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TRANSFERENCE FOR RADIAL MULTIPLIERS
AND DIMENSION FREE ESTIMATES -

P. AUSCHER AND M. J. CARRO

ABSTRACT. For a large class of radial multipliers on L?(R™), we obtain bounds
that do not depend on the dimension #. These estimates apply to well-known
multiplier operators and also give another proof of the boundedness of the
Hardy-Littlewood maximal function over Euclidean balls on LF(R®), p >
2, with constant independent of the dimension. The proof is based on the
corresponding result for the Riesz transforms and the method of rotations.

0. INTRODUCTION

The aim of this paper is to give a unified approach to obtain the bounded-
ness of certain radial multipliers and maximal operators on L?(R") such as
Bochner-Riesz means or the Hardy-Littlewood maximal operator. We do this
by employing transference and variations of the method of rotations. We ob-
tain precise estimates for the norms of these operators acting on L?(R") as a
function of n.

These types of studies were initiated by E. Stein and J. O. Stromberg in
[SS]. In this paper they proved that the Hardy-Littlewood maximal operator
over Euclidean balls, M , satisfies the inequality ||[M f|, < C(p)||f |, for f €
LP(R™) where C(p) < +o0o (p > 1) is bounded as the dimension n increases.
One of our goals was to provide a proof of this result that gives for C(p) a
numerical value bounded independently of #n. As a consequence of our study
we obtain a partial answer.

Theorem A. If n>2 and p>2 then |Mf|, <2+ V2)?|f],.

The method of the proof relies on the observation that the characteristic
function of the ball yp has a Fourier transform that can be seen as a linear
combination of radial multipliers in a certain class. The latter are of the form

o too  Imtat(n—2)2(2mt|E])
Mg%(S) =Cm,n,a/_00 () mﬂL(tTé(T)a:(n—z)/z | dt, meL', az0,
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576 P. AUSCHER AND M. J. CARRO

where ¢ is a function on R, the function J;(z)/z* is defined (see [WW, p.
358]) for all complex values z and A by the power series

ilz) _ i (=1)rz*"
zA T 1229 (A+n + 1)

n=0

and ¢y, n,. 1S @ “natural” constant which will be defined in the course of the
paper. For example, the multipliers 75, |£]™(1 - |£]%)%, |£]”, y € R, can be
obtained from these multipliers with suitable choices of m, « and ¢.

The Riesz transforms of higher order are highly related to the above family
of multipliers and we make use of the following inequality due to Stein [S1]

Theorem B.

J

1/2
(Z IR}"flz) < K(m, )|l f Il

p
for l<p<+4+co, m=1,2,....

Here RT, j=1,2,..., d(m, n) (see §1) denote the family of higher Riesz
transforms of order m and K(m, p) is independent of the dimension n. By
different arguments, this inequality has also been obtained by Duoandikoetxea
and Rubio de Francia [DR] and Pisier [P]. Extending the ideas in [DR] and
using a variant of the method of rotations, we can show

Theorem C. 5
1My * fll, < K(m, p"YNp(@)Ilf |l

forall 1<p<oo, m=1,2,...,and a>0.

Here p’' =p/(p — 1) and N,(¢) is the norm of the convolution operator on
L7 (R) with kernel ¢(¢). This provides estimates independent of the dimension
for this class of radial multipliers and we recover results already observed at the
end of [S1].

To obtain maximal estimates we first notice that if ¢,(t) = ¢(t/r)/r for
r> 0, then M} (&) = M (rl) . This suggests a result of transference type for
maximal inequalities.

Theorem D. If ¢ > 0 and sup,.q |¢,+g| satisfies a maximal inequality in L?(R)
Jorall 1< p < oo with bound A, then, forall 1 <s <min(2,p)<p<oo

1
< Cm, p, N4 f || e -
Lr(Rn)

sup | M, * f |
r>0

A shortcoming of this result is the dependence on the dimension of the bound
in the above inequality. For p = 2, another approach is available.

Theorem E. Let m > 1, n > 2 and assume supp ¢ C [0, +0], then

IS 1/2
< ( / t|¢<t)|2dt) T
L2(Rv) 0

This estimate can be shown to be sharp. As a consequence of Theorem E we
obtain Theorem A and, for example, another proof of the boundedness of the
maximal Bochner-Riesz means of positive order on L2(R").

sup [M}? x f |
r>0
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The paper is organized as follows. In the first section, we prove Theorem C.
Maximal Theorems D and E are proved in §2. They are used to prove Theorem
A and to give a new argument for the L2 boundedness of the maximal Bochner-
Riesz means of positive order. In §3, we extend Theorem A to a more general
class of maximal operators and conclude the paper with some remarks.

We are indebted to Professor Guido Weiss for a series of lectures he gave
on the transference methods that he developed with R. Coifman [CW], while
both of us were in the Department of Mathematics of Washington University
in St. Louis. He introduced both of us to these topics and led us to the study
of these problems. We thank him also for the numerous comments he made on
our work.

1. RADIAL MULTIPLIERS OBTAINED BY TRANSFERENCE

Let us explain in a few words the proof given by G. Pisier of the boundedness
of the Riesz transforms on L?(R"™). This is a natural introduction to our study.

