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Pairing in two-dimensional boson-fermion mixtures
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The possibilities of pairing in two-dimensional boson-fermion mixtures are carefully analyzed. It is shown
that the boson-induced attraction between two identical fermions dominatpsiténee pairing at low density.
For a given fermion density, the pairing gap becomes maximal at a certain optimal boson concentration. The
conditions for observing pairing in current experiments are discussed.
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Since the first realization of a degenerate Fermi[dds always present and therefore the system enters the strong-
the search for a BCS-like transition signature in ultracoldcoupling regime at sufficiently low densif®,16—18§, form-
trapped gases of fermionic atoms has received a lot of attering a Bose condensate of fermion pairs characterized by
tion both from theoretical and experimental points of view.

Already before the experimental achievement of Réi, HE— e~ Epl2, (13
there had been suggestions on the possibility to observe this
transition in a gas with two hyperfine componentbf [2]. Ao— V2Eper, (1b)

The importance of the asymmetry in the populations of thewhereA is theswave pairing aap. This strona bairing con-
two components was studied in Ref8,4]. Later on, the 0 P g gap. gp 9

influence of adding bosons and the presence of a Bosé[aStS with the 3D weak-coupling behavior, where the gap

Einstein condensattBEC) on the transition temperature of vanishes exponentially withe—0. Moreover, the strong-

the Fermi gas was studied for a three-dimensional trap ilg_o_upling situation implie_s that the pair_ing gap is quite inse_n-
Refs.[5-7] sitive to an asymmetry in the population of the two species

At the same time, the possibility to design the trap so as t(glg]’. contrary to the 3'.3 case, where even a minute excess .Of
produce effectively one- and two-dimensional systems ha articles of one species reduces considerably the gap size

attracted much interest in theoretically descriti@ig10] and [rgo]to the effects of Pauli blocking in the gap equation
experimentally obtaining11] such low-dimensional quan- " "

tum systems, where correlations play generally a more iméngvg)f:zzrif:rti:é?tlﬂgﬁo'g wﬁegll%v\\//:ang ;mi tirzlsvﬁcl)t caosse_,
portant role than in their three-dimension@D) counter- . . . iy 9 P
parts. sible, either due to a repulsivewave interaction, or when

In this paper we discuss the principal features of pairini::)?:'ngozssi’gﬁitf mc(gn'g:rr:'scgfﬁ |n_£gLaélzegi:?;mlo§. 'Zhe
in a very dilute two-dimensional mixture of fermions and A P K K hin the | gp ity i p’t' 99 pb tlh
bosons, characterized by their massgsand mg; densities v_veaLkz-(l:E)uF)l}nW rlgsuIIE18]e ow-density limit Is given by the
pr=kZlAw and pg; and chemical potentialsur~er piing

=k,2:/2m,:=277p,:/mp and ug . A fermion-boson mixture is Ay 2

an experimentally relevant situation, because at low density —=Clexl{ T meTel’ 2
and temperature the most important contribution to the scat- a FIF

tering amplitude is due te-wave collisions which, in the wherec, is a constant of order unity and

case of spin-polarized fermions, are forbidden by Pauli's do

principle. As a consequence, it is difficult to cool a sample of _ ™ ,

spin-polarized fermionic atoms to reach the temperatures TF:T(kI;kpl)(ZMF):JO ?COS(Mk T2pe)lk),
needed to observe quantum degeneracy. This problem may

be overcome by sympathetically cooling the fermions with a lk|=|K'|=ke, cos¢= ]k 3)
gas of bosons, so that the fermions cool down by interacting

with the bosong12-14. is the relevaniT-matrix element of the interaction.

