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ON RESTRICTION OF MAXIMAL MULTIPLIERS
IN WEIGHTED SETTINGS

MARIA J. CARRO AND SALVADOR RODRIGUEZ-LOPEZ

ABSTRACT. We obtain restriction results of K. De Leeuw’s type for maximal
operators defined through Fourier multipliers of either strong or weak type for
weighted LP spaces with 1 < p < co. Applications to the case of Hérmander-
Mihlin multipliers, singular integral operators and Bochner-Riesz sums are
given.

1. INTRODUCTION

In 1965 K. De Leeuw proved that if m is a continuous function on R such that
m is a Fourier multiplier on L?(R), its restriction to the integers m|z is a Fourier
multiplier on LP(T). Moreover, its norm does not exceed the norm of m as a
multiplier on LP(R) (see [8, Proposition 3.3] and Jodeit’s article [12]).

In 1980 C. Kenig and P. Tomas extended De Leeuw’s result to maximal opera-
tors associated to a family of multipliers given by the dilations of a given one. More
precisely, they proved that if m is a continuous function and if 7T} denotes the mul-
tiplier operator associated to m,(¢) = m(¢/r), whenever T* f(z) = sup,.- ¢ | T f ()|
is a bounded operator on LP(R?) the same holds for the maximal operator on
LP(T9) associated to the multipliers m,|7. Furthermore, its norm does not exceed
a constant times the norm of T%. They also obtained similar results for operators
of weak type for p > 1 (see [13]).

In 2003, E. Berkson and T.A. Gillespie extended De Leeuw’s restriction result
for multipliers on LP(R,w) with w a l-periodic weight belonging to A,(R) and
1 < p < co0. Such weights are said to be in the class A,(T). Their result is the
following.

Theorem 1.1 ([4, Theorem 1.2]). Let 1 < p < oo and let w € Ap(T). Ifm is a
continuous function on R such that it is a Fourier multiplier for LP(R,w), then m|z
is a Fourier multiplier on LP(T,w). Moreover, there is a constant ¢, ,, depending
only on p and the A,-constant of w, such that the norm of ml|z as a multiplier on
LP(T,w) does not exceed ¢y, times the norm of m as a multiplier on LP(R, w).

This theorem has been recently improved by K. Andersen and P. Mohanty as
follows.

Theorem 1.2 ([I, Theorem 1.1]). Let 1 < p < oo and let w € LY(T¢). If m
is a continuous function on RY such that it is a Fourier multiplier on LP(R? w),
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then ml|z is a Fourier multiplier on LP(T? w). Moreover, the norm of m|z as a
multiplier on LP(T%,w) does not exceed the norm of m as a multiplier on LP(R?, w).

The purpose of this paper is twofold:

i) To give restriction results from R to T¢ for Fourier multipliers and for asso-
ciated maximal operators of weak type (and strong type) in any dimension and for
1 < p < 0. In particular, we shall prove the following.

Theorem 1.3. Let 1 < p < 0o and let w be a periodic weight on R? satisfying w €
LY(T9). Suppose that {m;}; is a family of multipliers that are continuous functions
satisfying that the associated mazimal operator (see Definition below) is bounded
from LP(RY w) to LP>°(R% w) (or to LP(RY w)). Then the maximal operator
associated to their restriction to the integers {mj|za}; (see Definition Bl below) is
bounded from LP(T? w) to LP> (T w) (resp. to LP(T% w)) and its operator norm
does not exceed c, times the norm of the mazimal operator associated to {m;};,
where ¢, is a constant that depends only on p.

ii) K. De Leeuw in [§] and J. Jodeit in [12] also proved some restriction results
for strong Fourier multipliers on LP(R?) to a lower dimensional space. In [7] a
counterpart for Fourier multipliers on LP(R%, w) with w a suitable weight in A, (R%)
was given. Namely, [7, Corollary 4.13] states that if m is a continuous and bounded
function in R that is a Fourier multiplier on LP(R% w) where w = u ® v with
u € Ap(RM), v € A,(R%), then, for any ¢ € R%, the function m(¢, ) is a Fourier
multiplier on LP(R92, ). In this setting, we shall prove the following.

Theorem 1.4. Let d = dy +d2, 1 < p < 00, u € A,(R™), v € A,(R®) and
define w(z,y) = u(x)v(y). Suppose that {m;}; is a family of multipliers that are
continuous functions satisfying that the associated maximal operator is bounded
from LP(RY w) to LP>* (R w) (or to LP(R,w)). Then, fived & € R%, the maz-
imal operator associated to the family {m;(&,-)}; is bounded from LP(R%, v) to
LP>°(R%, v) (resp. to LP(R%,v)) and its operator norm does not exceed ¢, ,, times
the norm of the mazimal operator associated to {m;};, where ¢, ., is a constant
that depends only on p, d and the Ay-constant of w.

We want to emphasize that the techniques developed in this paper are different
from those in [TL4L[7] where duality properties of Lebesgue spaces are strongly used.
Our approach allows us to also consider the case of maximal multipliers of weak
type (1,1), and deal with the difficulties derived from the fact that L is not a
Banach space. The endpoint case p = 1 is the weighted analogue of the results in
[2)15].

