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Radial displacement of a fluid annulus in a rotating Hele–Shaw cell
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Diagonal 647, E-08028 Barcelona, Catalonia, Spain

~Received 8 May 1998; accepted 30 November 1998!

The radial displacement of a fluid annulus in a rotating circular Hele–Shaw cell has been
investigated experimentally. It has been found that the flow depends sensitively on the wetting
conditions at the outer interface. Displacements in a prewet cell are well described by Darcy’s law
in a wide range of experimental parameters, with little influence of capillary effects. In a dry cell,
however, a more careful analysis of the interface motion is required; the interplay between a gradual
loss of fluid at the inner interface, and the dependence of capillary forces at the outer interface on
interfacial velocity and dynamic contact angle, result in a constant velocity for the interfaces. The
experimental results in this case correlate in the form of an empirical scaling relation between the
capillary number Ca and a dimensionless group, related to the ratio of centrifugal to capillary forces,
which spans about three orders of magnitude in both quantities. Finally, the relative thickness of the
coating film left by the inner interface,a i , is obtained as a function of Ca. ©1999 American
Institute of Physics.@S1070-6631~99!02503-9#

I. INTRODUCTION

The study of fluid flows in the narrow gap between two
parallel plates~Hele–Shaw cell! has been a subject of sus-
tained interest since the pioneering work of Saffman and
Taylor.1 The simplicity of the equations describing the flow,
which lead to Darcy’s law, in contrast with the rich phenom-
enology observed, has stimulated the interest of researchers
in exploring the problem both theoretically and
experimentally.2,3 Most of the situations studied correspond
to the evolution of an interface between two fluids of differ-
ent viscosity and/or different density, in the presence of a
pressure field.

In both the channel and the circular~axisymmetric! ge-
ometry, most efforts have focused on the case where the less
viscous fluid displaces the more viscous one.4–8 In particular,
all the theoretical efforts to prescribe appropriate boundary
conditions at the interface have considered the less viscous
fluid as the invader.9

In the opposite scenario, studied here, a more viscous
fluid displaces a less viscous fluid, and the interfacial insta-
bility is driven by the density contrast between the two fluids
in the presence of gravity1,10 or a centrifugal force.11,12 Re-
lated to this problem, Elliot and Riddiford13 studied the dy-
namic contact angleuD when oil displaces air in the circular
geometry. Cardoso and Woods14 focused their attention on
the problem of a fluid annulus confined between two other
fluids of different viscosity and displaced by the inner fluid.
In this configuration one interface of the annulus may be-
come unstable, and the interplay between the two interfaces
gives rise to a new phenomenology. A similar situation can
be established if a fluid annulus is rotated around its vertical
axis in a circular Hele–Shaw cell. Modifying the different
adjustable parameters of the experiment, a variety of phe-
nomena can be explored depending on whether none of the
two interfaces, one of them or both become unstable. This

kind of investigation was suggested by Meloet al.15 in their
work on the evolution of rotating drops, extended to vis-
coelastic fluids by Spaid and Homsy16 some years later.

Before pursuing a study of the instability, however, it is
important to achieve a thorough understanding of the regime
for which the annulus evolves in a stable manner. This re-
gime turns out to be interesting by itself, because the evolu-
tion of the circular annulus does not follow from the Hele–
Shaw equations in a trivial way. Basically, there are two new
aspects to consider~i! the formation of a fluid film behind the
inner interface as the annulus moves radially, which may
result in a gradual mass loss, and~ii ! the wetting conditions
encountered by the advancing outer interface, particularly
the influence of the front velocity on the contact angle.13,17,18

Although these ingredients make the problem rather complex
from a theoretical point of view, we have found that experi-
mental observations can be collapsed in a robust and rela-
tively simple way, which provide a firm basis for a rigorous
theoretical approach. Consequently, we have chosen to re-
strict the present paper to the study of the radial displace-
ment of the rotating annulus in the stable regime, and leave
for a second paper19 our results on the linear and nonlinear
regimes of the fingering instability experienced by the two
interfaces of the annulus.