For f e & (R") and y € R", consider the Hilbert transform on R® acting
in the direction y:

+o00

Hyf(x)=p.v./ —}f(x—ty)dt.

A well-known transference argument (see [CW]) shows that for all y € R":
1H” f |l 2o ey < Hpll f || Lo (mo) 5 1<p<oo,

where H, is the norm of the 1-dimensional Hilbert transform. This estimate is
uniform in y . Now, equip R" with the Gaussian probability measure dy,(y) =
(2m)~"2e=1"I'/2 gy and introduce the orthogonal projection Q of L2(R®, y,)
onto the space of functions of the form }77_, a;y; in which the coordinate
functions {y;};=1,..,» form an orthonormal basis. Then, for a.e. x € R,
Pisier obtained the formula:

(+) QLH" f()I) = \/3 > Rif(x)y;,
j=1

where R; is the jth Riesz transform defined by (1?17)(6) = —i(&/IENF&).

The equalities
. 1/2
=7(p) (Z |aj|2) ,
j=1

1<p < oo, where y(p) = (f7° |tlpe=""/2(2m)~1/2 dt)\/? , imply that

(%) =)

Lr(R®, y,)

n
Z a;yj

j=1

n
Z a;yj
j=1

L2(R", )

108l (re, 3y < max(y(p), (P")IEllLr®e, 1) »

forall g€ L?(R*, y,)N L?>(R™, y,) and 1 <p < co.
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From (x), (++) and this last inequality, Pisier obtains the result as follows:

1/2
(i Iij(x)Iz) - L
: y(p)

=1
! Lr(Rm)

> R f(x)y;

j=1

L2 (R, yn) || L (Rm)
1
< ;G)—)\/gll IQLH - £l oo, y) | Lo (v
< max (1, 22)) N

< tymax (1, 220) 27 .

The last inequality is obtained, after a change in the order of integration, from
the transference result for the Hilbert transform in the y direction and from
the fact that (R®, y,) is a probability space.

As we can see, the two main tools used in this outline of the proof are the
application of the special projection Q followed by that of an operator whose
boundedness can be obtained by transference. Our first theorem will make use
of these ideas.

We feel that the computations made in R® equipped with the Gaussian mea-
sure are somewhat artificial since the “natural” setting for the variable y is the
unit sphere X,_; endowed with the rotational invariant measure dy’ normal-
ized so that f):"_1 dy' = 1. It turns out that a formula similar to (x) can be
obtained in this setting. A heuristic argument which might explain the method
of Pisier is that (R", y,) can be seen as an asymptotic version of (X,_;, dy’).
(For a justification of this see Vilenkin, Chapter XI of [V].) Moreover, by mak-
ing this use of the sphere, as we explain later, we are closer to the method
developed by Duoandikoetxea and Rubio de Francia.

Let us now present our first result. For n > 2 and m > 0, let H™ be the
space of spherical harmonics (restricted to Z,_;) of degree m and d(m, n) =
dim H™ . We have (see [SW, Chapter IV]) d(0,n)=1, d(1,n)=n and

(m+n-3)!'2m+n-2)
(n—-2)'m!
Let J, denote the Bessel function of order a and b,_, = n"/2~1/T'(n/2) the

volume of the unit ball in R*~2. We make the convention that by = 1 (which
is consistent with the formula when n = 2).

d(m,n)=

Theorem 1. Let 1 < p < oo and ¢(t) be a convolution kernel acting on LP(R)
with operator norm N,(¢). Then, for n > 2, m > 1, the function

" Vd(m, n) m n) [**  Jmin-2)2(27t|E])
an My = Y [ g e T 4

defines a multiplier of LP(R“) such that

(1.2) M) f || ogny < C(m, )N (@IS |l ooy »
with C(m, p) independent of the dimension.
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As we shall see, if we take ¢(¢) = 1/t and m odd, we get

MIE) = Vd(m, n) m n /+°° 1 I (n—2)2(27t|E]) dr,

(g =2/
if o(t) =1/|t|'*? for y # 0 and m even, then

mey _ I ((m—=1iy)/2)T(n/2) .,
My'@) = ydim, W s i) <

and, if
_2a0(B) by Imipr(n—2)2(2m2)

¢(t) = -1 m tB—n/2 X[0,+00)(t)

we get MJ'(&) = [&m(1— g

Remarks. (1) For m=0, 1 <p <oo,and supp¢ C [0, +oo) the result is also
true. However, as we shall see, this is just the method of rotations expressed
on the Fourier side. Indeed, M},’ is the Fourier transform of the radial kernel
K(x) given by w,_1|x|"'K(x) = ¢(|x|) where w,_, = 2nb,_, is the surface
area of the unit sphere X,_; in R". This explains in part the normalization of
the multipliers M.

