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Introduction

The purpose of this master thesis is to study the Hodge Decomposition Theorem for
compact Kéahler manifolds.

Hodge theory, named after W.V.D. Hodge, is a branch of mathematics belonging
to both algebraic topology and differential geometry that enables us to find topological
information about a smooth or complex manifold from the study of differential forms and
differential operators on these manifolds. Namely, we can find the singular cohomology
groups or deduce properties of them with new tools derived from the Hodge theory.

It was first developed in the 1930s as an extension of the de Rham cohomology. Recall
that the de Rham cohomology gives an isomorphism between the singular cohomology
of a smooth manifold and the de Rham cohomology, which is given by the study of the
differential forms on that manifold. Hodge theory includes this particular case and extends
the results to more general types of manifolds.

The Theorem we are going to study, the Hodge Decomposition Theorem on compact
Kahler manifolds, gives a decomposition of the singular kth cohomology group of a man-
ifold of a specific type called Kahler. Even though the condition of being Kéahler may
seem very restrictive, there exists lots of examples of manifolds satisfying this condition.
For example, we can think of Kahler manifolds as submanifolds of the complex projective
space.

To prove this result, we are going to follow diagram Let us explain a little bit
the meaning of the diagram. First of all, using the de Rham Theorem, we can find an
isomorphism between singular cohomology and the de Rham cohomology groups. Also,
using the Dolbeault Theorem, we know that there exists an isomorphism between sheaf
cohomology and the Dolbeault cohomology groups. Then, using elliptic operator theory,
we will see that there exists an isomorphism between the de Rham cohomology groups
and the group of harmonic operators with respect to the operator d and an isomorphism
between the Dolbeault cohomology groups and the group of harmonic operators with
respect to a new operator denoted by 0. Finally, since the groups of harmonic forms
decompose as it is seen in the diagram and using the previous isomorphisms, we get the
desired decomposition.

In order to follow these steps, the master thesis is divided in four chapters. One can find
a brief description at the beginning of each chapter on what it contains. Let us summarize
the content of each of them. The first chapter is devoted to present the definition of
the principal objects we are going to work with. Concepts like complex manifold, vector
bundle, almost complex manifold and the 0, d-operators are explained and illustrated
with examples. In the second chapter, we will give an introduction of sheaf theory and the
cohomology groups associated to sheaf complexes. We will see, without proving them, that
there are isomorphisms between these cohomology groups and other types of cohomology
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2 INTRODUCTION

De Rham Theorem Elliptic Operator Theory

(Sheaf Theory) (applied to d)

H*(X,C) l HE(X) l HF(X)
Singular cohomology De Rham cohomology Ag-harmonic forms
Hodge
Decomposition
Theorem
HY(X,C) = @, 4oy HM(X) | j HAX) = Dpy g HM(X)

Hi1(X,Q0P) HP4(X) HPA(X)

e
Cohomology of sheaves I Dolbeault cohomology Aj-harmonic forms
Dolbeault Theorem Elliptic Operator Theory
(Sheaf Theory) (applied to 9)

Figure 1: Diagram of the proof of the Hodge Decomposition Theorem.

groups, for instance, singular cohomology and the de Rham cohomology. The third chapter
consists of an introduction to elliptic operator theory. The most remarkable result of this
chapter is the last theorem, which relates the group of harmonic forms and cohomology
groups associated to an elliptic complex, which it turns out that, in our interests, such
elliptic complexes are the de Rham complex and the Dolbeault complex. Finally, the last
chapter proves the Hodge Decomposition Theorem for compact Kéhler manifolds. We
will see that a Kahler manifold is a complex manfiold with an hermitian metric satisfying
that to the imaginary part of the metric we can associate a 2-form of type (1,1) that is
d-closed, for d the exterior derivative.

Finally, I would like to thank Dr. Ricardo Garcia, my thesis advisor, for the oppor-
tunity and trust placed in me together with his help and support. Last but not least, I
would like to express my special thanks to my family for their advice, support and patience
throughout these months.



Chapter 1

Complex and Almost Complex
Manifolds

In this chapter we are going to recall and introduce the basic definitions that will appear
along this master thesis. Concepts such as complex manifold, vector bundle, section and
almost complex structure are the most important objects that we are going to work with.

Throughout this chapter, we are mostly going to follow [WE].

1.1 Manifolds

Let us begin with some notations. Let K denote either R or C, which as usual denote
the field of real and complex numbers respectively. Let D be an open set of K". Then,

e For K =R, we denote £(D) the set of functions f: D — R indefinitely differentiable
on D.

e For K =C, we denote O(D) the set of holomorphic functions f: D — C on D.

We will denote S one of these two K-valued families of functions defined on open sets
of K", we let S(D) denote the set of functions of S defined on an open set D c K™.

Definition 1.1.1. An S-structure, Sps, on a topological manifold M is a family of K-
valued continuous functions defined on every open sets of M such that

1. For every p € M, there exists an open neighborhood U of p and a homeomorphism
h:U — U’, where U’ is open in K™, such that for any open set V c U

f:V > K eS8y if and only if foh™ e S(h(V)). (1.1.1)

2. If f:U - K, where U = u;U; and U; open in M, then f € Sy if and only if f|y, € Sy
for every i.

The dimension of the topological manifold coincides with n if K =R and is 2n if K = C.
In any case, n is called the K-dimension of M and we denote it dimx M = n.

A manifold with an S-structure is called S-manifold and is denoted by (M,Sys). The
elements of Sy are called S-functions on M. An open subset U ¢ M and a homeomor-
phism h: U - U’ c K" as in is called an S-coordinate system.

For the previous two classes of functions we have

3



4 CHAPTER 1. COMPLEX AND ALMOST COMPLEX MANIFOLDS

o S =¢&: differentiable or smooth manifolds, and the functions in &,; are called C* or
smooth functions on open subsets of M.

e S =0: complex-analytic or complex manifolds, and the functions in Oy, are called
holomorphic on open subsets of M.

Definition 1.1.2. An S-morphism F : (M,Sy) - (N,Sn) is a continuous map, F : M —
N, such that
f € Sy implies that f o F' € Syy.

An S-isomorphism is an S-morphism F' : (M,Sy;) - (N,Sy) such that F: M — N is
a homeomorphism, and

F™' o (N,Sy) = (M, Sy) is an S-morphism.

Note that if on an S-manifold (M,Sy;) we have two coordinate systems hy : Uy — K"
and ho : Uy -» K™ such that Uy nUs # &, then ho o hIl : hl(Ul N UQ) - hQ(Ul ) UQ)
is an S-isomorphism on open subsets of (K", Skgn). Clearly, let f € S(ho(U; nUs)) or
equivalently (f o hg) o hy' € S(h2(Up nUs)) then, by definition of Sy, it implies that
fohy:UynU; - K € Sy;. Again, by definition of S-structure, f o ho € Sy if and only
if (fohy)ohy!eS(hi(UynUs)). Hence, fo(hyohit)eS(hi (U nUs)) as we wanted.
Analogously we can see that hj o h§1 is an S-morphism.

If we have an open covering {U,;};c; of a topological manifold M, and a family of
homeomorphisms {h; : U; > U] ¢ K"};cr, such that they satisfy the previous condition,
then this defines an S-structure on M by setting

Sy ={f:U - K continuous, U c M open, and foh ' e S(h;(UnU;)) for all i e I}.

The collection of {(Uj, h;) }ier is called an atlas for (M, Sar).

Let N be an arbitrary subset of an S-manifold M, then an S-function on N is defined
to be the restriction to N of an S-function defined in some open set containing N. We
denote Sys|ny the set of all functions defined on relatively open subsets of N which are
restrictions of S-functions on the open subsets of M.

Definition 1.1.3. Let N be a closed subset of a S-manifold M, then N is called a S-
submanifold of M if for each point g € N, there is a coordinate system h:U — U’ ¢ K™,
where zq € U, with the property that hlyny is mapped onto U’ n K*, where 0 < k < n.
Here K* ¢ K™ is the standard embedding of the linear subspace K* into K.

An S-submanifold of an S-manifold M is itself an S-manifold with the S-structure
given by Sys|n-

Definition 1.1.4. We say that an S-morphism
f+(M,Sy) - (N, Sn)

of two S-manifolds is an S-embedding if f is an S-isomorphism onto an S-submanifold of

(N,Sn).

Examples 1.1.5. a) Euclidean space: For K" being either R" or C", taking as an
atlas the chart U = K™ and h = id, K™ becomes a smooth or a complex manifold
respectively.



1.2. VECTOR BUNDLES )

b) Projective space: The set of one-dimensional subspaces of a finite dimensional
vector space V over K is called projective space of V and is denoted P(V'). P, (K) :=
P(K™) for K =R or C are smooth and complex manifolds respectively.

c) Linear submanifolds: Let H = {[20,...,2n] € P,(C) : apzp + ... + anz, = 0}, where
(ag, ..., an) € C**1\{0}. Then H is called a projective hyperplane and is a submanifold
of P,(C) of dimension n — 1.

It can also be proved that an algebraic variety, i.e. X = {[z0,...,2n] € Pn,(C) :
f1(20,-y2n) = oo = fu(20,.y2n) = 0, fi € C[Zo, ..., Zy]}, is also a submanifold of
P, (C).

1.2 Vector Bundles

The study of vector bundles on manifolds has been motivated by the desire of linearize
nonlinear problems in geometry. The most important example of vector bundle is the
tangent bundle of a differentiable or complex manifold; it linearizes the corresponding
manifold. In this section we are going to give the definition of vector bundles and, in
particular, of tangent bundle. Moreover, we will also recall what is a section over a vector
bundle.

Definition 1.2.1. Let w : E - M be a map between two sets £ and M. Then, given
pe M, we call 77(p) the fiber of 7 at p.

Definition 1.2.2. Given7: E - M, 7' : E - M, we say that h : E — E' is fiber-preserving

if the diagram
h B
M

E

is commutative, i.e. m=7"o h.

Definition 1.2.3. A continuous map 7 : E - M of one Hausdorff space onto another is
called a K-vector bundle of rank r if the following conditions are satisfied:

o E,:==n"Y(p), for pe M, is a K-vector space of dimension r.
e For every p € M there is a neighborhood U of p in M and a homeomorphism
h:m Y (U) » U x K" such that h(E,) c {p} x K",
and hP, defined by the composition
Wi B, S (p) x KT KT
is a K-vector space isomorphism. We call the pair (U, h) a local trivialization.

For a K-vector bundle 7 : E — M, E is called the total space and M is called the base
space.
For any two local trivializations (Uy, ha) and (Ug, hg) we have the map

haohg' : (UanUs) x K" > (UanUg) x K.
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Hence, for every p € M we have a linear map
hho(hg)™: K" > K"
Thus, we can define
gag . Ua n Ug - GL(T,K),

where go3(p) = hh o (hg))_l, that is, gog(p) is the matrix that corresponds to the linear
map hb, o (hg)_l.

The functions g, are called transition functions of the K-vector bundle 7 : E — M
(with respect to the two local trivializations).

The transition functions g,s satisfy the compatibility conditions:

9aB 98~ Gya = Ir, on Uy nUgnUs,,

and
Jaa = Ir, on U,,

where the product is a matrix product and I, is the identity matrix of rank r.

Definition 1.2.4. A K-vector bundle 7 : £ - M is said to be an S-bundle if £ and M
are S-manifolds, 7 is an S-morphism, and the local trivializations are S-isomorphisms.

Example 1.2.5. (Trivial bundle): Let M be an S-manifold. Then,
m:Mx K" — M,
where 7 is the natural projection, is an S-bundle called a trivial bundle.

