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ABSTRACT. We present an explicit construction of the complete family of Ga-
lois extensions of a field K of characteristic 3 with Galois group the central
product 2S4 * Qg of a double cover 254 of the symmetric group S4 and the
quaternion group (Jg, containing a given Ss-extension of the field K.

Let 254 * Qg be the central product of a double cover 254 of the symmetric
group Sy and the quaternion group Qs. In [2], we gave a method of construction of
25, * Qg-extensions of a field K of characteristic different from 2. In this paper we
examine more closely the characteristic 3 case. Given an S4-extension L; of a field K
containing the finite field Fg of 9 elements, we give explicitly all 25, * Qs-extensions
of K containing L;. In the case when K = k((Y1,Y2,Y3)), the quotient field of
the formal power series ring R = k[[Y1, Y2, Y3]] in 3 variables over an algebraically
closed field k of characteristic 3, the determination of all 254 % Qg-extensions of K
is interesting in the framework of Abhyankar’s Normal Crossings Local Conjecture
(see [1]). As mentioned by Abhyankar in [1], the groups 254 * Qs are examples of
groups G such that the quotient G/3(G) of G by the subgroup 3(G) generated by
all of its 3-Sylow subgroups is abelian, generated by 3 generators, but 3(G) does
not have an abelian supplement in G, i.e., an abelian subgroup of G generating G
together with 3(G). By a result of Harbater et al. (see [4]), this property makes
them the “simplest” groups not appearing as Galois groups of a Galois extension L
of K such that RY7, RYs, RY3 are the only height-one primes in R that are possibly
ramified in L. We note that Harbater and Lefcourt (see [6]) have shown that
every finite group can be obtained as a ramified extension of k((Y1,Y2,Y3)). The
results in this paper provide an explicit construction of 254 * Qs-extensions in the
characteristic 3 case. As a first step towards the determination of the ramification
locus of the corresponding coverings, we give a formula for the discriminant.

Let us first recall the definitions and fix notation. We denote by 25, one of
the two double covers of the symmetric group 5,, reducing to the nontrivial double
cover 2A,, of the alternating group A, and by @Js the quaternion group, which is
a double cover of the Klein group V4. The group 25, * Qg is the central product
of 254 and Qs. Let L1|K be a Galois extension with Galois group the symmetric
group Sy, for K a field of characteristic different from 2. We assume that L; is
given as the splitting field of a polynomial P(X) € K[X] of degree 4. We want to
determine when L is embeddable in a Galois extension of K with Galois group
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254 * Qg. This fact is equivalent to the existence of a Galois extension Ly|K with
Galois group Vj, disjoint from L1, and such that, if L is the compositum of L; and
Lo, the Galois embedding problem

(1) 234 * Qg — S4 X ‘/21 ~ Gal(L|K)

is solvable. We recall that a solution to this embedding problem is a quadratic
extension field L of the field L, which is a Galois extension of K with Galois group
254 * Qg and such that the restriction epimorphism between the Galois groups
Gal(L|K) — Gal(L|K) agrees with the given epimorphism 254 * Qs — S4 x Vi.
If L = L(/7) is a solution, then the general solution is L(\/77y),r € K*. Given
a Galois extension Li|K with Galois group Sy, in order to obtain all 254 * Qs-
extensions of K containing L;, we have to determine all Vj-extensions Lo of K,
disjoint from L;, and such that the embedding problem () is solvable.

Let us now specify notation by writing 25, or 275, depending on whether
transpositions in S, lift in the double cover to involutions or to elements of order
4. Let E = K[X]/(P(X)), for P(X) the polynomial of degree 4 realizing L, let
Qr denote the trace form of the extension F|K, i.e., Qg(x) = TrE‘K(a:Q), and let
d be the discriminant of the polynomial P(X). Let Ly = K(y/a,vb). We denote
by w the Hasse-Witt invariant of a quadratic form and by (-,-) a Hilbert symbol.
In [2], we saw that the embedding problem 2% S, * Qg — Sy x V4 =~ Gal(L|K) is
solvable if and only if

(2) w(Qp) = (£2,d).(a,b).(=1,ab) in H*(Gg,{*1}).

