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ON RESTRICTION OF MAXIMAL MULTIPLIERS

IN WEIGHTED SETTINGS

MARÍA J. CARRO AND SALVADOR RODRÍGUEZ-LÓPEZ

Abstract. We obtain restriction results of K. De Leeuw’s type for maximal
operators defined through Fourier multipliers of either strong or weak type for
weighted Lp spaces with 1 ≤ p < ∞. Applications to the case of Hörmander-
Mihlin multipliers, singular integral operators and Bochner-Riesz sums are
given.

1. Introduction

In 1965 K. De Leeuw proved that if m is a continuous function on R such that
m is a Fourier multiplier on Lp(R), its restriction to the integers m|Z is a Fourier
multiplier on Lp(T). Moreover, its norm does not exceed the norm of m as a
multiplier on Lp(R) (see [8, Proposition 3.3] and Jodeit’s article [12]).

In 1980 C. Kenig and P. Tomas extended De Leeuw’s result to maximal opera-
tors associated to a family of multipliers given by the dilations of a given one. More
precisely, they proved that if m is a continuous function and if Tr denotes the mul-
tiplier operator associated to mr(ξ) = m(ξ/r), whenever T �f(x) = supr>0 |Trf(x)|
is a bounded operator on Lp(Rd) the same holds for the maximal operator on
Lp(Td) associated to the multipliers mr|Z. Furthermore, its norm does not exceed
a constant times the norm of T �. They also obtained similar results for operators
of weak type for p > 1 (see [13]).

In 2003, E. Berkson and T.A. Gillespie extended De Leeuw’s restriction result
for multipliers on Lp(R, w) with w a 1-periodic weight belonging to Ap(R) and
1 < p < ∞. Such weights are said to be in the class Ap(T). Their result is the
following.

Theorem 1.1 ([4, Theorem 1.2]). Let 1 < p < ∞ and let w ∈ Ap(T). If m is a
continuous function on R such that it is a Fourier multiplier for Lp(R, w), then m|Z
is a Fourier multiplier on Lp(T, w). Moreover, there is a constant cp,w depending
only on p and the Ap-constant of w, such that the norm of m|Z as a multiplier on
Lp(T, w) does not exceed cp,w times the norm of m as a multiplier on Lp(R, w).

This theorem has been recently improved by K. Andersen and P. Mohanty as
follows.

Theorem 1.2 ([1, Theorem 1.1]). Let 1 < p < ∞ and let w ∈ L1(Td). If m
is a continuous function on Rd such that it is a Fourier multiplier on Lp(Rd, w),
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then m|Z is a Fourier multiplier on Lp(Td, w). Moreover, the norm of m|Z as a
multiplier on Lp(Td, w) does not exceed the norm of m as a multiplier on Lp(Rd, w).

The purpose of this paper is twofold:
i) To give restriction results from Rd to Td for Fourier multipliers and for asso-

ciated maximal operators of weak type (and strong type) in any dimension and for
1 ≤ p < ∞. In particular, we shall prove the following.

Theorem 1.3. Let 1 ≤ p < ∞ and let w be a periodic weight on R
d satisfying w ∈

L1(Td). Suppose that {mj}j is a family of multipliers that are continuous functions
satisfying that the associated maximal operator (see Definition 2.2 below) is bounded
from Lp(Rd, w) to Lp,∞(Rd, w) (or to Lp(Rd, w)). Then the maximal operator
associated to their restriction to the integers {mj |Zd}j (see Definition 3.1 below) is
bounded from Lp(Td, w) to Lp,∞(Td, w) (resp. to Lp(Td, w)) and its operator norm
does not exceed cp times the norm of the maximal operator associated to {mj}j,
where cp is a constant that depends only on p.

ii) K. De Leeuw in [8] and J. Jodeit in [12] also proved some restriction results
for strong Fourier multipliers on Lp(Rd) to a lower dimensional space. In [7] a
counterpart for Fourier multipliers on Lp(Rd, w) with w a suitable weight in Ap(R

d)
was given. Namely, [7, Corollary 4.13] states that if m is a continuous and bounded
function in Rd that is a Fourier multiplier on Lp(Rd, w) where w = u ⊗ v with
u ∈ Ap(R

d1), v ∈ Ap(R
d2), then, for any ξ ∈ Rd1 , the function m(ξ, ·) is a Fourier

multiplier on Lp(Rd2 , v). In this setting, we shall prove the following.

Theorem 1.4. Let d = d1 + d2, 1 ≤ p < ∞, u ∈ Ap(R
d1), v ∈ Ap(R

d2) and
define w(x, y) = u(x)v(y). Suppose that {mj}j is a family of multipliers that are
continuous functions satisfying that the associated maximal operator is bounded
from Lp(Rd, w) to Lp,∞(Rd, w) (or to Lp(Rd, w)). Then, fixed ξ ∈ Rd1 , the max-
imal operator associated to the family {mj(ξ, ·)}j is bounded from Lp(Rd2 , v) to
Lp,∞(Rd2 , v) (resp. to Lp(Rd2 , v)) and its operator norm does not exceed cp,w times
the norm of the maximal operator associated to {mj}j, where cp,w is a constant
that depends only on p, d and the Ap-constant of w.

We want to emphasize that the techniques developed in this paper are different
from those in [1,4,7] where duality properties of Lebesgue spaces are strongly used.
Our approach allows us to also consider the case of maximal multipliers of weak
type (1, 1), and deal with the difficulties derived from the fact that L1,∞ is not a
Banach space. The endpoint case p = 1 is the weighted analogue of the results in
[2, 15].

2. Definitions and notation

In this section we present some basic definitions needed for our consideration. Let
0 < p < ∞ and let (M, μ) be a σ-finite measure space. The space Lp,∞(μ) is defined
by the quasinorm ‖f‖Lp,∞ = supt>0 tμf (s)

1/p, where μf (s) = μ{x : |f(x)| > s}. It
is known (see [10, p. 485]) that, for every q < p,

(2.1) ‖f‖Lp,∞(μ) ≤ sup ‖fχE‖Lq(μ) μ(E)1/p−1/q ≤ cp,q ‖f‖Lp,∞(μ) ,

where the supremum is taken on the family of sets of finite measure and cqp,q = p
p−q .

The finiteness of the middle expression is called Kolmogorov’s condition.
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If ν is a positive measure absolutely continuous with respect to μ and w denotes
the Radon-Nykodym derivative of ν with respect to μ, we shall write Lp(w) for
Lp(ν). If any confusion can arise, we shall write Lp(M, μ) and Lp,∞(M, μ) to
indicate the underlying measure space M.

Let C∞
c (Rd) and S(Rd) denote the class of infinitely differentiable functions with

compact support and the Schwartz class of test functions, respectively. As usual,
B(X,Y ) indicates the set of bounded operators on X into Y and B(X) = B(X,X).

A weight on Rd is a locally integrable function w : Rd → [0,∞) such that
0 < w < ∞ a.e.

Definition 2.1. We say that a weight w belongs to the class Ap(R
d), and we write

w ∈ Ap(R
d) if

[w]Ap
= sup

Q

(
1

|Q|

∫
Q

w(x) dx

) (
1

|Q|

∫
Q

w(x)1/1−p dx

)p−1

< ∞,

for 1 < p < ∞, and

[w]A1
= sup

Q

(
1

|Q|

∫
Q

w(x) dx

) ∥∥w−1χQ

∥∥
∞ < +∞,

where the supremum is taken over the family of cubes Q with sides parallel to the
coordinate axis. These quantities will be referred to as the Ap-constant of w.