(2) For fixed m, d(m,n) = O[n™] and b,_, = O[(2ne/n)*~V/2] as n
tends to +oo (this is easily obtained from Stirling’s formula). Let us see why
the normalization in (1.1) is necessary and best possible. Taking ¢(z) = d1(f)
(Dirac mass at ¢ = 1) and p = 2, the bound of the multipliers M" on L*(R")
is

sup d(m, n) | Imsn-2)2(27|E])
fern  buz |E[n=272 ’

and can be compared to C(m, 2) in (1.2). For fixed m , using the power series
expansion for J, (Watson [W, p. 40]), the above supremum can be shown to
be bounded from below by a nonnegative constant C(m) for n large enough.
Another reason that makes this normalization necessary relies on the relations
between these multipliers and the Riesz transforms that we will establish later.

(3) In our arguments, we consider ¢ € L!(R) with compact support. The
general ¢ can be approximated by a sequence {¢,} of such kernels so that
¢n» — ¢ in the distributional sense and such that N,(¢,) < N,(¢). The desired
estimate with ¢ then follows.

Proof. If x € R*, y' € X,y and f € SF(R") define F,(x,»’) to be the
expression

/ T o) f(x - 1) dt

For y' fixed, R} ‘ f(x) = f(x—ty") defines a unitary representation of R acting
on L”(R"). By transference (see [CW, p. 9]) we then have

(1.3) 1 Fp(+ s Y )zomey < Np (@IS |l o () -

We emphasize the fact that this estimate is uniform in y’.
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For example, if we take ¢(f) =p.v.1 then F,(x,y’) = HY f(x) the Hilbert
transform in the ' direction previously defined. Also, if ¢(¢) = nt"~! x50, 1)(2)
then

1 ! !
EXB(O,I)*f(x)=L Fy(x,y)dy'.

Let Q™ : L*(X,_;,dy') —» H™ be the orthogonal projection onto H™ . Choose

an orthonormal basis {Y’”}d("’ ' of H™ (of real-valued spherical harmonics)

normalized so that
1

1Y/l 2z, ,ay) = NZICROh

As in [DR], we introduce the “higher Riesz transforms of order m” by defining
their action in the Fourier transform side:

(R7f)(E) = i™Y"(E) [ (&),

j=1,...,d(m,n), where & = |¢|~', & # 0. The normalization of these
higher Riesz transforms is the “natural one” when one considers the “higher
Riesz systems” (see [CZ]). Note that for m = 1, the most natural choice is
Y‘(f') = ¢ for which we have [|Y}||2s,_, 4y = 112 = d(1, n)~'/2. Then,
(Rl N = 1‘15' f (&) are the classical M. Riesz transforms. For convenience,
when m = 0, since HY is the space of constant functions, we will take Y°(§’) =
1 and, thus, the “associated Riesz transform” is the identity operator.

We have the following identity:
Proposition 2. Let M (§) be defined by (1.1) and f € S#(R"). Then, for a.e.
x eR",
d(m,n)

(1.4) Q™[ F,(x = \/d(m, n) Z RI(MM 5 £)(x)Y™(Y').

Proof. By definition

d(m,n)

QR N0 =dimm) 32 [ R, D).

Taking the Fourier transform in the variable x (justified by an appropriate use
of Fubini’s Theorem):
(*)
Q"[F,¢&, 1K)
d(m,n) +00
—dm,n) Y ( [ oo [ e eypaz dt) FOYPo.
—oo -

J=1

But, there is a function ¢,(s), s € R, independent of Y € H™ such that (see
[SW, p. 152])

(1.5) / e EY () d2 = du(5)Y (),
X

n—1
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and we claim that

™" It (n—2)/2(2708)
(1.6) In(s) = p =

When 7 > 3, this can be seen by applying (1.5) with Y(z') = P22 - 2'))
where P,(,,” ~2/2 is the mth Gegenbauer polynomial of order (n —2)/2. Using,
then, the Gegenbauer polynomial expansion of e~2%isz’ *¢' (see [V, p. 557]), we
obtain (1.6). In the case n = 2, apply (1.5) with Y(z/) = z"™,2z € Z;. A
simple change of variable shows that the integral (1.5) equals i~"J,,(27s)&™ .
Using, now, (1.5) and (1.6) in (x), it follows that
d(m,n)

0"IF,(E, 1) =d(m, n) Z / (Dbm(tE) dLY™(E) FE YT ()

n—2

d(m n)
= \Jd(m, n) z mYPEMOFOYT)

d(m n)

= \Jd(m, n) Z R+ £)OYI(). D

With the help of (1.4), we then recover the computations Duoandikoetxea
and Rubio de Francia made in order to obtain the boundedness on L?(R") of
the higher Riesz transforms. Let us be more explicit.

