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Abstract: The purpose of this paper is to study the homogeneous backreaction of non-
zero mass conformally coupled scalar fields on a cosmological background, including
flat spacetime, at one-loop order. For this study, the semiclassical Friedmann equation
is solved using a method called order reduction. For a nearly flat background we get a
scale factor that evolves to a stationary scale factor depending on the initial quantum
state. We also prove that a de Sitter scale factor is also a mathematical solution of the
semiclassical Friedmann equation, and we argue this is a runaway type solution.

I. INTRODUCTION

In this project we want to consider the coupling of
non-zero mass matter fields interacting with the metric
perturbations over a cosmological background spacetime
with a conformal coupling to the curvature. We will study
the homogeneous backreaction of these quantum fields
on the spacetime background at one-loop order. One of
the reasons that makes this calculation interesting, even
when the background is flat, is that Brout et al suggested
already in 1978 (ref. [1], [2]), i.e. before the inflationary
model was introduced by Guth in 1981, that a quantum
fluctuation in flat spacetime of a non-zero mass confor-
mally coupled scalar field could lead to the creation of a
universe with accelerated expansion.

We reanalyze such scenario of the universe creation. It
is likely that such a creation, even if it could be energe-
tically possible as discussed in ref. [3], should be discar-
ded in the framework of an effective field theory (EFT)
approach. We argue that the accelerated universe expan-
sion that one finds is a runaway type of solution. For
this analysis we need to solve the so called semiclassical
Einstein equations where the source is the expectation
value of the stress tensor of conformally coupled scalar
fields of arbitrary mass. These semiclassical equations in-
clude terms which are quadratic in the curvature due to
the ultraviolet renomalization of the stress tensor of the
quantum matter and, thus, have higher derivatives than
the Einstein equations. It is known that these backreac-
tion equations have, consequently, more degrees of free-
dom than the classical equations, and thus may include
some spurious solutions which are not physical. To ex-
tract the physical solutions is a subtle issue that we need
to confront.

II. GENERAL MODEL

The model we will follow is based in references [3] and
[4]. We will consider an isotropic and spatially homoge-
neous Friedmann, Lemaitre, Robertson, Walker (FLRW)

metric, which can be written as:

uv = a2(77)77uu (1)

where a(n) is the scale factor as a function of the con-
formal time, n, and 7n,, = diag(—1,1,1,1) is the 4-
dimensional Minkowski metric. In such a spacetime we
will study a free quantum scalar field of mass m, confor-
mally coupled to the curvature scalar. The action of this
field is:

Sla, ®] = —%/d‘ix {nwaucbay@ + <m2 + éR) @2] ,
(2)
where R is the Ricci curvature scalar associated with the
metric. Now we will introduce the rescaled field ¢(x) =
a(n)®(x), in terms of which we can rewrite the action in
a simpler way:

Slavé) = 5 [ sl 8,00,0 + M), ()

where M = a(n)m. Setting the variation of this action
with respect to ¢ equal to zero gives the usual Klein-
Gordon equation in Minkowski spacetime with a time-
dependent mass:

(77””8;4811 - MQ(U)W =0. (4)

The solutions of this equation depend on the initial con-
ditions at some initial time 7;. Moreover, the quantum
state |1} is the vacuum associated with this initial time.
The way we choose this state is the following: we define
an auxiliary scale factor a,(n) for the domain (—oo,n;]
such that

. 2

77ll)r_noo My =0 (5)
ay(n) is completely arbitrary except for this condition
and the condition of continuity at #;, i.e. ay(n;) = a(n;).
The states defined this way correspond to the in-vacuum
state when the scale factor is ay(n) for n < n;. The
computations regarding the scalar field can be done then
as if it were a FLRW spacetime with a scale factor which
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is a(n) for n > n; and ay(n) for n < n; and the state were
the in-vacuum evolving from 7 = —oo. The evolution of
this in-vacuum from 7 — —oo to n; defines the initial
quantum state [¢) at the initial time 7);.

To study the effect that this quantum field has in the
metric we need to introduce the Feynman-Vernon in-
fluence action Srr[g",g~] which is an action that can
be computed integrating the degrees of freedom of the
scalar field ¢. In this integral there appears the action
of the quantum field, S[g, ¢], for two different configu-
rations of the field ¢ and ¢~. These configurations are
supposed to coincide at some final time 7y and each one
of them has associated a metric g7 and g~ and, thus, a
scale factor a™ and a~, respectively.

