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(Communicated by Martin Lorenz)

ABSTRACT. We find geometric and arithmetic conditions in order to charac-
terize the irreducibility of the determinant of the generic Vandermonde matrix
over the algebraic closure of any field k. We also characterize those determi-
nants whose tropicalization with respect to the variables of a row is irreducible.

1. INTRODUCTION
Let n, N be positive integers, let X1, ..., Xy be n-tuples of indeterminates, i.e.

Xi::(Xi17---7Xin)7 ’L':l,...,]\f7

where each X;; is an indeterminate, and let I' := (fyl, . ,'yN) be an N-tuple of
vectors in N”, with v; = (vj1,...,7%jn). Set
XXX XX X
XPXG - XR XXX
V(X,T) =
XWX X XX Xy

We call the polynomial V(X,T') € Z[(Xi7j)1gig]v71gjgn] the generalized Vander-
monde determinant associated to I'.

Example 1.1. If n=1and I'= (0,1,..., N — 1), then
VXD =+ [[ Xa-Xp),

1<i<j<N

the classical Vandermonde determinant.
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3648 CARLOS D’ANDREA AND LUIS FELIPE TABERA

Example 1.2. Tt is a classical result (see for instance [Mac]) that if n = 1, then for
any set I' C N of N elements, the determinant V' (X, T") is a multiple of the classical
Vandermonde determinant [], ., ;- (Xi1 — Xj1).

Example 1.3. Suppose n =2, N =3 and I" := ((2,0), (0,2), (2,2)).
By computing the 3 x 3 determinant we have that V(X,I') is equal to

XT X5 X5 X3, — X X5, X5, X5, — X75X3, X5, X3,
+ XD X5 X5 X35 + X7 XD X5 X35 — X1 XD X5 X5,
Set I := {(1,0),(0,1), (1,1)}; it is easy to see that
e If char(k) # 2, V(X,T") is absolutely irreducible over k[(Xi,j)lgigN,lgjgn]
(i.e. irreducible over k[(X; ;)1<i<n,1<j<n], k being the algebraic closure of
k).
. If)char(k) =2, then V(X,T) = V(X, )% in k[(Xi ;) 1<i<n1<j<n]-

Example 1.4. As an easy exercise, it can be proved that if I' C N” is contained
in an affine line, then V (X, T') factorizes in a similar way as in Example

In the univariate case (n = 1), the Vandermonde determinant is associated with
the interpolation problem, and it has been extensively studied (see [GV][Gowl, [EIM]
and the references therein). The multivariate interpolation problem is naturally as-
sociated with generalized Vandermonde determinants, and there is also an extensive
and current literature on the topic. See for instance [CLL [GS, ILS| [Olv] [Zhul.

The purpose of this article is to study the irreducibility of V(X,T'). As Ex-
ample [[3] suggests, the answer will depend on the characteristic of k. Also, our
intuition from the univariate case may lead us to believe that generalized Vander-
monde determinants have lots of irreducible factors. Our main result essentially
tells us that in general these polynomials are absolutely irreducible.

There are some trivial factors that can already be read from the set of exponents.
Let ¥ := (g1 ...,9n) where each g; is defined as min{~y1,,...,yn;}, ¢ =1,...,n. It
is easy to check that the following factorization holds:

n N gi
V(X, (11, -7N)) = H (HXij) VX, (=78 =),
i=1 \j=1
where V(K, (v1—7,--,7N — 7)) has no monomial factor. Let dr be the largest
integer such that é{% —%,...,y~v — ¥} C N" and let Lr C R™ be the affine
subspace spanned by T'.

Theorem 1.5. Let N > 3. The Vandermonde polynomial V(X,T') is irreducible
n E[(Xij)lgi)jéjv] if and only if the following three conditions apply:

[ ] dlm(ﬁp) 2 2,

e gcd (X%)1<1‘<N =1 or equivalently ¥ = (0,...,0),

e char(k) does not divide dr.

