(-0 |3

5 4

c <o

ryrrrrr rerr|rreerrc|rerrrrrerrr
Llceerrrrr|coreCcorrrrrrre
=

rrerCrrrclicecrrrrcrrrr

Undergraduate Thesis

Major in Mathematics

Faculty of Mathematics
University of Barcelona

Fundamental Theorems of
Functional Analysis and
Applications

Author: Joan Carles Bastons Garcia

Advisor: Dr. Maria Jestiis Carro Rossell
Department: Matematica Aplicada i Analisi

Barcelona, January 18, 2016






Abstract

Among the fundamental theorems of Functional Analysis are the open mapping
theorem, the closed graph theorem, the uniform boundedness principle, the Banach-
Steinhaus theorem and the Hahn-Banach theorem. We study them in the context of
Banach spaces and applications in Analysis like the divergence of Fourier series, the Riesz
representation theorem, the existence of nowhere differentiable continuous functions, etc.
Apart from Mathematics, we demonstrate that those theorems can play an important role
in Physics by examining two more applications: the moment problem and a rocket ascent.
The whole thesis outlines that those theorems are applied in many disciplines and can
lead to relevant results.
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Introduction

Among the fundamental theorems of Functional Analysis are the open mapping
theorem, the closed graph theorem, the uniform boundedness principle, the Banach-
Steinhaus theorem and the Hahn-Banach theorem. They date from the first third of the
past century, when they were formulated in the context of Banach spaces. As some of
their names suggest, they refer to properties of operators like boundedness, continuity,
extension and openness. Thus, their appliance goes beyond Functional Analysis and they
are present in other branches of Mathematics such as Harmonic Analysis and Differential
Equations, among others.

This project aims to study those theorems and their applications from a multidisci-
plinary approach. For this purpose, applications in different areas of Mathematics are
carefully chosen, taking into consideration variety and the necessary background. Other
purposes of this thesis are to be self-contained and to put into practice a wide range of
skills and knowledge acquired in my majoring years.

The thesis is composed of four chapters. The first one consists of concepts and
results which are not central to this thesis, though they are often auxiliary, like the
Riemann-Stieltjes integral. In Chapter 2, those fundamental theorems are formulated for
Banach spaces, following the versions given in [I, 2]. These two chapters are the starting
point to develop the rest of the thesis.

In Chapter 3, the theorems are applied to some areas of Analysis, beginning with
the existence of nowhere differentiable continuous functions followed by the Riesz repre-
sentation theorem. In Harmonic Analysis, from a historical overview of the convergence
of Fourier series, the uniform and the L'-norm convergences are studied. The chapter
also includes a result in Numerical Analysis, the Lagrange interpolating polynomial does
not converge uniformly. The references for these applications are taken from [3], [6 [9],
though in most cases these results are improved by studying more general versions or by
complementing the proofs.

Another goal of this project is to analyze and solve physical problems with the
theorems in Chapter 2. For this end, Chapter 4 contains two physical applications; the
first one is the moment problem, suggested by T.J. Stieltjes as a mechanical problem in
[12], which has evolved to different versions in Probability or in systems with infinitely
linear equations. The second section is the study of the optimal rocket ascent in terms of
fuel expenditure, developed in [7, [, [14].






Chapter 1

Preliminaries

In this introductory chapter, concepts and results which will be often used in the
following chapters are provided to the reader in order to assure full comprehension. In
the first section, notions of Banach spaces, continuous linear operators and dual space are
introduced. However, many properties are not proved because they were studied in the
course Analisi real © funcional, taught at University of Barcelona, and they can also be
found in any introductory manual. The rest of the sections contain results that have not
been studied in any previous course. The second section only contains a proof of the density
of the continuous functions in L', a result that will be necessary in some applications.
Finally, the last section consists of two parts, the first one focuses on functions of bounded
variation, while the second one on the definition of the Riemann-Stieltjes integral and
properties that will be mainly required in Chapter 4. In these sections and in the whole
thesis, K will denote either R or C.

1.1 A brief review on Banach spaces

1.1.1 Banach spaces, operators and dual space

Definition 1.1.1. A vector space E is Banach if and only if it is normed and complete.

Example 1.1.2. The following normed vector spaces are Banach.
(i) (R",[-]) and (C",]).

(i) (C(la,0]), [[]]o0)-

(i) LP([a,0]) := {f : f € £ and ||f|]p:= f;|f(m)]pdm < 00}, where & is the set of all
Lebesgue-measurable functions and 1 < p < oo.

(v) L(a,8)) == {1 f € 2 and ||flli uppcacel(2)|< o0}
(v) 1" :={a={an}nen CK: ||alli:= D07 |an|< 0o}

Proposition 1.1.3. A normed vector space is Banach if and only if every absolutely
convergent series is convergent.



Proposition 1.1.4. Let E be a Banach space. If a subspace A C E is closed in E, then
A is a Banach space.

Definition 1.1.5. Let E, F' be two normed vector spaces. A linear operator T : E — F
is a linear function between the two normed vector spaces and the norm of the operator is

defined by

Tx
||T)|:= sup ||Tx||p= sup ||Tx|/r= Sup” ||F
lzllz=1 2/l =1 w0 ||2]|e

Proposition 1.1.6. Let E, F be two normed vector spaces and T : E — F a linear
operator. The following conditions are equivalent:

(i) T is continuous.
(i) |T||< oc.
(iii) There exists a constant C' > 0 so that ||Tz||p< C||z||g for all z € E.

If T is continuous, ||T|| is the lowest constant that satisfies (iii).

Remark 1.1.7. Continuous linear operators between two normed vector spaces are often
called bounded, motivated by Proposition [L.1.6] (iii).

Remark 1.1.8. Let E and F be two normed vector spaces. We denote as L(F, F') the
set of all continuous linear operators between E and F'.

Proposition 1.1.9. Let E and F be two normed vector spaces. Then, L(E,F) is a
normed vector space with the norm of operators. If F is Banach, so is L(E, F).

Definition 1.1.10. Let E be a normed vector space over K. The dual space of E is
defined as E* = L(E,K).

Corollary 1.1.11. The dual space of a normed vector space is a Banach space.

1.1.2 Product and quotient space

Proposition 1.1.12. If E, F are two Banach spaces over K, then E x F' is a Banach
space with the norm ||(x,y)||= max(||z||g, ||y||F)-

Proof. First, we show that E x F' is normed.

(1) 0 <[z][p < max(|lz||p,[lyl[r) = ||(z,y)]] for all (z,y) € E x F', and
||(z,y)||= 0 if and only if ||z||g = ||y||r = 0 if and only if z = 0 and y = 0.

(ii) For all (z,y) € E x F and all A € K|
[IA(z, )= [[(Az, Ay)||= max([|Az|| s, || Ayl p) = |Almax([|z||, [[yllr) = [Al]I(z, )]
(iii) For all (z,vy),(z,t) € E X F,

1z y) + (20l = |[(z + 2,y + O |[= max(||z + 2|, |ly + t||)
< max(||z||p+||z]e; ||yl e +[[t]] <)
< max(||2||g, [[yllr) + max(|[2]|z, [[t]|7) = [[(z, y)[|+]](z, DI



Next, we prove that E x F is a complete space. Consider a Cauchy sequence {(x,, y,)}n
in £ x F, then

Hxn - meE S H(xrhyn) - (xmaym)||_> 0 as n7m — OO, and

NYn — Ymllr <|(@n, Un) — (Tm, Ym)||— 0 as n,m — .

Since {z,},>1 is a Cauchy sequence in the Banach space E, there exists z = lim,, o Ty,
in . Similarly, there exists y = lim,, .o, ¥, in F.

1(z,y) = (@n, yn)||= max([|z — zollp; Iy = vallr) < [l = z0lle +ly = yallr — 0,

as n — oo. O

Let E be a vector space and F' a subspace of E. We say that u,v € F are related
if and only if w — v € F'. This is an equivalence relation and the equivalence class of a
vector u is [u] ={u+v:v € F} =u+ F. The quotient set E/F ={z+ F:x € E}is a
vector space.

Lemma 1.1.13. Let (E,||:||) be a normed vector space over K and F a closed subspace
of E. Then, E/F with the functional

Il E/F =R
z+ F ||z + Fllg= inf[[z + y||
yeF

15 a normed vector space.

Proof. We will show that ||-]|, is a norm on E/F. We first notice that ||z + F||,> 0 for
all z € E.

Next, if [0] = [z] = x + F = F, then ||z 4+ F||,= ||0 + F||,= 0. Conversely, suppose
that ||z + F||,= O for some z € E. Then, there exists a sequence {y;}, in F so that
limg ||z + yx||= 0, that is, x = limg(—yx). Since F' is closed, € F' and, hence, [z] = [0].
For all z € F and all A € K, with A\ # 0,

Mz + F)llg=[[Ax + Fllg= inf[[Ax + y[|= inf [[Az+\y||=[A] ||z + Fl-
yeFl y'=%eF

Finally, the triangle inequality is readily shown. Given z,y € E and ¢ > 0, consider
21,29 € F so that

€
[l +zl|< o+ Fllgts,
€
1y + z2ll< lly + Fllg+5-
Then,

1@+ F) + (y + F)llg = infllz +y + 2[|< [[o + 20+ y + 2||< [lz + 21| +Hly + 2]
< [z + Fllg+[ly + Fllgte. O

Proposition 1.1.14. If (E,||-||) is a Banach space and F is a closed subspace of E, then
(E/F,||"||lq) is a Banach space.



Proof. Let {z, + F'}, be a Cauchy sequence in E/F. We will show that there exists a
subsequence that converges in F/F and, hence, the sequence is convergent. Consider
{zy, + F'}r a subsequence such that

|Znyyy = Ty, + Fllq < 2% for all integers k > 1.

Next, we build a sequence {y;}, in F' so that

1 :
(@ = Ykt1) = (Tn, — un)||< Py for all integers k > 1.

Indeed, consider y; = 0, then from

. : 1
nff{(#n, —41) = (@, = y)ll= Wb ll2n, =20, +ll= [lon — 20, + Fll< 5,

it follows that there exists yo € F' so that

1
(@0, — 1) = (Tny, —2)|[< 2 3= L.

Similarly, from

f[[(2n, = y2) = (Tny — Y)l|= |0, = 20y —y[I= [l0n, — 2 + Fllg<

yeF 227

it follows that there exists y3 € F' so that

1 1
H('Tnz _y2> - ($n3 —y3)|‘< 2. ? = 5

Recursively, we obtain a sequence {z; = x,, — yx}r in E, such that

1
|| 2k1 — 2x]|< py=) for all integers k > 1.

Besides, the sequence {z}x is Cauchy in E. Indeed, given € > 0, there exists kg € N so
that -+ < e. For all n,m > ky + 1, with n > m, we have that

2k0

n—m—1 n—m—1 e

1 1 Sm=T
oo =2mll < 2 Mmoo —2mualls 3 57 S 2 gy = 57
=0 =0 =0 ’

= 2m_2 S % < €

Since {zx}r C E is a Cauchy sequence in a Banach space, this sequence converges to a
vector z € E. Finally,

(@ + F) = (24 F)llg= [[2n, =2+ F = yillg= [l2r — 2+ Fllg< [[21 = 2[|= 0, as k = oo

U



1.2 Density of the continuous functions in L'

Proposition 1.2.1. C([—n,7]) is dense in L'([—m,7]).

Proof. Let f € L*([—m,7]), we will prove that for all € > 0 there exists g € C([—m,7]) so
that ||f — gli<e.
Let us start with a function X, € L'([-, 7)) with —7 < a <b < 7. Given € > 0 small

enough, we consider a continuous function g, : [—7, 7] — R defined by
0, if —r<zx<a,
x;“, if a<zr<a-+te,
ge(r) = ¢ 1, if a+e<x<b—e,
b if b—e<a <D,
0, if b<z<m.
1
o a a+e€ b—e b n

Figure 1.2.1: Representation of the continuous function ge equal to X, on (a+¢€b—e¢).

Then,
X — gelli= / X () — ge(2)]da = e

Now, let us consider Uy = U}, (a;,b;) C [—m, 7] and the function X, € L'([-m,7]). We
can assume that Uy is a finite union of disjoint intervals. Therefore,

N
Xuy (7) = Z X(aipny (@) forallz € [—m .
i=1

For all 1 < i < N there exists g; € C([—m,7]) so that [|gi — X (4,5,
Zi\il gi € C([—m,7]). Hence,

. )
1 < - Besides,

N N N N €
> 0= Xuy = > (9i- X(ai,bi))Hl <D g = X< 3 N~ ©
i=1 i=1 =1 =1

Consider an open subset of [—, 7], U, and the function X, € L'([—7, 7). Notice that U
can be expressed as

U= @(ai, bl)
=1

7



Since {Uy = WY, (as,b;)}x is a family of subsets of U with Uy C Uy, there exists
Ny € N so that

U\ Un|< 5 whenever N > Nj.