Example 1.2.6. (The infinite M&bius strip): Let S' = {z € C: |2| = 1} and F =
[0,1] xR

————=———— the Mobius strip. We can define the continuous map
(Oa x) ~ (17 _x)

e E — 817
(t,x) s €2m‘t'

Clearly, for every p = 2™ € S! for some t € [0,1], E, = 7 (p) = {[(t,x)] : z e R} = R.
Thus, for every p e S!, E, is an R-vector space of dimension 1.
Let Uy = S'\{1} and U, = S'\{-1}. These two open sets form an open cover of S'.

_ ~ _ _([0,1/2) u(1/2,1]) xR
Note that 771 (U7) = (0,1) xR and 7~ 1(Uy) = (0.2) ~ (1 —2) .

Let us define the mappings

hy: 7T_1(U1) - UllxR
(t,x) = (&™2),
and also
ho : 7T71(U2) - Uy xR
(e*™ 4+ 1,-x), 0<t<1/2,
(t.7) { (e*mi 1), 1/2<t<1,

which is clearly well defined since ho([(0,2)]) = (1,-z) = h2([(1,-2)]). It can be also
checked that these two mappings are homeomorphisms and for every p € U;, hi(Ep) c

{p} xR.
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Moreover, defining A! as in definition we have

he: E > R
WY . E, 5> R, 9 D ’_x e
RN [(t.0)] - { e

which are R-vector space isomorphisms.

Thus, F — S' is a &-bundle over S!.

Making the composition of these mappings we can find the transition functions. Note
that we can easily see that

g2 SY\{-1,1} - GL(1,R)
2mit 17 te (07 1/2)>
¢ ~ {—1, te(1/2,1).

Example 1.2.7. (Tangent bundle): Let M be a smooth manifold. We want to construct
a vector bundle over M whose fiber at each point is the linearization of the manifold M.
Let pe M and f and g be C*™ functions near p. Then, we say that f and g are equivalent
if they coincide at a neighborhood of p. The set of equivalence classes form an algebra
over R and it is denoted by &yr,,. Each equivalence class is called germ of a C* function
at p.

A derivation of £y, is a vector space homomorphism D : £y7, — R such that for f
and g germs at p e M, D(fg) = D(f)-g(p) + f(p) - D(g). The tangent space to M at
p is the vector space of all derivations of the algebra &y, which is denoted by T, (M).
Since M is a smooth manifold, we can find a diffeomorphism h : U — U’, where U is a
neighborhood of p and U’ ¢ R™ open. Letting h* f(z) = f o h(x), h has the property that,
for VcU’,

W (V) = Enr(h™H(V))
is an algebra isomorphism. Clearly, for f: V c R” - R, V open and f smooth, then, h* f =
fohe&y(hH(V)) since h*foh™ = f € Sgn(h(R71(V))). Besides, h* is a homomorphism
of algebras for the properties of the functions in Egn (V). And since h is a diffeomorphism,
we can define

(W) (@) = foh™ (x) : Exr(V) > Ern(h(V)).

As before, it is clear that is a homomorphism of algebras.
It follows that A* induces an algebra isomorphism on germs, i.e.,

h" Ern (p) = Etps
and hence induces an isomorphism on derivations
hi : Tp(M) > Thpy (R™).
It is easy to verify that

e 0/0z; are derivations of Egn (py, j = 1,...,n and that

e {0/0x1,...,0/0z,} is a basis for T, (R"),
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and thus T,(M) is an n-dimensional vector space over R for each point p € M (the
derivations are the classical directional derivatives evaluated at the point h(p)). Suppose
that f: M — N is a differentiable mapping of differentiable manifolds. Then there is a
natural map

dpf = Tp(M) = Ty (N)
defined by the diagram

*

f
EMp~————ENs(»)
\ %* =dp f(Dp)

for D), € T,(M). The mapping dp,f is linear mapping and can be expressed as a matrix of
first derivatives with respect to local coordinates. The coefficients of such matrix represen-
tation will be C* functions of the local coordinates. We call d, f the differential mapping
or the Jacobian of the differentiable map f. It represents a first order approximation at p
to the differentiable map f.

Let us now construct the tangent bundle to M:

T(M) = U {p} x Tp,(M),

peM
where this union is disjoint. We also define the map

r: T(M) - M
(p,vp) = p

In order to make T'(M) a vector bundle, let {(Uq,hq)} be an atlas for M, let T'(U,) =
7 Y(U,) and define
Yo : T(Uy) > Uy xR"

as follows: let v € {p} x T),(M) c T(U,). Then, dpha(v) € Tj,_ () (R™). Thus,

dpha(v) = Z&y(p) e ,

9 [, (p)

where & € £y (Uy). Set

Ya(v) = (p,€1(P), -+, §n(p)) € Ua x R™.

Clearly, v, is bijective and also fiber-preserving since the following diagram commutes

T(U,) Uy x R”

\/

where 71 is the projection of the first coordinates. Also,

T, (M) % {py xRS R"
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is an R-linear isomorphism. We can define transition functions as follows
Jap Ua N Uﬁ - GL(TL,R)

where
Gap(p) = PP o (¢g)-1 :R" > R™.

The coefficients of the matrices {gng} are in C*(U, N Ug), since gop is a matrix rep-
resentation for the composition dh, o alhé1 with respect to the basis {9/0x1,...,0/0x,}
at Th,(p)(R™) and T}, () (R™), and that the tangent maps are smooth functions of local
coordinates. Thus, {(Uy, hq)} is the trivialization we wanted.

Finally, we have to give T'(M) a topology so that T'(M ) becomes a smooth manifold. In
order to do so, it is enough to require that U c T'(M) is open if and only if 1, (UnT(U,))
is open in U, x R" for every a. It is clearly well defined since

Yo o' (Ua nUg) xR™ > (Uq N Ug) x R”

is a diffeomorphism for any « and 8 such that U, nUg # @ (since 1) © wél = id X gagB)-
Because transition functions are diffeomorphisms, this defines a differentiable structure on
T(M) so that the projection 7 and the local trivializations 1, are differentiable maps.

For example, the tangent bundle of S! and S? is the trivial bundle but this is false for
S? the hairy ball theorem.

Example 1.2.8. (Holomorphic tangent bundle to a complex manifold): Let M =
(M,0Opr) be a complex manifold of complex dimension n. We will say that if f and
g are equivalent if they are defined and holomorphic near p and they coincide on some
neighborhood of p. Let Q) ), be the set of equivalence classes, which is C-algebra. We
define exactly as before the set T),(M) of derivations of the algebra Ops,. The complex
partial derivatives {0/0z1,...,0/0z,} form a basis over C for the vector space T),(C™"). As
before, taking the union of these tangent spaces,

T(M) = Lj&{p} x Tp(M),

defines a holomorphic vector bundle over M with

7w T(M) - M,
(p,vp) = b

whose fibers are all isomorphic to C".

Definition 1.2.9. Let F and F be S-bundles over M;ie., mg: E - M and np: F - M.
Then a homomorphism of S-bundles,

f[+E—>F,
is an S-morphism of the total spaces which preserves fibers and is K-linear on each fiber.

An S-bundle isomorphism is an S-bundle homomorphism which is an S-isomorphism
on the total spaces and a K-vector space isomorphism on the fibers. Two S-bundles are
equivalent if there is some S-bundle isomorphism between them.
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Definition 1.2.10. An S-bundle morphism between two S-bundles g : E - X and
g ¢+ F - Y is an S-morphism f : E - F which takes fibers of E isomorphically (as
vector spaces) onto fibers in F'. An S-bundle morphism f: F — F' induces an S-morphism
f(re(e)) =mr(f(e)); in other words, the following diagram commutes:

f

s

E r
WEl le
x—1.y

Proposition 1.2.11. Given an S-morphism f: X =Y and an S-bundle m: E —-Y, then
there exists an S-bundle morphism g such that the following diagram commutes:

EY.F

Tk

X —Y.

Moreover, E' is unique up to equivalence. We call E' the pullback of E by f and denote
it by f*E.

Proof. We will prove the existence of E’. Let
E'={(z,e) e X xE: f(x) =7(e)}.

Then we can consider

g:E' - E 7B - X
and
(z,e) —» e (r,e) ~ x.

Note that dor every z € X, we can give E, = {z} x Ey(,) structure of K-vector space
induced by Ep(y).
Let (U, h) be a local trivialization for E, that is h is a homeomorphism

lU) L U x K™

then we can define for every h' =idx (proh), where pr: U x K™ - K™ denotes the natural
projection. Thus,

(=) (HO) > 1 U) x K"
is a local trivialization of E’ and hence, E’ is a K-vector bundle of the same rank as £. [
Definition 1.2.12. An S-section of an S-bundle 7 : F — M is an S-morphism s: E - M

such that
mo s =1idyy,

where ¢dj; is the identity on M.

We will denote the S-sections of E over M as S(M, E) and S(U, E) = S(U, E|rr), where
Ely =7~1(U).
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Example 1.2.13. e The sections of the trivial bundle M x R over a differentiable
manifold M can be identified with £(M), that is, the global real-valued functions
on M. This is clear since an £-section of M xR over M is a map s: M — M xR of
the form s =idy; x f, for f: M — R smooth.

e The term zero section is used to refer to the section 0: M — E given by 0(p) =0 € E,,,
that is, it maps every element p of M to the zero element of the vector space E,.

Let M be a differentiable manifold and let 7'(M) — M be its tangent bundle. We
would like to consider new differentiable vector bundles over M derived from T'(M). We
have:

(a) The cotangent bundle, T*(M), whose fiber at p € M, T,7(M), is the R-linear dual to
Ty,(M).

(b) The exterior algebra bundles, NPT (M), \PT*(M), whose fiber at p € M is the wedge
product (of degree k) of the vector spaces T,,(M) and T, (M), respectively, and

k4 k1
/\T(M)=€|:%/\T(M), AT (M) =€§/\T*(M)-

We define EX(U) == E(U, \F T*(M)), the C* differential forms of degree k on the open set
U c M. We can define the exterior derivative

d: EF(U) - EFL(U).

To define the exterior derivative we consider U ¢ R™ and {9/0x1,...,0/02™} a basis for
T,(R") at pe U. Let {dx1,...,dzn} be a dual basis for Ty (R™). Then the maps

dz;:U - T"(R")|y
given by
dzj(p) = dzjl,
form a basis for E(U,T*(R”)) = EY(U). Moreover, {dx; = dz;, A ... Adx;, }, where I =

(i1, ...,0p) and 1 <43 < dg < ... < iy < n, form a basis for EP(U). We deﬁne d:EP(U) -
EPTL(U) as follows:

Case p=0: Suppose that fe&E(U) = S(U). We put
df = Z dacJ e EL(U).
Case p>0: Suppose that f e EP(U). We will have

f= frdey,

[I|=p

where fr € E(U), I = (i1,...,1p), |I| = the number of indices, and Y means that the
sum is taken over strictly increasing indices. Then we put

df = Z dfr A dxy = Z Zaffdx]Ade

[7|=p [|=pJ= 1d
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Suppose now that (U, h) is a coordinate system on a differentiable manifold M. We
have that T'(M )|y — T'(R")|(ry; hence, EP(U) « EP((U)), and the mapping

d: EP(MU)) - M H(MU))
defined above induces a mapping (also denoted by d)
d:EP(U) - EPYY(U).

This defines the exterior derivative d locally on M and, using the chain rule, it can be
seen that the definition is independent of the choice of local coordinates. It follows that
the exterior derivative is well defined globally on the manifold M.

1.3 Almost Complex manifolds

In the last section of the first chapter, we want to define new operators that will
describe the complex structure of a complex manifold.

Definition 1.3.1. Let V be a real vector space. We say that an R-linear isomorphism
J:V >V is a complex structure on V if J% = -Id .

Let us see that for such a real vector space V, we can define a complex structure on
V in such a way that it becomes a complex vector space. In order to do so, we just need
to define the multiplication by a complex number. Defining the multiplication as follows,

(a+1ib)v:=av +bJv, a,beR, veV, i=+v-1.

