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Abstract

This project is a general study of Stochastic Differential equations driven by a
fractional Brownian motion of Hurst parameter H > 1/2. Sections 3,4 and 5 follow
the lines of [16] in order to define a stochastic integral with respect to the fractional
Brownian motion and then, discussing the existence and uniqueness of solutions.

The sixth section is a general discussion about Malliavin calculus with respect to
the fractional Brownian motion that will be useful in sections 7 and 8. Moreover, in
section 6 we prove that by reinforcing the conditions on the coefficients, we obtain
absolute continuity of the law of the solution in the same way as it is done in [14].

Section 7 is the application of the Malliavin calculus in order to bound the density
function of the solution to a specific type of equations by using a general method
constructed in [12].

Finally, section 8 is devoted to show all the work we weren’t able to finish during the
elaboration of this thesis. We decided to attack the problem of bounding the density
of a general family of stochastic delay differential equations. The approach given in
[12] turned out to be inefficient, so we decided to follow the same approach as in [1],
[10] and [15].
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1. Introduction

In a broad variety of disciplines, such as physics and finance, one deals with the
problem of having a system of objects (which can be particles in the phisical context
or stocks in the financial context) and trying to understand the evolution of a certain
magnitude associated to this objects as time evolves. For instance, in finance, the
people working in markets try to study the evolution of the price of a stock at time t,
say St. The classical tool to capture continuous time dynamics is differential equations.
However, when the dynamics of the magnitudes are contaminated with noise or can’t
be predicted, a probabilistic approach is needed in order to cover this problems.

In the beginning of the 20th century, authors like Albert Einstein, Marian Smolu-
chowski and Louis Bachelier started working with dynamical systems whose evolution
law is driven by a standard Brownian motion B = {Bt; t ∈ [0, T ]}. This studies mo-
tivated the mathematical community to study differential equations in which a term
driven by a Brownian motion is added. This equations are the so-called Stochastic
Differential Equations driven by a Brownian motion. From the 2000’s on, the frac-
tional Brownian motion BH gained popularity. Several numerical studies show that
this process is a better driving noise in some situations.

In this project, we study the differential equations driven by a fractional Brownian
motion with Hurst parameter H > 1/2 from several points of view. In the first place,
we consider equations of the form

(1.1) Xt = x0 +

∫ t

0

σ(s,Xs)dB
H
s +

∫ t

0

b(s,Xs)ds,

and the objective is giving sense to this new stochastic integral and, once this integral
has a proper meaning, we study the existence and uniqueness of solutions. This first
part does not require a lot of stochastic machinery, since we will use a deterministic
approach. More specifically, we will use the generalized Stieltjes integral, introduced
by Zähle in [20]. In order to define this generalization of the Stieltjes integral, we
will make use of fractional integrals and derivatives. This is not the only possible
approach to equations like (1.1). Indeed, the work of Terry Lyons in 1998 in the paper
[11] started the so-called Rough Path Analysis. This new theory is useful to study
differential equations driven by rough functions, understood as functions with finite
p-variation for p > 1 or γ-Hölder continuous functions for γ ∈ (0, 1). The second
objective is studying the equations from a probabilistic point of view by exploring the
law of the solution of this equations. To do so, we will use basic techniques of Malliavin
calculus. The third objective goes in the same lines as the second objective. Under the
same conditions for which the solution Xt is absolutely continuous with respect to the
Lebesgue measure, we would like to go a bit further and give Gaussian bounds for the
density function of Xt using more advanced Malliavin calculus techniques than in the
study of the existence of the density function.

During the elaboration of this project, me and my advisor Carles were working on
a research problem; we wanted to give Gaussian bounds for the density of solutions
of Stochastic delay differential equations Driven by a fractional Bronwian motion. In
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the last chapter of this project, we present some of the work that has been done and
the difficulties we faced. The problem of finding bounds is not solved yet due to some
mistakes of the paper we were using as a reference.

2. Motivation and Objectives

As it has been explained in the introduction, stochastic differential equations are
powerful tools in order to model phenomena evolving randomly in continuous time.
From the 2000’s on, the fractional Brownian motion has gained a lot of popularity,
specially in finance, due to the numerous numerical studies giving evidence of how the
models that use a fractional Brownian motion are a significant improvement.

In this thesis, however, we will discuss this equations from a theoretical point of
view, rather than an applied point of view. In order to study the properties of this
equations, we must be able to talk about existence and uniqueness of solutions. Then,
we will use the Malliavin calculus to give properties of the law of the solutions to this
equations. The main objectives of this project are:

1. Stablishing a result of existence and uniqueness of solutions under mild condi-
tions of the coefficients.

2. Studying the Malliavin calculus in the fractional Brownian motion setting, re-
lating the Malliavin differentiability of stochastic differential equations with the
Fréchet differentiability of deterministic differential equations.

3. Understanding how the Malliavin derivative, the divergence operator, and the
Ornstein-Uhlenbeck operator give us information about the law of the solution
of the SDEs driven by a fractional Brownian motion. Moreover, we give a closed
formula for the density function of the solution.

4. Since the formula for the density of the solution provided by the Malliavin
calculus is not very accessible, we want to develop methods to bound the density
function by Gaussian-type functions.

5. Extending the objective 4 to stochastic delay differential equations driven by a
fractional Brownian motion.
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3. Background and preliminaries

In this section, the objective is to state and define basic concepts of stochastic
calculus that will be useful throughout this thesis. Most of this results are covered in
a basic course about stochastic calculus or stochastic processes.

Definition 3.1. Let I be an arbitrary set. A stochastic process X indexed by I is a
collection of random variables {Xt; t ∈ I}.

Definition 3.2. Let {Xt; t ∈ I}be a stochastic process. For each ω ∈ Ω, the map
t ∈ I → Xt(ω) ∈ R is called a sample path of X.

In this project, I = [0, T ] for some T > 0, so the sample paths are curves. In
general, studying the regularity of the paths of a process is difficult. However, we got
this result that helps us studying the sample paths

Theorem 3.3 (Kolmogorov’s Continuity Criterion). Let {Xt; t ∈ [0, T ]}be a stochas-
tic process. If there exist α ≥ 1, β > 0 such that

E (|Xt −Xs|α) ≤ C|t− s|1+β,

then, almost surely, the paths of X are γ-Hölder continuous with γ ∈ (0, β
α
).

In the same way we can determine the law of a random variable or a random vector,
we are interested in giving some sense to the ”law” of a stochastic process.

Definition 3.4. Given a process {Xt; t ∈ I}, we define its finite dimensional dis-
tributions as the family of probability laws of the random vectors (Xt1 , . . . , Xtk) for all
t1, . . . , tk ∈ I, k ≥ 1.

Given a process X, if we are optimistic we can find its finite dimensional distribu-
tions. An interesting question is if the reverse is true, i.e. given a family of probability
laws Pt1,...,tk , can we find a process X such that the law of (Xt1 , . . . , Xtk) coincides with
Pt1,...,tk? The following result is an answer to this question

Theorem 3.5 (Kolmogorov’s Extension Theorem). Consider a family of probability
laws

P = {Pt1,...,tk ; t1, . . . tk ∈ [0, T ]}
such that

• Pt1,...,tk is a probability in Rk.
• If {ti1 , . . . , tim} ⊂ {t1, . . . , tk} then, Pti1 ,...,tim

is the marginal law of Pt1,...,tk .

Then, there exists a process X such that its family of finite dimensional distributions
is P.

In this project we will focus mainly on one special kind of processes named Gaussian
processes. We say that X = {Xt; t ∈ [0, T ]} is Gaussian if the family of finite
dimensional distributions of X are Gaussian distributions. To justify the existence of
such processes, we can apply Kolmogorov’s Extension Theorem in the following way:
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Let K : I × I → R be a symmetric and non-negative function. Fix t1, . . . , tk ∈
I. Denote by Γ the matrix Γ = (K(ti, tj))1≤i,j≤k and Pt1,...,tk ∼ N(0,Γ). For each
{ti1 , . . . , tim} we have

A(Xt1 , . . . , Xtk)
T = (Xti1

, . . . , Xtim
)T ,

where

A =

δt1,ti1 · · · δtk,ti1
· · · · · · · · ·
δt1,tim · · · δtk,tim

 .

The vector (Xti1
, . . . , Xtim

) follows a Gaussian law with 0 mean and covariances

matrix AΓAT . Moreover,

AΓAT = (K(tir , tis))1≤r,s≤m.

So Kolmogorov’s Extension Theorem hypothesis are satisfied.

This result also shows us that every Gaussian process X = {Xt; t ∈ I} is completely
determined by a mean function µ(t) = E(Xt) and a covariance function Γ(s, t) =
Cov(Xs, Xt).

3.1. Fractional Brownian Motion. From all Gaussian processes, this project has a
special focus on the fractional Brownian motion. This process is a natural generaliza-
tion of the standard Brownian motion, and there exist evidences that it is indeed a
better tool for some mathematical models.

Definition 3.6. A centered Gaussian process BH = {BH
t ; t ∈ [0, T ]} is called a frac-

tional Brownian motion (fBm) of Hurst parameter H ∈ (0, 1) if it has the covariance
function

(3.1) Γ(s, t) = E(BH
t B

H
s ) =

s2H + t2H − |t− s|2H

2
.

From this definition, we can deduce some properties:

Proposition 3.7. Let {BH
t , t ∈ [0, T ]} be a fBm, the following properties hold:

(1) E(|BH
t −BH

s |2) = |t− s|2H and therefore BH has stationary increments
(2) if H > 1/2, the increments of BH are positively correlated, whereas if H < 1/2

the increments of BH are negatively correlated. As a consequence, if H ̸= 1/2,
the increments of BH are not independent

(3) BH
at has the same law as aHBH

t .
(4) BH has continuous paths.

From this last proposition we can only make sure the continuity of the paths of BH .
As mentioned before, if we want to study the stochastic integral with respect to BH

as a Riemann-Stieltjes integral, continuity is not enough.
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Lemma 3.8. Let p, Ψ : R → R+ be continuous and strictly increasing functions
vanishing at 0 and such that limt↑∞Ψ(t) = ∞. Suppose that ϕ : Rd → E is a continuous
function with values in a separable Banach space (E, || · ||). Denote by Br(x0) the ball
of radius r centered at x0. If

Γ =

∫
Br(x0)

∫
Br(x0)

Ψ

(
||ϕ(t)− ϕ(s)||
p(|t− s|)

)
dsdt <∞

holds, for all t, s ∈ Br(x0), then

||ϕ(t)− ϕ(s)|| ≤ 8

∫ |t−s|

0

Ψ−1

(
4d+1Γ

λdu2d

)
p(du),

where λd is a universal constant depending only on d.

Now, we got a process BH = {BH
t ; t ≥ 0} with values in (R, |·|) (which is a separable

Banach space) and E(|BH
t −BH

s |p) ≤ CH |t− s|pH . Therefore, we can take Ψ(x) = x2/ε

and p(x) = x
m+2
p with 0 < m < pH − 1 and we obtain

|BH
t −BH

s |p ≤ C|t− s|mΓ.
Moreover, the explicit expression of Γ is

Γ =

∫ T

0

∫ T

0

|BH
t −BH

s |p

|t− s|m+2
dsdt.

Since Γ <∞ and last inequality holds for all p ≥ 2, we conclude, by using p = 2/ε and
m+2 = 2H/ε that for all ε > 0, for all T > 0 there exists a random variable Γε,T such
that

|BH
t −BH

s | ≤ Γε,T |t− s|H−ε, ∀s, t ∈ [0, T ].

In fact, Γε,T has moments of all orders because

Γε,T =

∫ T

0

∫ T

0

|BH
t −BH

s |2/ε

|t− s|2H/ε
dsdt.

This proves that the paths of BH are γ- Hölder continuous of order H − ε for all
0 < ε < H.

4. Framework

The standard Brownian motion has some properties that make studying the process
or the differential equations driven by a Brownian motion a (relatively) comfortable
experience. Even though the fractional Brownian motion may seem a slight gener-
alization of the standard Brownian motion, we lose the martingale property and the
independence of increments. This two properties, in case of the standard Brownian
motion, are key to develop a stochastic integral in the sense of Itô, which is a well-
known approach to define a stochastic integral. Facing the lack of this properties, the
next most natural approach to define a stochastic integral with respect to the fractional
Brownian motion is defining it pathwise. The classical Stieltjes integral turns out to
be too restrictive for our case, so a generalization of this integral is needed. In this
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project, we will use the generalized Stieltjes integral introduced by Zähle in [20]. To
develop this integral for the fBm, we need that the paths of the fractional Brownian
motion are regular enough (Hölder continuous) to be an integrator. This integration
theory allows us to ensure that if u = {ut; t ∈ [0, T ]} is a stochastic process with a.s.-γ-
Hölder continuous paths where γ > 1−H, then the integral in the generalized Stieltjes

sense
∫ T

0
utdB

H
t exists pathwise. A classical and pioneer version of this result can can

be found in [19]. We will consider this integral when we work stochastic differential
equations when H > 1/2. In the case H < 1/2, existence and uniqueness of solutions
of this equations cannot be ensured for any H in this range. A suitable approach in
order to study the existence and uniqueness of solutions for this equations is using
Rough Path theory (see, for example, [5]).

The generalized Stieltjes approach introduced in [20] relies on fractional integrals
and derivatives. Therefore, a study of these operators on suitable function spaces is
needed in order to proceed with the stochastic differential equations.

4.1. Fractional Integrals and Derivatives. Let a, b ∈ R with a < b. We denote
by Lp(a, b), p ≥ 1 the space of Lebesgue measurable functions f : [a, b] → R for which
||f ||Lp(a,b) <∞, where

||f ||Lp(a,b) =


(∫ b

a
|f(x)|pdx

)1/p
, 1 ≤ p <∞,

ess sup{|f(x)|;x ∈ [a, b]}, p = ∞.

Definition 4.1. Let f ∈ L1(a, b) and α > 0. The left-sided and right-sided fractional
Riemann-Liouville integrals of f of order α are defined for allmost all x ∈ (a, b) by

Iαa+f(x) =
1

Γ(α)

∫ x

a

(x− y)α−1f(y)dy

and

Iαb−f(x) =
(−1)−α

Γ(α)

∫ b

x

(y − x)α−1f(y)dy.

respectively.

Notice that since (a, b) is an interval with finite measure, the previous definition
also works for any f ∈ Lp(a, b) with p > 1. We denote by Iαa+(L

p) (resp. Iαb−(L
p)) the

image of Lp(a, b) by the operator Iαa+ (resp. Iαb−).

Definition 4.2. Let f ∈ Lp(a, b) and α ∈ (0, 1). We define the rght-sided and the
left-sided Weyl derivatives of f as

Dα
a+f(x) =

1

Γ(1− α)

(
f(x)

(x− a)α
+ α

∫ x

a

f(x)− f(y)

(x− y)α+1
dy

)
1(a,b)(x)

and

Dα
b−f(x) =

(−1)α

Γ(1− α)

(
f(x)

(b− x)α
+ α

∫ x

a

f(x)− f(y)

(y − x)α+1
dy

)
1(a,b)(x).
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It is not obvious from the definitions that these operators behave as derivatives or
integrals, but indeed they do. Despite the Weyl derivatives are global operators (unlike
the classical derivatives, which are local) they satisfy the semigroup property and they
are also the inverse of the fractional integrals. The main properties that these operators
satisfy are the following:

Proposition 4.3. This operators satisfy the following porperties:

(1) The Riemann-Liouville integrals converge absolutely almost everywhere.
(2) If α < 1/p, and q = p

1−αp
then

Iαa+(L
p) = Iαb−(L

p) ⊂ Lq(a, b).

(3) If α > 1/p and α− 1/p /∈ N then

Iαa+(L
p) ∪ Iαb−(Lp) ⊂ Cα−1/p(a, b).

(4) The operators Iαa+ and Iαb− have the semigroup property, i.e.

Iαa+I
β
a+ = Iα+β

a+ (resp. with Iαb−).

(5) The following inversion formulas hold:

Iαa+D
α
a+(f) = f, ∀f ∈ Iαa+(L

p),

and

Dα
a+I

α
a+(f) = f, ∀f ∈ L1(a, b).

(resp. with Iαb− and Dα
b−).

(6) The operators Dα
a+ and Dα

b− have the semigroup property, i.e.

Dα
a+D

β
a+ = Dα+β

a+ (resp. with Dα
b−).

(7) The following integration by parts formula is satisfied∫ b

a

Dα
a+f(x)g(x)dx = (−1)α

∫ b

a

f(x)Dα
b−g(x)dx,

for f ∈ Iαa+(L
p), g ∈ Iαb−(L

q) with 1/p+ 1/q = 1.

In order to prove this proposition, we need the following result.

Theorem 4.4 (Hardy-Littlewood theorem). If 0 < α < 1, 1 < p < 1/α then the
fractional integration operator Iαa+ is bounded from Lp(a, b) to Lq(a, b) with q = p/(1−
αp).

Proof. Can be found in [18]. □

Now we can prove the proposition.

Proof.
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(1) We will only see the convergence for Iαa+(f) because the I
α
b−(f) case is completely

analogous. Notice that if we are able to proof that ||Iαa+(f)||L1(a,b) <∞ we are
done, because this means that

m({x ∈ (a, b) such that Iαa+(f)(x) = ∞}) = 0,

where m denotes the Lebesgue measure in (a, b). Notice that

|Γ(α)||Iαa+(f)| ≤
∫ x

a

(x− y)α−1|f(y)|dy,

so

|Γ(α)| · ||Iαa+(f)||L1(a,b) ≤
∫ b

a

∫ x

a

(x− y)α−1|f(y)|dydx

=

∫ b

a

∫ b

y

(x− y)α−1|f(y)|dxdy

≤
∫ b

a

|f(y)|(b− y)α

α
dy

≤C(a, b, α)||f ||L1(a,b),

where C(a, b, α) > 0 is a constant depending on α, a and b. Not only does this
show that Iαa+(f) is finite almost everywhere, but also that Iαa+ is a bounded
operator from L1(a, b) to L1(a, b).

(2) In order to prove that Iαa+(L
p) = Iαb−(L

p), it is enough to notice that RIαa+ =
Iαb−R (as operators), where R is the operator Rf(x) = f(a + b − x). Now,
Iαa+(L

p) ⊂ Lq(a, b) is a consequence of the Hardy-Littlewood theorem 4.4.
(3) First consider the case α − 1/p < 1. Consider x, x + h ∈ (a, b). Then, we got

Iαa+(f)(x+ h)− Iαa+(f)(x) = I1 + I2, where

I1 =
1

Γ(α)

∫ x+h

x

(x+ h− y)α−1f(y)dy,

I2 =
1

Γ(α)

∫ x

a

((x+ h− y)α−1 − (x− y)α−1)f(y)dy.

On the one hand,

|I1| ≤ Chα−
1
p ||f ||Lp(a,b).

On the other hand,

|I2| ≤ |Γ(α)|−1hα−
1
p ||f ||Lp(a,b)

(∫ x−a
h

0

|zα−1 − (z + 1)α−1|p′dz

)1/p′

,

where p′ is the conjugated exponent of p. If x−a ≤ h, we can estimate the last
expression by

|I2| ≤ C(α, f, p)||f ||Lp(a,b)h
α− 1

p .
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If x− a > h, using that |xµ − yµ| ≤ |µ|(x− y)yµ−1 when x ≥ y > 0, µ ≤ 1 and
(A+B)1/p

′ ≤ A1/p′ +B1/p′ we got:

|I2|

≤
||φ||Lp(a,b)

Γ(α)
hα−1/p

[∫ 1

0

|zα−1 − (z + 1)α−1|p′dz +
∫ x−a

h

1

|zα−1 − (z + 1)α−1|p′dz

]1/p′

≤
||φ||Lp(a,b)

Γ(α)
hα−1/p

[
c1 + c2

∫ x−a
h

1

z(α−2)p′dz

]1/p′

≤
||φ||Lp(a,b)

Γ(α)
hα−1/p

c3 + c4

(∫ x−a
h

1

z(α−2)p′dz

)1/p′


=
||φ||Lp(a,b)

Γ(α)
hα−1/p

[
c3 + c4

(
x− a

h

)α−1−1/p
]

=
||φ||Lp(a,b)

Γ(α)
hα−1/p

[
c3 + c4

(
h

x− a

)1−α+1/p
]

≤cα||φ||Lp(a,b)h
α−1/p,

because h
x−a

< 1 and 1 − α + 1/p > 0. If α − 1/p > 1 and it’s not a natural
number, then α−1/p = k+σ where k ∈ N, σ ∈ (0, 1). In this case, notice that

dk

dxk
Iαa+(φ)(x) = Iα−k

a+ (φ)(x),

and we can apply the work previously done. In the case of Iαb−is analogous.
(4) It can be proved by direct computations.
(5) Can be found in [18].
(6) To prove this, we will make use of the inversion formulas. Let φ ∈ Lp(a, b) such

that Iα+β
a+ (φ) = f . Let ψ ∈ Lp(a, b) such that Iβ(ψ) = f . Then we got

Dα
a+D

β
a+f = Dα

a+D
β
a+I

β
a+(ψ) = Dα

a+ψ.

Now, Iα+β
a+ (φ) = Iβa+I

α
a+(φ), so I

α
a+(φ) = ψ. Plugging this in the last equality,

we got

Dα
a+ψ = Dα

a+I
α
a+(φ) = φ = Dα+β

a+ (f).

(7) If we suppose that both integrals are finite, then by defining φf ∈ Lp(a, b) such
that Iαa+(φf ) = f and φg ∈ Lq(a, b) such that Iαb−(φg) = g, we need to prove
that ∫ b

a

φf (x)g(x)dx = (−1)α
∫ b

a

f(x)φg(x)dx.

This identity follows from direct computations using the definitons of Iαa+ and
Iαb−. The only thing left to do is justify that both sides of the equality are finite,
but this is immediate using Hölder’s inequality.
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□

4.2. Generalized Stieltjes Integral. We have all the tools to define the generalized
Stieltjes integral. The objective now is to define the integral of f with respect to g
using fractional calculus. Let f(a+) = limε↓0 f(a + ε) and let g(b−) = limε↑0 g(b − ε)
(supposing that this limits exists). We define the functions

fa+(x) = (f(x)− f(a+))1(a,b)(x),

gb−(x) = (g(x)− g(b−))1(a,b)(x).

Definition 4.5. Suppose f , g are functions such that f(a+), g(a+) and g(b−) exist,
fa+ ∈ Iαa+(L

p) and gb− ∈ I1−α
b− (Lq) for some p, q ≥ 1, 1/p+ 1/q ≤ 1, 0 < α < 1. Then,

the integral of f with respect to g is defined by

(4.1)

∫ b

a

fdg = (−1)α
∫ b

a

Dα
a+fa+(x)D

1−α
b− gb−(x)dx+ f(a+)(g(b−)− g(a+)).

First, let’s check that this is a good definition.