We assume in the following the idealized zero- We now analyze the pairing force mediated by the sur-
temperature case. The energy gaps characterizing the pairingunding bosons. Assuming for the moment that a direct
can always be converted into critical temperatures by multifermion-fermion interaction is absent, the relevant interac-
plying with the factory/7~0.567 as in three dimensions tion to leading order in density, to be used in E2), is T
[15]. We also assum@g< g, Which will be justified later. =TI'r, wherel'¢ is the boson-mediated irreducible polariza-

Pairing in two dimensions has the peculiar feature thattion interaction, schematically represented in Fig. 1. Within
for an attractives-wave interaction between two different the range of the weak-coupling formula, it is sufficient to
fermionic species, a bound statef binding energyEp) is  consider incoming and outgoing fermions on the Fermi sur-
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FIG. 1. (a) Polarization interactiol” between two fermions
(dashed linesmediated by the presence of bosdsaslid lineg. The 0.05
labels indicate the momentum and energy of each line. For conden-
sate bosons and fermions on the Fermi surfdee,0,0=0. 0 , . ‘ | ) | , oy
(b) Diagrams contributing to the boson bubble in RPA; the last one 0 0.5 1.0 15 2.0
is an example of a backward-going diagram, negligible whgn ) o o
—0. Here, thick solid lines are full propagators, thin solid lines are ~FIG. 2. The functiorg appearing in Eq(8) (solid line), together
free propagators, and wiggles represent interactions. with the parabolic approximatioflashed lingaround its maximum
(indicated by the dotted vertical line

face and on their energy shell, cf. E). Therefore, the

energy transfer from one fermion to the other vanishes: 14X
=0. For the ti i fi implici - X)= ———X. 8
0. For the time being we assume for simplicity boson g(x) T (8)

fermion (BF) and boson-bosorBB) T matrices that can be
considered constant in the low-density limit, as in the three- o S ]
dimensional case. In two dimensions this is, however, nof Nis function is plotted in Fig. 2. It has a maximum located
anymore trug21,22, and the correct treatment will be dis- at (x= V2-1~0.414,g=3-2,2~0.172), and can in its

cussed further below. vicinity be approximated by a parabola, as shown by the
With this assumption, the relevant interaction kernel read§lashed line in the figure. This translates into a sharp Gauss-
at low density[7] ian peak for the gap function, according to E8).
Therefore, when increasing the boson density for fixed
(K'|T|ky=T3II% (k' —K|), (4)  pg, the induced fermionic attraction and thus also the pair-

ing gap would reach a maximum for
with the bosonic RPA propagator

I4(q) Pe _ 0.414X 27 )
* __ B\ =
HB(q)_ 1_TBBHB(q) (5) PE mBTBB
and the bosonic static Lindhard function However, in two dimensions thes{vave scattering matri-
cesTgr and Tgg cannot be considered constant, but vanish
Amgpg logarithmically with the center-of-mass systdmm.s) en-
()=~ Z ®  ergyE of the two-particle statg21,22 i.e.,

We have neglected the influence of the fermions on the prop- , T
erties of the Bose condensate. We remark at this point that (K|T(P=0E—=0)[k)—~—— In(Eg/IED) (10
due to the 142 dependence of the two-dimensional Lindhard

function, the RPA has necessarily to be performed in order t(\)/vherem is the reduced mass of the colliding particles and

avoid divergencies. The situation is similar to the electronEo>E is a parametefwith dimensions of energycharacter-

gai;’;h;ggr’] h%ﬁf;’ﬁiihf me:(rat?:ﬁf/lvc;r\]/;;l?r?tuelfarétion one izing low-energy scattering. Therefore, it is necessary to
) 9 P ' evaluate the c.m.s. energ@f= P ,P* for the following situ-

obtains in particular ations(sketched in Fig. B

_ md¢
T =Tar J |~ CoseIIE[a=2(1-cose)ke]

0,0 0,0 q,0
2 X ded; cose T2r Top Tee
= — — _—m— Ve — — X
BFTgglo 7 x+1—cos¢ TBBg( )y
0,0 q0 00 q.0 0,0 -q,0
_ 2mgTgeps _ MgTgs @, 7) FIG. 3. Possible collision events in the mixture, according to Eq.
k;2: 27 pg (11). Dashed lines denote fermions, solid lines bosons, and wiggles
represent interactions. The labels indicate the momentum and en-
with ergy of each patrticle.
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k|2: Mg
(K1) (@0 Torl (i) (00 E= 505, (119