The dynamics of the metric is derived from the closed-
time-path (CTP) effective action, which takes into ac-
count not only the Feynman-Vernon influence action, but
also the classical gravitational action Sg[g]. A more ex-
tense explanation of the derivation and renormalization
process of this effective action can be found in ref. [5]. The
CTP effective action is:

Lerplg® 971 = S4lg™] = Sylg
where S,[g] is the classical gravitational action:
= Sainlg] = Senlgl+Sclgl = Sailg], (7)

where Sg;,[g] include the divergences that cancel the di-
vergent behavior of the influence action Srrlg™, ¢~ ] and
S;¢"[g] is the renormalized gravitational action, which is
given by the sum of the Einstein-Hilbert action Sgpy and
the additional counterterms S¢. The first term is:

o [devTar-en, )

1+ SirlgT, 97, (6)

Sglg] = Sg"g]

Serlgl = 16 12

where A is the cosmological constant, that we will sup-
pose equal to 0. And the second:

Sclg] = / v/~ [ (Ruvas R — Ry R*) + BR?) |

(9)
where a and § are dimensionless parameters. Then we
can rewrite the total effective action as:
= Spnly™] - 1+ St a7

(10)
where S7¢"[a*,a™] is the renormalized influence action,
which includes all the counterterms:

S}‘%n[ngagi} = SIF[ngagi} - Sdiv[g
+Sclg™] - Sclg™].

Cerplgt,g7] Semly

+] + Sdiv[gi] (11)
A. Semiclassical Einstein equations

Once we have the CTP effective action (10) we can de-
rive the semiclassical Einstein equations (as in ref [3]) by
first functionally differentiating with respect to g+ and
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then taking g© = ¢~ = g¢. The Einstein-Hilbert action
gives the Einstein tensor, G, and the renormalized in-
fluence action gives the renormalized expectation value
of the stress tensor operator:

Gy = 87Ty )w. (12)

Here [, is the Planck length. As we assume spatial ho-
mogeneity and isotropy only the equations for two com-
ponents are independent. These two equations can be
chosen to be the 00 component and the stress tensor con-
servation law. The first one is the semiclassical analog of
the Friedmann equation:

. 8i?

a? = 3” a®(Too)w (13)
In this equation and in the following the overdots mean
derivatives with respect to the conformal time, " = %.
The second equation we have is the stress-tensor conser-
vation law

Vu(TH) =0, (14)

which will be needed later to compute (Tpo)w, which is
necessary for studying this semiclassical Friedman equa-
tion (13)

B. Expectation value of the stress-energy tensor

The classical stress tensor of the matter field is defined
as:
2 45
T = —— ——— 15
vV =9 5g,uy ( )

As we are supposing an homogeneous metric of the form
Gy = a*(n)n,, the only degree of freedom with respect
to which we can differentiate the classical action is a(n);
consequently we are only able to obtain the trace of the
stress tensor T, since dg,, = 2an,,0a = 2a~"g,,0a we
can write:

)
68 = / 5 5gu,, = /d4z\/—gT“”gW§

(16)
/dn/ masT”éa
then,
1 68
w_ _— 22
T Va3 da’ (17)

where V' is the spatial comoving volume. A similar proce-
dure can be done with the renormalized influence action
ST#"' to obtain the expectation value of the trace of the
stress-tensor operator:

1 68T a™,a™]

T =
(i) Va3 dat

m

(18)

at=a"=a
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Now we can compute (T}) but for the semiclassical
Friedman equation we need the expectation value of the
energy density (Tpo). We can calculate it from the ex-
pectation value of the trace making use of some useful
relationships between them. We know the stress-tensor
conservation law eq. (14), and that € = /8 is a con-
formal Killing field, i.e., 2/ (q §&) = Mg With A = 2d/a.
These two equations lead to:

vu(T)e) = Sy (19)

which can be integrated over the spacetime volume boun-
ded by the spacelike hypersurfaces corresponding to n’ =
—oo and i’ = 7. Using Gauss theorem we get:

(Too(n))a® (1) — (Too(—00))a*(—c0)

n 20
= [ waereanagon
where we have divided by the spatial volume V', which
appears due to the spatial homogeneity of the expected
value of the stress-tensor. As (Tpo(—0o0)) is the expec-
tation value of the energy density of the Minkowski va-
cuum, the term proportional to it should vanish.