The outline of the work is the following: Sec. II presents
a description of the experiment, a discussion of the necessary
conditions for the formation of the fluid annulus in a rotating
Hele–Shaw cell, the equations for the flow in the Hele–
Shaw approximation, and their solution for the velocity field
in the bulk of the liquid phase. In Sec. III we describe the
experimental procedure, study the influence of wetting on the
flow through the boundary conditions, and present the ex-
perimental results. The results are discussed in Sec. IV, and
the conclusions given in Sec. V.
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II. RADIAL DISPLACEMENT OF A ROTATING FLUID
ANNULUS

A. Description of the experiment

The Hele–Shaw cell used in the present investigation is
made of two circular glass plates of thickness 6 mm and
radius 200 mm, placed on top of each other, separated a
distanceb by means of appropriate spacers located on the
edge of the cell, which is open to air~Fig. 1!. The cell is
placed on a sturdy rotating platform driven by a dc motor
and reductor. Details of both the experimental setup and the
image acquisition system can be found in Ref. 12. The fluids
used are~i! a silicone oil ~Rhodorsil 47 V! of kinematic
viscosity n550 or 500 mm2/s, densityr5998 kg/m3, and
surface tensions520.7 mN/m at 25 °C, and~ii ! a vaseline
oil of n5150 mm2/s, r5870 kg/m3, and s529.3 mN/m at
25 °C. The kinematic viscosityn is related to the dynamic
viscosity m by n5m/r. The oils wet the glass plates well.
They are injected into the cell by means of a syringe pump
through a central orifice of radiusRA54 mm machined in
the upper plate. As the liquid enters the cell, a circular drop
forms in the narrow gap between the two plates and is let to
grow up to a prescribed radiusL. At this stage injection ends,
and the cell is set to rotate with angular velocityV. Both
interfaces move outwards due to centrifugal forces.

B. Conditions for the formation of the fluid annulus

A first question to consider is the possibility of forming
a fluid annulus from a circular drop placed at the center of a
rotating cell. The conditions for an initially compact fluid
drop to shrink along the vertical direction, at the center of the
drop, and break up to form a fluid annulus, are the following.
The pressure applied on the liquid surface at the central ori-
fice of the upper plate must be large enough to bend the
surface until it touches the lower plate. In these conditions,
the curvature of the central part of the drop will bekRA

52b/(b21RA
2) provided RA.b. The pressure required to

achieve this curvature ispRA
.skRA

. Since the pressure due
to inertial forces when the cell rotates around its central axis
is given bypV. 1

2rV2L2, the conditionpV.pRA
for break-

ing up the liquid results in

1

2
rV2L2.

2bs

b21RA
2

. ~1!

Once formed, the condition for the annulus to move out-
wards is

1

2
rV2L2.sS 1

RA
1

1

L D , ~2!

because there is no viscous pressure~the initial velocity of
the interfaces is zero! and the only pressure difference is due
to capillarity. SinceRA!L, satisfying Eq.~2! implies satis-
fying Eq. ~1! as well. For a drop of initial radiusL
530 mm andn550 mm2/s the threshold given by Eq.~2! is
V.30 rev/min, in good agreement with our observations.

C. Modeling

In the Hele–Shaw approximation the velocity field in the
bulk of the fluid, averaged in the direction perpendicular to
the plates, obeys Darcy’s law,

vj5¹f j , ~3!

where

f j52
b2

12m j
S pj2

1

2
r jV

2r 2D , ~4!

when the fluid rotates with angular velocityV, andj indexes
the two fluids ~1: air, 2: oil!. For an incompressible fluid,
Darcy’s law takes the form

Df j50. ~5!

The validity of the Hele–Shaw approximation in our prob-
lem is justified by the small values of Reynolds and Rossby
number, Re5Ur b2/nL,0.02 andRs5Ur /VL,0.03. Here,
Ur represents a typical radial velocity in the problem.

Boundary conditions are first stablished by the pressure
jump at the two interfaces;

~p12p2! i5s~k' i1k i i !,
~6!