2
((00/(a0)|Tecl(60)(0,0) 1 E=— 21—, (11b)
B

((+0,0(—0,0)[Tggl(0,0(00): E=0, (119

with mge=mgmg/(mg+mg) the BF reduced mass. There-
fore, within the approximationug=0 (or more precisely
ung<uge), only forward-going polarization diagramsee
Fig. 1(b)] contribute to the induceBF interaction. This can 2
be taken into account by replacingTggllg(q)
—Tge(q)1s(q)/2 in Eq.(5), where now

O e A— (12
q _—
Too mB In(4mgEgg/q? ) 2 4 6 8 i)
Also, the relevant boson-fermion interaction becomes FIG. 4. The optimal valueg,, andh,,, for the pairing interac-
tion, Eq. (14). The dashed lines indicate the asymptotic behavior,
21 1 Eq. (15).
Ter(ke)= — (13
MaF IN(2M2Egr/mgek?) ,
o Ay Mge [IN(M:Egr/Mgrup) ]
Here Egr and Egg are the parameters characterizing low- In — = N )

, . c mgm 0.1723.7+In
energys-wave BF and BB scattering, respectively. LHF BUF 2 ]

We obtain then
The induced interaction, E@14), is to be compared with the
F-D_ mBTéF(kF) direct low-densityp-wave fermion-fermion interactiofi8],

4 ME
cos¢ ﬁthl)(Z,U«F) me E;

h f e (18)
xy)=| — (1—cos¢)/x—1/In[(1—cos¢p)/y]’

where E, is the parameter characterizing 2D low-density

4 mgE : - :
X:_WQP_B:ﬁ, y=-— 28 (14  p-wave scattering. Therefore, at sufficiently low fermion
ke PF M (e density, the boson-mediated attraction, E@sl) and (15),

becomes dominant, since it depends only logarithmically on
the fermion density. For the same reason, any fermionic po-
larization corrections have also been neglected.

with the conditiony>1 for Eq.(12) to be valid.
Varying the boson densit§i.e., x) for a constant fermion

density /), one observes again a maximum at a certain ratio We analyze finally the assumptiars< ur that was made

Xop(y). The optimal ra}tioxppt as well as _the correspongling beforehand. The boson chemical potential is determined by
value hg,; are plotted in Fig. 4 as functions gf At suffi- [23,24

ciently largey one obtains a quasilinear dependence on In

XoplY)—0.414(3.0+1Iny), (159 4pp 1 2mpE
us=ppTee(E=aup)= <pp=——"o1,

mg IN(Egg/aup) Me
hop(y)—0.172(3.7+Iny). (15b) (19

We remark that in fact the optimal ratq,, corresponds to

the one for a constanfgg, Eq. (9), when making the re- Where« is of order unity[28]. Since the logarithm in the

placement low-density domain is always large, we have the sufficient
condition

Tee(q=0.31k¢)

2

Teg— (16

X=pg/pp=mg/mg. (20
Thus position and value of the maximum depend logarithmi-

cally on the Fermi momentum. Taking all these facts into In order to estimate typical sizes of the expected gap, we
account, the value of the pairing gap under optimal condiplot in Fig. 5 the gapA;/ug, according to Eq(17), as a
tions becomes function of the ratiosug/Egg and ug/Egg (assuming for
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three dimensions is less effective in increasing the size of the
gap, and one expects; /ur<0.1[5].

Finally, we consider the problem of the phase stability of
boson-fermion mixtures, which has been faced by different
authors[6,25,2§ that reach similar conclusions. This prob-
lem has been studied for homogeneous as well as for trapped
systems, but always in three dimensions, where the theoret-
ical description is somehow easier than in two dimensions
because of the different behavior of the correspondimga-
trices at low energy. Here we briefly discuss the implications
from the previous studid$,25,26 that can be applied to our
case, but a more precise analysis would be of high interest.

