WEAK FACTORIZATION AND HANKEL FORMS FOR WEIGHTED
BERGMAN SPACES ON THE UNIT BALL

JORDI PAU AND RUHAN ZHAO

ABSTRACT. We establish weak factorizations for a weighted Bergman space AL, with
1 < p < oo, into two weighted Bergman spaces on the unit ball of C™. To obtain this
result, we characterize bounded Hankel forms on weighted Bergman spaces on the unit
ball of C™.

1. INTRODUCTION

A classical theorem of Riesz asserts that any function in the Hardy space H? on the
unit disk can be factored as f = Bg with ||f||g» = ||g||z», where B is a Blaschke
product and g is an HP-function with no zeros on the unit disk. An immediate consequence
of that result is that any function in the Hardy space H? admits a “strong” factorization
f = fif with fy € H?, fo € H? and | fyllzos - | foll sz = || £l 2o, for any p; and
p2 determined by the condition 1/p = 1/p; + 1/p2. In [12], C. Horowitz obtained strong
factorizations of functions in a weighted Bergman space on the unit disk into functions
of two weighted Bergman spaces with the same weight (again using Blaschke products).
These strong factorization results are no longer possible to obtain [11] in the setting of
Hardy and Bergman spaces in the unit ball of the complex euclidian space C™ of dimension
n when n > 2, but it is still possible to obtain some “weak” factorizations for functions in
these spaces.

For two Banach spaces of functions, A and B, defined on the same domain, the weakly
factored space A ® B is defined as the completion of finite sums

= wxtn,  {pr} CA {t} CB,
k

with the following norm:

I fllacs = inf & > llorllallvrls : £ =) ort
k k

When 0 < p < 1, weak type factorizations for the Hardy spaces H? and the weighted
Bergman spaces A on the unit ball of C" are well known (see [6] and [9] for Hardy spaces;
and [5], [20] or [24, Corollary 2.33] for Bergman spaces). However, when 1 < p < oo,
even for unweighted Bergman spaces the problem was still open (see, for example [4]).

In this paper we completely solve the above problem for Bergman spaces by establishing
weak factorizations for a weighted Bergman space A%, with 1 < ¢ < oo and 8 > —1, into
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two weighted Bergman spaces with non necessarily the same weight, on the unit ball IB,,
of C™. The following is our main result.

Theorem 1. Let 1 < g < oo and f > —1. Then
A% (Bn) = Agll (Bn) © Agzg (Bn)

for any p1,p2 > 0 and oy, ag > —1 satisfying

1 1 1 « le}
P11 P2 q P11 P2 q
In this context, by “="" we mean equality of the function spaces and equivalence of the

norms. The inclusion AZ: © A%z C Af with the estimate || fllg,s < [If]laz1 0arz is @
direct consequence of Minkowski and Holder inequalities, so that the interesting part is the
other inclusion with the corresponding estimates for the norms.

Now we are going to recall the definition of the weighted Bergman spaces. First we
need some notations. For any two points z = (21, ..., 2,) and w = (wy, ..., w,) in C", we
use

(z,w) = 211 + -+ - + 2,0y

to denote the inner product of z and w, and

ol = Vo2 = VI P+t [P

to denote the norm of z in C". Let B,, = {z € C" : |z| < 1} be the unit ball in C"
and S, = {z € C" : |z| = 1} be the unit sphere in C". Let H(B,,) be the space of
all analytic functions on B,,. We use dv to denote the normalized volume measure on
B,, and do to denote the normalized area measure on S,,. For —1 < o < oo, we let
dve(2) = co(1 — |2|?)* dv(z) denote the normalized weighted volume measure on B,,,
where ¢, =T'(n+ a + 1)/[n!T(a + 1)].

For0 < p < o0 and —1 < a < o0, let LP(B,,, dv,,) be the weighted Lebesgue space
which contains measurable functions f on B,, such that

HN%:AU@%M@<M

n

Denote by A, = LP(B,,,dv,) N H(B,), the weighted Bergman space on B,,, with the
same norm as above. If « = 0, we simply write them as LP(IB,,, dv) and AP respectively
and || f|, for the norm of f in these spaces.