Proposition 4.6. Under the same assumptions as the last definition, the generalized
Stieltjes integral (4.1) is well defined in the sense that it takes finite values and does
not depend on the value of α.

Proof. The only part that needs to be checked is
∫ b

a
Dα

a+fa+(x)D
1−α
b− gb−(x)dx because

we are assuming that f(a+), g(b−) and g(a+) exist (and they obviously don’t depend

on α). Let f̃ = Dα
a+fa+(x) and g̃ = D1−α

b− gb−(x). By the inversion formulas, we got

that f̃ ∈ Lp(a, b) and g̃ ∈ Lq(a, b). By Hölder’s inequality,∣∣∣∣(−1)α
∫ b

a

Dα
a+fa+(x)D

1−α
b− gb−(x)dx

∣∣∣∣ ≤ ||f̃ ||Lp(a,b)||g̃||Lp′ (a,b),

where p′ is the conjugated exponent of p. Since 1/p + 1/q ≤ 1, we got q ≥ p′ and
therefore Lq(a, b) ⊂ Lp′(a, b). This implies ||g̃||Lp′ (a,b) < ∞ and therefore, the integral

is well defined (in the sense that it takes finite values).

To see that the definition does not depend on α, consider α, β two different indices.
We can assume β = α + h and consider f and g satisfying the hypothesis of the
definition for both indices. Then, since f(a+), g(b−) and g(a−) do not depend on α,
we only need to check the property for the integral:

(−1)α+h

∫ b

a

Dα+h
a+ fa+(x)D

1−α−h
b− gb−(x)dx

=(−1)h(−1)α
∫ b

a

Dh
a+(D

α
a+fa+)(x)D

1−α−h
b− gb−(x)dx

=(−1)α
∫ b

a

Dα
a+fa+(x)D

h
b−(D

1−α−h
b− gb−)(x)dx

=(−1)α
∫ b

a

Dα
a+fa+(x)D

1−α
b− gb−(x)dx,
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as desired. □

This definition can be simplified in some cases, as it can be seen in the following
proposition.

Proposition 4.7. If we consider the hypothesis of the definition 4.5 and we assume
αp < 1, we got f ∈ Iαa+(L

p) and∫ b

a

fdg = (−1)α
∫ b

a

Dα
a+f(x)D

1−α
b− gb−(x)dx.

Proof. Since we are in the hypothesis of the definition, fa+ ∈ Iαa+(L
p), so if we want

to prove that f ∈ Iαa+(L
p), it is enough to see that f(a+) ∈ Iαa+(L

p) because fa+(x) +
f(a+) = f(x). If we define

φf(a+)(x) =
f(a+)

Γ(1− α)(x− a)α
,

one can check that φf(a+) ∈ Lp(a, b) (because αp < 1 and Iαa+(φf(a+)(x)) = f(a+)).
Now, we will define the following functions:

• We define φf as one of the functions in Lp(a, b) such that Iαa+(φf ) = f .
• We define φfa+ as one of the functions in Lp(a, b) such that Iαa+(φfa+) = fa+.
Notice that

Iαa+(φfa+) = Iαa+(φf )− Iαa+(φf(a+)).

• We define φgb− as one of the functions in Lq(a, b) such that I1−α
b− (φgb−) = gb−.

Using that the Weyl derivatives are linear, we can write the Stieltjes integral as∫ b

a

fdg = (−1)α
∫ b

a

(
Dα

a+f(x)−Dα
a+f(a+)(x)

)
D1−α

b− gb−(x)dx.

The objective is, therefore, showing that

(−1)α
∫ b

a

Dα
a+f(a+)(x)D1−α

b− gb−(x)dx = −f(a+)(g(b−)− g(a+)).

Applying the inversion formulas, we got that the last expression is equal to

(−1)α

Γ(1− α)

∫ b

a

f(a+)

(x− a)α
φgb−(x)dx

=f(a+)I1−α
b− (φgb−)(a) = f(a+)gb−(a+).

This last equation concludes the proof, because

gb−(a+) = g(a+)− g(b−) = −(g(b−)− g(a+)).

□
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In [18] it is proved that, given 0 < α < 1/p and (c, d) ⊂ (a, b), the restriction
of f ∈ Iαa+(L

p) to the interval (c, d) belongs to Iαc+(L
p(c, d)). Reciprocally, if we got

f ∈ Iαc+(L
p) and we consider the extension of f as

f̃(x) =

{
f(x) x ∈ (c, d),

0 otherwise.

we got that f̃ ∈ Iαa+(L
p(a, b)) for all (c, d) ⊂ (a, b). As a consequence, if f ∈

Iαa+(L
p(a, b)), g ∈ I1−α

b− (Lq(a, b)), (c, d) ⊂ (a, b) then the following integrals coincide∫ d

c

fdg =

∫ b

a

1(c,d)fdg.

4.3. Fractional Sobolev spaces and useful estimates. The class of functions fow
which the generalized Stieltjes integral is well defined is very broad. In this section, we
will introduce fractional sobolev spaces, which will be the suitable spaces of functions
to study the differential equations. From now on, we will focus on the interval [0, T ]
and α ∈ (0, 1/2). For a function f : [0, T ] → R, we will use the following notation

∆α
t (f) = |f(t)|+

∫ t

0

|f(t)− f(s)|
|t− s|α+1

ds.

Definition 4.8. We define the space Wα,∞
0 (0, T ) as the space of measurable functions

f : [0, T ] → R such that
||f ||α,∞ := sup

t∈[0,T ]

∆α
t (f) <∞.

Let’s recall the definition of Hölder spaces. We denote by Cλ(0, T ) the space of
measurable functions f : [0, T ] → R such that

||f ||λ := ||f ||L∞(0,T ) + sup
0≤s<t≤T

|f(t)− f(s)|
(t− s)λ

<∞.

We also introduce the following Sobolev spaces

Definition 4.9. We denote byWα,1
0 (0, T ) the space of measurable functions f : [0, T ] →

R such that

||f ||α,1 :=
∫ T

0

|f(s)|
sα

+

∫ T

0

∫ s

0

|f(s)− f(y)|
(s− y)α+1

dds <∞.

From this definition, it is clear that Wα,∞
0 (0, T ) ⊂ Wα,1

0 (0, T ).

Definition 4.10. We denote by W 1−α,∞
T (0, T ) the space of measurable functions g :

[0, T ] → R such that

||g||1−α,∞ := sup
0≤s<t≤T

(
|g(t)− g(s)|
(t− s)1−α

+

∫ t

s

|g(y)− g(s)|
(y − s)2−α

d

)
<∞.

It is important to know the relation between the fractional Sobolev spaces and the
Hölder spaces. The relations are summarized in the following proposition.
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Proposition 4.11. For all ε > 0,

C1−α+ε(0, T ) ⊂ W 1−α,∞
T (0, T ) ⊂ C1−α(0, T ) ⊂ Wα,∞

0 (0, T ).

Proof.

• C1−α+ε(0, T ) ⊂ W 1−α,∞
T (0, T ): Consider f ∈ C1−α+ε(0, T ). On the one hand,

|f(t)− f(s)|
(t− s)1−α

=
|f(t)− f(s)|
(t− s)1−α+ε

(t− s)ε ≤ T ε sup
0<s<t<T

|f(t)− f(s)|
(t− s)1−α−ε

<∞.

This implies

sup
0≤s<t≤T

|f(t)− f(s)|
(t− s)1−α

<∞.

On the other hand,∫ t

s

|f(y)− f(s)|
(y − s)2−α

dy =

∫ t

s

|f(y)− f(s)|
(y − s)1−α+ε

(y − s)ε−1dy

≤ sup
0≤s<t≤T

|f(t)− f(s)|
(t− s)1−α+ε

∫ t

s

(y − s)ε−1dy

≤Cε sup
0≤s<t≤T

|f(t)− f(s)|
(t− s)1−α+ε

.

Taking supremums, we conclude that ||f ||1−α,∞ <∞.

• W 1−α,∞
T (0, T ) ⊂ C1−α(0, T ) The only thing that we need to prove is that

||f ||L∞(0,T ) <∞.

In fact, if we see that sup0≤s<t≤T |f(t) − f(s)| < ∞ we are done. This follows
from the following inequalities

|f(t)− f(s)| = |f(t)− f(s)|
(t− s)1−α

(t− s)1−α ≤ T 1−α sup
0≤s<t≤T

|f(t)− f(s)|
(t− s)1−α

.

Then, taking supremums we got that

sup
0≤s<t≤T

|f(t)− f(s)| <∞ ⇒ ||f ||L∞(0,T ) <∞.

• C1−α(0, T ) ⊂ Wα,∞
0 (0, T ): Take f ∈ C1−α(0, T ). The only thing that we need

to prove is that

sup
0≤t≤T

∫ t

0

|f(t)| − f(s)|
(t− s)α+1

ds <∞.
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By direct estimates, we got∫ t

0

|f(t)| − f(s)|
(t− s)α+1

ds =

∫ t

0

|f(t)| − f(s)|
(t− s)1−α

(t− s)−2αds

≤ sup
0≤s<t≤T

|f(t)− f(s)|
(t− s)1−α

∫ t

0

(t− s)−2αds

≤CT,α sup
0≤s<t≤T

|f(t)− f(s)|
(t− s)1−α

.

Taking supremums, we got the desired result.

□

The reason to define this spaces is the following. Notice that the norm of f ∈
Wα,1(0, T ) is greater than the L1(0, T ) norm of Dα

0+(f), so W
α,1(0, T ) ⊂ Iα0+(L

1(0, T )).
Moreover, the restriction of f to (0, t) belongs to Iα0+(L

1(0, t)) for all 0 < t ≤ T . In a

similar way, if g ∈ W 1−α,∞
T (0, T ) then g ∈ I1−α

T− (L∞(0, T )) and the restriction to (0, t)

belongs to I1−α
T− (L∞(0, t)).

This means that for any f ∈ Wα,1(0, T ), g ∈ W 1−α,∞
T (0, T ), t ∈ [0, T ] we got the

following equality ∫ t

0

fdg =

∫ T

0

f1(0,t)dg.

Moreover, ∫ t

s

fdg =

∫ t

0

fdg −
∫ s

0

fdg.

For convenience, we will define the following operators:

Ft(f) =

∫ t

0

f(s)ds,

Gt(f) =

∫ t

0

f(s)dg(s) :=

∫ t

0

Dα
0+f(s)D

1−α
t− gt−(s)ds.

In order to prove the existence and uniqueness of solutions to differential equations,
we will use a fixed point argument, which is a standard praxis. Hence, it is going to
be very convenient to have good estimates of Ft(f) and Gt(f) in terms of some norm
of f .

Proposition 4.12. Let f ∈ Wα,∞
0 (0, T ). The following properties hold:

(1) The function G(f) belongs to C1−α(0, T ) and we have

∆α
t (G(f)) ≤ cα,T ||g||1−α,∞

∫ t

0

((t− r)−2α + t−α)∆α
r (f)dr,

||G(f)||1−α ≤ cα,T ||g||1−α,∞||f ||α,∞.
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(2) The function F (f) belongs to C1(0, T ) and, moreover,

∆α
t (F (f)) ≤ cα,T

∫ t

0

|f(s)|
(t− s)α

ds,

||F (f)||α,∞ ≤ Cα,T ||f ||L∞(0,T ).

Proof.

(1) Let’s define the quantity

Λα(g) :=
1

Γ(1− α)
sup

0≤s<t≤T
|D1−α

t− gt−(s)| ≤
1

Γ(1− α)Γ(α)
||g||1−α,∞.

We got

|Gt(f)−Gs(f)| =
∣∣∣∣∫ t

s

fdg

∣∣∣∣
=

∣∣∣∣∫ t

s

Dα
s+f(r)D

1−α
t− gt−(r)dr

∣∣∣∣
≤Λα(g)

(∫ t

s

|f(r)|
rα

dr + α

∫ t

s

∫ r

s

|f(y)− f(r)|
(y − r)α+1

ddr

)
.

In particular,

|G(f)| ≤ Λα(g)||f ||α,1 ≤ c
(1)
α,T ||g||1−α,∞||f ||α,1.

On the other hand,∫ t

0

|Gt(f)−Gs(f)|
(t− s)α+1

≤ Λα(g)

∫ t

0

(t− s)−α−1

(∫ t

s

|f(r)|
rα

dr +

∫ t

s

∫ r

s

|f(y)− f(r)|
(r − y)α+1

ddr

)
ds

≤ cαΛα(g)

[∫ t

0

|f(r)|
(t− r)2α

dr +

∫ t

0

∫ r

0

|f(r)− f(y)|
(r − y)α+1

(t− y)−αddr

]
≤ c

(2)
α,T ||g||1−α,∞

(∫ t

0

((t− r)−2α + t−α)∆α
r (f)dr

)
.

Putting together both estimates and taking supremums we get the desired in-
equality. The only thing left to see is thatG(f) ∈ C1−α(0, T ). From the previous
inequalities we got that∣∣∣∣∫ t

s

fdg

∣∣∣∣ ≤Λα(g)

∫ t

s

1

rα

(
|f(r)|+ αrα

∫ r

s

|f(r)− f(y)|
(r − y)α+1

d

)
≤Λα(g)||f ||α,∞

(t− s)1−α

1− α
(1 ∨ αTα).

this implies that G(f) is Hölder continuous with parameter 1−α and it is also
bounded, so G(f) ∈ C1−α(0, T ).
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(2) The fact that F (f) ∈ C1(0, T ) follows from the fundamental theorem of calculus.
Now, doing some computations we deduce

|Ft(f)| ≤
∫ t

0

|f(s)|ds ≤ T ||f ||L∞(0,T ),

and ∫ t

0

|Ft(f)− Fs(f)|
(t− s)α+1

ds ≤
∫ t

0

(t− s)−α−1

(∫ t

s

|f(r)|dr
)
ds.

By changing the limits of integration and integrating first with respect to s we
have ∫ t

0

(t− s)−α−1

(∫ t

s

|f(r)|dr
)
ds ≤ cα,T

∫ t

0

|f(r)|
(t− r)α

dr.

Joining this estimate with the bound of |Ft(f)| we get the first inequality. For
the second one,

sup
0≤t≤T

∆α
t (F (f)) ≤ sup

0≤t≤T
cα,T ||f ||L∞(0,T )

∫ t

0

(t− s)−αds ≤ Cα,T ||f ||L∞(0,T )) .

□

We have the stochastic differential equations in mind, so it’s time to add hypothesis
on the coefficients of the equations. Consider the following hypothesis on the functions
σ, b : [0, T ]×R→ R:

(H1): σ(t, x) is differentiable in x and there exist some constants 0 < β, δ ≤ 1 and
for every N ≥ 0 there exists MN satisfying

(Hσ) :


|σ(t, x)− σ(t, y)| ≤M0|x− y|,
|∂xσ(t, x)− ∂xσ(t, y)| ≤MN |x− y|δ |x|, |y| ≤ N, ∀t ∈ [0, T ],

|σ(t, x)− σ(s, x)|+ |∂xσ(t, x)− ∂xσ(s, x)| ≤M0|t− s|β ∀x ∈ R,∀t, s ∈ [0, T ].

(H2): There exists b0 ∈ Lρ(0, T ), ρ ≥ 2, and for every N ≥ 0 there exists LN > 0
such that

(Hb) :

{
|b(t, x)− b(t, y)| ≤ LN |x− y|, |x|, |y| ≤ N, ∀t ∈ [0, T ],

|b(t, x)| ≤ L0|x|+ b0(t) ∀x ∈ R, ∀t ∈ [0, T ].

Definition 4.13. Let σ, b : [0, T ]×R→ R satisfying (H1) and (H2) respectively. Let
g ∈ W 1−α,∞

T (0, T ) and let f ∈ Wα,∞
0 (0, T ). We denote by Gσ and F b de functionals

Gσ
t (f) =

∫ t

0

σ(s, f(s))dg(s),

F b
t (f) =

∫ t

0

b(s, f(s))ds.

As we did for G(f) and F (f), we would like to find estimates for this new operators.
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Proposition 4.14. Let 0 < α < 1/2, f ∈ Wα,∞
0 (0, T ). Let σ, b : [0, T ]×R be functions

satisfying hypothesis (H1) and (H2) respectively with β > α and ρ = 1/α. Then, Gσ(f)
and F b(f) belong to C1−α(0, T ). Moreover, we get the following estimates

(i)
||Gσ(f)||1−α ≤ Λα(g)C(1 + ||f ||α,∞).

(ii)

||Gσ(f)||α,λ ≤ CΛα(g)

λ1−2α
(1 + ||f ||α,λ),

where
||f ||α,λ = sup

t∈[0,T ]

e−λt∆α
t (f).

(iii) If h ∈ Wα,∞
0 (0, T ) such that ||f ||L∞(0,T ), ||h||L∞(0,T ) ≤ N , then there exists a

constant CN depending on N, f, g, h such that ∀λ ≥ 1

||Gσ
t (f)−Gσ

t (h)||α,λ ≤ Λα(g)CN

λ1−2α
(1 + ∆(f) + ∆(h))||f − h||α,λ,

where

∆(f) = sup
r∈[0,T ]

∫ r

0

|f(r)− f(s)|δ

(r − s)α+1
ds.

(iv)
||F b(f)||1−α ≤ c(1 + ||f ||L∞(0,T )).

(v)

||F b(f)||α,λ ≤ c

λ1−2α
(1 + ||f ||α,λ).

(vi) If h ∈ Wα,∞
0 (0, T ) is such that ||f ||L∞(0,T ), ||h||L∞(0,T ) ≤ N , then there exists a

constant CN depending on α, T, LN such that ∀λ ≥ 1,

||F b(f)− F b(h)||α,λ ≤ CN

λ1−α
||f − h||α,λ.

Before proving the proposition, we need an auxiliary result.

Lemma 4.15. Let σ : [0, T ] × R → R be a function satisfying (H1). then, for all
N > 0 and |x1|, |x2|, |x3|, |x4| ≤ N we have

|σ(t1, x1)− σ(t2, x2)− σ(t1, x3) + σ(t2, x4)|
≤M0|x1 − x2 − x3 + x4|+M0|x1 − x3||t2 − t1|β

+MN |x1 − x3|
(
|x1 − x2|δ + |x3 − x4|δ

)
.

Proof. Applying the mean value theorem we get

σ(t1, x1)− σ(t2, x2)− σ(t1, x3) + σ(t2, x4)

=

∫ 1

0

(x1 − x3)∂xσ(t1, ξ)dξ −
∫ 1

0

(x2 − x4)∂xσ(t2, ξ)dξ

=

∫ 1

0

(x1 − x2 − x3 + x4)∂xσ(t2, ξ)dξ +

∫ 1

0

(x1 − x3)(∂xσ(t1, ξ)− ∂xσ(t2, ξ))dξ.
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Bounding using (H1) we get the desired estimate. □

Now, we are ready to prove Proposition 4.14.

Proof. Let f ∈ Wα,∞
0 (0, T ). First, notice that from the properties of σ we got that if

f ∈ Wα,∞
0 (0, T ) then σ(·, f(·)) ∈ Wα,∞

0 (0, T ). Indeed σ(t, f(t)) is clearly bounded and∫ t

0

|σ(t, f(t))− σ(s, f(s))|
(t− s)α+1

≤M0

∫ t

0

(t− s)β−α−1ds <∞

because β > α. Taking supremums we got that the last integral is bounded by a
constant depending on T, α and β. By reproducing the estimates of last proposition,
we get that Gσ(f) ∈ C1−α(0, T ). Doing a similar procedure for F b(f) we got that
F b(f) ∈ C1−α(0, T ). Let’s prove all the items of the proposition.

(i) Is direct because of the bounds of σ.
(ii) Using the definition of ||·||α,λ and the estimate of ||G(f)||α,λ given by proposition

4.12, we have

||Gσ(f)||α,λ

≤cαΛα(g) sup
t∈[0,T ]

e−λt

∫ t

0

(t− r)−2α + r−α

(
|σ(r, fr)|+

∫ r

0

|σ(r, fr)− σ(s, fs)|
(r − s)α+1

ds

)
dr

≲cαΛα(g) sup
t∈[0,T ]

e−λt

∫ t

0

(t− r)−2α + r−α

(
1 + |fr|+

∫ r

0

|fr − fs|
(r − s)α+1

ds

)
dr.

Now, we got

e−λt

∫ t

0

(t− r)−2α + r−αdr =

∫ t

0

e−λre−λ(t−r)((t− r)−2α + r−α)dr.

This leads to

cαΛα(g) sup
t∈[0,T ]

e−λt

∫ t

0

(t− r)−2α + r−α

(
1 + |fr|+

∫ r

0

|fr − fs|
(r − s)α+1

ds

)
dr

=cαΛα(g) sup
t∈[0,T ]

(∫ t

0

e−λre−λ(t−r)(r−2α + (t− r)−α)

(
1 + |fr|+

∫ r

0

|fr − fs|
(r − s)α+1

ds

)
dr

)
≤cαΛα(g)(1 + ||f ||α,λ) sup

t∈[0,T ]

∫ t

0

e−λ(t−r)(r−2α + (t− r)−α)dr.

Observe that∫ t

0

e−λ(t−r)((t− r)−2α + r−α)dr =

∫ t

0

e−λr(r−2α + (t− r)−α)dr

=
1

λ

∫ λt

0

e−r(λ2αr−2α + λα(λt− r)−α)dr

≤λ2α−1

(∫ ∞

0

e−rr−2αdr + sup
z>0

∫ z

0

e−r(z − r)−αdr

)
= cαλ

2α−1.
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So, if we write all together, we end up with

||Gσ(f)||α,λ ≤ CΛα(g)λ
2α−1(1 + ||f ||α,λ).

(iii)

||Gσ(f)−Gσ(h)||α,λ ≤ Λα(g)cα,T sup
t∈[0,T ]

e−λt

∫ t

0

((t− r)−2α + r−α)×

×

(
|σ(r, f(r))− σ(r, h(r))|+

+

∫ r

0

|σ(r, f(r))− σ(s, f(s))− σ(r, h(r)) + σ(s, h(s))

|r − s|α+1
ds

)
dr.

Applying the lemma 4.15, we can show

|σ(r, f(r))− σ(s, f(s))− σ(r, h(r))− σ(s, h(s))|
≤M0|f(r)− f(s)− h(r) + h(s)|+M0|f(r)− f(s)|(r − s)β

+MN |f(r)− h(r)|(|f(r)− f(s)|δ + |h(r)− h(s)|δ).

Therefore,∫ r

0

|σ(r, f(r))− σ(s, f(s))− σ(r, h(r)) + σ(s, h(s))

|r − s|α+1
ds

≤M0

∫ r

0

|f(r)− f(s)− h(r) + h(s)|
(r − s)α+1

+
M0

β − α
|f(r)− h(r)|rβ−α

+MN |f(r)− h(r)|(∆(f) + ∆(h)).

