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Introduction

As is well-known, any positive integer n # 42 (8b+7) can
be expressed as a sum of three integer squares. In general,
given a decomposition of n, n = xf+x§+x§ , very little is
known about the integers x, . C.F.Gauss proved that n admits
a primitive representation as a sum of three squares if and
only if n # 0,4,7(mod 8)(cf.{5], Art. 291). Catalan showed that if

n = 3" , the three summands could be chosen to be prime to

3 (cf.[4]).

Special representations of integers as a sum of three
squares have recently appeared in connection with the deter
mination of some Stiefel-Whitney classes (see[ll]). Let En
be the real bundle over the classifying space BAn associated
to the standard representation of the alternating group AL
into SO (R). Let w’ (¢ )¢ B (BA_,2/22) = H'(A ,2/22) be its
Stiefel-Whitney class. Since wl(gn) = 0, wz(gn) is the non-

trivial element of HZ(An,Z/Zz) = 2/2Z, It is shown in [11]

(cf. also{7]), that if n = 3(mod 8) admits a representation

as a sum of three integer squares with (xl,n) = 1 and



xi < (n+1)/3, then there exists a continuous surjective

representation p: Gal(Q(T)/Q(T)) » An of the absolute Galois
group of Q(T) such that its second Stiefel-Whitney class

* 2
o w (En) is trivial.

Given an integer n, we consider in this paper the maximun
value £ = 2(n) such that n can be written as a sum of three
integer squares with 2 summands prime to n . We call g(n)
the level of n .

Obviously, all integers having level 3 satisfy the

preceding condition.

The problem of the determination of the level of an
integer leads to compare numbers of representations of this
integer by different ternary quadratic forms of a very special
type.

Since the number of representations r{(n,f) of a given
positive integer by a quadratic form cannot be determined
in general, we approximate this number by the average value
r{(n,gen f), where gen f stands for the genus of f . By means
of Siegel's Hauptsatz (see[9]) this average value can be
calculated using p-adic densities.

For the forms we are dealing with, we have that
r(n,gen f) = r(n,spnf) , where spn f denotes the spinorial
genus of f.

If n is square-free, the above considerations allow to
A € estimate the error r(n,f) - r(n,gen £) by applying recent

( sults of Schulze-Pillot about the growth of Fourier

%
%;:. -2 -



coefficients of cusp forms of weight 3/2(cf.[6]).

We conclude under the assumption of Ramanujan-Petersson's
conjecture for modular forms of weight 3/2, that
if n# 7(mod 8) is a square-free positive integer sufficiently

large (see Sect. 4), then:

i) 2(mn) 2, if g.c.d.(n,10) # 1,

ii) 2(n)

3, if g.c.d.(n,10) = 1.

The non square-free case in considered in [2].
I wish to express my thanks to Professor P. Bayer for her

valuable help.

1. The level of a positive integer

Definition. For a positive infegen n we define the Levef 2(n)
0f n as the maximum valfue of ¢ such that there exisfs an
integral neprnesentation of n as a sum cf three squaxres,

n = X2+X2+X2

1H¥otX5, with & summandsy phime Lo n .

We agree that 2(n) = -1 if n = 42(8b+7). If 4|n and
n # 4%(8b+7), then it is clear that 2(n) = 0. So we shall
assume that n g 0,4,7(mod 8).

If 2 or 5 divides n, then we have 2(n) < 3.

By elementary methods, some families of integers with a

given level can be constructed {see[1]).

For a given positive definite ternary quadratic integral

form f(xl,xz,x3) we write, as usual,



r(n,f) = “{(xi)e 23 | f(xl,xz,xa) =n} ,
rm(n,f) = “((Xi)e (Z/mZ)3 ] f(xl,xz,x3) Z ni{mod m)} ,

and we denote by r(n,gen f) the average value of represen-

tations of n by all the forms in the genus of f(see[9]).
Siegel's Hauptsatz (see[9]) asserts that r(n,gen f) may

be evaluated by means of p-adic densities Sp(n,f) , with p

prime or «, as follows

r(n,gen f) = am(n,f) na (n,f) ,
p p
where
~
21m1/2
———— , if p =<,
(det £)1/2

Bp(n,f) = «

r (n,f)
—P22 """ for all a3 2f+1, where pﬂﬂ2n,
20
p if p is prime.