Note that dim(Lr) > 2 implies N > 3 and n > 1. When n =2 and N = 3 or 4,
Theorem can also be obtained from an application of Ostrowski’s work [Ost] on
the irreducibility of fewnomials (see also [BP]). We will prove the general case by
making use of Bertini’s theorem on the variety defined by V(X,T'), and applying
some results concerning algebraic independence of maximal Vandermonde minors
obtained in [Tab].
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GENERALIZED VANDERMONDE DETERMINANTS 3649

When dealing with the problem of factorizing multivariate polynomials, several
approaches like those given in [Ostl, [Gao] focus on the irreducibility of the Newton
polytope of the polynomial with respect to the operation of computing Minkowski
sums, which gives sufficient conditions to show irreducibility. A refinement of this
method can be obtained with the aid of tropical geometry: instead of working
with Newton polytopes, we can study regular subdivisions of them. So, we can
cover more general families of polynomials, but at the cost of losing track of the
characteristic of the ground field k.

In our case, the problem can be dealt with as follows: by expanding the determi-
nant of the generalized Vandermonde determinant with respect to the first row, we
get the following expansion: V(X,T") = Zi]il(—l)‘” A;X7". For the irreducibility
problem, it is enough to consider a dehomogenized version of V (X, T") as follows:

N—1
V(X Dag =XV + Y AX],

=1

where A; := (—1)7 AA;’, i=1,...N -1

We can then regard V (X, T')ag as a polynomial in K[X;], K being now a field
containing all the A;’s,1=1,...,N — 1.

Given any rank one valuation v : K — R, we can extend it to K™ componentwise
as follows:

v K" — R”
(Zla"'azn) = (v(zl),...,v(zn)).

The tropicalization of V(X,I") is then defined as

Trop(V(X, T)) = V({V(X, Dagt = 0}) C R,

where the closure on the right hand side is taken with respect to the standard
topology in R™.

It turns out (see for instance [BG| or [EKL]) that Trop(V(X,T")) is a connected
polyhedral complex of codimension 1. If V(X,T')ag is reducible over K[X;], then
Trop(V(X,T')) is a reducible tropical hypersurface; i.e. it can be expressed as the
union of two proper tropical hypersurfaces. So, if we prove that for a special
valuation v, Trop(V (X, I")) is irreducible, then V(X,I') will be irreducible over any
field k.

Theorem 1.6. Let N > 3. Given any field K D k(Ai,...,An_1), there exists
a valuation v defined over K such that Trop(V(X,T)) is an irreducible tropical
variety if and only if:

[ ] dlm(ﬁr) Z 2,

e gcd (X%)lgigN

o dr =1.

=1 or equivalently 7 = (0,...,0),

This result is optimal in the following sense: it is known that Trop({f = 0})
does not depend on the field but only on the values v(A;).

Take for instance f = Zij\io A;Y? over a field of characteristic zero with dr > 1,
and let g := ZZN:O B; Y be a polynomial with the same support and with coefficients
in a field of characteristic p|dr. Give to these polynomials valuations v and v’ such
that v'(B;) = v(A;). In these conditions, we will have

Trop({g = 0}) = Trop({f = 0}),
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3650 CARLOS D’ANDREA AND LUIS FELIPE TABERA

but g = (ZzN:o Bi1 /Pyi/ P)P factorizes in the algebraic closure of its field of definition;
hence Trop({f = 0}) will always be reducible. So, the tropical criteria will not help
to deduce the irreducibility of f.

The paper is organized as follows: in Section 2] we give explicit conditions for
the irreducibility of the Vandermonde variety. In Section [Bl we prove Theorem
We conclude by introducing some tools from tropical geometry and by proving
Theorem in Section [

2. BERTINI’S THEOREM AND THE IRREDUCIBILITY
OF THE VANDERMONDE VARIETY

We begin by studying the geometric irreducibility of the variety defined by

V(X,T) in ENn. In order to do this, we will apply one of the several versions
of Bertini’s theorem given in [Jou|. Recall the following ([Jou, Definition 4.1}):

Definition 2.1. A k-scheme V over a field & is said to be geometrically irreducible
if VYV ®g k is an irreducible scheme.