It is well known that, for 1 ≤ p < ∞ and w ∈ Ap(R
d), S(Rd) ⊂ Lp(Rd, w) and

C∞
c (Rd) is dense in Lp(Rd, w). We refer the reader to [10, 11] for other properties

and generalities of Ap-weights.

For any function f , we shall denote by f̂ (f∨) the Fourier transform (resp. the
inverse Fourier transform) of f , whenever it is well defined.

Definition 2.2. Let 1 ≤ p < ∞. A function m ∈ L∞(Rd) is called a weak

type multiplier on Lp(Rd, w) (in symbols, m ∈ M
(w)
p,w (Rd)) if the mapping f ∈

S(Rd) 	→ (mf̂)∨ can be extended from S(Rd) to a continuous linear mapping Sm

from Lp(Rd, w) to Lp,∞(Rd, w). In this case we write

‖m‖
M

(w)
p,w (Rd)

= ‖Sm‖
B(Lp(Rd,w),Lp,∞(Rd,w)) .

If Sm ∈ B
(
Lp(Rd, w)

)
, we say that m is a Fourier multiplier on Lp(Rd, w) and

write

‖m‖Mp,w(Rd) = ‖Sm‖
B(Lp(Rd,w)) .

If {mj}j is a sequence in M
(w)
p,w (Rd), we denote by ‖{mj}j‖M(w)

p,w (Rd)
the norm of

the operator defined for f ∈ S(Rd) by

S�
{mj}j

f(x) = sup
j

∣∣Smj
f(x)

∣∣ ,
provided it defines a continuous mapping from Lp(Rd, w) to Lp,∞(Rd, w). If it
extends to a bounded mapping on Lp(Rd, w), we write its norm by ‖{mj}j‖Mp,w(Rd).

We shall denote by T
d the topological group R

d/Zd, which can be identified
with the cube [0, 1)d or eventually with [−1/2, 1/2)d in Rd. Functions on Td will be
identified with functions on Rd which are 1-periodic in each variable. A function
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f : Td → C such that for a finitely supported sequence {ak}k∈Zd of complex numbers
written as

f(x) =
∑
k∈Zd

ake
2πikx

is called a trigonometric polynomial, and we write f ∈ P (Td). Let us recall that
P (Td) is dense in Lp(Td, μ) for any Radon measure μ on Td.

From now on, we work in the range

1 ≤ p < ∞,

and w is a weight in Rd. Observe that if in addition w is 1-periodic, then w ∈
L1(Td).

3. Restriction of Fourier multipliers from Rd
to Td

Definition 3.1. A function m ∈ �∞(Zd) is a weak type multiplier on Lp(Td, w)

(in symbols, m ∈ M
(w)
p,w (Td)) if the mapping∑

k∈Zd

ake
2πikθ ∈ P (Td) −→

∑
k∈Zd

m(k)ake
2πikθ

extends to a continuous operator Tm ∈ B
(
Lp(Td, w), Lp,∞(Td, w)

)
. In this case,

‖m‖
M

(w)
p,w (Td)

= ‖Tm‖
B(Lp(Td,w),Lp,∞(Td,w)) .

If Tm ∈ B
(
Lp(Td, w)

)
, m is said to be a multiplier on Lp(Td, w), we denote it by

m ∈ Mp,w(T
d) and

‖m‖Mp,w(Td) = ‖Tm‖
B(Lp(Td,w)) .

If {mj}j is a sequence in M
(w)
p,w (Td) we denote by ‖{mj}j‖M(w)

p,w (Td)
the norm of

the operator defined for every f ∈ P (Td) by

T �
{mj}j

f(x) = sup
j

∣∣Tmj
f(x)

∣∣ ,
provided it extends to a continuous mapping from Lp(Td, w) to Lp,∞(Td, w). We
shall write ‖{mj}j‖Mp,w(Td) in the case that it extends to a continuous operator on

Lp(Td, w).

3.1. Restriction results for weak type maximal multipliers.

Theorem 3.2. Let w be 1-periodic and let {mj}j ∈ M
(w)
p,w (Rd) satisfying that, for

each j, there exists Kj ∈ L1(Rd) with compact support such that K̂j(x) = mj(x)

for every x ∈ Rd. Then {mj |Zd}j ∈ M
(w)
p,w (Td) and∥∥∥{mj |Zd}j

∥∥∥
M

(w)
p,w (Td)

≤ cp

∥∥∥{mj}j
∥∥∥
M

(w)
p,w (Rd)

,

where cp depends only on p.

Proof. Let N =
∥∥∥{mj}j

∥∥∥
M

(w)
p,w (Rd)

. Since convolution operators commute with

translations, it follows that for every θ ∈ [0, 1)d and every N ∈ N,

(3.1)

∥∥∥∥ sup
1≤j≤N

|Kj ∗ g|
∥∥∥∥
Lp,∞(Rd,w(·+θ))

≤ N ‖g‖Lp(Rd,w(·+θ)) .
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Now, given f(θ) =
∑

k ake
2πikθ ∈ P (Td), let us consider

T̃Kj
f(θ) =

∫
Rd

Kj(x)f(θ − x) dx =
∑
k

ak

∫
Rd

Kj(x)e
2πik(θ−x) dx

=
∑
k∈Zd

akmj(k)e
2πikθ;

that is, T̃Kj
coincides with the multiplier operator Tmj |Zd .

Let Qr = (−r, r)d with r > 0 such that suppKj ⊂ Qr for j = 1, . . . , N . Let

q < p, and for any measurable E ⊂ [0, 1)d, let Ẽ =
⋃

k∈Zd E + k be its periodic

extension. Set Eθ =
{
x ∈ R

d : x+ θ ∈ Ẽ
}

with θ ∈ T
d and Rxf(θ) = f(θ + x).

Then, by translation invariance, we have that, for every x ∈ Rd,

(3.2)

∥∥∥∥ sup
1≤j≤N

∣∣∣T̃Kj
f
∣∣∣χE

∥∥∥∥q

Lq(Td,w)

=

∫
Td

sup
1≤j≤N

∣∣∣RxT̃Kj
f(θ)

∣∣∣q w(x+θ)χẼ(x+θ) dθ.

Therefore, for every s > 0,∥∥∥∥ sup
1≤j≤N

∣∣∣T̃Kj
f
∣∣∣χE

∥∥∥∥q

Lq(Td,w)

=
1

(2s)d

∫
Qs

∫
Td

sup
1≤j≤N

∣∣RxTKj
f(θ)

∣∣q w(x+ θ)χẼ(x+ θ) dθ dx.

Now, using that suppKj ⊂ Qr for j = 1, . . . , N , one can easily see that, if x ∈ Qs,

RxT̃Kj
f(θ) = BKj

(
R(·)f(θ)χQr+s

)
(x),

where BKj
(h)(x) = (Kj ∗ h)(x), and hence,∥∥∥∥ sup

1≤j≤N

∣∣∣T̃Kj
f
∣∣∣χE

∥∥∥∥q

Lq(Td,w)

≤ 1

(2s)d

∫
Td

{∫
Eθ∩Qs

sup
1≤j≤N

∣∣BKj

(
R(·)f(θ)χQr+s

)
(x)

∣∣q w(x+ θ) dx

}
dθ.