We start from the formula (see [W, p. 391])

[0 e T
o ot 2v—uHT (v — %ﬂ +1)°

Introduce the constant

/ p T((m —iy)/2)T(n/2)

= iy

Ay(m m) = Jd(m, M s T i)

for y € R. When m is odd, apply the above formula with v = (n —2)/2+ m
and u = m. Some easy transformations give

Vd(m, n) (1 Jpin-222R2E)
S [ P o= o,
When m is even, take 1/=(n— 2)/2+m and u=m—iy, y # 0. This gives
\/d(m n I+ (n—2)2(2nt|E]) ;
[ e = bl

Let us then put q)o(t) =p.v.} when m is odd and ¢,(?) = 1/|¢]/'*"? when m
is even, and £, (&) = |¢|7 f(&) for all y. It follows that
My % f =Ay(m, n)f.
Thus, (1.4) gives us
d(m,n)

(L7)  Q7[Fy,(x, IOV =4)(m, n)y/d(m, n) Z R () ()YH(Y).
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This is a formula analogous to that obtained in [DR], but written here in terms
of this projection Q™ followed by a “transferred operator”. The following
estimate, due to E. Stein, can then be obtained as in [DR].

Propesition 3. Forall 1 <p <oo and m>1,

d(m,n) 172
(1.8) ( > |R§-"f|2> < K(m, p)|f || re
=l Lr(Rn)
where K(m, p) is independent of n.

The analog to formula (x*) at the beginning of this section does not hold for
all m > 1. But one does have (see [DR]):

(1.9) 1Yoy, avy < "PUY lIz2,_, ay) s 1<g<oo,
for all spherical harmonics of degree m. This is a good substitute for (xx)
that enables us to obtain boundedness properties of Q™ on LY(%,_;,dy’),
1 < g < co. Let us observe again that the significance of the normalization
imposed on M*(¢) defined in (1.1) is apparent here since it allows us to obtain
the natural higher Riesz transforms.

We are now ready to prove (1.2). It is clearly enough to suppose 2 <
p < s1nce we are dealing with a convolution operator. From the rela-
tion Z (m, ")|Yj’”(§’)|2 = 1 (see [SW, p. 144]) and the definition of R,

j=1,...,d(m, n), we obtain E?L’;”")(R;?‘)*R;” = Id. This equality, together
with (1.8) and a duality argument gives us

d(m,n) 12
I/ ooy < K(m, P") Z IR7 1P ,  1<p<oo,

L»(R)
and 1/p+ 1/p’=1. Thus,

d(m,n) 172
M7 5 f g < K(m, )| S (R « f)2
/=1 Lr(Rw)
d(m,n)

Vd(m, n) Z R™M(MI % £)(x)Y;(")

K (m, Q" F(x, 10,y
Q™ projection

K(m, pOI1Fp(x, Y2, dy)llzo e
Jensen’s glequality

< K(m, p" ) 1Fp(x s Y Lr,, . dy) |l Lo wo) -
Thus, using Fubini’s Theorem and then (1.3), we obtain

1/p
M) f || o gny < K(m, p') (/z (/R [Fy(x, )P dx) dy’)

< K(m, p")Npy( @) f ey O

=K(m,p')

LX(Zy—y,dy") LP(Rn)
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Theorem 1 can be generalized using the reproducing properties of the Bessel
functions. For simplicity, we denote by M,(R") the Banach algebra of multi-
pliers M(¢) on LP(R") with norm [|M||, = sup{[|[M* f [|Lo(re) , [l lLrmey = 1} -

Theorem 4. Let ¢ be a convolution kernel acting on LP(R). Then, forall o > 0,
m>1 (1<p<+o0) or m=0 (1<p<+oo and supp ¢ C [0, +00))

m,a Vvd(m, n) "™ + o] Imrat(n—-2)72(2nt|E])
M €)= bu_s nar[m+n] q’(t) = (t|f’|,)a+("_2)/2 dt

is a multiplier on LP(R™) with norm less than C(m, p)N,(9) (C(m, p) being
the constant in (1.2)).

Proof. Using the reproducing formula for Bessel functions

Jura(t) = 55— 1r( / Ju(st)s*H (1 — s> ds
with u =(n—-2)/2+ m and a > 0, one finds that

+o00 +00 m n 2
o€ = YR [ o) [ oty 2B BN g4

- /_ Om o(S)MD(sE) s,

by an application of Fubini’s Theorem (justified when ¢ is as in Remark 3)
where

Pm,a(t) = H(m, o)~ (1 = 5%)"" xp0,1)(5) € L' (R)
with H(m, o) such that ||@m allz1ry = 1. Thus, Theorem 4 follows by ap-

plying Theorem 1 and noticing that AM,(R") is a Banach space in which the
dilations M (&) — M(s&) are isometries. O

Let us discuss whether the L? bounds are best possible for MJ . Aslong as
m,p and ¢ are fixed the dimension free estimates in Theorems 1 and 4 are
best possible for large n. However, for any individual multiplier My acting
on LP(R™) the bound we provide need not be best possible. For example, we
showed that, for m odd and ¢(¢) = p.v. 3, M," is constant. Thus, its multi-
plier norm on L?(R") is the same constant although our theorem provides the
bound K(m, p’)N,(¢) which is not even finite for p = 1 or p = co. This
is due to the fact that the integrals that define these multipliers do not con-
verge absolutely most of the times. If the dimension #n,p and ¢ are fixed,
then K(m, p) increases exponentially with m (see [DR]) and is not opti-
mal for (1.8) to hold. Indeed, another argument proving (1.8) gives a bound
growing polynomially on m (this bound depends, thus, on n and is equal to
Vd(m, n)|A,(m, n)|"'C(p), where C(p) = O(p*/(p — 1)) if m is odd and
C(p) = O(p*/(p — 1)?) if m is even).

