of the space C°(W) of compactly supported
smooth functions on W. This latter space is endowed with the Whitney C*
topology. Recall that a subbasic neighbourhood in the Whitney C* topology of
a function f: W — R is given by a pair ((X1,...,X;), €), where e: W — (0, c0)
is a smooth function and Xj,..., X, is a finite set of smooth vector fields on
NW. A smooth function g is in the neighbourhood determined by such data if

X7 X, (f—g)(x)| < e(x) forallx € W.

We endow TI'. (NW — W) with the subspace topology. Finally, let us denote by
exp, : NW — A the exponential map, which is partially defined on NW. A
subbasic neighbourhood of W is the image under exp,,, of a subbasic neigh-
bourhood of the zero section. This defines the compactly supported topology, and
we denote by W, (A)¢® the set ¥,;, (A) equipped with this topology.

Second, if K is a compact subset of A, we define ., (K C A)¢* as the quotient
space that results from identifying two submanifolds W, W' € W,,, (A)¢* if there
is an open neighbourhood U of K such that UNW = UNW'. The K-topology on
Wi (A) is the coarsest topology that makes the quotient map ¥, (A) — Wi (K C
A)¢* continuous. We denote by ¥, (A)¢SK the set ¥, (A) endowed with the K-

topology.
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Finally, the GRW-topology on ¥,,,(A) is the initial topology with respect to
the identity maps Wy, (A) — Wi (A)¢SK, for all compact subsets K of A.

The C' GRW-topology

Bokstedt and Madsen considered instead the topology on ¥, (A) obtained by
the same procedure, but endowing the set of C*-sections I, (NW — W) with
the C' topology, instead of the C* topology. For that, we view again I': (NW —
W) as a subset of map (W, R™) = [T, C2°(W), and a subbasic neighbourhood
of C (W) with the C' topology is given by a pair (X, €), where e: W — [0, o)
is a smooth function and X is a smooth vector field on NW. A submanifold W’
belongs to the neighbourhood given by (X, €) if W = exp of for some section f
of the normal bundle of W and [X(f)(x)| < e(x) for all x € W. We denote by
Yl (A)°S the set ¥, (A) endowed with this topology.

We then follow the steps above to define the topologies ¥ (K C A)®S and
Yl (A)e>K. Finally, we let ¥, (A) be the set ¥,,(A) endowed with the initial
topology with respect to the maps Wy, (A) — W1 (A)¢K for all compact subsets
K of A. Theorem 2.1 in [BM11]] proves that this space is metrizable. In what
follows we construct a metric for ¥9; (A).

The metric

We start by introducing some terminology and conventions on metric spaces.
Recall that a pseudo-metric on a set X is a symmetric function d: X x X — [0, co)
satisfying the triangle inequality and such that d(x,x) = 0 for all x € X. The
balls of a pseudo-metric on X define a basis of a topology, and that topology is
Hausdorff if and only if d is a metric (that is, d(x,y) # O whenever x # y). If
(X, d) is a metric space and f: Y — X s a function from a set Y, then d o (f x f) is
a pseudo-metric on Y, which is a metric if f is injective. It is called the restriction
(pseudo-)metric of d.

For a metric space (X, d), we will denote by B¢(x) the ball of radius € cen-
tered at x with respect to the distance d. If K C X is a subset, we denote

d(x,K) = inf d(x,y).
yeK

We also recall that the set of compact subsets P, (X) of a metric space X is natu-
rally endowed with the Hausdorff distance, which is defined as

dn (K, K’) = max {max{d(x, K"}, max{d(x, K)}} .
xeK xEK’



120 CHAPTER 4. APPLICATIONS

The distance dy

Let A C R™ be an open subset, and let dy be the Euclidean distance on R™. Let
us endow the sphere with the distance given by the angle between points. Let
the Grassmannian Gr, ,, of m-planes in R™ be endowed with the distance

di(L, L) = (do)n(LNS™ ', L' ns™ 1.