By (2.1) and (3.1), the term inside curly brackets is bounded by

(cp,qN)q

{∫
Qr+s

|Rxf(θ)|p w(x+ θ) dx

} q
p {∫

Eθ∩Qs

w(x+ θ) dx

}1− q
p

.

Also, using Hölder’s inequality, it follows that∥∥∥∥ sup
1≤j≤N

∣∣∣T̃Kj
f
∣∣∣χE

∥∥∥∥q

Lq(Td,w)

≤
cqp,qN

q

(2s)d

{∫
Td

∫
Qr+s

|Rxf(θ)|p w(x+ θ)dtdθ

} q
p {∫

Td

∫
Qs∩Eθ

w(x+ θ)dx dθ

}1− q
p

≤
cqp,qN

q

(2s)d
(2(r + s))

dq
p (2s)d(1−

q
p )w(E)1−

q
p ‖f‖qLp(Td,w)

≤ cqp,qN
q

(
r + s

s

) dq
q

w(E)1−
q
p ‖f‖qLp(Td,w) .
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Thus, taking s → +∞, and using Kolmogorov’s condition (2.1), we obtain that∥∥∥∥ sup
1≤j≤N

∣∣∣T̃Kj
f
∣∣∣∥∥∥∥

Lp,∞(Td,w)

≤ cp,qN ‖f‖Lp(Td,w) .

Now, considering cp = infq<p cp,q, the result easily follows by Fatou’s Lemma and
the density of P (Td) in Lp(Td, w). �

The next step is to weaken the hypothesis assumed onmj in the previous theorem
as is done both in [4] and [1]. As usually happens, this is the technical part of the
work.

Definition 3.3. A bounded function m defined in R
d is normalized if for any

x ∈ Rd,
lim
n

ϕ̂n ∗m(x) = m(x),

where ϕn(x) = ϕ(x/n), ϕ ∈ C∞
c (Rd), ϕ̂ ≥ 0 and ‖ϕ̂‖1 = 1.

It is easy to see that limn ϕ̂n ∗m(x) = m(x) for every Lebesgue point x of m.
In particular, any continuous and bounded function is normalized.

In order to extend Theorem 3.2 to the class of normalized multipliers, we shall
need some previous lemmas. The following one is a direct consequence of the proof
of [15, Lemma 2.6] for G = Rd.

Lemma 3.4. Let J ∈ N and let {mj}Jj=1 be a family of L∞(Rd) functions. For

f ∈ S(Rd), j = 1, . . . , J and x ∈ R
d, let

Fj,x(ξ) = Smj
(e−2πiξ·f)(x), ξ ∈ R

d.

Let K be a compact set. Then, for each k ∈ N \ {0}, there exists a finite family{
V k
l

}Ik

l=1
of pairwise disjoint measurable sets in Rd such that

(1) K ⊂
⊎Ik

l=1 V
k
l ,

(2) if l = 1, . . . , Ik and ξ, ζ ∈ V k
l , then

|Fj,x(ξ)− Fj,x(ζ)| ≤ 1/k,

uniformly on j ∈ {1, . . . , J} and x ∈ R.

Another key ingredient is the following version of Marcinkiewicz-Zygmund’s in-
equality, whose proof is analogous to that given in [10, Theorem V.2.9] for p = q = 1
for linear operators.

Theorem 3.5. Let {Tj}j be a countable family of linear operators such that∥∥∥∥sup
j

|Tjf |
∥∥∥∥
L1,∞(Rd,w)

≤ ‖{Tj}j‖ ‖f‖L1(Rd,w) .

Then∥∥∥∥∥∥supj
(∑

l

|Tjfl|2
)1/2

∥∥∥∥∥∥
L1,∞(Rd,w)

≤ c1 ‖{Tj}j‖

∥∥∥∥∥∥
(∑

l

|fl|2
)1/2

∥∥∥∥∥∥
L1(Rd,w)

,

where

(3.3) c1 := inf
0<r<1

√
π

2
(
(1− r) Γ

(
1 + r

2

))1/r .
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For p > 1, the next lemma is an immediate consequence of Minkowskii’s inequal-
ity, as Lp,∞ is normable, but for p = 1 the convexity of the space L1,∞ fails. Similar
results in the unweighted setting are given by [3, Lemma 2.1] and [4, Theorem 1.2].

Lemma 3.6. Let ϕ∈L1(Rd) and {mj}j ∈ M
(w)
p,w (Rd). Then {ϕ ∗mj}j ∈M

(w)
p,w (Rd)

and

(3.4)
∥∥∥{ϕ ∗mj}j

∥∥∥
M

(w)
p,w (Rd)

≤ cp||ϕ||L1(Rd)

∥∥∥{mj}j
∥∥∥
M

(w)
p,w (Rd)

,

where cp = p′ if p > 1 and c1 is the constant given in (3.3).

Proof. We shall only prove the case p = 1. Without loss of generality, we can
assume that {mj}j is a finite family of multipliers of cardinality, say J ∈ N. For
g ∈ C∞

c (Rd),∫
(ϕ ∗mj) (ξ)ĝ(ξ)e

2πiξx dξ =

∫
ϕ(y)e2πixySmj

(
e−2πiy·g

)
(x) dy.

Hence,

(3.5)
∣∣Sϕ∗mj

g(x)
∣∣ ≤ ∫

|ϕ(y)|
∣∣Smj

(
e−2πiy·g

)
(x)

∣∣ dy,

and thus

sup
1≤j≤J

∣∣Sϕ∗mj
g(x)

∣∣ ≤ ∫
|ϕ(y)| sup

1≤j≤J

∣∣Smj

(
e−2πiy·g

)
(x)

∣∣ dy.

Let us first assume that ϕ ∈ L1(Rd) is supported on a compact set K. For each

k ≥ 1 let {V k
l }

Ik
l=1 be the family of pairwise disjoint sets given by Lemma 3.4, and

for each l, select ykl ∈ V k
l . Then, for every y ∈ K and any k ≥ 1, there exists a

unique l ∈ {1, . . . , Ik} such that y ∈ V k
l , and hence∣∣∣Smj

(
e−2πiy·g

)
(x)− Smj

(
e−2πiyk

l ·g
)
(x)

∣∣∣ ≤ 1

k
,

uniformly on j = 1, . . . , J and x ∈ Rd. It follows that for every x ∈ Rd, any
j ∈ {1, . . . , J} and all y ∈ K,

lim
k

Ik∑
l=1

Smj

(
e−2πiyk

l ·g
)
(x)χV k

l
(y) = Smj

(
e−2πiy·g

)
(x).

Then, by Fatou’s Lemma on (3.5),

sup
1≤j≤J

∣∣Sϕ∗mj
g(x)

∣∣ ≤ lim inf
k

sup
1≤j≤J

(
Ik∑
l=1

∣∣∣Smj

(
e−2πiyk

l ·g
)
(x)

∣∣∣λk
l

)
,

where λk
l =

∫
V k
l
|ϕ(y)| dy. Observe that the term inside brackets is less than or

equal to

‖ϕ‖1/2
L1(Rd)

(
Ik∑
l=1

∣∣∣∣Smj

(√
λk
l e

−2πiyk
l ·g

)
(x)

∣∣∣∣2
)1/2

,
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where we have used that
∑Ik

l=1 λ
k
l =

∫
⊎k

l=1 V k
l
|ϕ(y)| dy = ‖ϕ‖L1(Rd). Then,∥∥∥∥ sup

1≤j≤J

∣∣Sϕ∗mj
g
∣∣∥∥∥∥

L1,∞(Rd,w)

≤ ‖ϕ‖1/2
L1(Rd)

lim inf
k

∥∥∥∥∥∥ sup
1≤j≤J

(
Ik∑
l=1

∣∣∣∣Smj

(√
λk
l e

−2πiyk
l ·g

)
(x)

∣∣∣∣2
)1/2

∥∥∥∥∥∥
L1,∞(Rd,w)

.

