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Introduction

As Is well-known, any positlve integer n f 4a(8b+7) can

be expressed as a sum of three integer squares. In general,
2 2 2

given a decomposition of n, n = Xj+x2+x.j , very little is
known about the integers x^ . C.F.Gauss proved that n admits
a primitive representation as a sum of three squares if and

only if n jt 0,4,7(mod 8)(cf.[5], Art. 291). Catalan showed that if

n = 3V , the three summands could be chosen to be prime to

3 (cf.[4]).

Special representations of integers as a sum of three

squares have recently appeared in connection with the deter

mination of some Stiefel-Whitney classes (see[ll]). Let C

be the real bundle over the classifying space BAn associated
to the standard representation of the alternating group Ar
into SOn(lR). Let w*(?n)É H*(BAn,Z/2Z) = H*(An,Z/2Z) be its
Stiefel-Whitney class. Since w (£ ) = 0, w (Cn) is the non-
trivial element of (A ,Z/2Z) = Z/2Z. It is shown in f111

(cf. also(7]), that if n e 3(mod 8) admits a representati

as a sum of three integer squares with (Xj,n) = 1 and
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2
< (n+l)/3, then there exists a continuous surjective

representation p: Gal (Q (T)/© (T)) •+ An of the absolute Galois
group of G(T) such that its second Stiefel-Whitney class

o w^(£n) is trivial.

Given an integer n, we consider in this paper the maximun

valué £ = £(n) such that n can be written as a sum 0f three

integer squares with £ summands prime to n . We cali £(n)

the level of n .

Obviously, all integers having level 3 satisfy the

preceding condition.

The problem of the determination of the level of an

integer leads to compare numbers of representations of this

integer by different ternary quadratic forms of a very special

type.

Since the number of representations r(n,f) of a given

positive integer by a quadratic form cannot be determined

in general, we approximate this number by the average valué

r (n,gen f) , where gen fstands for the genus of f . By means

of Siegel's Hauptsatz (see[9]) this average valué can be

calculated using p-adic densities.

For the forms we are dealing with, we have that

r(n,genf) = r(n,spnf) , where spn f denotes the spinorial

genus of f.

If n is square-free, the above considerations allow to

.. ^. estimate the error r(n,f) - r(n,genf) by applying recent

Schulze-Pillot about the growth of Fourier
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coefficients of cusp forms of weight 3/2(cf.[6]).
We conclude under the assumption of Ramanujan-Petersson's

conjecture for modular forms of weight 3/2, that

if n ^ 7 (mod 8) is a square-free pos.itive integer sufficiently

large (see Sect. 4), then:

i) l(n) = 2, if g.c.d.(n,10) i 1,

ii) Mn) = 3, if g.c.d. (n,10) = 1.

The non square-free case in consldered in [2].
I wish to express my thanks to Professor P. Bayer for her

valuable help.

1. The level of a posltive integer

Definition. Foi a poiltlve tntegei n we define the level Mn)

0(S n ai the máximum valué oí i iuch that theie exliti an

integral iepieientatlon oí n ai a ¿m» oí thi.ee iquaiei,
2 2 2

n = Xj+Xj+x^, wlth f. iummandi pilme to n .

We agree that Mn) = -1 if n = 4a(8b+7). If 4|n and

n ^ 4a(8b+7), then it is clear that Mn) = 0. So we shall

assume that n¿ 0,4,7(mod 8).

If 2 or 5 divides n, then we have Mn) < 3.

By elementary methods, some families of integers with a

given level can be constructed (see[l]).

For a given positive definite ternary quadratic integral

form f(x1,x2,x3) we write, as usual,
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r(n,f) = # {(x^Je 23 | f(xlfx2,x3) = n} ,

rm(n,f) = # {(x^) e (2/m2)3 | f (x3,x2,x3) 5 n(mod m)} ,

and we denote by r(n,genf) the average valué of represen-

tations of n by all the forms in the genus of f(see[9]).
Siegel's Hauptsatz (see[9]) asserts that r(n,gen f) may

be evaluated by means of p-adic densities 3p(n,f) , with p
prime or <», as follows

r (n, gen f) = 3ro(n,f) II 3 (n,f) ,
P P

where

3
P

(n, f)

r
2 nn 1/2

(det f) 1/2

<

if p = 00 r

for all a> 26+1, where p^|l2n,
if p is prime.