Then dy and d; define pseudo-metrics on Grm (TA) = A X Grmn, and we
obtain a new metric on Gr,,(TA) as

d(((l,]_), ((l/,]_/)) = do((l, (1/) +dy (L)L/)

We endow its one-point compactification Gry, (TA) with the following metric
(cf. [Pet, Man89]): Here we let 0 denote the origin in R™ and

- . 1 N
d(X, OO) = min {W, d(X, Grm(TR ) \Grm(TA))} y

a(x>9) = min {d(X)y)) El(x, OO) + a(y) OO)} .

The notation dy(x,0) stands for the distance dy between the first coordinate of
x and the origin. The reader is invited to examine the metric on the one-point
compactification of A given in page which is simpler to grasp than this
one. An advantage of these metrics on one-point compactifications is that the
inclusion of Gry, (TA) into Gry (TA) is a local isometry.

Given a submanifold W € Y(A), the Gauss map

$: W — Grm(TA)

sends a point p € W to the pair (p, T,W). We write ¢ for the composite of the

Gauss map and the inclusion into Gry, (TA). There is an inclusion

Ym(A) — Pe(Grm (TA))

that sends a (possibly empty) submanifold W to the subset ¢(W) U {co}, which
endows ¥, (A) with the restriction of the Hausdorff metric dy.

The pseudo-distance ¥

Let us endow the set F((0, 1], R™) of non-increasing real-valued functions on
(0, 1] with a topology. For that, consider the composite

F((0, 1, R) &5 P((0,1] x R) %> Pe(([0, 1] x R)/({0} x R)). (4.3.1)
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The first function sends each function to its graph and fills in the discontinu-
ities:
graph(f) = {(x1,x2) € (0,1 x R | f(x;) < x2 < f(x} )}

The space ([0,1] x R)/({0} x R) is a partial compactification of (0,1] x R. We
consider on (0, 1] x R the restriction of the distance on R? given by the norm
|| — |0, and we endow the quotient ([0, 1] x R)/({0} x R) with a distance v as we
did above with the one-point compactification: If 0 denotes the added point,
then we define

V((X],Xz),6) = X1, V(X»U) :min{”X_yHoo) X1 +y1}

Again, its set of compact subsets carries the Hausdorff distance. The function T
sends a subset S to the union S U{oo}, which in general is not a compact subset,
but it is so if S is the graph of a function. Since the composite (4.3.1) is injective,
it endows F((0, 1], R) with the restriction metric, which we denote by ¥y. It
may be observed that this distance defines the compact-open topology on its
subspace of continuous functions.

Let (A, do) be the one-point compactification of (A, do) as above:

do(x, 00) :min{H_(;M, do(x,R“\A)};
aO(X>U) = min{dO(X>U)» do(x, 00) + ao(y>00)} .

For each W € W,,(A), let us denote W, = {x € W|[do(x,00) > 1} and let
vol(W,) be the volume of W,. The function r — vol(W,), which is defined
in the half-open interval (0, 1], is clearly decreasing, but it is not continuous as
the following example shows: If W = §™ C R™ C R", then, as the points of
the sphere are at distance 1 from the origin,

0 if r > d smy =1,
vol(s™) { if > doloo, 5™) = 1

vol(S™) ifr < do(oo,S™) = 1.

The function
vol(—): ¥, (R™) — F((0,1],R)

that assigns to each submanifold W the function r — vol(W,) is not injective,
hence ¥, (R™) does not inherit a metric from it, but it does inherit a pseudo-
metric that we denote also by 7. The sum

dy (W, W') = dp (W, W) + v (W, W)

is a metricon ¥, (A).
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Theorem 4.3.1. The distance dy, is a metric for the space Y3 (A).

One might expect the distance dy to be a metric for Wiy (A), but it is not.
To show why, we take a compact submanifold W. A submanifold W’ is close
to Win W9%(A) if there is a global section of the normal bundle of W that is
close to the zero section and W’ = f(W). On the other hand, W' is close W in
(W(A), dn) if each point of W is close to W’ and each point of W’ is close to
W. Therefore, if W and W' are disjoint submanifolds that are both at distance
5 from W, then the union of W’ and W" is a submanifold that is at distance &
from W but is not the image of a global section. Nevertheless, we will prove
that it is locally the image of local sections.