V becomes a complex vector space.

As we know, given a complex vector space V', we can consider it as a real vector space
of double dimension. Moreover, we can define a complex structure on the underlying real
vector space of V' taking J to be multiplication by <.

Example 1.3.2. Let C" be the Euclidean space of n-tuples of complex numbers {z1, ..., 2, },
with z; = x; +1y;,2z;,y; € R,j = 1,...,n. We can identify C" with R?" taking coordinates
{21, 91, ..., Tn,yn}. We can consider the complex structure in R?" given by multiplication
by i. This complex structure is called the standard complex structure in R?". In this case,
J:R?" - R* is

0 -1 0 0 1

1 0 0 0 Y1
J(@1, Y15 Ty Yn) = (YL, 15 ey =Yy ) = | 2 8 .

0o 0 -« 0 -1 T

0 0 1 0 Un

which clearly satisfies that J? = —Id.
Note that for every A € GL(2n,R), A"LJA is again a complex structure for R?" (in
fact, isomorphic to the one given by J).

Another example of complex structure is the following;:

Let X be a complex manifold and let T,,(X) be the complex tangent space to X at .
Since we can identify C" with R?" and holomorphic maps are differentiable, we can think
of X as a smooth manifold of dimension 2n. Let us call X the smooth manifold induced
by X and T,(Xy) the real tangent space to X, at x.
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Proposition 1.3.3. T,(Xy) is canonically isomorphic with the underlying real vector
space of Tp(X) and therefore, T,(X) defines a complex structure J, on T,(Xo).

Proof. Let (U,h) be a holomorphic coordinate system near z, that is, x € U c X is open
and h = (hy,....,hy) : U - U’ is an homeomorphism with U’ ¢ C" open. As we have
previously mentioned, this map induces a smooth coordinate system for Xy near x by
defining

h: U — ERQn
x +— h(x) =(Rehi(z),Imhyi(x),...,Reh,(z),Imh,(z)).

Hence, in order to check that T,(Xp) is isomorphic to the real vector space induced
by T,(X), it is enough to check that Tﬁ(x)(RQ”) is isomorphic to the real vector space
induced by Tj(;)(C"). We can assume, without loss of generality, that h(z) = 0 and
therefore, h(x) = 0. Since there exists a canonical isomorphism between Tp(C™) and C™
and between Tp(R?*") and R?" and there is also an isomorphism between C" and R*" we

have
To(C™) c"
2l 21

TO (R2n) R2n

112

112

The complex structure defined on R?” in the previous example induces a complex structure
on Tp(C™) and therefore in T,,(Xy), as we wanted.

Finally, let us see that this complex structure is independent on the choice of the
coordinate system. Let (V,g) be a coordinate system near = and let f = goh™ : L(UNV) —
g(U nV) be the biholomorphic change of coordinates. If we denote u = (uy,...,u,) the
real part of f and v = (v1,...,v,) the imaginary part of f, then f = (u1,v1, ..., un,vy) is
the corresponding differentiable change of coordinates. We will assume that f(0) =0 to
simplify notations.

Let J be the standard complex structure in C". We have to see that J commutes with
the Jacobian of f since we want to see that the following diagram commutes

To(R(U nV)) L= To(h(U n V)

dofl Ldof

To(g(UnV)) —L=To(g(UnV))

The Jacobian of f is of the form

Jup Owm 0w 0w v Jw o - Ou Jw
ox oy 0r, Oyn 0 oy Ovn  OYn
o on oo ow || dn oo owm on
or1 Oy 0rn  Oyn oy1 Oy Oyn  Oyn
A= : R : = : P : : ,
Oup D D Owy | Dv Dwe o Ov Ou,
ox 0 o0x, Oyn 0 0 oy,  Oyp,
oon o owm on || Gun om  dun ow,
Oxr1 Oy 0rn  OYn oy1 Oy Y Oyn

where the last equality holds by the Cauchy-Riemann equations. It is easy to verify that
AJ = JA and therefore, J induces the same complex structure for each choice of local
holomorphic coordinates at . ]
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Let V' be a real vector space with a complex structure J. We can consider the com-
plexification of V', V. =V ®g C. We can extend J as follows: J = J®id. Clearly, J? = —id.
Hence, J has two possible eigenvalues ¢, —i. Let v eV and « € C, then

Jwea-iJ(vea))=i(vea-iJ(vea)), Jwea+iJ(vea))=-i(vea+il(vedwr)).

Thus, i, —i are eigenvalues of J. Let us denote V1 and V%! the eigenspace corresponding
to the eigenvalue ¢ and —i respectively. Then we have that

VerC=V"0e Vo,

Let us define the conjugation on the complexification of V asv®@a=v® a for veV and
a € C. Notice that conjugation is only R-linear. Clearly, if v ® o € V?!, then

Jwea)=—ivea=ivea,

Jwvea)=J(w)ea=Jw)ea=J(vea)=J(1®a).

Hence, j(v ®a) =iwea, that is, v®@a € V', Thus, V10 = V%! as real vector spaces.
We can also see that V10 = V0.1 defining VO! as a- v, for a-ve V!,
Let us now consider the exterior algebras A Vi, AV?, AV%! and

P,q P ¢ o
AVe=(unrve AVeiue AV 0e AV
The exterior algebra of V. can be decomposed as

2n

P,q
NVe=D D AV.
r=0 p+q=r

Definition 1.3.4. Let X be a smooth manifold of dimension 2n and J : T'(X) - T(X)
a differentiable vector bundle isomorphism such that J, : T,(X) - T,(X) is a complex
structure for T,,(X).Then, J is called an almost complez structure for the smooth manifold
X. If X is equipped with an almost complex structure J, then (X, .J) is called an almost
complex manifold.

Proposition 1.3.5. A complex manifold X induces an almost complex structure on its
underlying differentiable manifold.

Proof. By proposition for each x € X, there is a complex structure induced on
T.(Xo), where X is, as before, the real smooth manifold corresponding to X. What
remains to see is that

J; 27}(}(0)<9'7%()(0), €T € )(0,

is a smooth mapping with respect to the parameter x. Since T'(Xj) is a smooth vector
bundle, for every x € Xg, there exists a diffeomorphism h and a neighborhood U of z such
that

h:T(U) - U xR*"

Thus, it is enough to show that the induced J : U xR?" > U xR?" is a diffeomorphism.

In order to do so, let us take a holomorphic coordinate system (U, h) of X. Let 21, ..., 2,
be coordinates on h(U) and (£1,71, ...,&n,Mn) be the attached coordinates in R?™, that is,
& =Rez; and n; = Imz;. Then
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U x R2" _J=idxJ [ x R2"
thid hxid
h(U) x R2 2L b (17 x R2n

where, J(E1,11, s &ns ) = (=01, &1, ooy =1y & ). Hence, J is differentiable.
O

Let X be a smooth manifold. Using what we have seen before, let T'(X). and 77 (X).
be the complexification of T'(X) and T (X) respectively. Let us denote

gr(X)c = g(Xa/r\T*(X)c)'

These are the complex-valued differential forms of total degree r on X. When there is no
possibility of confusion, we will forget about the subscript ¢. In local smooth coordinates,
v € E™(X) if and only if ¢ can be expressed in a coordinate neighborhood by

() = Hi or(x)dar,
Il=r

where we use the same notation as in the previous section and ¢;(x) is a complex valued
smooth function. We can extend the exterior derivative d defined previously by complex
linearity to act on complex-valued differential forms and we have

E(X) S E(x) 5
with the property that d? = 0.

Suppose that (X,J) is an almost complex manifold. Then, we can apply the linear
algebra above to T'(X).. The map J extends to a C-linear bundle isomorphism on 7'(X).
and has (fiberwise) eigenvalues +i. Let T(X)%" and T(X)%! be the bundle of (+i)-
eigenspaces respectively for J. We will denote the conjugation defined as before by Q@ :
T(X)e=T(X)e.

There is a C-linear isomorphism

T(X), = T(X)",

where T'(X) s is the C-bundle built from 7'(X) by means of J.

Let T*(X)Y0, T*(X)%! be the C-dual bundles of T(X)%? and T'(X)%!, respectively.
Consider the exterior algebra bundles A T*(X ), AT*(X)0 and AT* (X)L, Let APIT*(X)
be the bundle whose fiber is AP4T(X). Its sections are the complex-valued differential
forms of type (p,q) on X, which we denote by

£(X) = E(X, NT*(X)).

Moreover,
E'(X)= P &EPUX).

p+q=r
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Definition 1.3.6. Let £ — X be an S-bundle of rank r and let U be an open subset
of X. A frame for E over U is a set of r S-sections {si,...,s,},s; € S(U, E), such that
{s1(x),...,s7(x)} is a basis of E, for every xz € U.

Proposition 1.3.7. Every S-bundle w: E - X admits a frame in some neighborhood of
any given point in the base space.

Proof. For being £ — X and S-bundle, for any point « € X there exists a local trivialization
(U, h) so that
h:Ely ->UxK",

where E|y := 7 1(U). Thus, for each section s;: U » E
h UxK"

U

and therefore we have an isomorphism

Ely

h. :S(U,Ely) » S(U,U x K").

As we have seen, we can identify S(U,U x K") with the S-mappings U - K.
Let us take
§j : U - Ux Kr,
e (2,6),

where, as usual, e; = (1,0, ...,0),...,e, = (0,...,0,1). Clearly, {51(x), ..., 5:(z)} form a basis
for U x K”". Thus, since h, is an isomorphism on fibers, it carries this basis to a basis and,
therefore, {h;!(51(x)),...,h;*(5.(x))} forms a frame for E|y.

Hence, every S-bundle admits a frame on a neighborhood of any point. O

In what follows, we will define two new operators that will act on the tangent space of
an almost complex manifold.

Let (X,J) be an almost complex manifold and let {wi,...,w,} be a local frame
for T*(X)10. Since conjugation is an isomorphism from 7*(X)'0 to T*(X)%!, then
{w1,..., 0, } will be a local frame for T*(X)%!. Therefore, a local frame for AP4T*(X)
is given by {w! Aw’},|I| = p,|J| = ¢, with I and J strictly increasing. Hence, any section
s € EPY(X) can be written in a neighborhood of any point U as

!

s= Y aryw Aw?,  apy e EO(U).
[|=p,|JI=¢
Applying d, ,
ds= > dary Anw! Aw? +apsd(w’ Aw?},
[1]=p,|J|=q

where the second term does not necessarily vanish, since w;(z) may not be a constant
function of the local coordinates in the base space.
Let m, , denote the natural projection operators

Tpg ' E(X) - EPYX), wherep+q=r.
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In general, we have

d:EPIX)cE(X) - EP (X)) = @ E(X).

l+s=p+q+1
We define
0: EM(X) ~ E7H(X). ds EP9(X) - EP(X),
s = 0s = (Tpe1,40d)(s), s = 0s = (mpg+10d)(5).

Finally, we extend them to all £*(X) = @imX £7(X).

Proposition 1.3.8.
QA(Qf) = f, for fe & (X).

Proof. Let f € £E"(X). As we have seen, at any neighborhood U of any point z € X we
have a frame for F over U. Hence, as we have already disscused, on U, f will be of the
form f =Y., Zf[\:s,|J|=l aryw! Anw’ for ayy e E9(X).

Now, note that Q7 f = 74, Q f:

/ /
Q7Tp7qf :Q( Z aIJwI/\wJ) = Z d[J'lI)I/\'LUJ,

[T1=p,|J|=¢ [I|=p,|J|=q

A 4
TapQ@f :”q,p( Z Z aryw’ /\wJ) = Z aryw’ Aw?.

s+l=r |I|=s,J|=l Hl=p,|J|=q

And note also that Q(df) = d(Qf) by linearity.
Therefore, for every f € E"(X) and p+ g =r we have that

QI(Qf) = Q(mpqr1 0 d(QS)) = Qmpgr1 © Qdf)) = QQmg15(df) = 0.