Applying Theorem 3.5 with the family of operators
{
Smj

}
j
to the functions fl =√

λk
l e

−2πiyk
l ·g, we obtain that∥∥∥∥∥∥ sup

1≤j≤J

(
Ik∑
l=1

∣∣∣∣Smj

(√
λk
l e

−2πiyk
l ·g

)∣∣∣∣2
)1/2

∥∥∥∥∥∥
L1,∞(Rd,w)

≤ c1

∥∥∥{mj}j
∥∥∥
M

(w)
1,w (Rd)

∥∥∥∥∥∥
(

Ik∑
l=1

∣∣∣∣√λk
l e

−2πiyk
l ·g

∣∣∣∣2
)1/2

∥∥∥∥∥∥
L1(Rd,w)

= c1

∥∥∥{mj}j
∥∥∥
M

(w)
1,w (Rd)

‖ϕ‖1/2
L1(Rd)

‖g‖L1(Rd,w) .

Therefore,

(3.6)

∥∥∥∥ sup
1≤j≤J

∣∣Sϕ∗mj
g
∣∣∥∥∥∥

L1,∞(Rd,w)

≤ c1 ‖ϕ‖L1(Rd)

∥∥∥{mj}j
∥∥∥
M

(w)
1,w (Rd)

‖g‖L1(Rd,w) .

In the case that ϕ is not compactly supported, considering ϕn = ϕχB(0,n), we can
write

sup
1≤j≤J

∣∣Sϕ∗mj
g(x)

∣∣ ≤ lim
n

∫
|ϕn(y)| sup

1≤j≤J

∣∣Smj

(
e−2πiy·g

)
(x)

∣∣ dy,

and using the previous argument we obtain that∥∥∥∥ sup
1≤j≤J

∣∣Sϕ∗mj
g
∣∣∥∥∥∥

L1,∞(Rd,w)

≤ c1 lim inf
n

‖ϕn‖L1(Rd)

∥∥∥{mj}j
∥∥∥
M

(w)
1,w (Rd)

‖g‖L1(Rd,w) ,

from where it follows that (3.6) holds for any ϕ ∈ L1(Rd). The result now follows
by the density of C∞

c (Rd) in Lp(Rd, w). �

Lemma 3.7. Let w ∈ C(Td) such that infx∈Td w(x) > 0. Consider h ∈ C∞
c (Rd)

satisfying 0 ≤ h ≤ 1 and
∫
Rd h = 1 and define hn(x) = ndh(nx). Then,

(1) There exists n0 = n0(w) ∈ N such that, for any p ∈ [1,∞),

sup
n≥n0

||ĥn||Mp,w(Rd) ≤ 21/p.

(2) supn ||ĥn||L∞(Rd) ≤ 1.

(3) For every ξ ∈ Rd, limn ĥn(ξ) = 1.

Proof. Since ‖hn‖L1 = 1, it follows that ‖ĥn‖∞ ≤ 1. On the other hand, for every

ξ ∈ R
d and for every ε > 0 there exists n0 such that for all |x| < 1

n0
, |1−e2πixξ | < ε.
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Hence, for every n ≥ n0,∣∣∣1− ĥn(ξ)
∣∣∣ ≤ ∫

hn(x)
∣∣1− e2πixξ

∣∣ dx ≤ ε.

Then, it follows that ĥn → 1 pointwise. It remains to show that ||ĥn||Mp,w(Rd) are
uniformly bounded on n.

Observe that ‖f‖L∞(w) = ‖f‖L∞ and hence, for any n ≥ 1,

‖hn ∗ f‖L∞(Rd,w) ≤ ‖f‖L∞(Rd,w) .

Let δ = infx∈Td w(x) > 0. Since w ∈ C(Td), there exists n0 = n0(δ) such that, for
any n ≥ n0, for any x and any y ∈ supp hn,

|w(x)− w(x− y)| ≤ δ,

which implies that, for any x ∈ Td,

hn ∗ w(x) ≤ δ + w(x) ≤ 2w(x).

Then, for n ≥ n0,

‖hn ∗ f‖L1(Rd,w) ≤
∫
Rd

|f(y)|hn ∗ w(y) dy ≤ 2 ‖f‖L1(Rd,w) .

In other words, we have seen that for n ≥ n0 the linear operator defined by Tnf =
hn ∗ f is uniformly bounded on L1(Rd, w) and L∞(Rd, w) with norm respectively
bounded by 2 and 1. Riesz-Thorin’s Theorem implies the result. �

Lemma 3.8. Let w be 1-periodic. If g ∈ Cc(Rd) is nonnegative,
∫
Rd g = 1 and

supp g ⊂ [−1/2, 1/2]d, then infx∈Rd g ∗ w(x) > 0.

Proof. Clearly g ∗ w ∈ C(Td), and hence there exists x0 ∈ [−1/2, 1/2]d such that
infx∈Rd g ∗ w(x) = min|x|∞≤1/2 g ∗ w(x) = g ∗ w(x0). Since g ∈ Cc(Rd), there

exists a set of positive Lebesgue measure Q where g(y) > 0 for all y ∈ Q. Thus
if 0 = g ∗ w(x0) =

∫
g(y)w(x0 − y) dy, then g(y)w(x0 − y) = 0 a.e. y ∈ Q, which

implies that w(z) = 0 a.e. z ∈ x0 − Q, but this contradicts the fact that the set
{x : w(x) = 0} is null. �

Lemma 3.9. Let T be any bounded operator from Lp(Rd, w) to Lp,∞(Rd, w) that
conmutes with translations. Then, for any nonnegative function g ∈ Cc(Rd), T is
bounded from Lp(Rd, g ∗ w) to Lp,∞(Rd, g ∗ w) and

‖T‖B(Lp(Rd,g∗w),Lp,∞(Rd,g∗w)) ≤ cp ‖T‖B(Lp(Rd,w),Lp,∞(Rd,w)) ,

where cp = infq<p

(
p

p−q

) 1
q

.

Proof. Let E be any measurable set in Rd such that 0 < g ∗ w(E) < +∞. Then,
for any q < p,

‖TfχE‖qLq(Rd,g∗w) =

∫
E

|Tf(x)|q g ∗ w(x) dx =

∫
g(y)

∫
E

|Tf(x)|q w(x− y) dx dy

=

∫
g(y)

∫
E−y

|Tfy(x)|q w(x) dx dy,
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with fy(z) = f(z + y). Thus, by the boundedness hypothesis, Kolmogorov’s condi-
tion and Hölder’s inequality,

‖TfχE‖qLq(Rd,g∗w) ≤ ‖T‖q
∫

g(y)w(E − y)1−
q
p

(∫
|fy(x)|p w(x) dx

)q/p

dy

≤ cqp,q ‖T‖
q (g ∗ w(E))1−

q
p ‖f‖qLp(Rd,g∗w) ,

where cqp,q = p/(p− q). Then, the result follows by Kolmogorov’s condition and by
taking the infimum for q < p. �

Theorem 3.10. Let w be a 1-periodic weight on Rd. Suppose that {mj}j are

normalized functions and {mj}j ∈ M
(w)
p,w (Rd). Then {mj |Zd}j ∈ M

(w)
p,w (Td) and∥∥∥{mj |Zd}j

∥∥∥
M

(w)
p,w (Td)

≤ cp

∥∥∥{mj}j
∥∥∥
M

(w)
p,w (Rd)

,

where cp depends only on p.