From now on, we assume that K is a field of characteristic 3, containing Fg. We
write P(X) = X* + s3X2% — 53X + s4. By computation of the trace form Qg, we
obtain

w(Qr) = (dsa, (s3 — 54)84).
The equivalent condition (B) for the solvability of the embedding problem () then
turns into

(3) (dsa, (55 — s4)s4) = (a,b),
that is, the equality of two Hilbert symbols.
Now, taking into account that K contains Fy, the equality of Hilbert symbols ()

holds if and only if the two quadratic forms (dsz, ms4, dmsas,) (where m = s2 —s4)
and (a, b, ab) are K-equivalent (see [3, 3.2]).

Remark 1. We note that if so = 0 or s3 — s4 = 0, the embedding problem 25, —
Sy ~ Gal(L1|K) is solvable. In this case, Ly is embeddable in a 254 * Qs-extension
of K if and only if there exists a Vj-extension Lo| K disjoint with L and such that
the embedding problem Qg — V; ~ Gal(Lz|K) is solvable. Any 2.5, * Qg-extension
of K containing L is then obtained as L(v/af3), for L = Ly.Ls, L1(y/a) a solution
to 25y — Sy ~ Gal(L1|K) and La(y/B) a solution to Qs — Vi ~ Gal(Lq|K), with
L5 a Vj-extension of K with the conditions above. The element « can be computed
explicitly by the method obtained in [3], the element 3 is given by the formula of
Witt given in [7].

Theorem 1. Let K be a field of characteristic 3 and containing Fg. Let P(X) =
X4+ 89X?% — 83X + 54 € K[X] be a polynomial with discriminant d and Galois
group Sy, and let Ly be its splitting field. Let A € GL(3,K) be such that D =
Al(dsa, msy, dmsass)A is a diagonal matriz of the form (a,b,ab) and such that
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Ly = K(v/a, \/5) is a Vy-extension of K, disjoint from Ly. Let us choose the
matriz A such that det A = ab/(dmsas4). Let L be the compositum of L1 and Ls.
Let M be the matrixz with entries in L given by

1 0 0 0 1 m x% aﬁ’

1
0 7 0 0 1 a3 a3
M = 1 2 3
0 0 _\/ﬁ 0 1 xr3 I3 T3
IR A

where (x1,x2,23,x4) are the four roots of the polynomial P(X) in Li. Let B €
GL(4, K) be the matriz
1 0
)

Let P be the matriz in GL(4, K) given by

m 0 —sad + s3s3 —s3s3d
p_ 1| 0 dm (s3+ss)msass (s3+s4)dm
- m 0 O d — s3s3 53s3d
0 0 53s%m sodm

Let v be the element in L* given by
v=det(MPB+1I).

Then the gemeral solution to the embedding problem 2S5y * Qg — Sq X Vi ~
Gal(L|K) is L(\/ry1) forr € K* and

=1+ Va) (1+ Vb (1 + Vd)*y.

The general solution to the embedding problem 2+ Sy* Qg — Sy x Vi ~ Gal(L|K)
is L(\/r7y2) forr € K* and

V2 = \/E')/L

Proof. We can check that the matrix P satisfies P'TP = (1,dsa, mss, dmsass),
where T is the matrix of the quadratic trace form Qg in the basis (1,z1, 2%, 23)
and apply [[2], theorems 1 and 2]. In particular, the choice of the sign of the
determinant of the matrix A assures that the element ~ is nonzero. O

Remark 2. For each of the two extensions L(\/%)|K, i = 1,2, with 7,7 given
by the theorem, we consider the discriminant A; of the basis {zi z2x8a"1b%2~5
0<i;<3,0<i3<2, i3=0,1, €1,€e3,63 = 0,1/2}, where x1, 22,23 are three
distinct roots of the polynomial P(X) realizing S;. We have

Ay = (dab)™((1 = a)(1 = 0)(1 = d))* Ny (7) ; Ao = d?Ay.