Joining everything, we deduce

||Gσ(f)−Gσ(h)||α,λ ≤ Λα(g)CN

λ1−2α
(1 + ∆(f) + ∆(h))||f − h||α,λ.

(iv) We got

|F b
t (f)− F b

s (f)| ≤
∫ t

s

|b(r, f(r))|dr ≤
∫ t

s

L0|f(r)|+ b0(r)dr

≤(t− s)L0||f ||L∞(0,T ) + (t− s)1−α||b0||L1/α(0,T )

≤
(
TαL0||f ||L∞(0,T ) + ||b0||L1/α(0,T )

)
(t− s)1−α,

and

||F b(f)||L∞(0,T ) ≤ L0||f ||L∞(0,T ) + T 1−α||b0||L1/α(0,T ).

This proves that there exist a constant c depending on T and α such that

||F b(f)||1−α ≤ c(1 + ||f ||L∞(0,T )).
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(v) Because of proposition 4.12 we got

|F b
t (f)|+

∫ t

0

|F b
t (f)− F b

s (f)|
(t− s)α+1

ds ≤ cα,T

∫ t

0

|b(s, f(s))|
(t− s)α+1

ds

≤cα,T
∫ t

0

L0|f(s)|+ b0(s)

(t− s)α
ds

≤cα,T
(
L0

∫ t

0

|f(s)|
(t− s)α

ds+

(∫ t

0

(t− s)−α/(1−α)ds

)α

||b0||L1/α(0,T )

)
≤cα,TL0

∫ t

0

|f(s)|
(t− s)α

ds+ cα,T

(
1− α

1− 2α

)α

||b0||L1/α(0,T )t
1−2α.

Hence,

||F b(f)||α,λ ≤cα,TL0 sup
t∈[0,T ]

e−λt

∫ t

0

|f(s)|
(t− s)α

ds

+cα,T

(
1− α

1− 2α

)α

||b0||L1/α(0,T ) sup
t∈[0,T ]

e−λtt1−2α

≤cα,TL0Γ(1− α) sup
s∈[0,T ]

e−λs|f(s)|+ λ2α−1Cα,T,b0 .

Now, λα−1 ≤ λ2α−1 because λ ≥ 1, so we can take common factor of the last
estimate to get

||F b(f)||α,λ ≤ cα,T,bλ
2α−1(1 + ||f ||α,λ).

(vi) Again, by proposition 4.12 we are lead to

||F b(f)− F b(h)||α,λ ≤ cα,T sup
t∈[0,T ]

e−λt

∫ t

0

|b(s, f(s))− b(s, h(s))|
(t− s)α

ds.

By the Lipschitz property of b we can easily deduce an estimate:

cα,T sup
t∈[0,T ]

e−λt

∫ t

0

|b(s, f(s))− b(s, h(s))|
(t− s)α

ds

≤cα,TLN sup
t∈[0,T ]

∫ t

0

|f(s)− h(s)|
(t− s)α

ds

≤λα−1cα,TLNΓ(1− α)||f − h||α,λ.

□

5. Stochastic differential equations driven by a fractional Brownian
motion

The study of the differential equations driven by a fractional Brownian motion that
is presented in this project follows closely the same lines as [16], that is, we will first
stablish an existence and uniqueness theorem for deterministic equation and we will
translate the result to the stochastic case.
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5.1. Deterministic differential equations. The study of the generalized Riemann-
Stieltjes integral allow us to study (deterministic) differential equations driven by
Hölder continuous functions. We have in mind studying differential equations with
respect to the fractional Brownian motion, so thanks to the fact that the sample paths
of the fractional Brownian motion with Hurst parameter H > 1/2 are Hölder contin-
uous of order H − ε for all ε > 0, a result of existence and uniqueness of solutions to
deterministic equations will immediately give us a result of existence and uniqueness
of equations driven by a fractional Bronwian motion. From now on, we will use the
notation fs = f(s) for any deterministic function f . The setup is the following:

Let 0 < α < 1/2 and let g ∈ W 1−α,∞
T (0, T ). We want to study the following

differential equation:

(5.1) xt = x0 +

∫ t

0

σ(s, xs)dgs +

∫ t

0

b(s, xs)ds, t ∈ [0, T ].

As mentioned, we want to study the existence and uniqueness of solutions to this
equations. In order to accomplish our objective, we assume that σ and b satisfy (H1)
and (H2) respectively, with ρ = 1/α, 0 < β, δ ≤ 1. Moreover, we will restrict the
parameter α to

0 < α < α0 =
1

2
∧ β ∧ δ

1 + δ
.

The general strategy to prove existence and uniqueness of solutions to differential
equations goes through a fixed point argument. The difficulty resides on how to ap-
proach in each case the fixed point problem. In our case, we will make use of the
following result:

Lemma 5.1. Let (X, d) be a metric space and d0, d1, d2 some metrices in X equivalent
to d. If L : X → X satisfies:

(i) There exists r0 > 0, x0 ∈ X such that if B0 = {x ∈ X; d0(x0, x) ≤ r0} then

L(B0) ⊂ B0.

(ii) There exists φ : (X, d) → [0,∞] lower semincontinuous function and some
positive constants C0, K0 such that denoting Nφ(a) = {x ∈ X;φ(x) ≤ a}
(a) L(B0) ⊂ Nφ(C0).
(b) d1(L(x),L(y)) ≤ K0d1(x, y), ∀x, y ∈ Nφ(C0) ∩B0,

(iii) There exists a ∈ (0, 1) such that

d2(L(x),L(y)) ≤ ad2(x, y), ∀x, y ∈ L(B0).

Then there exists x∗ such that L(x∗) = x∗.

Proof. Let’s consider the iterative sequence {xn;n ≥ 1} defined by

xn+1 = L(xn), n ∈ N.
If we start with x0 ∈ B0, then xn ∈ L(B0) for all n ≥ 0. Moreover, since L(B0) ⊂
Nφ(C0) we also got that xn ∈ Nφ(C0). By definition of the sequence and item (iii) we
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got

d2(xn+1, xn) ≤ ad2(xn, xn+1) ≤ · · · ≤ and2(x1, x0).

This implies

d2(xn+p, xn) ≤
an

1− a
d2(x1, x2) → 0, n→ ∞.

Since X is complete and B0 is closed, xn → x∗ in all metrics di because they are all
equivalent by assumption. Moreover, using that φ is lower semicontinuous, we got
φ(x∗) ≤ C0 by taking limits. This implies, by item (ii) that

d1(L(xn),L(x∗)) ≤ K0d1(xn, x
∗) → 0, n→ ∞,

meaning that L(x∗) = x∗. □

Now we are ready to state and prove the existence and uniqueness result.

Theorem 5.2. Equation(5.1) has a unique solution x ∈ Wα,∞
0 (0, T ). Moreover, this

solution is (1− α)-Hölder continuous.

Proof.

Existence: We will use the previous lemma to prove it. Consider the operator
L : Wα,∞

0 (0, T ) → Wα,∞
0 (0, T ) given by

x =L(u) = x0 +

∫ ·

0

σ(s, us)dgs +

∫ ·

0

b(s, us)ds

=:x0 +Gσ(u) + F b(u).

Observe that L(Wα,∞
0 (0, T )) ⊂ C1−α(0, T ). Moreover, since C1−α(0, T ) ⊂ Wα,∞

0 (0, T ))
we can think, without loss of generality, that the operator L is defined fromWα,∞

0 (0, T )
to itself and has C1−α(0, T ) as an invariant subspace.

We have

||L(u)||α,λ ≤ |x0|+ ||Gσ(u)||α,λ + ||F b(u)||α,λ.
By proposition 4.14,

||L(u)||α,λ ≤|x0|+ CΛα(g)λ
2α−1(1 + ||u||α,λ) + cα,T,bλ

2α−1(1 + ||u||α,λ)

≤|x0|+ (1 + ||u||α,λ)
C

λ1−2α
.

If we let λ big enough such that Cλ2α−1 ≤ 1/2 then, if ||u||α,λ ≤ 2|x0| + 1 implies
||L(u)||α,λ. Hence, if we define

B0 = {u ∈ Wα,∞
0 (0, T ) such that ||u||α,λ ≤ 2|x0|+ 1},

then L(B0) ⊂ B0 and the first hypothesis of the fixed point lemma is satisfied (we used
the metric given by the norm || · ||α,λ). In order to check the second hypothesis of the
fixed point lemma, we need a function φ lower semincontinuous such that L(B0) ⊂
Nφ(C0). We have

||L(u)||1−α ≤ |x0|+ c(1 + ||u||L∞(0,T )) + Λα(g)C(1 + ||u||α,∞).
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Since

||u||α,∞ ≤ 2(1 + |x0|)eλT

and ||u||L∞(0,T ) ≤ ||u||α,∞, we have

||L(u)||1−α ≤ K

for some constant K. With this,

∆(L(u)) = sup
r∈[0,T ]

∫ r

0

|L(u)r − L(u)s|δ

(r − s)α+1
ds

≤ sup
r∈[0,T ]

∫ r

0

K(t− s)(1−α)δ

(r − s)α+1
ds

≤K T δ−α(1+δ)

δ − α(1 + δ)

=K̃.

We also have

||L(u)− L(v)||α,λ ≤ ||Gσ(u)−Gσ(v)||α,λ + ||F b(u)− F b(v)||α,λ.

Since 1 + ∆(u) + ∆(v) ≥ 1 and λα−1 ≤ λ2α−1 because λ ≥ 1, one has

||L(u)−L(v)||α,λ ≤ C1

λ1−2α
(1 + ∆(u) + ∆(v))||u− v||α,λ.

Now, consider φ(u) = C1(1/2+∆(u)). We claim that φ is lower semicontinuous. To see
it, it is enough to see that ∆ is lower semincontinuous, and this is direct from the fact
that for every u ∈ Wα,∞

0 (0, T ) and for every {un;n ≥ 1} → u in Wα,∞
0 (0, T ) then the

convergence also holds uniformly and by Fatou’s lemma, proving that lim infn∆(un) ≥
∆(u) is immediate.

Define C0 = C1(1/2+K̃). By previous computations, φ(L(u)) ∈ Nφ(C0). Moreover,

1 + ∆(u) + ∆(v) = φ(u) + φ(v) =
φ(u) + φ(v)

C1

,

so

||L(u)− L(v)||α,λ ≤ 2C0

λ1−2α
||u− v||α,λ.

In particular, for λ = 1,

||L(u)− L(v)||α,λ=1 ≤ 2C0||u− v||α,λ=1,

so the second hypothesis of the fixed point lemma holds for the metric given by ||·||α,λ=1.
We can choose also λ′ so that

2C0

λ′1−2α
≤ 1

2
and hence,

||L(u)− L(v)||α,λ′ ≤ 1

2
||u− v||α,λ′ .
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so the third hypohtesis of the fixed point lemma holds for the metric given by || · ||α,λ′ .
In conclusion, there exists a function x ∈ Wα,∞

0 (0, T ) such that

xt = x0 +

∫ t

0

σ(s, xs)dgs +

∫ t

0

b(s, xs)ds.

Uniqueness : Let x, y be solutions, and let N = max{||x||1−α, ||y||1−α}. We have
||x||L∞(0,T ), ||y||L∞(0,T ) ≤ N . Moreover

||x− y||α,λ ≤ ||Gσ(x)−Gσ(y)||α,λ + ||F b(x)− F b(y)||α,λ.

We can bound the last quantity by

||x− y||α,λ ≤
(
Λα(g)CN

λ1−2α
(1 + ∆(x) + ∆(y)) +

CN

λ1−α

)
||x− y||α,λ.

In the proof of the existence, we have seen that we can bound ∆(x) and ∆(y) by
constants that do not depend on x nor y, so making λ→ ∞ we deduce that ||x−y||α,λ =
0 and, hence, the solution is unique. □

Even though this is a good result because it gives us the existence and uniqueness
of the equation (5.1), we can’t directly extract information about the behaviour of the
solution as it evolves with time. In order to get a notion about the growth, we shall
include an extra hypothesis on σ:

(H3): There exists γ ∈ [0, 1] and K0 > 0 such that

|σ(t, x)| ≤ K0(1 + |x|γ), ∀x ∈ R, t ∈ [0, T ].

To do so, we need the following Gronwall-type lemma.

Lemma 5.3. Fix 0 ≤ α < 1, a, b ≥ 0. Let x : [0,∞) → [0,∞) be a continuous function
such that for all t,

xt ≤ a+ btα
∫ t

0

(t− s)−αs−αxsds.

Then,

xt ≤ aΓ(1− α)
∞∑
n=0

(bΓ(1− α)t1−α)n

Γ((n+ 1)(1− α))
≤ adα exp{cαtb1/(1−α)}.

Proposition 5.4. Suppose that σ and b satisfy the hypothesis (H1) and (H2) respec-
tively. Suppose also the growth condition (H3) on σ. Then, the unique solution of (5.1)
satisfies

||x||α,∞ ≤ C1 exp{C2Λα(g)
κ},

where

κ =


1

1−2α
, γ = 1,

> γ
1−2α

, 1−2α
1−α

≤ γ < 1,
1

1−α
, 0 ≤ γ < 1−2α

1−α
.
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Proof. Since x is solution, we can write it as xt = x0 +Gσ
t (x) + F b

t (x). From the proof
of proposition 4.12 with s = 0 we have

|Gσ
t (x)|

≤Λα(g)

(∫ t

0

|σ(r, xr)|
rα

+ α

∫ t

0

∫ r

0

|σ(r, xr)− σ(s, xs)|
(r − s)α+1

dsdr

)
≤Λα(g)

(∫ t

0

|σ(r, xr)|
rα

+ α

∫ t

0

∫ r

0

|σ(r, xr)− σ(r, xs)|+ |σ(r, xs)− σ(s, xs)|
(r − s)α+1

dsdr

)
≤Λα(g)

(
K0

∫ t

0

1 + |xr|γ

rα
+ αM0

∫ t

0

∫ r

0

|xr − xs|
(r − s)α+1

dsdr +
αM0t

β−α+1

(β − α)(β − α + 1)

)
≤CΛα(g)

(
1 +

∫ t

0

(
|xr|γ

rα
+
Tα

rα

∫ r

0

|xr − xs
(r − s)α+1

ds

)
dr

)
≤CΛα(g)

(
1 +

∫ t

0

(
|xr|γ

rα
+

1

rα

∫ r

0

|xr − xs
(r − s)α+1

ds

)
dr

)
because Tαr−α ≥ 1 for all r ∈ (0, t]. We also have, due to proposition 4.12∫ t

0

Gσ
t (x)−Gσ

r (x)

(t− r)α+1
dr

≤CΛα(g)

(∫ t

0

|σ(r, xr)|
(t− r)2α

dr +

∫ t

0

∫ r

0

|σ(r, xr)− σ(s, xs)|
(r − s)α+1

(t− s)−αdsdr

)
,

which, using the hypothesis (H1) and (H3) yields∫ t

0

Gσ
t (x)−Gσ

r (x)

(t− r)α+1
dr

≤CΛα(g)

(
1 +

∫ t

0

(
|xr|γ

(t− r)2α
+ (t− r)−α

∫ r

0

|xr − xs|
(r − s)α+1

ds

)
dr

)
.

Similarly, for F b(x) we have

|F b
t (x)|+

∫ t

0

|F b
t (x)− F b

r (x)|
(t− r)α+1

dr

≤C
(∫ t

0

|b(r, xr)|
(t− r)α

dr + cα,T

(
1− α

1− 2α

)α

||b0||L1/α(0,T )t
1−2α

)
≤C

(
1 +

∫ t

0

|b(r, xr)|
(t− r)α

dr

)
≤C

(
1 +

∫ t

0

|xr|
(t− r)α

dr

)
.

Now, define

ht = |xt|+
∫ t

0

|xt − xr|
(t− r)α+1

dr.
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Since x is solution, xt = x0 +Gσ
t (x) + F b

t (x), so we can bound ht as

ht ≤ |x0|+ |Gσ
t (x)|+ |F b

t (x)|+
∫ t

0

|Gσ
t (x)−Gσ

r (x)|
(t− r)α+1

dr +

∫ t

0

|F b
t (x)− F b

r (x)|
(t− r)α+1

dr

and, since the bounds an these quantities depend on γ, we will conclude the estimates
by doing cases on γ. Actually, we will see that we can get an estimate of the form

ht ≤ C(1 + Λα(g))

(
1 +

∫ t

0

((t− r)−ε(γ) + r−α)hrdr

)
.

On the one hand, if γ = 1, we have

ht ≲(1 + Λα(g))×

×

[
1 +

∫ t

0

(
|xr|(r−α + (t− r)−α + (t− r)−2α)+

+(r−α + (t− r)−α)

∫ r

0

|xr − xs|
(r − s)α+1

ds

)
dr

]
.

Since r−α + (t− r)−α + (t− r)−2α ≤ r−α + (t− r)−2α and (t− r)−α ≤ Tα(t− r)−2α we
have

ht ≲(1 + Λα(g))

(
1 +

∫ t

0

(r−α + (t− r)−2α)

(
|xr|+

∫ r

0

|xr − xs|
(r − s)α+1

ds

)
dr

)
≲(1 + Λα(g))

(
1 +

∫ t

0

(r−α + (t− r)−2α)hrdr

)
.

For 1−2α
1−α

≤ γ < 1, write δ = αγ and apply Hölder’s inequality to get∫ t

0

|xr|
rα

dr =

(∫ t

0

|xr|r−αdr

)γ (∫ t

0

r(α−δ)/(1−γ)dr

)1−γ

.

Now, using that aγ < 1 + a if a ≥ 0 and γ < 1 we have∫ t

0

|xr|
rα

dr ≤ C

(
1 +

∫ t

0

|xr|
rα

dr

)
.

For the other terms, take any ε(γ) > 1 + 2α−1
γ

and we apply Hölder’s inequality with

exponents p = 1/γ, q = p/(p− 1) and write δ′ = ε(γ)γ to get∫ t

0

|xr|
(t− r)2α

dr ≤
(

|xr|
(t− r)δ′/γ

dr

)γ (∫ t

0

(r − s)(−2α+δ′)/(1−γ)dr

)1−γ

,

and again, using that aγ < 1 + a if a ≥ 0 and γ < 1 we have∫ t

0

|xr|
(t− r)2α

dr ≤ C

(
1 +

∫ t

0

|xr|
(t− r)ε(γ)

dr

)
.
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Joining the estimates, we are lead to

ht ≲ (1 + Λα(g))

(
1 +

∫ t

0

((t− r)−ε(γ) + r−α)hrdr

)
.

Finally, if 0 ≤ γ < 1−2α
1−α

we can choose ε(γ) = α and, by the same procedure as the
last case (using Hölder’s inequality but this time with δ = δ′ = αγ) we conclude that

ht ≲ (1 + Λα(g))

(
1 +

∫ t

0

((t− r)−α + r−α)hrdr

)
.

Observe that in this setting, we can apply the Gronwall type lemma. Indeed, if

ht ≤ C(1 + Λα(g))

(
1 +

∫ t

0

((t− r)−ε(γ) + r−α)hrdr

)
,

then

ht ≤C(1 + Λα(g))

(
1 +

∫ t

0

(t− r)−ε(γ)r−ε(γ)[rε(γ) + (t− r)ε(γ)rε(γ)−α]hrdr

)
≤C(1 + Λα(g))

(
1 + tε(γ)

∫ t

0

(t− r)−ε(γ)r−ε(γ)hrdr

)
.

This implies

ht ≤ C1 exp{C2t(1 + Λα(g))
1/(1−ε(γ))} ≤ C̃1 exp{C̃2tΛα(g)

1/(1−ε(γ))}.
Since supt∈[0,T ] h(t) = ||x||α,∞, we have

||x||α,∞ ≤ C̃1 exp{C̃2TΛα(g)
1/(1−ε(γ))}.

Renaming the constants, we have proved the desired result. □

5.2. The Stochastic case. Consider a fractional Brownian motion BH = {BH
t ; t ∈

[0, T ]} with Hurst parameter H ∈ (1/2, 1) defined in a probability space (Ω,F , P ).
Thanks to all the work done in the deterministic case, we can give sense to an expression
of the form ∫ t

0

usdB
H
s

for some suitable u. Once we check that this integral can be understood as a pathwise
generalized Stieltjes integral we will be able to apply the theorem 5.2 of existence and
uniqueness to this kind of equations. First, recall that

E(|BH
t −BH

s |2) = |t− s|2H .
So, for any p ≥ 1,

E(|BH
t −BH

s |p)1/p = cp|t− s|H

because BH
t − BH

s is Gaussian with mean zero and variance |t − s|H . One necessary
property of BH we need in order to define∫ t

0

usdB
H
s
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is that BH ∈ W 1−α,∞
T (0, T ) almost surely for some α. In order to check that this

property holds, we have the following lemma:

Lemma 5.5. Let BH be a fractional Brownian motion of Hurst parameter H ∈ (1/2, 1).
Let α ∈ (1−H, 1/2). Then BH ∈ W 1−α,∞

T (0, T ) almost surely.

Proof. We know that for all ε > 0 and T > 0, there exists a random variable Γε,T such
that

|BH
t −BH

s | ≤ Γε,T |t− s|H−ε.

This in particular implies that the paths of BH belong to CH−ε([0, T ]) for all ε > 0.
Consider then 2ε = H + α− 1. With this particular ε > 0 one has

CH−ε(0, T ) = C1−α+ε(0, T ).

Since C1−α+ε(0, T ) ⊂ W 1−α,∞
T (0, T ), we obtain the desired result. □

This means that, for a stochastic process u = {ut; t ∈ [0, T ]} whose paths belong to
Wα,1(0, T ) for α ∈ (1−H, 1/2), then the integral∫ t

0

usdB
H
s

exist. Moreover, if the paths of u belong to Wα,∞
0 (0, T ) then the integral has Hölder

continuous paths of order 1 − α. Thanks to this, we can now consider the following
problem.

Problem: Given BH = {BH
t ; t ∈ [0, T ]} a fractional Brownian motion with Hurst

parameter H ∈ (1/2, 1) and X0 a random variable, find if there exists a unique solution
of the equation

Xt = X0 +

∫ t

0

σ(s,Xs)dB
H
s +

∫ t

0

b(s,Xs)ds

In order to solve this problem, we will strongly use the deterministic results. Consider
the set of hypothesis (H1) and (H2) and let

α0 =
1

2
∧ β ∧ δ

1 + δ

Theorem 5.6. Suppose that X0 is a real valued random variable and σ, b satisfy
hypothesis (H1) and (H2) with β > 1−H, δ > 1

H
− 1. Then,

(i) If α ∈ (1−H,α0) and ρ ≥ 1/α, then there exists a unique stochastic process X
with paths in Wα,∞

0 (0, T ) solution to

Xt = X0 +

∫ t

0

σ(s,Xs)dB
H
s +

∫ t

0

b(s,Xs)ds

and, moreover, X(ω) ∈ C1−α(0, T ) almost surely.
(ii) Moreover, if the assumption (H3) is satisfied, α ∈ (1 − H,α0 ∧ (2 − γ)/4),

ρ ≥ 1/α, X0 ∈ L∞(Ω) and the constants MN , LN , K0 and the function b0 are
independent of ω, then the solution X satisfies

E(||X||pα,∞) <∞, ∀p ≥ 1.
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Proof.