~p12p2!o5s~k'o2k io!,

where the indexi refers to the inner interface and the indexo
to the outer interface.k' and k i are the curvatures of the
interface in the directions perpendicular and parallel to the
plates, respectively. The curvatures are given by

k' i5
2

b
g' i , k i i5

1

r i
g i i ,

~7!

k'o5
2

b
g'o , k io5

1

r o
g io ,

where the dimensionless coefficientsg account for possible
influences of the coating film left behind the inner interface
and variations of the contact angle of the advancing outer
interface.

The continuity of the normal velocity across the two
interfaces leads to a second set of boundary conditions~see
Fig. 2!,

] rf1u i5] rf2u i
1

12a i
, ] rf1uo5] rf2uo

1

12ao
. ~8!

The first one expresses the condition that, at the inner inter-
face, the normal velocity of the air meniscus is larger than
the velocity in the bulk of the liquid predicted by Laplace’s
equation by a factor 1/(12a i). This effect is due to the two

FIG. 1. Sketch of the circular Hele–Shaw cell, and the notation used.
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coating films~one on each plate! left behind the inner inter-
face, of thicknessba i /2.20,21 Actually, the form adopted for
this term is valid for a coating film at rest. When the motion
of the coating film is taken into account there are corrective
terms of the order (a i /2)2 to be considered, and the density
of the fluid in the potentialf2 must be replaced by an effec-
tive densityr2* 5(12B)r2 , whereB;(a i /2)3.1 In the limit
a i!1, however, these corrections are negligible. The second
equation in ~8! expresses an equivalent condition for the
outer interface, which may either absorb fluid from two wet-
ting films of thicknessbao/2 ~if the plates have been prewet-
ted before the experiment, as explained in Sec. III!, or move
in a dry cell (ao50).

The last condition to consider is the conservation of the
total mass of liquid during the displacement of the annulus.
The mass of liquid in the annulus is given instantaneously by
rpbL2(t)5rpb(r o

22r i
2). Therefore, the fluid mass in the

annulus changes in time according to] tL
252r ovo22r iv i

52r o] rf1uo22r i] rf1u i . Using the boundary conditions
given in Eq.~8!, and the fact that in the bulk of the liquid the
solution of Laplace’s equation~5! leads tov;1/r for r i,r
,r o , we get

] tL
2522r i] rf1u i

a i2ao

12ao
. ~9!

Since] rf1u i5] tr i , the solution of the differential equation
for L2(t) reads

L2~ t !5L2~0!2
a i2ao

12ao
r i

2~ t !. ~10!

This result shows that the mass of liquid in the annulus is
conserved only ifa i5ao , i.e., if the thickness of the wetting
films is the same at both inner and outer interface. Ifa i

.ao , the amount of liquid between the two interfaces de-
creases with time.

To derive the radial velocity of the flow in the bulk of
the liquid, notice that the velocity potential of the axisym-
metric problem given by Eq.~5!, expressed in planar polar
coordinates, is

f j~r !5Aj ln r 1Bj . ~11!

Using Eq.~3!, the radial velocity field~averaged alongz! is
given by

v j~r !5
Aj

r
. ~12!

The boundary conditions~6! can be used to determine the
constantsAj in Eq. ~12!. The potentialf can be considered
constant for air. Dropping then the subscripts, because all the
parameters refer now to fluid 2, we get for the velocity field
in r,

v~r ;t !5
b2

12m

1
2 rV2L2~ t !2s@k' i2k'o1k i i1k io#

r

2
lnFL2~ t !

r i
2 11G ,

~13!

where the conditionL2(t)5r o
22r i

2 has been used in the de-
nominator.

III. EXPERIMENTAL PROCEDURE AND RESULTS

We have performed experiments with gap spacingsb
50.25, 0.50, 0.81, 1.00, 1.94, and 2.94~60.05! mm, angular
velocitiesV0530, 60, 90, 120, 150, 180, 210, 240, 270, and
300 rev/min, and initial radiiL(0) between 15 and 120 mm.