O]

In general, we know that d? = 0 but it is not the case that 0% = 0. However, by the
previous proposition we have that 9 = 0 if and only if 9% = 0.
Note that we can decompose d as

d= Z msod=0+0+

l+s=p+q+1

If d = 9+ 0 we have that 0 = d? = 9% + 00 + 90 + 0* and since they are operators of different
type in EP79*2(X), we obtain
9°=00+00=09°=0.

Definition 1.3.9. We say that an almost complex structure is integrable if d = 9 + 0.

Theorem 1.3.10. The induced almost complex structure on a complex manifold is inte-
grable.
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Proof. Let X be a complex manifold and let (Xo,J) be the underlying differentiable
manifold with the induced almost complex structure J. As we know, T'(X) is C-linear
isomorphic to T(Xy); and we have also seen that T(Xg)y is isomorphic to T'(Xo)'?,
therefore, T(X) = T(Xo)"°. And analogously for the dual bundles: 7% (X) = T*(Xo)*°.

Let {dz,...,dz,} be a local frame for T*(X), where (z1,...,2,) are local coordinates
and {dz1,...,dz,} is the dual of {9/0z1,...,0/0z,}. Then, by the isomorphism above, we
have a local frame for 7'(X)1?. We set

O (o 0 iy,
0z 2\dx;, 'oy;) T

o 1( 0 v 0 21
— === +i—], =1,...,n,
823' 2 8%‘]' 8yj J
where {0/0x1, ...,0/0xy, 00y, ...,0/0yy } is alocal frame for T'(Xy). and {0/0z1, ...,0/0z, }
is a local frame for T'(X'). Note that 0/0z; is the complex derivative of a holomorphic func-
tion, and thus these derivatives form a local frame for T'(X'). From the above relationships
it follows that

de =da:j + ’idyj,

d?j :dxj—z'dyj, j=1,...,n.

which gives
1
dl‘j =§(d2j + dfj),
1 _ .
dy; =2—2,(de -dz;), j=1,..,n.

Thus, we can write s € EP9(X) locally as

!
s = Z aUdzI/\dZJ.
[|=p,|J|=q

We have

n /
zzgaaf{dzjmz%dzhZza;’”dzﬂdz%dz".

=117 0z; j=11,0 9%j

n 8 _ n
0=> —dz;, 0=
;823- J Z;B
and hence d = 9 + 0.
O

Remark 1.3.11. Not every almost complex structure is integrable. For example, the
6-dimensional sphere, S® admits an almost complex structure that is not integrable. How-
ever, it is still an open question whether there exists an almost complex structure in S°
that is integrable.



Chapter 2

Sheaf theory

In this chapter we are going to use what is called sheaf theory in order to define a new
type of cohomology groups. They are related to other types of cohomology groups such as
the singular or the de Rham cohomology groups. The reason why we use sheaf theory is
that it provides a way to compute the singular or the de Rham cohomology of a manifold
(which is a global property) from local information.

Throughout this chapter we are also going to follow [WE]. Since we are going to
provide an introduction of this theory, we will not prove all results stated in this chapter.
For more complete information about this topic, the reader is referred to [WE], [BI] and

[GO).

2.1 Sheaves and étalé spaces
First of all, we will begin with the definition of presheaf and sheaf and some examples.
We will also associate a sheaf to any presheaf.
Definition 2.1.1. We say that F is a presheaf over a topological space X if
(a) it is an assignment to each nonempty open set U c X of a set F(U),
(b) there exists a collection of mappings (called restriction homomorphisms)
ry s F(U) > F(V),
where V c U c X satisfying
(a) 7Y =Id on F(U),
(b) for every UoV oW, rh, =ry, orl.
Remark 2.1.2. We can also define a presheaf as a contravariant functor from a category
that has as objects the open subsets of X and as morphisms the inclusions.

Definition 2.1.3. Let F,G be presheaves over X. A morphism of presheaves h: F — G
is a collection of mappings hy : F(U) — G(U) for every V c U c X open such that the
following diagram commutes.

FU) - G(U)

FV) 2 g(v)

19
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Definition 2.1.4. A sheaf F is a presheaf such that for every {U;}ics, U; ¢ X open with
U = U;eg U; then F satisfies

1. if s,t e F(U) and rgi(s) = rgi(t) for every ¢ we have that s = t.

2. if s; € F(U;) and if for every i, j such that U; nU; # & we have that
U; U;
Uiy, (si) = iU, (s5)
then there exists s € F(U) such that

rgi(s) =s;, for every ieI.

A morphism of sheaves are morphisms of the underlying presheaves.
Note that a sheaf has the property that we can patch local data to obtain global data,
a property that, in general, a presheaf does not need to have.

Examples 2.1.5. (i) Let X,Y be topological spaces. Then we consider the presheaf
Cx,y over X defined by

Cxy(U):={f:U-Y, f continuous, U c X open}.

The restriction functions are defined for every f e Cxy(U) as r{(f) := fiv for every
V c U open.

It can be seen that defined in this way it is also a sheaf.

(ii) Let X be an S-manifold. Let us define the presheaf
Sx(U):=5(U),

which is the set of S-functions on U. This is a subsheaf of Cx = Cx g with K =R or
C. It can also be proved that it is in fact a sheaf.

(iii) Let X be a topological space and G an abelian group. We define the constant sheaf
as the sheaf that maps each U c X open and connected to G.

(iv) Let F - X be an S-bundle. We can define the sheaf of S-sections of the vector
bundle E denoted by S(F) as U — S(E)(U) = S(U,E) for U c X open together

with the natural restrictions. It is a subsheaf of Cx g.

Definition 2.1.6. An étalé space over a topological space X is a topological space Y
together with a continuous surjective local homeomorphism 7:Y — X.

Definition 2.1.7. A section of an étalé space w:Y — X over an open set U c X is a
continuous map f:U — Y such that wo f = Idy.

Let F be a presheaf over X and let

Fy = 1lim F(U)
ol

be the direct limit of the sets F(U) with respect to the restriction maps {r{/} of F. We
call F, the stalk of F over x.
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Let ~
F = U fa:a
reX

and 7 : F - X be the natural projection taking points in F, to z. Giving the appropiate
topology to F', it becomes an étalé space.

Definition 2.1.8. Let F be a presheaf over a topological space X and let F be the
associated étalé space to F. We say that the sheaf generated by F is the sheaf of sections
of F and is denoted by F.

Theorem 2.1.9. If F is a sheaf, then there exists a sheaf isomorphism between F and F.

Definition 2.1.10. Let F and G be sheaves of abelian groups over a space X with G
a subsheaf of F. The quotient sheaf of F by G is the sheaf generated by the presheaf
U—-FU)/GU). It is denoted by F/G.

2.2 Resolution of sheaves

In order to describe the cohomology of sheaves we need first some tools of category
theory.

Definition 2.2.1. If A, B and C are sheaves of abelian groups over X and
g h
A—B—C

is a sequence of sheaf morphisms, then this sequence is exact at B if the induced sequence
on stalks

A, 2B, e,
is exact for all z € X. A short exact sequence is a sequence
0—A—B—C—0,
which is exact at A, B, and C, where 0 denotes the (constant) zero sheaf.

Example 2.2.2. Let A be a subsheaf of B. Then
0—A-5B-LB/A—0

is an exact sequence of sheaves, where ¢ is the natural inclusion and ¢ is the natural
quotient mapping.

Let us use also the following terminology. Let F, n € N be sheaves. A graded sheaf is
a family of sheaves indexed by integers. A sequence of sheaves is a graded sheaf with sheaf
mappings F" - F"* for every n. A differential sheaf is a sequence of sheaves where the
composite of any pair of mappings is zero. A resolution of a sheaf F is an exact sequence
of sheaves of the form

0—>f—>f0—>f1—>—>fm—>,

which we also denote by
0—F — F".
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Examples 2.2.3. (i) Let X be a differentiable manifold of real dimension m and let &%
be the sheaf of real-valued differential forms of degree p. Then there is a resolution
of the constant sheaf R given by

0_>R_i>gg(i>g)1(i>..._d>g?_>07

where i is the natural inclusion and d is the exterior derivative defined in the first
chapter. Since d? = 0, it is clear that the above is a differential sheaf. By the Poincaré
lemma, this sequence is exact.

(ii) Let X be a topological manifold and G an abelian group. Using the standard notation
of homological algebra, let SP(U,G) be the group of singular cochains in U with
coefficients in G, § the coboundary operator and SP(G) the sheaf over X generated by

the presheaf U - SP(U, G), with the induced differential mapping SP(G) % g+ (G).
Then the sequence

0— G — 8UG) -5 SHG) - SHG) — - —> S™(G) —> -
is a resolution of the constant sheaf G.

(iii) Let X be a differentiable manifold and let us consider S%, (U, G) the group of C*
chains on X, i.e. linear combinations of maps f: AP - U, where f is a C> mapping
defined in a neighborhood of the standard p-simplex AP. Let SL,(G) be the sheaf
defined analogously as SP(G). As in the previous example, we have a resolution by
differentiable cochains with coeflicients in GG

0— G — SL(G) — SL(G) —»  —> SI(G) —» -
(iv) Let X be a complex manifold of complex dimension n, let /¢ be the sheaf of (p, q)

forms on X. We define the sheaf of holomorphic differential forms of type (p,0) (or

of degree p) QP as the kernel sheaf of the mapping £P*° 2, &P, In local coordinates,
w e QP(U) if and only if

!
o= rdz', @reO(U).
[1]=p

Then we have a resolution of the sheaf QP for each p > 0 fixed,

0P s gr0 9 gpt 9 9 oo (2.2.1)

By the Dolbeault’s lemma, this sequence is exact.

Definition 2.2.4. Let £* and M* be differential sheaves. We say that f:L* - M is a
homomorphism if it is a sequence of homomorphisms f; : £ - M" which commutes with
the differentials of both differential sheaves.

e

[+l fir1 Mi+1
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A homomorphism of resolution of sheaves is a homomorphism of the underlying dif-
ferential sheaves.

0—A—— A"
0——B——B"
Example 2.2.5. Let X be a smooth manifold and let
0—R—&"
0—R—SL(R)

be the resolutions of R already explained. Then, there is a natural homomorphism of
differential sheaves
I:&— SL(R)

defined by integration over chains

Iy £4(U) — S4(U.)
IU(QO)(C) = fc P,

where ¢ is a C* chain. We have

g*

S5 (R).

By Stokes’ theorem it follows that the mapping I commutes with the differentials, and
therefore is a homomorphism of resolutions.

2.3 Cohomology of sheaves

In this section we will construct the cohomology with coefficients in a given sheaf. We
will see how this cohomology is useful to prove results like the de Rham and the Dolbeault
theorem.

First of all note that given a short exact sequence of sheaves

0—A—B—C—0,
the induced sequence
0— AX) —B(X)—C(X)—0

is exact at A(X) and B(X) but not necessarily at C(X).
Cohomology gives a measure to the amount of inexactness of the sequence at C(X).

Let S be a given sheaf and let S 5 X be the étalé space associated to S. We define
the sheaf of discontinuous sections of S over X as follows

CS)U) = {f: U~ mof =1y}
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Note that S c C%(S).
Now let F1(S) = C°(S)/S and define C*(S) = C°(F(S)). By induction we define

FI(S) =CH(S)IFS)

and

C'(8) = CU(F'(S)).
We then have the following short exact sequences of sheaves:

0—8—C%S)— F(S)—0
0 — Fi(S) — C/(S) — F*1(8) — 0.

By splicing these two short exact sequences together we obtain the long exact sequence
0— S —C%S) —CY(S) — C*(S) — -,

which we call the canonical resolution of S.