\

We write <a§,a§,a§> for a diagonal quadratic form and
I3 = <1,1,1> for the identity. As usual, we denote by u the

M&bius function, and by [ ] the integral part function.

In order to evaluate 2(n) we first introduce the folloQing

alternating sums:

JUUREIES -1t wiautayulay rin,<al,alal)



for i = 1,2,3. The sum (1) is taken over those square-free

positive integers as j =1,2,3, such that 1 <aj|n for j < H
and aj = 1 for j > i. We take p; = 3 - 2 [1/3] . ‘
We introduce the functions
s3(n) S,(n) = 2s5(n)

g, (n) —_— gz(n) = ’
r(n,I3) r(n,I3)

]

sl(n) - sz(n) + 53(n)

g, (n)
3 r(n'I3)

The next proposition establishes a criterion for the

determination of the value of 2(n).

Proposition 1. &(n) > i 4§ and only £§ g; (n) < 1.

Proof. One needs only to observe that the sums si(n),

i=1,2,3, count the number of integral solutions of

xf+xg+x§ = n with at least i summands not prime to n.

2. The main term in the square-free case

As, in general, the value of x(n,f) cannot be determined,

we introduce the following average alternating sums:

b (—l)lu(al)u(az)u(a3)r(n,gen<ai,a§,a§>),

S, (n) =
i (1)

Py

for i 1,2,3. The sum (1) and py are defined as in Section }.



In order to estimate the value of 2(n), for n square-
free, we next define the main term Gi(n) in the determination

of the level, as follows:

G,(n) = S3(n), G,(m) = Sy(n) = 25,(n) ,

Gy(n) = §,(n) - S,(n) + S,y(n)

' -1
where S, (n) = r(n,I,) §;(n) , i=1,2,3.

From now on we will assume that n # 7(mod 8) and that
n is a square-free positive integer. We will always write

mt with m = Zapl...pr y @ = 0 or 1, p; = 1(mod 4) and

=]
it

t=q,...q, with qj = 3{mod 4).

Proposition 2. Foa n = mt, the alternating sums si(n) ’

1 <1< 3, can be wrnitten in the form:

i) si(n) = (g)(-l)iu(a1a2a3) r(n,<ai,a§,a§>) ’

whene the sum (2) {8 taken over the positive integens ay

such that ajlm ; g.c.d.(aj,ak) =1, fon j #£ k ; ay £ 1 if

j < i and ay = 1 443> 1
ii) 14§ n 44 even, we also have

85(n) = 3(§) -u(2a,a,) r(n,<af,a§,22>) ,

s,(n) =65 -uta) rin,<a%,22,1%) + s ),
(4)

3r(n,<22,12,12>) + Sz(n) - 33(n) '

sl(n)



where the sum (3) (s taken oven the positive integers a iy,
such that g.c.d.(a,,a,) =1 and 1 < ajl2-lm, foen j = 1,2 .

The sum (4) &3 taken overn the positive {ntegeas a with

1 < a|2—1m .

Proof. i) The first expression is a consequence of the
following two facts : First of all, since n is square-free,
a prime p dividing n can appear only in one aj. Secondly,

if g = 3(mod 4) is a prime dividing n, then q*aj, j=1,2,3,
for, otherwise, by reducing modulo q we would have (%%) =1,

which is impossible.

Observe that the last consideration also proves that if

m =1, then 2(n) = 3.

ii) In this case, one needs to distinguish in the formula

given in i) just the summands involving 2 from those not

involving it.

Lemma 3. let n = mt be an odd square-4ree positive integen,

n ¥ 7(med 8). Let <ai,a§,a§> be a quadratic form with a

m,

il
ay squane-free, 4or i =1,2,3 and g.c.d.(ai,aj) =1, 4or

i #3 . Then

-2 -n, -1 -1
(1-p™ %) (1-(Fhe™") ., if pin

-2
i) 3p(n,<ai,a2

2,a§>) = { (1-p

), if pin and p,}’alaZa3

2(1-p—1), i plalaza3 .

for p ¥ 2. é

l\l
|58

53“\1“
:‘s“mun

s =
- -
—
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3/2 , 44 n = 1,%(mod 8)

ii) az(n,<af,a§,a§>) =

m

1 , 44§ n 3{(mod 8).