In order to make this explicit, we introduce in the following section a new
topology on W, (A) for which dy is a metric. In this topology, a submanifold
W' is close to a submanifold W if, when restricted to a compact subset, W’
is locally the image of a section of the normal bundle of NW that is close to
the zero section. We will denote by W5 (A) the set ¥,,(A) endowed with this
topology.

The next section is devoted to prove that dy is a metric for V'S (A). Relying
on this result, in the subsequent section we prove that d, is a metric for ¥ (A).

The space ¥ (A) and the dyi-topology

We start by giving an equivalent definition of the space ¥9°%(A) and introducing
anew space ¥'*(A). Consider the normal bundle NW as a subspace of TR}y, =
W x R™. For each neighbourhood U of W, there is an inclusion

NNW;y — U) — map(U,R"),
and we consider the C' operator norm of a section f at a point x € U, namely
1% = I£(x)]] + [[DF(x)]].

Recall that the operator norm of a linear map A defined on an Euclidean space
is defined as ||A|| = max, =1 A(v).

The topology on W9°(A) is given as follows: If W is a non-empty submani-
fold, then each compact subset K C A and each € > 0 define a neighbourhood
(K, €)9% of W; a submanifold W’ belongs to it if there is a section f of the normal
bundle NW — W such that exp,, (f(W)) N K = W' N K and [[f —Id|lx < e for
all x € W such that exp,,, of(x) € W' N K. If W is the empty submanifold, then
each compact subset K defines a neighbourhood K9% of ; a submanifold W'
belongs to it if W/ N K = ().
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(c) (d)

Figure 4.1: The light grey area is an open subset A while the dark area is a
compact subset K C A. We denote the dashed submanifold by W’ and the non-
dashed submanifold by W. In Figure[#.1a] W is close to W both in W9%(A) and
W (A). In Figure[d.1b] W' is close to W in W' but not in W9%(A). In Figure[d.1d
W/ is far from W in ¥'(A), hence in ¥95(A) too. The small squares indicate
points that are far from the other submanifold. In Figure W’ is close to (.

Let Y'$(A) be the set ¥(A) endowed with the following topology. If W is
a non-empty submanifold, then each compact subset K C A and each € > 0
define a neighbourhood (K, €)' of W: A submanifold W’ belongs to it if

(i) there is a finite-sheeted covering mx: X € NW — Y onto a neighbour-
hood Y of W N K such that exp,,,(X) N K =W’ NK;

(if) for each local section f of 7y, it holds that ||f — Id|lx < e for all x in the
domain of f.

If W is the empty submanifold, then each compact subset K defines a neigh-
bourhood X' of W; a submanifold W’ belongs to it if W/ N K = 0.

Remark 4.3.2. Note that W’ € (K, €)9% if and only if W’ € (K, €)' and mpwnk
has a single sheet.
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In this section we prove the following;:
Theorem 4.3.3. The distance dy, is a metric for the topological space Y'*(A).
We will use the following notation and facts:
(i) If x e W and y € W, we will write d(x,y) for d(b(x, W'), d(y, W)).

(ii) If W is a submanifold of A, we let t: A --» W be the partially defined
map that sends a point to its do-closest point in W. A point x € A belongs
to the domain of 7 if there is a unique point y* € W that minimizes the
distance do(x, W).

(iii) An injectivity radius of a compact submanifold V C A (in our case V will
be of the form W;) is a number i > 0 such that the exponential map exp,,
is well defined when restricted to the vector subspace NyW C NW of
vectors of norm < i. The image of N;W under the exponential map lays
in the domain of 7.

(iv) For all x and y we have

do(x,y) < d(x,y), aO(X)U) < a(X»U)» aO(X>U) < do(x,y),

d(X>1J) < d(ny)» aO(X)OO) = a(X,OO).

(v) If x € W/ and d(x,W) < & < r, then d(x, W) = d(x, W). If y* minimizes
the distance, then y* € W/_j;.

(vi) The distances d and dg restricted to the compact subset W, define the
same topology, hence d(—,—): W; x W, — (0, c0) is uniformly continu-
ous with respect to the metric dp x do. Therefore for each 6 > 0 there is a
A(8,1) > O such that if x,y € W, and do(x,y) < A(§, 1), then d(x,y) < 0.