2. DEFINITIONS AND NOTATION

In this section we present some basic definitions needed for our consideration. Let
0 < p < oo and let (M, p) be a o-finite measure space. The space LP**° (1) is defined
by the quasinorm || f|| ;e = Sup,sgtus(s)t/?, where puy(s) = p{z : |f(z)| > s}. Tt
is known (see [I0, p. 485]) that, for every g < p,

(2.1) ”fHLp,oo(H) < sup ”fXEHLQ(M) H(E)l/pil/q < Cpyg ||fHLp,oo(H) )

where the supremum is taken on the family of sets of finite measure and ¢
The finiteness of the middle expression is called Kolmogorov’s condition.

p

4 p—q°
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If v is a positive measure absolutely continuous with respect to u and w denotes
the Radon-Nykodym derivative of v with respect to u, we shall write LP(w) for
LP(v). If any confusion can arise, we shall write LP(M, u) and LP>°(M, ) to
indicate the underlying measure space M.

Let C°(R?) and S(RY) denote the class of infinitely differentiable functions with
compact support and the Schwartz class of test functions, respectively. As usual,
B(X,Y) indicates the set of bounded operators on X into Y and B(X) = B(X, X).

A weight on R? is a locally integrable function w : R — [0,00) such that
0<w<oo ae.

Definition 2.1. We say that a weight w belongs to the class 4, (R%), and we write
w € Ap(RY) if

i (3 ) (3 ) <

f0r1<p<oo,and

ke, = sup (7 [ i) d ) o~ xal . <

where the supremum is taken over the family of cubes @) with sides parallel to the
coordinate axis. These quantities will be referred to as the A,-constant of w.

It is well known that, for 1 < p < oo and w € A,(R?), S(R?) C LP(R?,w) and
C>(RY) is dense in LP(R? w). We refer the reader to [I0,[1I] for other properties
and generalities of Ap-weights.

For any function f, we shall denote by ]? (fV) the Fourier transform (resp. the
inverse Fourier transform) of f, whenever it is well defined.

Definition 2.2. Let 1 < p < co. A function m € L*°(RY) is called a weak
type multiplier on LP(R?, w) (in symbols, m € M,gn;)(Rd)) if the mapping f €
S(RY) — (mf)V can be extended from S(R?) to a continuous linear mapping Sim
from LP(R? w) to LP>°(R%, w). In this case we write

ol ) oy = 115m a2 et 0y, 200 (Rt 0 -

If Sm € B (LP(Rd,w)), we say that m is a Fourier multiplier on LP(RY w) and
write

”mHMpw(]Rd) = HSmH%(LP(Rd,w)) :
If {m,}, is a sequence in M,gm)(Rd) we denote by H{mj}jH]V[(“’)(Rd) the norm of
p,w

the operator defined for f € S(R?) by
Siimy1, 4 () = 5P S, £(2)].

provided it defines a continuous mapping from LP(R% w) to LP>°(R% w). If it
extends to a bounded mapping on LP(R%, w), we write its norm by ||{m; Fillag,, o (ma)-

We shall denote by T? the topological group R¢/Z<, which can be identified
with the cube [0,1)? or eventually with [~1/2,1/2)% in R?. Functions on T¢ will be
identified with functions on R? which are 1-periodic in each variable. A function
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f: T¢ — C such that for a finitely supported sequence {ay, }cz¢ of complex numbers

written as
f(l’) _ Z akeQTrzka;
keza

is called a trigonometric polynomial, and we write f € P(T?). Let us recall that
P(T?) is dense in LP(T9, i) for any Radon measure p on T¢.
From now on, we work in the range

1<p<oo,
and w is a weight in R%. Observe that if in addition w is 1-periodic, then w €
Ll(’]I‘d).
3. RESTRICTION OF FOURIER MULTIPLIERS FROM R? TO T¢

Definition 3.1. A function m € ¢*°(Z%) is a weak type multiplier on LP(T¢, w)
(in symbols, m € M,E“&? (T%)) if the mapping

Z ake2ﬂ'ik9 c P(Td) N Z m(k)akeQTrikO

kezd kezd

extends to a continuous operator Ty, € B (LP(T%, w), LP>°(T%,w)). In this case,
ol ) pay = 1T llog (2 (2 ), L 20 (7,09 -

If Ty, € B (LP(T4 w)), m is said to be a multiplier on L?(T%, w), we denote it by
m € M, ,,(T¢) and

||m||Mp,w(1rd) = ”TmH%(LP(Td,w)) :

the norm of

If {m,}, is a sequence in M,EZ? (T?) we denote by H{mj}jH]V[(“’)(Td)
p,w

the operator defined for every f € P(T?) by
Tfmj}jf(w) = sup [T, f ()|,
‘ J

provided it extends to a continuous mapping from LP(T% w) to LP>°(T¢, w). We
shall write [|{my},||as, , (ra) in the case that it extends to a continuous operator on

LP(T4, w).
3.1. Restriction results for weak type maximal multipliers.

Theorem 3.2. Let w be 1-periodic and let {m;}, € Méf}’) (RY) satisfying that, for
each j, there exists K; € L*(R?) with compact support such that K;(z) = m;(x)
for every x € RY. Then {mjlza}; € MZSTZ,) (T4) and

[ w1z,

where ¢, depends only on p.

el

M%) (T4 M%) (R

Proof. Let M = H{mj}j

. Since convolution operators commute with
MER) (Rd
pv’ll)( )

translations, it follows that for every § € [0,1)¢ and every N € N,

(3.1) sup |Kj « g|

<N gl 1p(ret w(. .
s ] parepsy

Lroe (R, w(-+0))
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RESTRICTION OF MAXIMAL MULTIPLIERS IN WEIGHTED SETTINGS 2245

Now, given f(0) = >, are®™ % € P(T9), let us consider

TK (6 / K;( —z)dr = Zak/ Kj(x)e%rik(e—x) da
k R4

that is, TK coincides with the multiplier operator T, |-

Let @, = (—r,7)¢ with r > 0 such that suppK; C @, for j = 1,...,N. Let
q < p, and for any measurable E C [0,1)¢, let E = Ukeze £ + E be its periodic
extension. Set Ey = {x €ERY: z+6¢ E} with € T¢ and R,f(0) = f(0 + ).