Proof. Let {gl}l be a family of nonnegative functions in C∞
c (Rd), supported in

[−1/2, 1/2]d such that it is an approximation of the identity in L1(Td). We can
also assume that liml gl ∗ w(x) = w(x) a.e. x ∈ [−1/2, 1/2]d.

For a fixed l ∈ N, by Lemma 3.9,∥∥∥{mj}j
∥∥∥
M

(w)
p,gl∗w(Rd)

≤ cp

∥∥∥{mj}j
∥∥∥
M

(w)
p,w (Rd)

.

By Lemma 3.8 it follows that for any h ∈ C∞
c (Rd) such that 0 ≤ h ≤ 1 and that∫

Rd h = 1, there exists an nl such that, for any n ≥ nl, the conclusions of Lemma
3.7 hold for the periodic weight gl ∗ w.

Consider, for j, n ∈ N,

mj,n(ξ) = K̂j,n(ξ) = (ϕ̂n ∗mj)(ξ)ĥn(ξ),

where ϕn are the functions given by the normalized condition. First observe that

K̂j,n ∈ S(Rd) and hence Kj,n ∈ S(Rd). Moreover, since

Kj,n(x) = (ϕn mj
∨)(hn(x− ·)) = mj

∨(ϕn(·) hn(x− ·)),

and ϕn, hn are compactly supported, it follows that Kj,n ∈ C∞
c (Rd). On the other

hand, since mj is normalized and ĥn → 1, it holds that for every ξ ∈ R
d,

lim
n

K̂j,n(ξ) = mj(ξ).

Since
∥∥∥ĥn

∥∥∥
L∞(Rd)

≤ 1 and ‖ϕ̂n‖L1(Rd) ≤ 1, then ‖mj,n‖L∞(Rd) ≤ ‖mj‖L∞(Rd).

Let us fix J ∈ N. Since for any f ∈ C∞
c (R)

Kj,n ∗ f = Tϕ̂n∗mj
(hn ∗ f),

it follows that for every n ≥ nl,∥∥∥∥ sup
1≤j≤J

|Kj,n ∗ f |
∥∥∥∥
Lp,∞(Rd,gl∗w)

≤
∥∥∥{ϕ̂n ∗mj}j

∥∥∥
M

(w)
p,gl∗w(Rd)

‖hn ∗ f‖Lp(Rd,gl∗w)

≤ cp2
1
p

∥∥∥{mj}j
∥∥∥
M

(w)
p,w (Rd)

‖f‖Lp(Rd,gl∗w) ,
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where we have used that, by Lemma 3.6,∥∥∥{ϕ̂n ∗mj}j
∥∥∥
M

(w)
p,gl∗w(Rd)

≤ cp

∥∥∥{mj}j
∥∥∥
M

(w)
p,gl∗w(Rd)

≤ c2p

∥∥∥{mj}j
∥∥∥
M

(w)
p,w (Rd)

.

We can now apply Theorem 3.2 to deduce that for any n ≥ nl,∥∥{mj,n|Zd}Jj=1

∥∥
M

(w)
p,gl∗w(Td)

≤ 2
1
p c2p ‖{mj}j‖M(w)

p,w (Rd)
.

Since, for any f ∈ P (Td),

lim
n

Smj,n
f(s) = lim

n

∑
k∈Zd

mj,n(k)f̂(k)e
2πiks =

∑
k∈Zd

mj(k)f̂(k)e
2πiks = Smj

f(s),

by Fatou’s Lemma, the following inequality holds:∥∥∥∥ sup
1≤j≤J

∣∣Smj
f
∣∣∥∥∥∥

Lp,∞(Td,gl∗w)

≤ lim inf
n

∥∥∥∥ sup
1≤j≤J

∣∣Smj,n
f
∣∣∥∥∥∥

Lp,∞(Td,gl∗w)

≤2
1
p c2p ‖{mj}j‖M(w)

p,w (Rd)
‖f‖Lp(Td,gl∗w) ,

which implies∥∥∥∥sup
1≤j

∣∣Smj
f
∣∣∥∥∥∥

Lp,∞(Td,w)

≤ 2
1
p c2p ‖{mj}j‖M(w)

p,w (Rd)
lim inf
l→∞

‖f‖Lp(Td,gl∗w) .

Observe that

‖f‖Lp(Td,gl∗w) ≤ ‖f‖L∞(Td) ‖gl ∗ w − w‖L1(Td) + ‖f‖Lp(Td,w) ,

and since liml ‖gl ∗ w − w‖L1(Td) = 0, it follows that∥∥∥∥sup
1≤j

∣∣Smj
f
∣∣∥∥∥∥

Lp,∞(Td,w)

≤ 2
1
p c2p ‖f‖Lp(Td,w) .

The result follows by the density of P (Td) in Lp(Td, w). �

With minor modifications in the proofs, the analogous result for operators of
strong type can be proved. In the particular case of a single multiplier, we recover
K. Andersen and P. Mohanty’s [1, Theorem 1.1].

Theorem 3.11. Let w be 1-periodic. Suppose that {mj}j ⊂ Mp,w(R
d) and that

they are normalized functions. Then {mj |Zd}j ⊂ Mp,w(T
d) and∥∥∥{mj |Zd}j

∥∥∥
Mp,w(Td)

≤ 21/p
∥∥∥{mj}j

∥∥∥
Mp,w(Rd)

.

3.2. An improvement for nonperiodic weights. A similar approach to that
in the previous section allows us to obtain a more general version of Theorem 3.10
(and also of Theorem 3.11) for a class of nonnecessarily periodic weights which
includes those in Ap(T

d).

Definition 3.12. We say that a weight v ∈ W (Rd) if it satisfies the following
conditions:

i) For every x ∈ Rd, θ ∈ [0, 1)d,

1

ζ
≤ v(x)

v(x+ θ)
≤ ζ.
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ii)

lim
s→∞

v(Qr+s)

v(Qs)
= 1.

Theorem 3.13. Let u be a periodic weight in R
d, let v ∈ W and set w = uv. As-

sume that {mj}j ∈ M
(w)
p,w (Rd) (respectively Mp,w(R

d)) and that they are normalized

functions in R
d. Then {mj |Zd}j ∈ M

(w)
p,w (Td) (respectively Mp,w(T

d)) and∥∥∥{mj |Zd}j
∥∥∥
M

(w)
p,u (Td)

≤ cp,wcp,v

∥∥∥{mj}j
∥∥∥
M

(w)
p,u (Rd)

(respectively replacing M
(w)
p,u with Mp,u in the previous inequality), where cp,w and

cp,v depend only on p.

Proof. We shall prove the weak case. The proof for the strong case is similar and
we leave the details to the reader. Assume first that {mj}j is a finite sequence.
The argument is similar to that for Theorem 3.2, and we shall sketch the major
changes to be done in the proof.