We now give two lemmas that are needed to show that the dy-topology is
finer than the topology in W'*(A). Let us suppose that x € W’ and x belongs
to the domain of 7t. In principle, the knowledge of dyi (W, W’) does not imply
knowledge about d(x, 7t(x)): It may very well happen that the distance d(x, W’)
is realized in a point different from 7t(x). The first lemma shows that d(x, 7t(x))
can be taken as small as desired if we assume that di; (W, W’) is small enough.
The second lemma will prove that if K C A is a compact subset and d; (W, W’)
is small enough, then Conditionin the definition of W'$(A)) holds.

Lemma 4.3.4. Let W,W’' € Y(A), let v > 0, let & < v, and let x € W/ be in the
domain of . Let o: (0, 11> — R be a function such that

A(é,r—é)}

o(r,8) < min {6, 7
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Ifd(x, W) < o(r,8), then d(x,m(x)) < 28.

Proof. Asx € W, and 6 < 1, by factabove, d(x, W) = d(x,W). Lety* €
W, _s be a point minimizing d(x, W) < §. By its very definition, 7t(x) minimizes
do (x, W), which is smaller than d(x, W) < §, hence 7t(x) € W,_; too. From the
inequalities

dolx, (X)) < dolroy*) < 20T =)
we get
dolm(x),y") < dolx,(x)) + doly*) < 22072,
therefore d(m(x),y*) < 6, so
d(x,7(x)) < d(x,y*) + d(n(x),y*) < &+ & = 28. O

Lemma 4.3.5. Let WW' € Y(A)and r > 0. Let d < {%r, %71} and let i, _gs be an
injectivity radius for Wy._gs. Let p: (0,1] — R be a function such that

p(r) < min{d(é, T—= 56)) iT—65) 6} .

If AW, W') < p(r), then T is defined in the whole W[_55 and my: _ is a proper
submersion and every point in Wy_s belongs to its image. So there exist neighbour-
hoods W C X € W' and W, C Y C W such that mx: X — Y is a finite-sheeted
covering map.

Proof. For a point x € W,_s5, we have that do(x, W) < d(x,W) < §, so if y*
minimizes do(x, W), then y* € W,_¢s (hence y* # oo so do(x,y*) = do(x,y*)).
We also have that do(x,y*) = do(x,y*) < do(x, W) < d(x, W) < i,_gs, hence
y* is unique, so 7 is defined on x.

Let us assume that there is a singular point x in W;_5; for my, _ . Then
the planes T,W’ and T,(x)W are perpendicular, hence d;(x,7m(x)) = %71, SO
d(x,m(x)) > 37, but this is impossible, because by Lemma the hypothesis
d(x,W) < o(8,r — 58) implies that d(x,7t(x)) < 2§ < %7‘[. Hence the map
Tw: ., is a submersion, which is proper because W;_s; is compact.

Finally, let us prove that any y € W,_s has a preimage. Again by fact
we have that d(y, W’) = d(y, W’), therefore do(y, W’) < {8,ir_es5}. Let
x* € W/_,; beits do-closest point, and recall that we have already proven that
m(x*) € W;_35 exists. Letn := do(y,x*) > do(x*, t(x*)), and observe that both
Bﬁ" (y) N Wand Bﬂo (7t(x)) N W are connected because n < i;_gs, and also that
both are contained in W, _45 because 1 < 6. Let y be a path from 7t(x*) to y
contained in the union of the balls. Then there is a lift of y(0) = 7t(x*) along

Tw, s, and, because my,, ., is a submersion from the compact manifold with

T—58
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boundary W;_s5s, we will be able to lift the path globally provided that the local
lifts stay far from OW,_ 55 = {x € W' | d(x,00) = r — 56}. This is clear, because
if 7t(x) = v(t) C Wr_4s then x belongs to the interior of W, _ss. O

Now that we know that, for a given compact subset K C A, all submanifolds
that are dyi-close enough to W satisfy Condition |(i)|in the definition of W'$(A),
we move on to the second condition. If x € W' is in the image of a local section
of the normal bundle of W, then the following lemma relates d(x,7t(x)) and
| fx||(x), where f is a local section of 7tj,» whose domain contains 7t(x).