Then, by translation invariance, we have that, for every z € R?,

(32) | sw |Tw,f|xe

1<j<N

:/T sup }R TKf } w(z+0)xz(x+0) db.

Lq(]‘d7w) d1<j<N

Therefore, for every s > 0,

sup ’TK f‘XE

1<j<N L9(T4,w)
/ / sup |R, Tk, f(0)|" w(z + 0)xz(z + 0) do da.
(25)d Td 1<j<N

Now, using that supp K; C Q, for j =1,..., N, one can easily see that, if z € Q,

R,Tk, f(0) = Bk, (R, f(0)xq...) (z),
where By, (h)(z) = (K» * h)(z), and hence,

aup_ | 1]
1<j<N

La(T4,w)

<o AL s B (R0 1000, ) @ e +0) do b ao

4NQ. 1<j<N
By @2I) and BI), the term inside curly brackets is bounded by

1—4

(ep,gM)? {/Q+ |R, f ()P w(z + 6) dx}% {/EmQS w(x + 0) dx} "

Also, using Holder’s inequality, it follows that

sup ‘TK» f ‘ XE

1<j<N La(T4,w)
cd 9’1‘1
< p’q // |R. f(0)|P w(z + 0)dtdd {// x+9dxd9}
T¢ JQrts Td JQsNEog
Cq ‘ﬁ dg _ _4q
< L (2r+9) % (28) D w(E) T | FlT s pa

(25)

r+s\ ¢ 1—-4
<, (50) 0B 11
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Thus, taking s — +oo, and using Kolmogorov’s condition (21I), we obtain that

s [T

4 < ¢pgMN ||fHLp(1rd,w) :
1<G<N

Lo (Td w)
Now, considering ¢, = infy<p cp 4, the result easily follows by Fatou’s Lemma and
the density of P(T%) in LP(T%, w). O

The next step is to weaken the hypothesis assumed on m; in the previous theorem
as is done both in [4] and [I]. As usually happens, this is the technical part of the
work.

Definition 3.3. A bounded function m defined in R? is normalized if for any
xr € R?,

lim o, * m(z) = m(z),
where ¢, (2) = ¢(z/n), ¢ € C°(R), ¢ >0 and [|§]|, =1.

It is easy to see that lim, @, * m(z) = m(z) for every Lebesgue point = of m.
In particular, any continuous and bounded function is normalized.
In order to extend Theorem to the class of normalized multipliers, we shall

need some previous lemmas. The following one is a direct consequence of the proof
of [15, Lemma 2.6] for G = R<.

Lemma 3.4. Let J € N and let {m;}/_, be a family of L°(R?) functions. For
feSMRY, j=1,...,J and x € R?, let

Fjo(€) = Sm, (e72™ f)(2), €eR%
Let K be a compact set. Then, for each k € N\ {0}, there exists a finite family
{Vlk}llil of pairwise disjoint measurable sets in R such that

I
(1) IC C E’Jlil Vzk;
(2) ifl=1,...,I; and &, € V¥, then

|Fj,z(€) - FJ,I(<)| < 1/ka
uniformly on j € {1,...,J} and z € R.

Another key ingredient is the following version of Marcinkiewicz-Zygmund’s in-
equality, whose proof is analogous to that given in [0, Theorem V.2.9] forp =¢ =1
for linear operators.

Theorem 3.5. Let {T;}; be a countable family of linear operators such that

S T30 1Al 2 et ) -

sup [T} f|
J

L1120 (R4 w)
Then

1/2 1/2
sup (Z ijz|2> < e [{T5 )] <Z |fz2> :
! ! L1.o0 (R w) t L1 (R,w)
where

. VT
) = lnf ’
(3 3) “ 0<r<1 2((1—T)F(1+§))1/T
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RESTRICTION OF MAXIMAL MULTIPLIERS IN WEIGHTED SETTINGS 2247

For p > 1, the next lemma is an immediate consequence of Minkowskii’s inequal-
ity, as LP>* is normable, but for p = 1 the convexity of the space L1'* fails. Similar
results in the unweighted setting are given by [3}, Lemma 2.1] and [4, Theorem 1.2].

Lemma 3.6. Let pe L' (R?) and {m;}, € M,S:?U) (RY). Then {p * m;}, EM,EZ) (R9)

and

(3.4) 1o mj}

‘{mj}

< pllollnr (ray

)

TN arf) ety Tl arf) (mey
where ¢, =p' if p>1 and ¢q is the constant given in ([B3).

Proof. We shall only prove the case p = 1. Without loss of generality, we can
assume that {m,}, is a finite family of multipliers of cardinality, say J € N. For
g € CZ(RY),

/ (p +m;) (©)F(E)e>E de = / PP S (72T g) (2) dy.

Hence,
(3.5) [Sinm, 9@ < [ 160)] |Sm, (¢ 9) )] d.
and thus

S |Ssm, g(x /Iso | L Sm, (€7 g) (z)| dy.