(i) Follows directly from the deterministic theorem.
(ii) In order to apply the second part of the deterministic theorem, we need to check

that the random variable

G = Λα(B
H) =

1

Γ(1− α)
sup

0≤s<t≤t
|D1−α

t− (BH
t−)s|

has moments of all orders. This is because then, we will have

E(||X||pα,∞) ≲ E(exp{CpGκ})
and this last expression would be finite as long as κ < 2. Now, notice that

|D1−α
t− (BH

t−)s| ≤
1

Γ(α)

(
|BH

t −BH
s |

(t− s)1−α
+ (1− α)

∫ t

s

|BH
r −BH

s |
(r − s)2−α

dr

)
.

Now, for ε = (H + α − 1)/2 we know that B has Hölder continuous paths of
order Hε, so the last expression turns to

|D1−α
t− (BH

t−)s| ≤
|Γε,T |
Γ(α)

(
(t− s)H−ε+α−1 +

∫ t

s

(r − s)H−ε−α+2dr

)
.

Hence,

E

(
1

Γ(1− α)
sup

0≤s<t≤t
|D1−α

t− (BH
t−)s|

)
≲ E(|Γε,T |p) <∞,

so we have all the conditions to conclude that

E(||X||pα,∞) <∞.

□

6. Malliavin Calculus for Stochastic Differential Equations driven
by a fractional Brownian motion

The Malliavin calculus, also known as the stochastic calculus of variations, extends
the classical integral and differential calculus to random variables and vectors. This
allows us to give a notion of differentiability very related to the Fréchet differentiability
that can be applied in order to study the regularity of solutions of stochastic differ-
ential equations. Moreover, one of the most powerful appliactions of the Malliavin
Calculus is the study of the properties of the law of random vectors. Indeed, we will
see that if a random variable F is differentiable in the Malliavin sense and it satisfies
a non-degeneracy condition, then the law of F is absolutely continuous with respect
to the Lebesgue measure. Hence, by adding extra hypothesis on the coefficients of the
differential equations driven by a fractional Brownian motion, we will conclude that
the law of the solution is absolutely continuous with respect to the Lebesgue measure.

We will follow the same scheme as in [14], using as well some tools from [13]. As it is
discussed in this references, the Malliavin differentiability is intimately related with the
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Fréchet differentiability. Hence, in the same way as proving existence and uniqueness
of solutions, it is convenient to first study the deterministic case.

6.1. Fréchet differentiability for deterministic differential equations. In the
last chapter, we proved the existence and uniqueness of the differential equation

(6.1) xt = x0 +

∫ t

0

σ(s, xs)dgs +

∫ t

0

b(s, xs)ds, t ∈ [0, T ]

for g ∈ W 1−α,∞
T (0, T ), 0 < α < 1/2, and the coefficients σ and b satisfying (H1),

(H2) and (H3). Moreover, we saw that the solution x belongs to Wα,∞
0 (0, T ) (it is, in

fact (1 − α)-Hölder continuous). Notice that, if we fix the coefficients and the initial
condition x0, equation (6.1) defines an operator

x : W 1−α,∞
T (0, T ) → Wα,∞

0 (0, T )

g 7→ x(g)

where x(g) is the solution of equation (6.1) for that specific g. Our next objective is
studying the differentiability in the Fréchet sense of this operator x. As it is natural,
the conditions to get existence and uniqueness of solutions are not enough to ensure
the differentiability of the solution. Hence, we have to add new hypothesis on σ and b:

(H4): σ(s, x) and b(s, x) are C3
b (R) in the second argument and. Moreover, there

exists C > 0 such that

max
i,j=0,1,2,3

sup
s∈[0,T ]

(
||∂ixσ(s)||L∞(R) + ||∂jxb(s)||L∞(R)

)
≤ C.

In other words, σ, b are C3, and both functions together with their partial derivatives
with respect to x are uniformly bounded in s ∈ [0, T ]. Under this hypothesis, we will
be able to prove the differentiability. First, we need the following lemma

Lemma 6.1. Let x be the solution of (6.1). Assume σ, b satisfy (H4). Then, the
operator

F : W 1−α,∞
T (0, T )×Wα,∞

0 (0, T ) → Wα,∞
0 (0, T )

defined by

F (h, x)t = xt − x0 −
∫ t

0

b(s, xs)ds−
∫ t

0

σ(s, xs)d(gs + hs)

is Fréchet differentiable and, for any (h, x) ∈ W 1−α,∞
T (0, T )×Wα,∞

0 (0, T ), k ∈ W 1−α,∞
T (0, T )

and v ∈ Wα,∞
0 (0, T ) we have

D1F (h, x)(k)t = −
∫ t

0

σ(s, xs)dks,

D2F (h, x)(v)t = vt −
∫ t

0

∂xb(s, xs)vsds−
∫ t

0

∂xσ(s, xs)vsd(gs + hs),

where D1 stands for the derivative with respect to the first argument and D2 stands for
the derivative wih respect to the second argument
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Proof. The proof of this lemma goes over several steps

• Step 1: Proving that F is continuous: Consider (h, x), (h̃, x̃) ∈ W 1−α
T (0, T ) ×

Wα,∞
0 (0, T ), then notice that

F (h̃, x̃) =x̃t − x0 −
∫ t

0

b(s, x̃s)ds−
∫ t

0

σ(s, x̃s)d(gs + h̃s)

=x̃t − x0 −
∫ t

0

b(s, x̃s)ds−
∫ t

0

σ(s, x̃s)d(gs + hs) +

∫ t

0

σ(s, x̃s)d(hs − h̃s).

(6.2)

Hence,

F (h, x)t − F (h̃, x̃)t =xt − x̃t −
∫ t

0

(b(s, xs)− b(s, x̃s))ds

−
∫ t

0

(σ(s, x̃s)− σ(s, x̃s))d(gs + hs)−
∫ t

0

σ(s, x̃s)d(hs − h̃s).

Using the triangle inequality we have

||F (h, x)− F (h̃, x̃)||α,∞ ≤ ||x− x̃||α,∞ +
3∑

i=1

Ni,

where

N1 =

∣∣∣∣∣∣∣∣∫ t

0

(b(s, xs)− b(s, x̃s))ds

∣∣∣∣∣∣∣∣
α,∞

,

N2 =

∣∣∣∣∣∣∣∣∫ t

0

(σ(s, x̃s)− σ(s, x̃s))d(gs + hs)

∣∣∣∣∣∣∣∣
α,∞

,

N3 =

∣∣∣∣∣∣∣∣∫ t

0

σ(s, x̃s)d(hs − h̃s)

∣∣∣∣∣∣∣∣
α,∞

.

For N1, we use proposition 4.12 to derive the following estimate

N1 ≤Cα,T ||b(s, xs)− b(s, x̃s)||α,∞
≤Cα,T ||∂xb(s, ·)||L∞||x− x̃||α,∞
≤Cα,T,∂xb(s)||x− x̃||α,∞
=:C1||x− x̃||α,∞.

Again, using proposition 4.12 on N2 we get

N2 ≤ Cα,T ||g + h||1−α,∞||σ(s, xs)− σ(s, x̃s)||α,∞.

Using lemma 4.15 with t1 = t2 = s, x1 = x, x3 = x̃ and x2 = x4 = 0 we get

||σ(s, xs)− σ(s, x̃s)||α,∞
≤||∂xσ(s)||L∞||x− x̃||α,∞ + ||∂2xxσ(s)||L∞||x− x̃||α,∞(||x||δα,∞ + ||x̃||δα,∞)

≤C(1 + ||x||δα,∞ + ||x̃||δα,∞)||x− x̃||α,∞
=:C2||x− x̃||α,∞.
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For N3 we use proposition 4.12 to obtain

N3 ≤ Cα,T ||h− h̃||1−α,∞||σ(s, x̃s)||α,∞.

Since σ is a Lipschitz function in space, we can write |σ(s, xs)| ≤ |σ(s, 0)| +
||∂xσ(s)||L∞|xs|. This inequality allows us to derive the estimate

N3 ≤C(1 + ||x̃||α,∞)||h− h̃||1−α,∞

=:K2||h− h̃||1−α,∞.

If we define K1 := 1 + C1 + C2, we have

||F (h, x)− F (h̃, x̃)||α,∞ ≤ K1||x− x̃||α,∞ +K2||h− h̃||1−α,∞,

which proves the continuity of F .
• Step 2 : Checking that D2F and D1F are continuous: On the one hand, notice

that for all k ∈ W 1−α,∞
T (0, T ) we have

||D1F (h, x)(k)||α,∞ =

∣∣∣∣∣∣∣∣∫ t

0

σ(s, xs)dks

∣∣∣∣∣∣∣∣
α,∞

Then, using proposition 4.12 we have∣∣∣∣∣∣∣∣∫ t

0

σ(s, xs)dks

∣∣∣∣∣∣∣∣
α,∞

≤ Cα,T ||σ(s, xs)||α,∞||k||1−α,∞

Now, we have that |σ(s, xs)| ≤ |σ(s, 0)|+ ||∂xσ(s)||L∞|xs|. Plugging this in the
last inequality, we have

||σ(s, xs)||α,∞||k||1−α,∞ ≤ C||k||1−α,∞

Hence, D1F is continuous. With a similar argument using proposition 4.12 and
the properties of b and σ, we conclude that

||D2F (h, x)(v)||α,∞ ≤ C||v||α,∞

This implies that D2F is continuous as well.
• Step 3 : Checking that D2F and D1F are the Fréchet derivatives of F : Recall
that D1F (h, x) is the Fréchet derivative of F with respect to h if for every
k ∈ W 1−α,∞

T (0, T )

||F (h+ k, x)− F (h, x)−D1F (h, x)(k)||α,∞ ≤ C||k||δ1−α,∞

for some δ > 1 But this is direct from the fact that

F (h+ k, x)− F (h, x) = D1F (h, x)(k).

For D2F we have to check that for all v ∈ Wα,∞
0 (0, T ), then

||F (h, x+ v)− F (h, x)−D2F (h, x)(v)||α,∞ ≤ C||v||δα,∞
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for some δ > 1. By doing the computations, we have

F (h, x+ v)t − F (h, x)t −D2F (h, x)(v)t

=

∫ t

0

(b(s, xs)− b(s, xs + vs) + ∂xb(s, xs)vs)ds

+

∫ t

0

σ(s, xs)− σ(s, xs + vs) + ∂xσ(s, xs)vsd(gs + hs).

On the one hand, by the mean value theorem we have |b(s, xs)− b(s, xs+vs)| =
|∂xb(s, ξ(1)s )||vs| where ξ(1)s ∈ [xs, xs + vs]. Now, |∂xb(s, ξ(1)s ) − ∂xb(s, xs)||vs| =
|∂2xxb(s, ξ

(2)
s )||ξ(1)s − xs||vs|. Since the first 3 derivatives of b with respect to x

are bounded and |ξ(1)s − xs| ≤ |vs|, we have that

|b(s, xs)− b(s, xs + vs)| ≤ ||∂2xxb(s)||L∞|vs|2.
This implies that∣∣∣∣∣∣∣∣∫ t

0

(b(s, xs)− b(s, xs + vs) + ∂xb(s, xs)vs)ds

∣∣∣∣∣∣∣∣
α,∞

≤ Cα,T ||∂2xxb(s)||L∞||v||2α,∞.

Exactly the same argument on the second term and proposition 4.12 gives us∣∣∣∣∣∣∣∣∫ t

0

σ(s, xs)− σ(s, xs + vs) + ∂xσ(s, xs)vsd(gs + hs)

∣∣∣∣∣∣∣∣
α,∞

≤Cα,T

(
||∂2xxσ(s)||L∞ + ||∂3xxxσ(s)||L∞||x||α,∞

)
||g + h||1−α,∞||v||2α,∞.

Adding the two estimates, we have that

||F (h, x+ v)− F (h, x)−D2F (h, x)(v)||α,∞ = O(||v||2α,∞)

and, in particular, this proves that D2F (h, x) is the Fréchet derivative of F
with respect to x (the second argument).

□

Lemma 6.2. Fix g ∈ W 1−α,∞
T (0, T ) and consider the following equation

(6.3) yt = wt +

∫ t

0

Ssysdgs +

∫ t

0

Bsysds

where w,B, S ∈ C1−α(0, T ). Then, there exists a unique solution y ∈ C1−α(0, T ) to
(6.3) which satisfies

||y||α,∞ ≤ C||w||α,∞ exp

(
c2||g||

1
1−2α

1−α,∞(||B||L∞ + ||S||1−α)

)
.

Proof. The existence, uniqueness and Hölder continuity of the solution comes from the
Existence and Uniqueness theorem. In order to derive the bound of the norm of the
solution, we will use a Gronwall type argument. Recall that

||y||α,∞ = sup
t∈[0,T ]

∆α
t (y),
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so let’s try to give a bound for ∆α
t (y). Let’s define G

S(y)t =
∫ t

0
Ssysdgs and F

B(y)t =∫ t

0
Bsysds. On the one hand, because of proposition 4.12,

∆α
t (G

S) ≤ cα,T ||g||1−α,∞

∫ t

0

((t− s)−2α + t−α)∆α
s (Sy)ds.

Now, by definition of ∆α we have

∆α
s (Sy) = |Ssys|+

∫ s

0

|Ssys − Sryr|
(s− r)α+1

dr.

Since |Ssys−Sryr| ≤ |Ssys−Srys|+ |Srys−Sryr| = |ys||Ss−Sr|+ |Sr||ys− yr| we have

∆α
s (Sy) ≤ |Ssys|+ |ys|

(∫ s

0

|Ss − Sr|
(s− r)α+1

dr

)
+

∫ s

0

|Sr||ys − yr|
(s− r)α+1

dr.

By definition of the Hölder norm, |Ss| ≤ ||S||1−α and |Ss − Sr| ≤ ||S||1−α(s − r)1−α.
Plugging this estimates in the last inequality we have

∆α
s (Sy) ≤ ||S||1−α|ys|+ |ys|

(∫ s

0

||S||1−α(s− r)1−α

(s− r)α+1
dr

)
+ ||S||1−α

∫ s

0

|ys − yr|
(s− r)α+1

dr.

Rearranging terms, we have

∆α
s (Sy) ≤||S||1−α

(
|ys|+

∫ s

0

|ys − yr|
(s− r)α+1

dr

)
+ |ys|

(∫ s

0

||S||1−α(s− r)1−α

(s− r)α+1
dr

)
≤||S||1−α∆

α
s (y) + |ys|

(∫ s

0

||S||1−α(s− r)1−α

(s− r)α+1
dr

)
.

Hence,

∆α
t (G

S) ≤ cα,T ||g||1−α,∞

(∫ t

0

((t− s)−2α + t−α)|ys|
(∫ s

0

||S||1−α(s− r)1−α

(s− r)α+1
dr

)
ds

+||S||1−α

∫ t

0

((t− s)−2α + t−α)∆α
s (y)ds

)
.

Since |ys| ≤ ∆α
s (y), we can roughly bound the last inequality by

∆α
t (G

S) ≤ cα,T ||g||1−α,∞||S||1−α

∫ t

0

((t− s)−2α + t−α)∆α
s (y)ds

For FB the estimations are much more simpler, since again, by proposition 4.12

∆α
t (F

B) ≤ cα,T

∫ t

0

|Bsys|
(t− s)α

ds ≤ cα,T ||B||1−α,∞

∫ t

0

|ys|
(t− s)α

ds.

Therefore, we have the estimate

∆α
t (y) ≤ ||w||α,∞ + cα,T (||g||1−α,∞||S||1−α + ||B||L∞))

∫ t

0

((t− s)−2α + t−α)∆α
s (y)ds.

Applying the Gronwall-type lemma that we used in theorem 5.2 we conclude

||y||α,∞ ≤ C||w||α,∞ exp

(
c2||g||

1
1−2α

1−α,∞(||B||L∞ + ||S||1−α)

)
.
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as we wanted. □

Thanks to this two previous lemmas, we can prove the Fréchet differentiability of
the operator given by g → x(g).

Proposition 6.3. Let x be the solution of equation (6.1). Assume σ, b satisfy (H4).
The mapping g → x(g) from W 1−α,∞

T (0, T ) to Wα,∞
0 (0, T ) is Fréchet differentiable and,

for any h ∈ W 1−α,∞
T (0, T ), the derivative of x in the direction of h satisfies

Dhxt =

∫ t

0

ϕt(s)dhs,

where ϕt(s) solves the following equation:

(6.4) ϕt(s) = σ(s, xs) +

∫ t

s

∂xσ(s, xs)ϕu(s)dgu +

∫ t

s

∂xb(s, xs)ϕu(s)du

and ϕt(s) = 0 if t < s.

Proof. The strategy for proving this proposition is applying the implicit function the-
orem to the operator F defined in lemma 6.1. By lemma 6.1, F is continuous and
Fréchet differentiable. Moreover, F (0, x) = 0. The last thing left to do before applying
the implicit function theorem is checking that D2F (0, h) is a linear homeomorphism,
that is, D2F (0, x) is a linear bijection, continuous, and D2F (0, x)

−1 is continuous. On
the one hand, notice that for every v ∈ Wα,∞

0 (0, T ) we have

D2F (0, x)(v)t = vt −
∫ t

0

∂xσ(s, xs)vsdgs −
∫ t

0

∂xb(s, xs)vsds.

Hence, thanks to the theorem of existence and uniqueness of solutions 5.2, we deduce
that D2F (0, x) is a bijection. Indeed, the existence of solutions gives us that D2F (0, x)
is onto and the uniqueness gives us that D2F (0, x) is injective. Moreover, because
of the open mapping theorem, the map D2F (0, x)

−1 is continuous. This proves that
D2F (0, x) is a linear homeomorphism and we can apply the implicit function theorem
for operators to deduce that there exists a neighbourhood 0 ∈ U ⊂ W 1−α,∞

T (0, T ) and
a Fréchet differentiable function x : U → Wα,∞

0 (0, T ) satisfying x(0) = x and such that
for all h ∈ U ,

F (h, x(h)) = 0.

Since F is Fréchet differentiable, we can differentiate with respect to h to get

D1F (h, x(h)) +D2(h, x(h)) ◦Dx(h) = 0.

In particular, isolating Dx(h) from the last equation and evaluating at h = 0 we have

D2F (0, x)(Dx) = −D1F (0, x) ⇐⇒ Dx = −D2F (0, x)
−1 ◦D1F (0, x).

From lemma 6.1, we know the exact expression for the Fréchet derivatives of F .
Hence, by the relation D2F (0, x)(Dx) = −D1F (0, x), we conclude that for every
k ∈ W 1−α,∞

T (0, T ), D1F (0, x)(k) satisfies the equation

D1F (0, x)(k)t = −Dx(k)t +
∫ t

0

∂xσ(s, xs)Dx(k)sdgs +

∫ t

0

∂xb(s, xs)Dx(k)sds
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or, equivalently,

Dx(k)t =

∫ t

0

σ(s, xs)dks +

∫ t

0

∂xσ(s, xs)Dx(k)sdgs +

∫ t

0

∂xb(s, xs)Dx(k)sds.

Recall the definition of ϕt(s). Integrating the relation (6.4) with respect to h ∈
W 1−α,∞

T (0, T ) we have∫ t

0

ϕt(s)dhs =

∫ t

0

σ(s, xs)dhs +

∫ t

0

(∫ t

s

∂xσ(u, xu)ϕu(s)dgu

)
dhs

+

∫ t

0

(∫ t

s

∂xb(u, xu)ϕu(s)du

)
dhs.

We would like to apply a Fubini-type theorem for Stieltjes integrals (see, for example,
[3]). In order to apply it, we have to see that∫ t

s

|∂xσ(u, xu)ϕu(s)|dgudhs <∞

and ∫ t

0

∫ t

s

|∂xb(u, xu)ϕu(s)|dudhs <∞,

where this integrals are double Stieltjes integrals (see, for example, [4]). In order to be
integrable, it is enough to check that ∂xσ(u, xu)ϕu(s) and ∂xb(u, xu)ϕu(s) are Hölder
continuous of order 1−α in both variables (u, s). By hypothesis, ∂xσ(s, xs), ∂xb(s, xs) ∈
C1−α(0, T ). Moreover, because of lemma 6.2, ||ϕ·(s)||α,∞ is uniformly bounded in s and
this implies that ϕt(s) is Hölder continuous in t uniformly in s (again by proposition
4.12). In order to streamline the notation, we write St = ∂xσ(t, xt) and Bt = ∂xb(t, xt).
We have, for s′ ≤ s ≤ t

(6.5) ϕt(s)− ϕt(s
′) = w(s, s′) +

∫ t

s

Su(ϕu(s)− ϕu(s
′)dgu +

∫ t

s

Bs(ϕu(s)− ϕu(s
′))du,

where

(6.6) w(s, s′) = σ(s, xs)− σ(s′, xs′) + +

∫ s

s′
Suϕu(s)dgu +

∫ s

s′
Buϕu(s)du.

Lemma 6.2 gives us that

(6.7) sup
s∈[0,T ]

||ϕ·(s)||α,∞ ≤ c1||σ(s, xs)||α,∞ exp
(
c2||g||

1
1−2α (||B||L∞ + ||S||1−α

)
.

So, plugging (6.7) into (6.6) we have

|w(s, s′)| ≤||σ(s, xs)||1−α|s− s′|1−α + ||B||L∞( sup
s∈[0,T ]

||ϕ·(s)||α,∞)|s− s′|

+c||S||α,∞||g||1−α,∞( sup
s∈[0,T ]

||ϕ·(s)||α,∞)|s− s′|1−α
(6.8)

and we can bound roughly the last inequality by

|w(s, s′)| ≤ c|s− s′|1−α.
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Applying once again lemma 6.2 to the differential equation (6.5) and using the bound
on |w(s, s′)| we have

||ϕ·(s)− ϕ·(s
′)||α,∞ ≤ c1|s− s′|1−α exp

(
c2||g||

1
1−2α (||B||L∞ + ||S||1−α

)
,

which proves that ϕt(s) is (1−α)-Hölder continuous in s uniformly on t, as we wanted
to see. This proves that ∂xσ(u, xu)ϕs(u) and ∂xb(u, xu)ϕs(u) belong to C1−α([0, T ]2)
and we can apply Fubini’s theorem for Stieltjes integrals to get∫ t

0

ϕt(s)dhs =

∫ t

0

σ(s, xs)dhs +

∫ t

0

∂xσ(u, xu)

(∫ u

0

ϕu(s)dhs

)
dgu

+

∫ t

0

∂xb(u, xu)

(∫ u

0

ϕu(s)dhs

)
du.