Now let us define the cohomology groups of a space with coefficients in a given sheaf.
Suppose that S is a sheaf over a space X and consider the canonical resolution described
above. Taking global sections, it induces the cochain complex

0 — S(X) — CYUS)(X) — CHSENX) — -+ — CUS)(X) — -
This sequence is exact at C°(S)(X). Let
C*(X,8):=C"(S)(X).
We write the previous cochain complex as
0—S(X)— C"(X,S).
Definition 2.3.1. Let S be a sheaf over a space X and let
HY(X,S):=HY(C"(X,S)),
where H1(C*(X,S)) is the gth cohomology of the cochain complex C*(X,S); i.e.,

Ker(C4 - C9*1)

-1 _
(071 > 01) where C7" = 0.

HY(C™) =

The abelian groups HY(X,S) are defined for ¢ > 0 and are called the sheaf cohomology
groups of the space X of degree q and with coefficients in S.

It can be proved that for “nice” X and S the constant sheaf, H4(X,S) is canonically
isomorphic to the singular cohomology of X. In particular, for smooth manifolds this
result holds.

Definition 2.3.2. A resolution of a sheaf S over a space X
0—S— A"

is called acyclic if H4(X, AP) =0 for all ¢ >0 and p > 0.
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Theorem 2.3.3. Let S be a sheaf over a space X and let
0—S— A"
be a resolution of S. Then there is a natural homomorphism
VP HP(AY(X)) » HP (X, S),
where HP(A*(X)) is the pth derived group of the cochain complex A*(X). Moreover, if
0—S— A"
1s acyclic, vP is an isomorphism.
Corollary 2.3.4. Suppose that
0—S——A"
ol
0——J ——B*
18 a homomorphism of resolutions of sheaves. Then there is an induced homomorphism
HP(A"(X)) % HP (B* (X)),

which is an isomorphism if f is an isomorphism of sheaves and the resolutions are both
acyclic.

As a consequence we have the following theorems.

Theorem 2.3.5. (de Rham): Let X be a differentiable manifold. Then the natural
mapping
I:HP(E7(X)) -~ HP (S, (X,R))

induced by integration of differential forms over C* singular chains with real coefficients
s an tsomorphism.

In order to prove this theorem, we should apply corollary once we see that both
resolutions are acyclic. To prove that they are acyclic it is enough to see that both
resolutions are what is called soft (which we will not define in this project).

As we have already noted, HP(SL(X,R)) 2z HP(X,R), where the last group is the
singular cohomology group.

Theorem 2.3.6. (Dolbeault): Let X be a complex manifold. Then

Ker(€P9(X) 2> gpari (X))
Im(Era-1(X) 25 gra(X))

HI(X,Q0P) =

As in the de Rham theorem, to prove this result one shows that the resolution (2.2.1))
is soft and then apply theorem [2.3.3






Chapter 3

Elliptic Operator Theory

In this chapter we will provide information about differential operators required to
prove the Hodge Decomposition Theorem.

In order to prove the main result of this chapter, Theorem it is necessary to
use numerous results from Functional Analysis that involve working with Sobolev spaces
and develop the theory of Pseudodifferential Operators. Since the amount of work is
considerable, as in the previous chapter, we will focus on giving the basic definitions and
results with examples to clarify them but without proving such results. Thus, the reader
is invited to look at [WE], the book we are going to follow, if he or she is interested in
this topic.

In what follows, unless specified otherwise, X will denote a smooth manifold of dimen-
sion n and F - X, F' - X will be differentiable C-vector bundles over X.

3.1 Differential Operators

In the first section of this chapter, we will define a Hermitian metric on X, the concept
of differential operator and symbol of a differential operator with properties of them that
we will use in the next chapter.

Definition 3.1.1. A Hermitian metric (,) on E is an assignment of a Hermitian inner
product (,), to each fiber E, of E such that, for any open set U ¢ X and &,nm € E(U, E),

the function
E&m: U - C

z = (§(2),1(2))

is smooth.
A Hermitian vector bundle E — X is a differentiable C-vector bundle over X equipped
with a Hermitian metric.

In order to find local representations for the Hermitian metric, we are going to use
frames. Recall that if £ — X is a differentiable bundle of rank r and U an open subset
of X, a set of r sections E(U, F) is a frame if it forms a basis for E, for every x € U.
We have seen in the first chapter that every differentiable bundle E admits a frame at
a neighborhood of any given point in X. Let r be the rank of the vector bundle F and
e={e1,...,e,} be a frame at x € X for some U c X neighborhood of z. Set

h(e)ij = (e, e;5),

27
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and h(e) = (h(e); ;)i ; the r x r matrix of the C*-functions defined above. The matrix

h(e) will be a positive definite Hermitian symmetric matrix by the properties of (,) and

will be a local representation of the Hermitian metric (,) with respect to the frame e.
Let £,me E(U, E). In this frame, they can be expressed as

5(6) = ég(e)iei’ 77(6) = én(@)lez

Therefore,
-

(€10 = (S €(nen X n(edsen) = 3 meLh(e)este

J=1

Given any two frames e, e’ of a neighborhood over U, there exists a change of frames
g : U - GL(r,C) differentiable such that ¢’ = ge. It is easy to see that h(e') = h(ge) =
G'h(e)g. Thus, all local results involving frames are independent of the choice of frame.
In the next chapter, this observation will be very useful.

Theorem 3.1.2. Every differentiable C-vector bundle E — X admits a Hermitian metric.

Thus, since in this chapter we are working with £ and F' differentiable C-vector bun-
dles, they can also be regarded as Hermitian vector bundles.

For simplicity, from now on we will also assume that X is compact and with a strictly
positive smooth measure . That is, du is a volume element which can be expressed in
local coordinates (x1,...,2,) by

dp = p(x)dx = p(z)dxy---dx,.

Note that for every Hermitian vector bundle E, we can define an inner product (,) on
E(X, E) by setting

(&m = [ (@).n(@))adn, (3.0.1)
where (,) is a Hermitian metric on E.
Definition 3.1.3. Let
L:E&(X,FE)— E(X,F), S:E(X,F)—E(X,E)

be C-linear maps. Then S is called an adjoint of L if

(Lf,9) = (f,59)
forall feE(X,E), geE(X,F).

It can be seen that if the adjoint of an operator L exists, it is unique. It is usually
denoted by L*.

The following definition is the generalization of a differential operator in R™ to any
manifold X as before. Roughly speaking, a differential operator on a smooth manifold X

will be an operator that in any local coordinates is a linear partial differential operator in
R™.
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Definition 3.1.4. Let L: (X, E) — £(X, F) be a C-linear map. We say that L is a
differential operator if for any choice of local coordinates on X and local trivializations
on E and F there exists a linear partial differential operator L such that the diagram for
such a trivialization commutes:

Ewr —  [EO)]
E(U,UxCP) — EU,U xCY)
@] ]

L
g(XaE)|U - g(XaF)|U

that is, for f = (fi1,..., fp) € [E(U)]?

- P .
L(f)i= > ad(@)D, i=1..q

j=1,la|<k
where a; € C*, a = (a1, ..., o) and D* = (=i)/*l(9/0z1)*1...(0/0y ) ™.

Definition 3.1.5. We say that a differential operator has order k if there are no derivatives
of order greater than or equal to k + 1 in the local representation.

A priori this definition depends on the local representation but it can be seen that it
is independent.

We will denote Diffy(E, F) the vector space of all differential operators of order k
mapping £(X, F) to E(X, F).

Proposition 3.1.6. If L € Diffy(E, F'), then there exists an adjoint L* and moreover,
L* e Diffy(F, E).

Now we are going to define the symbol of an operator.
Let 7"(X) denote T*(X) without the zero section and let 7'(X) — X denote the
projection mapping. We set, for any k € Z,

Smbl(E, F) :={c e Hom(n"E,n*F) : o(z, pv)
=pFo(z,v), (z,y) e T'(X),p> 0}.
We are going to define a map
oy : Diffy(E, F) — Smbl,(E, F),

where o1 (L) will be called the k-symbol of the differential operator L. To define it,
note that o (L)(z,v) has to be a linear mapping from E, to F,, where (z,v) € T'(X).
Therefore let (x,v) € T(X) and e € E, be given. Find g € £(X) and f € £(X, E) such
that dyg =v and f(x) = e. Then we define the linear mapping

Uk(L)(SL',’U) By — Fy,
Z'k
D))o L (o= o)1) @),

which then defines an element of Smbl,(E, F') independent of the choices made. We call
or(L) the k-symbol of L.
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Proposition 3.1.7. Let E,F,G be C-differentiable vector bundles over X. Let Ly ¢
Diﬁkl(E, F) and L2 € Difka (F, G) Then LQ o L1 € Difflier(E, G) and

Okyiko (L2 0 L1) = ok, (L2)ogy (L1),
where the product on the right-hand side is product of linear mappings.

In order to see more explicitly what is the symbol of an operator, let us see some
examples.

Example 3.1.8. Let us consider the differential operator L : [E(R™)]? — [E(R™)]? such
that L = ¥jojcp aaD®, with D* = (=i)l?l(52-)1...(32-)2. Clearly, L € Diff;(R" x C?, R" x

C?). Let (z,v) e T"(R"), e € CP, g € E(R™) such that v = d,g = Y7, §;dzy; i.e. 53—31(30) =¢;,
and f e E(R™,R™ x CP) such that f(z)=e. Then

-k

ik {
D)oL (-9 )0) - 5 T D" (=) o)

T
k! la<k

Note that all terms of order strictly less than k vanish and we are left with

’ik
op(L)(z,v)e = o HZ agk!(D%g)(x)e = HZ an,%,
*al=k al=k

where % = £ ..6m.
Thus, if L is a differential operator, in any local representation, L is of the previous

form

L=p(z,D)= Y aq(z)D".

|o|<k
Replacing the differentials by new variables £ = (&1, ...,&,) we can consider the polynomial

p(2,6) = 3 aa(2)E",

la<k

where £% = £1"...{n". The symbol of L is the highest degree component of this polynomial,
that is Z|a|:k aaga.

Example 3.1.9. Let us denote T = T*(X ) ® C and, as usual d the exterior derivative of
differential forms. Consider the de Rham complex

0 1 n
EX,N\TY) -5 E(X,N\TY) ~5 - —E(X, \NT*) —> 0. (3.1.2)
We want to compute the associated 1-symbol mappings

o1(d)(z,v) o1(d)(zv)

ATy N Ty N Ty

Let f,g,(z,v),e be as before. Then

o1(d)(x,v)e =d (i(g - g(x))f) (x) = id((g - g(x)) f)(x)
:idaf(g —g(:v)) A f(.CU) + i(.g - g(x))(x)da:f = idwg Ne=ivAe.
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Example 3.1.10. Consider the Dolbeault complex on a complex manifold X,

er0(x) L ert(x) L L gpn(X) — 0, (3.1.3)
and the associated symbol sequence

o1(9)(z,v) o1(9)(x.v)

e AP07L T (X) NPT (X) NP2+l TH(X) — -,

where AP4T*(X) are defined in chapter 1. Let v € T (X), then v = 19 + 0% with
notations as in the first chapter. Proceeding as before we can see that

01(9)(z,v)(e) = ™! ne.

Proposition 3.1.11. Let L € Diffy(E, F), then oi(L*) = o(L)*, where oi(L)* is the
adjoint of the linear map
op(L)(z,v): Ey - F.

3.2 Elliptic Operators and Complexes

In this section we will define what are the so-called elliptic operators between two vector
bundles. Once we have defined them, we will introduce what is an elliptic complex, that
generalizes the concept of an elliptic operator between two vector bundles to a sequence of a
finite number of elliptic operators between vector bundles. Once we have these definitions,
we will introduce the cohomology groups associated to this complex and state one of the
main important theorems of this master theses, Theorem

Definition 3.2.1. Let s € Smbli(F,F). Then s is said to be elliptic if and only if for
every (x,v) € T'(X), the linear map

s(x,v): By > Fy,
is an isomorphism.