Now we are ready to present the version of Bertini’s theorem that we will use.

Theorem 2.2 ([Jou|, Théoreme 6.3). Let k be an infinite field, V a geometri-
cally irreducible k-scheme of finite type, EI* the affine space of dimension m, and
f:V=E ak-morphism, i.e.

foov EP
z

- k

with f; € T(V,0v). If V is geometrically irreducible and dim (f(V)) > 2, then for
almost all € € k™, fH({z € B : &o+&iz1 + ...+ Enzn = 0}) is geometrically
irreductble.

Definition 2.3. Let I' = {v1,...,yn} C N Y := (Y1,...,Y},) be a set of n vari-
ables and A;, 1 <1i < N, be another set of indeterminates. The generic polynomial
supported in I is defined as

N
P(Y,T):=> A Y
i=1

Proposition 2.4. If dim(Lr) > 2 and ged(X")1<i<ny = 1, then P(Y,T) defines
an irreducible set in k(Aq,. .., AN)n.

Proof. Note that dim(Lr) > 2 implies N > 3 and, moreover, that there are three
components of I' that are not collinear. We pick a triple of vectors with this property
which we suppose w.l.o.g. are v1, ¥2, V3.

In order to use Theorem[ZZ} let V := Spec (k[Y7™,...,Y,F!]) be the torus (k*)",
and set

fev = Ey !

AN (2’72*71’273*%’. . .’ZVN*'Yl) .
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GENERALIZED VANDERMONDE DETERMINANTS 3651

Y2—MN
By hypothesis, the rank of the matrix T3] s at least two. So, the top
YN — N
two-by-two submatrix of its Smith normal form is 01 (?2 = didy # 0. Hence it
follows that under a suitable monomial change of coordinates, the map f is of the
form z — (zf1 , 232, ...); this shows that the dimension of the image of f is greater

than one, so we can apply Bertini’s theorem and have that for almost all £ € EN,
the polynomial Q(§,Y) := ZZ]\LI €Y7 defines an irreducible set in (k*)™. The fact
that ged (Y"“)1 <i<n = 1 implies that Q(&,Y) defines an irreducible set also in k"
for almost all £, and hence that the claim holds for P(Y,T).

([

Proposition 2.5. Let I' = (71,...,71\[) C N" with N > 3 and suppose that
ged (Y%)l<i<N = 1. Then the following hold:

o Ifdim(Lr) =1, then P(Y,T) factorizes in k(Aq, ..., AnN)[Y].
o Ifdim(Lr) > 1, then
— if char(k) does not divide dr, then P(Y,T") is absolutely irreducible;
— if char(k) = p|dr, then P(Y,T) = R(Y)?", with p" |dr, p"*' not
dividing dr, and R(Y) € k(Ay, ..., An)[Y] irreducible of support I%I‘,

Proof. If the vertices are contained in an affine line, then, via a monomial transfor-
mation, we can reduce P(Y,T") to a univariate polynomial, which always factorizes
(due to the fact that N > 2) as a product of linear factors with coefficients in
k(Ai,...,An). The variety defined by this polynomial may be reducible or not,
depending on the inseparability of this polynomial.

Suppose now that Lr has affine dimension at least two. Then we can apply the
previous proposition and conclude that the variety defined by P(Y,T’) is irreducible
over k(Ay,...,AN).

Hence, there exist an irreducible polynomial R(Y) € k(A1,...,An)[Y] and a
D € N such that

P(Y,T)=R(Y)".