Special care has been taken in cleaning the Hele–Shaw
cell before starting a new experiment. Oil traces have been
removed using blotting paper. The plates have been thor-
oughly cleaned with soap and water, rinsed with distilled
water and acetone, and finally dried with a jet of pressurized
air. The cleaning is performed in random circles to avoid any
preferential wetting direction on the plates.

The experiments can be classified into two large classes,
depending on the wetting properties of the plates resulting
from two different initial preparations. In the first class, the
two inner surfaces of the cell plates are previously wetted
with a thin oil layer in the following way: oil is slowly in-
jected into the motionless cell, up to a radius of about 100
mm; next, the turning platform is switched on at low speed
~between 40 and 60 rev/min!, and the oil bubble spreads in
the form of an annulus, which grows until the inner circular
interface leaves the cell at the open boundary. In this way,
the cell is prewetted with a thin oil layer on each plate. To
avoid the subsequent formation of oil drops on the plates, a
new fluid annulus is formed immediately by additional oil
injection, and the experiment is started. In the second class
of experiments, the plates are left dry. Figure 3 shows the
different evolutions of the two fluid annulus prepared in
identical experimental conditions, one in a prewet cell and
the other in a dry cell.

FIG. 2. Sketch of the meniscii at the inner and outer interfaces of the fluid
annulus, moving in a prewet cell and in a dry cell.
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A. Displacement in a prewet cell

When the displacement takes place in a prewet cell, two
approximations can be reasonably made. The first approxi-
mation is neglecting capillary forces in front of inertial
forces. There are two reasons for this:~i! dynamic contact
angles at both interfaces are close to zero~full wetting! and
therefore the termk' i2k'o , which behaves as (2/b)
3(cosuDi2cosuDo), is very close to zero;~ii ! the termk i i

2k io behaves as 1/r , and hence it is also close to zero prac-
tically from the formation of the drop. Notice that we neglect
the net contribution of capillary forces when the two inter-
faces are considered at the same time, but capillary forces at
each individual interface are responsible for their stability.
The second approximation is to considerL2(t) constant, at
least for a large fraction of the experiment. The reason now
is that in a prewet cell the mass transferred to the oil film left
behind the inner interface of the advancing annulus is bal-
anced to some extent by the mass gained from the wetting

layer by the outer interface~Fig. 2!. Our measurements show
that the loss of fluid in the annulus in the early and interme-
diate stages of the run is negligible, and only at the end
increases to about 10% maximum.

With these approximations in mind, the velocity in the
fluid phase at the inner interface, derived from Eq.~13!,
reads

v~r i !5
b2

12m

1
2 rV2L2

r i

2
lnS L2

r i
2

11D . ~14!

At this point, we take the additional approximation that
in the prewet cell the velocityv i of the inner interface is well
approximated byv(r i). Actually, according to Eq.~8!, v i is
larger thanv(r i) by a factor 1/(12a i), wherea i , on its
turn, depends onv(r i). Our results will show that this cor-
recting factor is very close to one, except for the latest stages
of the runs where the other approximations fail as well.

With this additional approximation, we can integrate Eq.
~14! betweent50 andt, assuming thatV reaches the steady
value V0 instantaneously att50. We make the variables
dimensionless through the changesr̃ 5r /L and t̃

5(b2/12m) 1
2rV0

2t. Sincer i(0)50, we arrive at

~ r̃ i
211!ln~ r̃ i

211!2 r̃ i
2 ln r̃ i

25 t̃ . ~15!

Using the approximationa ln(a11)2a ln a.1 for a@1, this
equation reduces tor̃ i

25et̃21. The position of the outer in-
terface is related to the position of the inner interface by the
condition of mass conservationr̃ o

2511 r̃ i
2.

It should be noted that, in the experiments, the turning
platform cannot reach the angular velocityV0 instanta-
neously. There is a short transient interval at the beginning of
each run whereV rises from 0 to the steady valueV0 . The
Appendix shows that the influence of this transient interval is
captured by replacingt with a function f (t), dependent on
V0 , which only modifies the time axis at very shortt ~from
1 to 10 s! whenV0 is very large~from 150 to 300 rev/min!.