This calculation is done in ref [3] for the case that inter-
ests us, that is a weakly non-conformal field (M?/a? <
L~2) conformally coupled and with non-zero mass. Whe-
re L™2 characterizes the curvature of the spacetime.
This is needed in order to be able to treat the terms
M?2¢? in eq. (3) pertubatively. An example for a nearly
flat background is when one considers a scale factor
a(n) = 1+A(n) sin Qn where > m and A(n) is a suitable
smooth function such that |A(n)| < 1; another example
is when the background is de Sitter. The result of this
calculation is:

a*(Too) = B {dCZ? (;) - % (ZQH + 30‘(Z>4 (21)

—90am*[a* Ina + F[a?]]

where the renormalization parameter (§ is arbitrary and
« is fixed and depends on the type and number of fields,
in our case & = 55—, where N is the number of scalar
fields. The functional F is defined by:

2 K /da2 2
Fla*;n) = -2 dn —dn/ kla®,n") (22)
— 00

where £ is another functional defined by:

n—e /
i) ==t [ [ 3200 6+1nu+7)f((n)>
23

where g is an arbitrary mass scale which plays the role of
the renormalization scale, and ~ is the Euler-Mascheroni
constant.

With all these expressions now we are able to work
with the semiclassical Friedmann equation (13).
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III. ORDER REDUCTION

In this section the order reduction method is explained
and used to solve equation (13).

A. The method

The semiclassical Friedmann equation (13) contains
terms with up to third-order derivatives of the scale fac-
tor, as seen from eq. (21). Such kind of higher-order ti-
me derivatives are common in backreaction problems. In
fact, they are a generic feature of effective fields theo-
ries (EFTs), where the effects of the UV sector on the
dynamics of the the low-energy degrees of freedom are
encoded at the level of the action through an expansion
of local terms with an increasing number of derivatives.
The validity of the EFT expansion relies on the fact that
for length scales much larger than the inverse cut-off scale
of the UV sector the higher-order terms in the expansion
become increasingly smaller. In this regime their con-
tribution amounts to a small correction to the equation
of motion which results, when treated pertubatively, in-
to locally small perturbations of the classical solutions.
In contrast, solving the corresponding higher-order equa-
tions exactly gives rise to additional solutions exhibiting
exponential instabilities with characteristic time scales
comparable to the inverse cutoff scale of the EFT, often
referred to as “runaway” solutions. These are spurious
solutions which should not be taken seriously since they
involve characteristic scales for which the EFT expansion
breaks down and the contributions from the higher-order
terms to the equation of motion no longer correspond to
small corrections but to dominant terms.

One way to avoid such spurious solutions is the order
reduction method, which is explained in references [6]-[8]
(see also ref. [9]). It consists in taking the equation with
corrections up to a finite order and write an alternati-
ve equation which is equivalent to up to that order but
contains no higher derivative terms. This method can be
illustrated with the following example for a first order
differential equation in time for a function f(n) with a
perturbative correction of order k2. Given

f+bf:/€2p(fafvfa)7 (24)

where b is a constant and P is a function. Order reduction
uses that f = —bf+O(k?) and by deriving one more time
f = —bf + O(k?) = b*f + O(k?). Substituting this into
the equation we get:

f4bf=r2P(f,—bf,b2f,..)+O(KY),  (25)

which is a first order equation valid to the same order in
k2 as the the original eq. (24) but does not have unphy-
sical solutions.
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B. Application of the method

In the semiclassical Friedmann equation (13) the per-
turbative correction is the right hand side term, which
is of order lf). Applying the method we have: a = O(lg),
i = O(12),... Substituting this we get:

a* = —24072m*ala* Ina + Flag]] + O(1}) (26)

where the term F[aZ] only depends on ay and u. There-
fore it is a constant independent of a and 7. This equation
can be solved numerically for a given ay, i.e., for given
initial conditions. The solution is a scale factor that ra-
pidly evolves to a stationary solution with a scale factor
that satisfies:

a*lna = —Fla3] (27)

Depending on the initial vacuum we choose, F[a2,] can be
zero: Fa2] = 0, and @ = 1 in this case. The result is that
the scale factor becomes a constant and we find that the
spacetime evolves to the Minkowski spacetime, which is
thus asymptotically stable with respect to fluctuations of
this scale factor produced by the quantum massive fields.