Let us first assume that ¢ € L'(R?) is supported on a compact set K. For each
k>1let {Vlk}lIL 1 be the family of pairwise disjoint sets given by Lemma 3.4} and
for each [, select ylk € Vlk. Then, for every y € K and any k > 1, there exists a
unique [ € {1,..., Iz} such that y € V;*¥, and hence

S, (7279 ) (2) — Sum, (o727 9) ()] < 1.

uniformly on j = 1,...,J and = € R? It follows that for every z € R%, an
je{l,...,J}and all y € K,

Iy
: —2miyk. —27miy-
h,znZSmj (e i g) (@)xv+(y) = Sm, (€72 g) ().
=1
Then, by Fatou’s Lemma on (3.3]),

sup [Spum, g(x)| < hmlnf sup (Z ’S ( _2”“’5'9) (ac)’ Af) )

1<5<J 1<5<J

where \F = ka lo(y)| dy. Observe that the term inside brackets is less than or

Son, (\/Afe—m’“'g) (@)

equal to

I 9 1/2
1/2

lell e, (Z ) :

=1
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where we have used that El AR = ka vy lp(y)| dy = [l 1 (gay- Then,

SUp | Spem, 9|
1<j<J Lo (R, u)
1/2 < / » 2\ "
< ”""HLl(Rd) limkinf 121;2] (Z Sm, < )\f o~ 2miy] 'g) (z) )
Sisd =1

Lo (Re, )

Applying Theorem with the family of operators {Smj }j to the functions f; =

AR em27i g we obtain that
2) 1/2

Iy
sup (Z S, (\/;f e 2T 'g)

1<5<J

=1 Lo (R4, w)
I . 9 1/2
k ,—2miy; -
Scl‘ il gt g (Z’\Ml o= 2miy] g’ )
’ =1 L1 (R4, w)

= [ ms}; o g 11 G N s
Therefore,
(3.6) S |Sgem, ] < a1 ol 1 (ray ‘{mj}jHMde) 90l 21 (me ) -

L1:°° (R4, w)

In the case that ¢ is not compactly supported, considering ¢, = ©Xxp(0,n), We can

write
sup ’Swmj < hm/|gpn sup ’Smj (e_QWiy'g) (m)‘ dy,
1<5<J
and using the previous argument we obtain that
S [Spem, | < cotimint enll gy [0 ]o oy 1910 0
1sj<J LYoo (R w)

from where it follows that (B.6]) holds for any ¢ € L'(R?). The result now follows
by the density of C°(R9) in LP(R?, w). O

Lemma 3.7. Let w € C(T%) such that inf,cra w(z) > 0. Consider h € C*(R?)
satisfying 0 < h <1 and [z, h =1 and define hy(x) = n®h(nz). Then,

(1) There ezists ng = no(w) € N such that, for any p € [1,00),

sup [|hnla, ., may < 277

n>ngo
(2) sup,, [[nf|ee@ey < 1.
(3) For every & € RY, lim,, h,, (&) = 1.

Proof. Since ||hy||;1 = 1, it follows that in]loo < 1. On the other hand, for every
¢ € R4 and for every € > 0 there exists ng such that for all |z| < nio, |1—e2mio8| < .
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RESTRICTION OF MAXIMAL MULTIPLIERS IN WEIGHTED SETTINGS 2249

Hence, for every n > ny,
‘1 - a(g)‘ < /hn(x) |1 — 27| gy < .

Then, it follows that B — 1 pointwise. It remains to show that Hi/L;H M, . (RY) are
uniformly bounded on n.
Observe that || f[| () = [If]/;~ and hence, for any n > 1,

1P fll oo (et o) < I Il poe (et ) -

Let § = inf,cra w(x) > 0. Since w € C(T?), there exists ng = ng(d) such that, for
any n > ng, for any = and any y € supp hy,

w(z) —w(z —y)| <4,
which implies that, for any x € T¢,
hy *w(z) < 6+ w(x) < 2w(x).

Then, for n > ng,

i sy < [ @ B o) dy < 20 -

In other words, we have seen that for n > ng the linear operator defined by T, f =
h,, * f is uniformly bounded on L'(R? w) and L>(R? w) with norm respectively
bounded by 2 and 1. Riesz-Thorin’s Theorem implies the result. (Il

Lemma 3.8. Let w be 1-periodic. If g € C.(R?) is nonnegative, fRdg =1 and
suppg C [—1/2,1/2]¢, then inf,cga g * w(x) > 0.

Proof. Clearly g x w € C(T?), and hence there exists zo € [~1/2,1/2]¢ such that
infyepa g * w(z) = ming <1729 * w(r) = g * w(zg). Since g € C.(R%), there
exists a set of positive Lebesgue measure @) where g(y) > 0 for all y € Q. Thus
if 0 = g*xw(zo) = [ g(y)w(zo —y)dy, then gy)w(zo —y) = 0 a.e. y € Q, which
implies that w(z) = 0 a.e. z € xp — @Q, but this contradicts the fact that the set
{z : w(z) =0} is null. O

Lemma 3.9. Let T be any bounded operator from LP(RY,w) to LP>°(R? w) that
conmutes with translations. Then, for any nonnegative function g € C.(R?), T is
bounded from LP(R?, g+ w) to LP>*°(R%, g w) and

1T (e R gy, Lovoe (Rt gewy) S Ep 1T (10 R 0), L0200 (R0

1

-3 p_)1
where ¢, = infy<p (p7q>

Proof. Let E be any measurable set in R? such that 0 < g * w(E) < 4+o00. Then,
for any ¢ < p,

