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Abstract

We prove the parabolic boundary Harnack inequality in parabolic flat Lipschitz
domains by blow-up techniques, allowing, for the first time, a non-zero right-hand
side. Our method allows us to treat solutions to equations driven by non-divergence
form operators with bounded measurable coefficients, and a right-hand side f € L9
for ¢ > n + 2. In the case of the heat equation, we also show the optimal C'~#
regularity of the quotient. As a corollary, we obtain a new way to prove that flat
Lipschitz free boundaries are C'* in the parabolic obstacle problem and in the
parabolic Signorini problem.

1. Introduction

The well known elliptic boundary Harnack inequality asserts that the rate at
which positive harmonic functions approach zero Dirichlet boundary conditions
depends only on the geometry of the domain. Quantitatively, if # and v are positive
harmonic functions in €2 that vanish on 92, then the quotient /v is bounded near
the boundary. This is also known as the Carleson estimate.

An important corollary of the boundary Harnack is that u /v is not only bounded,
but also Holder continuous. In the elliptic case, the C%* regularity of the quotient
follows from the Carleson estimate by a standard iteration technique (see [18]).
However, in the parabolic setting, the question is much more delicate due to the
time delay in the interior Harnack inequality. The first proof of the Holder regularity
of the quotient for solutions to the heat equation appeared in [3], two decades after
the first proof of the Carleson estimate for caloric functions [38].
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When the domains are C1-PiM or smoother, a combination of the Hopf lemma
and the Lipschitz regularity of solutions implies that all solutions to elliptic and
parabolic equations decay linearly as they approach zero Dirichlet boundary con-
ditions. However, in less regular domains where the Hopf lemma and Lipschitz
continuity do not hold, the fact that the quotient of solutions is bounded is far from
trivial and needs to be studied separately.

In this work, we provide a new approach to boundary Harnack inequalities with
right-hand side, extending the previous results of Allen and Shahgholian [4], and
Ros-Oton and the author [49] to the parabolic setting. Our proof relies on com-
parison and scaling arguments, as in [49], as well as a blow-up argument inspired
by [47]. We will also consider the applications of our result to free boundary prob-
lems, such as the parabolic obstacle problem and the parabolic Signorini problem.
Using the boundary Harnack, we can prove C 1 regularity of free boundaries when
we know they are flat Lipschitz.

Remark 1.1. Inflat Lipschitzand C' domains, the boundary Harnack and the bound-
ary regularity of solutions do not follow from each other. Nevertheless, they are
intimately related, and both can be proved by a contradiction-compactness argument
where the Holder exponent is determined by a Liouville theorem in the half-space.

In this regard, we will prove that, if # and v are positive harmonic functions
with zero Dirichlet boundary conditions, u/v € C!'~¢ if the boundary is sufficiently
flat, matching the known regularity up to the boundary of u# and v, and the fact that
the only harmonic function with sublinear growth in a half-space and zero Dirichlet
boundary conditions is zero.

1.1. Main Results

In what follows, £ will denote a non-divergence form elliptic operator with
bounded measurable coefficients

n
Lu = Z aij(x)d5u, with Al < A(x) < Al (1.1)
ij=1

with 0 < A < A.

We denote by ag(A, A) € (0, 1) a universal constant (only dependent on the
dimension and the ellipticity constants), which is defined as the minimum of the
following:

e The C'® boundary regularity estimate in [53, Theorem 2.1].
e The interior C%%0 regularity estimate in [20, Lemma 5.1].

We will define (1, 1):=1 instead if the operator is the Laplacian.

Our main result is the following boundary Harnack inequality, which extends
the main result in [3] to general non-divergence form operators and equations with
right-hand side. Here, C g,y is the parabolic Holder space defined in Sect. 2.
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Theorem 1.2. Letq > n+2,0 < y < min{«y, 1—”7“}, m € (0, 1], andlet L be a
non-divergence form operator as in (1.1). There exists co € (0, 1), only depending
on q, y, the dimension and the ellipticity constants, such that the following holds.

Let @ C R"! be a parabolic Lipschitz domain in Q1 in the sense of Defini-
tion 2.2 with Lipschitz constant L < cq. Let u and v be solutions to

{ut—ﬁuzflinﬂ and {vt—ﬁvzfginQ

u=0 onor2 v=0 onors,
and assume that |ullL~0,) < 1, [vllL~@,) = 1, v > 0, v(%”,—%) > m,
| fillLacoyy < Land || f2llLa(0,) < com.
Then,
u

<C,

vichr@noi ~

where C depends only on q, m, y, the dimension and the ellipticity constants.

Remark 1.3. We will actually prove Theorem 1.2 under the more general assump-
tion that f; = g; + h; with

Id" = g1lleocop + ld D" Ry g,y < 1
and
Id" g2l ooy + 1A~ hy || pusr g,y < com,

where d(x', x,,1) = x, — '(x’, 1), and a € (y, min{ag, 1 — "qiz}) (see Proposi-
tion A.2). In this case, C depends also on «.

Remark 1.4. The result is sharp in the following sense:

o If the domain is C!, £ = A and ¢ = oo, we may take y — 1.

e If the Lipschitz constant is not small, the result fails, even for £L = A and
q = o0.

o If the norm of the right-hand side is big, the result fails.

e If g = n + 2, the result fails for any ¢y > 0, even for £ = A.

Counterexamples can be constructed by a straightforward adaptation of [49, Section
6] to the parabolic setting; see also [4].

Assuming that both solutions are positive and the right-hand sides of the equa-
tions are small, we can use symmetry to deduce the Carleson estimate.

Corollary 1.5. Let g > n+ 2, m € (0, 1], and let L be a non-divergence form
operator as in (1.1). There exists cy € (0, 1), only depending on q, the dimension
and the ellipticity constants, such that the following holds: let @ C R"*! be a
parabolic Lipschitz domain in Q1 in the sense of Definition 2.2 with Lipschitz
constant L < cq. Let u and v be positive solutions to

uy — Lu = frin Q d vy—Lv= frin Q
u=0 onorQ M v=0 ondrQ,
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and assume that ||u|| L=,y = IVllLeg) =1, v (%n’ _%) >m, u (%’ _%) > m
and || fillLa (o)) < com.
Then,
1

u
= <—-=<C inQNQi),

v
where C depends only on q, m, the dimension and the ellipticity constants.

We will also deal with solutions to the heat equation in slit domains, that ap-
pear naturally when studying the parabolic Signorini problem. Our result gives an
alternative proof to the boundary Harnack in [45] when the Lipschitz constant of
the domain is small, relaxing the condition on the right-hand side from L*° to L9,
and providing the optimal Holder regularity of the quotient.

Theorem 1.6. Let ¢ > n +2,0 < y < min{l, 3 — "qﬁ}, and m € (0, 1]. There

exists cp € (0, %), only depending on q, y and the dimension such that the following
holds.

Let @ C R"*2 be a parabolic slit domain in Q1 in the sense of Definition 6.1
with Lipschitz constant L < co. Let u and v be solutions to

u; — Au = f1in Q d vy—Av= frin Q
u==0 onor2 an v=0 onor,

and assume that u and v are even in x,41, |[ullr=0,) < 1, lvllLo) =1 v >0,
v (%, _%) > m, and that | fillLa(o,) < 1 and || f2llLa(g;) < com.
Then,
u
Sl s o =
vlic,”@nQip)

where C depends only on m, q, y and the dimension.

Remark 1.7. Our method for studying non-divergence form operators relies on con-
structing homogeneous barriers. While we can create sub- and supersolutions with
near-linear homogeneity in almost-flat parabolic Lipschitz domains, this method
fails in the case of slit domains when the operator is not the Laplacian. More specif-
ically, there is a gap between the homogeneity of sub- and supersolutions, which is
expected when the equation is driven by an operator with coefficients [19,48]. How-
ever, in the case of the Laplacian, we can still construct barriers with homogeneity
close to %, as shown in Proposition 6.3.

1.2. Known Results

The boundary Harnack is a fundamental tool in the realm of analysis and partial
differential equations that has had significant impact over the past 50 years. While
there is a vast array of literature on this topic and its applications, we have compiled
arepresentative sample of the most noteworthy advancements, exclusively focusing
on elliptic and parabolic equations in domains less regular than C-Pini
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1.2.1. Elliptic Boundary Harnack The first proof of the classical case for har-
monic functions in Lipschitz domains was given by Kemper in [37]. Caffarelli,
Fabes, Mortola and Salsa considered operators in divergence form in Lipschitz do-
mains, while the case of operators in non-divergence form was treated by Fabes,
Garofalo, Marin-Malave and Salsa [16,26]. Jerison and Kenig extended the same
result to NTA domains for divergence form operators [36], and the case of non-
divergence operators in Holder domains with o« > 1/2 was treated with probabilistic
techniques in [10] by Bass and Burdzy. A simple and unified proof of these previous
results was recently presented by De Silva and Savin [23,24].

The boundary Harnack inequality also holds for solutions to elliptic equations
with right-hand side. Allen and Shahgholian investigated operators in divergence
form in Lipschitz domains with a right-hand side in a weighted L°° space [4].
In a subsequent work with Kriventsov, they developed a general theory to derive
boundary Harnack inequalities for equations with right-hand side based on the
boundary Harnack for homogeneous equations [5]. Ros-Oton and the author studied
non-divergence and divergence form operators in Lipschitz domains with small
Lipschitz constant and small right-hand side in LY with g > n [49].

1.2.2. Parabolic Boundary Harnack The presence of a waiting time in the
parabolic interior Harnack inequality exacerbates the complexity of the parabolic
problem, as it renders several approaches to the elliptic setting inapplicable.

Kemper first established the parabolic boundary Harnack inequality for the heat
equation [38]. Fabes, Garofalo, and Salsa extended it to equations in divergence
form in Lipschitz cylinders [27,50]. Athanasopoulos, Caffarelli, and Salsa proved
the Holder continuity of quotients of positive solutions for divergence form op-
erators [3], and Fabes, Safonov, and Yuan extended this result to non-divergence
form equations [28,29]. Bass and Burdzy used probabilistic techniques to handle
Holder cylindrical domains [9], while Hoffman, Lewis, and Nystrom treated un-
bounded parabolically Reifenberg flat domains [34], and Petrosyan and Shi dealt
with Lipschitz slit domains, where they allowed for a L right-hand side in the
equation [45]. Recently, De Silva and Savin developed a unified and simplified ap-
proach to prove the Carleson estimate (but not the C%¢ regularity of the quotient)
for both divergence and non-divergence equations in various settings [25].

1.3. Parabolic Obstacle Problems

Boundary Harnack inequalities are a key tool in regularity theory for obsta-
cle problems. They are used to establish C!:¢ regularity of free boundaries from
Lipschitz regularity, following from an original idea of Athanasopoulos and Caf-
farelli [2]. For an introduction to this strategy, see also [44, Section 6.2] and [31,
Section 5.6].

Let us briefly sketch how the technique works. In the elliptic setting, if « is a
solution to the obstacle problem

Au = fXu>0)
u >0,
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then we call {# = 0} the contact set and d{u > 0} the free boundary. The derivatives
of u are solutions of
AQeu) = 9. f in{u > 0}
{ deu =0 ondfu > 0},
where e is an unit vector. Then, applying the boundary Harnack to the derivatives
of u yields u; /u, € C% for every coordinate i, implying that the normal vector to
d{u > 0} is C%® and hence d{u > 0} is C1-*.

Previously, this approach was restricted to the case where f was constant be-
cause the known boundary Harnack inequalities applied only to equations without a
right-hand side. Consequently, alternative methods such as those found in [1,6,12]
were used to establish C! or C!* regularity of free boundaries where the direct
application of boundary Harnack was not feasible. However, new boundary inequal-
ities that accommodate a right-hand side have been developed, enabling simpler
proofs and reduced regularity assumptions on the obstacle [4,5,49].