2 2 2
We write <a3,a2,a3> for a diagonal quadratic form and

I3 = <1,1,1> for the identity. As usual, we denote by u the
Mobius function, and by [ ] the integral part function.

In order to evalúate Mn) we first introduce the following

alternating sums:

i 2 2 2
s^n) = p3 l (-1) y (a3 ) g (a2) u (a3) r (n, <aj ,a2,a3>) ,

A



for i = 1,2,3. The sum (1) is taken over those square-free

positive integers a^, j = 1,2,3, such that 1 <a^|n for j ' ;
and a^ = 1 for j > i. We take p^ = 3 - 2 [i/3] .

Ke introduce the functions

s3 (n)
9,(11) = , g,(n)

r(n,I3) ¿
s (n) - s, (n) + s,(n)

g (n) - -i í -

r(n,I3)

The next proposition establishes a criterion for the

determination of the valué of Un).

Proposition 1. í,(n) > i and onty g^(n) < 1.

Ptioo |]. One needs only to observe that the sums s^fn),
i = 1,2,3, count the number of integral Solutions of

2 2 2
Xl+X2+X3 = n least i summands not prime to n.

2. The main term in the square-free case

As, in general, the valué of r(n,f) cannot be determined,

we introduce the following average alternating sums:

S^n) = Pi l (-1) iu (a1) p (a2) U (a3) r (n,gen<a3 ,a3,a3> ) ,

for i = 1,2,3. The sum (1) and p^ are defined as in Section. 1.

s2(n) - 2s3 (n)

r(n,I3)
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In order to estimate the valué of Mn), for n square-

free, we next define the main term G^(n) in the determination
of the level, as follows:

Gjín) = sj(n), G2(n) = S2(n) - 2sj(n) ,

G3(n) = s’(n) - sj(n) + sj(n) ,

where S^fn) = r(n,Ij) 1 (n) , i = 1,2,3.

From now on we will assume that n f 7(mod 8) and that

n is a square-free positive integer. We will always write

n = mt with m = 2ap1...pr , a = 0 or 1, p^ e 1(mod 4) and
t = q ...q with q. 5 3(mod 4).1 s 3

Proposition 2. Fok n = mt, the alteAnattng iumi s^(n) ,

1 < i < 3, can be uixttten in the ¿oim:

i) si(n) = I (-1)ip (a1a2a3) r (n,<a2,a2,a2>) ,

ivhetie the ium (2) ti taken ove-i the poitttve tntege>ti a..

i uch that a.|m ; g.c.d. (a. ,a. ) = 1, (¡OK j f k ; a. ^ 1 ¿i
3 3 K 3

j < i and a^ = 1 ¿i j > i .

ii) n ti even, uie alio have

2 2 2
s,(n) = 3 £ -u(2a,a,) r(n,<a.,a-,2 >) ,3

(3) 1 ¿ 1 ¿

s,(n) = 6 Z -h(a) r(n,<a2,22,12>) + s,(n) ,¿
(4) J

Sj(n) = 3r(n,<22,l2,12>) + s2<n) - s3(n) ,
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uiliexe the iuin (3) ti taken ovex the poitttve lnte.gc.Xi a3,a2,
iuch that g.c.d.(a ,a_) = X and 1 < a.|2_1m, &oX j = 1,2 .L ¿ j
The ium (4) ti taken ovex the poitttve tntegexi a wtth

1 < a|2 1m .

Pfioo¿. i) The first expression is a consequence of the

following two facts : First of all, since n is square-free,

a prime p dividing n can appear only in one a^. Secondly,
if q = 3(mod 4) is a prime dividing n, then q^a^, j = 1,2,3,
for, otherwise, by reducing modulo q we would have = b

which is impossible.

Observe that the last consideration also proves that if

m = 1, then i(n) = 3.

ii) In this case, one needs to distinguish in the formula

glven in i) just the summands involving 2 from those not

involving it.