Lemma 4.3.6. Let x € W and let f be a local section of NW. Then ||(f —Id)(x)| =
do(x,f(x)) and |D(f —Id)(x)|| = tan(d;(x, f(x))), where f(x) is viewed as a point
in f(W).

Proof. The first equality is evident. For the second, notice that (D (f —1Id)(x)) !
is the projection of T;(,)f(W) C R™ onto T, W. Thus, the vector vin T,WnN sl
that realizes ||D(f — Id)(x)|| also realizes d;(x, f(x)). By definition, d; (x, f(x))
is the angle 6 between v and % while ||D(f — Id)(x)] is the distance
between v and Df(x)(v), which is tan(0). O

It is clear that the empty submanifold has the same neighbourhoods in
(W(A),dn) and in W'*(A). The following lemma shows that the same holds
with any submanifold W € W¥(A), thus finishing the proof of Theorem

Proposition 4.3.7. Let W be a non-empty submanifold in W(A).
(i) For any pair K, e there is a & such that Bg” (W) C (K,e)ts.
(ii) Forany 8, there is a pair K, € such that (K, €)' C Bg” (W).

Proof. Lett = do(00,K), let & = min{p(r), o(r, & arctan(%e))} and suppose that
A< Bg“ (W). Since & < p(r), by Lemma there exist neighbourhoods
W/ Cc X CW’"and W, C Y C W such that mx is a finite-sheeted covering map
onto Y, that is, Conditionholds. In addition, if f is a local section of 7ty Ak,

then, by Lemmas and

I(f —1d) (y)ll = do(y, F(y)) < d(y, f(y)) < arctan (%) =

ID(f —1d)(y)]| = tan(ds (y, F(y))) < tan(d(y, f(y))) < 3,

€.
2,

for all y in the domain of f, hence ||f —1d||, < e for all local sections of 7w/~
and all y in their domains, so Conditionholds. Therefore W' € (K, €)'s.
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Conversely, let K = A\ Bg" (00),let e = %6 and suppose that W’ € (K, e)'s.
Then,

ol
®
g
IN
oul

(x,00) < 6, forall x € W\ K;
(x,00) < &, forallx € W'\ K.

ol
=
S
IN
ol

On the other hand, if f(y) € W’ N K is in the image of a local section f of 7y /,
)
do(y, f(y)) = I(f —Id) (W)l < 5,
5
d1(y, f(y)) = arctan([|[D(f —1d)(y)||) < ID(f = Id) (y)[| < 3,
hence d(x, f(x)) < 8. And the same shows that if x € WNK, then d(x, f(x)) < 6.
As a consequence dpy (W, W') < §. O

The space ¥9%(A) and the d,-topology

Let us write W/(r) := 71‘;\],, (W;) and 7t,.: W/(r) — W, for the restriction of 7.

In this section we prove that the distance d, is a metric for ¥9°(A). Observe
that we already know by Theorem that, given a compact subset K C A
and a number ¢, if di (W, W’) is small enough, then W’ € (K, €)'s. Recall in
addition that a submanifold W’ belongs to (K, €)9° if and only if it belongs to
(K, €)' and the projection 7/ has a single sheet.

Therefore we face the problem of counting the number of sheets of the pro-
jection 7w k. We will solve it by adding the pseudo-metric ¥ to the metric
dp. Roughly speaking, the pseudo-metric ¥}y measures the difference between
the volumes of W, and W; for r close to s. Lemmal4.3.8|shows that if W is close
to W’ in (W(A), dy) and we know the difference of the volumes of W’(r) and
W.., then we can count the number of sheets of ;.

In practice, the pseudo-metric ¥y compares only the volume of W/ with
the volume of W,, for some number s that is close to r. In Lemma we
show that if 7 (W, W’) is small enough, then we can approximate as much as
we want the difference of the volumes of W/(r) and W,. Therefore we may
count the number of sheets of 7., and the proof that the aw—topology is finer
than the topology in W9°(A) follows immediately as the first part of Proposition
The second part of the proposition, i.e., that the topology in W9%(A) is
finer than the d,,-topology, is independent of the above discussion and only
requires a sufficient understanding of the pseudo-metric vy.