It is clear that R(Y) cannot be a monomial. If D = 1, then we are done. Suppose
then that D > 1 and that p := char(k) is coprime with dr. We can suppose w.l.o.g.
that p does not divide the first coordinate of one of the ;’s. But then we have

oP(Y,T) b1 OR(Y)

L 07 Y, oY1

N
=> 7 d; Y™ = DR(Y)
=1

In particular, we get that p does not divide D. As R(Y) is not a monomial, it

turns out that %;’F) has at least two nonzero terms. This implies that P(Y,T")

has at least two different monomials with positive degree on Y1, so the degree of

R(Y) with respect to the first variable is positive and, due to (), the same applies
to 9P(Y.D)
o T
We can then eliminate Y; by computing the univariate (or classical) resultant
(see [GKZ]) of the polynomials P(Y,I") and %;’F) with respect to the first vari-

able. This is a polynomial in k[A;,..., A,, Ye,...,Y,] which must be identically
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3652 CARLOS D’ANDREA AND LUIS FELIPE TABERA

zero, as R(Y) is a common factor of both P(Y,I") and mja(;(l’r). This is a contra-

diction to the fact that Ay,..., A,, Yo, ..., Y, are algebraically independent.
Suppose now that p := char(k) | dr, and let r be the maximum integer such that

p" | D, so that we can write D = p” g with (p,q) = 1. Write R(Y) = Zjle RjYV},

We then have

P g M q

N M
P(Y.D)=Y AY"= (> RY" = (> R Y
i=1 j=1 j=1
From here, we deduce that p” divides dr. Moreover, after dividing all the exponents
by p" we get

M q

N
PY,T) =Y A Y =[S RPYY
i=1 j=1
It turns out that P.(Y,T') = P(Y, Z%F). An argument like the one above over p—lrl“
shows that ¢ cannot be different from one if the A; are algebraically independent.

This completes the proof. O
As in the introduction, for £ =1,..., N we set
ApX, ) :=det (X)) o<ci<cn1<j< NG
Iy

i.e. Ay is the minor obtained by deleting the first row and ¢-th column in the
generalized Vandermonde matrix.

Theorem 2.6. For any index £y, the family {Ae/DNg, @ € =1,...N,l # by} is
algebraically independent over any field k.
Proof. Suppose without loss of generality that {o = N. It is easy to see that Ay

does not define the zero function on k" " even if char(k) > 0.
Let V be the Zariski image of the rational map

En(Nfl) N En(Nfl)Jr(Nfl)
(XQ,...,XN) — <X27...,XN,AA—;,,...7AAN—];1).
It is clear that this is a birational map between En(Nil) and V. Let Z be the ideal of
Vin k[Xs,...,XnN,a1,...,any_1]. Z is a prime ideal that contains the polynomials
A; —a;Ay,i < N, and by Cramer’s rule f(X,) =XV + 211\511 a; X)), 2<{<N.
Let a = {a1,...,an—_1}. By construction, the field of rational functions of V is
isomorphic to the field of fractions of the integer domain,
k[Xs,..., X

L = Frac < Xz, I’ N’a}> ~ k(Xo,. .., Xn).

In particular, (Xa,...,Xy) is a transcendence basis of k¥ C L and the dimension of

L is n(N — 1). For each index 2 < ¢ < N, choose one variable X, ;, appearing in
f(Xi). Denote by X = {Xs,..., Xn}\{X2,j,,..., Xy} the remaining variables
X;,; not chosen. As an element in L, X, ;, is algebraic over k(Xg,a), because
f(Xej,) € Z. So L itself is an algebraic extension of k(Xg,a). The set {Xq,a} is
of cardinality (n — 1)(N —1) 4+ (N — 1) = n(NN — 1). So it is a transcendence basis
of L over k. In particular, this means that the set {a1,...any_1} is algebraically
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GENERALIZED VANDERMONDE DETERMINANTS 3653

independent over L, and hence {AA—;V, ce Aggl is algebraically independent over

k. ]

3. PROOF OF THEOREM

With all the preliminaries given in Section Bl we can prove the main theorem.
It is clear that if any of the three conditions in the statement of Theorem fail
to hold, then V(X,T') factorizes.