TPt gy = [ TI@I g = 0@ do = [ a(o) [ 8@ wla =) dody
~ [ow [ r @ dedy,

Licensed to University de Barcelona. Prepared on Wed Feb 6 09:15:08 EST 2013 for download from IP 161.116.100.92.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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with f,(z) = f(z+y). Thus, by the boundedness hypothesis, Kolmogorov’s condi-
tion and Holder’s inequality,

q/p
77X gy < 177 [ olo(B =)' ( [ 15w dx) dy
< e TN (9 % w(E)' ™3 7% g oy

where ¢ . = p/(p —q). Then, the result follows by Kolmogorov s condition and by
taking the infimum for g < p. ]

Theorem 3.10. Let w be a l-periodic weight on R%. Suppose that {m;},; are
normalized functions and {m;}; € MZSTU) (R%). Then {mjlza}; € MZSTU) (T4) and

[ fmylz | < ¢ [[{my,

where ¢, depends only on p.

b
M{R) (1) MES) (RY)

Proof. Let {g;}; be a family of nonnegative functions in C°(R?), supported in
[—1/2,1/2]¢ such that it is an approximation of the identity in L'(T?). We can
also assume that lim; g; * w(r) = w(x) a.e. x € [~1/2,1/2]4.
For a fixed | € N, by Lemma [3.9
st g o = o i

p g1 *w

M(m ]Rd :

By Lemma [3.8] it follows that for any h € Cfo(Rd) such that 0 < h < 1 and that
f]Rd h = 1, there exists an n; such that, for any n > n;, the conclusions of Lemma
B0 hold for the periodic weight g; * w.

Consider, for j,n € N,

m;, (§) = Kjn(§) = (@n *m;)(§)ha(S),
where ¢,, are the functions given by the normalized condition. First observe that
K;, € S(R?) and hence K, € S(R?). Moreover, since

ij(l‘) = (‘Pn va)(h‘”(x - )) = mjv(spn(') hn(-’lf - ))7
and ¢, h,, are compactly supported, it follows that K, € C>°(R%). On the other
hand, since m; is normalized and h,, — 1, it holds that for every & € R9,

lim K,(€) = my(€)-

Since ‘

E = (R9)
Let us ﬁx J € N. Since for any f € C(R)
Kj,n*f:T’;*mj(hn*f),

it follows that for every n > n;,

< Land ||@all ®a) =1, then [|my ||~ ®Y) S ||rnJHL""(R‘i)

sup |Kjn, * f|

1<j<] ||h’ﬂ * fHLP(Rd,gl*w)

= H‘[‘Pn Il (R

Lp:> (R, guww) P

{m]} H

< cp2p

M(m) (R) ||f||Lp(Rd7gl*w) )
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where we have used that, by Lemma [3.6]

T ] I 0 P O
H{” 1} ,Sg;*wakd) {my}, ;giwm {ml;

We can now apply Theorem to deduce that for any n > n,

("’)(Rd) ’

H{mj,’ﬂ|Zd}}']:1HMé“’) w(Td) = 2 C H{m]}JHM("’)(Rd)
Since, for any f € P(T9),
i S, , f(s) = lim m; (k) f(k)e*™™* = 3 my(k) f(k)e*™* = S, £(5),

kezd kezd
by Fatou’s Lemma, the following inequality holds:

< liminf
n

b [5m,
1<5<J

sup [Sm, ., f|

LPoo(Td,g;xw) l=j<d Lp:oo (T4, g xw)
1

<2v¢p [{m} 1y gy 1o (e gy )

which implies

sup |Smjf|
1<y

1 ..
< ZPCIQ) ”{mj}j”M;(,mu?(Rd) hggjlf ||fHLP(']I‘d,gl*'w) .
LP:2° (T4 ) ’

Observe that

||fHLp(1rd7gl*w) < ||f||Loo(1rd) llge*w — wHLl(Td) + ||fHLp(1rd7w) )

and since limy [|g; * w — w|[ ;1 gy = 0, it follows that

l
sup ’Smjf‘ 2vc ”fHLp('Jl‘d w)
1<j LP,co(']I‘d7,w)
The result follows by the density of P(T?) in LP(T%, w). O

With minor modifications in the proofs, the analogous result for operators of
strong type can be proved. In the particular case of a single multiplier, we recover
K. Andersen and P. Mohanty’s [I, Theorem 1.1].

Theorem 3.11. Let w be 1-periodic. Suppose that {m;}; C M, ,,(R?) and that
they are normalized functions. Then {mj|z.}, C M, (T?) and

1/
[feEna| <27 {myy || .

My, (T4)
3.2. An improvement for nonperiodic weights. A similar approach to that
in the previous section allows us to obtain a more general version of Theorem B.10]
(and also of Theorem [BIT]) for a class of nonnecessarily periodic weights which
includes those in A,(T4).

Definition 3.12. We say that a weight v € W(RY) if it satisfies the following
conditions:
i) For every x € R4, 6 € [0,1),

Licensed to University de Barcelona. Prepared on Wed Feb 6 09:15:08 EST 2013 for download from IP 161.116.100.92.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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i)
: U(QrJrS)
lim ——————= =1.
s5—00 U(Qs)
Theorem 3.13. Let u be a periodic weight in R?, let v € W and set w = uv. As-
sume that {m;}; € Méf}’) (RY) (respectively M, .,(R?)) and that they are normalized

functions in R%. Then {m;|zq 1€ Ménfv) (T?) (respectively M, .,(T?)) and

{mj}jH

|z < Cpusp

M%) (T) M%) (RT)

(respectively replacing Méfﬂ) with My, in the previous inequality), where ¢y, and

Cpv depend only on p.

Proof. We shall prove the weak case. The proof for the strong case is similar and
we leave the details to the reader. Assume first that {m;}; is a finite sequence.
The argument is similar to that for Theorem [3.2] and we shall sketch the major
changes to be done in the proof.