Lemma 4.3.8. Suppose W,W' € Y(A), r > 0 and that 7,.: W'(r) — W, is a finite-
sheeted covering map. Let ¢ be the cardinality of the fibres of 7. If w > O, then there
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is an(u,v) and a ¢(w,7) such that if ||f — Id|ly < C(w,r) for any local section f of
Tw(s) and any y in the domain of f, or d (W, W) < n(u, ), then

[vol(W'(s)) —c - vol(W;)| < u
foralls <r.

Proof. Since 7 is a local diffeomorphism, we may choose, for each x € W'(s), a
local section fy of 7rs such that x belongs to its image. Writing |, for the Jacobian
at point y,

1dx—J i (dy) J det(Jy(
LEW’(S) yeWrﬁZ yeWrﬂZ b

Yy

and the difference |[vol(W’(s)) — ¢ - vol(Ws)| is

1dx—J det(Jy (fx))dx
LEWS yeEW: ﬂ(§=y ’

b

which is bounded by maxxew;, | Zﬂ(x):y det(Jy(fx)) — 1| - vol(Ws), that can be
taken to be as small as desired if ||f —Id||, is small enough for any section f
of 7ts and any point in its domain. Also, by Lemmas and If—1d|ly
can be bounded as desired by taking d(W, W’) small enough, and so can the
difference | Zﬂ(x):y det(Jy (fx)) — 1. O

Remark 4.3.9. If f € F((0,1],R), r € Rand & > 0, then for each neighbourhood
O of r there exists an open subset O’ C O with diam f(O’) < &.

Lemma 4.3.10. If W,W' € Y(A), v > 0 and dy(W,W’) < p(r), so that 7, is a
finite-sheeted covering map, then there exists a & > 0 such that if dy,(W,W’) < §,
then T, has a single sheet.

Proof. Apply Remark[4.3.9to the function s — vol(Ws), the number r and & =
4vol( +) to produce anew s > 1, and a neighbourhood (s—35, s+358) such that
[vol(Ws) — vol(Ws+35)| < lvol( s). Assume in addition that 6 < lvol( s)

and 25 < s. Then, as Vi (W, W') < dy, (W, W') < §, it follows that
vol(W'(s)) < vol(W!_ ) < vol(W,_25) + & < vol(Ws) + lvol( W)+ 6
VOI(W'(5)) > vol(W/, 5) > vol(Wi . 26) — 8 > vol(Ws) — yvol(Ws) —5,

so the difference [vol(W’(s)) — vol(Ws)| is bounded by 2vol( ).
Take p = 2Vol( s) and let (s, p) be given by Lemma - Assume also
that & < n(s, ), so du(W,W’) < n(s,n). Then, if the cardinality of the fibres
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of 7t is ¢ > 1, then the fibres of 7t have also cardinality c, and we obtain the
following contradiction:

%VOI(WS) = > [vol(W'(s)) — ¢ - vol(W5)|
= |vol(W'(s)) — vol(W;) — (c — 1) - vol(Ws)]|

> (c—1) - vol(Ws) — [vol(W'(s)) — vol (W)

c—1)-vol(Ws) — %VOI(WS)

vol(Ws). O

\

>

N —

There is an inclusion W/, ; € W'(r), hence redefining r := v+ 6 and keeping
b := & in the previous lemma we get the following result

Corollary 4.3.11. For each v > 0, there is a 0(r) > 0 such that if 5 < 0(r) and
W' e Bg‘” (W), then 7t has a single sheet. In particular, W, is the intersection of
A\ Bd° (0o0) with the image of a section of the normal bundle of W.

Lemma 4.3.12. If f € F((0, 1], R), then graph(f) is an embedded half-open interval.

Proof. Let D C R? be the line x +y = 0. Then the projection of graph(f) into D
is injective, because if two points in the graph are projected to the same point
in D, then f is not non-increasing. The graph is connected, hence the image
is connected and its image is a half-open interval. Moreover, the projection is
continuous and open, hence homeomorphic to its image. O

It is clear that the empty submanifold has the same neighbourhoods in
(W(A),dy,) and in W9%(R™). The following proposition shows that the same
holds for non-empty submanifolds, finishing the proof of the main result of
this section (Theorem [4.3.T).