Lemma 3. Let n = mt be an odd iquaxe -&nee palttve integex,

n i 7 (mod 8). Let <a|,aj,aj> fce a quadxattc (¡cxm wtth a^Jm,
a¿ iquaxe-éxee, ion i = 1,2,3 and g.c.d. (a^a^) = 1, éox
i ^ j . Then :

i)
7 2 2

3 (n,<a ,at,a“>)
P 1 2 3

(1-p

(1-p

-2

-2

-1

) 1 • pI"

) , if p | n and P^a^^

w2(l-p_1), té p|aia2a3 .
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3/2 ¿i n = 1,5 (mod 8)

li) 32(n,<a|,a^a^) = (
1 , ¿i n = 3 (mod 8) .

Paoo&. i) The first two equalities of i) follow Immediately

from [9], Hilfssatz 16.

Now, if pla^a^a^» say Plai» in order to calcúlate22 2 2 2 2 2

3p (n, «a^^, a2, a^>) we first evalúate r 3 (n-a^x^ , <a2, a^> ) for
3 P 3each Xj^ in Z/p Z . Letting now x1 run over Z/p 2 and applying

Siegel's formulae to the case of binary forms (cf.[9],
2 2 2 -1

Hilfssatz 16), we eventually get 8 (n,<a^,a2,a3>) = 2(l-p ).
•y -y y

ii) As the a^s are odd we have 32 (n,<a*,a2,a3>) = 32(n,I3);
and this reduces to the trivial calculation of r -(n,I,), from

2
which the assertion follows.

Propositlon 4. Let n = mt he a iqu.a>ie.-&n.ee. poitttve ¿niegen,

n / 7 (mocí 8) , then :

i) I ¡5 n -tí odd, a^|m {¡oh. i = 1,2,3, and g.c.d. (a^,a^.) = 1
¿oA i f j, then

r (n,gen o^a^a^l = Müi n1/2L(1,x_4n) n 2 <i+p)
-1

PIaja2a3

mUtil

A (n)

16 ¿i n 5 3(mod 8)

24 ¿fi n = 1,5 (mod 8) ,

and L(s,x ^n) beíng the L-&eA¿e& aaociated to the chaAacteA
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ii) 16 n even, a^^-1!!». {¡o\ i = 1,2, and g.c.d.(a ,a2> = 1
-t/ten

r (n,gen <a.*,a*,a\>) = | n1/2 La,x_4n)TT 2(l+p)-1.
Plaia2

Pxoo¿. i) By Siegel's Kauptsatz and lemma 3, we have:

2 2 2
r(n,gen <alfa2,a3>)

2nn 1/2

ala2a3
(n,<a2,a2,a2>) . II (1-p 2)

p|n
p¿2

n (i-(^)p *) . n (i-p 2)
p/n p
P*2

p In
P/Taia2a3

n 2 (1-p-1)
PIaia2a3

So the first part of the proof follows from the observa-

ni
p

tions that c(2) * = II (1-p 2) and that

-i /-ni i~4n.
-n -i 1 'IT' ' c i

n (l-(-^)p *) = £ — = £ p = L(l,x_dn>
P^n F
P¿2

k odd k k

2 2 2
il) In this case 32(n,<a^,a2,a3>) can be casily calculated

lf we observe that

r k+1*n'<al,a2'a3>^ = r k*n'<al'a2'a3>^' for k - 32 2
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Using these formulae we imnediately obtain

Proposition 5. Lzt n = mt. Then

i) Ií n ii odd,

S^(n) = pi Z (-1)1 p(a a-a,) TT 2(l+p)_1 ,
(2) p|a1a2a3

ío/i i = 1,2,3.

ii) Ií n ii even,

sj(n) = 1 + S2(n) - S3(n) ,

s'(n) =2 Z -u(a) n 2(l+p)_1 + s'(n) ,2
(4) p|a 3

S,(n) = L -g(2a.a_) II 2(l+p) 1 .
(3) 1 ¿ pla^

Next we give the valué of the main terne.

Theorem 6. Lzt n = mt be iquai.e -¿Aea, n f 7 (mod 8). Thzn

i) I <5 n ii odd,

Gjín) = l-SPjIm) + 3P2(m) - P3(m) ,

G2(.n) = l-3P2(m) + 2P3(m),

G3(n) = 1-P3(m).

ii) 1 ¿ n i s evett.
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Gjtn) = 1 - 2P1(m) + P2(m} ,

G2(n) = 1 - P2(m) ,

G3(n) = 1 .

r

Him P. (m) = JI (1-2 j (1+p. ) ) , ion j = 1,2,3.3 i=i x

Pnooi. Let = 2(l+pi) 1 , 1 < i < r , then

r

p. = n d-jx.)
3 i—i 1

r
k

n (-j) ok(xlf
k=o .xr) ,

belng the elementary symmetric polynomials of degree k

in r variables. We have

1 3Pl+3P2-P 3 n (-l)k+1(3-3.2k+3k)c. (x
k=3 K

) .