Let M = “{mj}j“Mgt‘;J(Rd)' Since v € W,
1

(3.7) Zw(a:—l—@) <wu(z+ 0)v(r) < Cw(z+0).

By B2, for every f € P(T) and every measurable set £ C T,

q
sup |Tk, f| xe

1<j<N La(Td )
J— 1 q ~
B U(Qs) /QS /]I‘d 1§S}l£N }RmTKﬂf(e)} u(x + G)U(x)XE(x + 9) dO dx
¢

<o { [ s B, (BofOna...) @] (e +6) dx}de,

0NQs 1<ISN

where Ey = {x eERY: z+0¢€ E} and E is the periodic extension of . By (21))
and ([B1)), the term inside curly brackets is bounded by

q 1_a

(cp,gI)? {/Qw IR, f(0)P w(z + 6) dt}; {/Eszw(ere) dt} .

Hence, by Hélder’s inequality, it follows that
q

sup [Tk, f| x&

1<j<N L4(T4,u)

: -
< Bt l L/ |Rxf(9>|”w(x+9)dtd9] L wtasoyean

By (B.1), the first term is bounded by [CU(QT+S)]% ||quL,,(T1u) , and the second one
by [CIU(QS)U(E)]17% . Hence,

9
p

q

v(Qris)\?
g a2 (M) 11 -

w(B)r™ << v(Q)

sup |Tx, f| xr

1<j<N La(Te,u)
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Letting s — oo and using () we obtain that

2
< 6pgCN ||fHLp(1rd,u) :
Lp:oo(Td u)

sup_[Ti,
1<j<N

Considering cp , = infy<p < ¢y q, the result easily follows by Fatou’s Lemma and
the density of P(T%) in LP(T%, u). O

4. RESTRICTION OF FOURIER MULTIPLIERS TO LOWER DIMENSION

Restriction of Fourier multipliers of strong type to a lower dimensional space was
studied in [7, Corollary 4.13]. Here we shall give a weak counterpart to that result.

We have to mention here that in this section we work with A,(R?) weights
mainly because, under this condition, we can prove the analogue to Lemma [3.7]
(see Lemma below). Other conditions that we can assume in w in order to
have an approximation lemma are, for example, that w is uniformly continuous
and inf,cgpe w(z) > 0. In this case the proof is a simple modification of the proof
of Lemma [3.7]

Lemma 4.1. Ifw € U<, Ap(RY), then, for any s > 0, limg_, 0 wqu?gf)) =1.

Proof. By the A-condition [I0, Theorem IV.2.9], there exist §, C' > 0 such that

d §
Ogl— w(Qs) :w(Qr+s\Qs)§C<1_ s d) ,
w(Qy+s) w(Qy+s) (r+s)
from where the result easily follows. O

Lemma 4.2. If w € A,(R?), there ezists {h,}, C CZ(R?), such that

(1) Spw ‘= Sup, thHMpr(]Rd) < 00,
(2) sup, [[hn||pora) < 1,
(3) for every € € R?, lim,, h,, (&) = 1.

Proof. Properties (2) and (3) are proved as in Lemma Bl To prove (1), we first
observe that clearly

stllplhn * fl(z) S M f(z)

and hence the case p > 1 is trivial.
To prove the case p =1, fix 8 € N, > d. Then,

HM*NMWS/WwMﬁM—waM@

For a fixed y € R? and n > 0, the inner integral can be split into

/ [ k(e =) nte(e) do
e—yl<n=t 150 /2n 1 <o—y|<2t n

The first term can be bounded by

lan® [ ) de < fula, o),
r—y|<n—
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as the ball |z —y| < 1/n is included in y + [~1/n,1/n]%. On the other hand, if
po,a(h) = sup,cga |h (z)] |:1:|ﬁ7 each term on the sum can be bounded from above by

pos(R)nt=? / &~y w(z) dr < po.s()A92@B) ] 4, w(y).
2 <n|z—y|<29+1

Thus, the sum is bounded from above by ')0‘32(—?),3[ ]a, w(y). Hence

([ f||L1(w) < [w]a, can ||fHL1(w) )
where cqp, = 24 (1 + infﬁ>dp07ﬁ(h)1_g%ﬁ). O

The following result is the weighted version of [6, Lemma 2] and the weak type
maximal counterpart of [7, Proposition 4.10].

Proposition 4.3. Let w € A,(R?) and let {m,}; C Méfz,) (RY) N L (RY) that are
normalized functions. Then, there exist {my;,}, C L> (RY) satisfying:
(1) For any j and every £ € R?,

(4 m,(€) = limm; (&),

1)

(2) Kjn=m;," € LYRY), and it is compactly supported.

(3) sup, [[my;, n”Loo(Rd) ”mJHLOO(]Rd)

(4) sup,, \|{m]7n}]||M(m)(Rd) < Vpw H{m]}||M(m)(]Rd where 0y, 4, depends only
on p, d and the A,-constant of w.

Proof. Let {h,} be the functions given by Lemma and ¢, () as in Definition
Consider, for j,n € N,

M (§) = Kjn(§) = (@n xmy)(§)hn(E),
and proceed as in the proof of Theorem [3.101 O
Theorem 4.4. Let d = dy + da, u € A,(R™), v € Ap(R®) and define w(z,y) =

u(z)v(y). Suppose that {m;}; € MZS:T&,)(Rd) and are normalized functions. Then,
for a fized £ € R, {m;(£,-)}; € M;f;’,} (R%2) and

{m; (¢, )}

sup
¢eRN

< pw ‘

M") (Rd2) IMlmenfm) may’

where ¢y, o, depends only on p, d and the A,-constant of w.