Besides,

s

o \Uxl= [ " Yoy (@) = | Ote) = xuny @)ds = 10 = X 1

—7
As we have shown before, there exists gy € C([—m,7]) so that ||X, — gn|[1< 5. Hence,
€

2

€
X = 9n 1< Xy — Xoy i+ IXuy = 9nlli< 3 +-=c

We continue with a measurable subset, A, of [—7, 7] and the function Y , € L'([—m, 7).
Since the Lebesgue measure is regular, there exists an open set U so that

ACU C[=m ] and [[xy = Xalh= U\ A[< 5.
According to the previous case, there exists g € C([—m,7]) so that ||, — g|[1< 5. Hence,

IXa = 9lh< X = XullitlIXy = glli<e

We next consider a simple function, s = >7" | a;x 4, with a; € R\ {0} and A; measurable
subsets of [—m, w]. Given € > 0, for all 1 < i < n there exists ¢; € C([—m,7]) so that
X4, — gilli < ;- Note that 3" | a;g; is continuous. Then,

la;|n"
n n n

§ — E a;g; E a;Xa;, — E a;g;
i—1 i=1 i=1

Given f € L'([—m,n]) and € > 0, there exists a simple function s so that [|f — s|[;< §
(every measurable function can be approximated by simple functions). Since s is a simple
function, there exits g € C([—m,7]) so that ||g — s||;< 5. Hence, ||g — f|1< €. O

n
< Z‘ai’ X4, —gilll <e
1 i=1

1

1.3 Riemann-Stieltjes integration

1.3.1 Functions of bounded variation
Definition 1.3.1. Let f : [a,b] — R.

(i) f P={a=29 <z <...<uz, =>b}is a partition of [a,b], we define
P(f) =D _If () = flana)l
k=1

(ii) The total variation of f on [a,b] is defined by
V() :=sup P(f),

where the supremum is taken over all partitions of [a, b].

8



(iii) For all z € [a,b], we denote Vi, ,)(f) as the total variation of f on the interval |a,x],
which is a function of x.

(iv) f is said to be a function of bounded variation on |a,b], f € BV ([a,b]), if and only
if V(f) < o0.

Definition 1.3.2. A partition P* of an interval [a,b] is said to be thinner than P if
PcCPr.

Lemma 1.3.3. Let f € BV ([a,b]) and a < x <y <b. Then,
V[a,y](f) = Wa,x](f) + ‘/[x,y](f)

Proof. Let P be a partition of [a,y]|, which may not include z. So, let P* = P U {z}.
Then,

Pr(f) = P() = |f (@) = f@) [+ (2) = flzi) [=|f (i) = fli)[Z 0.

Since P* is a partition of [a,y], it can be expressed as P* = P; U P, where P; contains
the points of P* belonging to [a,z] and P, the ones belonging to [z, y]. Then,

P(f) < P*(f) = Pi(f) + Po(f) < Viaay (f) + Vi (f)-
Taking the supremum over P,

V[a,y}(f) < V[a,z}(f) + V[a:,y}(f)~

Conversely, let P; and P, be two fixed partitions of [a, x| and [z, y], respectively. Then,
P = P, U P, is a partition of [a,y]. Therefore,

P(f) = Pi(f) + P(f) £ Viay(f).

We first take the supremum over P,

Vv[a,x](f) + PQ(f) S ‘/Y[a,y](f)a

and now over P,
Viaal (f) + View (f) < Viau (f)-

Remark 1.3.4. If a <z <y < b, then Vig | (f) = Viaw] (f) + View) (f) = Viaa) (f)-

Proposition 1.3.5. If f € BV ([a,b]), then there exist two increasing functions g, h
defined on |a,b] such that f =g — h.

Proof. Let g(x) = Vja0)(f) be an increasing function such that

0<g(x) <V(f)<oo forala<az<b.

Since f and g are bounded, h(z) = g(x) — f(z) is well-defined on [a, b]. Finally, if z < y,
then

h(y) = h(x) = Viag) () = Viemy (f) = (F(y) = F(2)) = Viey) (f) = (F(y) = f(2)) = 0.

Hence, h is increasing. O



1.3.2 The Riemann-Stieltjes integral and properties

Definition 1.3.6. The norm of a partition P = {a = xy < x1 < ... < x, = b} is defined
by

||1P||= g?gjzm = Ti1l.

Definition 1.3.7. Let P = {a = 29 < z; < ... < x, = b} be a partition of [a, b],
f,q: [a,b] = R two arbitrary functions and

pw=A{pr € [tr_1, 2] : 1 <k <n}.

(i) We define the Riemann-Stieltjes sum

n

P(f,9,1) Zf ) (9(ze) — g(zaer)) = D ) Ags.

k=1

(ii) f is Riemann-Stieltjes integrable with respect to g on [a,b], f € RS([a,b],9), if
and only if there exists L € R such that for all € > 0 there exists 6 > 0 such that
|| P||< ¢ implies that |P(f, g, ) — L|< e. In that case, the Riemann-Stieltjes integral
is defined by

b
[ 7ds= lim P(fg) =L

I1Pl[=0

Proposition 1.3.8. Leta < b < c. If fabf dg, [, [ dg and [T f dg exist, then

ag= [ fag+ [1as
[ gaa= [ i |

Proof. Let ¢ > 0. There exists 0; > 0 such that, for any partition P, of [a,b] with
|| P1||]< &1, it holds that
€

b
Pl(fvgnul)_/ fdg <§

Similarly, there exists 02 > 0 such that, for any partition P of [b, ¢] with ||P2||< d2, it
holds that

€

P2(f>9>ﬂ2)—/b fdg| < 3

Finally, there exists d3 > 0 such that, for any partition P; of [a, ] with ||Ps||< d3, it holds
that

€
< .

Pg(f,g,ug)—/ fdg 3

Let § = min{d, 02, 03}. Consider P, and P, two partitions of [a, b] and [b, ], respectively,
so that ||P)||< ¢ for i = 1,2. Let P = P, U P, be a partition of [a, ] with ||P||< § < 3.
Then,

ag—( [rag+ [(rag)|<| [ do—rirgm|+
IREEVREEY/ a

+ Pz(f,g,ua)—/b fdg

b
Py(f. 9. 1) —/ I dg’

< €.

10



Proposition 1.3.9. If f is Riemann integrable on [a,b] and g € C'([a,b]), then f belongs

to RS([a,b],g) and
b b
[ ras= [ @@

Proof. By the mean value theorem, Agy = ¢'(zx) Azy with z € [25_1, 2x] forall 1 < k <n.
Then,

P(f,9,1) = Zf i)y (21) Ay = Zf )9 (1 Axk"‘Zf )l (1) = o' (k)] A

k=1

Since f and ¢’ are Riemann integrable on [a, b], so is f - ¢’ and

quk (g Amk—>/f x)dx as ||P||— 0.

We next show that the second addend tends to zero as the partition becomes thinner.
Given € > 0, we can choose § > 0 so that if |z — y|< ¢, then

€

S [ elb—a) °

since ¢’ is uniformly continuous on [a, b]. Therefore, for any partition ||P||< §, we have
that |ug — zk|< 6 for all 1 < k <n, and

— ¢ ()] Ay,

< ;U(M)\mﬁﬁk <e

In case f =0 or a = b, the proof is immediate. O
In the case that f is bounded and ¢ increasing, the Riemann-Stieltjes theory is very

similar to the Riemann integral theory. For this reason, we introduce the upper and lower
sums and integrals.

Definition 1.3.10. Let f, g : [a,b] — R be two functions such that f is bounded and g
is increasing. Let P = {a = zp < 1 < ... <z, = b} be a partition of [a, b], we denote

m; = inf f(z) and M;= sup f(z) foralll<i<n.

xe[mi—hmi] l’E[IEi_l,(Ei]

(i) The upper sum is defined by
U(P, f.9) Z M;Ag;.
(ii) The lower sum is defined by

L(P, f,9) Z m;Ag;.

11



(iii) The upper integral is defined by

b
[ #dg=ingU(P.£.9).
where the infimum is taken over all partitions of [a, b].

(iv) The lower integral is defined by

b
/ f dg = sup L(P. f.g).

where the supremum is taken over all partitions of [a, b].
Remark 1.3.11. Notice that L(P, f,q9) < P(f,g,1) < U(P, f,g).

Lemma 1.3.12. Let f,g : [a,b] — R be two functions such that f is bounded and g is
increasing. Let P = {a = xy < x1 < ... < x, = b} be a partition of [a,b]. If P* is a
thinner partition of [a,b], then

L(P, f,g9) < L(P*, f,9) and U(P",f,g9) <U(P, [,g).

Proof. 1t is enough to consider P* = P U {z*} with z; 1 < 2* < z; for some 0 < i < n.
We denote m' = infefy, | 2+ f(2) and m” = infycppe 5,7 f(x). Then,

L(P*, f,g) — L(P, f,g) = m'[g(x*) — g(zi-1)] +m"[g(z;) — g(z*)] — mu[g(x;) — g(zi-1)]
= (m' —my)[g(z") — g(xi1)] + (M" — mi)[g(z;) — g(z7)] > 0.

Similarly, if we denote M’ = sup,¢,, , .+ f(*) and M" = sup,¢(,« ,.; f(2), then

U(P, f,9) —U(P", f,9) = Mi[g(x;) — g(zi1)] — M'[g(x") — g(wi1)] = M"[g(w;) — g(2")]
= (M; — M')[g(x") — g(xi1)] + (M; — M")[g(z;) — g(x™)] > 0.

g

Proposition 1.3.13. Let f,g : [a,b] = R be two functions such that f is bounded and g
1s increasing. Then,

/ibfdgs/abfdg.

Proof. Let P, and P, be two partitions of [a, b] so that P, C P,. Then, by Lemma [1.3.12]

L(-Plaf)g) S L(P27fvg) S U(P27fag) S U<P17fag)
Therefore, L(Py, f,g9) < U(P,, f,g) and, by taking the infimum over P,

%
L(Pl,f,g)S/fdg.

Finally, by taking the supremum over P,

Lbfdgﬁffdg-

12



Proposition 1.3.14. If f € C([a,b]) and g is increasing on [a,b], then f € RS([a,b],q).

Proof. Given € > 0, there exists § > 0 such that |x — 2'|< 0 implies that

since f is uniformly continuous on [a, b]. Then, for any partition P of [a,b] with ||P||< 4,
we have that

n

0 <U(P, f,g9) = L(P, f,9) = > _(M; —my)[g(w:) — g(i1)] < Z(Mz- —m;)Ag;

=1
€ n
<——— N Agi=e
9(b) — g(a) Zl

If g(b) = g(a), then g is constant on [a,b] and U = L = 0.
According to Lemma [1.3.13], we obtain that

b b
os/fdg—/fdgsU(P,f,g>—L<P,f,g><e-

Za

Since the inequality holds for all € > 0,

/Lbfdg:A:ffdg.

L(P, f,g9) < P(f,g9,p) <U(P, [, 9)

Finally, note that

implies that
|P(f.g9,1) — Al< e
whenever ||P||< ¢ for some 6 > 0. Hence, f € RS([a,b],9). O

Proposition 1.3.15. Let c € R and f € RS([a,b],9;) withi = 1,2. Then,

/abf d(091+92)=f3/abf dgl+/abf dgs.

Proof. Let P be a partition of [a, b],

P(f,cq+ g2, p1) = Zf(ﬂk)[CAng + Agak] = cP(f, g1, 1) + P(f, g2, ).
k
Then,

b b b
P(f7091+gz,#)—0/ fdgl—/ [ dga| < P(f,gl,u)—/ fdg

a

— 0 as ||P||— 0.

b
+’P(f,g2,u)—/ [ dgs

U
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Corollary 1.3.16. If f € C([a,b]) and g € BV ([a,b]), then f € RS([a,b],9).

Proof. By Proposition[1.3.5] g is the difference of two increasing functions. By Proposition

1.3.14] and Proposition [1.3.15, the statement is proved. U
Example 1.3.17. Consider the Heaviside function H, on [a, b] defined by

0, z=a,
Ha(a:):{ 1, a<z<b

For all f € C([a,b]), )
/ f dHa(x) = f(a).

Indeed, given € > 0, consider 6 > 0 so that |f(z) — f(y)|< € whenever |x — y|< ¢, since f
is uniformly continuous on [a,b]. Then, for any partition P with || P||< §,

|[f(a) = P(f, Ha, p)|= ‘f(a) = > Fl)[Ha(ak) = Ho(wx)]| = [f(a) = f(u)|< e
Proposition 1.3.18. If f € C([a,b]) and g € BV ([a,b]), then

| y iy <1171V (o).

Proof. Given € > 0, let P be a partition of [a, b] so that

b

Then,
\ [ dg] < IP(f g )e < 3 | Flm)lota) — gz + ¢ < 1f1lV(9) + e
a k

Since the inequality holds for all € > 0,

b
[ dg\ < IV (9).
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Chapter 2

Fundamental theorems of Functional
Analysis

This chapter is central to this thesis, given that it contains some basic theorems of
Functional Analysis and Baire’s theorem. These theorems are divided into three different
sections; in the first one, Baire’s theorem, the open mapping theorem and the closed graph
theorem are studied together because their proofs are related. The second section includes
theorems about sequences of bounded linear operators such as the uniform boundedness
principle and the Banach-Steinhaus theorem. Finally, the last section contains different
versions of the Hahn-Banach theorem, which are about extension and separation properties.