Let us consider some examples.

(1) We start from [W, p. 411]

o 0 ifa<ow,
=g [0
0 wvp—v-1 ifa>w,

2u—v=lgul'(p — v)
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valid when u > v . Apply this formula with v =m+(n—-2)/2, u=m+ B +
(n—-2)/2, B>0,a=2n and w = 2n|¢|. Let us put

v ﬂ(t)_zﬂr(ﬂ) bp_» Jm+ﬁ+(n—2)/2(27ft)xlo 0
mt0) = S Ty o 0

Then
My (&) = lEm1 - lePET,

(where x; = max(x, 0)). Here we obtain multipliers associated with Bochner-
Riesz means (when m = 0). When B —1 > (n— 1)/2 (the critical index for
these means), ¥, 3z € L'(R) for all m > 0 (see for example [SW, p. 158])
and we can apply Theorem 1. It is also of interest to wonder whether the L!-
bound of the Bochner-Riesz means of order 6 + (n—1)/2, 6 > 0, is bounded
independently of the dimension for fixed & . This bound is simply the L!(R*)-
norm of o g where f—1=0+ (n—1)/2. So far the best estimate we can
produce for this norm is C(d)v/n.

This is obtained by writing [;° |wo, s(1)|dt = [;"--- + [+ where ¢ is
a small appropriately chosen number. A rough estimate obtained from the
integral representation for Bessel functions [W, p. 48] implies that the integral
on [0, cn] is O(1) as n increases. On the other hand, the second integral is

bounded by
0o 1/2 0o 1/2
([T ezar)” ([ woslemar)
ch cn

where « is chosen so that 1/2 < a <d+1/2 (recall that f—1=0+(n—-1)/2).
The formula (2.4) which we state later provides, then, a bound that is O(y/n)
as n increases for this product of integrals.

(2) Consider ¢(t) = x0,11(¢) and, for r > 0, let ¢,(t) = ¢(¢/r)/r. Define
also

1
M, f(x) = WXB(OJ) * f(x),
where B(0, r) is the Euclidean ball centered at 0 of radius r. Then

M2 = Y21 ! /0 PosunpQntE) |

bn—2 (11€])(n=2/2
Using the fact that £ (J,(£)t7#) = —J,41(8)t*, we see that
20 VA2, )1 / 4a (Jn/z(2ntlél))
My &) = s 7 )t \ e )
As is known,

1 T L Jpp(2rr|E])
(vol(B(O,r))XB(O’r)) ©=13, (righm -

A simple integration by parts gives, therefore,

(L10) 31« S = LD D) (—Mrf(x) +1 /0 " M) dt) .
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Thus, in order to recover the result of E. Stein about the boundedness of the
Hardy-Littlewood maximal operator on L?(R") with a norm bounded indepen-
dently of n, we study in §2 maximal operators and g-functions associated to
the multipliers M.

2. RELATED MAXIMAL OPERATORS AND £-FUNCTIONS

The first natural question is to try to transfer a maximal inequality from one
dimension to n dimensions hoping to be able to control the norms indepen-
dently of n. We have partially succeeded in this direction.

Theorem 5. Let ¢ be a positive function on L'(R) with ||¢||g) = 1. Assume
that forall 1 <p < o,

2.1)

sup |@, x 8| “ < Allgllrm) -
r>0 Lr(R)

Then, for m > 1 and 1 <s < min(2, p),

< (s)Y"2K (m, p)yJd(m, M)A £ o)

L?(Rv)

(2.2)

sup|(M,"), * f |
r>0

where K(m, p) is the constant in (1.8) and 1/s' =1-1/s.

Let us emphasize that to get the result for L”(R") we need the hypothesis
(2.1) for LP/S(R) for some 1 < s < min(2, p). That is, in this case the
transference is done from LP/S(R) to L?(R").

For a kernel K in R", K, stands for K(x/r)/r". Observe that (M;,”), =
Mq’»’f . A moment’s thought shows that the case m = 0 also holds when supp ¢ C
[0, +00) and is trivial since

(M), + £(x) = /z F,(x,y)dy .

By using this case and ¢(¢) = nt"~!x,1;(¢),, the constant A, in (2.1) behaves
asymptotically like np/(p — 1) and is sharp in n as long as p < oo. For the
above ¢, (Mg), x f(x) = M,f(x). Thus, we do not obtain for the Hardy-
Littlewood maximal operator (as in [SS]) the independence in n of its norm
by looking at M}}, with that choice of ¢ . Notice that the above argument is
that of Theorem 2 in [SS].

Proof. We prove the inequality (2.2) for m > 1. The difficulty here is to deal
carefully with the Riesz transforms when using (1.4). We introduce

[ oknse-wa.