The evolution of inner and outer radii with time in our
experiments is shown in the insets of Figs. 4 and 5. Interface
velocities cover a range between 9 and 40 mm/s. The result
of scaling the measurements following the procedure de-
scribed above is also shown in the figures. The collapse is
remarkable. The measured positions of the meniscii closely
follow the behavior predicted by Eq.~15!, up to a dimension-
less time around 0.9. At later times the theoretical line rises
faster than most of the measurements.

B. Displacement in a dry cell

The evolution of inner and outer radii in a dry cell is
shown in Figs. 6 and 7. While the equations describing the
Hele–Shaw flow would predict a nearly exponential growth
of both radii at long times~experimentally confirmed in a
prewet cell!, the experiments in a dry cell systematically
show a linear dependence. The figures reveal that our experi-
mental data cannot be collapsed now using the same dimen-
sionless length and time than in Sec. III A.

FIG. 3. Evolution of two fluid annulus in identical experimental conditions
~b50.81 mm,L530 mm, andV5150 rev/min!, advancing in a prewet cell
~a! and in a dry cell~b!. Both images have been recorded 8 s after the cell
started rotating.
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Since the velocity of the inner interface remains constant
in time ~except for an initial transient interval in which it
experiences a singularity associated with breaking the drop,
very short compared to the time scale of the experiment!, the
capillary number Ca5mv i /s ~ratio of viscous to capillary
forces! turns out now to be very suitable to characterize the
experiments.

In dry conditions, the mass lost by the annulus is directly
related to the fluid films left behind the inner interface.
Hence, a reliable estimate ofa i ~the relative thickness of the
two inner coating films, assumed to be constant!, can be
obtained from a fit of Eq.~10! with ao50 ~dry conditions!,
L2(t)5L2(0)2a i r i

2(t), to measurements of the surface area
of the annulus as a function of inner radius. A typical result
is shown in the inset of Fig. 8. The measurements ofL2

follow well the quadratic dependence onr i expected for con-

stant a i . A log–log plot of thea i obtained in this way
against Ca, for the complete set of experiments with silicone
oils in dry conditions, is shown in Fig. 8.

Figures 9, 10, and 11 present the capillary number ob-
tained when the only parameter modified from one experi-
ment to another isV0 ~angular velocity of the cell!, L(0)
~initial radius of the drop!, and b ~gap thickness!, respec-
tively. The three plots show a power law dependence of Ca
on the modified parameter. These results suggest an empiri-
cal relation between the capillary number Ca and a dimen-
sionless combination of different experimental parameters,
S5rV2L3/s. The relation reads

Ca;S b

L D 2

S5/4, ~16!

where we have rounded the exponents for convenience.
When all the experimental data for the silicone oils obtained
in dry conditions are represented in this form, Fig. 12 shows
that they collapse remarkably into a single straight line for
about three orders of magnitude in both Ca and the dimen-
sionless group (b/L)2S5/4. To check the dependence ons
andr, we have also performed experiments with vaseline oil
and scaled them in the way proposed. Figure 12 shows that
both fluids scale with the same combination of parameters
and the same proportionality constant.

FIG. 4. Measurements of the inner radius of the fluid annulus as a function
of time ~corrected from initial acceleration of the cell; see Appendix!, in a
prewet cell under different experimental conditions. The inset shows the
experimental results, and the main plot the result of scaling the measure-
ments following the procedure explained in the text. The solid line repre-
sents Eq.~15!.

FIG. 5. Measurements of the outer radius of the fluid annulus as a function
of time ~corrected from initial acceleration of the cell; see Appendix!, in a
prewet cell under different experimental conditions. The inset shows the
experimental results, and the main plot the result of scaling the measure-
ments following the procedure explained in the text. The solid line repre-
sentsr o /L, obtained from Eq.~15! and the condition of mass conservation
r̃ o

2511 r̃ i
2.

FIG. 6. Same as Fig. 4 but in a dry cell.

FIG. 7. Same as Fig. 5 but in a dry cell.
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IV. DISCUSSION

Although our experiments have explored the same range
of capillary and centrifugal forces in both prewet and dry
conditions, the results show that the radial displacement of
the annulus is very different in these two cases. The purpose
of this section is to discuss how the wetting conditions at the
leading interface modify the flow.