2.1 Baire’s theorem, the open mapping theorem and
the closed graph theorem

2.1.1 Baire’s theorem

Theorem 2.1.1 (Baire’s theorem). Let X be a complete metric space. If {G,}n>1 is a
sequence of dense and open subsets of X, then A = N2, G, is also dense.

Proof. By definition, A is dense in X if and only if A = X, that is, for all z € X and all
r >0 B(x,r) N A # (). This is equivalent to prove that AN G # () for every nonempty
open set G in X.

Since G is dense and open, G; N G is a nonempty open set. Therefore, there exist
a; € Gy NG and r; > 0 so that B(ay,m) C G; NG. Similarly, G5 is dense and open, so
there exist ay € Go N B(ay,m) and 0 < ry < r1/2 so that B(ag,re) C Go N B(ay, ). By
induction, we can build the sequences {a, },>1 C X and {r,},>1 C RT with

0<7pp <% =3 and B(ani1,Tns1) C Guyr N B(an, ).

Besides, {a,}n>1 is a Cauchy sequence in X. Indeed, given n,m € N with m < n, then
an € B(am, ) and d(an, @) < 7m < gt — 0 as n,m — oo. Since X is complete, there
exists a = lim,,_,oo @, in X.

Finally, it is readily shown that a € AN G, that is, a € G N G, for all m € N.
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Indeed, a,, € B(ay,r,) whenever n > m, together with a = lim,,_,, a,, implies that
a € B(am,Tm) C Gy, for all m € N. Besides, a € B(a,r;) C G and, hence, ANG # (. O

Corollary 2.1.2. Let X = UX | F, be a complete metric space and {F,, n € N} a
sequence of closed sets in X. Then, there is one F,, with nonempty interior.

Proof. Since X = Up2,F,, ) = X¢ = M2, Fy, where the sets F are open. Baire’s
theorem states that there is at least one Fyy not dense. Thus, Fif # X and, consequently,
X\ F¢ =int(F,) # 0. 0

2.1.2 The open mapping theorem

Definition 2.1.3. A linear operator T': E — F' is said to be open if T(G) is an open set
in F' for any open set GG in E.

Theorem 2.1.4 (open mapping theorem). Let E, F' be two Banach spaces and T : E — F
a surjective continuous linear operator. Then, T is an open mapping.

Proof. We want to prove that T'(G) is an open set in F' for any open set G in E.

1. It is enough to prove that T(B(0,r)) is a neighborhood of zero in F for all r > 0.
Let G C FE be an open set. Since T is surjective, we consider T'a € T(G) with a € G.
Since G is open, there is r > 0 so that B(a,r) = a + B(0,r) C G. By linearity,
T(B(a,r)) =Ta+T(B(0,r)) C T(G). The hypothesis assures that 7'(B(0,7)) is a
neighborhood of zero, so T'(B(a,r)) is a neighborhood of T'a in F. Hence, T(G) is
open.

2. For allr >0, T(B(0,r)) is a neighborhood of zero in F, that is, there is 0 > 0 so
that B(0,0) C T(B(0,7)).
Consider the following expressions,

E = UBOnr/Z)andF T(E (UBOnr/2) UT (0,nr/2)).

n=1

Note that £ C U T(B(0,nr/2)) C U, T(B(0,nr/2)) = F = F. Hence,
F = U T(B(0,nr/2)).

By Corollary|2.1.2] there is N € N such that int(7'(B(0, Nr/2)) # (). We can assume
N =1 because T'(B(0,Nr/2)) = N - T(B(0,r/2)) = T(B(0,7/2)). Hence, there
exist y € F' and o > 0 so that

B(y.o) =y + B(0,0) C T(B(0,r/2)).

Besides, there exists a sequence {z,}, C B(0,7/2) such that y = lim,, T'z,, and also

—y = lim,, T'(—x,,). Therefore, —y € T(B(0, 5)). Finally, we have that

B(0,0) € —y + T(B(0,7/2)) C T(B(0,r/2)) + T(B(0,7/2)) € T(B(0,1)).
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3. Fized s >0, T(B(0,s)) is a neighborhood of zero in F.
We write s = > > r, with r, > 0 (obviously, 7, — 0 as n — o0). According

n=1

to the second step of this proof, for all n > 1 there exists o, > 0 such that
B(0,0,) C T(B(0,7,)). We can assume that o, | 0.
Let y € B(0,01) C T(B(0,71)). Since T is surjective, there exists x; € B(0,71) so
that

ly = Ta:1[[p < o2

It follows that y — T'zy € B(0,02) C T(B(0,7r32)). Then, there exists x5 € B(0,rs)
so that
Hy - Tﬂfl — T.CEQHF < 03.

By induction, if
y—Tx, —...—Ta,_1 € B(0,0,) C T(B(0,r,)),
then there exists z,, € B(0,r,) so that
lly—Txy—...—=Txy 1 —Txyllrp < opy1.

Since F is a Banach space and

00 0
Z HIHHE < Zrn = 8§ <00,
n=1 n=1

there exists = Y~ x, € E. Note that |[z||g < >~ ||zsl|lp < s implies that

n=1
x € B(0,s). Since T is continuous,

y = lim T(Zxk> = Tx € T(B(0, ).

n—00
k=1

Hence, B(0,01) C T(B(0,s)) and T'(B(0, s)) is a neighborhood of zero. O

Corollary 2.1.5 (Banach isomorphism theorem). Let E, F' be two Banach spaces and
T : E — F a bijective continuous linear operator. Then, T~ is also a bijective continuous
linear operator. In particular, T is an isomorphism.

Proof. By the open mapping theorem, 7T is open. Since T is bijective and open, there
exists T~! and it is continuous. Il

2.1.3 The closed graph theorem

Theorem 2.1.6 (closed graph theorem). Let E, F' be two Banach spaces over K and T a
linear operator between E and F. Then, G(T) = {(z,y) € E X F :y =Tz} is a closed
set in E X F if and only if T is continuous.

Proof. First, assume that G(7T') is closed. The linearity of 7" implies that G(T)) C E x F
is a subspace. Indeed, given (z,Tx),(z,Tz) € G(T) and A\, u € K, we have

Mz, Tz) + uw(z,Tz) = Az + pz, \Tz + uTz) = (Ao + pz, T(Ax + pz)).
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Thus, Az, Tx) + pu(z,Tz) € G(T). By Proposition [1.1.12] E x F is Banach and, by
Proposition [1.1.4] so is G(T"). Consider

g G(T) — FE
(x,Tx) — x

a bijective continuous linear operator. By Corollary , 75" is continuous. Then,
T =mnpo 7@1 is continuous because it is the composition of two continuous operators.
Conversely, assume that 7' is continuous. We consider a sequence {(z,,Tz,)}, C G(T)
convergent to (z,y) € E x F. Then,

|2 — 2||g < ||(Zn, T2n) — (2,y)||Exr— 0 as n — oo, and
HTxn - yHF < ||(In,Tl’n) - (x,y)||E><F—> 0 as n — oo.

We have obtained that {z,}, converges to z in E and {T'z,}, converges to y in F. Since
T is continuous, Tz = y. Hence, (x,y) € G(T), i.e., G(T) is closed. O

2.2 The uniform boundedness principle and the Banach-
Steinhaus theorem

Definition 2.2.1. Let E be a Banach space and A a subset of E. A is Gs-dense if and
only if it is a countable intersection of open sets.

Theorem 2.2.2 (uniform boundedness principle). Let E, F' be two Banach spaces and
{T;,i € I} a family of bounded linear operators between E and F. Then

(a) either sup,c; ||Ti|| = M < oo, or

(b) there is a Gs-dense set A in E such that sup,c; ||Ti(x)||p = oo for all x € A.
Proof. For all n € N; we define

Gy ={z € E: sup||Ti(x)l|r >n} =|J{z € E: [|Ti(x)|[r> n}.

el

The sets G,,, n € N, are open, since 1" and the norm are continuous. We consider two
cases.

(a) There exists a set Gy, not dense in E. In this case, we can find a ball Bg(a, ) such

that Bg(a,7) N G,, = 0. From this, it follows that
sup ||T;(z + a)||r < m  whenever ||z||g < 7.
il

Then, for all 7 € I,

ITi(@)llr < |[Ti(x + a)|[p+[|Ti(a)[[p < 2m  whenever |[z][p<r.

Given y € E \ {0}, consider z = Tl (note that ||x||g = ). Then, for all i € I,
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1T )l = 2= T(@)]e < 22|yl

r

Therefore, T; is continuous for all i € I with ||T;||< 22. Hence,

2
sup ||T||< 22 < oo
iel r

(b) Otherwise, G,, is dense for all n € N. Then, by Baire’s theorem, the set A = N,>1G,,
is dense in E. Consequently, sup ||T;(z)||r = oo for all z € A. O
iel

Corollary 2.2.3. If{T,},>1 is a sequence of bounded linear operators between two Banach
spaces E, F so that T(x) := lim, T,,(z) for all x € E, then T is a bounded linear operator
between E and F so that ||T||< sup,||T,||< oc.

Corollary 2.2.4 (Banach-Steinhaus theorem). Let {1, },>1 be a sequence of bounded
linear operators between two Banach spaces E, F. Suppose that

(1) there exists T'(x) := lim,, T,,(x) for all x € D, D a dense set in E, and

(2) the sequence {T,,(x)}n>1 is bounded for all x € E.

Then, T : D — F defined by T(x) := lim, T,,(z) extends to a bounded linear operator
T :E — F such that
[|T)|< lim inf||T5,]|.

Proof. The second hypothesis assures that, for all z € E| there is M, > 0 so that
| Tn(2)||lr < M, for all n € N, that is, sup,||T.(2)||< M, < oo. By the uniform
boundedness principle, sup,||T,||= M < oc.

For all = € E, we will show that {7},(z)},>1 is a Cauchy sequence. Since D is dense in E,
for all € > 0 there exists z € D so that ||z —z||< ;7. According to hypothesis (1), {T},(2)}n
is a Cauchy sequence and, then, given € > 0 there is n € N so that ||T,(z) — T,(2)||<
whenever p, ¢ > n. Thus,

£
2

1Tp(2) = Ty(0)|[r < [[Tp(2) = Tp ()|l +1T(2) = To(|p +|T4(2) = Ty(@)||r <€
Since F' is a Banach space, for all x € E' there exists T'(x) := lim,, T,,(z) in F. Therefore,

T:E—F
x — T(x) :=limT,(z)

is a well-defined linear operator. Finally,

1T(2)|[p = tm||T,,(2) || p= lim inf[[ T, (z)[ [ < lim inf[[T,]] ||]5.

Hence, ||T'||< liminf||T,||< oo. O
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2.3 The Hahn-Banach theorem

2.3.1 Analytic version

Definition 2.3.1. A convex functional on a real vector space E is a function p: £ — R
such that, for all x,y € E and all A > 0,

(i) p(z +y) < p(z) +p(y).
(i) p(Az) = Ap(x).

Theorem 2.3.2 (Hahn-Banach theorem). Let E be a real vector space, F' a subspace of
E, p a convex functional on E and u a linear form on F dominated by p. Then, there
exists a linear form v : E — R such that v(y) = u(y) for ally € F and v(z) < p(x) for
allz € F.

Proof. If F = E, there is nothing to prove. Let us suppose that F' £ E. so there exists
y € E'\ I and we can consider

Foly ={z4+ay:z€ Fand a € R}.
Then, u can be extended to this subspace by

v: Faly —R
z4ty—u(z)+t-s

where s € R will be conveniently chosen. Note that v is well-defined (if ty € F', then
t =0), extends u and is linear, since u is linear.

We are looking for a real number s = v(y) so that v(z) < p(z) for all z € F & [y]. Given
2,7 € F,

w(z) —u(z) =u(z—72) <plz—72) <p(z+y)+p(—y — 2'), and hence
—p(=y —2) —u(?) <p(z+y) —u(z).

There exists s € R so that

super{—p(—y —2') —u(2)} < s <inf.ep{p(z +y) —u(2)}.

Then, v is dominated by p. Indeed, let z +¢-y € F @ [y].
(i) If £ > 0, from s < p(% +y) — u(%), it follows that
v(z +ty) = u(z) +ts <u(z) +tp(5 +y) —uF)] =plz +ty).
(ii) If t < 0, we define o := —t > 0 and, according to the selection of s, it follows that

—p(-y+Z2)—u(F) <s,
—p(—ay + z) —u(—2) < as, and finally
v(z +ty) = u(z) — as < p(—ay + z) = p(z + ty).
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So far, we have proved that a one-dimensional extension is always possible.

Now, (H, h) is said to be an extension of (F,u), (F,u) < (H,h), if H is a subspace of F
with F' C H and h is a linear form that extends u on H so that h(z) < p(z) for all x € H.
Then, the set

F ={(H,h): (H,h)is an extension of (F,u)}

is partially ordered and nonempty. Let us consider a chain T = {(H;, h;) }ier in F (a
totally ordered subset of F) and we will show that 7 is upper bounded by an element of
F. We define K = U;erH; and k(x) = hi(x) if © € H;.

(1) K is a vector subspace of E. Indeed, let z1, x5 € K and A\, € R, there are iy,i5 € [
such that =, € H;,, o € H;, and, since the order is total in 7, we can assume that
H; C H,,. Thus, x;,29 € H;, and also A\xy + uxy € H;, C K. Obviously, F'is a
subspace of K.