In the parabolic obstacle problem with a smooth obstacle, it is well known that
the free boundary is C!' at the points where it is flat Lipschitz [6,14]. Consider
the parabolic obstacle problem

{ Oru — Au = fX{u>0}

w0 (1.2)

Then, we have the following improvement of flatness result for the free bound-
ary. We will state the hypotheses that are typically assumed in regular points as
part of the full program to prove free boundary regularity, but we will present a
standalone result that is simpler to state and prove.

Corollary 1.8. There exists a dimensional constant L(n) such that the following
holds. Letu € C;’l N C,1 (Q1) be a solution to the parabolic obstacle problem (1.2)
with f € W4, where g > n + 2. Assume that (0, 0) € 3{u > 0} and that {u > 0}
is a parabolic Lipschitz domain in Q1 in the sense of Definition 2.2 with Lipschitz
constant L(n). Additionally, assume that o,u > cd in {u > 0}, where ¢ > 0 and d
is the distance to d{u > 0}.

Then, 3{u > 0} is a C'% graph in a neighbourhood of (0, 0) for some a > 0.

We will now examine the no-sign parabolic obstacle problem, expressed as

O — Au = f x{uz0)
{ e (1.3)

This problem was first studied in [17] for f = 1. In [1], it was established that
f must belong to CPIM to guarantee free boundary regularity, and that the free
boundary is C! with respect to the parabolic metric at regular points. Furthermore,
assuming f € W4 with ¢ > n + 2, we can derive C1¢ regularity of the free
boundary in space and time at those points using a similar technique to the proof
of Corollary 1.8.
Our next example is the fully nonlinear parabolic obstacle problem, which has
been studied in [6]. The problem is expressed as follows
{ du — F(D*u,x) = f(x)xpu=0 in Q)

u>0, u >0 in Oy, (14
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where we assume that F' satisfies the following conditions:

(HI) F is uniformly elliptic and F (0, -) = 0.
(H2) F is convex and C! in the first variable.
(H3) F is W4 in the second variable for some g > n + 2.

In [6], itis shown that the free boundary is C*° at regular points under the assumption
that F and f are smooth. Prior studies of the fully nonlinear parabolic obstacle
problem in various settings have established the C }, regularity of the free boundary
at regular points [33,35]. We believe that the technique used in [49, Corollary 1.7]
for the elliptic case can be adapted to the parabolic problem to derive C' - regularity
of the free boundary when f € W4 with ¢ > n + 2.

1.4. The Parabolic Signorini Problem

The parabolic thin obstacle problem, also known as the parabolic Signorini
problem, has been extensively studied in [21]. In R"*2_ it can be formulated as
follows, with O :=01 N {x,41 > O}:

dqu—Au= fin Qf (15)
u >0, =dyp1u > 0, udyq1u =0 on {x,41 = 0}. ’

After an even extension in the x, variable, solutions to (1.5) also satisfy

ou —Au= fin Q1 \ Au)
{ u =0 on A(u), (1.6)

where A(u) C xp+1 = 0and u(x’, x,, Xpt1, 1) = u(x’, xp, —Xp+1,1).

Smoothness of the free boundary near regular points has been established in the
case where f is smooth [7]. For obstacles with lower regularity, it has been proven
in [46] that u, is continuous at regular free boundary points, implying that the free
boundary is locally a C!** graph in both space and time near regular points, under
the assumption that f € C[2,.

If f is independent of time, corresponding to a stationary obstacle, the argu-
ments presented in [46] hold. In this case, it is expected that the condition for the
parabolic Lipschitz regularity of the free boundary, currently established with the
assumption that f € C f,/ 2 in [21], can be relaxed. On the other hand, once the free
boundary is known to be Lipschitz, the weaker assumption that f € W4 for some
g > n + 2 is sufficient to deduce that it is C Lo thanks to Theorem 1.6. In the next
result, we assume the nondegeneracy condition that is expected to hold at regular
points, in a fashion similar to Corollary 1.8.

Corollary 1.9. There exists a dimensional constant L(n) such that the following
holds. Let u € C)%/z N Ctl(Ql) be a solution to (1.6) with f € W4, where
q > n + 3. Assume that (0,0) € d{u > 0} and that {u > 0} is a parabolic
Lipschitz slit domain in Q1 in the sense of Definition 6.1 with Lipschitz constant
L(n). Additionally, assume that d,u > cd"/* in {u > 0}N{xp+1 = 0}, wherec > 0
and d is the distance to d{u > 0}.

Then, 3{u > 0} is a C“ graph in a neighbourhood of (0, 0) for some o > 0
(in the relative topology of {x,+1 = 0}).



73 Page 8 of 64 Arch. Rational Mech. Anal. (2024) 248:73

Determining the optimal regularity for the obstacle to ensure that the free bound-
ary is C1* at regular points remains an open problem.

1.5. Optimal Boundary Regularity for the Quotient of Harmonic Functions

We begin by recalling the results for the regularity of harmonic functions in
different types of domains (see [31, Section 2.6] and the references therein). If
Au = 0in €, then the regularity of # depends on the regularity of <2 as follows:

o If QisaCl® domain, u € CH*(Q).

e If Qisa C! domain, u € C'¢(Q) forall & > 0.

e If Q is a Lipschitz domain with constant L, u € C%?(Q), with ¥ depending
only on the dimension and L. Moreover, y 7 1 as L \{ 0.

After flattening the boundary with a change of variables, we obtain another angle
to see the same phenomenon. If Lu = 0 in a half space, where Lu:=Div(A(x)Vu)
is an elliptic operator in divergence form,

o If A(x) € C%, then u € C'* by Schauder theory.

o If A(x) € CY, then u € C'~* for all ¢ > 0 by Cordes-Nirenberg.

o If A(x) € L™, thenu € C*7 for a small y by De Giorgi. Moreover, y 7 1 as
A(x) — I by Cordes-Nirenberg.

On the other hand, the regularity of the quotient of two harmonic functions with
zero Dirichlet boundary data goes as follows: if Au = Av =0inQandu =v =0
on 0€2, then

o If Qisa C"* domain, u/v € C1*(Q), [22].
e If Qisa C! domain, u/v € C'7¢(Q) forall ¢ > 0, [40].
e If Q is a Lipschitz domain with constant L, u/v € C 0.y,

The Holder exponent in Boundary Harnack inequalities for Lipschitz domains
is often suboptimal due to its dependence on an iteration scheme. However, our
Theorem 1.2 provides a way to bridge the gap between Lipschitz and C' domains
by showing that as the Lipschitz constant L approaches zero, the exponent y can
approach 1.

Corollary 1.10. Let ¢ > 0. There exists Lo > 0, only depending on the dimension
and ¢, such that the following holds.

Let 2 be a Lipschitz domain in By in the sense of Definition 8.1 with Lipschitz
constant L. Let u and v be solutions to

Au=0in Q d Av=0in Q
u=0onors, v=0o0norQ2.

Then, u/v € C'=¢(B12 N Q).

The proof follows immediately from Theorem 1.2.
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1.6. A General Hopf Lemma for Parabolic Equations with Right-Hand Side

In this section, we present a Hopf lemma for parabolic equations in parabolic
C1Pini domains. As far as we know, this is the first result of this kind in the
parabolic setting that allows for equations with right-hand side. While this is a
relatively unexplored area in the literature, similar results have been established
previously in the elliptic case [13,49].

Corollary 1.11. Let o € (0, o), and let L be a non-divergence form operator as
in (1.1). There exists cy > 0, only depending on «, the dimension, and the ellipticity
constants, such that the following holds: let Q2 be a parabolic Lipschitz domain in
Q1 in the sense of Definition 2.2 with Lipschitz constant L < c(, and assume that
it satisfies the interior CYP™ condition at 0 in the sense of Definition 9.2. Let u be
a positive solution to

ur— Lu = fin Q
u=~0 onorS,

and assume that f = g + h, with

_ _ _ e 1
ld' = glloo(or) + Id "R usi g, < cou (7",—5),

where d(x', x,,, 1) = x, — T'(x', t). Then, for all r € (0, §),
u(re,, 0) > cr,
for some small ¢, § > 0.

Remark 1.12. If the boundary of Qisa C! graph, one can obtain a Lipschitz constant
as small as necessary by scaling.

1.7. Plan of the Paper

The rest of this paper is organized as follows: Sect.2 we recall some classical
tools that we will use throughout the paper, such as interior regularity estimates
and a Liouville theorem.

In Sect. 3, we derive precise growth estimates near the boundary for solutions
of parabolic equations. This allows us to construct a special solution in Sect.4 that
is almost proportional to the distance to the boundary. Using this special solution,
we prove our main result, Theorem 1.2, in Sect. 5. Our proof relies crucially on the
growth properties of the special solution.

In Sect. 6, we apply the same strategy used in Sects.3-5 to slit domains and
prove Theorem 1.6. Furthermore, in Sect. 7, we prove our free boundary regularity
results, Corollaries 1.8 and 1.9.

In Sect. 8, we explain how to apply the ideas of the paper to elliptic equations,
leading to the elliptic version of our main theorem, Theorem 8.4. Finally, in Sect. 9,
we prove Corollary 1.11.
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2. Preliminaries

2.1. Setting

Throughout the paper, given x € R", we will denote x’ = (x1,..., X,-1).
B, (x) will denote the ball of radius r of R”, centered at x, and By.(x") will be the
one of R"~!, with center at x’. We also introduce the parabolic cylinders

Or(x,1):=BL(x") X (X — 1, x5 + 1) x (t —r*, 1) C R,

and we will write Q,:=Q,(0, 0).
We define the parabolic Lipschitz (¢« = 1) and Holder (« € (0, 1)) seminorms
of afunctiong : Q CR" xR — Roas

lg(x, 1) — g(y,s)
(Jx =yl + |t — s|1/2)’

[g]C?,"" () = Sup

where the supremum is taken over all pairs of different points (x, #) # (y, s) in €2,
and we define correspondingly the parabolic Lipschitz and Holder norms

I8l e (@) =lgliL=@) + [8lcoa(q)-

‘We will omit the domain where there is no case for confusion.
We will denote by

M~ (D*u):= inf Tr(AD?u), M*(D?u):= sup Tr(AD*u)
AM<A<AI M<A<AI

the Pucci extremal operators; see [15] or [31] for their properties.
In our work, we will consider the following notion of solutions:
Definition 2.1. Let f € Lflotl. Wesay u € C'N L;’O"C’] is a strong solution to

ur — Lu=f

if D)%u, oru € L{’Otl, and the equation holds almost everywhere. The condition

u € CY is redundant, but we write it to fix ideas, see [11, Theorem 10.4].
We will consider parabolic Lipschitz domains of the following form:

Definition 2.2. We say 2 is a parabolic Lipschitz domain in Qg with Lipschitz
constant L if € is the epigraph of a parabolic Lipschitz function I" : B} x [—R?, 0]
— R, with I"(0,0) = 0:

@={(.0)€Qrlx>TE. 0} Il =L
In this context, we will denote the lateral boundary
oru={(x.1) € Qr | xn =T(x'. )},
and the parabolic boundary

p=0rQU (QN3IQgrN{t <0}).
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2.2. Technical Tools
Let us start with the parabolic interior Harnack.

Theorem 2.3. ([52, Theorem 4.18]). Let L be a non-divergence form operator as
in (1.1), and let u be a strong solution to u; — Lu = 0in Q,, withu > 0.
Then,

sup u < C inf u,
Qr2(0.—% QOr/2

where C depends only on the dimension and the ellipticity constants.

Then, we recall the Alexandrov-Bakelman-Pucci-Krylov-Tso estimate; see [39,
51].

Theorem 2.4. Let L be a non-divergence form operator as in (1.1) and let u be a
strong solution to u; — Lu = f in Q,, with f € L"T1(Q,).
Then,

supu < sup ut + Cr”/("+1)||f||Ln+1(Qr),
Or 0,0

where C depends only on the dimension and the ellipticity constants.

We will state together the interior regularity estimates for the heat equation and
for equations with bounded measurable coefficients.