(6.9)

Since
∫ t

0
ϕt(s)dhs satisfies the same differential equation as Dhx, we can conclude by

uniqueness of solutions that

Dhx =

∫ t

0

ϕt(s)dhs,

as desired. □

6.2. Malliavin Calculus for the fractional Brownian motion. In this project,
we have already discussed some properties of the fractional Brownian motion. This
properties, however, are not enough to develop the Malliavin calculus tools we need.
This section is devoted to give the proper framework as it is done for the Malliavin
calculus with respect to the Wiener process (see, for example, [13]).

Instead of working with an arbitrary probability space, we will work instead with
a very specific one. Consider Ω = C0([0, T ]) the Banach space of continuous functions
x(t) in [0, T ] such that they vanish at t = 0. Let P be the unique probability measure on
Ω given by Kolmogorov’s extension theorem such that the canonical process {BH

t ; t ∈
[0, T ]} defined by BH

t (ω) = ω(t) is a fractional Brownian motion of Hurst parameter
H > 1/2. If we now set F = σ(BH

t ; t ∈ [0, T ]), we say that (Ω,F , P ) is the canonical
probability space of the process BH . We will study the Malliavin calculus for the
fractional Brownian motion in this canonical probability space.

6.2.1. Stochastic Calculus with respect to the fractional Brownian motion. In order to
discuss the Malliavin differentiability of a process, we need to define the Malliavin
derivative. The definition of this derivative requires of the isonormal process. Defining
the isonormal process is not a trivial issue, and it requires constructing an isometry
between L2(Ω) and a suitable separable Hilbert space H. The characterization of H
and the definition of the isometry is our immediate objective.

Definition 6.4. We denote by E the set of step functions on [0, T ], i.e. x ∈ E if and
only if there exist t1, . . . , tn ∈ [0, T ] and a1, . . . , an ∈ R with

(6.10) x(t) =
n∑

j=1

aj1[0,tj ](t).
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in E , we can consider the scalar product given by

(6.11) ⟨1[0,t],1[0,s]⟩ = RH(t, s),

where RH is the covariance function of BH . In order to proceed, we shall explore some
properties of RH .

Lemma 6.5. The covariance function of the fBm can be expressed as

RH(t, s) = αH

∫ t

0

∫ s

0

|r − u|2H−2dudr,

where αH = H(2H − 1)

Proof. Without loss of generality, assume that s < t. Then, for any r ∈ [0, t] we have∫ s

0

|r − u|2H−2du =

∫ s

0

(r − u)2H−21[0,r](u)du+

∫ s

0

(u− r)2H−21[r,s](u)du.

Then, a direct computation shows that∫ s

0

|r − u|2H−2du =

(
r2H−1

2H − 1
− (r − s)2H−1

2H − 1

)
1[s,t](r)

+

(
r2H−1

2H − 1
+

(s− r)2H−1

2H − 1

)
1[0,s](r).

Integrating with respect to r from 0 to t we get the desired result. □

This lemma implies that, for any φ, ψ ∈ H,

(6.12) ⟨φ, ψ⟩H = αH

∫ T

0

∫ T

0

|r − u|2H−2φrψududr

because of the definition of H. The lemma also allows us to derive a representation of
RH(t, s) based on a square-integrable kernel.

Proposition 6.6. Let

KH(t, s) = cHs
1/2−H

∫ t

s

(u− s)H−3/2uH−1/2du,

cH =

√
H(2H − 1)

β(2− 2H,H − 1/2)

for t > s and KH(t, s) = 0 in case t ≤ s. Then, for any t, s ∈ [0, T ],

(6.13)

∫ t∧s

0

KH(t, u)KH(s, u)du = RH(t, s).

Proof. Recall the definition of the beta function:

β(z, w) =

∫ 1

0

tz−1(1− t)w−1dt.
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Then, notice that∫ t∧s

0

KH(t, u)KH(s, u)du

=c2H

∫ t∧s

0

u1−2H

(∫ t

u

(y − u)H−3/2yH−1/2dy

)(∫ s

0

(z − u)H−3/2zH−1/2dz

)
du

=c2H

∫ t

0

∫ s

0

(yz)H−1/2

∫ z∧y

0

u1−2H(y − u)H−3/2(z − u)H−3/2dudzdy.

(6.14)

Suppose that z ≤ y, then, by means of the change of variables r = y−u
z−u

and x = y
zr

we
have ∫ z

0

u1−2H(y − u)H−3/2(z − u)H−3/2du

=(y − z)2H−2

∫ ∞

y/z

(zr − y)1−2HrH−3/2dr

=(yz)1/2−H(y − z)2H−2

∫ 1

0

(1− x)1−2HxH−3/2dx

=β(2− 2H,H − 1/2)(yz)1/2−H(y − z)2H−2.

Doing the same computations with the case y ≥ z we get a similar result (changing
the roles of y and z), so we can summarize both cases in(∫ z∧y

0

u1−2H(y − u)H−3/2(z − u)H−3/2du

)
(yz)H−1/2

β(2− 2H,H − 1/2)
= |y − z|2H−2.

Then, if we plug this in the last equality of (6.14) we get that∫ t∧s

0

KH(t, u)KH(s, u)du =c2Hβ(2− 2H,H − 1/2)

∫ t

0

∫ s

0

|y − z|2H−2dzdy

=RH(t, s),

where the last equality comes from lemma 6.5 and the definition of cH . □

We can study further properties of KH . Notice that directly from the definition of
KH , we have

∂tKH(t, s) = cH

(
t

s

)H−1/2

(t− s)H−3/2.

Hence, if we consider the linear operator

K∗
H : E → L2([0, T ])

defined as

(K∗
Hφ)(s) =

∫ T

s

φ(t)∂tKH(t, s)dt,

thenK∗
H is an isometry between E and L2([0, T ]). Notice that in particular, K∗

H satisfies

(K∗
H1[0,t])(s) = KH(t, s)1[0,t](s)
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(this is a trivial property to check). This is an isometry because for any t, s ∈ [0, T ]
then

⟨K∗
H1[0,t], K

∗
H1[0,s]⟩L2([0,T ]) =⟨KH(t, ·)1[0,t], KH(s, ·)1[0,s]⟩L2([0,T ])

=

∫ t∧s

0

K(t, u)K(s, u)du

=RH(t, s).

This operator does not only stablish an isometry between L2([0, T ]) and H, but also
stablishes an isometry between L2(Ω) and H in the following way: the operator
BH(1[0,t]) = BH

t is an isometry. Indeed,

E(BH
t B

H
s ) = RH(t, s) = ⟨1[0,t],1[0,s]⟩H.

We can extend the definition for functions in E . Consider
∑n

j=1 aj1[0,tj ] ∈ E . Then, we
define

BH

(
n∑

j=1

aj1[0,tj ]

)
=

n∑
j=1

ajB
H
tj
.

In the same way that we have defined the operators KH and K∗
H for functions in E , we

can define operators KH and K∗
H , that are the respective extensions to H.

Definition 6.7. We denote by KH the operator

KH : L2([0, T ]) → HH := KH(L
2([0, T ]))

defined by

(KHh)(t) :=

∫ t

0

KH(t, s)hsds.

In a similar way, we define the operator

K∗
H : H → L2([0, T ])

as

(K∗
Hφ)(s) =

∫ T

s

φ(t)∂tKH(t, s)dt.

The operator K∗
H , in an analogous way as K∗

H does, defines an isometry between H
and a closed subspace of L2([0, T ]) and hence, we define an isometry between H and
a closed subspace of L2(Ω). Indeed, let φ ∈ H. Consider a sequence {φn;n ≥ 1} ⊂ E
such that φn → φ in the norm of H then, we define

BH(φ) = L2(Ω)− lim
n→∞

BH(φn).

Notice that this is a good definition in the sense that BH(φ) does not depend in the
approximating sequence. Indeed, if {φn;n ≥ 1}, {ψn;n ≥ 1} ⊂ E are sequences such
that φn, ψn → φ in H, then

||BH(φn)−BH(ψn)||L2(Ω) = ||φn − ψn||H → 0

when n→ ∞.
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We denote by H1(B
H) the space generated by the random variables {BH(φ);φ ∈

H, ||φ||H = 1}. This isometry between H and H1(B
H) allows us to define the isonormal

process BH = {BH(φ);φ ∈ H} associated toH, i.e. BH is a stochastic process in which
BH(φ) is a centered Gaussian random variable with variance ||φ||2H. Moreover, we can

identify BH(φ) with a Wiener-type integral of φ with respect to BH ,
∫ T

0
φ(s)dBH

s . A
direct computation shows the following observation

Observation 6.8. The operator K∗
H can be expressed in terms of fractional integrals

and derivatives as follows:

(K∗
Hφ)(s) = cHΓ(H − 1/2)s1/2−H

(
I
H−1/2
T− uH−1/2φ(u)

)
(s),

(K∗
H)

−1(1[0,a]) =
1

cHΓ(H − 1/2)
s1/2−H

(
D

H−1/2
a− uH−1/2

)
(s)1[0,a](s).

In general, the elements of H are not necessairly functions, but distributions. We
define |H| the linear subspace of functions φ ∈ H such that

||φ||2|H| = αH

∫ T

0

∫ T

0

|φu||φv||u− v|2H−2dudv <∞.

It is routinary work to check that |H| equipped with ||·|||H| is a Banach space contained
in H. However, this space is not complete when it is equipped with the scalar product
⟨·, ·⟩H. All this discussion of K∗

H is very useful, because it allows us to define the
fractional Brownian motion in terms of a standard Brownian motion and, moreover,

it allows us to relate the generalized Stieltjes integral
∫ T

0
φtdB

H
t with BH(φ). Indeed,

if BH = {BH
t ; t ∈ [0, T ]} is a fractional Brownian motion of Hurst index H, then the

process W = {Wt; t ∈ [0, T ]} defined as

Wt = BH((K∗
H)

−1(1[0,t]))

is a standard Brownian motion, and moreover

BH
t =

∫ t

0

KH(t, s)dWs.

Indeed, Wt is a centered Gaussian random variable because BH is an isonormal process
and

E(WtWs) =⟨BH((K∗
H)

−1(1[0,t])), B
H((K∗

H)
−1(1[0,s]))⟩L2(Ω)

=⟨(K∗
H)

−1(1[0,t]), (K
∗
H)

−1(1[0,s])⟩H
=⟨K∗

H(K
∗
H)

−1(1[0,t]), K
∗
H(K

∗
H)

−1(1[0,s])⟩L2([0,T ])

=⟨1[0,t],1[0,s]⟩L2([0,T ])

=t ∧ s.

In [13], the author defines the Stratonovich integral with respect to the fractional Brow-
nian motion and if the integrand φ is deterministic, the Stratonovich integral coincides
with the Wiener type integral BH(φ) = W (K∗

H(φ)). Then, in [17] the authors showed
that the Stratonovich integral defined in [13] coincides with the pathwise integral we
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have defined and used in this project. Hence, for deterministic integrands,
∫ T

0
φtdB

H
t ,

as it coincides with BH(φ), it follows a Gaussian distribution of mean zero and variance
||φ||2|H|. Moreover,this idea of shifting the fractional Brownian motion to obtain a stan-
dard Brownian motion is they key idea to relate the Malliavin calculus with respect to
the fractional Brownian motion to the Malliavin calculus with respect to the standard
Brownian motion. However, we won’t deal with this type of problems in this project.

In the case of the standard Brownian motion, the operators we have defined are
simplified. Indeed, KH(t, s) = 1[0,t](s), K

∗
H is the identity map and HH is the space of

absolutely continuous functions vanishing at zero and the first derivatives are square
integrable. For H ̸= 1/2, HH is called the fractional Cameron-Martin space. Finally,
we define the last operator we need as

RH = KH ◦ K∗
H : H → HH

with

(RHφ)t =

∫ T

0

(K∗
H1[0,t])(s)(K∗

Hφ)(s)ds = E(BH
t B

H(φ)).

6.2.2. Wiener Chaos expansion. Even though this and the following subsections can
be developed in a general context, we will use the context of the fractional Brownian
motion. The Wiener chaos decomposition is, roughly speaking, a way of decomposing
the space L2(Ω) in the orthogonal sum of spaces generated by Gaussian random vari-
ables. The suitable way of approaching this decomposition is via Hermite polynomials,
which we’ll recall its definition and properties.

Definition 6.9. Let Hn(x) denote the n-th Hermite polynomial, which is defined by{
H0(x) = 1,

Hn(x) =
(−1)n

n!
exp

(
x2

2

)
dn

dxn exp
(
−x2

2

)
, n ≥ 1.

Notice that this polynomials are the coefficients of the taylor expansion in powers
of t of the function F (t, x) = exp(tx− t2

2
), that is,

F (t, x) =
∑
n≥0

Hn(x)t
n.

From here, one can deduce the following properties about these polynomials

• H ′
n(x) = Hn−1(x) for all n ≥ 1.

• (n+ 1)Hn+1(x) = xHn(x)−Hn−1(x) for all n ≥ 1.
• Hn(−x) = (−1)nHn(x) for all n ≥ 1.

The reason why we are choosing Hermite polynomials and not any other family of
orthogonal polynomials for our decomposition of L2(Ω) is the following interaction
between these polynomials and Gaussian random variables:
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Lemma 6.10. Let X, Y be two random variables with joint Gaussian distribution and
E(X) = E(Y ) = 0, V ar(X) = V ar(Y ) = 1. Then, for any n,m ≥ 0 we have

E(Hn(X)Hm(Y )) =

{
0, n ̸= m,
1
n!
(E(XY ))n, n = m.

Proof. See, for example, [13]. □

Recall the definition of the isonormal process associated to the Hilbert space H,
that is a process BH indexed by H with the property that BH(φ) ∼ N(0, ||φ||2H). The
isonormal process plays a huge role in the Malliavin calculus in general. The first big
appearance of this process is in this preliminary stage, in which we want to prepare the
framework needed in order to work with 3 important operators. The following lemma
is key in order to decompose L2(Ω) in orthogonal subspaces.

Lemma 6.11. The random variables {exp(BH(h));h ∈ H} form a total subset of
L2(Ω,G, P ), where Ω and P are the same as in the implicit probability space (Ω,F , P )
we are working with and G is the σ-field generated by the random variables {BH(h);h ∈
H}.

Proof. Can be found in [13]. □

For any n ≥ 1, we define Hn(B
H) (or Hn if there is no risk of confusion with

another isonormal process) the linear subspace of L2(Ω,F , P ) generated by the random
variables {Hn(B

H(φ)); ||φ||H = 1}, and for n = 0 H0 is just the space of all constants.
Notice that thanks to lemma 6.10, these spaces are orthogonal. We say that Hn is
the Wiener chaos of order n. The following result ensures that we can decompose the
space L2(Ω,G, P ) in the sum of the Wiener chaos’

Theorem 6.12.
L2(Ω,G, P ) =

⊕
n≥0

Hn.

Proof. Let X ∈ L2(Ω,G, P ) such that X is orthogonal to Hn for all n ≥ 1. We shall
show that X = 0. Since E(XHn(B

H(φ))) = 0 for all n ≥ 1, φ ∈ H unitary and the
Hermite polynomials span all the polynomials, we deduce by linearity of the expecta-
tion that E(XBH(φ)n) = 0 for all n ≥ 0 and φ unitary. Hence, by the dominated
convergence theorem, we have that

E(X exp(tBH(φ))) = 0, ∀φ ∈ H, ||φ||H = 1, t ∈ R.
Then, thanks to lemma 6.11 we conclude that X = 0 which is exactly what we wanted
to show. □

From now on, Jn will denote the projection operator to the n-th Wiener chaos. This
is all the framework we need in order to fully study 3 of the most important operators
in the Malliavin calculus context, which are the Malliavin derivative, the divergence
operator and the Ornstein-Uhlenbeck operator.
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6.2.3. The Malliavin derivative. This operator allows us to, roughly speaking, differ-
enitate a random variable F (ω) with respect to ω. Since we are in the canonical
probability space of the fractional Brownian motion, ω is a function and therefore F
is a functional. Hence, the reader with a background in functional analysis will see
that this concept resembles the Fréchet differentiability of a functional. In this thesis
we will discuss the relation between being Fréchet differentiable and Malliavin differ-
entiable. A non-degeneracy condition on this Malliavin derivative operator will give us
the absolute continuity of the law, as we will see in the next section. The definition
of the operator is not straightforward. Indeed, we will first define the operator for a
class of random variables and we will extend the definition to a broader space using an
approximation argument.

Fix H ∈ (1/2, 1). Consider BH = {BH(φ);φ ∈ H} the isonormal process associated
to H.

Definition 6.13. A random variable F is cylindrical if F has the form

(6.15) F = f(BH(φ1), . . . , B
H(φn))

for some φ1, . . . , φn ∈ H and f ∈ C∞
b (Rn). We denote by S the set of all cylindrical

random variables.

Notice that S is a dense subspace of L2(Ω). First, we will define the Malliavin
derivative for cylindrical random variables.

Definition 6.14. Let F ∈ S. We define the Malliavin derivative of F as the H-valued
random variable defined by

DF =
n∑

i=1

∂if(B
H(φ1), . . . , B

H(φn))φi,

where ∂i stands for the partial derivative with respect to the i-th argument. Given
h ∈ H, we can define the directional derivative of F in the h-th direction as

DhF =
n∑

i=1

∂if(B
H(φ1), . . . , B

H(φn))⟨φi, h⟩H = ⟨DF, h⟩H.

In the same way as we have defined one derivative, we can define iterated derivatives.
Indeed, let (s1, . . . , sk) ∈ [0, T ]. Then, for F ∈ S, Dk

s1,...,sk
F is the random variable

with values in H⊗k of the form

Dk
s1,...,sk

F =
n∑

j1,...,jk=1

∂f

∂j1 . . . ∂jk
f(BH(φ1), . . . , B

H(φn))φj1(s1) . . . φjk(sk).

We won’t be dealing with high order derivatives until section 8. That’s why we will
mainly focus on random variable with one Malliavin derivative well-defined.

Let {ei}i∈I be an orthonormal system in H. Since the isonormal process is linear,
there exists a linear map A such that

(φ1, . . . , φn)
T = A(e1, . . . , en)

T .



48

Now, if f ∈ C∞
b (Rn) then g = f ◦ A ∈ C∞

b (Rn) and

g(BH(e1), . . . , B
H(en)) = f(BH(φ1), . . . , B

H(φn)).

So, if F ∈ S, we can assume that F has the form (6.15) with φ1, . . . , φn orthonormal
elements of H. The idea now is to explore some properties of the Malliavin derivative
that coincide with the classical derivative of a function.

Proposition 6.15 (Product Rule). Let F,G ∈ S, then

D(FG) = DF ·G+ F ·DG.

Proof. Suppose that F = f(BH(φ1), . . . , B
H(φn)) and G = g(BH(ψ1), . . . , B

H(ψm)).
We can write FG as

FG = h((BH(φ1), . . . , B
H(φn),B

H(ψ1), . . . , B
H(ψm))

=f(BH(φ1), . . . , B
H(φn))g(B

H(ψ1), . . . , B
H(ψm)).

Then

DF =
n∑

i=1

∂if(B
H(φ1), . . . , B

H(φn))φi,

DG =
m∑
i=1

∂ig(B
H(ψ1), . . . , B

H(ψm))ψi,

and

∂ih((B
H(φ1), . . . , B

H(φn), B
H(ψ1), . . . , B

H(ψm))

=∂if(B
H(φ1), . . . , B

H(φn))g(B
H(ψ1), . . . , B

H(ψm))φi

+f(BH(φ1), . . . , B
H(φn))∂ig(B

H(ψ1), . . . , B
H(ψm))ψi

for i ∈ {1, . . . , n} and

∂ih((B
H(φ1), . . . , B

H(φn), B
H(ψ1), . . . , B

H(ψm))

=f(BH(φ1), . . . , B
H(φn))∂ig(B

H(ψ1), . . . , B
H(ψm))ψi

for i ∈ {n, . . . , n+m}. Adding all derivatives we get the result. □

Proposition 6.16. Let F ∈ S and let h ∈ H. The following relation holds:

E(⟨DF, h⟩H) = E(FBH(h)).

Proof. Using Gram-Schmidt algorith, we can construct an orthonormal system {ei}i∈I
such that e1 = h, so we can express F as

F = f(BH(e1), . . . , B
H(en)).

Since ei have norm 1, BH(ei) are standard Gaussian random variables. Hence,

⟨DF, h⟩H = ⟨DF, e1⟩H = ∂1f(B
H(e1), . . . B

H(en)).
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Thus,

E(⟨DF, h⟩H) =
∫
Rn

∂1f(x1, . . . , xn)ϕn(x1, . . . , xn)dx1 . . . dxn

=−
∫
Rn

f(x1, . . . , xn)∂1ϕn(x1, . . . , xn)dx1 . . . dxn,

where, if we define x = (x1, . . . , xn), then ϕn(x) = ϕn(x1, . . . , xn) = (2π)−n/2 exp
(
− ||x||2

2

)
is the density of a standard Gaussian random variable. This density satisfies

∂1ϕn(x) = −x1ϕn(x),

so

E(⟨DF, h⟩H) =
∫
Rn

x1f(x1, . . . , xn)ϕn(x1, . . . xn)dx1 . . . dxn = E(BH(e1)F ).

Finally, the result follows from the fact that, by definition, e1 = h. □

Proposition 6.17. Let F,G ∈ S and h ∈ H. Then,

E(G⟨DF, h⟩H) = E(FGBH(h)− F ⟨DG, h⟩H).

Proof. Apply the proposition 6.16 to FG and use the product rule. □

As mentioned before, we would like to extend the Malliavin derivative operator to
a broader class of random variables. In order to do an approximation argument, we
need that the operator is closable. Otherwise, if we take a sequence {Fn;n ≥ 1} ⊂ S,
the limit of the sequence {DFn;n ≥ 1} may not be well-defined. Luckily, the Malliavin
derivative is indeed closable:

Proposition 6.18. The Malliavin derivative is a closable operator from L2(Ω) to
L2(Ω;H).

Proof. Let {FN ;N ≥ 1} be a sequence of cylindrical random variables such that FN →
0 in L2(Ω). We have to see that if the sequence of derivatives DFN converges to η in
L2(Ω), then η = 0. For any h ∈ H, Consider a cylindrical random variable F such that
FBH(h) is bounded. Then

E(⟨η, h⟩HF ) = lim
N→∞

E(⟨DFN , h⟩HF )

= lim
N→∞

E(−FN⟨DF, h⟩H + FNFB
H(h)) = 0,

because ⟨DF, h⟩H and FBH(h) are bounded and FN → 0 in L2(Ω). Notice that the
set of F ’s such that FBH(h) is bounded is dense in S. Indeed, given G ∈ S we can
consider the approximating sequence Gε = G exp(−εBH(h)2). The fact that this set
of F ’s such that FBH(h) is bounded is dense in S, and S is dense in L2(Ω), implies
that

⟨η, h⟩H = 0.