Proof. Since u € A,(R™) and v € A,(R%) we have that w € A,(R?) and [w] 4 (ra)
< [v]a, (ra1)[u] 4, (Ra2)- Then, by Proposition .3, we can assume that {m; }_iisa

finite family such that K; = m]v € L' with compact support.

Let M = ||[{m;}, . Since translations and convolution commute, it
TN (mey

follows that for every z € R%,

(4.2) sup |BKjg|

1<5<7

< N ”g”LP(Rd,u(-)v(-Jrz)) .
Lroo (R, u()v(-+2))

Fix ¢ € R%. For any f € C°(R%), write
(4.3) Rz f(2) = ™ f(z +y), (z,y) € R? x R®,
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Observe that in this way,

Ty, f(z / Kj(2,y)R_(s,y) f(2) dxdy

= [ (L, e i) s - nay
Rd2 Rd1

= [ my(&n)f(n)e > =" dn.
Re2
Fix ¢ < p and fix E C R% a set of finite measure. For any z € R%, let A, =
{(:z:,y) ERY: y+2z¢€ E} Let r > 0 such that suppK; C (—r,r)¢ = Q, for
J=1,...,J.
Let s > 0. For any (z,9) € Qs = (—s,5)%,

sup ‘ijf‘ XE

q
_ / sup | RiayTic, £(2)| 0y + 2)xm(y + 2) d=.
1<5<J R

L‘I(RdZ,w) do 1< <J

If we consider the weight w = u ® 1 on R%, it follows that

q
‘ sup ‘TKjf’XE
1<5<J La(T4 )
~ q

- sup |Ree)Tie, ()] ul@)oly + 2)xs(y + 2) dedydz

Ri2 1<5<J

1
< — sup |Bgk. (R ) (z u(z +z dxd}dz.
o AL e 1B (Rosea.) o ua)etus) dody

By Kolmogorov’s condition (2)) and (£2), the term inside curly brackets is boun-
ded by

(Cp )" {/{MS | Rz f(2)]" u()v(y + 2) dt}z {/Azsz u(z)o(y + 2) dt}l_

Then, by Hoélder’s inequality, it follows that

a q 1—
Cp’q {/ / w(y + 2)dt dz}
Lq(RdQ,'L}) Ri2 JQ.NA,
x {/ / ’R(x,y)f(zﬂp u(z)v(y + 2z) dedy dz}
Ré2 J Qs

< e, 00 (BB o1 11 g

Since u € A,(R%"), w € A,(RY). Then by Lemma EJ] and Kolmogorov’s condition
(1), it follows that

q
P

9
P

sup |Tx, f| xe
1<5<J

up [T s

1<5<J

< cpgMN ||fHLp(Rdz,w) :
Lp->° (R%2 w)

Finally, considering ¢, = inf,<}, cp 4, the result easily follows by Fatou’s Lemma
and the density of C2°(R%) in LP(R%, w). O
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5. CONSEQUENCES AND APPLICATIONS

5.1. Héormander-Mihlin type multipliers. The first application involves mul-
tipliers satisfying a Hormander-Mihlin type condition.
Definition 5.1 (see [14]). Let m € L>=(R*) nC? (R?\ {0}),/ € Nand s > 1. We
say m € M (s,l) if it satisfies
s 1/s
dx) < 00.

(5.1) cm,sg = sup  sup rs‘o“*d/
laj<t - >0 r<|z|<2r

In 1979, D. Kurtz and R. Wheeden proved the following result.

Theorem 5.2 ([14, Theorem 1]). Let 1< s <2, ¢ <1 <d and m € M(s,1). If
(1) d/l <p < oo and w € Ay q(R?) or
(2) 1< p< (d/l)l and w_l/(p_l) S Ap/l/d(Rd),
then m € M, ,(R%). When | < d it can be taken p = d/l in (1) or p = (d/l) in
(2).
Moreover, if w¥/! € A;(RY), then m € Ml(jfu) (R9).
Corollary 5.3. Under the hypothesis of Theorem and assuming that m is a
normalized function, the following holds: If
(1) d/l <p< oo andw € Apl/d(’JI‘d) or
(2) 1<p<(d/l) and w™ /=D € A, /4(TY),
then m|za € M, ,,(T?). When I < d it can be taken p = d/l in (1)or p = (d/1)" in
(2).
Moreover, if w¥/! € Ay(T%), then m|za € Ml(fn)('ll‘d).

w

Proof. The result follows by applying Theorems 310 and B.I1] to m. O

dl*lm
oo a0 )

5.2. Singular integral operators. Our second example involves the classical the-
ory of Calderén-Zygmund singular integrals.