Let N =
∥∥∥{mj}j

∥∥∥
M

(w)
p,w (Rd)

. Since v ∈ W ,

1

ζ
w(x+ θ) ≤ u(x+ θ)v(x) ≤ ζw(x+ θ).(3.7)

By (3.2), for every f ∈ P (T) and every measurable set E ⊂ T,∥∥∥∥ sup
1≤j≤N

∣∣TKj
f
∣∣χE

∥∥∥∥q

Lq(Td,u)

=
1

v(Qs)

∫
Qs

∫
Td

sup
1≤j≤N

∣∣RxTKj
f(θ)

∣∣q u(x+ θ)v(x)χẼ(x+ θ) dθ dx

≤ ζ

v(Qs)

∫
Td

{∫
Eθ∩Qs

sup
1≤j≤N

∣∣BKj

(
R(·)f(θ)χQr+s

)
(x)

∣∣q w(x+ θ) dx

}
dθ,

where Eθ =
{
x ∈ Rd : x+ θ ∈ Ẽ

}
and Ẽ is the periodic extension of E. By (2.1)

and (3.1), the term inside curly brackets is bounded by

(cp,qN)q

{∫
Qr+s

|Rxf(θ)|p w(x+ θ) dt

} q
p {∫

Eθ∩Qs

w(x+ θ) dt

}1− q
p

.

Hence, by Hölder’s inequality, it follows that∥∥∥∥ sup
1≤j≤N

∣∣TKj
f
∣∣χE

∥∥∥∥q

Lq(Td,u)

≤
cqp,qN

qζ

v(Qs)

[∫
Td

∫
Qr+s

|Rxf(θ)|p w(x+ θ)dtdθ

] q
p [∫

Td

∫
Qs∩Eθ

w(x+ θ)dx dθ

]1− q
p

.

By (3.7), the first term is bounded by [ζv(Qr+s)]
q
p ‖f‖qLp(T,u) , and the second one

by [ζv(Qs)u(E)]1−
q
p . Hence,

u(E)
q
p−1

∥∥∥∥ sup
1≤j≤N

∣∣TKj
f
∣∣χE

∥∥∥∥q

Lq(Td,u)

≤ cqp,qN
qζ2

(
v(Qr+s)

v(Qs)

) q
p

‖f‖qLp(Td,u) .
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Letting s → ∞ and using (2.1) we obtain that∥∥∥∥ sup
1≤j≤N

∣∣TKj
f
∣∣∥∥∥∥

Lp,∞(Td,u)

≤ cp,qζ
2
q N ‖f‖Lp(Td,u) .

Considering cp,v = infq<p ζ
2/qcp,q, the result easily follows by Fatou’s Lemma and

the density of P (Td) in Lp(Td, u). �

4. Restriction of Fourier multipliers to lower dimension

Restriction of Fourier multipliers of strong type to a lower dimensional space was
studied in [7, Corollary 4.13]. Here we shall give a weak counterpart to that result.

We have to mention here that in this section we work with Ap(R
d) weights

mainly because, under this condition, we can prove the analogue to Lemma 3.7
(see Lemma 4.2 below). Other conditions that we can assume in w in order to
have an approximation lemma are, for example, that w is uniformly continuous
and infx∈Rd w(x) > 0. In this case the proof is a simple modification of the proof
of Lemma 3.7.

Lemma 4.1. If w ∈
⋃

1≤p<∞ Ap(R
d), then, for any s > 0, lims→∞

w(Qr+s)
w(Qs)

= 1.

Proof. By the A∞-condition [10, Theorem IV.2.9], there exist δ, C > 0 such that

0 ≤ 1− w (Qs)

w(Qr+s)
=

w (Qr+s \Qs)

w(Qr+s)
≤ C

(
1− sd

(r + s)d

)δ

,

from where the result easily follows. �

Lemma 4.2. If w ∈ Ap(R
d), there exists {hn}n ⊂ C∞

c (Rd), such that

(1) sp,w := supn ||ĥn||Mp,w(Rd) < ∞,

(2) supn ||ĥn||L∞(Rd) ≤ 1,

(3) for every ξ ∈ Rd, limn ĥn(ξ) = 1.

Proof. Properties (2) and (3) are proved as in Lemma 3.7. To prove (1), we first
observe that clearly

sup
n

|hn ∗ f |(x) � Mf(x)

and hence the case p > 1 is trivial.
To prove the case p = 1, fix β ∈ N, β > d. Then,

‖hn ∗ f‖L1(w) ≤
∫

|f(y)|
∫

hn(x− y)w(x) dxdy.

For a fixed y ∈ Rd and n > 0, the inner integral can be split into∫
|x−y|<n−1

+
∑
j≥0

∫
2jn−1<|x−y|≤2j+1n−1

h (n(x− y))ndw(x) dx.

The first term can be bounded by

‖h‖∞ nd

∫
|x−y|<n−1

w(x) dx ≤ [w]A1
2dw(y),
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as the ball |x− y| < 1/n is included in y + [−1/n, 1/n]d. On the other hand, if

p0,β(h) = supx∈Rd |h (x)| |x|β , each term on the sum can be bounded from above by

p0,β(h)n
d−β

∫
2j<n|x−y|≤2j+1

|x− y|−β w(x) dx ≤ p0,β(h)4
d2j(d−β)[w]A1

w(y).

Thus, the sum is bounded from above by
p0,β(h)4

d

1−2d−β [w]A1
w(y). Hence

‖hn ∗ f‖L1(w) ≤ [w]A1
cd,h ‖f‖L1(w) ,

where cd,h = 2d
(
1 + infβ>d p0,β(h)

2d

1−2d−β

)
. �

The following result is the weighted version of [6, Lemma 2] and the weak type
maximal counterpart of [7, Proposition 4.10].

Proposition 4.3. Let w ∈ Ap(R
d) and let {mj}j ⊂ M

(w)
p,w (Rd) ∩ L∞(Rd) that are

normalized functions. Then, there exist {mj,n}j,n ⊂ L∞(Rd) satisfying:

(1) For any j and every ξ ∈ Rd,

(4.1) mj(ξ) = lim
n

mj,n(ξ).

(2) Kj,n = mj,n
∨ ∈ L1(Rd), and it is compactly supported.

(3) supn ‖mj,n‖L∞(Rd) ≤ ‖mj‖L∞(Rd).

(4) supn ‖{mj,n}j‖M(w)
p,w (Rd)

≤ dp,w ‖{mj}‖M(w)
p,w (Rd)

, where dp,w depends only

on p, d and the Ap-constant of w.

Proof. Let {hn} be the functions given by Lemma 4.2 and ϕn(x) as in Definition
3.3. Consider, for j, n ∈ N,

mj,n(ξ) = K̂j,n(ξ) = (ϕ̂n ∗mj)(ξ)ĥn(ξ),

and proceed as in the proof of Theorem 3.10. �

Theorem 4.4. Let d = d1 + d2, u ∈ Ap(R
d1), v ∈ Ap(R

d2) and define w(x, y) =

u(x)v(y). Suppose that {mj}j ∈ M
(w)
p,w (Rd) and are normalized functions. Then,

for a fixed ξ ∈ Rd1 , {mj(ξ, ·)}j ∈ M
(w)
p,w (Rd2) and

sup
ξ∈Rd1

∥∥∥{mj(ξ, ·)}j
∥∥∥
M

(w)
p,u (Rd2 )

≤ cp,w

∥∥∥{mj}j
∥∥∥
m∈M

(w)
p,u (Rd)

,

where cp,w depends only on p, d and the Ap-constant of w.

Proof. Since u ∈ Ap(R
d1) and v ∈ Ap(R

d2) we have that w ∈ Ap(R
d) and [w]Ap(Rd)

≤ [v]Ap(Rd1 )[u]Ap(Rd2 ). Then, by Proposition 4.3, we can assume that {mj}Jj=1 is a

finite family such that Kj = m∨
j ∈ L1 with compact support.