Cyr f(x) = sup
r>0

By transference, it follows that for all y' € Z,,_;
(2.3) ICyr f I omey < Apllf |l Lo (Roy -

Define Q7 to be the orthogonal projection on L?(X,_;) onto the 1-dimensional
subspace generated by Y/". From the identity Ej(:’;' ") R7R™ = (~1)"1d, we
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obtain
. d(m,n) 5
|M« f(0)] < > |RT(ME * R f)(x))]
j=1
d(m,n) +o00
=3 o ([ otorpsix-rrar)
Jj=1 -0 LY(Z,—y,dy')
d(m n) +00
/ / PA(ORTf(x — t2')dtrJd(m, ) Y](2') d2’
dm,n) +00 1/s
<y ( / / P (ORTf(x — t2') dt dz’)
j=1 Z,,_l —00
1/s'
(/ dim,n IY”‘(Z)IS dz)
thus,
(*)
|M,} + f(x)]

d(m,n) s
< (s")Y"*d(m, n)'/s ( / / Pr(DIRTfI5(x — tz’)dtdz) ,

where we have used (1.9) for the integral involving Y, and Jensen’s inequality

(since ||@/|lL1ry = 1) and Holder’s inequality (for the finite sum) in the other
term.
Let g(x) = Ed("' ") |R™ f(x)|* . Observe that g € L?/5(R") by (1.8) and

d(m,n)
g(x) < ( 3 IR™ f(x)|2) d(m, n)@-9r2,
j=1

Thus, |8l < d(m, n)392K(m, p)*||f ||, gs - Now, taking supremum
in r >0 in (%), then, pth-power and integrating with respect to x, we obtain

sup | M * f | l
r>0

L»(Rn)

/s
< ()"d(m, ' ( /. ( / |cy'g(x>tdy') dx)
1/p
< sy 2d(m, n)' ( [ ([ 1erseoreax) dy')
Zh_

< (s')"Pd(m, n)‘/S’A,‘,jzngu}ﬁi _—

1/p

Thus, using the estimate for ||g||ssms) in this inequality and observing that
1/s' + (2 —s)/2s = 1/2, we obtain the desired estimate. O
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This result, however, is not completely satisfactory. Applied to Example (2)
in §1, where ¢(f) = xpo,1;(¢) , we obtain

1 r
sup|-a, 7+ 1 [, fdt' “ < C(n, PIS e
0 Lr(R?)

r>0

where C(n, p) behaves like \/d(2, n) ~n as n tends to oo (here, p is fixed).
The case p = 2 becomes much simpler as soon as we introduce some g-
functions.

Theorem 6. Suppose n >2 and m > 1. Assume that ¢ is supported in [0, +o0)

and that
0o 1/2
B, = (/ t|¢(t)|2dt) < 400,
0
then
sup | M) * f| < B,m™ 2| f || paroy -
r>0 L2(Rn)
Proof. Put

~m _ Jm+(n—2)/2(27tt|§|)
Gre) = oo

Rewriting (1.1) and using the Cauchy-Schwarz inequality, we have
|M" * f(x)| = ' T d(m ? / ! ( )G’"*fx)—

where

< By gm(f)(x),

oo 1/2
en(£)0) = YL ([Z 16 popdl)

It follows that .
sup | My * f(x)] < Bygm(f)(x).
r>

Therefore, we want to prove that || gy (/ )|l 2ge) < M7 2||f || L2rey - By standard
Fourier transform arguments, this is equivalent to

0o _ 12
v ([Cierepg) smon

for |¢] = 1. Since, in this case, G*(¢) ~ t™ near 0 and t~*~1)/2 near oo, the
above integral is bounded. In order to get its estimate we use the formula (see
[W, p. 403])

/°° Ju(at)J,(at) dt
24) 7 v
) (a/2)'1‘11"(/1)1"((,u+l/ —A+1)/2)

TG+ —p+ ) 2N(A+pu+v+ V)T +pu—v + 1)/2)

valid provided u+v +1 > 4 > 0. Applying (2.4) with a =27, v = u =
m+(n—2)/2 and A=n -1, we get that

dm,n) { [ sm 2dt)1/2 ( 2m+n-2 )1/2 ~1/2
[ ) (/0 |GZe)] “\m+n-22m sm-. O
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Let us see, now, the consequences of this result applied to Examples (1) and
(2) in §1. Let us start with Example (1).
Consider a nonnegative real number § and write

(1=l =1 - )21 = )P
= zam|§|2m(1 €| )6+n /2

m=0
The dimension 7 is fixed and a, = O(m~1+"~1/2) as m tends to co. Let

T3 f(x) = sup / 2 E(1 — |rE) f(2) dE
r>0 | JRe

be the Bochner-Riesz mean of order & . The above equality gives us, using the
notations introduced previously,

2.5)  TPf(x)=T DRy x>+2|am|sup|(M2m )% f(X)],

Yam, 6+(n+1)/2

m=1
where ¥, p is defined in §1, Example 1. We then obtain a new proof of the
L2-boundedness of T?, 6 > 0 (see [SW]) as follows. The first term in (2.5) is
known to be bounded on L?(R"), 1 < p < oo. For m > 1, Theorem 6 gives
us

(2.6)

sup | (M2 )r* ]
r>0

Vam, é+(n+1)/2

—-1/2
< BWZm,6+(n+l)/2m 1/ ”f”LZ(R“)~
L2(Rn)