Corollary 1. Let K and L1 be as in the theorem and assume that the extension
Ly = K(y/a,Vb)|K, with a = dsa,b = msy, has Galois group Vi and is disjoint
from Li. Then the element v in the theorem corresponding to this field Lo is given
in terms of the coefficients sa, s3, 84 of the polynomial P(X) realising the extension
L. |K, of three distinct roots x1,x2,x3 of this polynomial P(X) and the square roots
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of the elements a and b, by

v = m2sysavariad 4+ 2mPsasav/ari o + (2msadVhb + (2s3s4m
+ 253m2)\/£)mi’x2 + (simz\/a + (284m353 4 ds3sq + 54215253 + m25352
+ dssm + 253sim2 + 2m54525§)\/5 + (254m2 +d+ m525§
+ s45952)Vab)z? + (dsg + 2s4ms? + s2m? + s2s2)ar?ades + ((2s3m?
+ 2s3s4m)Vab)z2 a2 + (msadVb + (2s3m? + 2s354m)Vab) a2 xoxs
+ ((2dm + 2s4m> + 2m?s2sy + 257m? + 2msysa53)va + (2dssm
+ 2ds354)VD) w2y + (2528252 4 2msysgs? + 252m? 4 2dsq)Va
+ (53sim2 + sqam3s3 + dsssy + 2m28§82 + 253525% + dssm + m84828g)\/5
+ (s4m? 4 msas? + sysa52)Vab)z? s + (2m2sasass + samss + 2s5m?
+ 2dsgs3 + 25253)vax? + (msadVb + (253m? + 2s35,m)Vab)x x3x3
+ ((2msys253 + 255m? + 2m?s3sy + 2dm)v/a + (2dszm + s3s3m?
+ 284218283 + 2m23332 + 2ds3s4 + mS4SQS§ + S4m383)\/5
+ (545253 + msass + 84m2)\/£)x1m3
+ ((m?s3s9 + s2m? + dm 4+ msys252)V/a + (2msysas5 + m2sisy
+ 253sim2 + siSQSg + 234m333)\/l_) + (2d + 284m2)@)x1x2x3
+ (25253 + 253m? + 2dsas3 + samsd)va + (2dsgm + 2dm>)Vb)x o
+ ((s§m2 + m2s98483 + 284ms§ + dsyss3 + sisg)\/a)xlfcg
+ ((2m25253)\/5 + (2msadss + 2m>s38984 + 2m2525?153 + m3s§
+ $3sVb + (5252 4 dsa + 253m? + 2m2sys4)Vab)zy + ((2dsy
+ 2m84528§ + 252525%)\/5 + (2dsgm + 2d5354)\/5 + (2m8283 +d
+ 2548052 )Vab) s + (2dsass + 2s3m? + 2523 + symsi)vax?
+ (254ms3 + s3m? + dsasz + s253)V/arars + (m?ses3v/a + (dsysass
+ m3s§ + 2m3s35054 + 2m2s083s3 + sisg)\/g + (2m2sgs4 + 2dso
+ $2m? + sams2)Vab) s + (253 + 25252m + m2sqs? + sam?s?
+ s984d)v/a + (2525% + 2m3s§ + msadss + m3s3sass + m2323283)\/l;
+ (m?sg84 + dsy + 254ms§ + 25§m2)\/%)x3 + m2sqs4d
+ (525253 + dsyss + msasasi)va + (ds2sy + ds2m + msysad)Vh
+ (2dss + mSQSg + 323334)\/E.
Proof. We apply the theorem with the matrix B equal to the identity matrix.
The computation of the corresponding determinant is simplified by applying the
Cramer identities. The stated expression for the element + is obtained by using the

symmetric functions in the four roots 1, z2, x3, x4 of the polynomial P(X). The
computations are carried out with Maple. O
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Example 1. The polynomial P(X) = X4 + (Y1 + Y2) X2 + Y5 X + (Y7 + Y3) has
Galois group Sy over the field K = F3((Y7,Ys,Y3)). Let Ly be the splitting field of
P(X). We write s = Y7 + Ya,83 = —Ya,54 = Y7 + Y3 and consider the elements
a = dsy,b = (s3 — s4)s4. To assure that the extension Ly = K(y/a, Vb)|K is a
Vi-extension disjoint from L; we check that the elements a, b, ab, so, db, sob are not
squares in K. To this end we use the following lemma, which is a direct consequence
of the Weierstrass preparation theorem (see e.g. [8]).

Lemma 1. Let F € R = F3[[Y1, Yz, Y3]] be reqular and polynomial in Y; for some
i =1,2,3. If the discriminant A(F,Y;) is nonzero, then F is not a square in K.

Let L be the composition field of L; and Ly. By applying the corollary, we obtain
extensions L(,/71)|K and L(,/72)|K with Galois groups 2754 * Qg and 2+ Sy x Qs,
respectively, with an explicit expression for the elements v; and ~,.
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