Let N =
∥∥∥{mj}j

∥∥∥
M

(w)
p,w (Rd)

. Since translations and convolution commute, it

follows that for every z ∈ R
d2 ,

(4.2)

∥∥∥∥ sup
1≤j≤J

∣∣BKj
g
∣∣∥∥∥∥

Lp,∞(Rd,u(·)v(·+z))

≤ N ‖g‖Lp(Rd,u(·)v(·+z)) .

Fix ξ ∈ R
d1 . For any f ∈ C∞

c (Rd2), write

(4.3) R(x,y)f(z) = e2πixξf(z + y), (x, y) ∈ R
d1 × R

d2 .
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Observe that in this way,

T̃Kj
f(z) =

∫
Rd

Kj(x, y)R−(x,y)f(z) dxdy

=

∫
Rd2

(∫
Rd1

Kj(x, y)e
−2πiξx dx

)
f(z − y) dy

=

∫
Rd2

mj(ξ, η)f̂(η)e
−2πizη dη.

Fix q < p and fix E ⊂ Rd1 a set of finite measure. For any z ∈ Rd2 , let Az ={
(x, y) ∈ R

d : y + z ∈ E
}
. Let r > 0 such that suppKj ⊂ (−r, r)d = Qr for

j = 1, . . . , J .
Let s > 0. For any (x, y) ∈ Qs = (−s, s)d,∥∥∥∥ sup
1≤j≤J

∣∣∣T̃Kj
f
∣∣∣χE

∥∥∥∥q

Lq(Rd2 ,w)

=

∫
Rd2

sup
1≤j≤J

∣∣R(x,y)TKj
f(z)

∣∣q v(y + z)χE(y + z) dz.

If we consider the weight ω = u⊗ 1 on Rd, it follows that∥∥∥∥ sup
1≤j≤J

∣∣∣T̃Kj
f
∣∣∣χE

∥∥∥∥q

Lq(Td,w)

=
1

ω(Qs)

∫
Qs

∫
Rd2

sup
1≤j≤J

∣∣∣R(x,y)T̃Kj
f(z)

∣∣∣q u(x)v(y + z)χE(y + z) dxdy dz

≤ 1

ω(Qs)

∫
Rd2

{∫
Az∩Qs

sup
1≤j≤J

∣∣BKj

(
R(·)f(z)χQr+s

)
(x, y)

∣∣q u(x)v(y+z) dxdy

}
dz.

By Kolmogorov’s condition (2.1) and (4.2), the term inside curly brackets is boun-
ded by

(cp,qN)q

{∫
Qr+s

∣∣R(x,y)f(z)
∣∣p u(x)v(y + z) dt

} q
p {∫

Az∩Qs

u(x)v(y + z) dt

}1− q
p

.

Then, by Hölder’s inequality, it follows that∥∥∥∥ sup
1≤j≤J

∣∣TKj
f
∣∣χE

∥∥∥∥q

Lq(Rd2 ,v)

≤
cqp,qN

q

ω(Qs)

{∫
Rd2

∫
Qs∩Az

u(x)v(y + z)dt dz

}1− q
p

×
{∫

Rd2

∫
Qr+s

∣∣R(x,y)f(z)
∣∣p u(x)v(y + z) dxdy dz

} q
p

≤ cqp,qN
q

(
ω(Qr+s)

ω(Qs)

) q
p

v(E)1−
q
p ‖f‖q

Lp(Rd2 ,w)
.

Since u ∈ Ap(R
d1), ω ∈ Ap(R

d). Then by Lemma 4.1 and Kolmogorov’s condition
(2.1), it follows that∥∥∥∥ sup

1≤j≤J

∣∣TKj
f
∣∣∥∥∥∥

Lp,∞(Rd2 ,w)

≤ cp,qN ‖f‖Lp(Rd2 ,w) .

Finally, considering cp = infq<p cp,q, the result easily follows by Fatou’s Lemma
and the density of C∞

c (Rd2) in Lp(Rd2 , w). �

Licensed to University de Barcelona. Prepared on Wed Feb  6 09:15:08 EST 2013 for download from IP 161.116.100.92.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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5. Consequences and applications

5.1. Hörmander-Mihlin type multipliers. The first application involves mul-
tipliers satisfying a Hörmander-Mihlin type condition.

Definition 5.1 (see [14]). Let m ∈ L∞(Rd) ∩ Cd
(
R

d \ {0}
)
, l ∈ N and s ≥ 1. We

say m ∈ M(s, l) if it satisfies

(5.1) cm,s,l = sup
|α|≤l

α=(α1,...,αd)

sup
r>0

(
rs|α|−d

∫
r<|x|<2r

∣∣∣∣ ∂|α|m

∂xα1
1 . . . ∂xαd

d

(x)

∣∣∣∣s dx

)1/s

< ∞.

In 1979, D. Kurtz and R. Wheeden proved the following result.

Theorem 5.2 ([14, Theorem 1]). Let 1 < s ≤ 2, d
s < l ≤ d and m ∈ M(s, l). If

(1) d/l < p < ∞ and w ∈ Apl/d(R
d) or

(2) 1 < p < (d/l)′ and w−1/(p−1) ∈ Ap′l/d(R
d),

then m ∈ Mp,w(R
d). When l < d it can be taken p = d/l in (1) or p = (d/l)′ in

(2).

Moreover, if wd/l ∈ A1(R
d), then m ∈ M

(w)
1,w (Rd).

Corollary 5.3. Under the hypothesis of Theorem 5.2 and assuming that m is a
normalized function, the following holds: If

(1) d/l < p < ∞ and w ∈ Apl/d(T
d) or

(2) 1 < p < (d/l)′ and w−1/(p−1) ∈ Ap′l/d(T
d),

then m|Zd ∈ Mp,w(T
d). When l < d it can be taken p = d/l in (1)or p = (d/l)′ in

(2).

Moreover, if wd/l ∈ A1(T
d), then m|Zd ∈ M

(w)
1,w (Td).

Proof. The result follows by applying Theorems 3.10 and 3.11 to m. �
5.2. Singular integral operators. Our second example involves the classical the-
ory of Calderón-Zygmund singular integrals.

Definition 5.4 ([10, Definition II.5.17]). A function K ∈ L1
loc(R

d \ {0}) is said to

be a regular kernel if K̂ ∈ L∞(Rd) and it satisfies

|K(x)| ≤ C |x|−d , ∀x ∈ R
d \ {0},(5.2)

|K(x− y)−K(x)| ≤ C |y| |x|−d−1 , |x| > 2 |y| .(5.3)

Corollary 5.5. Let K be a regular kernel and consider for any 0 < r < s < ∞,

Kr,s = Kχr<|x|<s and mr,s = K̂r,s. If 1 < p < ∞ and w ∈ Ap(T
d) there exists a

constant c such that
‖{mr,s|Zd}r<s‖Mp,w(Td) ≤ c.

If w ∈ A1(T
d), then there exists a constant c such that

‖{mr,s|Zd}r<s‖M(w)
1,w (Td)

≤ c.