Theorem 2.5. Let L be a non-divergence form operator as in (1.1), leta € (0, o),
and let u be a strong solution to u; — Lu = f in Q,, with f € L"T1(Q,).
Then,

- (n+1)—
[Wlcoag, ) < COullLeio, + " "V fll i g,),
where C depends only on o, the dimension and the ellipticity constants.

Proof. Let us write the proof for r = 1, as the dependence on r follows by scaling.
First, when L is the Laplacian, we apply the Calderén-Zygmund estimates
in [54, Theorem 6] to obtain

||D2M||Ln+l(Q1/2) + ||'4t||Ln+1(Ql/2) < C(llullL=y + ||f||Ln+1(Q1))-
The conclusion follows via the parabolic Sobolev embedding in [55, Theorem 1.4.1
@ii)].

In the case of operators with coefficients, this result is [20, Lemma 5.1]1.' O

We also need a covering result (cf. [40, Lemma B.2]).

! The result is actually stated for LP-viscosity solutions, but it automatically extends to
strong solutions. See the introduction of [20].
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Lemma 2.6. Let o € (0, 1), and let Q2 be a parabolic Lipschitz domain in Q1 with
Lipschitz constant %, in the sense of Definition 2.2.
Assume thatu : Q N Q1 — R satisfies

(] coe g, (ot = €0

whenever Qo (xo, ty) C 2N Q1. Then, forany) <o < 1,

[M]Cg,a(QmQa) < CCO

The constant C depends only on o and o.

The proof follows by a standard covering argument (see [31, Appendix A]). In
addition, the following convergence result for limits of solutions will be useful to
make contradiction-compactness arguments:

Proposition 2.7. ([20, Theorem 6.1]). Let f; € L"Y(Q) and let uy be solutions
to

@ — MDug < fr <@ — Muy inQ,

such that uy, — uq locally uniformly, and that for every K CC €, ||fk||Ln+l(K) —
0.
Then,

(& — MMup <0 < (8 — M )ug
in the viscosity sense.

Finally, a key step in our proofs is to classify certain solutions in special domains.
We will do so with the following Liouville theorem for the half-space, that follows
from standard arguments from the boundary regularity estimate [53, Theorem 2.1]:

Theorem 2.8. Let L be a non-divergence form operator as in (1.1), let @ € (0, ag)
and let u be a solution to

{ @ —MHu <0< (8, — M u in {x, > 0}

u=>0 in {x, <0}
with the growth condition
lull (g < C(1+R™), VR > 1.
Then, u = k(x,)+ for some k € R.
Proof. First, observe that, for every r > 1,

u(rx, r2t)

up(x,t):= Tra

also satisfies the hypotheses.
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Now, from [53, Theorem 2.1] and interior regularity estimates (in the case of
the heat equation, by C? boundary regularity estimates) it follows that
lelcrao,y = "~ lurlcran gy = Cr* ™ llurliL=(g, = Cr™™,
and then, letting r — oo, we deduce that
[u]cl~ao(Rn+l) = 07

and therefore u is a linear function. From the boundary conditions, we deduce that
u==xk ()Cn)+ . O

3. Boundary Growth and Regularity Estimates

The main goal of this section is to prove that for sufficiently flat domains,
solutions that vanish on the boundary of the domain grow like d'** and are C 2’y.

Proposition 3.1. Ler y € (0, ap). There exists Ly > 0, depending only on y, the
dimension and the ellipticity constants, such that the following holds.

Let Q2 be a parabolic Lipschitz domain in Q1 as in Definition 2.2 with Lipschitz
constant L < Lg. Letd(x', x,,t) = x, —T'(x', 1), and letu € C(Q) be aviscosity
solution to

up— M u>—Kod >+ f) and u; — MTu < Ko(d” ™2+ f) inQNQy,
u=0 inorQN Qg.

Assume that ||d_(y_”/("+l))+f||Ln+1(Ql) < 1. Then,
el g, ) = Cllullz=cor + Ko).
The constant C depends only on n, y and the ellipticity constants.

We start by introducing the regularized distance [42,43], a technical tool that
will be useful to construct barriers.

Lemma 3.2. Let Q2 be a parabolic Lipschitz domain with Lipschitz constant L < 1,
in the sense of Definition 2.2. Then, there exists a functiond : QN Q1 — R
satisfying the following:

%(Xn ~T('\ 1) <d< ;(xn — T, n)

2

3= IVid| = Cy

10,d| + |D?d| < CoLd ™",
where C1 and C> depend only on the dimension.

We will sketch the proof in Appendix A.
As a direct consequence, we obtain the following scaling property:
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Lemma 3.3. Let Q2 be a parabolic Lipschitz domain in QRg, in the sense of Defini-
tion2.2. Let r € (0, 1) and let

Q:={(x,7) € Or | (rx,r’t) € Q).

Let d and d be the regularized distances in S and S, respectively. Then,
1~ 1 ) ~
gd(x, t) < —d@rx,rt) <3d(x,t).
r

Proof. Tt follows from Lemma 3.2. 0O

The following barriers are constructed in a very similar way to [40, Lemmas
3.2 and 3.3]. We start with a supersolution.

Lemma 3.4. Let ¢ € (0, 1). There exist sufficiently small n > 0 and sufficiently
large K > 0, only depending on the dimension, € and the ellipticity constants, such
that the following holds:

Let u be a solution to

uy—Mtu<nd= "¢ in Q
u<1 on 9,82
u<0o on or2,

where Q2 is a parabolic Lipschitz domain in Q1 in the sense of Definition 2.2 with
Lipschitz constant n. Then,

u<Kd= —t+x')? inQ,
where d is the regularized distance introduced in Lemma 3.2, and
u(re,,0) < Kr'=¢, Vr e (0, 1).

Proof. We will use the comparison principle with a supersolution that has the
desired growth.
Let

¢=Kd178_t+|x/|2,

where d is the regularized distance introduced in Lemma 3.2, and K > 0 is a large
constant to be chosen later.

Notice that ¢ > 0 on dr€2, and that ¢ > 1 on {r = —1} and {|x’| = 1}. We can
also check

—T, 0\ K1-2 _
(piK(Mf(x)) —t+|x/|2>(Tn)zl on {x,=1}NQ.

On the other hand, using the estimates in Lemma 3.2,
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(3 —MD)d'" ¢ =1 —e)d*8d— sup Tr(AD*d'™®)
M<A<AI

n n
=(—e¢) (dSa,d — sup {Z > aij(d*o}d - sdlga,-dajd):|)

M<A<AI i=1 j=1

=1 —e)d @ —MHd+e(l—e)d "¢ inf V.d AV.d
M<A<AI

4,
> (1—¢) (—cn n Tg) a-'-,

where we omitted the dependence of A and a;; on x for formatting. Then,

4
0 —MH)p = K(1 —¢) <—Cn + TE) d'"7F —1-2(mn—1)A >nd ¢,

where we chose n small, K large, and used that d < %

Therefore, applying the comparison principle to # and ¢, we obtain that u < ¢
in €2, and, in particular,

u(ren,0) < @(re,,0) = Kd(re,,0)' ™ < K'r'*.
O
Analogously, we can consider a subsolution.

Lemma 3.5. Let ¢ € (0, 1). There exist sufficiently small n,k,ro > 0, only de-
pending on the dimension, ¢ and the ellipticity constants, such that the following
holds: let u > 0 be a solution to

{u, —Mu>—ndVin Q

1 on dupS2

z
u =

where 2 is a parabolic Lipschitz domain in Q1 in the sense of Definition 2.2 with
Lipschitz constant n, and
dupSi={x, = 1}NQ
is the top part of the boundary. Then,
u>kd™ 41— X7 inQNQ,,
where d is the regularized distance introduced in Lemma 3.2, and
uren, 0) > kr'*e, vr e (0,1).

Proof. First, let
) , 1 1
QY= (x,t)eQ:|x|<§,xn<ro,—§<t ,

1 1
Q®.= {(x,t) eQ: x| < 0% > 10, =5 < t},
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and
9(3):=Q1 \ {xn < r_o} )
2
with 9 € (0, 1) to be chosen later. Let also
dup QW :={x, = ro} N QM.
Now, let v be the solution to

v, — M v=0in QO
v =1 on dyp2
v=0in 3,Q% \ 3,,Q.

By the strong maximum principle, min v > 2¢o > 0. On the other hand, by the
Q2
comparison principle,

wi=u + 2nr(§*1(t +1) > v,
because w > u on 3,2 and
@ — MOw = @ — M Ou+2nr{ " = n(=a* " + 267 > 0.
Hence, noting that BupQ(l) C W,

min u > minv—ZrS_lr; >co >0,

dup () Q@
and n[linl] u(re,, 0) > co as well, choosing n small enough.
refro,
Now, let

@, 1) = kd""F 1 — |12,

where d is the regularized distance introduced in Lemma 3.2, for the domain 2
(that coincides with the regularized distance for the domain Q! because the two
domains lie above the same graph), and k = min{co/(4rp), 1/32}.

Then, ¢ < u on the parabolic boundary of QW | Indeed, since d < 2rp on
dup2D, 0 < ¢ on 9ypQ2V. When t = —1/2, since d < 2,

1 1
< _dl-‘ré‘__
=3 2
and if |x'| = 1/2,

Finally, ¢ < 0 on dr€2.
Hence, by an analogous computation to the proof of Lemma 3.4, we obtain

43
o — Mg <(+e)k (cn - Tg) V142 — DA < —nd* !,
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using that n and d < 2r¢ can be chosen arbitrarily small.
Therefore, applying the comparison principle to # and ¢, we obtain that u > ¢
in QM and in particular in N Q,,, and also that for all r € (0, ro)

u(ren, 0) > kd'*¢ > k'r'+e.
On the other hand, if » > rg, we can use directly that u(re,, 0) > ¢op. O

The growth upper bound still holds when we consider a (small) right-hand side
in L"*!, thanks to Theorem 2.4.

Lemma 3.6. Let ¢ € (0, 1). There exist sufficiently small n > 0 and sufficiently
large K > 0, only depending on the dimension, ¢, and the ellipticity constants,
such that the following holds.

Letd(x', x,,t) = x, — I'(x, 1), and let u be a solution to

uy—Mtu<nd "¢+ fin Q
u<1 on 9,2
u<0 on ar2

where ||d’(1/("+1)’8)+fIILHl(Q) <, and Q is a parabolic Lipschitz domain in
Q1 in the sense of Definition 2.2 with Lipschitz constant 1. Then,

uren,0) < Kr'=¢, vr e (0, 1).

Remark 3.7. Thanks to Lemma 3.2, we can interchange the regularized distance
with x,, — ['(x’, 1) up to a constant. We will do so in the following:

Proof. We will iterate Lemma 3.4 combined with Theorem 2.4. We define the
rescaled functions

u(p/x, p*t)

uj(x,t):= =)

3

with p > 0 to be chosen later.
Now,

@ — MDyu; < o/ HOpld)y 1+ f) < nd 71 4 p/ IO F

with fj(x, 1):=f (o' x, p*/1).

Letaj:=|u; ||L°°(§2)' By Lemma 3.4 and Theorem 2.4, ay < Co. We will show
by induction that a; < Co forall j > 0.

Again by Lemma 3.4 (with £/2) and Theorem 2.4 applied to u ;,

aj1p' ™ < Kp'Paj +2p%a; + Co! O fill o g
< Kp'=2Co+2pCo+ Cp! TV fll a1 g
< p'"FCo/2+2p*Co + Clld~ VD= £ i1 ) < p'TFCo,

choosing adequately small p and 7.
~ The conclusion follows by observing that given r € (0, 1), for all j such that
p! >r,u(rey,0) < a;p/1=9, and hence u(re,, 0) < Co(r/p)'=¢. O
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Conversely, we can also add a more general right-hand side to the equation for
the subsolution.