The constant “B” can be estimated using (2.4). Its behavior as m tends to
oo is asymptotic to C(n, d)m=%d(2m, n)~1/2. Since d(k, n) = O(k"?) as
k — oo (see the beginning of §1), one finds that the constant in the right-hand
side of (2.6) behaves asymptotically like C(n, §)m=°~("=1/2 as m increases.
Thus, we obtain in (2.5)

_ C(n,o
T2 f Nl ey < W22 £ ) gy + (Z r§11+5 )) I Nl 2oy

m=1
< C'(n, ) f ey -

By interpolation, the previous inequality gives us the boundedness of 72 on
L?(R") when & > |1/2 - 1/p|(n —1). This is, of course, nothing new. This
argument can be extended when replacing the means (1 —|¢|2) by means that
have wilder singularities near |£| = 1. As an example, we get

Corollary 7. Let B > 1. Then, the maximal operator associated to the multiplier
(1 —log(1 —|€|*)4)~# is bounded on L*(R").

This result is known by keeping track of the constants in the classical proof
for the L2-boundedness of the operator T (we thank A. Carbery for pointing
this out to us).

Proof. Write for |{| <1 and any ¢ >0,
(1~ log(1 &) ~*
= {(1 - log(1 — &) ~#(1 = &)~ r=D/2-0Y(1 — |e2)(n=1/2+s
= 3 baldP(1 - YOI,

m=0
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We expanded here the function within curly brackets in power series. The
behavior of b,, (see [Z, Vol. I, p. 192]) is asymptotic to m(*~1)/2+=1(log m)~# .
Using, then, (2.6) we get that

sup / e2ix"¢(1 — log(1 — |RE[2)) /(&) d&
R>0 [ J|¢|<R~! L2(Rn)
<C.6, /)Y I 2w
m>2 l

This completes the proof. O

We hope that this approach can be extended to other values of p, p # 2.
This would require either a control on the constant D(m) such that

lgm () Lo mey < D(M)|| f || Lo (mo)

for p in the range [2, 2n/(n — 1)] or a better control of the constant in in-
equality (2.2). It should be noticed that the two above results show that the
estimate in Theorem 6 is sharp as far as the behavior in m of the bound is
concerned. This can also be seen from a simple calculation showing that the
L2-bound for the multiplier |£|™(1 — |€]2)5! is equivalent as m tends to oo
to the L2-bound given by Theorem 6 for its associated maximal operator.

At this point, let us make the following remark. We were first interested in
the behavior in 7 of the various constants occurring in (1.7), (1.8), (1.9) and
(2.2). However, the price we have to pay is an exponential growth in m of
these constants. With regard to the above example, the behavior in m turns to
be essential when » is fixed. Then, a reexamination of these inequalities shows
that we can obtain, for »n fixed, constants growing polynomially in m. This
could be useful for extending the above ideas.

We examine, now, Example (2) in §1 in order to obtain dimension free
estimates for the Hardy-Littlewood operator. From Theorem 6 applied with
@(t) = x10,1;(¢) and formula (1.10), we get that

Mr-1 / M.fdt S Nz
L2(Rn)

A precise estimate will be obtained for the Hardy-thtlewood maximal operator
M f(x) = sup,.o|M,f(x)| as soon as we control the error term.

Let us introduce first the Hardy-Littlewood maximal operator in a direction
y by

2.7 sup

r>0

M, f(x) = sup
r>0
Once again, by transference,

(2.8) 1My f gy < CONS e ey »

where C(p) is the norm of the 1-dimensional Hardy-Littlewood maximal op-
erator. A sharp value for C(p) is provided by the following result.

Lemma8. C(p)=p/(p-1), 1<p< .

This lemma is proved in [D, p. 233]. However, we shall present a slightly
different argument which we postpone for a moment. Let us first conclude our
study of the n-dimensional Hardy-Littlewood operator.

l/f(x—ty)a’tl, y €R".
rJo
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Proposition 9. Let K be a kernel in L'(R™) (not necessarily radial). Then, for
l<p<oo,

1 r
e sl [Keerad| < oMKl v,
r>0 |7 Jo Lr(Rn)
Proof. Write
1 r 1 r
L [Kexsydi= [ ko) (— / f(x—ty)dt) dy.
0 R® rJo
Thus,
1 r
sup | / Ko+ fdi| < / K()| M, f(x)dy.
>0 | T 0 Ro

Minkowski’s inequality and (2.8) yield, therefore, estimate (2.9). O

From (2.7), (2.9), Lemma 8 and interpolation with the trivial case p = oo,
we obtain

Theorem 10. For 2 <p < o0,

n
n-—1

2/p
) 1S oo e

The dimension free estimate for M in the case 1 < p < 2 is also known (see
[SW]) but our methods are limited to the case p > 2. Note that the method
in [SS] also uses some kind of transference procedure which is related to the
method of rotations.