It is a well-known fact that to obtain weak factorization results is equivalent to give
a “good” description of the boundedness of certain Hankel forms. A Hankel form is a
bilinear form B on a space of analytic functions such that for any f and g, B(f,g) is a
linear function of fg. These forms have been extensively studied on Hardy spaces and on
Bergman spaces. For the case of the Hardy space on the unit disk, a classical result by
Nehari [18] says that the Hankel form

Bb(f7 g) = <fgvb>

(under the usual integral pair for Hardy spaces) with an analytic symbol b is bounded on
H? x H? if and only if b € BMOA, the space of analytic functions of bounded mean
oscillation. The proof used the fact that a function in H' can be factored into product of
two functions in H2. Unfortunately, such strong factorization is not possible (see [11]) for
Hardy spaces in the unit ball B,, of C™. However, Coifman, Rochberg and Weiss [6] were
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able to generalize Nehari’s result to the unit ball B,, by using a weak factorization of H*.
Namely, they proved that

H?*(B,) ® H*(B,) = H*(B,,).

Our approach to the problem for weighted Bergman spaces on the unit ball is the oppo-
site to the one of Coifman, Rochberg and Weiss in [6]. We first characterize boundedness
of the Hankel forms on weighted Bergman spaces, and with this result the weak factoriza-
tion easily follows.

Given a > —1 and a holomorphic symbol function b we define the associated Hankel
type bilinear form T;* for polynomials f and g by

Tba(f’ g) = <fgv b>a>
where the integral pair (, ),, is defined as

@ (0, )a = /B o(2) B(2) dva(2).

n

Since the polynomials are dense in the weighted Bergman spaces, the Hankel form 7;* is
densely defined on ABL x AP?2 for any p1,ps > 0 and any oy, az > —1. We say that T
is bounded on AP x AP2 if there exists a positive constant C' such that

T3 (£, 9] < Clifllpr.an 9llp2.n-

The norm of Ty is given by
T3 = T3 | azs s azz == sup{|T5" (£, 9) = [1fllpr.er = [19llp2an =1}
The next result characterizes boundedness of the Hankel form 7} acting on AZ! x AP2.
We will see in Section 3 that this implies the weak factorization in Theorem 1.
Theorem 2. Let 1 < p1,ps < 00, and o, g, aig > —1 satisfy
1 1 14+ aq n 1+ as

3) —+ — <1, —<1+a.
P1 D2 b1 P2

Then Ty" is bounded on AV} x AP2 if and only b € Aqﬁl,, where q and [ are real numbers
satisfying (1), and q' and B’ are determined by the condition

1 1 !
) Lilon 24 B_

9 4q qa q

Furthermore, we have || T || < ||b||q.5

Remarks. Note that, condition (3) guarantees that ¢ > 1 and 8’ > —1. When ¢ and 3
satisfy condition (1), automatically we would have 8 > —1 (to see this, simply add two
equations in (1) together). By a general duality theorem for weighted Bergman spaces (see
Theorem A in Section 2), the condition b € Aql, means that the symbol b belongs to the
dual space of Aqﬁ under the pairing given by (2).

It turns out that boundedness of the Hankel form T} is equivalent to boundedness of a
(small) Hankel operator, which we are going to introduce in a moment. Let o > —1. It is
well-known that, the integral operator

f(w
Pt = [ v

n
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is the orthogonal projection from L?(B,,, dv,) onto the weighted Bergman space A2. The
above formula can be used to extend P, to a linear operator from L' (B,,, dv,,) into H (B,,).
For 1 < p < o0, P, is a bounded operator from L?(B,,, dv, ) onto AP.

Denote by A%, the conjugate analytic functions f on B,, thatare in L?(B,,, dv,, ). Clearly,

AL ={f: feAr}.

Let Q,, denote the orthogonal projection from L?(B,,, dv,,) onto /Tg Clearly one has

Quf(2) = Puf(z) = /B f(w) dvg (w).

(1= (w, zy)ite
Given f € L'(B,,dv,) and a polynomial g, the weighted (small) Hankel operator is
defined by
%9 =Qa(f9)

Due to the density of polynomials, the small Hankel operator 2% is densely defined on the
weighted Bergman space A2 for 1 < p < oco. We will study boundedness of the small
Hankel operator with conjugate analytic symbols, that is, h% with f € H(B,,), from AZ:

to AL with 0 < ps < p1 < oo.
Theorem 3. Let 1 < ps < p1 < 0o and oy, g > —1 such that
1+aq < 1+Oé2.