Definition 3.2.2. Let L € Diffy(E, F'). Then L is said to be elliptic (of order k) if and
only if o (L) is an elliptic symbol.

Example 3.2.3. Let us consider X = R", F = F' = R"” x C’. We have already seen that
the symbol of a differential operator L = ¥|q<j aa(2)D® is ok (L)(2,v) = ¥|qj-k @a(T)EY,
with notations as above. Thus, o (L) is elliptic if and only if for every x € R" and every
& e R™{0}, ok (L)(x,v) 0.

The reason why we use elliptic operators is because for this type of operators there
exists what is called a parametriz or pseudoinvers. A parametrix of a differential operator
is the “invers in a weak sense” of an operator. With “weak sense” we mean that, if Ir and
Ir denote the identity operators in Diff(E) and Diff(F’) respectively and L € Diff(E, F'),
then L is a parametrix if

LoL-Ir:£(X,F)—E(X,F),
LoL-Ip:£(X,E)-E&(X,E),
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are C-linear mappings that admit a continuous extension to the completion of £(X, E)
and £(X, F') respectively (where the norm is the Sobolev norm induced by the Hermitian
metric and the volume element).

Now that we know what are elliptic operators, let us extend this definition to a finite
number of vector bundles. Let Ey, E1, ..., En be a sequence of differentiable vector bundles
over C defined over a compact smooth manifold X. Suppose that there is a sequence of
differential operators, of some fixed order k, Lg, L1,..., Ly_1 mapping as in the following
sequence

E(X, Ep) 25 £(X, E1) 25 £(X, By) — - 5 £(X, Ey). (3.2.1)

Let o(Lj) be the k-symbol of the operator L;. Let us consider the associated symbol
sequence

o(Lo)

* * o(L1)
0—nEy — "k —

7" By — 7" En — 0. (3.2.2)

As usual, we say that the sequence of operators and vector bundles as in (3.2.1)) is a
complex if LjoL;1=0,7=1,...,N—1. We will denote the complex (3.2.1)) by FE,.

Definition 3.2.4. A complex F, is called an elliptic complez if the associated symbol

sequence ([3.2.2)) is exact.

Definition 3.2.5. Let E, be a complex as (3.2.1) which is also elliptic. We define the
cohomology groups of the complex F, for ¢=0,..., N as

Ker(Lq : S(X7 Eq) - S(Xa Eq+1))

Im(Lg-1: E(X, Eg1) — E(X, Ey))

H(E.) =

where L_l = LN = E_l = EN+1 =0.

Example 3.2.6. The de Rham complex with the exterior derivative is an elliptic
complex. The cohomology of groups defined before is exactly the de Rham cohomology.

The Dolbeault complex with the operator 0 is an elliptic complex. The corre-
sponding complex changing 0 with 0 is also an elliptic complex.

As we have seen at the beginning of this chapter, we can equip each vector bundle E;
in F, with a Hermitian metric and an inner product like .

Since we are considering that L; with j = 0,...,N — 1 are differential operators, by
Proposition we know that there exists a unique adjoint operator L; 1E(X, Ej) =
E(X, E;) which is also a differential operator. Taking this into account, we can define a
new operator as follows.

Definition 3.2.7. The Laplacian operator of the elliptic complex FE, are the differential
operator:

Aj = L;Lj +Lj_1L;,1 :S(X,Ej) - 5(X,Ej), j = 0,1,...,N.

Proposition 3.2.8. If E, is an elliptic complex, Aj, j =0,...,N, are well-defined self-
adjoint elliptic operators of order 2k.

Proposition 3.2.9. Let E, be an elliptic complex as in (3.2.1) and & € E(X, E;) for every
J=0,...N-1. Then A;§ =0 if and only if L;§ = L7 =L;j1{=L; 1£=0.
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In the following chapter we are going to see the proof of the two previous propositions
in the case of L = d,d,0 on the previous elliptic complexes.

Let us introduce some notation that will be useful in what follows. Let L: (X, E) —
E(X, F) be a differential operator. Then

Hi (B, F)={¢c&(X,E): L& =0} =Ker(L: E(X,E) » (X, F)).

If F is a elliptic complex as before and L is the Laplacian operator, the elements of
Ha,;(Ej) are called harmonic.

One important result that can be proved using methods of functional analysis, is that
Hr(E,F) is finite dimensional.

Theorem 3.2.10. Let E be an elliptic complex equipped with an inner product and A; be
the Laplacian operator of E. Then, there is a canonical isomorphism

Ha, (Ej) = HY(E).

Example 3.2.11. Let X be a compact differentiable manifold X with a Riemannian
metric (which induces an inner product on AP T (X) for each p). Then de Rham complex
on X with the exterior derivative is an elliptic complex with an inner product.

We have already seen that

H'(X,C)zH"(E*(X)),

where the first group is the singular cohomology and the second is the rth derived group
of the de Rham complex. Clearly, H"(£*(X)) = H"(A*T*(X) ® C), where the second
group is the cohomology group of the complex defined above. We denote the Laplacian
by A =Agz=dd" +d*d. Let

H(X) = Ha (/\T*(X))
be the vector space of A-harmonic r-forms on X. By Theorem [3.2.10] we obtain
H"(X,C)2zH"(X).

This means that for each cohomology class ¢ € H"(X,C) there exist a unique harmonic
form ¢ representing this class ¢ which is d-close by Proposition

Example 3.2.12. Let X be a compact complex manifold of complex dimension n, and
consider the complex

N EPI(X) 9, gPA*L(X) 9, EPO2(X) 2, ..

for a fixed p, 0 < p <n. By Dolbeault’s theorem,
p’*
HY(X,QF)z H? (/\T*(X)) .

Equipping AP?T*(X) with a Hermitian metric for each 0 < p,q < n, the complex above
becomes an elliptic complex with an inner product (parametrized by the integer p). Then
we can also define the Laplacian

Ag = 00" + 5*6,
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and iy
HPU(X) = Ha, (/\T*(X)) .
Similar to the de Rham situation, we have the following canonical isomorphism

HY(X, Q) = HP9(X).



Chapter 4

The Hodge Decomposition
Theorem

In the last chapter of this master thesis we are going to prove the Hodge Decomposition
Theorem for compact Kéahler manifolds. First of all, we will define what are Kédhler man-
ifolds and we will see important properties of them. Using the contraction and the Hodge
s-operator defined in the second section, we are going to compute the adjoint operator
for several differential operators such as d, 0 and 0 to derive some interesting properties
that will allow us to prove some results of the previous chapter for these operators, the
so-called Kéahler identities and, finally, the Hodge Decomposition Theorem.

We will follow mostly [BH] and [VO]. For another approach of the proof that uses
representations of s[(2,C), the reader is invited to look at [WE].

4.1 Kahler Manifolds

In order to introduce the definition of a Ké&hler manifold, we need first to see a one-
to-one correspondence between a Hermitian metric and a positive-definite (1,1)-form on
a complex manifold X.

Let V be a complex vector space of dimension n, and let Vg be the underlying real
vector space of dimension 2n. Recall that the multiplication by ¢ induces a complex
structure on Vg. Furthermore this complex structure induces a canonical decomposition
of the complexified vector space Vg = Ve ®r C in Vp = V0@ V0L,

In the same way, let Wg := Hom(Vg,R) be the dual space and W¢ := Wk ®g C its
complexification, then we get a decomposition

W(C _ WLO ® WO,I

into C-linear and C-antilinear forms. Let now Wh1l = Wh0 AW ¢ A2 W be the 2-forms
of type (1,1), and set

2
1,1, 11
Wem=W=>"n /\WR,
where A2 Wg c A\? We are the 2-forms with real coeflicients.

Lemma 4.1.1. Let V be a complex vector space of dimension n, and let J be the induced
complex structure on the underlying real vector space Vr. There is a natural isomorphism

35
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between the Hermitian forms on V and W]é’l given by
h—~ w =-Imh,

and

wr h:VxV ->C,
where for every u,v eV, h(u,v) =w(u, J(v)) —iw(u,v).

Proof. Let
h = Reh + ilmh,

where Re and Im are real bilinear forms acting on V. Then for all u,v in V'
Reh(u,v) + ilmh(u,v) = h(u,v) = h(v,u) = Reh(u,v) — ilmh(v,u),

so w = —Imh is an alternating real form. In other words w € A? Wr.
Let us see that it is of type (1,1). First note that by contruction Wil = (V11)* where

2
AVe=V* o VhleVo?

so w € WH! if and only if the natural extension of w by C-bilinearity vanishes on every
couple of vectors (u,v) of type V10 or V01, Since w = @ and V10 = W, it is sufficient
to check the first case. As we have seen in previous chapters, a generating system of V1:°
is given by v —iJ(v) for v € V. For such vectors we have

w(u—iJ(u),v-iJ(v)) =w(u,v) —w(J(u),J(v)) —i(w(u, J(v)) +w(J(u),v)). (4.1.1)
Since J is defined as multiplication by ¢ we have
h(J(u),J(v)) = ih(u, J(v)) = —=i*h(u,v) = h(u,v)
and
h(u, J(v)) = =ih(u,v) = -h(J(u),v),

so we have

w(u,v) =w(J(u),J(v)) and w(u, J(v)) = -w(J(u),v).

and substituting these expressions into (4.1.1) we get that the natural extension of w
vanishes on V1 as we wanted.
Conversely, let w € Wﬂé’l and define h as before. Then, for every u,v eV,

h(u,v) = w(u, J(v)) —iw(u,v) = —w(J(u),v) +iw(v,u) = w(v, J(u)) +iw(v,u) = h(v,u).

Thus, h is a Hermitian metric.
O

Definition 4.1.2. We say that a real form of type (1,1) is positive if the corresponding
Hermitian form is positive definite.
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Let {z1,..., 2z, } be a basis of AY°V and {Z1, ..., Z,} a basis of A%' V. Then any Hermi-
tian form on V can be written as

h = Z thng@Zk,

1<j,k<n

where (h;1);k is the corresponding Hermitian matrix. Note that
imh =~ (h—h) = “(h-})
w=-imh=-—(h-h)==-(h-h).
21 2

Therefore, the corresponding (1,1)-form is exactly

_ _ ? _ _
Z (hj,kzj ®2k_hk,jzj ®Zk) == Z hj,k(Zj ®Zk_2k®zj)
1<j,k<n 2 1<j,k<n

Z hj,kzj A Zg.-

1<j,k<n

w =

N | .

N | .

Now, let us apply the previous theory to the case we are interested in: a Hermitian
complex manifold X with an Hermitian metric h. Recall that, by definition, a Hermitian
metric on a complex manifold is a C* collection of Hermitian metrices h, on each tangent
space T(X). By Lemma every Hermitian metric h, has an associated (1,1)-form
wz. We denote w the collection of such (1, 1)-forms.

Definition 4.1.3. Let X be a Hermitian complex manifold and w the corresponding
(1,1)-form. We say that w is a Kdhler form or Kdihler metric if it is closed, that is

dw = 0.
We say that a complex manifold is a Kdhler manifold if it admits a Kéahler form.

Example 4.1.4. Let X = C" and consider the standard metric h = 37 dz; ® dzj. The
corresponding real (1,1)-form is

in
w=—2d2j/\d§j.
2.]:1

Clearly it defines a Kéhler metric since it has constant coefficients.