However, a word of caution should be made about this
conclusion. As already explained before equation (21) the
equation we have for (Tpp) was derived under some per-
tubative assumptions that are not generally valid when
the background is exactly Minkowski. This is strictly va-
lid when the background has large frecuency oscillations.
The correct (T},,,) that one needs to use for the Minkowski
background was derived in ref. [10]. The problem, howe-
ver does not arise for the use of (Tpo) in the following
section where the perturbative assumptions are perfectly
realized.

IV. DE SITTER SOLUTION

As we have explained in the introduction Brout et. al.
proposed that quantum fluctuations could be the cause
of inflation with no need of a cosmological constant (ref.
[1]). That means that a scale factor of de Sitter would be
a solution of the semiclassical Friedmann equation. Now
we will prove this by substituting a de Sitter scale factor
in our equations. We take the Bunch-Davies vacuum for
our initial state. That means that for n < n; we will
choose a,, = aqs,

The de Sitter scale factor is:

1

Ty (28)

aas(n) =
where we have introduced an arbitrary H, which plays
the role of the Hubble constant that needs to be deter-
mined. With a scale factor of this form we can calculate
the expectation value of the energy density using the ex-
pressions we have detailed before (21)-(23):

1 —1
4 —
a*lna = HT7741I1 (}In), (29)
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1
ﬁ[a?is, n) = HTnQ(l - —Inpun), (30)
1
Flags,n) = W(lnun+7—3/4), (31)
ds _ a 4 4 1 7%

We can see that the logarithmic term a*Ilna has com-
pensated with the logarithm in (31) that comes from the
non-local term F[a?] and the term with the parameter 3
is identically zero. Substituting this expectation value in
(13) we get the following expression:

m? 3
1 :87r112)oz[H2 —30H2(1ng +7 - 4)] (33)
which is independent of 7, that means that we have an
equation for H as a function of m and p and that if
this equation has a real solution for H, the de Sitter
scale factor is a mathematical solution of the semiclassical
Friedmann equation.

We can define now Hy = (v/8mal,)™! in order to in-
troduce adimensional variables (H = H/Hy, m = m/H
and ft = u/Hp). We can rewrite the equation in a dimen-
sionless form:

~ 5 mA i 3
1=H 30ﬁ2<lng+7 4> (34)
This equation can be solved numerically for a given pair
of parameters 7, fi. We can also solve it approximately
writing H? as a Taylor series of

H? = fo +m’ f1 + O(m®) (35)

Substituting this series in (34) and expanding % and
In £ we have an equation for each order of the series. For

the first terms we have:

fo=1 (36)

_ 3
f1:30<lnu+’y—4> (37)
Substituiting this terms in our expansion and returning
to our initial variables we can write:

m\* o 3 m\®

(38)
This series converges for values of m smaller than Hy and
for values of u of the same order. In this conditions we
can see that the value of the Hubble constant is appro-
ximately Hy and the mass term only affects as a small
correction. More terms can be found using this techni-
que, but each new term is much smaller than the former
as there is a factor (Hﬂo)4 between them.

Note that for m? < HZ we are in the region of validity
of perturbative calculation that we have performed where
the term M2¢? in eq. (3) is treated perturbatively and
thus the expression (21) fully applies.
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V. DISCUSSION

We have solved the Friedmann equation for the ho-
mogeneous backreaction of a conformally coupled scalar
field with non-zero mass on a cosmological background.

First of all, we want to comment the solution we have
obtained by using the order reduction method. We find
that the solution evolves in time to the Minkowski spa-
cetime when the background is nearly flatspacetime. But
this solution has to be treated with caution because it is
not generally valid for all nearly flat backgrounds. The
suitable (T#") in that case is given in ref. [10].

We have also proved that a de Sitter spacetime is
a mathematical solution of the semiclassical Friedmann
equation. However, this solution is a runaway type of
solution because it corresponds to a rate of expansion
Hy = (V8mal,)™! which is of the order of the Planck
scale which is the cut off scale of our EFT. This solution
is, in fact, closely related to Starobinsky anomaly dri-

ven inflation that was obtained in 1980 (ref. [11]), which
corresponds to the particular case m = 0, i.e. massless
conformally coupled fields. It was discussed in referen-
ces [6] and [9] that this solution is spurious because its
characteristic scale lies beyond the domain of validity of
semiclassical gravity. We can therefore extend this argu-
ment for our m # 0 case since it still admits the de Sitter
solution with the same scale factor except for a small
correction.
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