Prnoog. 1) The first two equalities of i) follow immediately
from [9], Hilfssatz 16.

Now, if p|a1a233, say plal, in order to calculate
2

2 2 . 2.2 2 .2
ap(n,<a1,a2,a3>) we first evaluate r 3(n—alxl,<a2,a3>) for

each %y in z/p3z . Letting now X, run over 1/932 and applying

Siegel's formulae to the case of binary forms (cf.[Q],

Ly,

Hilfssatz 16), we eventually get Bp(n,<ai,a§,a§>) = 2(1-p
. ) 2 2 .2 _ .
ii) As the a,'s are odd we have az(n,<a1,a2,a3>) = az(n,I3).
and this reduces to the trivial calculation of r 3(n,I3), from
2

which the assertion follows.

Proposition 4. Let n = mt be a square-§{ree positive integen,

n Z 7(mod 8), then :
i) 14 n 48 odd, aiIm der i =1,2,3, and g.c.d.(ai'aj) =1

don i # 3, zthen

r(n,gen <af.a§,a§>) = An) nl/zL(l.x_4n) TT 2(1+p)-l '
n p|ala2a3
wi th
16 4§ n = 3(mod 8)
A(n) =

24 {f{n =1,5(mod 8) ,

and L(s,x_g4,) being the L-senies associated tc the characten

Xegn®



1

ii) 14 n {8 even, ailz' m fex i = 1,2, and g.c.d.(a,,a,) = 1,

then

2 2 .2 8 1/2 ll -1
r(n,gen <a1,a2,a3>) T 0 / L(er_4n) 2(1+p) .
pla,a,

Proof. i) By Siegel's Hauptsatz and lemma 3, we have:

1/2
2 2 2 27n 2 2 .2 -2
r(n,gen <aj,a,,ay>) = 3,(n,<aj,a5,a>) . 1 (1-p “).
1’92773 2 1792173
a.a,a P*n
17273 gt
p#2
-n, -1 -1 -2
n(-(=)p ) . 1T (1-p ).
p)n p pin
p¥2 pfa aja,
i 2(1-p7h.
plajaya;

So the first part of the proof follows from the observa-

tions that c(2)—1 = H(l—p_z) and that

e -1 1 )
T a-Ep™h = s :: =
pin p k odd
p¥2

= L(l,x_4n) .

ii) In this case Bz(n,<a§.a§,a§>) can be casily calculated

if we observe that

2
2ya§,a§>) = 22r k(n,<ai,a§,a3>), for k » 3

(n,<a
’ 1 2

r
2k+1



Using these formulae we immediately obtain

Proposition 5, let n = mt. Then

i) 14§ n 44 odd,

S;(n) =0y Iz (—1)i u(a1a2a3) ]_T 2(1+p)~1 ’
(2) p|a1a2a3
fon & = 1,2,3.
ii) T4 n 45 even,
S;(n) =1+ s,(n) - s;3() ,
S, =25 -u@ 1 20+p) "+ sy,
(4) pla
S;m) = I -u(aja,) M 2(+p)7h
(3) plaa,

Next we give the value of the main term-.

Theorem 6. let n = mt be square-free, n # 7(mod 8). Then

1) T4 n {4 cdd,

Gl(n)

1

1-3P, (m) + 3P, (m) - Py(m)

n

Gz(n) 1-3P2(m) + 2P3(m),
G3(n) = 1—P3(m).

ii) 1§ n 45 even,

- 10 -



Gy(n) =1~ 2P (m) + P, (m) ,

]

Gz(n) 1 - Pz(m) ’

G4(n)

i
-

r
Here Po(m) = T (1-23(1+p,) Yy , fon § =1,2,3.
1=1

Proof. 1) Let %, = 2(1+p) ' , 1 <4 < r , then

o
]
=

r
K
. 1-3 = I (- aee
3 i 1( in) kzo( J) Uk(xl: 1xr) ’

Oy being the elementary symmetric polynomials of degree k

in r variables. We have

k+1

r
- p_ = - ~-3.2Kk+3k
Do 3pp3pypy = 11323 0y g x)

1]
Now we observe that each summand of S3(n) is of the form

]
(—1)k+1xi +eox; (3 < k < r) and that it appears in S5(n) a
1 k

number of times equal to

ot - . . )
Z (k )(k kl) (k kl sz _ Z k !

k k k - . '
ki>o 1 2 3 ki>° kl! kz. k3.
k1+k2+k3=k k1+k2+k3=k
O L PO

L]
This shows that 53(n) =1 - 3P, + 3P2 - Py . Proceeding
L] 1]
similarly we get Sz(n) = 3 - GP1 + 3P2 and Sl(n) = 3 - Pl.