Lemma 3.8. Let ¢ € (0, 1). There exist sufficiently small n, k > 0, only depending
on the dimension, ¢, and the ellipticity constants, such that the following holds: let
d(x', xu,t) = x, — ['(x', 1), and let u > 0 be a solution to

Uy — M7u > —nd“l + fin Q
u>1 on dup2

where ||d_€_1/(n+l)f||Ln+] @ =<1, and 2 and 3yp<2 are defined as in Lemma 3.5.
Then,

u(rey,0) > kr'™, vr e (0, 1).

Proof. We will use a similar strategy to the proof of Lemma 3.6. We define the
rescaled functions

with p > 0 to be chosen later.
Now,

@ = M7uj 2 p! (! )T+ ) 2 —nd T 4 IO

with f,'(x, 1):=Ff(plx, p¥1).
Leta;:= 81111;2 u ;. By hypothesis, ap = 1. We will show by induction thata; > 1
up

forall j > 0.
Again by Lemma 3.5 (with £/2) and Theorem 2.4, applied to u,

aj1p't = kp' " a; =207 — CoI O fill i g
> kp!/2 _2p% — CpIEHED £ o
> 2p1+6 _ 2,02 _ C||d7€7]/(n+l)f||[‘n+l(9) > ,01+€,

choosing adequately small p and 7.
Finally, by Lemma 3.5 and Theorem 2.4,

uj(re,,0) > kaj —Cn>=k" >0,

for all ¥ € (p, 1), provided that 5 is small enough. Hence, undoing the scaling,
u(re,,0) > kK'r'*e as we wanted to prove. |

Combining the previous estimates, we can now give
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Proposition 3.9. Let ¢ € (0, 1) and let L be a non-divergence form operator as in
(1.1). There exists sufficiently small n > 0, only depending on the dimension, ¢ and
the ellipticity constants, such that the following holds.

Let 2 be a parabolic Lipschitz domain in Q1 with Lipschitz constant 1 in the
sense of Definition 2.2. Let d(x', x,,, 1) = x, — I'(x', t), and let u be a solution to

{u,—ﬁu:fin Q,
u=0 onorS.
Assume that ||ullp~(g,) <1, and f = g + h, with
45 gllLoo(gyy + ld™ TV v h it o) < .
Then,
lul < Cd'™* in QN Q3.
Moreover, if u is nonnegative, m = u (%”, —%) > 0 and
ld= gl + 1d 5" V| i o,y < nim,
then,
u>cmd* in QN Q3/4.

The constants C and c are positive and depend only on the dimension, ¢, and the
ellipticity constants.

Proof. For the first estimate, let (xo, 7o) € dr€2 N O34, and consider the function

1 1
J1)i= —Xx,to0+—t]).
v(x,t) u(x0+4x 0+ T )
Then, by Lemma 3.6, v(re,, 0) < Kri=¢forallr € (0, 1). Since d is compa-
rable to x,, — ['(x', t), it follows that u < Cd' = in Q N 0374 N {x, < 1/4}.
Finally, notice that

1 1/1 1
d> E(xn T > 3 (Z - 27)) >3 in Q2N {x, > 1/4},
and the conclusion follows, adjusting C if necessary.

For the second estimate, let 2 (xo, #9):= N Q1/8(x0, fo) and notice that

U Oup$2(x0, 10) C E:=B§/8 x [1/8 —2n,1/8 + 2n] x [-37/64, 0],
(x0,10)€9r 2N Q34

where 0yp €2 (x0, 10): = (x0, 1) N {x, = x0,, + 1/8}, analogously to Lemma 3.5.

Then, by the interior Harnack (Theorem 2.3), u > cym in E, and by an anal-
ogous reasoning to the upper bound with Lemma 3.8 instead of Lemma 3.6, the
conclusion follows. 0O
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We are finally able to prove our C%7 boundary regularity result.

Proof of Proposition 3.1. We may assume that ||u||Le(g,) < 1 and Ko = n (withn
from Proposition 3.9) without loss of generality after dividing by a constant. Then,
by Proposition 3.9 and Lemma 3.2,

lul < K((xa =T, )7 in Q20N Q3a.

Then, we will use interior estimates in combination with Lemma 2.6 to deduce
the result.
Let p = (¥, yn, s) and p € (0, %) such that 02,(p) C 2N Qs/s, and let

— T/
R::max{p, ynf(y,S)}

Note that Q2r(p) C 2. We distinguish two cases:
Case l. R > %.Then, 01/8(p) C 2N Q3/4, and for all (X', xp, 1) € 01/8(p),

R 1
>, t — >, —.
Xp > Tix )+2_ (x )+32

Hence,
u—Mu>—-d""2+f>-22471
u—Mtu<d” 2+ f <2245,

which together with the fact that ||u||;~(p,) < 1, Theorem 2.5, and a covering
argument, gives

[l cor o, oy = 1107 (g, 6o = €

Case2. R < 11—6. Notice thatif p < R, y, —T'(y’,s) = 3R, and if p = R, using
that Q2,(p) C Q, y, — (), s) = 2p = 2R. In either case,

2R <y, —T(',5s) <3R.

Now, for all (x', x,,1) € Q3r/2(p),

/ / 3 / / R

xn_r(xvt)Z)’n_r(yas)—ER_|F(X71‘)_F(Y’S)|ZZ,
3

X =T 1) <y —=TOs) + ER + TG ) =T/, 5)| <5R

using the parabolic Lipschitz character of I' and that Ly < %
Therefore,

U, — M u>—CR" 2+ f
Uy — Mtu<CR" 7+ f,
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and [[ul| Lo (Qsp/,) < K(SR)”, which combined with Theorem 2.5 gives

(U], RV SR + ROV IR 2 4 £l st (s (o)

<
OV (Qr(p)) ~

<1+ Rn/("+1)_y|Q3R/2|1/(n+1)RV_2 + Rn/(n+l)_y”f”L"*'l(QqR/z(p))

ST+ 1D f oy S 1

The conclusion follows by Lemma 2.6. O

4. The Near-linear Solution

Our goal now is to find a special solution satisfying the following:

Proposition 4.1. Let ¢ € (0, ), and let L be a non-divergence form operator
as in (1.1). Then, there exists § > 0, only depending on &, the dimension and the
ellipticity constants, such that the following holds.

Let 2 be a parabolic Lipschitz domain in Q1 in the sense of Definition 2.2
with Lipschitz constant 8, and let d(x', x,,, 1) = x, — I'(x’, t). Then, there exists
¢ : Q — R such that

o —Lp=0in Q
¢ =0on dr€2,

@ =0, lellLe) =1,

idl+8 < ) < 64d17€,
24
andforall) <ry <rp <1,
sup ¢
er < 1 r 1+e
supg ~ 8 \nry '

Or)

We start by constructing solutions with a controlled growth.

Lemma 4.2. Let ¢ € (0, 1), and let L be a non-divergence form operator as in
(1.1). There exists 51 € (0, €), only depending on the dimension, ¢ and the ellipticity
constants, such that the following holds: let R = 2'/¢, let Q be a parabolic Lipschitz
domain in Qg in the sense of Definition 2.2 with Lipschitz constant &1, and let
d = x, — T'(x', t). Then, there exists ¢ : Q@ — R such that

or—Lp=0in Q
¢ =0on dre2,

© >0, el =1, and

1
ﬁd”s <@ <64d'"° in Qg.

In particular; ||@|| L0,y < 1287'7¢ forall r € [1, R].
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Proof. First, by the same computations in Lemmas 3.4 and 3.5,
(B — L)d"™* > (1 —e)d™'75(~C8 + C'e) > 0
(& — £)d"™* < (1+e)dT(C8) — C'e) <0,

provided that §; is small enough. Assume without loss of generality that§; € (0, 1/6).
Then, since

d(x,t) < %(xn -, 1) < ;(R +251R) < 2R,
it follows that
d'"** < QR)"d < 2R)**d'*.
Now, let ¢ be the solution to
{@—ﬁ@:o in Q
@ = (2R)*d on 0,Q2.
By the comparison principle, it follows that
4\ < < 2R,

Then, by Lemma 3.2,
~ e 1—¢ 2¢e 3
@llLooy < QR)CNd ™ |lLe(g)) < 4R 7= 24,

- 1
1@l = ld' (o)) = 7
Let now

. @
=
l@llLecoy)

The first conclusion follows from the previous estimate. For the second one,
notice that, for r > 1,

_ 3 e _
lplliLoeco,) < 64lld" [l e (g,) < 64 <§V(1 +251)> < 12871,

This special solution satisfies

Lemma 4.3. Let ¢ € (0, op) and let L be a non-divergence form operator as in
(1.1). There exists an integer ng > 1/¢, only depending on &, the dimension and
the ellipticity constants, such that the following holds: let Ry = 2", let Q2 be a
parabolic Lipschitz domain in QRg, in the sense of Definition 2.2 with Lipschitz
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constant 1/ng, and let d = x, — T (X', 1). Let ¢ : Q@ — R satisfy the following
properties:

o —Lp=0 in Q
=0 on -2
=0
Il < 128 - 2KAF/m0te) v e € {0, ..., no)

lollLeooy =1

Then,

1\ [+1/no+e
sup ¢ > <—> .
012 2

Proof. Let us proceed by contradiction: assume there does not exist ng satisfying
the conclusion. Then, by Lemma 4.2 with ¢ = 1/ng, there exist ny 1 0o, L non-
divergence form operators, 2 parabolic Lipschitz domains in Q g, (with Lipschitz
constant 1/n; and Ry = 2"%), and ¢ : Q% — R such that

0 — L) =0 in €

or =0 on or Q2

or >0
gkl ooy < 128 - 2KIHmAD v ke e {0, .., )
lkllLeo(opn =1

while also satisfying
1\ H1/nicte
sup ¢ < (—) .
Q12 2
Then, by Proposition 3.1, for all > 1

”‘pk”cg’“(Qr) S C(V),

for sufficiently large k, and therefore by Arzeld-Ascoli gy — ¢ locally uniformly,
up to a subsequence.
Therefore, by Proposition 2.7, ¢q is a viscosity solution to

(0 — M+)(P0 <0< (0 —M7 )y in{x, > 0}

with o9 = 0 on {x, = 0}, w0 > O, llgollL>(0,) = 1, and the growth control
lpoll Lo, < 128 2k(+e) for all k € N.
Hence, by Theorem 2.8, ¢y = (x,,)+, contradicting the fact that

1 1\ 11/ nete 1
— = sup ¢o < limsup sup ¢ < klim (—) = 35

1
< —.
012 k—o0o Q12 —o0 \ 2 2

The next step is to iterate the inequality to obtain
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Lemma 4.4. Under the hypotheses of Lemma 4.3, for all0 < ry <r; <1,
sup ¢

0., 1 [\ T/ mote
> — i
supp — 8\

Or)

Proof. Assume without loss of generality that ¢ € (0, %). Let us first prove by
induction that

sup ¢ > 2~ K(Fet1/no),
szk

It suffices to prove that the function

_eG/21/4)

sup ¢
012

o(x,1):

also satisfies the hypotheses of Lemma 4.3, and then the argument can be iterated.
By construction, (3; — £)¢ = 0in Qzpr,, ¢ = 0 and ||¢|lz=(g,) = 1. Additionally,
by Lemma 4.3, forall k € {1, ...,no + 1},

sup ¢
Sup @ — Qa1 < 128 . 2k=D(+1/no+e) ol+1/note _ 198 . pk(1+1/no+e)
O,k sup g

Q12
On the other hand, the reasoning with ¢ implies that for any £ € N,

ox/2k 14

sup ¢
O)—k

@(x,1):

also satisfies the hypotheses of Lemma 4.3, and hence, by the first part of the proof

Sup )
27kmm m(1+e+1/ng)

= sup ¢ > 2~
Sup(p szm
2—k

Now, choose k and m in such a way that 2% < | < 27k=m+1 gpd 2=k=1 <
ry < 27 Then,

sup ¢ sup ¢

1+e+1/n9 1+e+1/ng
Or - o—k—m > o—m(l+e+1/ng) o <V_1) - % (r_]> .

supg ~ supg@ 4ry %)
Qrz 27](

0O

Finally we can combine Lemma 4.2 with Lemma 4.4 to prove our target result.