®)
b1 P2
Let f € H(B,,) and « such that
1
©) 1+a>-122
p2

Then h?—‘ o APL — AL is bounded if and only if f € A%, where q and (3 are real numbers
such that

¢ p2 m a p2 P
Moreover, we have [|h% || < || f|l¢,5-

Remarks. Condition (5) guarantees that 5 > —1. It is known that, when 0 < ps <
p1 < oo, APl C AP if and only if (5) is true (see [22, Theorem 70]). Hence the above
result concerns the boundedness of h% from a smaller space to a larger space. Also, by [24,
Theorem 2.11], condition (6) means that the integral operator P, is a bounded projection
from LP?(B,,, dv,,) onto AP2.

If one considers the operator

579 = hpg(z) = Pa(f9),

clearly, the boundedness of h% is equivalent to the boundedness of S)‘i‘ from Agll to Ag;,

and the norms of h§ and S are equivalent. Now, if g € AB! and h € A2, by Fubini’s
theorem we easily obtain

T?(g,h) = (gh, fa = (h; Pa(f9))a = <haSJO‘tg>a~
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Hence, for po > 1, by duality (see Theorem A in Section 2), the Hankel form TJ?“ is
bounded on AB! x AP2 if and only if the small Hankel operator h% is bounded from AL}

to AZZ, , with equivalent norms. Here, the numbers o/, and p are defined by the relation
2

!
! i/ =1, a=22 047/2'

b2 Do b2 V%)

Comparing Theorem 2 with Theorem 3, notice that the first inequality in (3) is equivalent
to condition 1 < p) < p; < oo. Also, when p, and «y are replaced by pf and o, con-
dition (6) turns out to be equivalent to a.y > —1, and therefore is always satisfied; and
the second inequality in (3) is equivalent to condition (5). Therefore, Theorem 3 implies
Theorem 2.

In the case of the same weights, that is, when a; = a3 = 8 = a, all the restrictions in
Theorem 3 reduces to po > 1. We isolate this case here, since it proves a conjecture in [4].

Corollary 4. Let v > —1, 1 < py < p1 < oo and f € H(B,,). Then h% T APL — AP g

bounded if and only if f € A%, with q = %.

The paper is organized as follows: in Section 2 we give some necessary concepts and
recall some key results which are needed in our proof of the main result. In Section 3 we
give in detail the connection between weak factorizations and Hankel forms. The proof of
Theorem 3 is given in Section 4.

In the following, the notation A < B means that there is a positive constant C' such that
A < CB, and the notation A =< B means that both A < B and B < A hold.

2. PRELIMINARIES

We need the following duality theorem. In this generality the result is due to Luecking
[16] (see also, Theorem 2.12 in [24]).

Theorem A. Suppose 3,3 > —1and1 < q < co. Then

(A%)" = A9,
(with equivalent norms) under the integral pair {, ), given by (2), where
1 1 !
q q q q

We need the following well known integral estimate that can be found, for example, in
[24, Theorem 1.12].

Lemma B. Lett > —1 and s > 0. There is a positive constant C' such that

/ (1 — ‘w|2)t dv(w) < C(l o |Z|2)7S
B

1— <Z)w>|n+1+t+s —

forall z € B,,.

For any a € B,, with a # 0, we denote by ¢, (z) the Mbius transformation on B,, that
exchanges 0 and a. It is known that, for any z € B,,

a— Pa('z) - SaQa(Z)
1—{(z,a) ’

Pa(2) =
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where s, = 1 — |a|? , P, is the orthogonal projection from C™ onto the one dimensional
subspace [a] generated by a, and @), is the orthogonal projection from C™ onto the orthog-
onal complement of [a]. When a = 0, p,(2) = —z. @, has the following properties:
©aq © a(z) =z, and
(1 —lal)( = |2*)
1— |pa(2)* =

For z,w € B, the pseudo-hyperbolic distance between z and w is defined by

,o(z,w) = “Pz(w)‘v
and the hyperbolic distance on B,, between z and w induced by the Bergman metric is
given by
B(z,w) = tanh p(z,w).

For z € B,, and r > 0, the Bergman metric ball at z is given by

D(z,r) ={w € B, : Bz,w) <r}.
It is known that, for a fixed r > 0, the weighted volume

va(D(z,7)) =< (1 —|2[*)" 1 Fe

We refer to [24] for all of the above facts.