(2) k is a linear form dominated by p that extends u on K. First of all, k is well-
defined: if x € H;, and x € H,,, since the order is total in 7, we assume that
(Hi hiy) < (Hiy, hiy). Then, h;, (x) = hy,(z).

Secondly, k is linear: given xy,2s € K and A, u € R, as we have proceeded before,
we assume i, To, A1 + pre € H;. Then,

k(Axy + pas) = hi(Axy + pag) = Mhi(x1) + phi(z2) = Me(z1) + pk(zs).

Thirdly, if y € F' C K, there is H; that contains y and then k;(y) hi(y) = u(y).
Finally, if x € K, there is H; that contains z and then k(x) = h;(z) < p(z).

Hence, (K, k) € F and, by construction, (H;, h;) < (K, k) for all ¢ € I. According to
Zorn’s Lemma, F has at least one maximal element (V,v). It is clear that V = F,
otherwise we could find y € E'\ V and there would exist a one-dimensional extension of
(V,v), which contradicts the fact that (V,v) is maximal. O

Definition 2.3.3. Let E be a real or complex vector space, p : £ — [0,00) is a seminorm
if and only if for all z,y € E and all A € K,

(i) p(z +y) < p(z) +p(y) and
(ii) p(Az) = [Alp(x).

Remark 2.3.4. A seminorm is a convex functional.

The following version of the Hahn-Banach theorem is referred to real and complex
vector spaces.

Theorem 2.3.5 (Hahn-Banach theorem). Let E be a real or complex vector space, p a
seminorm on E, F' a subspace of E and u : F — K a linear form such that

lu(y)|< ply)  forally € F.

Then, there exists a linear form v : E — K so that v(z) = u(z) for all z € F and
lv(z)|< p(z) forallz € E.
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Proof. We distinguish two cases.

The real case: p is a seminorm and, by Theorem [2.3.2] there exists a linear form v : E — R
that extends u, and such that v(z) < p(z) and —v(z) = v(—z) < p(—zx) = p(x) for all
x € E. Hence, |v(z)|< p(x) for all x € E.

The complex case: first, we regard E as real vector space and we consider u; = Re(u) a
real linear form on F' such that |ui(z)|< |u(x)|< p(z) for all x € F. From the real case,
there exists a real linear form v, : £ — R such that v, |p = uy and |v1(2)|< p(2) for all
ze k.

Regarding E as a complex vector space, we define the complex form v(z) = vy (2) — vy (iz),
which is linear: for all x,y € F and all A € R,

(i) v(z+y) =vi(z+y) —iw(i(z+y) =vi(r) +vi(y) —i(vi(iz) + vi(iy))
= v(z) + v(y).
(il) v(iz) = vi(iz) — vy (—x) = v (iz) + ivi(x) = i[—iv, (iz) + v (2)] = v(x).
(iii) v(\z) = vy (Ax) — iy (Az) = Ao(z).
Next, we show that v extends u on E. Since Re(v)|r = v1|r = uy = Re(u),
Im((v(x)) = —vy(iz) = —uy (i) = —Re(u(iz)) = —Re(iu(z)) = Im(u(z))

for all z € F. Hence, v|p = u.
Finally, we want to prove that |v| is dominated by p. Note that for a given z € E,
lv(x)|= A\yv(z) with |A;|= 1. Therefore,

[0(x)[= Aev(z) = v(Aew) = 11 (Ae) < Jor(Ae)|< pl). B

Theorem 2.3.6 (Hahn-Banach theorem in normed vector spaces). Let E be a normed
vector space.

(a) If F is a subspace of E and u a continuous linear form on F, then there ezists a
continuous linear form v on E which extends u and ||u||= ||v]].

(b) For all a € E, there exists a linear form on E such that v(a) = ||a||g and ||v||= 1.

Proof. (a) The function p : E — [0, +00) defined by p(x) = ||u|| ||z||¢ is a seminorm on
E. Since u is continuous, |u(z)|< ||u|| ||z]|r for all z € F. By Theorem [2.3.5] there exists
a linear form v on E which extends v and such that, for all z € F,

(@) < [Jul] [J2]|&-

Therefore, v is continuous and ||v||< ||ul|. Besides,

@] )]

||ul|="sup < sup
ver(o} |17l semvpoy l2llE

= [[v]]-

Hence, [[uf|= {[v]].

(b) Suppose that a # 0, otherwise there is nothing to prove, and let u be a linear form on
la] defined by u(Aa) = A||a||g, with A € K. Notice that |u(Aa)|< ||Aa||g for all Aa € [a].
By Theorem there exists a linear form v on E that extends v and |v(z)|< ||z||g for
all z € E. Hence, |[v||< 1. Since v(a) = u(a) = ||a||g, ||v||= 1. O
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2.3.2 Geometric version

Definition 2.3.7. Let K be a convex subset of a real vector space E containing the
origin. Then, the Minkowski functional of K is defined as

pr B — [0, +o0]

prK(m):inf{t>0: %EK}.
Lemma 2.3.8. The Minkowski functional is a convex functional.

Proof. Tt is clear that px(Ax) = Apg(x) for all A > 0. To prove the subadditivity, we
consider z,y € E and note that if px(x) = 0o or px(y) = 0o, there is nothing to prove. If
2,4 € K with s,t > 0, then, since K is convex,

t
L Y
t+ s t+ss t+st

Hence, px(x+y) < t+s and, by taking the infimum with respect to ¢, px(x+y) < px(x)+s.
Finally, by taking the infimum with respect to s, we conclude that

pr(z +y) < pr(w) + pr(y). O

Remark 2.3.9. Let K be a convex subset of a real normed vector space F containing
the origin. If z is an internal point of K, then px(z) < 1. Indeed, since z is an internal

point, there is § > 0 such that (1+ d)z € K and it follows that pg(z) < 5 < 1.

Remark 2.3.10. Let K be a convex set containing the origin. If = ¢ K, then pg(z) > 1.
Indeed, suppose that px(r) < 1, i.e., there is 0 < A < 1 such that { € K. Since K is
convex, v = AS + (1 — X\)0 € K, which contradicts the hypothesis.

Lemma 2.3.11. Let K be a convex subset of a real normed vector space E with nonempty
interior. Then, for ally € E'\ K there is a nonzero linear form f: E — R such that

fK) < fy).
Besides, if K is open, then f can be chosen so that

fK) < f(y).

Proof. We consider the case that the origin is an internal point of K. Let y € E'\ K, by
Remark [2.3.10] px(y) > 1. We define

[y =R
ty —t

a nonzero linear form on [y] such that
flty) =t <t-px(y) =pk(ty) forallt> 0.
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If t <0, the inequality follows immediately. By Theorem 2.3.2] there is a linear form f
that extends f on F and f(x) < pg(z) for all z € E. Then, for all z € K

fl@) <pr(@) <1=f(y) = f(y).

If K is open, then pg(z) < 1 for all z € K, as we have shown in Remark and

f(x) <pr(x) <1=f(y)
Now suppose that 0 is not an internal point of K. We know that there is an internal point
xo # 0 in K. Consider

C={r=0v—xy:xe€K}and y=y— o withy ¢ K.

Since 0 € int(C') and § ¢ C, the argument above assures that there exists a linear form f
on E such that

f(@) < f(y) forallzeC.

Hence, f(z) < f(y) for all x € K. Similarly, the inequality is strict if K is open. O

Definition 2.3.12. Let E be a real normed vector space and consider two disjoint subsets
Aand B in E. A and B are said to be separated if there is a nonzero linear form f on F
such that

f(A) < f(B).

Furthermore, if
sup f(A) < inf f(B)

we say that A and B are strictly separated.

Theorem 2.3.13 (geometric form of the Hahn-Banach theorem). Let A and B be two
nonempty disjoint convex subsets of a real normed vector space E.

(a) If one of them is open, then A and B are separated.

(b) If A and B are closed and one of them is compact, then A and B are strictly
separated.

Proof. Let A be the open set. We define

K:A—B:U{x—y:xEA},

yeB

an open set, since it is the union of open sets. Let z; = x; — y; € K with z; € A and
y; € B for 1 = 1,2, we show that K is a convex set: for all 0 < A < 1,

Azt (1=Nze = AMzy—y1) + (1= A) (w2 —y2) = A1 + (1 = Mo — (Mg + (1 = M) € K,

since Azy 4+ (1 — A)xg € A and A\y; + (1 — ANy € B. Besides, note that 0 ¢ K because
AN B = (. By Lemma [2.3.11], there exists a nonzero linear form f : £ — R such that

f(z) < f(0)=0 forallz=2—ye K withz € Aandye€ B.

24



Consequently, f(x) < f(y) for all x € A and all y € B. Besides, there is v € R such that

sup f(x) < 7 < inf f(y).
z€A ye

To prove (b), suppose that B is the compact set and consider for any r > 0,

A(r) == U B(z,r) and B(r) := U B(y,r),

€A yeB

two nonempty open sets. It is readily shown that they are convex: given z; € A(r), there
exist x; € A such that z; € B(z;,r) fori =1,2. Forall 0 < A <1, Azy + (1 — N)zy € A,
since A is convex. Then, B(Azx; + (1 — A)xzg,r) C A(r) and we obtain

[|Az1 + (1 = N)zg — Ay — (1 = Nao||< A|z1 — 1||[+(1 — A) ||z — xa||[< Ar 4+ (1 = A\)r =7

Hence, A(r) is convex. Similarly, B(r) is also convex.

Furthermore, there exists ry > 0 such that A(r) N B(r) = 0 for all r < ry. Indeed, assume
the opposite case: for all > 0 A(r)NB(r) # 0. Since ANB = (), it must exist {z,}, C A4,
{yn}n C B and {z,}, C F such that

Tp = Yn + 2, foralln >1 and 2, — 0 as n — oo.

Since B is compact, there is a subsequence {y,, }, that converges in B. Hence, {z,, }«
also converges and limy z,, € A, since A is closed. Thus, limy z,, = lim;y,, € AN B,
which is a contradiction.

Therefore, by (a), the two sets A(rg) and B(rg) are separated. Then, there exist a linear
form f: F — R and v € R such that

flx+v) <y < fly+w)

forall z € A, all y € B and all v,w € E with [|v||= ||w||= 3. Hence,

f@)+2fll= f(z) + sup f(v) <y < f(y)+ inf f(w)Zf(y)—g—Ollfll

—_T0
|lv]|="2 llw||=7"

for all z € A and all y € B. Since || f||% > 0, it follows that for all x € A and all y € B,
f@) <y =15 <y + 15 < Fy).
U

Remark 2.3.14. For a complex normed vector space F, separation refers to E as a real
normed vector space. Note that if f is a linear real form such that f(A) < f(B), then
u(z) = f(x) —if(ix) is a complex linear form such that Re(u) = f.
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Chapter 3

Applications to areas of Analysis

In this chapter, some important results related to different areas of Analysis are
examined, showing the great variety of applications that the fundamental theorems in
Chapter 2 have. Each section is associated with one area of Analysis, including Real
Analysis, Functional Analysis, Harmonic Analysis, Numerical Analysis and Differential
Equations.

3.1 Applications to Real Analysis

3.1.1 Existence of nowhere differentiable continuous functions

In 1872, Karl Weierstrass provided an example of a continuous function on [0, 1]
that was nowhere differentiable. In this subsection, the existence of such a function is
proved without giving any specific example. Even more, we prove that these functions are
dense among the continuous ones.

Theorem 3.1.1. There exists f € C([a,b]) which is nowhere differentiable.

Proof. First, for all n € N we define the following sets,

fle+h) = fle)
h

F, = {f € C([a,b]) : there exists ¢ € [a, b] so that sup
h#0

<n}.

(1) If f € C([a, b)) is differentiable at at least one point ¢ € |a,b], then f € UpenFy,.

In this proof, we will assume that h is taken so that ¢+ h € [a, b].

Since f is differentiable at ¢ € [a, b], given € > 0 there exists hg > 0 so that, for all
0 < |h|< ho,

flet+h) = [l
h

On the other hand, for all |h|> hy,

fle+h) = fle)
h

+ [f'(e)|< e+ | f'(c)|< 0.

flerm =0,
S

2
< — .
< llfll< o0

27



Consequently, there exists ng € N so that

flet+h) = fle)
h

< no.

sup
h#0

Hence, f € F,,, C UpenF),.
For alln € N, F, is a closed set.

Let {fx}x C F,, be a uniformly convergent sequence to f, we will show that f € F,,.
For all k € N there exists at least one ¢, € [a, b] so that

sup filex +h) — frler) <
h£0 h

Since {cx}r C [a,b], by the Weierstrass theorem, there exists a subsequence {c, };
convergent to ¢ € [a,b]. Given h # 0 with ¢ +h € [a,b], let hj = h + ¢ — ¢, for
all j € N. Then, there exists j, € N, so that h; # 0 for all j > jo, since {h;}; is
convergent to h. Besides, we have the subsequence { fy, }; so that

| fx,; (cr; +hy) — fle+ h)|=|fr;(ck, + hj) — flew, + h)|< || fe, — fI|— 0, and
| fr; (exy) = FIS | iy (eny) — Fler) |+ f(er;) — FOIS | fr; — fIIHf (er;) — fle)]— 0,

as j — oo, since {fi,} converges uniformly to f, {cx}; converges to ¢ and f is
uniformly continuous on [a, b]. Consequently,

fleth) = O] _ ie; (cr; + hy) — flex;) <
R~ " -

Hence, f € F,.
For alln € N, int(F,) = 0.