Example 4.1.5. In P,,(C) we can also find a Kéhler metric, which is called the Fubini-
study metric. This metric is constructed using the following idea: a metric measures the
distance between two elements (in this case lines in C™*! through the origin). It is possible
to define a complex angle invariant under multiplication by nonzero constants between two
complex lines using the standard hermitian metric on C™*! and thus it descends to give a
hermitian metric on P”. The Ké&hler metric is given by

Wpg = iﬁglog(|z|2),
2

where z = (20, ...,2,) is a coordinate on C"*!. It can be seen that it is invariant under
multiplication by a nonzero constant and that dwgg = 0.
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Proposition 4.1.6. Let i : Y > X be a submanifold of a Kdhler manifold. Then Y is a
Kahler manifold. More precisely if w is a Kdhler form on X, then i*w is a Kdhler form
onY.

Proof. Clearly, i*w is a hermitian metric on Y (where i*w is the pullback of w by ) since
d(i*w) =" (dw) = 0,
and therefore Y is Kéahler. O

Therefore, any submanifold of the projective space is a Kéhler manifold.

Although there are lots of examples of Kahler manifolds, being Kéhler is a very restric-
tive property. For example, it is known that, in dimension 2, a compact complex surface
is Kéahler if and only if its first Betti number is even.

In what follows, we are going to see that a Kahler metric admits a local representation
that will allow us to simplify computations in the next sections. Let (X,w) be a Kéhler
manifold and fix a point z € X. Let z1, ..., z, be local holomorphic coordinates around =,
then we have )

w = i Z hj’dej A dZ,
2 1<j,k<n

where the h;j are differentiable functions. In these coordinates,
i Oh;
dw = ~ Ik 4z A dzj A dz.
21 raen 02

Note that, since dz; A dzj A dzy, = —dz; A dz A dZ),, we have that dw = 0 if

Oh;x Oh
Gk _ Lk for all 1< j,k,1<n. (4.1.2)
62[ 82’]‘

Theorem 4.1.7. Let (X,w) be a Kdhler manifold. Then locally we can choose holomor-
phic coordinates (1, ...,Cn such that hjj, = 0; + O(|¢P).

Proof. Starting with any choice of local coordinates z1, ..., z, around 0, it is clear that we
can make a linear change of coordinates such that dzi,...,dz, induce a basis of Tjj (X)
that is orthonormal with respect to w (Gram-Schmidt method). That is, h;;(0) = 6; or
in other words, h;(z) = d; % + O(|z]). The Taylor expansion to the first order is then

hj,k :5j’k+2(ajklzl+a;klél) +O(|Z|2)7 (4.1.3)
=1
where 9k ok
Tk ok
aju = —2=(0), ajpy = —=2=(0).

621

Since w = @, we have hy, j = hj, and then

07

n n
Sjp + 2 (amz + ajz) + O(2%) = hyg = hyj = 655 + Y- (ap 21 + @zuz) + O([2[).
=1 =1

In particular
le:a;kl. (414)
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Furthermore we have by (4.1.7)),
Akl = Qlkj- (4.1.5)

Set now

1
Cp =2+ = Z k12§21 forall k=1,...,n.
1<j,k<n

By the Inverse Function Theorem, (i defines a local holomorphic coordinate system and

1 1
de = dzk + - Z ajkl(zjdzl + zldzj) = dzk + - Z (ajkl + alkj)zldzj,
1<j,l<n 1<j,l<n

which by (4.1.5)) equals
de = de + E ajklzldzj.

1<j,lsn

Therefore

) Z de/\dQTk=i Z dzi NdZ +1 2 Wildzk/\dzj+ajklzldzj/\d2k+0(|z|2).

1<k<n 1<k<n 1<j,k,l<n

Now (4.1.4)) implies

- - - . - /5 — ) —
Z ajzidz A dz; = Z arjiz1dzj A dzy, = Z ajpz1dz; A dzy.
1<j,k,l<n 1<j,k,l<n 1<5,k,l<n

Thus,

) Z de/\dfk:i Z ((Sj?k-i- Z ajklzl+a}klzl)dzj/\zk+0(|z|2).

1<k<n 1<7,k,l<n 1<i<n

Comparing with (£.1.3), we see that 31 r<n 0;1dC A dC = w + O(|2[*) as we wanted.
O

4.2 The Contraction and Hodge *-operators

In this section, we are going to introduce two linear operators that will be very useful
in the following sections.

As we did in other cases, in order to define operators at the tangent bundle we will
first define them in a vector space and in the following sections we will apply these results
to our case.

4.2.1 Contraction of a vector field

Definition 4.2.1. Let V be a real vector space of dimension n and let v € V and a e AP V.
We define the contraction v Jae APV by

(vaa)(v,...,vp-1) = a(v,v1,...,0p-1),

for every vi,...,vp-1 € V.
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We can extend it by complex linearity.
It is also easy to see that if eq,...,e, is a basis of V and €, ..., €, is its dual basis, then

ifj * {i1, ...,ik},

e‘J(E'/\ /\6‘): O,
] TR 23 (—1)1_161'1 Ao A E’Z\l ANTIRAY 1f] =1

Using this formula it can be deduced that for every v e V, a APV, e A1V
vi(anB)=(waa)rB+(-1)Pan (vap). (4.2.1)

4.2.2 The Hodge *-operator

Let V be a Euclidean space, i.e. a real finite-dimensional vector space of dimension
n with an inner product (,). Without loss of generality we can take (,) the standard
scalar product in R™. Let us consider {ey,...,e,} a orthonormal basis of V. As in previous
chapters, we denote the exterior algebra of V' as

/\v:gﬂv

For every 1 < p < n, a basis of APV is {e;; A...Ae€;,,1 <i1 <iz <..<i,<n}. Note that
we can extend the inner product of V' to APV so that the previous set is an orthonormal
basis of APV.

Let us also choose an orientation on V', that is, an ordering of a basis such as {ey, ..., e, }
up to an even permutation. This is equivalent to a choice of sign for the n-form ey A...Ae,.

Definition 4.2.2. Let V be as before, a Euclidean space of dimension n with a fixed ori-
entation, and {ey,...,e,} a orthonormal basis of V. The Hodge *-operator is the mapping

that acts as follows
* NPV — NPV

eil/\.../\eip — eejl/\.../\ejn_p,

where {ji,...,jn-p} is the complement of {i1,...,7p} in {1,...,n} and

. 1, if {41,...,9p,j1, ..., Jn-p} IS an even permutation of {1,...,n},
| -1, otherwise.

To simplify notation, set vol = e; A... Ae,. Then, *(e; A ... Ae;,) is defined so that
(eiy Aoonei,) Ax(eg Ao Aeg,) = vol.

Proposition 4.2.3. Let *= denote the Hodge *-operator extended by linearity to all of
APV . For every a, 8 € APV we have the equality

a A *fB = {a, B)vol.

Proof. Let
! !/
a= ) arer, f= ) bsey,

[|=p [/l=p

for ay,by € R.
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Then

/ ! !

()ZA*B:(ZCLIGI)/\*(ZI)JGJ): Z CL[bJGI/\*BJ,
H|=p |J|=p H|=p,|J|=p

Note that ey A xey % 0 if and only if I = J, since otherwise, some indexes will be repeated.

Thus,

!/ /

aAx*f= Z arbrer A xey = Z asbyvol = («, B)vol.
[I|=p H|=p

O]

Note that the Hodge *-operator is independent of the choice of the orthonormal basis
on V and only depends on the inner product and the orientation.

Proposition 4.2.4. With notations as above, the composition ** is equal to multiplication
by (=1)P(n=p),

Proof. By definition, xes is a (n — p)-form that satisfies
ey A xey = vol.

On the other hand, recall that, by the properties of the wedge product, if o € A*V and
B8e NV, then -
anf=(-1)"6na.
Therefore,
er nxer = (=1)P P (xep) nep = (-1)PP Pevol,

where € = +1 depending on the sign of the permutation one has to apply to *e; and e;
to get vol (if the permutation is even +1, if odd, —1). Splicing the two equalities we get
€= (=1)P(np),

Note also that =ej A ey = (=1)P("P)yol implies that

*er N (_1)p(n—p)€l = vol.

That is, * * ey = (—1)p("_p)ej by definition of the Hodge #-operator, since * * ey is the
p-form that satisfies that
wer A (% % er) = vol.

Corollary 4.2.5. If n is even, ** is multiplication by (-1)P.

Once we have defined the Hodge *-operator for Euclidean spaces, we have to generalize
it for complex-valued p-forms in order to be able to apply it to p-forms of the complexified
tangent space of a smooth manifold.

Let us consider a complex vector space V' of dimension n with {ej,...,e,} a basis of
V and the p-forms of V., APV. Assume that we have a Hermitian inner product (,) on
V. For every o, € APV, that is, a = Z|'I|:pa161, B = ij‘:pbjej with az,by € C, the
Hermitian inner product has the form

!

(o, 8)= > arby.

|7|=p
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Note that in the case ay,br € R, the inner product is a Euclidean inner product as in the
previous case.
Extending the Hodge *-operator by complex linearity, we can see that

aA*f={a,B)vol.

Thus, if V is a real vector space of dimension n, we can apply the previous results to
the complexification Vg =V ®gr C of V, and we have that the Hodge *-operator

2n—p

AV — A

works as before.
Now, we are going to show how the Hodge *-operator acts on forms of type (p,q). Set
{e1,...,en} a basis of A0 V¢ and {éy,...,&,} a basis of A" V¢. Let

u = Z ujKejNex, V= Z VIKEJNEK
|J1=p,| K |=q |J]=p,| K|=q

be (p,q)-forms. Then, (u,v) is given by

<U,U>: Z UJKVJK-
|J|=p,|K|=¢

Since by definition u A *0 = (u,v)vol, this shows that the Hodge *-operator gives C-linear
operator
w1 EPI(X) — ENTIP(X)),

since *v is of type (n-p,n—q).
Moreover, this also shows that the decomposition

AV= @ AV

p+q=Fk

is orthogonal with respect to the inner product (,) defined as

(a,ﬁ)=fv(o<,6)vol=fva/\>eﬁ_.

Indeed if v is of type (p’,q") with p’ +¢' = p+q then u A *v is of type (n—p' +p,n—q +q),
so it is zero unless p = p’, ¢ = ¢/, since otherwise either n—p’ +q or n — ¢’ + ¢ will be strictly
greater than n.

4.3 Differential and Hodge *-operators

Once we have seen the definition of the Hodge x*-operator in vector spaces, let us
apply the previous results to the case we are interested in, Hermitian compact complex
manifolds.

Let X be a compact complex manifold of dimension n endowed with a Hermitian
metric. As before, we will denote the volume element of this metric as vol.
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Proposition 4.3.1. Let X be a compact complexr manifold of dimension n. For all o €
EP(X) and € EPTY(X), we have

OF == %0 x.
And for all € EPI(X) and § € EPTH(X), we have
O ===+ 0 %.

Proof. We show the first statement, the proof of the second is analogous. By definition
(0a, B) = / da A %J3.
X

Recall that d = 9 + 0, because X is a complex manifold. Hence, since v A 3 € EM" (X)),
we have

d(an*B)=0(an=*B)=0an*B+(-1)P"and*B.
Since X is a manifold without boundary and a A *3 € E¥"1(X), by Stokes’ theorem
d =0.
/;( (an+B)=0

Thus,

f da A *B=—f (-1)P*9a A 0 * B.
b b
Using that * is a real operator and Proposition we have

dxB=0xp= (1) P00 S5 B = (=1)P % x0 % .
Therefore
(0a, B) :—/;((—l)mqoz/\é*ﬁz—Aoz/\**f)*ﬁ: (a,—*x 0% f),
as we wanted. O

Let us now use this result to give a local expression of the formal adjoint in terms
of contractions by vector fields. Let U c C™ be an open set and endow T'(U) with the
standard hermitian metric Z;»L:l dz; ® dz; where z1,...,2, are the linear coordinates on
C™. Thus 6%1, -1 35— is a holomorphic frame for T(U). Let a be a form with compact
support of type (p,q) given in these local coordinates by o = ¥|j-p k(=g @7k d2s A dZK.
To simplify notations, since all operators are linear, we can take simply o = oy xdzyAdzZg
with dz; = del AL A dsz and dzg = dikl A A dikq. Then,

*Q = QK * (d?J /\dZK) = €6éJ7KdZJc ANdZge,

where J¢ and K¢ denote the complement of J and K respectively in {1,...,n} and € = +1
depending on the sign of the corresponding permutation.