Proof of Proposition 4.1. Choose ng from Lemma 4.3 with ¢/2 instead of €. Then,
the function introduced in Lemma 4.2 with ¢ = 1/ng satisfies the hypotheses of
Lemma 4.3, and the conclusion follows by Lemma 4.4 (with ¢/2 instead of ¢). O
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5. Proof of the Boundary Harnack

The main ingredient in the proof of the boundary Harnack is the following
expansion result:

Proposition 5.1. Leta € (0, ag), and let L be a non-divergence form operator as in
(1.1). There exists g € (0, 1), only depending on «, the dimension and the ellipticity
constants, such that the following holds: let 2 be a parabolic Lipschitz domain in
Q1 in the sense of Definition 2.2 with Lipschitz constant gg. Let d(x', x,, t) =
xp — L'(x', 1), and let u be a solution to

ur— Lu = fin Q
u==0 onorS,

and assume that ||ullp~(g,) < 1, and that f = g + h with
ld' = gllzoe gy + ld = DRl L g, < 1.
Then, for each r € (0, 1] there exists K, € R such that |K,| < C and
lu — Krgllzco,y < Cr'te,

where ¢ is the near-linear solution introduced in Proposition 4.1 and C depends
only on «, the dimension and the ellipticity constants.

Before proving the expansion, we need to introduce the following growth esti-
mate for blow-ups (cf. [8, Lemma 4.4]), which is independent of the PDE and valid
for general functions.

Lemma 5.2. Let B > y > 0. Forevery j € N, let Q; C R and let uj, @
— Rsuchthat |ujllzo0,) < L ll@jliL=0,) =1, and, forevery0 <ri <r, <1,

sup ¢

er (l"])y
>c1 | — .

sup ¢ r

o

Let K, j € R foreveryr € (0, 1] and j € N, and assume that

sup | K, j| < o0

jeN
and
sup 6(r) = oo,
re(0,1]
where

0(r):= sup supp Plluj — K, jojlli=g,)-
pe(r,1] jeN
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Then, there exist sequences p,, | 0 and j,, such that

_ 1
PPty — Ko in®in L0, = 59(/0m),
and

o, (OmX s Pin) = Ky @ (Om X 1)
”ujm (pmx’ pr%lt) - Kpmajm(pjm (pm'x’ prznt)”Loo(Ql)

Wy

satisfies
lwmllzoo(0p) < CRE VR € [1, 1/ pm).

Moreover, for every 0 <ry <ry < 1,

(K, j — Ky, j)ojliL=o,,) = Crf@(rl).
The constant C depends only on B, y, and c;.

We defer the proof to Appendix A. Using Lemma 5.2, we can prove the expan-
sion:

Proof of Proposition 5.1. We divide the proof into four steps.

Step 1. We reason by contradiction and construct a blow-up sequence. Let us
prove first the following modified claim:

Claim. For every r € (0, 1], there exists K, with |K,| < Cor~% such that

lu — Kr@llLeg,) < Cr'te,

with Cy to be chosen later.
If we assume the claim does not hold, there are sequences u ;, ¢, and 2 (with
parabolic Lipschitz constant less than 1/;), such that

(3;—[:]')141‘ = fj in Qj
u; =0 on 8er,

with f; = g; + h; such that
ld' =g llLocoy + ld= D" R | g, < 1,

and

-
luj = Krjojllie=,,) = jr;™,

where we choose

Jo, uj®
Kr’jIZQ—Z.

Jo, ¢
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Then, by Proposition 4.1 with ¢ = «/2,

sup ¢
Or

sup ¢

n

1
> g(rl/rz)“r“/z,

and by Propositions 3.9 and 4.1,

12
2
(er uj) Ccrl-a/2

<
(f (/)2)1/2 = crlta/2
0r 7

where we choose the constant Cy from this computation.
Then, by Lemma 5.2 with y = 1 +«/2 and B = 1 + «, there exists a sequence
om { 0 such that

=: Cor™ %,

|Kr,j| =<

i, (pmx, pt) = Ko @) (P, pp1)
et j,, (omx, pot) = K i @i (omX, PR L0

Wy

satisfies [|wm | L>(op) = 1.
lwallL(op < CR'™, VR € [1,1/pn),

and
/Q Wi (2 03, (s P20) = 0
1

from the choice of K, ;.
Step 2. We will prove that w,, — (x;)+ locally uniformly along a subsequence.
First, by the construction of w,,, we have (omitting the dependence of f on

Jm)

20,

0 (om)

where L,, is the corresponding scaled operator, that has the same ellipticity con-
stants, and

(O — M wy < @ — L) wp < | f (pmx, P20 in Qj,,

Qi =1, 1) (pmx, P21 € 2, ).

Note that j» has Lipschitz constant lower or equal to 1/jy,.
Let d be the regularized distance in the domain 2, , d the regularized distance
in & jm» and let us omit the dependence of g, i on j. Then, using Lemma 3.3,

1—
~l—ozziom *

‘d
0(om) L®(Q1)pm)

2pl-a <3d>1_°‘ 5
e lgl | Comx, py1)
e(pm)[ o)

lg(Pmx, pa1)]

L>*(Q1/pm)
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< ld' gl Lo 0y)-

6 (om)

Similarly, by the scaling of the L"*! norm,

- 3 2[0170(
”d Yt D=a Z0m__\p(pyx, pit)l

6 (om)

LN Q1 )
2,01_a d —1/(n+1)—«a
on [(y) 11 | (omx, 020
m m L™ Q1/0m)
18p(n+2)/(n+1) . | 5
'm — —
= W”(d /(n+ ) 0llhl)(pmx5 pmt)”L’hLl(Q]/pm)
m
18 _ _
— m”d 1/(n+1) a|h|”L"+1(Q1)'
Therefore,
(8t - M+)wm E |gm| + |hm| in Ql/pm m Q/m’
with

18

1/(l’l+1)—ahm ||L"+1(Ql/pm) < m
m

4"~ gmll Lo (1, + A~

Analogously,

0y — MHw,, > —lgml — [Am] in Ql/ﬂm N Qjm.

Moreover, w,, = 0 on 8r§2jm, and, for every R > 1, |wpllLe(gp) < CR!*e
for sufficiently large m. Hence, by Proposition 3.1,

”wm ”Cg-’J(QR) S C(R),

uniformly in m, for m large enough. Then, by Arzeld-Ascoli and Proposition 2.7,
we obtain that

wy, — w e C(R™,
locally uniformly along a subsequence, where w is a viscosity solution of

w; — Mtw <0< w, — M win {x, >0}
w=0 on {x, = 0},

lwllreo) = 1 and [[w]pegg) < CR'f? for all R > 1. Therefore, by Theo-
rem 2.8, w = (x)+.
Step 3. Let us consider the functions

P (omX, pt)

@, (x, )= .
g 19 lL(0,,)
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Then, ||@;, llz(0;) = 1, and, by Proposition 4.1 with ¢ = «/2, for all 1 <
1@, lLo(0g) < 8R'T/2.

Finally, by the same arguments as in Step 2, ¢;, — (x,)+ locally uniformly
along a subsequence.

Step 4. We have w,, — (x,)4+ and @, — (x,)+ locally uniformly. Now, recall
that by the choice of K. ; in the construction of wy,,

/1 Wi @m =0,
(]

/ ()2 =0,
01

which is a contradiction. Therefore, for every r € (0, 1], there exists | K| < Cor™
such that

and passing to the limit,

o

lu — Kr@llLeg, < Cr'te.

This is enough for r € (%, 1]. For smaller values of r, observe that

K — K2l (r/H' < [(Ky — K290, )

< llu — KrollL=co,) + lu — Krpp@llie(g, ) < Cr't.
It follows that |K, — K, 2| < Cr%/?. Then, for r < % we can write r = 27 %,
with rg € (%, 1], and estimate

a—1 a1
K| < 1Kyl D 1Kaeigy = Kyoiv| < Corg € Y27 ) < C.
i=0 i=0

Finally, we prove our main result.

Proof of Theorem 1.2. First, we will use a similar strategy to the proof of Propo-
sition 3.1 to estimate the Holder seminorm of the quotient. Let & > 0 in Proposi-
tion 4.1 such that y = o — 7¢. Recall that « is chosen in Remark 1.3.

Let p = (¥, yn, s) and p € (0, %) such that Q2,(p) C 2N Qs/s, and let

Yn — F(y/vs)}.

R::max{p, 3

Then, we distinguish two cases (cf. Proposition 3.1).

Case l. R > %.Then, Q1/8(p) C QN Q3/4,and forall (x’, x,, 1) € Q1/3(p),

xp > T, 1) + 11—6, provided that the Lipschitz constant of the domain is small
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enough. By Proposition3.9,v > ¢m > 0in Q1,8(p). Furthermore, by Theorem 2.5,

< <
”u”CS’y(Ql/s(p)) < C and HUHC?,‘V(Ql/s(p)) < C. Therefore,

u u

v

— <
vy pp) ~ ‘C?;V(lep))

< lullcor (g, gV IE=c@uson + IullLzison IVl cor o, 4y
- 2

inf v
Q1/8(p)

< cm™2.

Case2. R < %. Then, for all (x', x,, 1) € Q3r/2(p),
/ R /
I'x ,t)+5 <x, <I'(x',t)+5R.

Let ¢ be the special solution defined in Proposition 4.1, centered at (y', ['(y/, ), s).
Then, by a translation of Proposition 5.1, w; = u — K,,¢ and w, = v— K, ¢ satisfy

lwilliz=or(py < CR'™® and [wallLo(gg(py < CR'.

Using that d is comparable to R in Q g(p), the right-hand side of the equation
for u can be estimated as

Ifillzrstorepy = N81IL+1(0p(py) + W1 Lr+1 QR (p)

< RO/ el g1=e o 1l 1o (0 ()

+ Ra+1/(n+l)||d_1/(n+l)_ah]||Ln+l(Q (p))) < CR(X+1/(H+1)
R —_— K

and analogously, in the equation for v, || f2[l zn+1(gp(p)) < CmR¥H/n+D)  Thys,
by the interior estimates in Theorem 2.5, and the growth of v and ¢, (see Proposi-
tions 3.9 and 4.1),

[wileor oy < CRTV(CR™ + CRIT) < CRMT®
P

[wz]CO,y(QR(p)) <CR™ (CRH'“ + CmRH'O‘) < CRI+7
P
(01007 oy < CRTV(CR'™* + CmR'™*) < CRI7V™*
p
[P1cor (opipy = CR™(CR'™®) < CR'"7*,

Now, using that u = w; + K¢, we first estimate

[wileo g o V122 @r(p) + W12 (@R NPT 0 (g4 ()

[wi/v]cor gy = nf 02
ORr(p)
1+7¢ pl—¢ I+a pl—y—¢
<c R R + R R - Cmfz,

m2 R2(1+¢) -
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where we used Proposition 3.9 again to deduce that v > cm R in Qg (p). Then,
we estimate

ool _ el onin _ 12PN 0r)
TR = T inf (u/@)?  —  inf (v/@)2
Or(p) /¢ Or(p) /¢

lelor lwallzee + [w2] cor llelliLee
< 14 P
- inf(v/¢)? inf @2
leé‘fle+ot 4 R1+7SR178
<C
— (mRZa)Z(Rl-i-s)Z
where we omit the domain in the second line to improve readability. Therefore
-2

=2Cm2,

/vlcor opim = T01/0)chr 0y T 1KullO V107 gy = €

Combining the three cases, by Lemma 2.6, [u/(p]co,y(Qle/z) <Cm™ 2.
P

To obtain a bound for ||u/¢]|| 0 , observe that
P

T(QNQ1 )

u u(ey/4,0) 1 12
- <M= S t
0limi0 = viensd ) Tl @m0y ([T g I

1 )
< —+Cm 7,

cm
where we used that |[u|[z~0,) < 1 and v(e,/4,0) > cm > 0 by the interior

Harnack. Therefore, ||u/¢]|| %7 (@n Q1) < Cm™2, as we wanted to prove. 0O
P

6. Slit Domains

Slit domains appear naturally when studying thin obstacle problems. In the case
of parabolic slit domains, they appear in the time-dependent Signorini problem, and
the boundary Harnack is known to hold in the homogeneous case; see [25,45].