Given f € F,, and € > 0, we will show that there exists a function g € B(f, €) such
that g ¢ F,,. By the Stone-Weierstrass theorem, there exists a polynomial p so that
|f = pl|[< §. The fact that p € C*°([a, b]) will be important from now on. Indeed,
Ip(7) — p(y)|< 5 whenever |z — y|< § for some ¢ > 0, and there exists a constant
M > 0 such that |p'(z)|< M for all z € [a,b]. Next, we choose h > 0 so that

. €
h < mln{é,m}.

Let P = {a = 2y < 1 < ... < x = b} be a partition with ||P||< h. We
consider ¢ : [a,b] — R a piecewise affine function defined on each interval [z;, z;41],
0<i:<k—1,by

g(x;) = p(x;) + (=1)'=

. €
9(wiv1) = p(Tiy1) + (—1)l+1§7 and
ZT; — X r — T;
glz) = " g(z;) +

—9($i+1), Ty < T < Tjyq-
Tiy1 — Ty Tiv1 — X4
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Clearly, g € C([a,b]) and it is differentiable on [a, b] except at {z1, ..., zx_1}. Besides,
given z € [a,b], assume z € [z;, x;11] for some 0 < i < k — 1, we have that

l9(x) = p(x)] < [g(x) = g(zi)[+|g(z:) — plas)|+]p(:) = p(z)]

€ € € € €
) _ . -4+ — < ; - i L T
<lg(in) = g(@i)l+5 + 15 < Ip(@in) —plel+ + o+ ¢

Consequently, ||g — p||< § and g € B(f,¢). Next, we show that g ¢ F,,. For all
x € (x4, T41), 0 <1 <k —1, we have

TiL T T Tit1 = Ti Awipr — ;)

where, by the mean value theorem, z; € (x;,x;41). Finally,

0] A7) S 0 S VS
)= |——7"—— z)| > =P ()= — — n.
g 4(l‘i+1 — ZEZ) p 4(ZE2‘+1 — ZL‘Z) p 4h
The inequality also holds for x = a and x = b.
Baire’s theorem implies that
U £ & C(la. b))
neN
Hence, there exists a continuous function which is nowhere differentiable. O

Corollary 3.1.2. The nowhere differentiable continuous functions on [a,b] are dense in

C(la, b]).

Proof. For all n € N, F¢is open and X \ F¢ = int(F},) = (), namely, F° = X. By Baire’s
theorem, N,en FY is dense in C([a, b]. O
3.1.2 The Riesz representation theorem

In this subsection, the dual space of C([a, b]) is characterized by the Riesz represen-
tation theorem. This theorem will be crucial in Chapter 4.

Theorem 3.1.3 (Riesz representation theorem). If u* € C([a,b])*, then there exists a
function of bounded variation g : [a,b] — R such that

w(f) = J; fdg
for all f € C([a,b]) and ||u*||= V(g).
Proof. First of all, notice that (C([a,b]), ||-||s) is @ normed subspace of (L*([a,b]), || ||)-
By Theorem [2.3.6] there exists a continuous linear form v* : L>([a,b]) — R that extends

u* and [[v*[[= [[u]]
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For all s € (a,b], we define X, := X, € L*([a,b]) and, if s = a, X, = 0. Besides,
consider

g:la, 0] = R
s = v (X,)

a function of bounded variation in [a,b]. Indeed, let P ={a=2o <21 < ... <z, = b}
be a partition of [a,b] and set

_ lg(w;) — g(w;1)]
9(xi) — g(wi_1)

Si € {-1,1} and s; = 0 if g(x;) — g(z;-1) = 0.

Then,

n n

Z l9(z:) — g(wi1)| = Z Si (9(%) - 9(%‘—1))

=1

=o' (s, = xe,)) < 7l

i

Hence, g € BV ([a,b]) and V(g) < [|u*||. Our next step is to prove that u* is a Riemann-
Stieltjes integral. Let f € C([a,b]), note that f is uniformly continuous, then for a given
e > 0 there is 0 > 0 so that

|f(z) — f(y)|< e whenever |[x —y|< 4.

Consider partitions P = {a = zy < z; < ... < x, = b} such that ||P||< J for any n > 1,
and functions

[ = F@) X pown T @2)X (@1 -+ F @)X @1
Then, ||f — fp||sx< €. That is, f = limpjj_0 fp in L>°([a,b]). Consequently,

u (f) =v"(f) = lim v*(fp) = lim Zf(xi)[g($i)_g(xifl)]: lim P(f,g,P).

[1P[|—0 lPl=0 [1P]|=0

b
u*(f) :/ F(t)dg(t) for all f € C([a,b]).

Finally, by Proposition [1.3.18] |u*(f)|< V(9)||f||« and, consequently, ||u*||< V(g). Hence,
[lu*]]=V(9g). O

The Riesz representation theorem assures existence, but not uniqueness. For this
purpose, the concept of normalised functions of bounded variation is introduced.

Definition 3.1.4. A function g € BV ([a, b]) is said to be normalised if g(a) = 0 and it
is right continuous on (a,b). We denote g € NBV ([a, b]).

Lemma 3.1.5. If g € BV ([a,b]), then there exists a unique function h € NBV ([a,b])
such that
b b
| rdo= [ san
Vi(g)-
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Proof. We start with the existence of such a function by defining

0, if xt =a,
h(z) =4 g(xt) —g(a), ifa<xz<b,
g(0) —g(a), ifx=0

Since ¢ is a function of bounded variation, by Proposition [1.3.5] ¢ is the difference of two
increasing functions on [a,b]. Therefore, the right limit g(z") exists for all z € (a,b) and
g is continuous except at at most a countable number of points in [a, b]. To sum up, h is
well-defined, right continuous and has at most a countable number of discontinuities.
Given € > 0, we consider a partition P = {a = 2o < z; < ... < x, = b} and a set of
points {y1,...,yn} C (a,b) at which ¢ is continuous. Thus, g satisfies

x; < y; and [g(z]) — g(y;)|< % forall1<j<n-—1.

We take yo = a and y,, = b. Then, for all 2 < 7 <n —1,

|h(z1) = h(zo)|= |g(a7) — g(a)|< [g(z) — g(y1)|+lg(v1) — 9(wo)|< g(y1) — g(yo)|+%,
|h(z;) = W)= g(a]) = g(xi )< lg(x]) = g(y;)|+19(y;) — 9(y—1)]
+19(yi-1) — gz )< 9(y;) — 9(y;- 1)|+—

) — g(;) 1)|<\g(yn)— (ynflﬂ—’—lg(ynfl)_g(x::fl”

It follows that

2 [has) = i) Z|9ya — g(y;- 1)}+6+2(”_2)€+€

2n

(n—1)e

= Zlg(yj) —gly—0)1+ <V(g) +e

Since V(h) < V(g) + € for all ¢ > 0, V(h) < V(g). Thus, h € BV([a,b]), that is,
h € NBV ([a,b]).

Note that h(z) = g(z) — g(a) for all z € [a,b], except at the points of discontinuities,
which are at most countable as we have discussed previously. Let f € C([a,b]). Given
€ > 0, there exists § > 0 and a partition P of [a, b] with ||P||< J, which does not contain
any point of discontinuity of h. Then, P(f, g, u) = P(f, h, ) and

‘/abfdg—/abfdh'g

Next, we prove the uniqueness of h. Suppose that there exists hy € NBV ([a, b]) such that

< €.

b b

b b
/ f dg :/ f dhy for all f € C([a,b]).

Let H(xz) = h(xz) — ho(x). Note that H(a) =0 — 0 =0 and also
b b b
H(b)=H(b) — H(a) = dH:/dh—/dhoz().
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Let ¢ € (a,b) and v > 0 be small enough. We define the following continuous function,

1, ifa<x<cg,
f(x) = 1—”0;0, ife<ax<c+n,
0, ifc+v<ax<b.

Then, from

Oz/abfdh—/abfdhoz/abde:/: dH+/CC+7(1—x;C> dH (),

it follows that
¢ ety T —c
H(e) = / dH = —/ (1 _ > dH (z).
a C /y

By Proposition [1.3.18, |H(c)|< Viecqq(H). Since H is right continuous on [a, b], so is
V() = Vigu(H), a <z < b. Given € > 0, there exists § > 0 such that for all 0 <y <6,

|H(c)|<v(c+7)—v(c) <e.
Hence, H(c) =0 for all ¢ € (a,b), i.e., H = 0. O
Theorem 3.1.6. There exists a bijection between N BV ([a,b]) and C([a,b])*.
Proof. Consider the following mapping,
¢ : NBV ([a,b]) — C([a,b])"

)
g+ Ty(f) ::/ f dg.

By Corollary [1.3.16 ¢ is well-defined and, by Theorem and Lemma [3.1.5] the
bijection is clear. O

Corollary 3.1.7. For all u* € C([a,b]) there exists a unique g € NBV ([a,b]) so that

U*(f)zfabf g

for all f € C([a,b]), and ||u*||=V (g).

3.2 Application to Functional Analysis: separable
Banach spaces

In this section, we will prove that every separable Banach space is isomorphic to a
quotient of the space [!.

Definition 3.2.1. A Banach space is said separable if it contains a countable dense
subset.

Theorem 3.2.2. Every separable Banach space is isomorphic to a quotient space of I*.
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Proof. Let (E,||-]|) be a separable Banach space and A = {z,, : n € N} a countable dense

subset of Bg(0,1). Given y € I', the series Y y,x, is absolutely convergent, since

Z||yn$n||E < Z|yn|< 00.

Therefore, the series is convergent and we can define
T:I'>FE

YD Yntn

a well-defined continuous linear operator. We next show that T is surjective. Let

x € Bg(0,1), since A is dense in Bg(0, 1), there exists x,,, € A so that ||2(z — )|l < 1.
Then, there exists x,, € A so that

12(z = 2, ) — T, || < 3, that is, ||z — 24, — 32, |E< 5-

By induction, we build a subsequence {z,, }, such that

m

1
x_ZW‘xnk B

k=1

1
< om for all integers m > 1.

Consequently, the partial sums sequence converges to x in E. Thus, x = T(y) with
yi = 3 if i = ny, and y; = 0 otherwise. In case ||z||> 1, consider z = Hx||ﬁ
By the isomorphism theorem, we can define

T:1'"ker(T) = E
y+ ker(T) — T(y)

a bijective continuous linear operator. Note that ker(T) = T-'{0} is closed and, by
Proposition [1.1.14] '/ ker(T') is a Banach space. Then, by Corollary [2.1.5, F = [ /ker(T).

g

3.3 Application to Harmonic Analysis: divergence of
Fourier series

Consider the Hilbert space L?*([—7,7]) and the orthonormal basis {¢™, n € Z}. For
all g € L*([—m, ), its Fourier series is defined by

> . 1 [T .
t) = §(k)e™ with g(k) = — t)e *tdt.,
o(6)= 3 e with g(4 5 | ate

We define the nth Fourier partial sums of g by



The Fourier partial sums sequence converges to ¢ in the sense ||S,g — g|[a— 0 as n — oo
(See [2], pp. 78-84). The question whether the convergence is also pointwise or not
immediately arises. Furthermore, given a function f € LP([—m,n]), does its Fourier series
converge to f in the LP-norm? And does it pointwise? In this section we will show that
the uniform boundedness principle plays an important role in answering some of these
questions.

We will give a brief historical perspective of the convergence of the Fourier series.
In 1873, Paul du Bois-Reymond gave an example of a continuous function whose Fourier
series diverged at a point. Later, in 1921, Andrey Kolmogorov gave an example of a
function in L' whose Fourier series diverged almost everywhere. It wasn’t until 1966 that
Lennart Carleson proved that in L? the Fourier series converges almost everywhere. A
year later, Richard Hunt generalized Carleson’s result: he proved that the Fourier series of
every function in L”, 1 < p < oo, converges almost everywhere. Finally, the convergence
in the LP-norm, 1 < p < 00, is also remarkable.

3.3.1  In (C([a, b)), ||]ls0)

Let us start with the case of continuous functions, given f € C(|—m,7]), we will
show that the convergence at a point fails and so the uniform one.

Definition 3.3.1. The Dirichlet kernels D,, : [—-m, 7] — R, n € N, are defined by

1 %
Du(t) = o > e

k=—n

Proposition 3.3.2. The Dirichlet kernels satisfy the following properties:
(i) D,(0) = 22t and

27r’

(ii) D,(t) = Si;fzizz)t for all nonzero t € [—m, m|.
2

Proof. (i) is obvious. Consider ¢t € [—7, 7], t # 0, and n € N,

. . . . 1 — eZt(2n+1) e—znt o ezt(n-{-l)
21D, (t) = g eikt — g—int E ekt — o—int . — .
1 —ett 1 — et
k=—n k=0
. 1 . 1 X . 1 . 1 )
it/? e_lt(n+§) — 62t(n+§) 6”/2 e_Zt(n+§) _ ezt(n+§) Sln(n + %)t
1 — ett eit/2 e—it/2 _ git/2 sin% 0

Lemma 3.3.3. Let g € L'([—m, 7|), its Fourier partial sums can be expressed as

Sug(t) = (g Do) (8) = [ g(s) Dt — s)ds

for allt € [—m, x| and all n € N.