Since this holds for every h ∈ H, we deduce that η = 0 as we wanted to see. □
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We will denote by D1,2 the domain of D in L2(Ω), that is, the closure of S with
respect to the norm

||F ||1,2 =
[
E(|F 2|) + E(||DF ||2H)

]1/2
,

so the Malliavin derivative is well defined for F ∈ D1,2. An immediate observation is
that D1,2 is a Hilbert space with the inner product given by

⟨F,G⟩1,2 := E(FG) + E(⟨DF,DG⟩H).
In the same way as we defined the space D1,2, we can define the spaces Dk,p in a similar
way. Indeed, consider the following seminorm on S:

||F ||k,p =

[
E(|F |p) +

k∑
j=1

E(||DjF ||pH⊗j)

]1/p
.

Then we define Dk,p as the completion of S with respect to || · ||k,p. Moreover, we define
D∞ as the space

D∞ =
⋂
k≥1

⋂
p≥1

Dk,p.

We can also define the localized version of this Malliaivin-Sobolev spaces. This can be
done thanks to the local property of the Malliavin derivative

Lemma 6.19. Let F ∈ D1,2 such that F = 0 a.s. in A ∈ F . Then, DF = 0 a.s. in A.

Proof. See [13]. □

This property allows us to define the space D1,2
loc as the set of random variables F such

that there exist a sequence {(Ωn, Fn);n ≥ 1} with Ωn ↑ Ω a.s. (that is, P (Ω\Ωn) → 0
as n→ ∞), Fn ∈ D1,2 and Fn = F almost surely in Ωn. For any, F ∈ D1,2

loc, DF is well
defined. Indeed, we can define DF := DFn in Ωn for all n ≥ 1.

An important property of the Malliavin derivative is that, even though we will see
that some aspects of the classical differential calculus are not preserved, this operator
has some properties in common with the classical derivatives. One of them, is the
famous chain rule.

Lemma 6.20 (Chain Rule). Let F be a random variable belonging to D1,2. Let φ : R→
R be a continuously differentiable function with bounded derivative. Then, φ(F ) ∈ D1,2

and
Dφ(F ) = φ′(F ) ·DF.

Proof. Notice that the statement holds true if F ∈ S and φ ∈ C∞
b (R). Now, let’s

check it for φ ∈ C1(R) with bounded derivative. Consider {αn(x);n ≥ 1} the standard
mollifier and consider, as well, the sequence {φn(x);n ≥ 1} defined as φn(x) = (φ ∗
αn)(x). Notice that all φn(x)’s belong to C∞

b (R). Then, for a general F ∈ D1,2, if we
consider a sequence {Fn;n ≥ 1} → F in D1,2 we have that

Dφn(Fn) = φ′
n(Fn) ·DFn.
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On the one hand,

E(|φn(Fn)− φ(F )|2) ≲E(|φn(Fn)− φ(Fn)|2) + E(|φ(Fn)− φ(F )|2)
≤E(|φn(Fn)− φ(Fn)|2) + ||φ′||2L∞(R)E(|Fn − F |2).

Now, when n→ ∞ the first term goes to zero because since φ is continuous, φn(x) →
φ(x) uniformly in x and the second term goes to zero due to the boundedness of φ′

and that Fn → F in L2(Ω). For the convergence of the derivatives:

E(||φ′
n(Fn)DFn − φ′(F )DF ||2H) ≲ E(||φ′

n(Fn)DFn − φ′
n(Fn)DF ||2H)

+E(||φ′
n(Fn)DF − φ′(Fn)DF ||2H) + E(||φ′(Fn)DF − φ′(F )DF ||2H).

Concerning the first term, notice that for all x ∈ R

|φ′
n(x)| ≤

∫
R

|φ′(x− t)|αn(t)dt ≤ ||φ′||L∞(R).

so, by choosing any C > 0 with ||φ′||L∞ ≤ C we have

E(||φ′
n(Fn)DFn − φ′

n(Fn)DF ||2H) ≤ CE(||DFn −DF ||2H).
Now, this last expression tends to zero because Fn → F in D1,2. For the second term,
using the uniform convergence of φn to φ and the dominated convergence theorem we
see that it tends to zero when n → ∞. The third term also tends to zero by the
dominated convergence theorem (since the statement of the dominated convergence
theorem also holds when the convergence is in measure). We have then a sequence
{Fn;n ≥ 1} such that φn(Fn) → φ(F ) in L2(Ω) and Dφn(Fn) → φ′(F )DF in L2(Ω;H)
as n → ∞. By closedeness of the derivative operator, φ(F ) ∈ D1,2 and Dφ(F ) =
φ′(F )DF . □

6.2.4. The divergence operator (Skorohod integral). The next operator we will intro-
duce is the divergence operator. It is closely related to the Malliavin derivative, and it
is fundamental in the computations of probability laws as we’ll see later on. We first
give a definition.

Definition 6.21. The divergence operator δ is the adjoint of the operator D. That is,
δ : L2(Ω;H) → L2(Ω) is an unbounded operator such that

i. The domain of δ, Dom(δ), is the set of square integrable random variables
u ∈ L2(Ω;H) such that

|E(⟨DF, u⟩H)| ≤ c||F ||2
for all F ∈ D1,2.

ii. If u ∈ Dom(δ), then δ(u) is the unique element of L2(Ω) characterized by

(6.16) E(Fδ(u)) = E(⟨DF, u⟩H).

Remarks 6.22.

i. In the same way D is a closed unbounded operator, δ is a closed and unbounded
operator.

ii. The relation (6.16) is sometimes called the duality relation between D and δ.
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Let’s see how δ acts on a simple class of functionals. We denote by SH be the class
of smooth elementary elements of the form

(6.17) u =
n∑

j=1

Fjhj

where Fj ∈ S and hj ∈ H. Notice that SH ⊂ Dom(δ). Indeed, if we consider u of the
form (6.17), then

|E(⟨DF, u⟩H)| =

∣∣∣∣∣
n∑

j=1

E (Fj⟨DF, hj⟩H)

∣∣∣∣∣
≤

n∑
j=1

(
|E(F ⟨DFj, hj⟩H) + |E(FFjB

H(hj))|
)

≤||F ||L2(Ω)

(
n∑

j=1

||⟨DFj, hj⟩H ||L2(Ω) + ||FjB
H(hj)||L2(Ω)

)
≤c||F ||L2(Ω).

The Malliavin derivative and the divergence operator, even though one can be thought
as a derivative and the other as an integral, they are not inverse operators in the
sense that δ(DF ) ̸= F . In the next section we will talk about the Ornstein-Uhlenbeck
operator, which gives an answer to what is the relation between δ(DF ) and F (among
other properties).

6.2.5. The Ornstein-Uhlenbeck operator. This is the last operator we need in order to
have all the machinery ready to prove the main results of this project. The definition of
this operator is not as straight-forward as in the Divergence and Derivative operators.
We consider again the isonormal process BH defined in the canonical probability space
(Ω,F , P ). Recall that Jn is the projection to the n-th Wiener chaos.

Definition 6.23. The Ornstein-Uhlenbeck semigroup is the one-parameter semigroup
{Pt; t ≥ 0} of operators on L2(Ω) defined by

PtF =
∞∑
n=0

e−ntJnF.

There exists an alternative and equivalent definition of this semigroup which is,
in fact, more suitable for our purposes. Consider BH′

an independent copy of the
isonormal process BH such that both processes are defined in the probability space
(Ω× Ω′,F ⊗ F ′, P × P ′). For any t > 0, we consider the process

Z(φ) = e−tBH(φ) +
√
1− e−2tBH′

(φ)

Notice that this process is Gaussian (because BH and BH′
are Gaussian). Moreover,

it is trivial that it has zero mean. The variance function of Z is, by independence of
the isonormal processes,

E(Z(φ)Z(ψ)) = ⟨φ, ψ⟩H
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Let BH : Ω → RH, BH′
: Ω′ → RH be the canonical mappings associated to BH and

BH′
respectively. This mappings are defined as follows:

• For 1[0,t], B
H(1[0,t])(ω) = BH

t (ω) = ω(t).
• BH(·)(ω) : H → R is the map defined such as, for any φ ∈ H, consider
a sequence of simple functions {sn;n ≥ 1} → φ in the norm of H. Then,
BH(φ)(ω) = limn→∞BH(sn)(ω)

Hence, for any ω, BH(·)(ω) can be seen as a map from H to R. The canonical mapping
is hence the map ω → BH(·)(ω). We will usually denote the image of ω by the canonical
mapping as BH(ω).

Now, given F ∈ L2(Ω), let ψF be the measurable mapping defined P ◦ (BH)−1-a.s.
by ψF = F ◦BH . Then,

ψF (Z(ω, ω
′)) = ψF (e

−tBH(ω) +
√
1− e−2tBH′

(ω′))

is well defined P × P ′-a.s. The alternative definition of the Ornstein-Uhlenbeck semi-
group relies on the following proposition

Proposition 6.24 (Mehler’s formula).

PtF = E ′[ψF (e
−tBH +

√
1− e−2tBH′

)],

where E ′ denotes the expectation with respect to P ′.

Proof. Can be found in [13]. □

The Ornstein-Uhlenbeck operator introduced in the next definition will be the in-
finitisimal generator of the one parameter family of operators Pt.

Definition 6.25. The Ornstein-Uhlenbeck operator L is the operator defined in L2(Ω)
defined by

LF =
∞∑
n=0

−nJnF

provided the sum is convergent in L2(Ω).

From this definition we readily check that

Dom(L) = {F ∈ L2(Ω);
∞∑
n=0

n2||JnF ||22 <∞}.

It can be checked, using multiple Wiener integrals that Dom(L) ⊂ D1,2. More-
over, it can also be shown that L is a symmetric unbounded operator, i.e. for every
F,G ∈ Dom(L), E[F (LG)] = E[(LF )G]. The next proposition shows that L is the
infinitesimal generator of the semigroup {Pt; t ≥ 0}.

Proposition 6.26. The Ornstein-Uhlenbeck operator L coincides with the infinitesimal
generator of the Ornstein-Uhlenbeck semigroup {Pt; t ≥ 0}
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Proof. We shall prove that F ∈ Dom(L) if and only if

lim
t↓0

PtF − F

t
= G,

where the limit is taken in the L2(Ω), and in such case G = LF . Assume first F ∈
Dom(L). Applying the very definitions, we have

F =
∞∑
n=0

JnF

PtF =
∞∑
n=0

e−ntJnF

LF =
∞∑
n=0

−nJnF.

Hence,

E

[(
PtF − F

t
− LF

)2
]
= E

( ∞∑
n=0

(
e−nt − 1

t
+ n

)
JnF

)2
 .

Now, using that the Wiener chaos spaces are orthogonal, we readily check that

E

( ∞∑
n=0

(
e−nt − 1

t
+ n

)
JnF

)2
 =

∞∑
n=0

(
e−nt − 1

t
+ n

)2

E(JnF
2).

Since (e−nt − 1)/t ≤ 0, the last expression is less or equal than
∑∞

n=0 n
2||JnF ||22, which

is a finite quantity by hypothesis. Hence, we can switch the limit as t ↓ 0 with the
sum, and using the elementary equality

lim
t↓0

e−nt − 1

t
= −n,

we deduce that G = LF (by the uniqueness of the L2 limit). Conversely, assume that
limt↓0

PtF−F
t

= G in L2(Ω). Notice that JfPtF = e−ntJnF . Hence,

JnG = JnF lim
t↓0

e−nt − 1

t
= −nJnF.

From the fact that G ∈ L2(Ω) and consequently
∑∞

n=0 ||JnG||2 < ∞ we deduce that
F ∈ Dom(L) and, moreover, G = LF . □

The following relation between the Malliavin derivative, the divergence operator
and the Ornstein-Uhlenbeck operator is a necessary tool in order to bound the density
functions of the solutions to the SDEs:

Proposition 6.27. Let F ∈ L2(Ω). Then, F ∈ Dom(L) if and only if F ∈ Dom(δD)
(i.e., F ∈ D1,2 and DF ∈ Dom(δ)). In this case, δDF = −LF .
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Proof. The proof uses techniques that haven’t been developed in this project. Never-
theless, this techniques are not very difficult and one can check that the proof in [13]
is short and direct. □

6.3. Study of probability laws. This subsection is devoted to show how, depending
on the actions δ and D have on a random variable F tell us information about the
law of F . We first give a general result that ensures the absolute continuity of F and
then we will give a criterion to check if the law of F is absolutely continuous with
respect to the Lebesgue measure. The first result, even though is very important in
order to compute density functions, is not suitable for the differential equations setting.
Indeed, the hypothesis are hard to check. On the other hand, the absolute continuity
criterion that is presented is easier to check in the differential equations setting, but it
doesn’t give us information about the density of the solution. This is the reason why
we want to go further, and in section 7 we study the properties of the density function
of the solution to stochastic differential equations that is ensured to exist thanks to
this criterion.

6.4. Computation of probability laws. One of the most powerful applications of
the duality relation between D and δ is that it allows us to compute in a (somehow)
explicit way the density function of a random variable. Indeed, we have the following
result:

Proposition 6.28. Let F be a random variable in D1,2. Suppose that DF/||DF ||2H
belongs to the domain of δ. Then, the law of F has a continuous and bounded density
pF (x) given by

pF (x) = E

[
1{F>x}δ

(
DF

||DF ||2H

)]
.

Proof. Let ψ be a non-negative smooth function with compact support. Let φ be the
antiderivative of ψ given by

φ(x) =

∫ x

−∞
ψ(t)dt.

By the chain rule, φ(F ) ∈ D1,2 and Dφ(F ) = φ′(F )DF = ψ(F )DF . Hence

⟨Dφ(F ), DF ⟩H = ψ(F )||DF ||2H.

In other words,

ψ(F ) =

〈
Dφ(F ),

DF

||DF ||2H

〉
H
.

Applying expectations to both sides, and using the duality relation between D and δ
we have

(6.18) E[ψ(F )] = E

[〈
Dφ(F ),

DF

||DF ||2H

〉
H

]
= E

[
φ(F )δ

(
DF

||DF ||2H

)]
.
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Given any interval [a, b] ⊂ R, we can consider a sequence of smooth positive compact-
supported functions ψn such that ψn(x) → 1[a,b](x) and (6.18) holds for every n ≥ 1.
By the dominated convergence theorem,

P (a ≤ F ≤ b) = E[1[a,b](F )] = E

[(∫ F

−∞
1[a,b](x)dx

)
δ

(
DF

||DF ||2H

)]
.

Now, notice that ∫ F

−∞
1[a,b](x)dx =

∫ b∧F

a∧F
dx =

∫ b

a

1{F>x}dx.

Applying now Fubini’s theorem, we deduce

P (a ≤ F ≤ b) =

∫ b

a

E

[
1{F>x}δ

(
DF

||DF ||2H

)]
dx.

□

Notice that, in particular, if F belongs to D1,2 and DF/||DF ||2H belongs to the
domain of δ, the law of F is absolutely continuous with respect to the Lebesgue measure.
Our objective is relaxing a bit this condition and trying to make an absolute continuity
criterion not very restrictive and easy to check.

6.4.1. An absolute continuity criterion. As mentioned before, the Malliavin calculus is
sometimes used to prove that the law of a certain random vector is absolutely contin-
uous with respect to the Lebesgue measure. The way both aspects are related lies in
the following proposition.

Proposition 6.29. Let F ∈ D
1,2
loc be a random variable such that ||DF ||H > 0 a.s..

Then, the law of F is absolutely continuous with respect to the Lebesgue measure.

Proof. We must show that every subset E ∈ B(R) of measure zero satisfies P(F ∈
E) = 0. Equivalently, we must show that 1E(F ) = 0 almost surely. Let E be any borel
set. Then since F ∈ D1,2 there exists Ωn ⊂ Ω and Fn ∈ D1,2 such that Fn = F in Ωn.
Moreover, since Ωn ↑ Ω, there exists an index n ≥ 0 such that

P (F ∈ E) = P ((F ∈ E) ∩ Ωn) = P (Fn ∈ E).

Hence, we can assume by this localization argument that F ∈ D1,2 without loss of
generality. Note that if F has an absolutely continuous law with respect to the Lebesgue
measure and ϕ is a diffeomorphism, then the law of ϕ(F ) is also absolutely continuous
with respect to the Lebesgue measure. Hence, we can assume that F takes values in
(−1, 1), and thus we can restrict ourselves to Borel sets E ⊂ (−1, 1) of measure zero.

Let PF denote the law of F . There exists a sequence of continuous functions fn con-
verging pointwise to 1E almost everywhere with respect to the measure PF + dx (i.e.,
fn(x) → 1E(x) almost everywhere in (−1, 1) and fn(F ) → 1E(F ) almost surely). De-

fine φn(t) =
∫ t

−1
fn(x). Then φn is of class C1 and each φn has bounded derivative. Ap-

plying the chain rule, we find that φn(F ) ∈ D1,2 andDφn(F ) = φ′
n(F )DF = fn(F )DF .
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Since fn(x) → 1E pointwise almost everywhere, φn(x) → 0 almost everywhere. By the
dominated convergence theorem, we have:

φn(F ) → 0 in L2(Ω),

fn(F )DF → 1E(F )DF in L2(Ω;H)

Since the Malliavin derivative is a closed operator, we have 1E(F )DF = 0 almost
surely, and thus 1E(F )||DF ||2H = 0 almost surely. Since ||DF ||H > 0 almost surely, we
deduce that 1E(F ) = 0 almost surely. □

Hence, the study of the law of a random variable is reduced to the study of the
non-degeneracy of its Malliavin derivative.

Recall that, unless otherwise indicated, the probability space in which we are work-
ing on is the canonical probability space associated to the fractional Brownian motion,
so we have to keep in mind that each ω ∈ Ω is a function and random variables are
now functionals. In the next subsection, we will argue that if a random variable is
Fréchet differentiable in the directions of the Cameron-Martin space, then it is locally
Malliavin differentiable. Once we apply this results to the deterministic equations, we
will be able to conclude that the law of the solution to an SDE is absolutely continuous.

6.5. Continuously differentiable random variables in the Cameron-Martin
space directions. Let H be a Hilbert space and let (Ω,H, P ) be an abstract Wiener
space in the sense of Gross, that is, the underlying probability space is (Ω,F , P ) where
Ω is a separable Banach space, P is a Gaussian probability measure on Ω and F is the
completion of the Borel σ-field of Ω (with respect to P ). Moreover, H is a separable
Hilbert space that is continuously embedded in Ω via the injection i : H ↪→ Ω and the
following property is satisfied:∫

Ω

ei⟨y,ω⟩P (dω) = exp

(
−1

2
||y||H

)
for any y ∈ Ω∗ ⊂ H∗ ∼= H. We will denote by H1 the image of H under the injection
i. This space H1 is usually denoted as the Cameron-Martin space. In the case of the
fractional Brownian motion, we will use the notation HH instead of H1, but in order
to study a general setting, we’ll keep H1 for the moment. This is all the information
we need about abstract Wiener spaces for this project. If the reader is interested in
this topic, they can refer to the paper of L. Gross [9].

Definition 6.30. We say that a random variable F is H-continuously differentiable if
for almost every ω ∈ Ω, the mapping h→ F (ω+ i(h)) is continuously differentiable in
H. The set of all H-continuously differentiable random variables is denoted by C1

H.

The objective of this section is to prove that C1
H ⊂ D

1,2
loc because we want to prove

that if a random variable is Fréchet differentiable in the directions of the Cameron-
Martin space, then it is also locally Malliavin differentiable. Moreover,

Consider, for any A ∈ F , the function

ρA(ω) = inf{||h||H;ω + i(h) ∈ A}.
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From this definition, we can clearly notice that ρA(ω) = 0 if ω ∈ A and ρA(ω) = ∞
if ω /∈ A +H1. Moreover, given any A ∈ F , we can construct an ε-neighbourhood of
A with the distance of H1. Indeed, by density we can extend the distance of H1 to
a distance d1 : Ω × Ω → R and construct a neighbourhood of A with respect to this
distance.

Proposition 6.31. The function ρA satisfies the following properties:

(1) If A ⊂ B then ρA(ω) ≥ ρB(ω).
(2) Fixed A ∈ F , ρ satisfies the following Lipschitz condition:

|ρA(ω + i(h))− ρA(ω)| ≤ ||h||H
(3) If {An;n ≥ 1} is such that An ↑ A, then ρAn(ω) ↓ ρA(ω).
(4) If G is σ-compact and ϕ ∈ C∞

0 (R) then ϕ(ρG) ∈ D1,2 (with the convention
ϕ(∞) = 0) and ||D(ϕ(ρG))||H ≤ ||ϕ′||L∞.

In order to prove this proposition, we will use the following lemma:

Lemma 6.32. Let F be a random variable satisfying

|F (ω + i(h))− F (ω)| ≤ c||h||H ∀h ∈ H.
Then F ∈ D1,2 and ||DF ||H ≤ c a.s.

The proof of this lemma is omitted because it is out of the scope of this project.
We are ready now to prove the proposition.

Proof.

(1) Let A ⊂ B. Notice that if h ∈ H is such that ω + i(h) ∈ A, then ω + i(h) ∈ B.
Hence, A′

ω = {h ∈ H;ω + i(h) ∈ A} ⊂ {h ∈ H;ω + i(h) ∈ B} = B′
ω. Since

|| · ||H is a continuous map and A′
ω ⊂ B′

ω, then

ρA(ω) = inf
h∈A′

ω

||h||H ≥ inf
h∈B′

ω

||h||H = ρB(ω).

(2) Define the sets

Aω = {g ∈ H;ω + i(g) ∈ A}
Aω,h = {g ∈ H : ω + i(h) + i(g) ∈ A}.

Notice that g ∈ Ah,ω ⇐⇒ h+ g ∈ Aω. Now,

ρA(ω + i(h)) = inf{||g||H; g ∈ Aω,h}
= inf{||g||H; g + h ∈ Aω}
= inf{||φ− h||H;φ ∈ Aω}.

Hence

|ρA(ω + i(h))− ρA(ω)| ≤ | inf{||φ− h||H − ||φ||H;φ ∈ Aω}|.

Since |||φ− h||H − ||φ||H| ≤ ||h||H for all φ ∈ Aω, we get the desired result.
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(3) The sequence ρAn(ω) is decreasing on n, so in order to ensure the convergence,
we will see that infn ρAn ≤ ρA(ω) for all ω ∈ Ω. First, if ω /∈ A + H1 then
ρAn(ω) = ρA(ω) = ∞ and hence the result is clear. If ω ∈ A + H1 then for
every ε > 0 there exists h ∈ H such that ω + i(h) ∈ A and ||h||H ≤ ρA(ω) + ε.
Since An ↑ A, there exists n0 such that for all n ≥ n0, h ∈ An. Then, it is clear
that

ρAn(ω) ≤ ||h||H ≤ ρA(ω) + ε.