Proof of the Lemma 8. Let f € L'(R)Nn L*(R) and, for 1 >0, E; = {x €
R; M;f(x) > A} where M;f(x)=sup,5oL [7  |f(t)|dt. It is well known from
the rising sun lemma that E; has the following structure (see [D, p. 233]): E; =
U(ax , by) where (ai, by) are disjoint intervals and | a’;" |f()|dt = Abx — ay) .
Therefore, m(E;) = %fEl |f(0)|dt.

Let 1 <p <oo. Then

/Rle(x)pdx=p/ooolp‘lm(E,1)dA=p/0ml”‘2 /EA \f(0)| di da

1M @y < (z +

M f(2)
=p / |f(®)] / AP~2didt (from Fubini’s Theorem)
R 0

=L [vronmsor-a.
p-1Jg
Thus, by Holder’s inequality
1M1 ey < 521 N -

The sharpness of the bound p/(p — 1) comes from the fact that for f with
support in [0, co), M;f(x) dominates pointwise Hf(x) = |1 fox f(t)dt| for
which the Hardy inequality

1Hf @ < /(P = DISf o)

is best possible.
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3. A GENERAL ESTIMATE FOR MAXIMAL OPERATORS
ASSOCIATED TO RADIAL KERNELS
We show here the following result.

Theorem 11. Let K(y) be a radial kernel in L'(R®). Then, for n > 4 and
p=2,

n—2

2/p
(3.1) (C(2)+ n_3) KN L1 oy LS | 2o () -

sup |K; * f | “
r>0 L (Rv)

Before starting the proof, let us say that the interest of this result is to give
a precise estimate for this maximal inequality. (3.1) strengthens the maximal
inequality in Stein’s book [S3, p. 63] using the least decreasing radial majorant
of K. However, inequality (3.1) depending on ||K||,igsy is a consequence of
the boundedness of the spherical maximal operator for n/(n—1) < p < oo (see
[S2] for the case n > 3 and [B] for the case » = 2) but without giving us a
precise behavior, as a function of p and n, of the constant in (3.1).

Let us begin now the proof of (3.1).

Proof. The basic ingredient will be the following formula obtained by integra-
tion by parts (in the sense of distributions):

K,*f:%/0 Ks*fds+;/0 sadEKs*fds.

The first term of the right-hand side is already controlled by Proposition 9. To
take care of the second term, we observe that

<([ ks

s——K; * f (x)
Thus, Theorem 11 will follow by interpolation between the case p = 2 and

sup |- 75
p = +o0, and from the following lemma (here, we suppose ||K||.igs) = 1).

r>0

1 [ d
/Os%Ks*f(x)ds

) = &(f)(x).

Lemma 12.

N 2
”g(f)”Lz(Rn) < 3 ”f ”LZ(R") .

Proof. Using Plancherel’s Theorem, it suffices to show that

) 1/2
o0 ds n—2
M(é)=<0 7) S\ =3
From §1, we have that
% Jn-222nsti])
3.2 K, / 1= di
¢2) =52k 1O Gagyen

where ¢(t) = w,_11""'K°(t), t > 0, and K° is defined by K°(|x|) = K(x)
since K is radial. Using, then, that £ (J,(6)t™#) = —J,41()1™#, we obtain

© I o(2mst
IR©=72 <o<t>—(3;,2§|)ﬁff_l))3 dt.
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By homogeneity we can suppose |£| = 1. From the fact that fg’" lp(t)|dt =1
and Jensen’s inequality, we get

(1 [ (Jup(2nst)? ds 2
M) < b, (/0 (/0 —(37);,‘:4——?> I(P(t)idt)

o /°° (Ju2(275))? ds) ”2.
0

B bn—-2 (S)n_3

We use, then equality (2.4) which is valid for » > 3 and obtain the desired
estimate for M(&). O

Some remarks. (1) Consider the kernels K%(y) = f(a)~!(1-|y|?)3~! for a >0,
with () so that ||K®||Lirey = 1. In this case, we have

. C(a + 1/2) Jarn-2)2(27|E])
K*(¢) = qo—1+n/2 |§|a+(n—2)/2

For this kernel, the same proof applies more easily and we get that

. [n+2a—2
||g(f)||L2(Rn) = m”fuy(m)

whenever n+2a—3 >0 and n > 2. For a =1 and K' = xp(,1)/ vol(B(0, 1)),
we find again the expression (/n/(n—1).

(2) Theorem 11 holds for radial bounded measures in R® (as well as Propo-
sition 8 for any bounded measure in R"). This is obtained by a simple limiting
argument by approximating any radial measure u with a sequence of L! radial
kernels K, (say, in the sense of distributions) such that ||Ky| 1 ge) < [|4]lare) -
In particular, this gives the boundedness of the spherical maximal operator on
LP(R") for p>2 and n >4 asin [SWal.

(3) As a consequence of the result of E. Stein on spherical maximal functions
(see [S2]), an estimate of the kind

< COK N Lrwnllf Lo roy 5 1<p<2,
Lp(RY)

sup |K; * f|
r>0

is false even if C(p) is allowed to depend on # (consider, for example, kernels
K* with 0 < a < 1/n. Their related maximal operators are not bounded on
LP(R"), l<p<n/(n-1)).
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