Proof. The proof is immediate,

n

Sng(t) = Z ekt = Z / e ks ds e Z / eFt=9) g

k=—n

= [ ats (% > e s = [ gDt - sy

- k=—n - I:,
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Remark 3.3.4. In particular, note that S,g(0) = 5= ["_g(s)D,(s)ds.

Lemma 3.3.5. The sequence {||Dy||1}n>0 is unbounded.

Proof.
T Cn+1)mw
™ Isin(n + 3)x 2 |sin(2 1 2 i
27(| Dol |1 :/ (S' m2) e > 4/ W—+)?J‘dy:4/ sinz]
-7 n s 0 Y 0 <
(D3 Isin 2| 2 (k1) 8 e 1
:42/ d2242—/ ]sinz]dz:—Z—.
=0 g z =0 (k + 1)7T k% T 0 k + 1
Hence, sup,,||D,||1= oo. O

Theorem 3.3.6. There exists g € C([—m,7|) whose Fourier series diverges at the origin.

Proof. For all n € N, consider u,, : C([—m,n]) = R a linear form defined by

1 (9) = S,90) = [ g()D,(a)d

—T

Besides,
s

(o)l [ Ioa)] IDA@)lds < lglls [ Du(o)]ds

—T

implies that wu, is continuous with

HunHS/ 1D, (2)|dz = || Dy .

—Tr

For all n € N, we define g,(z) = sign(D,(z)) a discontinuous function at the zeros of
D, (x). Note that, D,(z) has a finite number of zeros. Indeed, D, (x) = 0 if and only
if sin(n + $)o = 0, z # 0, if and only if (n + §)z = kv with 1 <k < n if and only if
x =+kr/(n+ 3) with 1 <k <n. Hence, D,(x) has 2n zeros.

y

—T [—6w —4 —27 2 4 61 s

Figure 3.3.1: Representation of the continuous function g;, for n = 3.

Given € > 0 small enough, let g : [-7, 7] — R denote the continuous piecewise affine
function that is equal to g, on [—m, 7] \ IS, where I denotes the intersection of [—7, 7]
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with the union of the open intervals of length € centered at the 2n zeros of the Dirichlet
kernel D,, that belong to the interval [—m, 7]. Note that ||g||= 1.

Then, by the dominated convergence theorem (|(g5(z) — gn(2))Dpn(2)|< | Dn(z)]),

unlg) — / "Dy ds

Since ||gz|l= 1,

_ ‘ /_z(g;@ ~ gul(2))Dula)dz| = 0 as ¢ — 0.

l|unl|> |un(gy)|—= [|Dnll1  as e — 0.
By Lemma sup,,||un||= sup||Dy|[1= oo. Finally, by the uniform boundedness
principle, there exists g € C([—m,7|) such that sup, |u,(g)|= oc. O

Theorem shows that the Fourier series does not converges pointwise in C([a, b].

3.3.2 In (L'([a,0]),I]h)

Next, we similarly study the convergence in L'([—7, 7]) with the L'-norm.
Definition 3.3.7. For all N € N, the Fejer’s kernel Fiy : [—m, 7] — R is defined by
L

FN(ZL’) = N——{—l £ Dk<l’)

Lemma 3.3.8. For all N € N,

(i) Fn(0) = &L and

2w 7

sin? z
(ii) Fy(z) = 27r(]\1f+1) ng%l)z] for all nonzero x € [—m, 7).

Proof. (i) For all N € N,

N N
1 2% + 1
Fyn(0) = ——
~(0) N + 22 N+1Z o

1k:0 k=0
1 N+1
=——[IN(N+1 N+1 )
N WA DA N A =

(ii) For all N € N and all x € [—m, 7], z # 0,

N

27T(N—|—1)FN(x):27TZDk(x):ZSin(£n+;) oY <Zez (k+3 >

k=0 k=0

1 . ei(N-l-%)J: — et %
= m .
sin e — 1

1 » ei(N-i—l)x -1 1 ei(N-‘rl)x -1
sin £ e —1 sm% ez — e l2

1 Im(cos[(]\f + 1)z] +isin[(N + 1)z] — 1)

?

—_

sin [(N + 1)%]

sin? 2 O

= Sa? (1 = cos[(N +1)z]) =

M
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Lemma 3.3.9. For all N € N, the Fejer’s kernels satisfy the following properties:

(i) Fn(xz) >0 for all x € [—m, 7]

(i) [T Fy(x)de =1.
(11i) Given 0 <6 < m, lim Fy(z)dx = 0.
N—oo 5

(i) By Lemma[3.3.8] it is clear that Fy(z) > 0 for all z € [—, 7]

Proof.
(ii)
” ” 1 N ok 1 N ok ”
/_7r w(w)de /_ﬂzw(Nﬂ)Z 2, &mda 27r(N+1)Z 2. /_We v
k=0 m=—k k=0 m=—k
If m =0, then
1 N
_ 1dx =
or(N + 1) ];/ﬂ ’
If m # 0, then
/ eimxdx — ‘_[eimw e—imﬂ'] =0
o im
Hence, [" Fy(x)dz = 1.
(i) Let 0 < d <7, if § <z <, then 1 < Sinlw < 1o Foralle>0andalld <z <7
2 sin b
there exists Ny € N so that
1 sin?[(NV +1)Z] 1 1 €
0<F = 2. < <
< Fiw) 2n(N +1) sin® £ T 2n(N+1)sin? w—9
whenever N > Ny. Finally,
dx = e.
O

s s €
F
/5 ~(z)dx < /5 —

Lemma 3.3.10. If f € L'([—m,7]), then
lim|[f(- —y) = fl1=0.
y—0

Proof. Given f € L*([—m,7]) and € > 0, by Proposition [1.2.1] there exists g € C([—, 7])

so that ||f — g|[1< §. Since g is uniformly continuous on [—, 7|, for some § > 0 we have

that -
€
lot- =) = glli= [ lote ) = gla)ldo < § whemver i< 5.

€ €
-t =e€

Then, for all |y|< 4,
€
1 C=y) = fILh= I G =y) =90 = )llitllgl =) —gllitlly = flh< 5+ 5+ 3
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Proposition 3.3.11. Let f € L'([—7,7|), f* Fx — f in LY([-7,7|) as N — oo.

Proof. Let € > 0.

™

1f * Fx — fll =/

—T

I
[ Vst =) = s v

\(f*FN)(x)—f(dex:f

/ " fle - y)Fay)dy — f(o)|de

/ " (f(e —y) — £(2) Fxly)dy|de

[/

- / / [f(z = y) = fl@)ldz Fx(y)dy
= [ [ 1) - sl Exiay
w [ 15t - sl Extiay
w [ 1) - @ Ext)iy

Let us analyze these three integrals separately. First, by Lemma|3.3.9] there exists Ny € N
so that
-5

-5 pm
[ e - s@lds Extoydy <2051l [ Pty < 5, and

™
™

[ [ 15— = s@las Exay <2100 [ Futoyy <5
é -7 é

whenever N > Ny. The other integral requires Lemma [3.3.10

[ [ 15— = s@las ey = [ 1156 - vy
—6J—7 -0

for some 9 > 0 small enough. Hence,

€ € €
Fv—flh< s+ S4f=e
Theorem 3.3.12. There exists f € L'([—m,1]) whose Fourier series does not converge
to f in the L*-norm.

Proof. According to Young'’s inequality, |[Sng|li=||Dn * gll1 < ||Dxll1 ||g]]1. Hence, the
linear operator S, : L'([—m,7]) — L'([~,7]) is continuous. By Proposition [3.3.11]
||SnEN|l1 = ||Dn * En|li— ||Dnll1 as N — oo. Since ||Fn||1= 1, it follows ||S,||> || Dxll1-
By Lemma [3.3.5 sup,,||Sx||= oo and, by the uniform boundedness principle, there exists
f € L'([—m,7]) so that sup,||S,f|l1= co. Hence, S, f does not converge to f with the
L'-norm. U
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3.4 Application to Numerical Analysis: divergence
of Lagrange interpolation

In this section, we will show that the Lagrange interpolating polynomial does not
converge uniformly to the function. We will consider an interval [a,b] C R, a < b, and
P..([a, b]) will denote the vector space of polynomials of degree < n on [a, b].

Definition 3.4.1. For alln € N, let a < xy < ;1 < ... < x, < b be (n+ 1) different
points. Given a continuous function f : [a,b] — R, its Lagrange interpolating polynomial
of degree < n associated with the (n+ 1) nodes z;, 0 < ¢ < n, is given by

n

Lnf(x> = Zf<xj)pj(‘r)7 a<xz<hb,

=0
where the (n + 1) polynomials p; € P,([a,b]), 0 < j <n, are defined by

pi(x) =] e

rj—
=0 ")
7]

Lemma 3.4.2. For alln € N, let a < zg < 1 < ... <z, < b be (n+ 1) different
points. Given any function f € C([a,b]), its Lagrange interpolating polynomial is the only
polynomial in P, ([a,b]) that satisfies that

L, f(z;) = f(z;) forall0<i<n.

Proof. We first notice that p;(x;) = d;; for all 0 <, 5 < n. Indeed,

n

Ty — Tk
i) =[] . =y
k=0 " Tk
=

Then, given a function f € C([a,b]), we have that
L,f(x;) = Zf(:vj)éij = f(x;) forall 0 <i<n.
=0

Let us consider the canonical basis {1,z, ..., 2"}, finding a polynomial

n

q(x) = Zaixi € P,([a,b]),

=0

such that ¢(x;) = f(z;) for all 0 <i < n, implies solving the linear system

1 xzy x3 - af
f(‘ro) B 1 T l‘% . .T? Qg
- Do - : 4
f () 1 x, 22 -+ an "
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Since all the nodes are different, all columns are linearly independent, which means that
the (n + 1) X (n + 1) matrix has a nonzero determinant. Besides, we already know that
the Lagrange interpolating polynomial is a solution. Hence, the solution is unique and,
obviously, it is the Lagrange interpolating polynomial. U

Remark 3.4.3. Notice that for all p € P,([a,b]), L.p = p.
Remark 3.4.4. For all ¢ € P,([a,b]) and all x € [a,b],

n

g(x) = qlxz;)p;().

=0
Then, the polynomials p;(z), 0 < j < n are (n+ 1) generators of P,([a,b]) and, hence,

they are a basis.

Proposition 3.4.5. For alln € N, let a < xg < x1 < ... <z, <bbe (n+ 1) different
points. The operator

L, : C(la,b]) — C([a,b])
f=Lanf

is linear and continuous with ||L,||= sup (Z|p] )

a<z<b

Proof. The linearity is clear. We note that L, is continuous,

n

> pi@)

J=0

|| Ln ||—HSHup 1L floo= S

x)|| = sup
a<x<b

Next, notice that 7 ([p;(x)] is continuous on [a,b] and, since [a,b] is compact, there
exists ¢ € [a, b] such that

sup Z‘pj Z|pj )|< 0.

a<x<

Now, let ¢ : [a,b] — R be the continuous piecewise affine function defined by g(a) =
sign(po(c)), g(z;) = sign(p;(c)) for all 0 < j < n and g(b) = sign(p,(c)). Note that there
are at most (n + 1) changes of sign, so this continuous piecewise affine function g exists.
Besides, ¢ is nonzero. Indeed, if we consider the polynomial ¢(x) = 1, then we have that

Lyq(z) = Z?:ij(x) =1,a<z <0,

and, hence, > " |p;(c)|> 1. This means that there exists at least one 0 < j < n such
that p;(c) # 0. Therefore ||g||xc= 1. Finally,

1Zall = | Lnglloo> |Lug(c)

Z|pj

We conclude that ||L,||= sup (Z|pj ) O

a<x<b
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Theorem 3.4.6. For all integers n > 1, given the (n + 1) nodes z; = a + @ with
0 <i <mn, there exists a function f € C([a,b]) whose Lagrange interpolating polynomial
does not converge uniformly to f.

|| L,||= sup (lej(x)|). Then,
a<z<b =0

Proof. By Theorem [3.4.

(@4

n —a (b—a)i n

)]in -y

=0 n T Tn 7=0

n

H%

o)~
75

N ‘Hi022_)‘ N 1 (2n)!
Z2”J(n—9)(2j—1) Z2"]( —)I2j — 1) nl2n

TAES> pj(a
=0

3

I
—=
Nl
o, | =
[ ]|
SN B
N—

j=0 | i=0

i#£]
S = 1 (2n)! _ i n! (2n)! _ (2n)! i n
= 2njl(n — j)!12n nl2n = gl(n — j)In22n+l(nh)2  n22nti(nl)? = J

(2n)! on _ (2n)! _ 2 [T, (25— 1) _ [[-.(2/ - 1)
n22n+l(nl)2 n2n+1(nl)? n2n+i(nl)? 2n - n!

ILL@i-2) 2oy 2
~  2n-nl 2n - n! n?