Definition 5.4 ([10, Definition I1.5.17]). A function K € L} (R4 \ {0}) is said to
be a regular kernel if K € L>°(R?) and it satisfies

(5.2) [K(x)| < Cla|™, Vo eR\ {0},
(5.3) |K(z—y) — K@) < Clyllz|""", |z > 21y

Corollary 5.5. Let K be a reqular kernel and consider for any 0 < r < s < 00,
Ky = KxXrcjaj<s and m, s = Ko If 1 < p < oo and w € A, (T) there exists a
constant ¢ such that

”{mhs Zd}r<SHMpyw(11‘d) <ec

If w € Ay(T9), then there exists a constant ¢ such that

H{mT7S|Zd}7‘<S||M§:‘:U) (Td) <ec

: # I
Proof. 1t is easy to see that T flx) = T{m7',s|Zd}7',sEQ+, <f(a:) for every

f € P(T9). Then, the result follows by the known corresponding result for functions
in R? (see [10, Theorem IV.3.6 and V.4.11]) by applying Theorem and its
corresponding strong version. O

m7v,s|zd}7’<s
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5.3. Bochner-Riesz partial sums. Our third application involves Bochner-Riesz
partial sums. Let us recall that the Bochner-Riesz operators in R¢ are defined as

. FRY
(BLS)(€) = m, () F(€), where mr<x>=< ——) ,
+

t+ = max(t,0), and the associated maximal operator is defined by

B f(x) = sup | B ()]

for A > 0. It is known that for A > dg , Bg\f is pointwise majorized by the

Hardy-Littlewood maximal operator; then it inherits its boundedness properties.
For the critical index the following is known (S. Shi and Q. Sun [I7, Theorem 1]
and A. Vargas [16, Theorem 1]).

Theorem 5.6. Let A = %51, If 1 < p < oo and w € A,(RY), then

1837, gy < Oy
and if w € A1 (RY), there is a constant C' such that for each r > 0,
I BXfll 1o ey < C Il prga ) »

where the constants depend only on the Ay-constant of w and the dimension d.

Let us observe that for A = (d — 1)/2, the kernel of the operator B}, say K,

satisfies the size condition |K(z)| < |z|~%, but it does not satisfy any Hormander
type condition such as (53) above. Then we can’t apply the result obtained in the
previous example.

In the periodic case, for 7 > 0, the Bochner-Riesz partial sum of order A > 0 is
defined for every f € P(T?) by

A
r |’n’|2 N Tin
S3f(0) = Z ( T2 f(”)62 6,
[n|<r +
and we denote by Sfi\ the associated maximal operator. Observe that since the
function (1 — |x|2)i is continuous, for every f € P(T¢9),
S (@) = suw S3/(@)]-
reQ+

Then, as a consequence of our results, the following counterpart to Theorem [(.6]is
obtained.

Corollary 5.7. Let A > %. If1 <p<ooandw € Ay(TY), then there exists
C > 0 such that

#
HSAfHL el 1 e
If w e A (T9) and A = 452 there exists C' > 0 such that for any r > 0,
HS)\fHLl,ac (T4, w) <C ||fHL1(11‘d7w) ’
and if X > 921 there exists C > 0 such that
S el 1) Prvwe
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By standard arguments the theorem implies:

Corollary 5.8. Let A\ > %, 1<p<ooandw € Ap(T?). For any f € LP(T¢, w),
lim S} f =
Ti)ngr )\f f7

where the convergence is considered in measure forp =1 and A = % and pointwise

almost everywhere in the other cases.

For A\ below the critical index the study of the boundedness properties of the
Bochner-Riesz operators constitutes an active area of research (see [9] for instance
and the references therein). In this setting, the following is a direct consequence of
[9, Theorem 5.1] (taking up = 1 with the notation therein).

Theorem 5.9. Let 0 < A < (d —1)/2. If w(z) = v(z)?M?! with v € Ay(RY),
then, for any r > 0, BY is bounded in L?(R¢,w) uniformly on r.

Theorem [B.11] leads to obtain the following periodic counterpart result.

Corollary 5.10. Let 0 < A < (d —1)/2. If w(z) = v(z)?M4! with v € Ay(T9),
then, for any r > 0, S is bounded in L*(T%, w) uniformly on r.

5.4. Extension of multipliers from L?(T) to LP(R,w). In this section we are
going to show how Theorem B.13] allows us to see the strong ties between M, (T)
and a subspace of M, ,(R) for a subclass of weights in A,(R) (see Corollary
below).

Following M. Jodeit’s ideas in [12], E. Berkson, M. Paluszyniski and G. Weiss
in [5] gave a way to extend multipliers from LP(T) to LP(R,w) with w € A,(R)
satisfying that there exists a constant p > 1 such that for each k € Z

(5.4) prw(k) < w(z) < pw(k), forallr € [k, k+1).

These weights are said to be in W,
In this framework, E. Berkson, M. Paluszyriski and G. Weiss proved the following
result.

Theorem 5.11 (5, Theorem 4.21]). Let 1 < p < oo, w € W, ¥ € M, ,,(R) and
the support of V is contained in [—1/2,1/2]. Then, if {¢pn}, € My(T), we have that

Wew(t) = Z p(m)¥(t —m) € My (R)

meZ

and
H{W‘j’m‘l’}nHMp,w(]R) < prw ”\IJHMW,,(R) ||{¢7l}nHMp(’H‘) .

Since Wy, w|z = ¥(0)¢, |z, a direct consequence of Theorem B.I3 with v = 1
and v = w is that the converse of Theorem [5.11] also holds:

Corollary 5.12. Let {¢n}, C €°(Z). Then, under the hypothesis of Theorem
BEI0], we have that if ¥(0) # 0,

H{Wd’m‘l’}nHMp,w(R) < 400 if and only if ||{¢n}n||Mp(T) < +o0.
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Moreover,
(5.5)

Cpow [{Pn},ll 5
W nJr (T)
T A% WP o Py o ey

Observation 5.13. In the particular case of a single multiplier, inequality (&5
yields that, for any w € W,,, the map ¢ — W, ¢ induces an isomorphism between
M,(T) and a subspace of M, ,(R). This result is a one dimensional weighted
generalization of the unweighted result in [I2] p. 225] for ¥ the characteristic
function of the interval [—1/2,1/2).
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