Proof. It is easy to see that T �
{mr,s|Zd}r<s

f(x) = T �
{mr,s|Zd}r,s∈Q+, r<s

f(x) for every

f ∈ P (Td). Then, the result follows by the known corresponding result for functions
in R

d (see [10, Theorem IV.3.6 and V.4.11]) by applying Theorem 3.2 and its
corresponding strong version. �
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5.3. Bochner-Riesz partial sums. Our third application involves Bochner-Riesz
partial sums. Let us recall that the Bochner-Riesz operators in Rd are defined as

(Br
λf) (̂ξ) = mr(ξ)f̂(ξ), where mr(x) =

(
1− |x|2

r2

)λ

+

,

t+ = max(t, 0), and the associated maximal operator is defined by

B�
λf(x) = sup

r>0
|Br

λf(x)|

for λ > 0. It is known that for λ > d−1
2 , B�

λf is pointwise majorized by the
Hardy-Littlewood maximal operator; then it inherits its boundedness properties.
For the critical index the following is known (S. Shi and Q. Sun [17, Theorem 1]
and A. Vargas [16, Theorem 1]).

Theorem 5.6. Let λ = d−1
2 . If 1 < p < ∞ and w ∈ Ap(R

d), then∥∥∥B�
λf

∥∥∥
Lp(Rd,w)

≤ C ‖f‖Lp(Rd,w) ,

and if w ∈ A1(R
d), there is a constant C such that for each r > 0,

‖Br
λf‖L1,∞(Rd,w) ≤ C ‖f‖L1(Rd,w) ,

where the constants depend only on the Ap-constant of w and the dimension d.

Let us observe that for λ = (d − 1)/2, the kernel of the operator Br
λ, say K,

satisfies the size condition |K(x)| � |x|−d, but it does not satisfy any Hörmander
type condition such as (5.3) above. Then we can’t apply the result obtained in the
previous example.

In the periodic case, for r > 0, the Bochner-Riesz partial sum of order λ > 0 is
defined for every f ∈ P (Td) by

Sr
λf(θ) =

∑
|n|≤r

(
1− |n|2

r2

)λ

+

f̂(n)e2πinθ,

and we denote by S�
λ the associated maximal operator. Observe that since the

function (1− |x|2)λ+ is continuous, for every f ∈ P (Td),

S�
λf(x) = sup

r∈Q+

|Sr
λf(x)| .

Then, as a consequence of our results, the following counterpart to Theorem 5.6 is
obtained.

Corollary 5.7. Let λ ≥ d−1
2 . If 1 < p < ∞ and w ∈ Ap(T

d), then there exists
C > 0 such that ∥∥∥S�

λf
∥∥∥
Lp(Td,w)

≤ C ‖f‖Lp(Td,w) .

If w ∈ A1(T
d) and λ = d−1

2 there exists C > 0 such that for any r > 0,

‖Sr
λf‖L1,∞(Td,w) ≤ C ‖f‖L1(Td,w) ,

and if λ > d−1
2 , there exists C > 0 such that∥∥∥S�

λf
∥∥∥
L1,∞(Td,w)

≤ C ‖f‖L1(Td,w) .
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By standard arguments the theorem implies:

Corollary 5.8. Let λ ≥ d−1
2 , 1 ≤ p < ∞ and w ∈ Ap(T

d). For any f ∈ Lp(Td, w),

lim
r→0+

Sr
λf = f,

where the convergence is considered in measure for p = 1 and λ = d−1
2 and pointwise

almost everywhere in the other cases.

For λ below the critical index the study of the boundedness properties of the
Bochner-Riesz operators constitutes an active area of research (see [9] for instance
and the references therein). In this setting, the following is a direct consequence of
[9, Theorem 5.1] (taking u0 = 1 with the notation therein).

Theorem 5.9. Let 0 < λ < (d − 1)/2. If w(x) = v(x)2λ/d−1 with v ∈ A2(R
d),

then, for any r > 0, Br
λ is bounded in L2(Rd, w) uniformly on r.

Theorem 3.11 leads to obtain the following periodic counterpart result.

Corollary 5.10. Let 0 < λ < (d − 1)/2. If w(x) = v(x)2λ/d−1 with v ∈ A2(T
d),

then, for any r > 0, Sr
λ is bounded in L2(Td, w) uniformly on r.

5.4. Extension of multipliers from Lp(T) to Lp(R, w). In this section we are
going to show how Theorem 3.13 allows us to see the strong ties between Mp(T)
and a subspace of Mp,w(R) for a subclass of weights in Ap(R) (see Corollary 5.12
below).

Following M. Jodeit’s ideas in [12], E. Berkson, M. Paluszyński and G. Weiss
in [5] gave a way to extend multipliers from Lp(T) to Lp(R, w) with w ∈ Ap(R)
satisfying that there exists a constant ρ ≥ 1 such that for each k ∈ Z

(5.4) ρ−1w(k) ≤ w(x) ≤ ρw(k), for allx ∈ [k, k + 1).

These weights are said to be in Wp.
In this framework, E. Berkson, M. Paluszyński and G. Weiss proved the following

result.

Theorem 5.11 ([5, Theorem 4.21]). Let 1 < p < ∞, w ∈ Wp, Ψ ∈ Mp,w(R) and
the support of Ψ is contained in [−1/2, 1/2]. Then, if {φn}n ∈ Mp(T), we have that

Wφ,Ψ(t) =
∑
m∈Z

φ(m)Ψ(t−m) ∈ Mp,w(R)

and ∥∥{Wφn,Ψ}n
∥∥
Mp,w(R)

≤ Kp,w ‖Ψ‖Mp,w(R) ‖{φn}n‖Mp(T)
.

Since Wφn,Ψ|Z = Ψ(0)φn|Z, a direct consequence of Theorem 3.13 with u = 1
and v = w is that the converse of Theorem 5.11 also holds:

Corollary 5.12. Let {φn}n ⊂ �∞(Z). Then, under the hypothesis of Theorem
5.11, we have that if Ψ(0) �= 0,∥∥{Wφn,Ψ}n

∥∥
Mp,w(R)

< +∞ if and only if ‖{φn}n‖Mp(T)
< +∞.
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Moreover,
(5.5)

Cp,w ‖{φn}n‖Mp(T)

|Ψ(0)| ≤
∥∥{Wφn,Ψ}n

∥∥
Mp,w(R)

≤ Kp,w ‖Ψ‖Mp,w(R) ‖{φn}n‖Mp(T)
.

Observation 5.13. In the particular case of a single multiplier, inequality (5.5)
yields that, for any w ∈ Wp, the map φ 	→ Wφ,Ψ induces an isomorphism between
Mp(T) and a subspace of Mp,w(R). This result is a one dimensional weighted
generalization of the unweighted result in [12, p. 225] for Ψ the characteristic
function of the interval [−1/2, 1/2).
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[6] M. J. Carro and S. Rodŕıguez, New results on restriction of Fourier multipliers, Mathema-
tische Zeitschrift 265 (2010), no. 2, 417–435. MR2609318 (2011c:42029)

[7] , Transference results on weighted Lebesgue spaces, Proc. Roy. Soc. Edinburgh Sect.
A 138 (2008), no. 2, 239–263. MR2406690 (2009d:43009)

[8] K. De Leeuw,On Lp multipliers, Ann. of Math. (2) 81 (1965), 364–379. MR0174937 (30:5127)
[9] J. Duoandikoetxea, A. Moyua, O. Oruetxebarria, and E. Seijo, Radial Ap weights with ap-

plications to the disc multiplier and the Bochner-Riesz operators, Indiana Univ. Math. J. 57
(2008), no. 3, 1261–1281. MR2429092 (2009d:42034)
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