First, we will introduce a slightly different notation for this section. Given
x € R*H we will denote x” = (x1, ..., xy—1), i.e. x = (X', X, Xnt1). Br (X', Xxp)
will denote the n-dimensional ball of radius r centered at (x', x,,), and B.(x") will
be the one of R"~!. We also introduce the slit parabolic cylinders:

Or(x, t)::B;(x’) X (Xp =1 Xn +7) X (Xpgp1 — T X1 +7) X (2 — r2, t) C R™2,
In this section, the domains that we will work with will be the following:

Definition 6.1. We say 2 is a parabolic Lipschitz slit domain in Q g with Lipschitz
constant L if 2 = Qg \ E, where

E = {(x/,xn,O, t) € Qrlxp < F(x',t)},

and " : By x [—R2,0] - R, with I'(0, 0) = 0 and TN 01 < L.
P
We will say that E is the lateral boundary of 2, and write or2:=E. The
parabolic boundary will be defined as

p=0rQU (QNIQrN{t <0}).
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The goal of this section is to prove Theorem 1.6.

6.1. Growth and Boundary Regularity

In this section, we will follow the same scheme that in Sect. 3 to obtain growth
estimates and regularity up to the boundary of solutions to the heat equation in slit
Lipschitz domains. The final goal of the section is to prove the following:

Proposition 6.2. Let y € (0, %). There exists Lo > 0, depending only on y and the
dimension, such that letting Q2 be a parabolic slit domain in Q1 as in Definition 6.1
with Lipschitz constant L < Ly, letting u be a solution to

ur— Au= fin Q,
u =20 ondre,

and assuming that || f || p»+2(g,) < Ko, then
el g, ) < Cllullzeior + Ko).
The constant C depends only on y and the dimension.

We begin introducing parabolic homogeneous solutions in parabolic slit cones,
which will play the role of the powers of the regularized distance in Sect. 3.

Proposition 6.3. (cf. [32, Lemma 5.8]). There exists &g > 0, only depending on
the dimension, such that for all ¢ € (0, &), there exist sufficiently small n_, n4+ >
0, only depending on the dimension and ¢, such that there exist unique positive
solutions of

dp— —Ap-=0in Q1\C,  and 3¢y —Apy =0in 01\ C, ,
parabolically homogeneous of degree % +eg, e

2 1 2 Lig
O_(Ax, A1) = A2 p_(x,1) and @+(Ax, 1) = A2 %@ (x,1) VA >0,
such that ||o—|lL=c0,) = le+llL>~c0,) = 1, where
Crt- 1=t < ne ('] + 111'/2), 01 = 0}
and
Cyi=lon < =n—(I¥'| +111'%), Xyt = 0).

Moreover, n— — 0 and n+ — 0 monotonically as ¢ — 0, and there exists
m > 0 such that

1
> | N ’ > ——— 1,
pr = min Q2 {|x1+1| = 1}

We defer the proof to Appendix A. Notice that ¢_ and ¢ satisfy the following
Hopf-type estimate:
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Lemma 6.4. Let ¢ be as in Proposition 6.3. Then,
@+ > clxpt1] in Q1y2,
for a dimensional constant ¢ > 0.
Proof. 1t follows from Proposition 6.3 and Hopf’s lemma. O

Now, we proceed with the same strategy as in Lemmas 3.6 an 3.8 to obtain the
desired bounds. We start with the upper bound.

Lemma 6.5. Let ¢ € (0, 1/2). There exist sufficiently small n > 0 and sufficiently
large K > 0, only depending on the dimension and &, such that the following holds.
Let u be a solution to

ur — Au < fin Q
u=<1ond,Q
u <0 ondrQ2

=
=<

where || f | n+2(q) < 1, and 2 is a parabolic slit domain in Q| in the sense of
Definition 6.1 with Lipschitz constant 1. Then,

lull(,) < Kr'/?7¢, Vr e (0, 1).

Proof. We will use the comparison principle with a barrier. Assume first that f = 0.
Let ¢_ be as in Proposition 6.3 with ¢/2 instead of ¢, let = n_ and define

vi=ag_ + [x'|* + x} — 2nx2, | — 2nt.
First, by Lemma 6.4 and letting a = (2n + 1)/c,
ap— = aclxpy1| = 2n + Dlxpqa| in Q1.
Then, v satisfies v; — Av = 0 in Q1\C,]_7 D Q. Moreover, on the parabolic
boundary of 2 we can distinguish the following cases:

Whent = —1,v > ap_ +2n — 2nx2 .
When |x'| = 1, and when |x,;| = 1,v > ap_ + 1 — 2nx,2l
When |x,4+1| =1, v > ap_ — 2n.

OnorQ2 C {xp4+1 =0}, v >0.

+1°

To treat the first two cases, note that
ap_ +1—2nx2 1 > 1+ @n+ Dlxggr| — 2nx2, > 1.
Then, when |x, 41| = 1,
ap_ —2n > 1.

Therefore, by the comparison principle, # < v in 2. To include the right-hand
side, notice that we can always write u = ug + u r, where

(0; — A)ug =01in and (0 — ANuy = fin Q
ug = u on 9, ur =0 ond,Q.
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Then, by Theorem 2.4, and applying the reasoning above to u,
u=uo+tur <v+Clflg+2,) =v+Cn.

Now, we do an iteration scheme as in Lemma 3.6. For that, let us define the
rescaled functions

u(p’x, p*'1)
uj(x, t):=W,
with p > 0 to be chosen later. Now,

(& — Auj = ,O'i(3/2+8)fj,
with f;(x, 1):=f(p/x, p?/1). Let bj:=|lu || (0, Writing u = ug + u s again,
by < lluollLee(gyy + lugliLe(gy) < lvliLec(oy) + Cllf i pnt2g,y <a+4n+2+Cn.

We will show by induction that b; < by for all j > 0. Indeed, by the first part
of the proof and induction hypothesis,

uj < v+ Clo! 20 fill iz g,).
and hence, using that v is a sum of terms with at least parabolic homogeneity %,
bis1p"?7 < vllL=cg,) + Co O £ill o,
S bop(l—&‘)/2 + pj(3/2+£—(n+3)/(n+2)) ||f||L'l+2(ij)

< bop "2 11 fllnigyy < bop'' T+ < bop! 27,

after choosing sufficiently small 7 and p. _ '
Finally, given r € (0, 1), let j be such that p/*! < r < pJ. Therefore,

lullzeco,) < lullzco,;y = bjp? V27 < bo(r/p)'/?*.

We also deduce a lower bound as follows:

Lemma 6.6. Let ¢ € (0, 1/6) and i € (0, 1). There exist sufficiently small n, k >
0, only depending on the dimension, u and ¢, such that the following holds: let
u > 0 be a solution to
ur— Au > fin Q
{ u>1 on dypQ

where || f || pn+2(q) < 1, 2 is a parabolic slit domain in Q| in the sense of Defini-
tion 6.1 with Lipschitz constant n, and

dupQi={x, = 1} N Q.
Then,

1
ure,0) > kr'/?t  vr e (0, Z)’

for all unit vectors e = cos(0)e, + sin(0)e,+1 with cos(0) > —1 + p.
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Proof. The proof is very similar to that of Lemma 6.5. Assume first that f = 0.
Let

QM.— {(x,t) eQ: x| < %, x| < é, [Xnt1] < m, —% < t}
and
0,p2":=2 N {|xn+1| - ;} .
V2(n +13)

By an analogous reasoning to the proof of Lemma 3.5, u > c¢ on BuPQ(l), and
u(re,0) > co forall r € (m, %), given that 1 is small enough. However,
here cg depends on .

Let ¢ be as in Proposition 6.3 with /2 instead of ¢, let < n4 and define

1 1\2
vi=co (§<ﬂ+ + 21 + (4n + 13)x, , — 4> — 16 (xn + 4_1) ) .
Then, v satisfies vy — Av < 0in Q; \C,J{+ . Moreover, on the parabolic boundary
of Q) we can distinguish the following cases (recall that [|¢ |19,y = 1 and

that [x,41] < 1//2(@n + 13)):

Whent = —1/2,v <c¢o(1/2—-14+1/2) =0.

When |x'| = 1/2,and when x,, = —1/2,v < co(1/2+1/2 - 1) = 0.
When x, = 1/2,v < co(1/2 4+ 1/2) = cop.

When [x,41] = 1/y/20n £ 13), v < co(1/2 + 1/2) = .
OnarQCC;;,USO.

Therefore, by the comparison principle, # > v in Q1. The right-hand side can
be included in the same way as in Lemma 6.5, giving

u=v-— C”f”LrH»Z(Ql) >V — CT] in Q(l)

Now, we do an iteration scheme as in Lemma 3.8. For that, let us define the
rescaled functions

u(p’x, p*t)
PO

uj(x,1):=
with p > 0 to be chosen later. Now,
0 — Muj = p/®29 f;,
with f;(x, 1):=f (o' x, p>/1). Let

bi:= inf u;,
! up$2; !

where 2 is the appropriate scaled domain of # j in Q1. By hypothesis, by > 1. We
will show by induction that 5; > 1 for all j > 0.
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Indeed, by the first part of the proof and induction hypothesis,
uj = v —Clo! 27 fill g,

and hence, using the parabolic homogeneity of ¢, and using the same scaling
arguments as in Lemma 6.5

inf O+

3“ Q i —
bj+1p1/2+8 > COPT/,O(1+8)/2 — (4n + 14)60/02 _ ij(3/2 S)Hfj”LnJrz(Q(U)
J

(+8)/2 _ C,O2 _ ij(3/2—8—(n+3)/(n+2)) 1/2+£’

= Cocp nzp

for sufficiently small n and p.
Finally, by the first part of the proof,

uj =v—Cn inQWM,
and then

uj > %Ogo+—cn inf{t=0,x =0,x, > —1/4),

which in turn implies u;(re,0) > c(uw)r'/?™® — Cn > kr'/?*¢ for all r €
[1/(4p), 1/4). The conclusion follows undoing the scaling. O

Combining Lemmas 6.5 and 6.6, we can deduce a growth estimate for all
solutions.

Proposition 6.7. Let ¢ € (0, 1/6). There exists sufficiently small n > 0, only de-
pending on € and the dimension, such that the following holds: let Q2 be a parabolic
slit domain in Q1 in the sense of Definition 6.1. Let u be a solution to

uy — Au = fin Q,
u=20 onorQ.

Assume that |[ul[L~@,) < 1, and || fln+2¢0,) < 1-
Then,

lul < Clom =T 0, x5 in Q0 Qs
Moreover, if u is nonnegative, m = u (‘7", —%) >0, | fllzr+2(g,) < nm, then
u > cm|(xy — D0, x0T in QNCN Qs
where C is the “cone” defined as

Ci= {(x, 1) € R™2 | xy — T 1) + 10]xnr| > 0] .

The constants C and c are positive and depend only on the dimension, €, and the
ellipticity constants.
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Proof. We will follow the same strategy as in Proposition 3.9. The proof of the
upper bound is exactly the same, using Lemma 6.5 instead of Lemma 3.6.
For the second estimate, let 2 (xo, #9):=2 N Q1/8(x0, fo) and notice that

U dupQ(x0, 10) C E:=Bj ;5 x [1/8 — 21, 1/8 + 2n]
(x0,10)€r 2N Q34
x[—1/8,1/8] x [—37/64, 0],

where dup €2 (xo, #0):=2(x0, o) N {x, = x0,, + 1/8}, analogously to Lemma 6.6.
The rest follows as in Proposition 3.9, but here we use the interior Harnack to see
that u > cym in

F:=03/4\ {xy < 1/32=2n, |xp41| < 1/32}

instead of E. Here we use < 1/256 to ensure that there is a uniform positive
distance from F to the boundary of Q. O

Finally, we can deduce the Holder regularity up to the boundary.