A sequence {ay } of points in B,, is a separated sequence (in Bergman metric) if there
exists a positive constant § > 0 such that 5(z;, z;) > 6 for any i # j. We need a well-
known result on decomposition of the unit ball B,,. The following version is Theorem 2.23
in [24]

Lemma C. There exists a positive integer N such that for any 0 < r < 1 we can find a
sequence {ay} in B, with the following properties:
(1) IBn = Uk:D(a'kv’r)'
(ii) The sets D(ag,r/4) are mutually disjoint.
(iii) Each point z € B,, belongs to at most N of the sets D(ay, 4r).

Any sequence {ay} satisfying the conditions of the above lemma is called a lattice (or
an r-lattice if one wants to stress the dependence on r) in the Bergman metric. Obviously
any r-lattice is separated.

For convenience, we will denote by Dy = D(ag,r) and Dy = D(ag,4r). Then
Lemma C says that B,, = U?2,D;, and there is an positive integer N such that every
point z in B,, belongs to at most N of sets Dy..

We also need the following atomic decomposition theorem for weighted Bergman spaces.
This turns out to be a powerful theorem in the theory of Bergman spaces. The result is ba-
sically due to Coifman and Rochberg [5], and can be found in Chapter 2 of [24].

Theorem D. Supposep >0, a > —1, and

1 1+a
b>nmax|(1,— )+ .
p p

Then we have
(i) For any separated sequence {ay} in B,, and any sequence A\ = {\;} € (P, the
function
1 _ |a'k| )b (n+14a)/p

Z)\k (z,ar))?
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belongs to A? and
[fllp.c < A [er-
(ii) There is an r-lattice {ay} in By, such that, for any f € AP, there is a sequence
A= { A} € P with
(n+1+4+a)/p

(1—la
Z)\k | k| )z )P

and

[Aller S 11 [lp.cr

In the proof given in [24], part (i) requires that the sequence {ay } is an r-lattice for some
r € (0, 1], but it is well known that only the separation of the sequence {ay, } is needed.

3. WEAK FACTORIZATIONS AND HANKEL FORMS

It is well known to specialists, but difficult to find in the literature, that the obtention
of weak factorizations is equivalent to estimates for small Hankel operators or Hankel
forms (in our case, estimates with loss). The equivalence between boundedness of the
bilinear Hankel form 7;* and weak factorization can be formulated as the following result.
Since this is the basis for our obtention of the weak factorization for Bergman spaces, for
completeness, we offer the proof here of the implication that gives the factorization.

Proposition 5. Let 1 < g < oo and o, 3 > —1. Let p1,p2 and oy, as satisfy (3) and (1),

and let ¢' and ' satisfy (4). The following are equivalent:
() AL C A2 © AR with | fll s oazz S | fllas for f € A%,

(i) For any analytic function b, if Ty" is bounded on AL} x AP?, then b € A%,, with
1ollr.5 < IT57-

Proof. We will prove (ii) implies (i). The other implication is easier, and the interested

reader can follow the argument in [1, Corollary 1.2] for a proof. By the atomic decom-

position in Theorem D, we have the inclusion Aqﬁ C APL © AP2. In order to have the
corresponding estimate for the norms, we will show that, for any bounded linear functional

F on AP} ® AP2, there is a unique function by € A7, with [brllg,sr < [IF] such that
F(f) = (f,br)a for f € A}. This would give

11l azs @ azz = Sup [F(f)] < Sup 1orllgr o - [ flla S 1 fllg,s-

Thus, suppose F' € (A%, © AP2)* with norm || F'[|. Then for all » € A?? we have
[E(@) = [FL- o)l < IEN - 1ps0 - [19llpeaz = IE] - [@llps,00-

Hence F' € (Ag%z)*, and so, by Theorem A, there is an unique function b = bp € A]; /2,
2
such that F'(¢) = (p, b), for all p € A2, where pj, and o satisfy

1 1 !
1y, e %,

)