Taking the infimum on n and then the infimum on ε > 0 we prove the result.
(4) Consider G =

⋃
n≥1Kn where Kn is an increasing sequence of compact sets.

By the last item, we have seen that ρKn ↓ ρG, hence ϕ(ρKn) → ϕ(ρG). Since
ρKn is measurable for all n ϕ(ρG) is bounded and measurable. Moreover, by
the second item and the mean value theorem we have

|ϕ(ρG(ω + i(h)))− ϕ(ρG(ω))| ≤ ||ϕ′||L∞||h||H.

Now, using lemma 6.32 we derive the result.

Now we are ready to prove the result that relates the C1
H class of random variables

with D1,2
loc.

Proposition 6.33. We have C1
H ⊂ D

1,2
loc .

Proof. Let F ∈ C1
H. We define the following sets

An = {ω ∈ Ω; sup
||h||H≤1/n

|F (ω + i(h))| ≤ n,

sup
||h||H≤1/n

||DF (ω + i(h))||H ≤ n}.

Since F ∈ C1
H, then Ω =

⋃
n≥1An. Now, for any An let Gn be any σ-compact set

such that Gn ⊂ An and P (Gn) = P (An). Consider ϕ ∈ C∞
0 (R) be a Urysohn function

associated to [−1/3, 1/3] and [−2/3, 2/3] such that |ϕ′(t)| ≤ 4. Define the random
variables

Fn = ϕ(nρGn)F.

Then, Fn satisfies the following properties:

(1) Fn = F on Gn.
(2) Fn is bounded. To see it, notice that

|Fn| ≤ 1{ρGn<
2
3n

}|F | ≤ n.

(3) For any h with ||h||H ≤ 1
3n
, Fn satisfies the following Lipschitz condition:

|Fn(ω + i(h))− Fn(ω)| ≤ (8n2 + n)||h||H.

By lemma 6.32, Fn ∈ D1,2 and properties 1 and 2 ensures us that Fn = F along an
increasing subsequence of sets. Hence, by definition, F ∈ D1,2. □

□
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6.6. Application to SDEs driven by a fractional Brownian motion. Let’s con-
sider the following SDE

(6.19) Xt = x0 +

∫ t

0

σ(s,Xs)dB
H
s +

∫ t

0

b(s,Xs)ds,

where x0 ∈ R and σ, b satisfy (Hi) for i = 1, 2, 3. Under this hypothesis, we have the
existence and uniqueness of solutions. We want to stablish a connection between the
Malliavin derivative and the Fréchet derivative. To do so, assume that σ and b satisfy
(H4) (so that we have Fréchet differentiability of the solutions). We will make use of
the following lemma:

Lemma 6.34. Let φ ∈ H. Then, for all ϵ > 0 and h ∈ H we have

BH(φ)(ω + εRH(h)) = BH(φ)(ω) + ε⟨φ, h⟩H.

Proof. First let’s prove the result for φ = 1[0,t]. In this case

BH
t (ω + εRH(h)) = (ω + εRH(h))t = ωt + εRH(h)t.

Now, by definition,

RH(h)t = ⟨K∗
H1[0,t], h⟩L2[0,T ].

Hence,

BH
t (ω + εRH(h)) = ωt + ε⟨1[0,t], h⟩H = BH

t (ω) + ε⟨1[0,t], h⟩H,
so the result is true for indicators. Since the map φ → BH(φ) is linear, we know that
by linearity the result is true for functions in E . To prove the result for φ ∈ H we will
use an approximation argument. It is clear that if we have a sequence {φn;n ≥ 1} ⊂ E
such that φn → φ in H then

BH(φ) + ε⟨φ, h⟩H = L2(Ω)− lim
n→∞

BH(φn) + ε⟨φn, h⟩H.

In particular, the convergence holds in L1(Ω). Consider the shift operator T ε
h(ω) =

ω + εRH(h). We have to see that

BH(φ) ◦ T ε
h = L2(Ω)− lim

n→∞
BH(φn) ◦ T ε

h .

Using Girsanov’s theorem,

E

(
|BH(φn) ◦ T ε

h−BH(φ) ◦ T ε
h |

)

=E

(
|BH(φn)−BH(φ)| exp

(
εBH(h)− ε2

2
||h||H

))
.

By Cauchy-Schwarz’s inequality, the convergence in L1(Ω) of BH(φn)◦Th to BH(φ)◦Th
holds. Now, by uniqueness of the L1(Ω) limit, we have

BH(φ)(ω + εRH(h)) = BH(φ)(ω) + ε⟨φ, h⟩H.

as wanted □
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Proposition 6.35. Let X be the solution to (6.19) with σ and b satisfying (H4). Then,
the derivative of X in the sense of the Malliavin calculus satisfies the equation

(6.20) DsXt = σ(s,Xs) +

∫ t

s

∂xσ(u,Xu)DsXudB
H
u +

∫ t

s

∂xb(u,Xu)DsXudu

if s ≤ t and 0 if s > t.

Proof. The first observation is that the Fréchet derivative of X in the direction RHh
satisfies

DRHhXt = ⟨DXt, h⟩H,

where DXt in the right hand side of the equality is the Malliavin derivative of X at
time t. To see it, consider a cylindrical random variable of the form

F = f(BH(φ1), . . . , B
H(φn)).

Then,

⟨DF, h⟩H(ω) =
n∑

i=1

∂if(B
H(φ1)(ω), . . . , B

H(φn)(ω))⟨φi, h⟩H

=
d

dε
f(BH(φ1)(ω) + ε⟨φ1, h⟩H, . . . , BH(φn)(ω) + ε⟨φn, h⟩H).

by lemma 6.34, the last equality coincides with d
dε
F (ω + εRH(h)) which is precisely

the Fréchet derivative of F in the RHh direction. The general case follows from an
approximation argument. This is precisely the relation between the Fréchet derivative
and the Malliavin derivative that we have been talking about in the whole project.
Now, using the representation for the deterministic case, we have

DRHhXt =

∫ t

0

ϕt(r)d(RHh)(r).

Notice that, using Fubini’s theorem, we have the following equality

(RHh)(r) =

∫ r

0

∫ u

0

(∂uKH(u, s)(K∗
Hh)(s)ds) du.

Hence,

d(RH(h))(r) =

∫ r

0

∂rKH(r, u)(K∗
Hh)(u)du.
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This implies that

DRH(h)Xt =

∫ t

0

ϕt(r)d(RHh)(r)

=

∫ t

0

∫ r

0

ϕt(r)∂rKH(r, u)(K∗
Hh)(u)dudr

=

∫ T

0

∫ r

0

ϕt(r)∂rKH(r, u)(K∗
Hh)(u)dudr

=

∫ T

0

(K∗
Hh)(u)

(∫ T

u

ϕt(r)∂rKH(r, u)dr

)
du

=

∫ T

0

(K∗
Hh)(u)(K∗

Hϕt)(u)du

=⟨ϕt, h⟩H.
This implies that ϕt(s) = DsXt and, because of the differential equation that satisfies
ϕt, we conclude that the malliavin derivative satisfies equation (6.20). □

Theorem 6.36. Assume, in addition, that σ(0, x0) ̸= 0. Then, the solution to (6.19)
has an absolutely continuous law with respect to the Lebesgue measure.

Proof. We have to see that ||DXt||H > 0 almost surely. To do so, let’s assume that
P (||DXt||H = 0) > 0. We have seen that the operator K∗

H is an isometry between
H and a closed subspace E ⊂ L2([0, T ]). Let {en;n ≥ 1} be a complete orthonormal
system of E and we define fn := (K∗

H)
−1(en). Hence, we can write

DXt =
∞∑
n=1

⟨DXt, fn⟩Hfn,

so

||DXt||H =
∞∑
n=1

|⟨DXt, fn⟩H|2.

If we assume that P (||DXt||H = 0) > 0 then, with probability different from zero, we
have ⟨DXt, fn⟩ = 0 for all n ≥ 1. We will use now the deterministic representation.
From the relation between the Fréchet derivative and the Malliavin derivative, we have
that

0 = ⟨DXt, fn⟩H = DRHfnXt.

By definition of the Fréchet derivative and lemma 5.1 we have that

0 = DRHfnXt = D2F (0, X)−1 ◦D1F (0, X)(RHfn).

Since D2F (0, X) is a linear homeomorphism, then

D2F (0, X)−1 ◦D1F (0, X)(RHfn) = 0 ⇐⇒ D1F (0, X)(RHfn) = 0.

By definition of D1F we have that

D1F (0, X)(RHfn)(t) = −
∫ t

0

σ(s,Xs)d(RHfn)(s).
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We have done a similar computation in the previous lemma. Indeed,∫ t

0

σ(s,Xs)d(RHfn)(s) =

∫ T

0

σ(s,Xs)1[0,t](s)d(RHfn)(s)

=⟨σ(·, X)1[0,t], fn⟩H,

so ⟨σ(·, X)1[0,t], fn⟩H = 0 for all n ≥ 1. Adding all this terms, we have

0 =
∞∑
n=1

|⟨σ(·, X)1[0,t], fn⟩H|2 = ||σ(·, X)1[0,t]||2H.

Hence, σ(s,Xs) = 0 for all s ∈ [0, t]. In particular, for s = 0 we have σ(0, x0) = 0 which
contradicts the hypothesis of σ(0, x0) ̸= 0. The contradiction arises from assuming
that P (||DXt||2H = 0) > 0 so ||DXt||H > 0 almost surely. By the criterion of absolute
continuity 6.29, we conclude that the law of X is absolutely continuous with respect
to the Lebesgue measure. □

7. Gaussian bounds for the density of sdes driven by a fractional
Brownian motion

In the last section we proved one big result, that is that whenever σ, b satisfy (H4),
the solution Xt to

Xt = x0 +

∫ t

0

σ(s,Xs)dB
H
s +

∫ t

0

b(s,Xs)ds

has a density pt(x). Moreover, thanks to the Malliavin calculus, we have an explicit
expression of the density pt(x). The drawback of this expression is that computing pt(x)
in terms of elementary functions is not an easy problem; it is sometimes impossible
to give such expression. Our objective now is, in order to understand a bit better the
behaviour of pt(x), giving lower and upper bounds for pt(x) in terms of Gaussian density
functions i.e. we are looking for Gaussian upper and lower bounds for pt(x). This is,
again, not an easy problem. However, there exists a general method for bounding
density functions of random variables that can be applied to very simple equations.
We first give a discussion about how this method works:

7.1. A general bounding technique. This technique was introduced by Nourdin
and Viens in [12]. In general, the tools that the authors use are more accessible than
other popular techniques (see, for example, [10]). The price we pay for having a more
accessible technique is that the family of equations for which this method is suitable is
not very broad. The method relies on the following theorem:

Theorem 7.1. Let F ∈ D1,2 with zero mean, let gF (x) be the function defined as

gF (x) = E
(
⟨DF,DL−1F ⟩H|F = x

)
.

The law of F has a density pF (x) if and only if the random variable gF (F ) is stricly
positive almost surely. In this case, the support of pF , supp pF , is a closed interval of
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R containing zero and, for almost x ∈ supp pF ,

pF (x) =
E(|F |)
2gF (x)

exp

(
−
∫ x

0

z

gF (z)
dz

)
.

Before proving this theorem, we shall give an explanation about what does L−1

mean. Let F ∈ L2(Ω), then we define L−1F as

L−1F =
∑
n≥1

− 1

n
JnF.

Notice that L−1F ∈ Dom(L), indeed, using that Jn are projetions to jointly orthogonal
spaces ∑

n≥1

n2||JnL−1F ||22 =
∑
n≥1

||JnF ||22 ≤ E(F 2) <∞.

Moreover, since the sum that defines L−1 does not contain the term n = 0 that corre-
sponds to E(F ), we have

LL−1F = F − E(F ).

Hence, L−1 behaves as the inverse operator of L in the case of centered random vari-
ables. Now we can give the proof:

Proof. First, let’s prove that for every φ : R→ R in C1(R) we have

E(Fφ(F )) = E(φ′(F )gF (F )).

Indeed,

E(Fφ(F )) =E(L(L−1F ) · φ(F ))
=E(δ(D(−L−1F )) · φ(F ))
=E(⟨Dφ(F ),−DL−1F ⟩H)
=E(φ′(F )⟨DF,DL−1F ⟩H)
=E(φ′(F )gF (F )),

where in the second equality we have used that δ(DX) = −LX for a random variable
X ∈ D1,2, in the third equality we have used the duality relation between δ and D, in
the fourth equality we have used the chain rule and in the last equality we applied the
definition of gF (F ). Now, given B ∈ B(R), we can approximate φ(x) =

∫ x

−∞ 1B(z)dz

by C1 functions and by the dominated convergence theorem and previous equality we
have

E

(
F

∫ F

−∞
1B(z)dz

)
= E(1BgF (F )).

Now, if B has Lebesgue measure zero, then from the fact that gF (F ) > 0 a.s. we have
that E(1BgF (F )) = 0 implies P (F ∈ B) = 0 a.s. By Radon-Nikodym’s theorem, F
has a density.
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Let’s prove the converse implication. Assume F has a density pF (x). Let φ : R→ R

be a continuous function and let Φ be a primitive function of φ. Then,

E(φ(F )gF (F )) =E(Φ(F )F )

=

∫
R

Φ(x)xpF (x)dx

=

∫
R

φ(x)

(∫ ∞

x

zpF (z)dz

)
dx

=E

(
φ(F )

∫∞
F
xPF (x)dx

pF (F )

)
.

Hence,

gF (F ) =

∫ ∞

F

zpF (z)dz.

Since F ∈ D1,2, we know by [13] that supp pF = [α, β] for −∞ ≤ α < β ≤ ∞. Since F
has zero mean, it has to be α < 0 and β > 0. For every x ∈ (α, β), we define

G(x) =

∫ ∞

x

zpF (z)dz.

This functions is differentiable almost everywhere in (α, β) with derivative −xpF (x).
On the other hand,

(7.1) G(x) = pF (x)gF (x).

We are lead therefore to the following ode:

G′(x)

G(x)
= − x

gF (x)
.

Hence,

logG(x) = logG(0)−
∫ x

0

z

gF (z)
dz.

Taking exponentials in both sides and taking into account that 2G(0) = E(|F |) we
have

G(x) =
1

2
E(|F |) exp

(
−
∫ x

0

z

gF (z)
dz

)
.

Now, from equation (7.1), we deduce that

pF (x) =
E(|F |)
2gF (x)

exp

(
−
∫ x

0

z

gF (z)
dz

)
.

□

As a corollary, we deduce a method to find bounds on density functions:

Corollary 7.2. If there exist σmin, σmax > 0 such that

σ2
min ≤ gF (F ) ≤ σ2

max,
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then F has density function satisfying

E(|F |)
2σ2

max

exp

(
− x2

2σ2
min

)
≤ pF (x) ≤

E(|F |)
2σ2

min

exp

(
− x2

2σ2
max

)
.

Computing ⟨DF,DL−1F ⟩H is still a non-trivial issue. However, if F is a solution to
an SDE driven by a Gaussian process that can be identified with an isonormal process
we can find methods to compute gF (x).

Concerning our case, let BH be a fractional Brownian motion with Hurst parameter
H > 1/2. As an abuse of notation, we will denote by BH the isonormal process
asociated to H. A way of computing gF (x) is the following:

Proposition 7.3. Assume DF = ΦF (B
H) for a measurable function ΦF : RH → H.

Then, we have

⟨DF,DL−1F ⟩H =

∫ ∞

0

e−θ⟨ΦF (B
H), E ′

(
ΦF (e

−θBH +
√

1− e−2θBH′
)
)
⟩Hdθ

and, therefore,

gF (F ) =

∫ ∞

0

e−θE
(
⟨ΦZ(B

H),ΦZ(e
−θBH +

√
1− e−2θBH′

)⟩H|F
)
dθ,

where BH′
stands for an independent copy of BH such that BH and BH′

are defined in
the probability space (Ω× Ω′,F ⊗ F ′, P × P ′), E ′ denotes the expectation with respect
to P ′ and E denotes the expectation with respect to P × P ′.

In general, finding bounds for the density of stochastic differential equations driven
by a fractional Brownian motion is a hard problem. In this section, we give an example
on how to apply this method for SDEs where the diffusion term is deterministic.

Theorem 7.4. Consider the following SDE

Xt = x0 +

∫ t

0

σsdB
H
s +

∫ t

0

b(s,Xs)ds,

where b satisfies (H4), σ : [0, T ] → R is a deterministic function satisfying (H4) and
moreover is (λ,Λ)-elliptic, that is, there exists two constants 0 < λ < Λ such that
λ ≤ |σt| ≤ Λ for all t ≥ 0. Then, the density function pt(x) of Xt satisfies

E(|Xt −mt|)
2Λ2t2H

exp

(
−(x−mt)

2

2λ2t2H

)
≤ pt(x) ≤

E(|Xt −mt|)
2λ2t2H

exp

(
−(x−mt)

2

2Λ2t2H

)
,

where mt = E(Xt).

Proof. A first comment is that, from the hypothesis of the theorem, the existence of
pt(x) is ensured. A second comment is that we we can assume without loss of generality
that λ ≤ σt ≤ Λ. Indeed, if σt < 0 then we can consider −BH as a driving noise, which
is still a fractional Brownian motion of Hurst parameter H > 1/2. The last comment is
that if we want to apply theorem 7.1 and corollary 7.2, we need that the random variable
we study is centered. This is not a problem, since we can consider the random variable
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F = Xt − E(Xt) (which is centered) and, since E(Xt) is deterministic, DF = DXt.
Let’s first study the Malliavin derivative of Xt. Since σ is deterministic, we have for
every s < t,

DsXt =σs +

∫ t

s

σ′
uDsσudB

H
u +

∫ t

s

∂xb(u,Xu)DsXudu

=σs +

∫ t

s

∂xb(u,Xu)DsXudu.

This equation has an explicit solution given by

DsXt = σs exp

(∫ t

s

∂xb(u,Xu)du

)
From hypothesis (H4), we know that there exists a constant C such that

e−C(t−s) ≤ exp

(∫ t

s

∂xb(u,Xu)du

)
≤ eC(t−s).

Moreover, from the fact that t, s ∈ [0, T ] and s < t, we have

e−CT ≤ exp

(∫ t

s

∂xb(u,Xu)du

)
≤ eCT .

Using now the ellipticity condition on σt, we find that

λe−CT ≤ DsXt ≤ ΛeCT ,

which is a lower and upper bound for DsXt that is uniform in s and ω. Hence, for
every s < t it also holds that

λe−CT ≤ DsX
θ
t ≤ ΛeCT

for every θ ≥ 0 where

F θ(ω, ω′) = F (e−θω +
√

1− e−2θω′).

Now, using that for every φ, ψ ∈ H,

⟨φ, ψ⟩H =

∫ T

0

∫ T

0

φuψv|u− v|2H−2dudv,

we have that

gF (F ) =

∫ ∞

0

e−θE
(
E ′ [⟨DF,DF θ⟩H|F

])
dθ

=

∫ ∞

0

e−θE
(
E ′ [⟨DXt, DX

θ
t ⟩H|F

])
dθ

=

∫ ∞

0

e−θE

(
E ′
[∫ t

0

∫ t

0

DuXtDvX
θ
t |u− v|2H−2dudv|F

])
dθ.

We now recall the following facts:

(i) λ2e−2CT ≤ DuXtDvX
θ
t ≤ Λ2e2CT ,

(ii)
∫ t

0

∫ t

0
|u− v|2H−2dudv = αHt

2H ,
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(iii)
∫∞
0
e−θdθ = 1.

With this information, one can readily check that naming c1 = αHe
−2CT and c2 =

αHe
2CT ,

c1λ
2t2H ≤ gF (F ) ≤ c2Λ

2t2H .

By corollary 7.2, we then deduce that F = Xt − E(Xt) has a density function pF (x)
and, moreover, for every x in the support of pF (x) we have

(7.2)
E(|F |)
2Λ2t2H

exp

(
− x2

2λ2t2H

)
≤ pF (x) ≤

E(|F |)
2λ2t2H

exp

(
− x2

2Λ2t2H

)
.

Now, in order to deduce the bound for pt(x) we use the formula for the density function
of a change of variables. Notice that Xt = h(F ) where h(x) = x+mt and mt = E(Xt).
Hence, h−1(x) = x−mt and |(h−1)′(x)| = 1. Then, the density of Xt is

pt(x) = pF (h
−1(x)) = pF (x−mt).

Thus, going back to (7.2) with F = Xt −mt we find

E(|Xt −mt|)
2Λ2t2H

exp

(
−(x−mt)

2

2λ2t2H

)
≤ pt(x) ≤

E(|Xt −mt|)
2λ2t2H

exp

(
−(x−mt)

2

2Λ2t2H

)
as desired. □

8. Further work and open problems: Gaussian bounds for Stochastic
delay differential equations

As I mentioned in the introduction, my advisor Carles and me tried to follow the
lines of [1], [15] and [10] in order to get lower bounds for the density of stochastic
delay differential equations. We made a good progress, but we weren’t able to show
the desired final result due to some mistakes in the paper [1] that one of the authors
pointed out when we contacted him. This section is a compilation of results we managed
to prove and some results that we conjecture to be true but we haven’t done a proof
yet. My advisor and me are currently working on this problem.

8.1. Stochastic Delay Differential Equations. This section is devoted to the study
of a particular family of SDEs. Consider a fractional Brownian motion BH of Hurst pa-
rameter H > 1/2. Consider also a real constant r > 0. A Stochastic Delay Differential
Equation (SDDE) is an equation of the form

(8.1)

{
Xt = η0 +

∫ t

0
σ(Xs−r)dB

H
s +

∫ t

0
b(Xs)ds, t ∈ [0, T ],

Xt = ηt, t ∈ [−r, 0).

Where η ∈ C([−r, 0]). In general, SDDEs appear biological evolution models and it
is also a good model for rough volatilities in the financial context (see [6]). In this
project, we will cover briefly the problem of existence and uniqueness of solutions, as
well as the problem of existence of a density function of the solution. However, we will
put our focus on giving bounds on this density function (when it exists).
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8.1.1. Existence and uniqueness of solutions. Absolute continuity of the solutions. The
fact that we have a delayed difussion term allows us to do an induction argument.
Indeed, we will prove that there exists a solution in each interval [kr, (k + 1)r], k ≥ 0
and, in each of this intervals, we will use that in the diffusion term we deal with the
solution found for the previous interval. This strategy of inductively finding a solution
allows us to reduce the regularity. The existence and uniqueness of solutions relies on
the following result:

Theorem 8.1. Assume σ and b satisfy (H1) and (H2) respectively with ρ = 1/α and
0 < α < 1/2 ∧ β. Let g ∈ W 1−α,∞

T (−r, T ). Then, there exists a unique solution to
equation

(8.2)

{
xt = η0 +

∫ t

0
σ(xs−r)dgs +

∫ t

0
b(xs)ds t ∈ [0, T ],

xt = ηt t ∈ [−r, 0).