L}
Recalling now the expressions of Gi(n) in terms of Si(n),
we are done. Observe that if 5|n, then P,(m) = 0 and,

consequently Gy(n) = 1.

- 11 -



1]
ii) In this case we have that S3(n) =1 - 2?1 + P2 ,

L] r
Sz(n) =2 - 2P, , Sl(n) =2 -P

1 2"

Note that Gi(n) = Gi(m) in all cases.
Corollary 7. We have
i) 0 < Gl(n) < Gz(n) < G3(n) =1, 44§ g.c.d.(n,10) # 1,

ii) o

A
A

Gl(n) Gz(n) < G3(n) <1, {§ g.c.d.(n,10}) = 1.

Proof. From the definition it follows that P3 < P2 < P1

and P, > 0 , for j = 1,2,3. Let us write Pj =1-y

b B
j = 1,2,3; then by induction on r we see that Y3 < 2y2 - ¥y

’

Y3 2 3(y2 - yl) v Yy 2 ¥y d 2yl 2y, - Now, from these

inequalities the assertion follows immediately.

3. The error term in the square-free case

We call error term in the determination of the level
to the difference gi(n) - Gi(n) for i = 1,2,3.
Let ©(f,z) and O(spn £,2z) be the theta series associated

to £ and spn f (spinorial genus of f). If f = <ai,a§,a§> is

a guadratic form with g.c.d.(ai,aj) =1, for i # j, then
©(f,2) belongs to the space Mo(3/2,4aia§a§) of modular

forms of weight 3/2 with respect to Fo(4aia§a§).

Lemma 8. Let us white n = mt, as usuafl, and £ = <ai,a§,a§>

with ai|m »oay squane-free, forn i = 1,2,3, and g.c.d.(ai,aj)= 1,

for 1 # 3. Then

i) r({n,spn f) = r(n,gen £) .

- 12 ~



ii) The valdidity of Ramanujan-Petensson's conjecture fon

modulan gonms of wedight 3/2 implies that

r(n,f}) - r(n,gen f) = oe,m,f(t )

fon every € > 0,

Proof. i) If 2fa;aja, , then spnf= genf (cf.[3], ch.11,
th. 1.3). In case that 2|a1 and 2[a2a3, for any quadratic
form g in the genus of f let us consider the function ¥(s),
se2+ , defined by : ¥(s).s = r(nsz,spn £) - r(nsz,spn g) .

It turns out that ¥(s) = 0, for all se3' (cf.[6], Kor.2).
Consequently, r(n,spnf) = r(n,spng) , for every quadratic

form g in the genus of f.

ii) By [6] we have that O(f,z) - o(spnf,z) lies in U', where

v is the orthogonal complement, in the space of cusp forms
So(3/2,4aia§a§), of the space U spanned by Shimura's theta
functions (cf.[E]). Since the growth of the Fourier coefficients
a(n), n square~free, of a cusp form g lying in Ul is predicted
by the Ramanujan-Peterss?ancconjecture for weight 3/2, in the
sense that a(n) = Oe'g(nzr ), for every ¢ > 0, it suffices

to apply this claim to our forms. Obviously, the final O-constant

will be independent of t.

Under the assumption of Ramanujan-Petersson's conjecture

for weight 3/2 we can state



Theorem 9, letf n = mt be squanre-gree, n Z 7(mod 8). Fon eveny

€ > 0, we have

-% +€
(t

c.m ). fon i =1,2,3.

g;(n - G;(n) =0

Procf. Let ¢ be the O-constant appearing in lemma 8 and set

2 .2 2
c, = cz(e,m): = ¥ cl(e/z,m,<al,a2,a3>) ’
aj m

where obviously the aj's considered are exactly the ones

appearing in the definition of either g; or Gi as alternating

sums. Then, we may write, for every ¢ > 0 ,

1,

lgi(n) - Gi(n)] < c, -t -r(n,I3)“l .