P2 2 P2 Pa
Now, for polynomials g and h we have

(T3 (9. 1)) = [{gh,b)al = |F (gh)]
< IFIl - llghllazs .73

<NEN-gllpy,on - [1Pllp2 00z
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which shows that 73" is bounded on AB! x AP2 with ||T3*|| < || F'||. Therefore, we know

that b € A%’, with ||b]|g.80 S T3] < ||F||. Hence A(f) = (f,b)q defines a bounded
linear form on Aqﬁ, and coincides with F' on polynomials. Thus, for f € A%, we have
F(f)=A(f) = {f,b)s. The proof is complete. O

4. PROOF OF THEOREM 3

In this section we prove Theorem 3, from which Theorem 2 follows. Before that, for
s > 0and o > —1, let R** denote the unique continuous linear operator on H (B,,)
satisfying

1 1
R&$ _
((1 - <Z7w>)"+1+") (1= (z,w))rtitets
forall w € B,,. If f € AL, then R** f is given by the following integral expression

) R0 = [ e s da(w),

n

More properties of the “differential type” operators R'® can be found in [24, Section 1.4].
Now we are ready to prove Theorem 3.

Proof of Theorem 3. As we noticed before, we just need to prove that S§ : AR, — AL2
is bounded if and only if f € A%.

Suppose first that f € Aqﬁ. We need to show S¢ : ARl — AP2 is bounded. Let
g € ABL . If po > 1then P, : LP*(B,,,dv,,) — AR? is bounded, and then from Holder’s
inequality the result follows. Indeed,

||S?9HP2,042 = Hpa(fg)HPQ,Ocz < O”ngpz,OQ < C”f“qﬁ ) ”9”1)1,&1
which shows that 5% : APt — AP? is bounded with

ISFI S 1 llg.6-

Conversely, suppose S§ : AL, — AP? is bounded, we are going to show that f € A%.
We begin with using an argument of Luecking (see, e.g., [17]). Let r(¢) be a sequence of
Rademacher functions (see [8, Appendix A]). Let b be large enough so that

1
(8) b4 0
P1

Fix any r > 0, and let {ay, } be an r-lattice and { Dy} be the associated sets in Lemma C.
By Theorem D, we know that, for any sequence of real numbers A = {\;} € ¢P*, the
function

1— |ak|2)b—(n+1+a1)/p1

Sl
(s) = 2 n) 0 = Gy

belongs to AP} with |||, .0, S ||Allee1 for almost every ¢ in (0, 1). Denote by

1 — |ag|2)b—(ntltas)/p
az) = L=
(1= (zax))
Since S¢ : ARt — AP is bounded, we get that

IS0 =
By

S ISFIPE - gl

2 <
P1,1 ~v

ZAkrk(t)S?gk(Z) dva, (2)

k=1

ISF17> - Iz
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for almost every ¢ in (0, 1). Integrating both sides with respect to ¢ from 0 to 1, and using
Fubini’s Theorem and Khinchine’s inequality (see [21, p.12]), we get

p2/2

® /B <Z |)\k|2|SJ?gk(z)|2> dva, (2) < ||S?||p2 ANz,
n \k=1
Now we estimate
10) > Pwp / [SFgr ()" dva (2) = / (Zkas;vgk@)me(z)) Aoy (2)-
k=1 Dx Bn\ re1
If p2 > 2, then 2/ps < 1, and from (10) we have
Z | Ak [P / |S?gk(z)|p2 Ao, (%)
k=1 Dy
o0 p2/2
= /B <Z MI?[S7 90 ()X p, (z)) dva, (2)
n \k=1
[e'e] 172/2
< / <Z |)\k2|5?9k(z)|2> v, (2).
Brn \k=1
If 1 < pa < 2, then 2/py > 1, from (10), by Holder’s inequality we get
Z |Ak|p2/ |SF g1 (2)|P? dva, (2)
k=1 Dy
oo P2/2 /o 1—ps/2
S/B <Z|)\k|25?9k(z)|2> (Z Xm(z)) dvg, (2)
" \k=1 k=1

p2/2

SNI_”/Z/B <ZAk2|5}"gk(Z)2> dvay(2),
k=1

since each z € B,, belongs to at most N of the sets [)k. Combining the above two inequal-
ities, and applying (9) we have

S gl / 159 90(2)IP* dvay ()
k=1 Dy,

n

gmin{l,lepz/Q}/ <Z|)\k2|5?9k(z)|2> dva, (2)
Bn \k=1

SASFIP - A, -
By subharmonicity we know that,

1
@ P2 < 63 p
|ngk(ak)| 2 ~ (1 — |ak|2)”+1+0‘2 \/Dk |ngk(2)| 2 dUQQ(Z).