We discuss first the flow in prewet conditions. In this
case our experimental results show that mass losses are neg-
ligible, except at the latest times. This means that the loss of
fluid at the trailing interface~in the form of two coating films
left behind this interface, one on each glass plate! is balanced
by the fluid recovered from the plates at the leading inter-
face. This being the case, the dynamic contact angles atr i

and r o must be very similar~full wetting ensures that they
will be close to zero!. Hence, the contribution of capillary
forces to the radial velocity due to the curvature of the inter-
faces in the vertical direction~perpendicular to the plates!,
which is given bys(k' i2k'o).(2s/b)(cosuDi2cosuDo),

vanishes. This explains why the results in prewet conditions
can be scaled without using the surface tensions. This is no
longer true in the long time limit, however, for which Figs. 4
and 5 already show deviations from the behavior predicted
by Eq. ~15!; at large radii, mass losses are appreciable even
in prewet conditions. It must be mentioned also that, simi-
larly, experiments carried out in the extreme limit of small
initial radii L and largeV show the annulus to become pro-
gressively thinner, due to mass losses, until the meniscus
breaks and only a fluid film remains on each plate.

The dry cell conditions modify the behavior of the lead-
ing ~outer! interface for two main reasons. First, in a dry cell
the annulus has no fluid income through this interface. As a
result,L decreases appreciably with time, and the motion of
the annulus becomes dependent on initial conditions—in the
sense that a different velocity is measured for a drop of ini-
tial outer radiusL(0), for example, than for an annulus that
has evolved up to an areapL2(0). Theresults shown in Fig.
10 confirm this observation. A gradual loss of fluid slows
down the trailing interface~in comparison with its motion in
conditions of mass conservation! as shown by Eq.~13!. Op-
posite to this effect is the effect of the wetting films left by
the trailing interface, which according to Eq.~8! increase the
velocity of this interface. This last effect, however, is also
present in prewet conditions, and seems to be of secondary
importance. In particular, notice that the coating thicknessa i

~which can be measured only in dry cell conditions! seems to

FIG. 8. Log–log plot of the relative thickness of the coating film left by the
inner interface,a i , as a function of capillary number Ca. The solid squares
represent the values obtained in our experiments in dry conditions, from fits
of L2 againstr i ~as the one shown in the inset!. The open squares are
numerical predictions of Reinelt, extracted from Fig. 3 of Ref. 20. The
straight line is a power-law fit of the forma i;Cax with x52/3, which
corresponds to the prediction of Park and Homsy~Ref. 9! for low Ca
(<1023).

FIG. 9. Sets of measurements of the capillary number as a function of
angular velocity in a dry cell. The lines are fits of the formV2.36.

FIG. 10. Set of measurements of the capillary number as a function of initial
radius of the drop in a dry cell. The line is a fit of the formL1.72.

FIG. 11. Set of measurements of the capillary number as a function of gap
thickness in a dry cell. The line is a fit of the formb2.
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depend solely on Ca. The second and presumably most im-
portant reason is that the contact angle between the leading
interface and the glass plates depends sensitively on the ve-
locity of the flow. For small Ca the dynamic contact angle
follows Tanner’s law,22 uD;Ca1/3. As Ca increases, the dy-
namic contact angle increases correspondingly and may be-
come larger thanp/2, which represents an inverted
meniscus.13,17 Hoffman17 in particular shows that the rever-
sion of the meniscus is attained already at moderate Ca. In
conclusion, the contact angles of the meniscus at the leading
interface admit large variations, while at the trailing interface
remain always close to zero~full wetting!. It is for this rea-
son that the difference in pressure jump between the two
interfaces, in dry conditions, admits variations between 0 and
4s/b, which indeed have a large influence on the velocity of
the annulus@Eq. ~13!#.