Suppose then that these conditions are satisfied. By expanding V(X,T") as a
polynomial in the variables indexed by X;, we have

N
V(X,T) =) (-1)7AX],

i=1

with o; € {0,1}. Hence, we can regard V(X,I") as the polynomial P(X;,T") spe-
cialized under A; — (—1)7*A,.

As the family ((—1)7*A;/AN);<;<n_; is algebraically independent (due to The-
orem [Z6)), the polynomial X7~ + ZZN:_II(—I)WAZ-/ANXY" is generic among the
polynomials of support I' that are monic in ;. This means that for almost every
ti; with 2 <¢ < N and 1 < j < N, the set of zeroes of V(X,I') in k" after setting
Xij +— t;; is irreducible (by Proposition 2.4)).

As a consequence of this, we get that the set of zeroes of V(X T") is irreducible in
kE(Xa,...,Xn) and hence, as in Proposition 25 that V(X,T') must be the power
of an irreducible polynomial. By again using Proposition and our hypothesis,
we conclude that V(X T") is irreducible in k(Xa, ..., Xn)[X1].

In order to show irreducibility in k[X;,Xs,...,Xy], we argue as follows: if
V(X,T') does factorize in this ring, then it must have an irreducible factor depending
only on Xs,...,Xy. It cannot be a monomial by the second hypothesis. So, it is
a proper factor of positive degree in (we can assume w.l.o.g.) Xg and degree zero
in X;. We then have

V(X7 F) = p(XQa sy XN)q(Xla X2) sy XN))
with degx, (p) > 0. By making the change of coordinates X, «+ X, we get
(2) —V(X,F):p(Xl,X:;,...,XN)Q(XQ,Xl,...,XN).

If degx, (¢(X1,Xa2,...,Xx)) > 0, then the negative of the right hand side of (2) is
a factorization of V(X,I") with two factors of positive degree in X1, a contradiction
to the irreducibility over k(Xa,...,Xn)[X1]. So, we must actually have

V(X7F) :p(Xg,...,XN)q(X]_,Xg,...,XN).
But now, if we set X; = X5 in V(X,T'), we get
0:p(Xlw'wXN)q(X27X3v"‘7XN)7

a contradiction to the fact that neither p nor ¢ is zero. Hence, the irreducibility of
V(X,T') follows.
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4. THE TROPICAL APPROACH

As explained in the introduction, the expression V(X,IT") = ZlN:l(fl)"iAiXE“
corresponds to the expansion of the generalized Vandermonde determinant with re-
spect to the first row of its defining matrix. We again dehomogenize this polynomial

as
N-1

XIV+ ) AXT
i=1
where the A;’s are algebraically independent over k by Theorem [2.6]

Given any rank one valuation v:k(Ay,..., An—1) =R, we define Trop(V (X, T")),
the tropicalization of V (X, T, as the closure of {V(X,T) = 0} C k(Ay,..., An_1)
under this valuation.

Let A C R™ be the convex hull of I'. The values v(A4;) define a regular subdivision
Subdiv(A) that is combinatorially dual to Trop(V(X,T")) ([Mikl Proposition 3.11]).
In particular, by the duality, the vertices of Subdiv(A) correspond to the connected
components of R™\ Trop(V (X, I")), the edges of Subdiv(A) correspond to the facets
of Trop(V(X,T')) and the two-dimensional polytopes of Subdiv(A) correspond to
the ridges of Trop(V(X,I")). There are more cells, but we will focus only on these.