From this we obtain

o0

(1D DIl = Jawl?) 02 [SEgr(an)|” S ISP - G, -
k=1
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Let R be the integral operator defined in (7). Then

S.?Qk(@c) = /]Bn (1 _.]Z(C:)fg(;slljta dvg (w)

[ Ll
B

o (U= (ag, w)) e (1 — (ag, w))°

(1 — |ag|?)b—(ntiten)/p / f(w) v (w)

B, (1— (ag,w))rtiroth
_ (1 _ |ak|2)b7(n+1+o¢1)/p1Ra,bf(ak).
Thus (11) becomes

dvg (w)

(12) Z|>\k|p2(1_ |ak|2)(n+1+a2)+[ —(n+1+a1)/p1] P2| R bf(ak”m < ||Sf [[P2 - || A[[22 b2

k=1

Since

1 1
(n+1+a2)+<b_n+p+al>p2: <b+n+q+6>p27
1

the equation (12) is the same as
(oo}
P2
A3) 3 Dl [0 ) R () [ 85 A
kf

Since {\x} was an arbitrary sequence in ¢”*, we know that {\}*} is an arbitrary sequence
in /P1/P> Since the conjugate exponent of p; /ps is (p1/p2)’ = p1/(p1 — p2). by duality
we obtain that

{(1 _ |ak|2)b+(n+1+6)/Q|Ra,bf(ak)|} € (rp2/(P1=p2) — pa,

and

(14) Z |a | bq+(n+1+ﬁ)|Ra bf ak>|q < ||Sf||q

k=1
This is the discrete version of what we want. Now, we will deduce that f € Aq with
[ fllg.,s < IS ]| using duality and the atomic decomposition for Bergman spaces. Indeed
choose 5’ = ¢'(a— /q) (which means « = 5/q+ '/q’). Note that condition (6) implies
that 1 + o > (1 + 3)/q, and this guarantees that 5’ > —1. Hence, by the duality result in
Theorem A,

(15) [fllgs = sup
th’,[ﬂ’:l

(h, f)al-

Observe that
—|— ﬁ’

n+l+a+b>n+

Then, we can apply (14) with the r-lattice {ax} for which the atomic decomposition in
Theorem D for Aqﬁ, holds. That is, for any h € A%,, there exists asequence = {u} € Za
with 2]l S 1A 5 such that

1 _ ‘ak‘ )n+1+a+b (n+1+ﬁ’ )/q
Z“k (2, ay))nri+a+b
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Since
n+l+a+b—(n+1+8)/¢ =b+(n+1+p)/q,
then (15), Holder’s inequality and (14) gives

Ifles = sup | > (1~ |ap?) T R f(ay)

1l g7 =1

k=1
oo 1/q
< o [l SO0 e R0 g
lallgr, pr=1 k=1
SR
Hence f € A} with
1flla8 S I1SFI-

This finishes the proof.

5. FURTHER RESULTS

5.1. Compactness. Under the assumptions of Theorem 3, actually one has that the small
Hankel operator h% : APr — AT is bounded if and only if it is compact. This is from

a general result of Banach space theory. It is known that, for 0 < pa < p; < oo, every
bounded operator from ¢P* to £P* is compact (see, for example Theorem 1.2.7, p.31 in [15]).
Since the weighted Bergman space A? is isomorphic to £ (see, Theorem 11, p.89 in [21],
note that the same proof there works for weighted Bergman spaces on the unit ball B,,),
we get directly the above result.

5.2. Small Hankel operators with the same weights. Concerning the boundedness of
the small Hankel operator h< : AP1 — A%? (the case when all the weights are the same)

for all possible choices of 0 < p1,ps < 0o, we mention here that the case p; = ps > 11is
by now classical (see [13], [23] and [4]), and in this case the boundedness is equivalent to
the symbol f being in the Bloch space B, that consists of those holomorphic functions f
on B,, with

17115 = LSO} + sup (1= |=P)|RF(2)] < o0,

Here, Rf denotes the radial derivative of f, that is,
Rf(z):sz—(z), Z:(Zl,...72n)€Bn.