- 2 Oagk 1 Oayk
8*0_4=€Z 8’, leAdZJcAdZKc:EE :
=1 9% k=1 9%k

dzkl N dZJc A dZKc
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Again,
9 Oaj g
— dZJ N dZK\kl = 66,
k=1 97K k

4, Jay i

+0 % (v = €€’ dzj N dZg\k,-

l:1 Zkl

Now, note that

(dZx, Adzge AdZe) A (dzg AdEgyg,) =(-1) PP D (G250 A dzgee) A (dzg A dZk)

:(_1)q+l—1(_1)p+q€ tdzyg NdZg A xxdzy NdZE

=(-1)P*Levol.

Thus, € = (~1)P*'"Le which implies that

_ q anK n 8@][{ 8 —
9 = —(-1)P1 — R dzyndz =— — — dzy ANdZk.
( ) klz=:1 2k, K\l ; 82161 82:1

60{ij
0z;

To simplify notation, we will denote g—: = dzj N dzx, where « is defined as before.

Therefore, we have that
0 O«

Pa=-) — 1—.
=1 621 621

(4.3.1)

Lemma 4.3.2. Let X be a compact complex manifold, then we have

(Oé, Adﬁ) =(da7 d/B) + (d*Oé, d*/B)7
(Oé, A@B) 2(604, a/8) + (8*Oé, a*ﬁ)7
(a,A58) =(9a,9B) + (9", 0" B).

Proof. They hold by definition of the adjoint. For example, let us see the first equality
(a0, AgB) = (a, (dd* +d*d)B) = (a,dd™ B) + (v, d*dB) = (dev, dB) + (d"cx,d” B).
O

Lemma 4.3.3. Let X be a complex compact manifold. A form « is harmonic (resp.
Ag-harmonic, resp. Ag—_harmom'c) if and only if it is d— and d*-closed (resp. 0— and
0*-closed, resp. 0— and 0*-closed).

Proof. Recall that (Aga, Aga) > 0 with equality if and only if Aga = 0. By the previous
Lemma,

(a, Agar) = (da,da) + (d* o, d* ).

Thus, a is harmonic if and only if (da, da) = (d*a,d*a) =0, i.e. da=d*a=0.
Analogously with 9 and 0.

4.4 Hodge Decomposition Theorem

Finally, we are going to prove the Hodge Decomposition Theorem on compact Kahler
manifolds. In order to do so, we are going to introduce a new operator that will play an
important role in the Kéhler identities. These identities are used in the proof of the main
result of this theorem.
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Let (X,w) be a Kéhler manifold, and denote by vol the volume form of the correspond-
ing Hermitian metric. The exterior product with the Kéahler form defines a differential
operator

L: &MX), - EM%(X).,

«@ - w A,

of degree zero. This operator is called Lefschetz operator.
Proposition 4.4.1. We denote by
A:EM(X). - EF(X).
the formal adjoint of L. Then,
AB = (-1)"(+L*)B
for every k-form (.
Proof. Note that since w is a real differential form, it is sufficient to show the claim for

B e EM2(X).
Then we have

(Lo, B)vol = Lan#fB = (wAaa) Axf = (-1)ParnwA*f=arw A *S.
Note that %3 € £277%=2, Thus, w A 3 € £2"7%. By Proposition we have that
wAxB = (()CTR s nxB) = (1) % (@A #B) = +((-1)F x L% ).

Therefore,
(La, B)vol = a A% ((=1)" * L # B) = (e, ((~1)* * Lx) B)vol,

as we wanted.

Note furthermore that since w is real form, we have
L(a)=arw=arw=L(a),

so L and therefore A are invariant under conjugation.
If A, B are two differential operators of degree a and b respectively, their Lie bracket
is a differential operator of degree a + b defined by

[A,B]:= AB - (-1)®BA.

Lemma 4.4.2. Let U c C" be an open set endowed with the constant Kdhler metric

w = E E: de A dé}.

1<j<n

Then we have

[6*,L] = id.
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Proof. Let u e EY(U) be a I-form, then by (4.3.1))
0 Ou

5*u = - _ ] —.
1<k<n 0z Oz
Therefore we have
~ 0 0 0 ou
0", Lu=- — I —(wAu)+wA — .
: ) 1;; 0z, Oz ( ) 15;91 0z, ~ Oz

Since the coeflitiens of w are constant, we have %(w AU) = w A g—i. Furthermore by

-4.2.1
iJ(wA@)_(iJw)A@+wA(iJ3_“)
0z 0z, - 0z, 0z, 0z, Oz

thus we get

[0°,Llu=i Y dezxn——=idu
1<k<n %k
O
Proposition 4.4.3. Let (X,w) be a Kdihler manifold. Then we have

[0*, L] =i0 (4.4.1)

[0*, L] =-1i0 (4.4.2)

[A,0] =-i0* (4.4.3)

[A, 0] =i0*. (4.4.4)

Proof. Note that the second equation can be derived from the first one by conjugation:

~id =140 = [0*,L] = [0%,L] = [0*,L].

Analogously the third and the fourth. Furthermore the third relation follows from the
first by the formal adjoint property: let u,v be (p,q)-forms, then

([A, 0]u,v) =(Adu,v) + (OAu,v) = (u, 0" Lv) + (u, LO*v)
=(u,[0*, L]v) = (u,i0v) = (=i0*u,v).

Thus we are left to show the first relation. Note now that the local expressions of the
differential operators only use the coefficients of the metric up to first order: indeed the
operator L uses the metric only up to order zero and 0* = —% 0% shows that we only use the
metric and its first derivatives. By lemma [4.1.7] we can choose holomorphic coordinates
such that

h=1d+0(z%),

thus it is sufficient to consider the situation of an open set in C™ endowed with the standard
Kahler metric. By Lemma the first equality holds and therefore we are done. O
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Theorem 4.4.4. Let (X,w) be a Kdihler manifold, and let Ay, Ay, and Ay be the Lapla-
cians associated to the operators d,0 and 0. Then we have

Ag=20g = 2A,.

In particular a k-form is harmonic if and only if it is Ag-harmonic if and only if it is
Ag-harmonic.

Proof. We will show the first equality, the proof of the second one is analogous. We have
d=0+0, so ) B ) B
Ag=(0+0)(0"+9")+ (0" +0")(0+0d).

Since 0% = —i[A, 0] = —iAD + iOA by formula (#.4.4) and 6% = 0, we have
(0+0)(0* +0*) = 00* —i0AD + 00" —iOAD + iDOA

and

(0" +0*)(0+0) =0"0+i0Ad + 0" 0 + 10N — iNDO.

By we have 0* = i[A,d] = iAd - iOA, which implies

0*0 = —i0ONO = -00". (4.4.5)
Thus we get

Ag =00 —iOND +i00A + 00 +iOND — iNDD = Ay — iNDD — iDND + iOND + iOOA.
Since 90 = 90, we have
—iAAD - iOAND +i0AND + 100N = i(AD — ON)O +iO(AD - ON),
so another application of the Kéhler identity gives
i(AD - ON)O +i0(AD - ON) = Ay.
O]

Corollary 4.4.5. Let (X,w) be a Kdahler manifold, and let o be a form of type (p,q).
Then Aga has type (p,q).

1
Proof. Obvious, since Aga = §Aaa has type (p,q). O

Theorem 4.4.6. Let (X,w) be a Kdhler manifold, and let a = ¥y, oP? be the decom-
position of a k-form in its components of type (p,q). Then « is harmonic if and only if
aP? s harmonic for all p,q. In particular we have

H'(X)= @ H(X)

p+q=k

where HP9(X) is the space of harmonic forms of type (p,q). Furthermore we have

HPIU(X) =HIP(X) Vp,q e N.
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Proof. By the preceding corollary,

Ada = Z Adap,q
k=p+q

is the decomposition of Aja in forms of type (p,q). Clearly, it is zero if and only if all
components are zero.

If 5 is a harmonic form of type (p,q), then 8 has type (q,p). By hypothesis Ay3 =0,
o

ApB=D8pB=056=0B=0,
hence Apf = 0 if and only if AgB3 =0 as we wanted. O

Lemma 4.4.7. The symbol of the differential operator Ay is
02(Ag)(x,0) = ~[0]°1d.
In particular, the operator Ay is elliptic.

Proof. Recall that, in the last chapter we saw that o1(d)(z,0)e = if A e. By Proposition

it only remains to compute o1(d*). But by Proposition [3.1.11} o1(d*) = (o1(d))*.
Let a e EF(X), e EFY(X) and (,0) e T'(X). Then,

(9/\a,ﬁ):[X9/\a/\>eﬁ=(—1)’“/%04/\9/\%5))

DD [ ans(x@nem) = [Lanswap)
:(a7vJ/3)7

where 0 € T (X) is the 1-form associated to v € T,,(X) with respect to the metric (,),
that is, v is such that 6(v) = (0,0) = |0]>.
Thus, (01(d)(z,v))*e =1iv Je. Moreover, we have

02(Ad) (z,0)e =(01(d) (2, 0) (01(d) (z,0))" + (01(d) (2, v)) o1.(d) (x,v))e
=—(Or(vae)+va(Bnre))=—|0]%,

where the last equality holds by (4.2.1)). O

Corollary 4.4.8. The symbol of the laplacian operator Ay, Ag is 02(Ap)(x,0) = 02(Ag)(z,0) =
~110)*1d.
2

This shows that we can apply the theory of elliptic operators to Ay, Ay and Aj.
If X is a compact K&hler manifold, we can combine Theorem [4.4.6|and Theorem [3.2.10
so we get

Theorem 4.4.9. (Hodge decomposition theorem) Let X be a compact Kdhler mani-
fold. Then we have the Hodge decomposition

H*(X,C)= @ HM(X),
k=p+q

and the Hodge duality
H?P(X) = HP4(X).
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Note that a priori, we only have an isomorphism H*(X,C) = Br—p+q HPI(X). It can
be seen that the isomorphism is canonical, which justifies the equality.

The decomposition of the cohomology groups of M can be represented in what is called
the Hodge diamond. It goes as follows:

H™n
Hn,n—l Hn—l,n
Hn,n—Z Hn—l,n—l Hn—?,n
HTL,OH?’L—l,l ................................................................................ Hl,TL—lHO,TL
H2 0 Hl’l HO 2
Hl,O HO,l
HO’O

Note that this diagram has several symmetries:
e By the Hodge Decomposition Theorem, H%P = HP:4.

e The Hodge *-operator induces an isomorphism between H?? and H" "9,






Conclusions

As a conclusion to this master thesis, I would like to emphasize, first of all, the huge
amount of results in several branches of mathematics I had to skip. From category theory
to functional analysis, in order to prove in all detail the Hodge Decomposition Theorem,
it is required to have a broad knowledge in those fields. Even though I did not had the
time to study more carefully the missing results, seeing how some of them apply here has
been very enriching.

Furthermore, I wanted to provide some examples of how to use this important Theorem
but I ran out of time. It is well known that the Hodge Decomposition Theorem on compact
Kahler manifolds has lots of applications. For instance, it can be used to determine that a
smooth manifold cannot be a complex manifold. If S' xS? were a complex manifold, by the
Hodge decomposition theorem, the first cohomology group would have even dimension,
but this is not the case.

Finally, I also wanted to prove the functoriality or naturality of the isomorphism be-
tween the group of harmonic sections and the de Rham or Dolbeault cohomology groups.

o1
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