2

As, on the other hand, for every ¢ > 0 , we have, with

-1 ";’ + 3
our hypothesis, that r(n,I,) = = Oe(n ) (cf.[10]); we
obtain
-3 +e
lgi(n) - Gyn)| < gyt '

where Cy = c4(c,m): = Cy°Cq and Gy being the O-constant

appearing in r(n,I3)_1..

4, Asymptotic behaviour of 2(n)

Taking into account the bound of the main term given in
corollary 7 together with the growth of the error term given

in theorem 9, we can state the following

- 14 -



Theorem 10. let n = mt be square-free, n ¥ 7(mod 8). The
validity of Ramanujan-Petersscn's conjecture for weight 3/2
implies that there exists a constant cg = c5(m) Auch that
i) gz(n) <1, 46 g.c.d.(n,10) # 1 ,

ii) 93(n) <1, 4§ g.c.d.(n,10) = 1 ,
forn every t > Cg

For each m = Zupl...pr . a=0o0r 1, P; = 1(mod 4),
i=1,...,r, we introduce the family

F(m): = {n Z 7(nod 8)1 n = mt, t square-free containing

no prime factors = 1(mod 4) in its factorization} ,
and the constant
c(m): = mcs(m).

Using proposition 1, theorem 10 can be reformulated in

terms of levels as follows.

Theorem 10'. Let n # 7(mod 8) be a squane-gree positive
integen and Let F(m) be the famify to which n befongs. The
validi{ty of Ramanujan-Petensson’'s conjecture for weight 3/2

implies that 4§ n > c(m), then

It
]

i) 2(n) 2 , £4 g.c.d.(n,10) 1,

I
—

ii) 2(n) = 3 , 4§ g.c.d.(n,10)



The following table, computed by P. Llorente, shows that
the constants c(m) are, in general, non-trivial. All positive
5
square-free integers n < 10 not contained in table I have the

level predicted in corollary 7.

Table 1

F(m) n = 2ap S I PRSRAN . | 2(n) c(m) >
1 r*1 s -
F(13) 13 2 403

403 = 13.31 2
F{10}) 30 = 2.5.3 1 27190

70 = 2.5.7 1

210 = 2,5.3.7 1

310 = 2.5.31 1

330 = 2,5.3.11 1

430 = 2,5.43 1

670 = 2.5.67 1

790 = 2.5.79 1

1330 = 2.5.7.19 1

2170 = 2.5.7.3% 1

2230 = 2.5.223 1

2530 = 2,5.11,23 1

3070 = 2.5.307 1

27190 = 2.5.2719 1
F(37) 37 2 37
F(13.61) 793 = 13.61 2 793
F(2.5.29) 870 = 2.5.29.3 2 870




a

F(m) n =2 PyeseP dq-.q 2(n) c(m) >
F(2.5.73) 2190 = 2.5.73.3 2 2190
F(2.5.17) 3910 = 2.5.17.23 2 3910
F(2.5.97) 6790 = 2,5.97.7 2 6790
F(2.5.13.47) 15990 = 2.5.13.41.3 2 15990

Finally, we give an application which, in fact, motivated

the study of the preceding problem

Corollary 11. let n = mt be square-f§ree, n = 3(mod 8),
n £ 0(mod 5) and n > c(m). Then every centraf extension 0§
the altenrnating group A can be neatised as a Galois group

over Q(T) and, moreover, over Q .

Proof. Assuming the validity of Ramanujan-Petersson's
conjecture for weight 3/2, we will get that all the integers
above have level 3. This implies, as is shown in [11], (see
also [7]), the existence of a continuous surjective repre-
sentation p:Gal(ﬁTEW/Q(T))-+An with a trivial second Stiefel-
Whitney class p'w, (£ ) e H?(Gal(R(T)/Q(T)), 2/23). Here £
denotes the real bundle over BAn associated to the standard
representation of the alternating group An into son(na).
Since p*wz(An) can be viewed as the obstruction to the

embedding problem given by the diagram



Gal(Q(T)/0(T))

1——» 2/22 ~ X —> A

v
[y
-

4Y
where An denotes the universal central extension of An, the

result follows.
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