The Bloch space also admits an equivalent norm in terms of the invariant gradient \% f(z) =
V(f o ¢.)(0) as follows

I1£ll5 = |£(0)] + sup [Vf(2)].
z€B,

The case 0 < p; < po is completely settled in [4] (actually the results are stated for the
unweighted Bergman spaces AP, but the proofs works also for the weighted case). The
description for the case p; = py = 1 is that f must belong to the so called logarithmic
Bloch space, a result that goes back to the one dimensional result of Attele [2]. Concerning
estimates with loss, in [4] Bonami and Luo obtained a description for the case 0 < ps < p;
with po < 1 (again the result in [4] is stated for the unweighted Bergman spaces). Thus, in
view of Corollary 4, to complete the picture it remains to deal with the case p; > p2 =1
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(this problem is also open for the unit disk). In that case, also in [4], some partial results are
obtained (again for the unweighted case). Mainly, they provide a pointwise estimate that is
necessary for the small Hankel operator to be bounded, and they show that the condition

(16) f(z)log

2 ,
€ LP (B, dv,)
z

is sufficient. Moreover, they conjecture that the previous condition is also necessary. We
have not been able to prove the conjecture, but we are going to shed some light on that
problem.
Theorem 6. Ler f € H(B,,), « > —1 and py > 1. Let p} be the conjugate exponent of p;.
Then h% AP — /Tg is bounded if and only if the multiplication operator My : B — AB
is bounded.

Before going to the proof we need first some preparation. First of all, recall that the
Bloch space is the dual of Ai under the integral pairing (, ), (see [24, Theorem 3.17]).

We also need the following lemma, whose one dimensional analogue is essentially proved
in [3].

Lemma?7. Letl1 <p<oo,0>—1L,andn+ 140 <b. Then

HEEOI ()
/Bn - (azp 2o )5/Bn'vf( TR

forany f € H(B,,) and a € B,,.

Proof. We are going to prove first that, for 0 <t <n+ 1+ o,
— p 1 — |wl?)? p
[ MEIOP o [ U WEPRIP
B, 1= (a,2)] 5, 1= (a,w)l
From [24, p.51], for 8 big enough, say 8 > 1 + o, we have
— [w]?) |Rf (w)| dvs—_1 (w)
<C .
|f(2) 0) / 11— (2, w)|"+5

Take a small number € > 0 with 0 — e max(p,p’) > —1, where p’ denotes the conjugate
exponent of p, and t < n + 1+ o — ep. An application of Holder’s inequality and Lemma
B yields

- L — [w)P [Rf (w)[P dvg—14ep(w)
_ 0P <(1-— 2\—ep ( Ep .
£ = FOF 5 (1= [Py S et

This together with Fubini’s theorem and [19, Lemma 2.5] gives

- FOP ,
i fagp

< [a-wprinsor ([ st v

n

g / (1 — |w‘2)p |Rf(w)|p dvg(w)

11— (a, w)|*
proving (17). Now, a change of variables z = ¢, (() gives (see [24, Proposition 1.13])

n

n

|f(z) = f(a) [(f o% (fo%)(o)|p (1 —la?)rt1te
B, 11— (a,2) \b v / POV =@, Q2T Wolo):
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From [24, Lemma 1.3] we have

—_ CL2
1—{a,94(¢)) = 1= (2a(0), va(Q)) = 11_<|a|§>

Therefore we obtain

/Mdvg(z) =1 _‘a|2)n+1+afb |(f © 0a)(Q) = (f 2 ¢a)(0)[P dvg ().
Brn

—{a, )| B 5, |1 —(a,¢)[2nt1+a)=b
Due to our condition b > n + 1 + o, we have

t=2n+1+4+0)-b<n+l+c

and we can apply (17) to get

F(2)- f@) aynstoms [ (L= IRV IR(F o pa) Q)1
[ o) 5 1 —foppyees [ E KR e a0

Since
1= [P IR(f 0 ) ()] < IV(f 0 0a) ()] = IV F(0alC)],

another change of variables w = ¢, (¢) finally gives

f)—f@P NI
o L {aayp et )5/ngn1—<a,w>|bd o).

completing the proof of the lemma. (]
After these preparations, we are now ready for the proof of Theorem 6.