Once it is recognized that the role of capillary forces on
the radial displacement of the annulus is negligible in prewet
conditions, but may be very relevant in dry conditions, the
need of introducing a new dimensionless number to scale the
results in dry conditions seems natural. The number chosen,
S5rV2L3/s, represents a balance between centrifugal and
capillary forces. It appears naturally in several problems of
interfaces subjected to centrifugal forces.11,12,15

Our results ona i are consistent with the power-law de-
pendencea i;Cax derived analytically for low Ca.9,20 A
comparison with Reinelt’s numerical predictions included in
Fig. 8 shows good agreement with our absolute values of
thickness in the range of Ca where they overlap, particularly
remarkable considering that the comparison does not make
use of any adjustable parameter. The discrepancies at the
largest Ca, which in any case are subject to large experimen-
tal uncertainties, may be due to the dispersion of the coating
film under the influence of centrifugal forces.15

V. CONCLUSIONS

The radial displacement of a stable fluid annulus in a
rotating Hele–Shaw cell is strongly influenced by the wet-
ting conditions encountered by the advancing interfaces.

When the fluid front moves in a prewet cell, the amount
of fluid in the annulus remains practically constant. In a wide

range of experimental parameters, the flow is very well de-
scribed by Eq.~15!, which disregards capillary effects.

When the interface advances in dry plates, on the con-
trary, the flow is strongly influenced by the mass loss at the
inner interface and by capillary effects at the outer interface.
Instead of increasing with time, the velocity of the inner
interface remains constant; this enables us to define a capil-
lary number Ca characteristic of the flow. We have found
experimentally that the two dimensionless numbers represen-
tative of the relevant forces in the problem, Ca andS, keep a
relatively simple relation for a very wide range of experi-
mental parameters and for two different fluids. This relation
arises from an interplay between three effects; the formation
of a coating film, which increases the velocity of the inner
meniscus; the mass loss, which slows down the annulus; and
the effects of capillary forces, whose influence depends on
dynamic contact angles.

The relationship found between Ca andS, firmly sup-
ported experimentally, requires a theoretical explanation. It
raises interesting questions about the role of dynamic contact
angles on fluid flows in the Hele–Shaw approximation.

The thickness of the coating film left by the inner inter-
face,a i , is found to depend on Ca in a way consistent with
previous theoretical and numerical predictions.

The phenomena studied in this work are relevant for the
stability of the fluid annulus. The interfacial instabilities ex-
perienced by the rotating annulus will be the subject of a
forthcoming paper.19

ACKNOWLEDGMENTS

The authors are indebted to L. Kramer and J. Casade-
munt for interesting suggestions. L.C. and J.S. are supported
by the Direccio´n General de Ensen˜anza Superior~DGES,
Spain!. This work has received the financial support of the
DGES ~Spain! within Projects Nos. PB96-0378-C02-01 and
PB97-0906, and has been developed in the framework of the
Training and Mobility of Researchersprogram of the Euro-
pean Community~network project ERB 4061 PL95-1377!.

APPENDIX: INFLUENCE OF THE INITIAL
ACCELERATION OF THE ROTATING CELL

Equation~15! has been obtained in the assumption that
the rotating cell achieves the preset velocityV0 instanta-
neously. Actually, in our experimental setup there is a tran-
sient fromV50 to the steady valueV0 , which is well rep-
resented by the following dependence ofV on t:

V5V0@12exp~2vt !#, ~A1!

wherev51.2(300/V0)2.5, and bothV andV0 are given in
rev/min. In general, for most experiments, the transient time
is negligible. Nevertheless, there are a few experiments in
which the transient time becomes comparable to the time of
the experiment. In this case, we must integrate Eq.~14! be-
tweent50 andt taking into account thatV5V(t),

FIG. 12. Log–log plot of the capillary number Ca against (b/L)2S5/4, with
S5rV2L3/s, measured in a dry cell in many different experimental condi-
tions. The straight line is a fit of the form Ca50.1(b/L)2S5/4.
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It is not difficult to check thatf (t)→t in the limit v→`,
i.e., whenV5V0 .

Equation~A2! shows that all the temporal dependence of
the moving interface is given byf (t). Consequently, it is
natural to represent the evolution of the interfaces as a func-
tion of f (t), rather than as a function oft.
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