According to Ref.[6], in a boson-fermion mixture one
can expect to find one of three situatioris: a fermionic
phase and a bosonic phagé) a fermionic phase and a
boson-fermion mixture, andli) a single uniform mixture. In
case(i) there is no boson-fermion induced interaction and no

simplicity ¢; =1 andmg=mg). One notes that itis mainly oo cooling. In cas@i) these problems are over-
the ratio ug /Egp that determines the gap, whereas the de- ymp 9. P

endence onmwe /Eax is relatively weak Thus with fermion  c°Me: but only a fraction of the fermions is efficiently cooled
pende e /EsB Y . and can undergo the superfluid transition. Therefore, the in-
chemical potentialg.r<Egg quite large gapa ;= ug could

be achieved terestipg situati_on is that of caéi@ ). This can be.obtaine_d if

In ordertd translate this condition into experimental quan-the.re Is attraction petween bqsons and fermidosavoid
. . their spatial separationbut in this case the system may col-
tities, we use the results of Ref8,24], relating the 2D scat- lapse due to this same attractif2s]. This will happen if
tering parametekg: to the value of the 3D scattering length e.g., the number of bosons exceéds some critical nu’mber
agr, for a boson-fermion system confined in a strongly an-N' B which will depend onase and a For a uniform
isotropic trap characterized by frequencies and w, (here er’ b BB BF -

. - system, we know thaagg>0 is required in order to avoid
supposed to be the same for bosons and feriaintaining the collapse of the boson component. This also stabilizes

significantly the mixtureq25], even forage<<0. As ex-
Be _THE, ;{ Ny I_Z) (21)  Ppected, the casage>0 rapidly gives rise to spatial separa-
Egr B o, age/’ tion of the two gasef25].

Applying these arguments to the mixtures used in typical
whereB~0.915 and,= 1/\2mgrw,. Since at the same time experiments, we see that the ca8sa-°Li (where the as-
for a 2D situation the conditiopr<w, must be fulfilled, sumptionmg=mg is more adequajewith agg=—1.5 nm
one can only expect observable gaps if the exponential terrand age=2.2 nm [13] does not correspond to the optimal
is not too small. One can now distinguish two cases. stability conditions. However, the presence of the trapping

(i) age>0. In this case the ratib,/age should be mini- stabilizes the system so that experiments can be performed.
mized as much as possible, i.e., for extremely stronglyOn the other hand, for thé’Rb-°K mixture, whereagg
z-compressed traps, or for systems with a very large BF scat=5.2 nm[14] andage= —2.2 nm[27], the stability condi-
tering length(Feshbach resonance tions for the homogeneous case are fully satisfied.

(i) age<0. In this case the exponential term is never In conclusion, we have studied the characteristics of
small and observable pairing can be expected provided thg-wave pairing in a two-dimensional boson-fermion mixture
ratio ug/w, is not too small. Using the Thomas-Fermi ap- with repulsive(or absentFF s-wave interaction. The boson-
proximation ur=v2Nrw, for the chemical potential of a induced attraction between two fermions dominates at low
two-dimensional Fermi gas in @-plane harmonic trap of density an eventual diredtF p-wave force. The induced
frequencyw, , this last condition can be expressed by meangairing gap becomes maximal at a certain optimal boson-
of the fermion number and the trap asymmetry: fermion ratio. In contrast to the three-dimensional case, this

ratio itself increases when decreasing the fermion density,
— due to the Io.garithr.nic energy erendengg ofBiBe T matrix .
P 2Ng. (22 at low density. Using this optimal condition, we have esti-
z z mated the size of the gap and find experimentally achievable

) ) ) values, in particular for systems with a negative boson-
Thus under favorable cwcumstan_ces quite lgrgeave pair- _ fermion scattering length such as tA&Rb4% mixture.
ing gaps of the order of the Fermi energy seem to be achiev-

able, comparable to those sfvave pairing in quasi-2D two- We would like to acknowledge valuable discussions with
component Fermi gase®]. Unfortunately, more precise M. Guilleumas and M.A. Baranov. This work was supported
guantitative predictions cannot be made in this regime, sincen part by the program DGICYTSpain No. BFM2002-
with ug~Egg,Egg also the asymptotic expression Eq0) 01868. J. M.-P. acknowledges support from the Generalitat
becomes invalid. It is worth noticing that the same effect inde Catalunya.

FIG. 5. The pairing gap for optimal boson concentration, Eqg.
(17), as a function of the fermion chemical potential.
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