Proof of Proposition 6.2. We will use the same strategy as in Proposition 3.1. Let
us assume without loss of generality that [lu]|L~(p,) < 1 and K¢ = n (with n from
Proposition 6.7). Then, by Proposition 6.7,

lu| < C(lxy = D'\ D]+ X011 DY in 20 Q34

Then, we will use interior estimates in combination with Lemma 2.6. Let p =
'y Yn» Yn+1,8) and p € (0, 1_16) such that Q2,(p) C N Qs/g, and let

|Vns1l |yn =T, 9] }

R:=max { p, ,
{p 3 3
We distinguish four cases:
Case I. R > . and y, > I'(y',s) — 3R or |y,11| > §. Then, Qy3(p) C
€ N Q3/4. Then, by Theorem 2.5 combined with the fact that |lu| .~ p,) < 1 and
||f||Ln+2(Ql) < 1, we obtain

[l cor g, oy = 1107 (g, (py) = €

Case2. R > 1=, y, =T'(y',s) —3R and |y,11| < . Then, Q1/8(p) C Q34

- 167
and
01/8(p) N {xp1 =0} C {x, < T (X', 1), xp41 = 0}.

Hence, u = 0 on Q1,8(p) N {x,41 = 0}, and we can decompose u = uy + ua,
with u; = U X {xpy1>0} and u, = U X (xy41 <0}

Now, let i1 and i, be the odd reflections of u; and u» across {x, | = 0}, and
note that they satisfy (0, — A)u; = f; in Q1/8(p), with f; being the appropriate

reflection of f. Therefore, by Theorem 2.5 again as in Case I, [u] 7 (0,(p)) <C.
)4 p
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Case 3. R < 1_16’ and y, > ['(y',s) — 3R or |y,+1| > 2R. Then, Q»r(p) C
2N Q3/4. Moreover, since [y,+1] < 3R and [y, =T'(y', $)] < 3R, Ju| < K'R” in
028 (p). Therefore,

[“]C,(}V(QR(,?)) < C(R7 [lull (o (py) + ROFD/ D=y I fln+200ar(p)))
< C(K'+ RO/ HFD=Y | £l 5)) < C

Case4. R < 11_6’ ya =T, s) — 3R and |y,+1| < 2R. We proceed by an odd
reflection as in Case 2 and then use the estimates of Case 3. 0O

6.2. Special Solution

Our goal now is to construct a special solution which is almost homogeneous
with parabolic homogeneity % (cf. Proposition 4.1 for the same result in one-sided
Lipschitz domains).

Proposition 6.8. Ler ¢ € (0, gy), with gy from Proposition 6.3. Then, there exist
8§ > 0and C > 0, only depending on ¢ and the dimension, such that the following
holds: let Q2 be a parabolic slit domain in Q1 in the sense of Definition 6.1 with
Lipschitz constant §. Let ¢+ be the parabolically homogeneous solutions introduced
in Proposition 6.3, in a way that n+ > § so that

Ql\C$WZQ<ZQ1\C;J
Then, there exists ¢ : Q — R such that
or—Ap=0in Q
¢ =0onor2,
© >0, piseveninx,i1, l@llLe) =1,
1
o se=s Co,
andforall0 <ry <r <1,
su
o 1)
Lo (n .
supp ~ 8\
Or,

First, we prove the following almost positivity property for supersolutions to
the heat equation:

Lemma 6.9. Let E C {x,+-1 = 0}N Q2 be a closed set, and let w be a supersolution
to

in O2\ E

on E

in Q2 N {|xps1l = 747}
—1in Q.

—_ O O

IV IV I IV

Then,

w>0 inQq.
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Proof. We will proceed by comparison with a barrier. Let (y, s) € Q1. If y,41 >

nL_H, there is nothing to prove. Otherwise, consider the set

Q::Bl(y/,yn)x(— > x(s—1,8)\E.

n+1 n+1

By construction, 2 C Q; \ E. Now, consider
v=w+2( x) = O )P 4 — 1) =200 + Dlxgp],

which by construction is also a supersolution for the heat equation in 2. Moreover,
on the parabolic boundary we can distinguish the following cases:

° Whent:s—l,v2—1+4—#20.

o When |(x',x,) — (¢, yu)l = Lv = =142 — 21 > 0.

e When |x,4+1]| = 2

1
vz l=37 20
e OnE,v>w > 0.

Therefore, by the comparison principle, v(y, s) > 0, and it follows that
w(y,5) = v(y, $) +2(n + Dlyps1l* = 0.
O
As a consequence, we can deduce

Lemma 6.10. There exist C, g9 > 0, only depending on the dimension, such that
forall € € (0, &9),

o+ <Co_ inQj,

where @y are the parabolically homogeneous solutions introduced in Proposi-
tion 6.3.

Proof. Let

with m from Proposition 6.3.

Since {¢p— = 0} C {¢+ = 0}, w is a supersolution for the heat equation in
02\{¢p_ = 0}. Moreover, since [[¢4[|Lx0,) < 21/2+e by homogeneity, w > —1
in Q, and w > 1 whenever |x,4+1| > o

Hence, by Lemma 6.9, w > 0 in Q1 and the conclusion follows. 0O

We will also need a Liouville theorem for slit domains.
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Theorem 6.11. Let o € (0, %), and let u be a solution to

(0 — Ay = 0 in (R"“ \ [t < 0, Xy = 0}) X (=00, 0)
u = 0 on {x, <0,x,4+1 =0}
U xn, Xpge 12 1) = u(x’, xn, =41, 1) in R7T x (—00,0)
with the growth control

lull L (0g) < C(1 4+ R, VR > 1.

Then, u = ag for some a € R, where

@o(x, 1):=Re(y/x, +ixp41).

Proof. We will proceed as in [30, Theorem 4.11]. Let y € (0, %) such that 3y >
1+ «, and let
2
__u(rx, ret)
u,(x, t)'_rlT

for r > 1. Notice how u, also satisfies the hypotheses.
Now, by Proposition 6.2,
)0 9y = T4 [Ur]cor (0 < Cr 7Y lupll ooy < CriteY.
Then, given h € B suchthat h, = h,y; =0and t € (—1, 1), let
UV, )i=ux +h,t +1) —ulx, 1)
and notice that it is also an even solution to the heat equation in the same domain.

Hence,

1 1 —
| e,y < Crite=7,

Now we can repeat the procedure starting with u*) instead of u to obtain that
e @ L0,y < CriTe?

and

u® Lo,y < Crite=37,

where u(i+l)::u(i)(~ +h,-+1)— u®, Letting r — oo in the last expression, we
obtain that u® is identically zero, and therefore u(-, x,,, X,+1, -) is a third order
polynomial, but from the growth condition on u we deduce that actually « is of the
form

u(x,t) = ¢(xn, Xpt+1) + ¥ Xn, Xpt1) x'+ ¢ (xn, Xpg1)t.

Since the domain is translation invariant in the x’ and ¢ directions, we deduce that
¢, ¥, ¢ are two-dimensional solutions to the heat equation that do not depend on
time, i.e., harmonic functions in R? \ (—o00, 0). Hence, they are of the form

o0 o
> @k Re((ry + ixs D)+ b Im(Gon + i 1)),
k=0 k=1

Finally, from the growth and the even symmetry of , we deduce thatp = ag Re((x,,+
ixn+1)1/2) and ¥ = ¢ =0, as we wanted to prove. 0O
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Remark 6.12. The assumption of u being even in the x,4 direction is necessary
to discard linear terms of the form b1x,4. This is motivated by the study of free
boundary problems such as the parabolic Signorini problem, where the solution
being even is a natural assumption (see for instance [21]).

Now, we are ready to replicate the strategy of Sect.4. First, we construct solu-
tions with a controlled growth.

Lemma 6.13. Let ¢ € (0, &g), with &y from Proposition 6.3. There exist C > 0,
only depending on the dimension, and 81 € (0, €), only depending on the dimension
and €, such that the following holds: let R = 2'/¢ and let Q be a parabolic slit
domain in Qg in the sense of Definition 6.1 with Lipschitz constant §1. Then, there
exists ¢ : Q — R such that

or—Ap=0in Q
¢ =0onor2,

¢ >0, giseveninx,q1, lellr=,) =1, and

1 )
ok <¢ <Cop_ inQg.

In particular, ||¢|| L= (0,) < Crl/z_gfor allr € [1, R].

Proof. First, by construction and Proposition 6.3, if §; is small enough ¢, is a
subsolution and ¢_ is a supersolution for the heat equation in 2.

Now, from Lemma 6.10 and the different parabolic homogeneities of ¢ and
¢—, we deduce that

9y < CR*¢_=4Cp_ in Q.

Note that C does not depend on ¢.
Therefore, by the comparison principle there exists ¢ > 0, a solution to the
heat equation in €2, vanishing on dr €2, that satisfies

¢+ <9 <4Cp_ in Q.
By Proposition 6.3, 1 < ||@]lz=(g,) < 4C, and therefore

. 4
=
l@llzecon
satisfies the first estimate. The second estimate follows directly from the parabolic
scalingof p_. O

Now, the proof continues as in the one sided case.

Proof of Proposition 6.8. We follow the same strategy as in the proof of Proposi-
tion 4.1. First, Lemma 6.13 replaces Lemma 4.2. Then, an analogue to Lemma 4.3
can be proved by the same type of blow-up argument. To do so, we use Propo-
sition 6.2 for the boundary regularity, and Theorem 6.11 to classify the blow-up
limit.

The conclusion follows by an inductive argument as in Lemma 4.4, and com-
bining the estimates as in the proof of Proposition 4.1. O
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6.3. Expansion in Slit Domains

The following proposition follows the lines of Proposition 5.1, adapted to slit
domains.

Proposition 6.14. Let o € (0, %). There exists ey € (0, 1), only depending on o
and the dimension such that the following holds.

Let 2 be a parabolic slit domain in Q1 in the sense of Definition 6.1 with
Lipschitz constant gg. Let u be a solution to

ur — Au = fin Q
u=0 onore,

where u is even in xu41, ullp~g) < 1, and || fllLacg;) < 1 withq = (n + 3)/
(1—a).
Then, for each r € (0, 1] there exists K, € R such that |K,| < C and

lu — K, @llL=o,) < Cr'te,

where @ is the special solution introduced in Proposition 6.8 and C depends only
on o and the dimension.

Proof. We follow the same four steps as in Proposition 5.1.

Steps 1 and 4 are identical. Steps 2 and 3 have to be modified in the same way.
We will only write the modified Step 2.

Modified Step 2. We prove that w,,, — w locally uniformly along a subsequence,
where w is a solution to

w; — Aw = 0 in R""2\ {x, <0, x,41 = 0} ©.1)
w=0on {x, <0, x,41 =0} ’

Then, by the construction of w,, (omitting the dependence of f on j,,),

1—a
|0 — Awp| < —=

2
— 9(pm) f(pmx» pmt)ﬂ

and estimating the right-hand side

H 20, " 200 i3/

f(omx, pp1) 1Ly

0 (pm) Loy 0om) "
- 2\ fllzacon - 2 7
6 (om) 6 (om)

where we used that (n +3)/g = 1 — «.
Moreover, w,, = 0 onthe appropriate rescaling of ar€2; , and, forevery R > 1,

Jm>

lwillLeogr) < C Rt for sufficiently large m. Hence, by Proposition 6.2,

||wm ||C2’1/4(QR) S C(R)v



Arch. Rational Mech. Anal. (2024) 248:73 Page 43 of 64 73

uniformly in m, for m large enough. Then, by Arzeld-Ascoli and Proposition 2.7,
we obtain that

Wy — w e C(R'?),

locally uniformly along a subsequence, where w is a viscosity solution to (6.1) and
lwilrer < CR' forall R > 1. Therefore, by Theorem 6.11 and the fact that
lwllLeog) = 1, w = ¢o. In the rest of the proof, ¢g plays the role of (x,) in the
proof of Proposition 5.1. 0O

6.4. The Boundary Harnack in Slit Domains

Proof of Theorem 1.6. The strategy of the proof is the same as in Theorem 1.2.
Leta =1 — "qﬁ, and ¢ € (0, g9) (with g9 from Proposition 6.8) such that y <
4o —17e.