Proof of Theorem 6. Assume first that the small Hankel operator h% C AP 5 AL s
bounded. Let g € AP'. From the pointwise estimate for Bergman spaces, we get

(9. ol = 1129(0)] < ClIASgl.a < CIAS - gl o

Therefore, by duality, we have that f € Aﬁ,l with
(s) fllpy e < CIIRE]

Recall that h% : ALY — Al is bounded, if and only if, S¢ : A%* — Al is bounded,
with [|S¢]| =< ||h%|| Also, since for any g € AP! and h € B,

(19) (879, h)a = (f,gh)a = (SFh, 9)a
we know that S‘Ji‘ :B— Agl is bounded, and moreover, we have
@ , < &
1515, i S IR

For g in the Bloch space B, one has

59l = [ 1) 5T P dva)
(20) o / - ,
S [ 1879 P dvale) + [ 1£G) 3T - St dua ).

B, B,
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Due to the boundedness of Sj;" :B— Agll,

ey [ 1550 P duale) SISFITE - gl S P gl

n

On the other hand, by the reproducing formula for Bergman spaces and Holder’s inequality,

fw) @& —gtw) , [

B, (1— (z,w))ntite o (W)

\f(z)@— S?g(z”l’i -

f ()" 19(2) — glw) "
< </Bn 11— (w, z)|n+1+e Vo tep), (w)) </Bn [l = (w, )| Fa dvo—cp, (w))

where € > 0 satisfies « — e max(p1,p}) > —1. Using Lemma 7 and Lemma B we get
l9(2) — g(w)|” Vg (w)|P
/[B\@n |1 — <'LU, Z>‘n+1+a d'Uaffpl (w) S B, |1 — <'U_)7 Z>|’ﬂ+1+a dva,5p1 (’LU)

< gl (@ —[=%) ==

Therefore, this together with Fubini’s theorem, Lemma B and the estimate (18) gives

/B F(2)902) — S79(2) P dualz)

n

/ , AV (2
@2) <l [ 1t ([ et ) s o

Br

< Cliglg - II£1} o < CIRFIP - llglls -

’
Py, —

Putting together the estimates (20), (21) and (22) it follows that My : B — Agl is bounded

with [ My < [IR2])

Conversely, suppose that My : B — Ag/l is bounded. By the boundedness of the
projection P, : LP: (B, dvy) — AP one deduces that S? : B — AL is also bounded,

and so obviously, S;} : By — Agl is bounded, where By is the little Bloch space, and it is

well-known that the dual space of By is AL, under the integral pair {, ), (see, for example,
Chapter 3 of [24]), from (19) we know that S]‘% : AP1 — Al is bounded. [l

As a consequence of Theorem 6 we can easily obtain the sufficient and necessary con-
ditions given in [4] as well as another relevant necessary condition for the boundedness of
h% : AP — Al
Corollary 8. Let f € H(B,,), « > —1and p; > 1.

(i) If (16) holds, then h& - AL} — AL is bounded.
(i) Ifhs : A — AL is bounded, then

/ 2
. _ |5|2)(nt14a)/p -
(23) 25611&(1 |21%) Hf() (10g . |Z‘2> <00
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and
Py

’ 2 2

Proof. Part (i) follows directly from Theorem 6 and the pointwise estimate for Bloch func-
tions

2
< log ————.
92) < lolls log =T
To prove part (ii), for each z € B, the function
2
-(w) = log ————
9:(w) = log -— w2

is in the Bloch space with ||g. ||z < C with the constant C' independent of the point z.

Therefore, from the pointwise estimate for functions in Bergman spaces, we get
n 63 2 p/l n [e3% '
(=Pt (1fElog g—m) = (= )15 g ()1
P Py
S el o = 1Mp: 2

Nlg=llg < 1M
and (23) follows due to Theorem 6. The necessity of (24) is also a consequence of
Theorem 6. Indeed, clearly My : B — AJ' is bounded if and only if the measure
dug(z) = |f(2)|Pt dva(z) is a p)- Carleson measure for the Bloch space (see [7, 10]

for the definition); and by Proposition 1.4 in [7] (the one dimensional case appears in [10]
and [14]) this implies (24), finishing the proof. O

= ||Mf||B~>AZII B—A"1’

The established connection between Hankel operators on Bergman spaces and Carleson
measures for the Bloch space makes even more interesting the problem (as far as we know,
still open) of describing those measures.
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