Proposition 4.3.13. Let W be a non-empty submanifold in W(A).
(i) For each pair K, €, there is a & such that BS") (W) c (K, e)9s.
(ii) For each b, there is a pair K, € such that (K, €)9% C BS"’ (W).

Proof. Let us construct a ball Bg,“ (W) C (K, €)' using Proposition and
let us assume that 5 < &’. It follows from Corollary that if in addition
5 < 8(d(00,K)), then BL* (W) C (K, €)95.

Conversely, let p = s = %6 and let K = A\ B‘sio(oo). Let € < ((u,s) be so
small that (K, e)'s ¢ BIn(W). If W’ € (K, €)9%, then djy(W,W') < s < 15, In
the rest of the proof we show that vy (W, W') < %6 as well, and therefore

_ - 11
dy (W W) = du(W, W) + 91 (W, W) < 58 + 58 = 8.
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If we write v(W,.) := {(r,t) | vol(W;-) < t < vol(W,+)}, then 74(W,W’)
was defined as the maximum of

max v (v(W)),v(W)), max v(v(W,),v(W’)), (4.3.2)
whose first term is the maximum among

max ¥(v(Wy),v(W)), sup ¥(v(Wy),v(W)).

1
T>596 1

The second term of this formula is bounded by }6. For the first term, consider
the following diagram:

Wiis ~ Wir+s) ¢ W/ Cc W/(r—s) ~ W,_g

where the inclusions hold because W' ¢ BgH (W), therefore dy (W, W') < s.
The ~ signs between two compact submanifolds indicate that their volumes are
very close, meaning precisely that

Ivol(W(r)) — vol(W; )| < n
forallr <s, by Lemma above. As a consequence,
vol(W;y5) — < vol(W/(r+5)) < vol(W,) < vol(W'(r—s)) < vol(W,_¢) + 1,
therefore v(W/) is contained in the segment
{r} x [vol(Wrs) — 1, vol(Wi—s) + ul.

On the other hand, by Lemma {4.3.12} the graph v(W’) contains a continuous
path between v(W/_, ) and v(W/_ ) inside the square

[r— S, T+ s] x [V(WT+S),V(Wr,5)].

A simple inspection shows that the distance between the path and the segment
is at most s = p, so the second term in equation is bounded by 75.

For the first term in equation (4.3.2), we follow the same steps, but we ap-
proximate the value of vol(W,) following the diagram

Wi, C Wi(r) ¢ W/,
{
WT')

that is,

vol(W/, ) — 1 < vol(W/(r)) = < vol (W) < vol(W'(r)) +p < vol(W/_) + 1,
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so v(W/) is contained in the segment
{r} x [vol(W,, ) — u, vol(W,_) + ul.

On the other hand, by Lemma |4.3.12} the graph v(W) contains a continuous
path between v(W/_,) and v(W/_ ;) inside the square

[r—s,m+s] x V(W ),v(W/_ ).

Again a simple inspection shows that the distance between the path and the
segment is at most s = |, so the first term in (@3.2) is bounded by 15. O

The sheaf and the metric

After introducing a topology in W(A), in [GRW10] it is proven that ¥ is a sheaf
on R™. We review these results from the perspective of the distance d..

It is immediate to verify that if A C B are open subsets of R™, then the
restriction map W(B) — W(A) sends a ball of radius 0 into a ball of radius §, so
itis continuous, and also 1-Lipschitz continuous (hence uniformly continuous).

Itis clear that, if A = Ag U...U A, then the map to the equalizer

q q
@:Y(A) —eq | [JWA) = ] ¥AinA)
j=0 1,j=0
given by sending a submanifold W to (W N Ao,...,W N Ag) is a bijection. If
is so small that for all x € Wjs at least one of d(x, 00 A;) is greater than §, then
the balls of radius  and centre W in W(Ap U ... U Aq) are balls of radius 8 in
Y(Ap) x ... x ¥(Aq), with the distance of the maximum. As a consequence, ¢
is a bijection and a local isometry, hence a homeomorphism.
Also, the map induced by the inclusion ¥(R™) — W(R™) is an isometry.
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