Hence, sup,,>;||Ls||= co. By the uniform boundedness principle, there exists f € C([a, b])
so that sup,,>||Ln f||ec= 00. O

Remark 3.4.7. For any election of the nodes (See [0]), there exists a constant ¢ > 0 so
that
- 2
L,||= su (x > —log(n) —
L= sup. (}jojm( ) = Ziog(o

Then, sup,,>||Ln||= oo and, by the uniform boundedness principle, there exists f in
C([a, b]) such that sup, || Ly f||ec= 00

3.5 Application to Differential Equations

Our purpose is to prove that given a Cauchy problem, the solutions vary continuously
with the datum and the boundary conditions. We will study the case of a second order
ordinary differential equation because it is quite common, especially in many physical
problems.

Theorem 3.5.1. Let functions a,b,c € C([0,1]) be given such that the two-point boundary
value problem

a(x)u”(z) + b(x)u' (z) + c(x)u(z) = f(z), 0 <z <1, u(0) = ug and u'(0) = vy

has one and only one solution v € C*([0,1]) for any f € C([0,1]). Then, there exists a
constant C' > 0 such that

" [+l [l [< C1FI[uol+vol)
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where ||-|| denotes the supremum norm of the space C([0,1]).

Proof. We consider the Banach space C*([0, 1]) with the norm ||v||.= [|[v"||+][v'||+]|v]]-
Let us define

T: C*([0,1]) — C([0,1]) x R?
u— (a(z)u”(z) + b(x)u' (x) + c(z)u(z), u(0),u'(0))

a linear bijective operator. Besides, 1" is continuous,

1Tull < [la(z)u”(z) + b(z)u'(x) + c(z)u(x)][+[w(0)|+|u'(0)]
< max{|la(@)||, [[6(x)]], lle(@) [}l ul [ | ]+ "]
= [max{{la(z)]], [[b(2)]], [le(@)[[} + 1] [full..

Then, T is a bijective continuous linear operator between two Banach spaces. By Corollary
2.1.5] there exists 7! and it is continuous. Hence, there exists a constant M > 0 so that

[l [+ ||+ 1" [|= (1771 (f, w0, vo) || < M| f1]+[uol+vol)- O
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Chapter 4

Applications to other areas

In this chapter, we aim to study three applications: the moment problem, the
Chebyshev approximation and the optimal control of a rocket. These problems can
be formulated in terms of linear forms, thus the Hahn-Banach theorem and the Riesz
representation theorem will play an important role. Besides, even though some of these
applications are related to Physics, they require developing an interesting mathematical
background.

4.1 The moment problem

The term moment problem appeared for the first time in Recherches sur les fractions
continues, a paper published by T. Stieltjes in 1894 (See[12]). At the end of Chapter 4, he
proposed the following mechanical problem: ”Find a positive mass distribution on [0, c0),
given the moments of order k, kK € N”. In current notation, the moment of order k of a
mass distribution on [0, co) is

,uk:/ zFdm ().
0

We remark that 1 is the total mass, M, whereas p; /M is the position of the center of
mass. The center of mass of an object is a fundamental concept in Physics because it
is very useful for solving problems with multiple particles and non punctual objects. It
is defined as an average of the masses factored by the distances from a reference point.
Furthermore, py is the moment of inertia, which depends on the distribution of mass
around the rotation axis and measures the tendency of an object to rotate.

Our next theorem proves that the finite moment problem has always a solution,
i.e., given pg, ..., uy, (N + 1) real numbers, there exits a function of bounded variation
defined on an interval [a, b] whose moments are those values.

Theorem 4.1.1. The finite moment problem has always a solution.

Proof. Let pq,...,puny € R be the first (N + 1) moments, we will show that there exists a
function g € BV ([a,b]), —0o < a < b < 00, so that

fab 2fdg(z) = . for all integers 0 < k < N.
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Let us consider Py([a,b]), the vector space of polynomials of order < N. Obviously,
Pnx([a, b]) is a vector subspace of C([a, b]) and its dimension is N +1, since {1, z, 22, ..., 2V}
is the canonical basis. We consider a linear form u : Pyl[a, b] — R defined by

u(i aixi> = i @il

=0 1=0

We want to show that u is continuous. Let {p,(z)}, be a convergent sequence to p(z)
in Py([a,b]). Since we have the supremum norm, the convergence is uniform and also
pointwise. By the Lagrangian interpolation formula, we have

N
pn(x) = an(xj)qj(x), for all z € [a,b] and all n € N,
=0
where a = ¢ < 11 < ... < zy = b is a fixed partition of the interval [a,b] and qo, ..., qn

are polynomials defined by

qj(l’):Hx_xi‘,aﬁxﬁbandogjgj\ﬁ

By Remark[3.4.4] {qo, ..., g} is a basis of Py ([a, b]). We want to prove that the coefficients
of p,(x) in the canonical basis converge to the coefficients of p(z) in the same basis. Indeed,
let A be the matrix of change of basis and (ag, ..., an,) the coordinates of p,(z) in the
canonical basis. Then,

Qo,n pn(x0> p(l’o)
: =A : — A

aN’n canonical Dn (xN) q; p(xN) 4

As n — o0, the coordinates of p,(z) in the canonical basis tend to the ones of p(x). Hence,
u(pn) — u(p) as n — oo and, thus, u is continuous.

By Theorem [2.3.6] there exists a continuous linear form v : C([a,b]) — R that extends w.
Then, by the Riesz representation theorem, there exists g € BV ([a, b]) so that

v(f) = ff f(x)dg(z) for all f e C([a,b]).
Therefore, for all integers 0 < k < N,
b
e = u(r®) = v(a*) = / r*dg(x). O

Remark 4.1.2. In case of complex values, we can split the problem into real and imaginary
parts and apply the previous theorem at each one.

So far, we have considered the case of a finite number of given moments in K. Nevertheless,
we could consider the case of a sequence {p,}, in K. Besides, the Riesz representation
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theorem provides a formulation of the original moment problem in terms of linear forms.
For instance, consider a linear system in infinitely unknowns (xg, z1,...) and equations

[ee]

> ajpwy =b; for j €N.

k=0
If the sequences a; = (a;0, a1, . ..) belong to a normed vector space E, the solution of the
linear system is a linear form v = (x¢, x1,...) such that v(a;) = b; for all j € N. What
conditions must satisfy a; € F and the constants b; so as to guarantee the existence of
such a linear form v?
From a more general approach, given a Banach space E, an arbitrary index set I,
{z;}ier C E and {c¢;}ie; C K, is there any linear form v on E so that v(z;) = ¢; for all
1 € I7 Despite the fact that this problem not always has a solution, the Hahn Banach
theorem allows us to give the following characterization.

Theorem 4.1.3. Let (E,||-||) be a real or complex normed space, {x;}icr a sequence in
E and {c;}icr a sequence in K. It is equivalent:

(i) There exists u € E* such that u(x;) = ¢; for alli € I.

(i1) There exists a constant M > 0 so that

n n
E aCiy E QT
k=1 k=1

for any linear combination cyx;, + ...+ ayx;, of elements of {x;}ier.

<M

Proof. If there exists u € E* such that u(x;) = ¢; for all « € I, then for any linear
combination of elements of {x;};c; we have

n n n
> e | = | anu(xs,) U<Zak$zk)‘ <[]
k=1 k=1 k=1

Conversely, assume (i7) and consider

n
E ATy,
k=1

Y :=span{z;:i €1} = {Zakxik:akEKanan 1}.

k=1
For all Y7}, ayx;, € Y we define

n n
U< E akxik) = E apC;, ,
k=1 k=1

a linear form on E. First, we show that u is well-defined: if > 7 | s, = > )% Bis,,

then . .
u(Zakxik) = U(Zﬁl%)
k=1 =0
Indeed, it is enough to suppose Y ,_; axz;, = 0, then

n n n
u( E akxlk)‘ = E QCiy E Oy,
k=1 k=1 k=1

Therefore, u is well-defined on Y and, by (ii), continuous with ||u||< M. By Theorem
[2.3.6] there exists v € E* that extends u and such that v(z;) = ¢; for all i € 1. O

<M — 0.
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4.2 Minimum norm problems

In this first part, we provide the necessary background for studying the Chebyshev
approximation and the rocket problem.

Definition 4.2.1. Let (£, ||||) be a normed vector space over K and F' C E a subspace.
The orthogonal complement of F' is defined by

Fr={u" € B*:u*(u) =0for all u € F}.

Lemma 4.2.2. Let F' be a subspace of a normed vector space E over K. Then, for all
uyg € E such that d(ug, F') := inf,ep||u — ugl|> 0, there exists a continuous linear form
v* 1 E — K such that v* € F4, [[v*]|= 1 and v*(uo) = d(ug, F).

Proof. Since d(ug, F') > 0, ug ¢ F and consider Fy = F @ [ug]. Then, each u € F, has a
unique representation u = Aug + v with A € K and v € F. Let v* : Fy — K defined by

u* (v + Aug) = Ad(ug, F)

be a well-defined linear form on Fj. Besides, u*(u) = 0 if u € F, otherwise A # 0 and it

follows that
1
u JR— _ —
0 /\U

Therefore, u* is continuous with ||u*||< 1. By the Hahn Banach theorem, there exists a
continuous linear form v* : E' — K that extends «* and ||v*||= |[u*||< 1. For all € > 0
there exists v € F' so that

| (w)|= |u*(Aug + v)|= [Ald(uo, ') < [A]

\ — 1o + ol|= 1]l

l|uo — v||< d(ug, F) + €.
From v*(ug — v) = u*(ug — v) = d(ug, F), it follows that

v*(up — v) S d(ug, F)

— 1 — 0.
luo —o|| = dluo, F) + ¢ as e

Hence, ||v*||= 1. O

Definition 4.2.3. Let E be a real normed vector space, F' C F a subspace and ug € F a
fixed element.

(i) The primal problem consists in finding v € F' so that

Q= irellf?Huo_uH: [lup — vl|. (4.2.1)

(ii) The dual problem consists in finding v* € F* with ||v*||< 1 so that

B = sup u(up) = v*(ug). (4.2.2)
u*eF+
llulI<1

Proposition 4.2.4. If dim F' < oo, then the primal problem (4.2.1)) has always a solution.
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Proof. Since 0 € F, o := in£||u0 — u||< ||up|]. Let us define the set
ue

Fo=A{u € F: [lu=uol[< [[uoll} = Br(uo, [[uol]) C F.

Since F' is a finite-dimensional subspace, Fy is a compact set and, by the Weierstrass
theorem, there exists v € Iy so that

g

o= wol|= inf [Ju = woll= influ — uol|= o

Theorem 4.2.5. Let E be a real normed vector space and F C E a subspace. Given
ug € E, the following conditions hold:

(i) a=p.
(ii) The dual problem (4.2.2) has always a solution.

(i1i) Let u* be a solution of the dual problem (4.2.2)). Then, u € F is a solution of the
primal problem (4.2.1) if and only if

u*(uo — u) = |Ju— uol|.
Proof. (i) For all € > 0 there exists u € F' so that
[luo —ul|[< a+e.
For all u* € F*, with ||u*||< 1, we have that
u*(ug) = u(up —u) < [|[u*]| ||Ju— wol|< a + e

Therefore, 5 < a + € for all € > 0 and, thus, § < «.

If @ > 0, by Lemma [4.2.2] there exists u* : £ — R with u* € F*, |[u*||= 1 and
such that u*(ug) = a. Hence, > a. In case o = 0, consider u* = 0, which satisfies
u*(up) = 0 and, thus, 5 > 0 = a. In both cases, we conclude that o = .

(ii) In (i) we have already shown the existence of u* € F*, with [[u*||< 1, so that

u*(ug) = p.

(iii) Assume that there exists u* € F*, with |[u*||< 1, so that u*(ug) = @ = 3. Then,
u € F is a solution of problem (4.2.1)) if and only if

llup — ul|= a = = u"(ug) = u*(up — u). 0

Next, we take into consideration the primal problem and the dual one for a dual space E*.

Definition 4.2.6. Let E be a real normed vector space, F' C £ a subspace and uj € E*
a given linear form.

(i) The modified primal problem consists in finding v* € F'* so that

= inf o — u||=||Jug — v*|]- 4.2.3
= inf [Juj — ull= llug — o] (423)
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(ii) The associated dual problem consists in finding v € F' with ||v||< 1 so that
B = sup ugy(u) = ugy(v). (4.2.4)

Theorem 4.2.7. Let E be a real normed vector space and F' C E a subspace. Given
uy € B, the following conditions hold:

(i) a=p.
(i) The modified primal problem (4.2.3)) has always a solution.

(iii) Let u* € F* be a solution of the modified primal problem (4.2.3)). Then, u € F with
l|ul|< 1 is a solution of the dual problem (4.2.4)) if and only if

(ug = u*)(u) = ||ug — |-
Proof. (i) For all u* € F*,
[lug — w*[|= sup [(ug — u*)(u)[= sup ug(u) = B.
|lull<1 IIUIG|1%1

Hence, a > 3. Let v* : ' — R be the restriction of v : £ — R to F. Then,

[v*]|= sup |ug(u)|= sup ug(u) = B.
[[ul|<1 [lul|<1
ueF ueF

By the Hahn-Banach theorem, there exists a continuous linear form vj : £ — R
that extends v* and ||vg||= ||v*]]. If w* = uf — v§, then for all u € F' we have that
w*(u) = uj(u) —vi(u) = v*(u) — v*(u) = 0. That is, w* € F+. Besides,

|lw™ = wugl[= [lvgl|= [[v*[|= B
Hence, a < 8 and, thus, a = £.
(ii) Notice that w* is a solution of the modified primal problem (|4.2.3]).