Now we observe that each suirmiand of S^fn) is of the form
k+1 1

(-1) x. ...x. (3 < k < r) and that it appears in S,(n) a
X1 xk

number of times equal to

kl+k2+k3=k k 1 ^*k 2"^"k 3~k

= 3k - 3•2k + 3.

I

This shows that S3<n) = 1 - 3Pj + 3P2 - P3 . Proceeding
• »

similarly we get $2Ín) = 3 - 6Pj + 3p2 and Sj (n) = 3 - Pj.
i

Recalling now the expressions of G^n) in terms of S^tn),
we are done. Observe that if 5|n, then P3(m) = 0 and,
consequently G3(n) = 1.

11
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ii) In this case we have that S.j(n) = 1 - 2P^ + P2 ,

S2(n) = 2 - 2Pj , S^(n) = 2 - P2 .

Note that (n) = Gi(m) in all cases.

Corollary 7. We have

i) 0 < G3(n) < G2(n) < G.j(n) = 1 , ¿i g.c.d.(n,10) ^ 1,

ii) 0 < G^n) < G2(n) < Gj (n) < 1 , ¿i g.c.d.(n,10) = 1.

P>ioo¿. From the definition it follows that P^ < P2 < Pi
and Pj > 0 , for j = 1,2,3. Let us write P^ = 1 - y^ ,
j = 1,2,3; then by induction on r we see that y^ < 2y2 - y^;

y3 > 3(y2 - yj) , y2 > yj ¡ 2y3 > y2 . Now, from these
inequalities the assertion follows immediately.

3. The error tem in the square-free case

We cali error term in the determination of the level

to the difference g¿(n) - G^(n) for i = 1,2,3.
Let 0(f,z) and 0(spnf,z) be the theta series associated

2 2 2
to f and spn f (spinorial genus of f). If f = <a3,a2»a3> is
a quadratic form with g.c.d.(a.,a.) = 1, for i / j, then

2 2 2
@(f,z) belongs to the space Mo(3/2,4a3a2a3) of modular

2 2 2
forms of weight 3/2 with respect to ro(4aja2a.j).

2 2 2
Lemma 8. Let ui wfitte n = mt, ai uiuat, and f = <a^,a2,a3>
uitth a^|m , a¿ ¿quatie- ín.ee, íok i = 1,2,3, and g.c.d. (ai,a^) = 1,
ion i / j. Then

i) r(n,spn f) = r(n,gen f) .

12



ii) The valldity oi R amanujan-Petenóion’i conj ectune (¡on

modulan ¿o-imi o (5 weight 3/2 Impllei that

I + e
r(n,f) - r(n,gen f) = °e m f(t ) ,

ion eveny e > o.

Pnooi. i) If 2í('a1a2a3 , then spn f = gen f (cf. [3] , Ch.ll,
th. 1.3). In case that 2|a^ and for any quadratic
form g in the genus of f let us consider the function y(s),

+ 2 2
sea , defined by : KsJ-s = r(ns ,spn f) - r(ns ,spn g) .

It turns out that l'(s) = 0, for all sc3+ (cf.[6]r Kor.2).

Consequently, r(n,spnf) = r(n,spng) , for every quadratic

form g in the genus of f.

ii) By [6] we have that 0(f,z) - 0(spnf,z) lies in ¡J1, where
X

U is the orthogonal complement, in the space of cusp forms
2 2 2

SQ(3/2,4a3a2a3>, of the space U spanned by Shimura's theta
functions (cf.[8j). Since the growth of the Fourier coefficients

a(n), n square-free, of a cusp form g lying in U1 is predicted

by the Ramanujan-Petersson's conjecture for weight 3/2, in the
4 + e

sense that a(n) = O _(n ), for every t > 0, it suffices£ ► 9

to apply this claim to our forms. Obviously, the final O-constant

will be independent of t.