Moreover, the solution x belongs to Wα,∞
0 (0, T ).

Proof. The proof goes through similar lines as the proof of theorem 5.2. The full proof
is a simplified version of the one in [7]. □

As it was discussed, if u = {ut; t ∈ [0, T ]} is a stochastic process whose trajectories
belong to Wα,∞

0 (0, T ) then the integral∫ T

0

usdB
H
s

exists pathwise in the generalized Stieltjes sense, and the paths of the integral process
are Hölder continuous of order 1 − α. Hence, we can apply theorem 8.1 to conclude
that there exists a unique Hölder continuous solution to equation (8.1).

The next objective is studying the Malliavin regularity of the solution to equation
(8.1). Notice that the hypothesis needed to prove that the delayed equation has a
unique solutions are no different than the hypothesis recquired to proof theorem 5.2.
However, under less conditions we can prove that the solution has a density.

Theorem 8.2. Assume σ, b ∈ C2
b (R) and η ∈ C1−α(−r, 0). Set X the solution of (8.1)

and assume σ > 0. Then, for any t ∈ (0, T ], the law of Xt is absolutely continuous
with respect to the Lebesgue measure.

Proof. The proof is an adaptation of the more complex result in [2]. □

Our main objective will be using conditional Malliavin calculus tools in order to give
bounds on the density of the solution to equation (8.1) under a bit stronger conditions
than in theorem 8.2.

8.2. Gaussian Bounds for the Density of SDDE. The main result that we wanted
to prove is the following:
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Conjecture 8.3. Assume σ, b ∈ C∞
b (R) and η ∈ C1−α(−r, 0). Assume that σ is (λ,Λ)-

elliptic, that is, there exists two real constants 0 < λ < Λ such that λ ≤ |σ(x)| ≤ Λ.
Then, there exists constants c1, c2 > 0 such that for all t ∈ (0, T ], the solution of the
equation (8.1) has a density function pt(x) satisfying

(8.3)
c1
tH

exp

(
−c2(x−mt)

2

t2H

)
≤ pt(x),

where mt = E(Xt).

8.2.1. The case t ∈ [0, r]. The strategy we use to prove this result depends on the time
interval we are studying. First, in order to treat the case t ∈ [0, r], we will use the
same approach as in theorem 7.4. The result for this time interval is the following:

Proposition 8.4. Let X be the solution (8.1) with σ, b satisfying the hypothesis of the
theorem 8.2. If σ is (λ,Λ)-elliptic, then for any t ∈ (0, r], the density function pt(x) of
Xt satisfies

E(|Xt − E(Xt)|)
2Λ2t2H

exp

(
−(x− E(Xt))

2

2λ2t2H

)
≤pt(x)

≤E(|Xt − E(Xt)|)
2λ2t2H

exp

(
−(x− E(Xt))

2

2Λ2t2H

)
.

Proof. We will aply the method recently introduced. Recall that for t ∈ (0, r], Xt solves
the equation

Xt = η0 +

∫ t

0

σ(η(s− r))dBH
s +

∫ t

0

b(Xs)ds.

Hence, the Malliavin derivative of Xt in the direction s < t satisfies

DsXt = σ(η(s− r)) +

∫ t

0

σ′(η(u− r))Dsη(u− r)dBH
u +

∫ t

0

b′(Xu)DsXudu.

Since η is deterministic, Dsη(u− r) = 0, so the equation satisfied by DsXt reduces to

DsXt = σ(η(s− r)) +

∫ t

0

b′(Xu)DsXudu.

This is an ode with initial condition σ(η(s−r)), so the explicit solution to this equation
is

DsXt = σ(η(s− r)) exp

(∫ t

0

b′(Xu)du

)
.

Moreover, from the fact that |b′(Xu)| ≤ ||b′||L∞ and the ellipticity condition on σ we
deduce that

(8.4) λe−Mr ≤ DsXt ≤ ΛeMr.

The imortant conclusion of this bound is that that (8.4) holds uniformly with respect to
ω. From theorem 8.2, we have Xt ∈ D1,2, so we will apply the method to the random
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variable F = Xt − E(Xt). Notice that since E(Xt) is a real number, DF = DXt.
Moreover, recall that if φ, ψ ∈ H, then

⟨φ, ψ⟩H =

∫ T

0

∫ T

0

|φu||ψv||u− v|2H−2dudv

If we define F θ := F (e−θω +
√
1− e−2θω′) we can write gF as

gF (F ) =

∫ ∞

0

e−θE

[
E ′
(∫ t

0

∫ t

0

DuXtDvX
θ
t |u− v|2H−2dudv|F

)]
dθ

using the bounds (8.4) we can easily find that

λ2t2H ≲ gF (F ) ≲ Λ2t2H

One can also check that O(λtH) ≤ E(|Xt − E(Xt)|) ≤ O(ΛtH), so the lower bound is
consistent with equation (8.3). □

Repeating the same strategy for the intervals [kr, (k+1)r] turns out to be inefficient.
Let’s check for example the interval [r, 2r] to illustrate the problem. In this interval of
times, the Malliavin derivative satisfies the equation

DsXt = σ(Xs−r) +

∫ t

r+s

σ′(Xu−r)DsXu−rdB
H
u +

∫ t

s

b′(Xu)DsXudu,

which has an explicit solution

DsXt =

(
σ(Xs−r) +

∫ t

r+s

σ′(Xu−r)DsXu−rdB
H
u

)
exp

(∫ t

s

b′(Xu)du

)
.

The exponential term can be easily bounded by

e−||b′||L∞r ≤ exp

(∫ t

s

b′(Xu)du

)
≤ e||b

′||L∞r.

However, the lack of information on the sign of σ′ and the impossibility to give a
uniform lower bound for BH makes it difficult to use the method that we have been
using until now. We need therefore to change the strategy.

8.2.2. The case t ≥ r. Inspired by [1], [10], and [15] we will make use of the represen-
tation of the density of Xt given by the following proposition:

Proposition 8.5. If σ, b ∈ C∞
b (R) and σ satisfies is (λ,Λ)-elliptic, then the solution

Xt is a non-degenerate random variable for all t ∈ (0, T ] in the sense that

(i) Xt ∈ D∞.
(ii) ||DXt||H > 0 almost surely and ||DXt||−1

H ∈
⋂

p≥1 L
p(Ω).

In particular, the density of Xt admits the representation pt(x) = E(δx(Xt)) where δx
stands for the Dirac delta measure at the point x.
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Notice that if Xt is non-degenerate random variable, then Xt satisfies the hypothesis
of proposition 8.4. Hence, the bound still holds in this new setting. For t ∈ [r, T ], the
analysis of the density pt(x) relies on the analysis of the quantity E(δx(Xt)), which
will be done by evaluating the conditional densities of an approximating sequence
{Fn; 0 ≤ n ≤ N} such that FN = Xt. To do so, we will construct a sequence of
partitions πN = {r = t0 < · · · < tN = t} and associated random variables Fn ∈ Ftn .
We define the random variables Fn in an iterative way as follows: Since we want
FN = Xt, we have to define

FN = η0 +

∫ tN

0

σ(Xs−r)dB
H
s +

∫ tN

0

b(Xs)ds.

Moreover, we would also like that, for all n ≥ 0,

Fn = Fn−1 + In +Rn,

where In is a random variable that is Gaussian when conditioned to Ftn−1 and Rn is
the remainder term. Hence, we define

In =

∫ tn

0

σ(Xs−r)dB
H
s , In =

∫ tn

0

b(Xs)ds.

In order to bound from below quantities related to the Hölder norm of the fractional
Brownian motion and some Malliavin derivatives that will appear, we will make use of
some bump functions. For any p, γ > 0, we define the functionals

Nn
γ,p(B

H) :=

∫ tn

tn−1

∫ tn

tn−1

|BH
u −BH

v |2p

|v − u|2γp+2
dudv.

This functionals control the Hölder norms of the fractional Brownian motion in the
following way:

Proposition 8.6. Let H > 1/2 and p such that 0 < γ < H − 1
2p
. Then,

||BH ||Cγ([tn−1,tn]) ≤ Cγ,p

[
Nn

γ,p(B
H)
]1/2p

.

Proof. See for instance [8]. □

Now, for any M, ε > 0 we introduce the family of bump functions ΦM,ε : R+ →
R+ which are regularizations of 1{x≤M}(x). They are any smooth function such that
ΦM,ε(x) = 0 if x > M+ε and ΦM,ε(x) = 1 if x ∈ [0,M−ε). For a specific construction,
see for example [1]. If ε = 1, we will simply write ΦM .

The first localization we will take into account is ΦM := ΦM(Nn
γ,p(B

H)) and M is
an arbitrairly big positive constant. The other important localization is going to be

Φcn,εn := Φcn,εn

(
||DRn||2H[tn−1,tn]

)
,

for some constants cn, εn of the form

(8.5) cn =
λ

4

∫ tn

tn−1

K(t, s)2ds, εn =
cn
2
,
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where

||φ||2H[tn−1,tn]
= αH

∫ tn

tn−1

∫ tn

tn−1

|φu||φv||u− v|2H−2dudv.

This constants are chosen in a convenient way and the importance of this choice will
be visible later on. In order to streamline the notation, we set

Es(·) := E(·|Fs).

Since, for every n ≥ 0, E(δx(Fn)) = E[Etn−1(δx(Fn))], we will give bounds for Etn−1(δx(Fn))
and we will then conclude (8.3) by applying expectations. Notice that

Etn−1(δx(Fn)) = Etn−1 [δx(Fn))(1− ΦMΦcn,εn)] + Etn−1 [δx(Fn)ΦMΦcn,εn ],

and since 0 ≤ ΦMΦcn,εn ≤ 1, we conclude

Etn−1(δx(Fn)) ≥ Etn−1 [δx(Fn)ΦMΦcn,εn ].

Now, we have that Fn = Fn−1 + In +Rn, so using Taylor we have

Etn−1 [δx(Fn)ΦMΦcn,εn ] = J1,n + J2,n + J3,n

where

(8.6) J1,n = Etn−1 [δx(Fn−1 + In)],

(8.7) J2,n = Etn−1 [δx(Fn−1 + In)(ΦMΦcn,εn − 1)],

(8.8) J3,n = Etn−1 [ΦMΦcn,εn

∫ 1

0

d

dx
δx(Fn−1 + In + ρRn)Rndρ].

The idea is showing that the main contribution comes from J1,n, while |J2,n| and
|J3,n| will tend to 0 as N → ∞. If we are able to prove that, then because

Etn−1 [δx(Fn)] ≥ J1,n − |J2,n| − |J3,n|,

we will be able to proof the lower bound. In order to get bound for this quantities, we
need some notions of conditional Malliavin calculus.

Definition 8.7. For any F random variable and t ∈ [0, T ], let ||F ||k,p,t and ΓF,t be the
quantities defined by

(8.9) ||F ||k,p,t =

[
Et(|F |p) +

k∑
j=1

Et(||DF ||pH[t,T ]⊗j)

]1/p
,

and

(8.10) ΓF,t = ||DF ||2H[t,T ].

Another key property is the conditional integration by parts formula that we find
in [10] and the authors in [1] have adapted to a setting suitable for our purposes.
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Proposition 8.8. Suppose F is a non-degenerate random variable, let Z ∈ D∞ be an
Fs-measurable random variable such that F + Z is a non-degenerate random variable
and let G ∈ D∞ such that F +Z. Then, for any function g ∈ C∞

p (R) (i.e. g is smooth
and g, together with all its partial derivatives, have at most polynomial growth) then
there exists a random variable H(1)(F,G) such that

Es[g
′(F + Z)G] = Es[g(F + Z)Hs

(1)(F,G)],

and, for q1, q2, q3 such that 1
p
= 1

q1
+ 1

q2
+ 1

q3
then the following estimate holds:

||Hs
(1)(F,G)||p,s ≤ c||Γ−1

F,s||
n
2n−1q1,s

||F ||2(n+1)
n+2,2nq2,s

||G||n,q3,s.

Let’s start with the bound for J1,n.

Proposition 8.9. Let J1,n be defined as (8.6). Then, if the partition πN is such that

tj+1 − tj < r and
∫ tn
tn−1

K(t, s)2ds = αH
(t−r)2H

N
=: σ2

N , then

J1,n ≥ 1√
2πΛ2σ2

N

exp

(
−(x− Fn−1)

2

2λ2σ2
N

)
.

Proof. We need to find the conditional density of Fn−1 + In with respect to Ftn−1 . On
the one hand, Fn−1 is Ftn−1-measurable, so it behaves like a constant. On the other
hand, recall that

In =

∫ tn

tn−1

σ(Xs−r)dB
H
s .

from the fact that tn−1 − tn = σ2
N < r, we have that σ(Xs−r) is Ftn−1 measurable for

all s ∈ [tn−1, tn]. If we name f(s − r) = Etn−1 [σ(Xs−r)] then we have that Fn−1 + In,
when conditioned to Ftn−1 follows a Normal distribution with mean Fn−1 and variance
||f(· − r)||2H[tn−1,tn]

. Moreover, from the fact that

λ2σ2
N ≤ ||f(· − r)||2H[tn−1,tn]

≤ Λ2σ2
N ,

we conclude that

J1,n ≥ 1√
2πΛ2σ2

N

exp

(
−(x− Fn−1)

2

2λ2σ2
N

)
,

as wanted. □

The proof of this proposition recquires some conditions on the partition. The next
lemma ensures that this partition exists:

Lemma 8.10. Let t0, . . . , tN be the partition of [r, t] satisfying the conditions of propo-
sition 8.9. Then:

1. The partition is constructed in a unique way.
2. We have 0 ≤ tn+1 − tn ≤ cHN

−1/2H .

3. The constants cn are αH
λ(t−r)2H

4N
.

The proof of this lemma is omitted, but it’s a mater of computations and estimations
based on K(t, s). Our next objective is bounding |J2,n|.
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Proposition 8.11. Let J2,n be defined as in (8.7). Then, there exists positive constants
cλ,Λ, k1, p1 and a real constant k, all of them independent of N , such that

|J2,n| ≤ cλ,Λ(σ
2
N)

kLγ,p
n,N(k1, p1),

where
Lγ,p
n,N(k1, p1) = ||1− ΦMΦcn,εn||k1,p1,tn−1 .

Proof. By the conditional integration by parts formula of the Malliavin calculus, we
have

|J2,n| =
∣∣∣Etn−1

[
1Fn−1+In>xH

tn−1

(1) (In, 1− ΦMΦcn,εn)
]∣∣∣ .

Moreover, by [13] we have that there exists constants ki, pi = 1, . . . , 4 such that∣∣∣Etn−1

[
1Fn−1+In>xH

tn−1

(1) (In, 1− ΦMΦcn,εn)
]∣∣∣

≤c||Γ−1
In,tn−1

||k3p3,tn−1
||In||k4k2,p2,tn−1

||1− ΦMΦcn,εn||k1,p1,tn−1 .

Since, by definition, Ln
N(k1, p1) = ||1− ΦMΦcn,εn ||k1,p1,tn−1 , we only need to bound the

first two terms. Recall that ΓIn,tn−1 := ||DIn||2H[tn−1,tn]
. Since we know the explicit

expression of In, it is rather direct to check that, for all s ∈ [tn−1, tn],

DsIn = σ(Xs−r) +

∫ tn

tn−1

σ′(Xu−r)DsXu−rdB
H
u = σ(Xs−r),

because DsXu−r = 0 due to the fact that s > u− r. Moreover, this implies that all the
derivatives of order greater than 2 vanish. From here we deduce that

λ2σ2
N ≤ ΓIn,tn−1 ≤ Λ2σ2

N ,

and therefore Γ−1
In,tn−1

≤ 1
λ2σ2

N
. Concerning the Malliavin norm of In. we can conclude,

using the conditional Gaussianity of In and the information we extracted from the
derivatives that

||I||k4k2,p2,tn−1
≤ C(σ2

NΛ
2)k4/2,

||Γ−1
In,tn−1

||k3p3,tn−1
≤
(
λ2σ2

N

)−k3 .

These two estimates prove the statement. □

This last proposition suggests that we should give a bound on Ln
N(k1, p1). The

bound on this functional relies on the following statement:

Proposition 8.12. Consider γ ∈ (1/2, H) and k1, p1 ≥ 1. Let Lγ,p
n,N(k1, p1) be the

random variable defined as in proposition 8.11. Then, for any p ≥ k1
2
, γ > 0 such that

2p(H − γ) − 2 > k1H, the following holds true: For any α > 0 there exists a positive
constant c independent of N such that

E(Lγ,p
n,N(k1, p1)) ≤ cN−α.

The constant c depends on p, k1, p1, γ,H,M and α.

Proof. See [1] □
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Hence, with this two propositions we have that for a β > 0 big enough, |J2,n| ≤
cN−β. Our aim now is showing a similar estimate for |J3,n|. Recall that

J3,n = Etn−1 [ΦMΦcn,εn

∫ 1

0

d

dx
δx(Fn−1 + In + ρRn)Rndρ].

We introduce a new random variable defined by σNUn = In + ρRn. Hence, J3,n can
now be written as

J3,n = Etn−1

[
ΦMΦcn,εn

∫ 1

0

d

dx
δx(Fn−1 + σNUn)Rndρ

]
.

Integration by parts formula now yields

J3,n = σ−2
N

∫ 1

0

Etn−1

[
1{In+ρRn>x−Fn−1}H

tn−1

(1) (Un, RnΦMΦcn,εn)
]
dρ.

This last expression can be bounded as follows

|J3,n| ≤ cσ−2
N A1

∫ 1

0

A2(ρ)A3(ρ)dρ,

where
A1 = ||RnΦM ||k1,p1,tn−1 ,

A2(ρ) = ||Γ−1
Un,tn−1

ΦMΦcn,εn||k3p3,tn−1
,

and
A3(ρ) = ||UnΦM ′ ||k4k2,p2,tn−1

.

The idea is to first bound A1. We tried to follow a similar strategy as in [1], but we
contacted one of the authors and he said that there were mistakes in the proof of the
bound for A1. The result we wanted to get is something of the form:

Conjecture 8.13. In this setting,

||RnΦM ′ ||k1,p1,tn−1 ≤ O(N−κ)

for some κ > 0.

Even though we weren’t able to prove this result, we can still give some bounds for
the other terms:

Lemma 8.14. A2(ρ) is uniformly bounded in N, ρ and ω ∈ Ω.

Proof. Recall that A2(ρ) = ||Γ−1
Un,tn−1

ΦMΦcn,εn||k3p3,tn−1
. From the definition of Un, we

have
DUn = σ−1

N DIn + σ−1
N DRn.

Hence, using that (x+ y)2 ≥ x2/2− y2 we have

σ2
N ||DUn||2H[tn−1,tn]

≥ 1

2
||DIn||2H[tn−1,tn]

− ρ||DRn||2H[tn−1,tn]
.

From the fact that 0 ≤ ρ ≤ 1 we can make a rougher estimate

σ2
N ||DUn||2H[tn−1,tn]

≥ 1

2
||DIn||2H[tn−1,tn]

− ||DRn||2H[tn−1,tn]
.
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Now, using that
||DIn||2H[tn−1,tn]

≥ λ2σ2
N ,

we find that

ΓUn,tn−1Φcn,εn ≤ σ2
N

(
λ2σ2

N

2
− ||DIn||2H[tn−1,tn]

)−1

Φcn,εn .

Since we have localized ||DIn||2H[tn−1,tn]
by Φcn,εn with cn =

λ2σ2
N

4
and εn = cn

2
we

conclude that
Γ−1
Un,tn−1

Φcn,εn ≤ Cσ2
Nσ

−2
N

for some constant C > 0. Since this quantity is uniformly bounded, we can apply
Hölder’s inequality to see that

||Γ−1
Un,tn−1

ΦMΦcn,εn||k3p3,tn−1
≤ ||Γ−1

Un,tn−1
Φcn,εn||k3p4,tn−1

||ΦM ||k3p5,tn−1
.

And, by the previous computations, this quantity is uniformly bounded in N , ρ and
ω. □

The following result relies on the conjecture 8.13.

Lemma 8.15. A3(ρ) is uniformly bounded in N , ρ and ω ∈ Ω.

Proof. Recall that A3(ρ) = ||UnΦM ′||k4k2,p2,tn−1
. From the definition of Un we have, by

triangular inequality,

||UnΦM ′||k2,p2,tn−1 ≤ ||InΦM ′ ||k2,p2,tn−1 + ||RnΦM ′||k2,p2,tn−1 .

For the first term, apply Hölder’s inequality to get

||InΦM ′ ||k2,p2,tn−1 ≤ ||In||k2,p3,tn−1 ||ΦM ′ ||k2,p4,tn−1 .

With a proof of conjecture 8.13, one can finish the proof of this result. □

The final objective is ending up with something of the form

|J3,n| ≤ O(N−α)

for some α > 0. Once this result is proved, we can give a proof of conjecture 8.3 in the
same way as in [1].



78

References
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[2] Mireia Besalú, David Márquez-Carreras, and Carles Rovira. Existence of density for the solution
of stochastic delay differential equations with reflection driven by a fractional brownian motion.
arXiv preprint arXiv:2302.03345, 2023.

[3] Witold M Bogdanowicz. Fubini theorems for generalized lebesgue-bochner-stieltjes integral. Pro-
ceedings of the Japan Academy, 41(10):979–983, 1965.

[4] JA Clarkson. On double riemann-stieltjes integrals. 1933.
[5] Laure Coutin. An Introduction to (Stochastic) Calculus with Respect to Fractional Brownian

Motion, pages 3–65. Springer Berlin Heidelberg, Berlin, Heidelberg, 2007.
[6] Giulia Di Nunno, Kestutis Kubilius, Yuliya Mishura, and Anton Yurchenko-Tytarenko. From

constant to rough: A survey of continuous volatility modeling. Mathematics, 11(19), 2023.
[7] Marco Ferrante and Carles Rovira. Convergence of delay differential equations driven by fractional

brownian motion. Journal of Evolution Equations, 10:761–783, 2010.
[8] Adriano MGarsia. Continuity properties of gaussian processes with multidimensional time param-

eter. In Proceedings of the Sixth Berkeley Symposium on Mathematical Statistics and Probability,
volume 2, pages 369–374. Univ. California Press, 1972.

[9] Leonard Gross. Abstract wiener spaces. In Proceedings of the Fifth Berkeley Symposium on Math-
ematical Statistics and Probability, Volume 2: Contributions to Probability Theory, Part 1, vol-
ume 5, pages 31–43. University of California Press, 1967.

[10] Arturo Kohatsu-Higa. Lower bounds for densities of uniformly elliptic random variables on wiener
space. Probability theory and related fields, 126(3):421–457, 2003.

[11] Terry J Lyons. Differential equations driven by rough signals. Revista Matemática Iberoamericana,
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