(iii) Let u* € F* be a solution of the modified primal problem (4.2.3). Then, u € F
with [|u||< 1 is a solution of the dual problem (4.2.4)) if and only if

(ug — u)(u) = ug(u) = B = a = [Jug — u’[].

g

Definition 4.2.8. Let [a, b] be an interval, —oo < a < b < 0o, and ¢ € [a,b]. We define

dc: C(la, b)) = R
u = d.(u) :=u(c)

a continuous linear form with ||d.||= 1.

Lemma 4.2.9. Let u* € C([a,b])* with ||u*||# 0. If there ezists u € C([a,b]) so that
u*(u) = ||u*|| ||ul|lo and |u(x)| achieves its mazimum at precisely N points 1, ..., xN of
la,b], then there exist oy, ..., ay € R such that

N N
U = Zaiém and Z\ai\: [|u*]].
i=1 i=1
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Proof. Since u* € C([a,b])*, by the Riesz representation theorem, there exists g € BV[a, b
such that

b
u*(v) = / v(x)dg(z) for all v € C([a,b)]),

and V' (g) = ||u*||# 0. Besides, we assume a < x; < b for all 1 < i <n. Given € > 0 small
enough, we define

N N-1

J = 0,0\ (i — e,z + €) = [a,21 — ] [H [wi + €, 2001 — ] Hlen + €8],

i=1 =1
which is a finite union of closed intervals, and V;(g) will denote the sum of the total
variations of g at each interval of the union J. If we denote I; = [z; — €, x; + €], note that

N
Vi(g) +> Vilg) <V
=1

We first show that V;(g) = 0. Indeed, we assume the opposite thesis, so V;(g) > 0. Then,

== | [ ot + 30 [ uanto

< V(g max|u |+ZV1 )N | < (VJ(Q)—FZVQ(Q))HUHOO

=1

< Vi(g)lulloo= [lu]] IIUIloo-

Therefore, u*(u) < ||u*|| ||u||oo, Which contradicts the hypothesis u*(u) = ||u*|| ||u|]so-
Hence, V;(g) = 0 and it follows that ¢ is constant at each interval of the union J, so g
has the following form:

By, if a<z<ux,

517 if T S T < Tg,
g(x) = :

For all v € C([a, b]),

= Zv(xi)ai.

Therefore, u* = SN | oy, and [[u*||< 2N Joyl.
Let w € C([a,b]) be a continuous piecewise affine function such that w(z;) = sign(«;)
for all 1 < i < N. Besides, ||w||w= 1 because, in case w = 0, this would imply that
|[u*]|< SN |oy|= 0, which is impossible. Finally,

N
w)’ = = Z|ai|.
i=1

Hence, |[u*||= S, |au|. In the case that |u(z)| achieves the maximum at = a or x = b,
the proof is similar with the intervals [a,a + €] and [b — €, b], respectively. O

][> [ (w)|=
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4.2.1 The Chebyshev approximation

The approximation of continuous functions by polynomials is often useful in Analysis.
Given a continuous function u : [a,b] - R, —00 < a < b < 0o, we want to determine
whether there exists a polynomial p € Py([a,b]) such that

a = inf {||u — qlle: ¢ € Py([a,0]))} = ||u — pl|oo- (4.2.5)

Even though this problem belongs to Analysis, it has been included in this section as an
example of the dual theory developed previously.

Theorem 4.2.10. Let u € C([a,b]), problem (4.2.5) has a solution p € Pn([a,b]). Besides,
|u(z) — p(z)| achieves its maximum at at least (N + 2) points of [a,b].

Proof. Since Py([a,b]) is a finite-dimensional subspace of C([a, b]), by Proposition [4.2.4]
there exists p € Py([a,b]) that is a solution of problem (4.2.5)).
In order to prove the second part of the statement, we assume that u ¢ Px([a,b]),
otherwise the proof is immediate. Therefore, o = ||u — p||> 0 and, by Lemma and
Theorem there exists u* € P([a, b])* a solution of the dual problem with ||u*||= 1
and such that

u(u—p) = |ju—p|l
Now, suppose that |u(z) — p(x)| achieves its maximum at zi,...,xy € [a,b], with
1 <M < N +2. By Lemma[4.2.9] there exist a,...,ay € R such that

M M
i=1 i=1

Note that we can assume that ay; # 0. Since M — 1 < N, we choose a polynomial
q(z) € Pn([a,b]) such that g(z;) =0, for all 1 <¢ < M — 1, and ¢q(z;) # 0. Then,

N

u'(q) = Z%’Q(%’) = anq(zum) # 0,

i=1

which contradicts the fact that u* € Py([a, b])*. O

4.2.2 Optimal control of rockets

We want to study the motion of a rocket ascent that reaches an altitude A > 0 with
the minimum fuel expenditure. If x = z(¢) denotes its vertical position, then, by Newton’s
Second Law,

ma”"(t) = f(t)—mg 0<t<T, (4.2.6)

z(0) =2'(0) = 0 and z(T) = h,

where m is the mass of the rocket, f(t) the force provided by the engines and T is the
time required for achieving the altitude A > 0. The variation of mass due to fuel burning
is neglected and we will work in physical units, so m = g = 1.

The fuel expenditure during [0, 7] is given by

/ @),
0
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which depends on the time 7T'. Then, for each time 7" > 0, «(7T") denotes the minimum fuel
expenditure required for achieving the altitude A > 0 in a time T". In terms of minimum
norm problems, we have that

= int /0 F(0)\dt, (4.2.7)

where the infimum is taken over all integrable functions f : [0,7] — R. Besides, once
a(T) is determined, we can adjust 7" > 0 so as to minimize (7).
We first integrate equation (4.2.6|),

// f(s dsdu——Z/Otf(S)/:duds—g:/Ot(t—s)f(s)ds—g.

Since z(T') = h, it follows the condition

h = /0 (T~ ) (s)ds — - (4.2.8)

To sum up, we are looking for an integrable function f : [0,7] — R that is the solution of

problem (4.2.7)), satisfies (4.2.8]) and a time 7" > 0 that minimizes «(7).

We next show that we could have restricted our problem to continuous functions as we
take into consideration that C([0,T]) is dense in L'([0,T]). Indeed, if f € L'([0,T]) is a
solution of the problem, for all € > 0 there exists g € C([0,T7) so that ||f — g||1< #. Then,

4(T—@ﬂ&ﬁ—A<T—mwm4§A<T—Mﬂw—mmw3Twu@m<@am

‘ /oT’f(t)‘dt B /oTlg(t”dt‘ = /OTIf(t) —g(t)|dt < %

2 2

(h—¢€)+ 5 < /OT(T—t)g(t)dt <(h+e€)+ T? and

ﬂﬁAM@W<Mﬂ+—

Therefore, the problem could have formulated in terms of continuous functions instead
of integrable ones by taking e smaller than the dimensions of the rocket and so that the
extra fuel consumed would be insignificant. Nevertheless, both cases omit the possibility
of applying an impulse d; at a precise instant ¢ because condition (4.2.8]) would not be
satisfied. As we will show, impulses play an important role in this optimization problem.
For this reason, we will proceed with a more general approach.

Hence,

(i) For a given altitude h > 0 and a final time 7" > 0, we are looking for g € NBV ([0, T1),

such that ,

g T
/(T—mmw:h+—n
0 2
and it minimizes V (g fo |dg(t)|= a(T).
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(ii) To find 7" > 0 that minimizes (7).

By Corollary [3.1.7] these problems are equivalent to the following ones.

(i) For a given altitude h > 0 and a final time 7" > 0, we are looking for a functional
v* € C([0,T])* such that

T) = inf = |o* d 4.2.
amy = wt i Il e (129)
ut (T—t)=h+ L2
T2
h=v'(T—t)- . (4.2.10)

(ii) To find T > 0 that minimizes «(7).

We next show that (4.2.9) and (4.2.10|) generalize (4.2.7) and (4.2.8]), respectively.

Proposition 4.2.11. Let g : [0,T] — R be a continuous function and v* € C([0,T])* the
functional defined by

v (u) = /0 u(t)g(t)dt  for all uw € C(]0,T]).

|Mblmww

Proof. Let p(t fo s)ds, that is, p/(t) = g(t) for all t € [0,T]. By Proposition m,
we have that

T T T
qmm:/zmm@m:/zmm@m:/u@@@ for all u € ([0, T)).
0 0 0
Let 0 =ty <t <...<t, =T be a partition of [0,7]. We define

A=)~ JlKZ/ ol = [ oo

Hence, A < V(p) < fo lg(t)|dt. Since V(p) < Tl|g|le< o0, p € NBV(]0,T]) and
Vip )— ||v*]]. B631des by the mean value theorem,

Then,

A= Z|g(5j)|(tj —tj_1) with s; € [tj,t;1] forall 1 < j <n.
=1

A%A@@W.
HWﬂWFAWWﬁ
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As n — oo,

Since A < V(p),



It is clear that condition (4.2.10|) generalizes (4.2.8]).
Theorem 4.2.12. (a) The solution of the problem (i) is u* = T¥y.

(b) The solution of the problem (ii) is T = \/2h.

Proof. (a) Let F = {\(T —t) : A € R} be a subspace of C([0,T]). By Theorem [2.3.6]
there exists v, € C([0,T])* such that

2

T

Then,

T):= inf Y= inf [l — ) — ull
of)= | iof = inf (5~ w7) gl

h=u* (T—t)— L
By Theorem [4.2.7} there exists u* — u € F* such that o(T) = ||u*||= || (uf — u*) — ug]].
Since ||T' — t||o= T and v} is linear,

. T° ™\ 1 T?
a(T) = sup wuj(u) = sup )\(h—i—?) = sup A(h%—?) :?(h—i—?).

uel ANT -t <1 <1
luff<t N=0le= A<z

Since ufy — u* € F*,
lu*||= a(T) = ug(TH(T 1)) = (ug—u*)(T"H(T—1t))+u* (T~ (T—1)) = u* (T~ H(T—1)).
Namely,

w(THT =) = ||| IT7HT = t)] |-

Besides, u(t) = (T — t) achieves its maximum at precisely ¢ = 0. By Lemma [4.2.9] there
exists 7 € R such that u* = vy with |y|= ||u*||= a(T'). Therefore, u* = £a(T")dy. Since
w (T —t)=h+2L >0and (T —t) = T > 0, it follows that u* = a(T)d.

(b) From (a) we have that o(T) = |Ju*||= £ (h + %2) Then,

—h 1
"T)= —+=-= T = V2h.
o' (T) = 13 0 = V2h
Since o’(T') > 0, T' = v/2h is a minimum. O

Remark 4.2.13. According to Example [1.3.17] and Corollary [3.1.7, we have that
T T
uw*(f) = V2hf(0) = \/Qh/ f dHy = \/ﬁ/ F()ddo(t).
0 0

The last equality refers to the Lebesgue-Stieltjes integral with respect to the Dirac delta
distribution, which allows us to conclude that the physical solution to the rocket problem
is an impulse at the initial instant.

Remark 4.2.14. If we want to express the solutions in (SI) units, we have u* = m+/2hgd,
T=, /2’7}‘ and the minimum fuel expenditure is o = m+/2hg.

We have concluded that the most efficient program is an impulse at the initial
instant, so the generalization of the rocket problem was necessary. We have made many
simplifications in order to adapt the problem to our theory. This problem should be
understood as a model to the physical situation and should be contrasted with experiments.
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Conclusions

The development of this thesis has provided the assimilation of many cross-curricular
concepts and results. The present work could not only be regarded as a continuation
of the course Analisi real i functional, taught at University of Barcelona, but also as an
implementation of the skills and knowledge acquired during the Major in Mathematics.

The restriction to Banach spaces has not supposed any limitation for formulating
powerful theorems that have lead us to relevant applications such as: the nowhere
differentiable continuous functions are dense among the continuous ones, the Riesz
representation theorem, the existence of functions whose Fourier series respectively diverge
in (C([a,b]),|||ls) and in (L'([a,b]),]||-||1), the existence of a continuous function whose
Lagrange interpolating polynomial does not converge uniformly to the function, etc. Most
of them have been fully studied without difficulty, though the rocket problem, in Chapter
4, has required a less formal approach, as Physics does in general, and the solution should
be contrasted with experimental evidence.

Another important achievement has been to develop the ability of being critic
with the proofs taken from the references and complementing them. One interesting
aspect that could have been added to the references is to provide examples to some
applications of Chapter 3. For instance, functions whose Fourier series diverge or the
Lagrange interpolating polynomial, or an example of a nowhere differentiable continuous
function, etc.

Further work should focus on the formulation of these fundamental theorems in
Fréchet spaces and examine their applications, for example, the existence of a solution in
a partial differential equation. It would also be interesting to seek applications in areas
such as Algebra, Economics, Geometry, Probability, etc.
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