Every facet F' of Trop(V (X, TI')) has a multiplicity associated with it as follows:
let e be the corresponding dual edge of F' in Subdiv(A). The multiplicity of F
is defined to be #(e N Z™) — 1, the integer length of e. With this definition, the
balancing condition on the ridges of Trop(V (X, T")) holds: given any such ridge R,
let F1,..., F, be the facets containing R in their boundary, m; the multiplicity of
F; and v; the primitive integer normal vector to the affine hyperplane generated by
F; chosen with a compatible orientation. Then

T
E m;v; = 0.
i=1

We refer to [Mik] or [TS|] for more background on this subject. We will use the
balancing condition to show the irreducibility of Trop(V(X,T)).

Proof of Theorem [LLGl. If one of the hypotheses of Theorem [[.6lis not fulfilled, then
it is easy to find a field k¥ where V(X,T') factors, and hence Trop(V (X, T")) would
be reducible. Suppose then that the three conditions hold and let k be any field.

Consider X7V + Zf\;l A; X7, where A; are rational functions in {Xs,..., Xy},
algebraically independent over k. Hence, any function v : {A;,..., Ay_1} — R can
be extended to a valuation

v:k(Xs,...,Xy) = R

For our proof, we need a function that induces a regular triangulation of I'. We
may take, for instance, any appropriate generic infinitesimal perturbation of the
standard paraboloid lifting function

n
v(A) =Y (v +€5)” = ))-
j=1
This function induces a Delaunay triangulation of the set of exponents {v1,...,vn}
(see [GRI).

The tropicalization of V (X, I') under this valuation is combinatorially dual to this

triangulation. So, in particular, the ridges of Trop(V (X, I')) are always intersections
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GENERALIZED VANDERMONDE DETERMINANTS 3655

of three facets, because the dual cell of each is always a triangle. Moreover, for
any such intersection, the compatible primitive vectors involved in the balancing
condition are pairwise linearly independent.

Suppose that Trop(V(X,I')) = H; U Hy. Let Fy be a facet of Trop(V(X,I))
and suppose that F; C Hy;. We want to prove that Trop(V(X,T')) C H; as sets
of points. Let R be any ridge incident to Fj, and let F5 and F3 be the other two
facets incident to R. Let m; be the weight of F; as a facet of Hy, so m; = 0 if and
only if F; is not a facet of Hy. Let v; be the compatible primitive vector associated
to F; and R. Since F} € Hq, its weight must be a positive integer, m; > 0.

From the balancing condition, we have that miv; + move + mgvs = 0. Since
my > 0 and vy, v9, v3 are pairwise linearly independent vectors, it must happen that
ms > 0 and mg > 0; that is, F5 and F3 have positive weights, so they belong to
H; as sets of points. To sum up, for any facet F' of Trop(V (X, I')) belonging to H;
it happens that the facets that are ridge-connected to F' also belong to H;. Now,
since I' is not contained in a line, it is known that Trop(V (X, I")) is ridge-connected,
that is, every two facets can be connected by a path of facets such that any two of
them that are consecutive have a common ridge.

We can then conclude by induction, upon showing that Trop(V(X,T')) = H; as
subsets of R™. In particular, Trop(V(X,I")) cannot factorize as the union of two
different tropical hypersurfaces, set-theoretically.

However, it could still happen that Trop(V(X,TI")) = H; U Hy with H; = Hj as
sets but differing only in the multiplicities of the facets. In that case, let m} and m?
be the multiplicities of F; as a facet of H; and Hs respectively. Then, it is easy to
check that m!/m? = p/q is a rational constant that does not depend on the facet.
Thus, there are positive integers m? such that m! = kym? and m? = kom?, where
k1, ko € Z~q are constants not depending on the facet i. Hence, the multiplicity of
F; as a facet of H is (k; +k2)mY, and this implies that every facet has a multiplicity
which is a multiple of k1 + k2 > 2. By duality, every edge of Subdiv(A) will have
length that is an integer multiple of (k1 + k2). It follows that dr is a multiple of
k1 + ko, which contradicts the hypotheses. O
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