ünder the assumption of Ramanujan-Petersson's conjecture

for weight 3/2 we can state



Theorem 9. Let n = mt be ¿quaAe-(¡nee, n ¿ 7 (mod 8). Loa eveAij

e > 0, we have

g. (n) - G. (n) = C> (t ), ¿OA i = 1,2,3.
X X E 11U

Vaco i. Let be the O-constant appearing in lemma 8 and set

2 2 2
c2 = c2(e,m): = Z c1(e/2,ra,<a1,a2,a3>) ,

aj Ira
where obviously the a^'s considered are exactly the ones
appearing in the definition of either g^ or G^ as alternating
sums. Then, we may write, for every e > 0 ,

7 + E
|gi(n) - (5i (n) | < c2*t .r(n,I3)-1 .

As, on the other hand, for every e > 0 , we have, with

-i + £
“1 2 2

our hypothesis, that r(n,I3) = 0£(n ) (cf.(ioj); we
obtain

Ig¿(n) - Gi(n)I < c4.t
-J +€

where = c4(e,m): = c2*c3 , and c3 being the O-constant
appearing in r(n,I3) * .

4. Asymptotic behaviour of ¿(n)

Taking into account the bound of the main term given in

corollary 7 together with the growth of the error term given

in theorem 9, we can state the following

14



Theorem 10. Let n = rot be iquane-inee, n f 7(mocf 8). The

ualldlty ai Hama.nujan-Pet.em ion’ i conjectune ion welght 3/2

ñmpiiei that thene ex.lit¿ a conitant c^ = c,-(m) Audi that

i) g2<n) < 1 , ¿i g.c.d.(n,10) / 1 ,

ii) g3(n) < 1 , ¿i g.c.d.(n,10) = 1 ,

ion eveny t > c,..

For each m = 2ap^...pr , a = 0 or 1, p^ = l(mod 4),
i = we introduce the family

F(m): = {n / 7(r.iod 8)| n = mt, t square-free containing

no prime factors = l(mod 4) in its factorization} ,

and the constant

c (m) : = me,,(m).

Using proposition 1, theorem 10 can be reformulated in

terms of levels as follows.

Theorem 10'. Let n f Hmod. 8) be a Aquane-inee poAltlve

tntegen and let F(m) 6e the iamlly to mhleh n belongi. The

valldtty oi Ramanujan-PetemAon' a conjectune ion welght 3/2

Impllei that ¿i n > c(m), then :

i) fc(n) =2 , ¿i g.c.d.(n,10) = 1,

ii) í. (n) = 3 , ti g.c.d.(n, 10) = 1.
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The following table, computed by P. Llórente, shows that

the constants c(m) are, in general, non-trivial. All positive
5

square-free integers n < 10 not contained in table I have the

level predicted in corollary 7.

Table I

16



F(m) n = 2aPl...prqi...qs i (n) c(m) >

F(2.5.73) 2190 = 2.5.73.3 2 2190

F(2.5.17) 3910 = 2.5.17.23 2 3910

F(2.5.97) 6790 = 2.5.97.7 2 6790

F(2.5.13.47) 15990 = 2.5.13.41.3 2 15990

Finally, we give an application which, in fact, motivated

the study of the preceding problem

Corollary 11. Let n = mt be iquate-¿tee, n = 3(mod 8),

n / 0 (mod 5) and n > c(m). Thzn evety cenital extemion

the altetnating gtoup An can be tealiied ai a Galoii gtoup
ovet ©(T) and, moteovet, ovet © .

Ptoo{. Assuming the validity of Ramanujan-Petersson's

conjecture for weight 3/2, we will get that all the integers

above have level 3. This implies, as is shown in [ll], (see

also [7]), the existence of a continuous surjective repre¬

sentaron p :Gal (© (T)/© (T) ) -*■ A with a trivial second Stiefel-

Whitney class p*w2(£n) € H2(Gal(©17)/©(T)), 2/23). Here £n
denotes the real bundle over BAn associated to the standard
representation of the alternating group An into S0n(3R) .

Since p*w2(An) can be viewed as the obstruction to the
embedding problem given by the diagram

17



Gal(C(T)/O(T))
p

1 » 1/21 - - A„ - 1

'V

where A denotes the universal central extensión of A , then n

result follows.
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