Let Ry € (O, 4L8) to be chosen later, p = (y’, y,, s) and p € (0, Ry) such that
02,(p) C 2N Qs/8. Assume without loss of generality, that y,1; > 0, and let

. { Yt Iyn—l“(y/,s)l}
R:=max i p, .

8 ’ 8
Then, we distinguish four cases (cf. Proposition 6.2).

Case 1. R > Ry, and y, > I'(y’,s) — 8R or y,11 > 2R. Then, Qxr(p) C
2N Q3/4. Now, let us consider two subcases:

o If y,11 <2R,y, =T(),s)+ 8R. Therefore, for all (x, 1) € Qr(p),
Xp =T, 1)+ (7T —2c0)R > T'(x', 1) + 6R.
o If y,11 > 2R, since y, > I'(y',s) —8R, forall (x,1) € Qr(p),
Xp > T (X, 1) — (9 +2c0)R > T(x', 1) — 10R > T'(x', 1) — 10x,41.
In both cases it holds that, for all (x, ¢) € Qr(p),
xp — (', 1) + 10[xp41] > 0,
and
lxp = D, )]+ |xn41] > 2R.

Hence, by Proposition 6.7, v > cm > 0 in Qg(p). Furthermore, by Proposi-
tion 6.2, ”u”C%y(QR(P)) < C and ||v||C2,y(QR(p)) < C. Therefore,
“ _ llegr o, i Wle=copion + o, vllcsr g, )
2

=l ., < :
viley” (0, (p)) inf v
roEr 0,(p)

< Ccm™2.
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Case2. R > Ro, y, =T'(y',s) —8R and y,.| < 2Ry. Let

E:=01 50V, yu, 0,8):=01/8(", yu, 0,5) N {xn11 > 0} C Q3a.

Then,
EN{xy41 =0} C {x, <T(', 1), xpp1 =0}

Moreover, p < Ry < %, and hence Q,(p) C Q]L/m(y/, Y, 0, 5).

. . . . . + .
We will apply Theorem 1.2 with the following functions defined in Q":
v (O . 0) + 5.5+ &)

and v(x,1):=
) ||U||L00(Q]+/8(y’,yn,0,s))

X t
i 3 t).= /3 3 O e -
u(x, 1) u((y Ym0+ 2.5+ =
First, ”f‘”Lw(QT) < 1l,v>0and ||17||L00(QT) = 1, and the domain is a half-
space so it has Lipschitz constant 0. Then, about the right-hand side of the equation,

- | , X t
i — A== fi <(y’y"’0)+§’s+6_4)’
and hence
gn+3)/q
e = Aitll g oty = —— I lLacon = 1.
Moreover,
- <€n+1 3) (Y s 16) — %) com
v y—— = = >0,
204 Wliegfyormmosy — Wlieiof om0

by Proposition 6.7.
Therefore, we can apply Theorem 1.2 to obtain

2
m 9
L®(Q /(5 yn,0,9)

. < Cl] -
Cpy (21

u
v

-2

and hence
< m “<Cm
= C||U||L°°(QT/16(yCyn,O,S))

v

Case3. R < Ry,and y, > I'(y’, s) —8R or y,+1 > 2R. Then, Qrr(p) C QN

03/4. Analogously to Case 1, we can apply Proposition 6.7 to obtainv > cm R!/?+e
in Qg (p). Then, the right-hand side of the equation for u can be estimated in L"+?2

YV (Qp(p))

< R(n+3)(1/(n+2)—1/li)”f1 ”Lq(QZR(P))

as
< Rl/(n+2)+0l||fl ”Lq(Q]) < Rl/(l’l+2)+a’

1Al L2 02k (py)
Rl/(n+2)+ot .

and analogously || /2l pr+2(0,5(py) < cOm
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Now, let ¢ be the special solution introduced in Proposition 6.8, centered at
O/, T(y,s),0,s). Then,w; = u — K, and wy = v — K, ¢ satisfy

R1+Dt R1+Ut

lwillze(@sr(py) = € and  JlwallLe(@or(p) = €

by a translation of Proposition 6.14.

Finally, we proceed as in the proof of Theorem 1.2. By the interior estimates in
Theorem 2.5, and the growth of v and ¢ (see Propositions 6.7 and 6.8), and using
that u = w; + K, ¢, we estimate

[Wileor gy IV Iz @ron + Wil rtpnVlchy (g, p)

[wi/Vleo7 (@pipy = inf 12
0x(p)
Rlta—y pl/2—¢ + Rltapl/2—y—¢

m?2 R2(1/2+¢)

-2

<Cm

and

[l oy llwallze + [wa] ox @l
[o/v] 0.y < P - L
Cp (Qr(P)) inf (v/@)? inf @2
R1/2—e—y plta 4 plta—y pl/2—¢

-2
=C (mRZe)z(Rl/2+e)2 =2Cm~,

where we omitted the domain to improve readability, and therefore
/0187 0arn = 101/ VIt iy T IKullO/ VNt (g < Cm 2
Case4. R < Ry, y, =T'(y',s) —8R and y,+| < 2R. Let
E:=Qgp(y'. yn.0.5) C Q3.
Then,
EN{xut1 =0} C {xy <TG, 1)

Moreover, y,+1+ o < 3R, and then Q,(p) C Q;rR(y’, Y, 0,5). As in Case 3, we
can apply Proposition 6.14 to obtain w; = u — K,,¢ and wy = v — K, ¢ satisfying

lwillzoeey < CR™® and  [lwa|l () < CR'™.
Assume without loss of generality that C > 36. Now, let xo = (), y,;, 0) and let

w1 (xg + 6Rx, s + 36R?1) - v(xp + 6Rx, s + 36R%1)
Tra and v(x,1):=
CR lvllLeo (e

wi(x,t):=

Since y, = T(y',s) — 8R, (', yu, 3R, s) € E satisfies

Yn _F(y/vs)‘i_l()?’R 20’
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and by Proposition 6.7, v(y’, yu,3R,s) > cmRY?>*¢ and thus ||v||peop) >
cmRY/2te Therefore, ||w; ”L“’(QT) <1, ||v||L°°(QT) = 1, and the right-hand sides
satisfy

36R?

10 = 21l o) = Zrra OB filleace) <1

and

36R?
vl Loo (k)
36R2(6R)*!
— CmR1/2+8

13 — A)dll g oty = O6R)™ "I fy]| Lack)

com < co(emR*),

provided that R < Ry is small enough, where we alsoused that (n +3)/g = 1 — «.

Finally, by Proposition 6.7, v(xo 4 3Re,, s — 27R%) > cmR'/?>¢ which implies

ﬁ(%”, —%) > cmR?%¢, and also iz ey < CRY2=¢ Thus, by Theorem 1.2,
01/ < C(m)R™*,

and undoing the scaling,

CRl-Hx

[wi/v] 0y, 0 < ———
) T vl L (k)

RV [, /¥ < C(m)R'*r*=v=3 < C(m).

Consider now

wa (xg + 6Rx, s + 36 R%1) . @(xo + 6Rx, s + 36R%1)
o and @(x,t):=
CR lollLoe(r

wa(x, 1):=
By the parabolic homogeneity of ¢, we get (ﬁ(%, — %) > cR?¢; see Proposition 6.8.
We also have that

13 = A)ib2l 4 o) < com

by the same reasoning as with wj.
By Theorem 1.2,

il < R 9
[wz/(p]co y(QJrl ) C(”l)
and undOing the scaling,

CR'* 172+ 5¢
Y ~ a—y—

On the other hand, by Corollary 1.5,

c(m)R¥ < = < C(m)R™™ in 07,

| =
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which after undoing the scaling (by Proposition 6.7) becomes

cm)R* < L < Cm)R~% in E.

hS)

Hence, we can compute

[v/elcor gy [w2/elcor g,
inf(v/p)> — inf(v/g)?

[‘p/v]cgel’ (E) S

and applying the previous estimates
[0/V]c0r () < COMRIZFETYTHE < Cm).
Finally, as in Case 3,
[/vleor @pipn = 101/VNco7 (g F 1Kull@/Vc07 gy = €11,

as we wanted to prove. O

7. Applications to Free Boundary Problems

7.1. CY% Free Boundary Regularity for the Parabolic Obstacle Problem
The argument in this proof is standard, we write it for the sake of completeness.

Proof of Corollary 1.8. Let e € R"*! be a unit vector. Then, since u € C!, u, is a
solution to

oty — Au, = fp in {u > 0}
u, =0 on d{u > 0}.

Let now r > 0 to be chosen later, and define the functions

u.(rx, r2t) u,(rx, r2t)

and wj:

wi:

"~ max{llucllL(g,), Cr} " Mualleco,)

Then, willze(g,) < 1, lwzllz(g,) = 1andwy > 0. Furthermore, [lu, || L= (g,) <
Cr by the C ;’1 regularity of u, and it follows that

en 3\ _ cd(ren/2. —3r2/4) .
27 4)~ Cr ~4C

using that d(re,, /2, —3r?/4) > r/4 if the Lipschitz constant of the domain is small
enough. Finally,

2N ey IV FlLien 1-wma

100 — AwillLacgy) < o < c
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and

P2V fllLag,) _ AV FllLaon 1-mr2/4
u,(re /2, —r%/2) — c ’

10 — AwallLacgy) <

Therefore, choosing r > 0 small enough (independent of e) we can apply
Theorem 1.2 to w; and wy and obtain that wy/w> € C?;“(Ql/z N{wy > 0}). Now
letting e = ¢; for all vectors of the coordinate basis, we obtain that

Y1) ¢ 0@, 5 A fu > 0)) € COU2(Q,p2 1 fu > 0.

n
Notice also that the modulus of this function is bounded below by 1.
Now, the normal vector to the level sets {u = ¢} for r > 0 can be written as
(Vu,u;)

\Y )
i (Vu, uy) _ Un c CO,ot/Z(Qr/2 N{u > 0}),

/ 5| (Vuu)
|V”|2 + u; U, :

hence {u = 1} is a C1%/2 hypersurface, and taking the limit as 7 | O (uniformly
because u € C'), we obtain that 3{u > 0} is C*/2 as well. O

7.2. CY% Free Boundary Regularity for the Parabolic Signorini Problem

In the case of slit domains, the proof has to be slightly modified to account for
the different scaling of the solution.

Proof of Corollary 1.9. Let e € R"*2 be a unit vector. Then, since u € C!, u, is a
solution to

Oite — Au, = foin Q1 \ A(u)
u, =0 on A(u).

Let now r > 0 to be chosen later, and define the functions

u.(rx, rzt) u,(rx, r2t)
and =

wyi= = .
max{l|ucllz(g,), Cr'/?} lunll Lo,y

Then, ||wq ||L°°(Q1) <1, ||U)2||LOC(Q1) = land wy > 0.Furthermore, ||u,, ||L°°(Qr) <
Cr'/? by the C;/ 2 regularity of u, and it follows that

- (en 3) _ cd(ren /2, —3r2/4)1/2 _c

27 4 crif2 ~2C’

using that d (re,, /2, —3r2/4) > r/4if the Lipschitz constant of the domain is small
enough. Finally,

2—(n+3)/q \v4 \v4
”(81‘ _ A)w1||L4(Q1) S r ” f”Lq(Qr) S ” Cf” r3/2—(i‘l+3)/q

Ccrip
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and

2NN fllaon _ VA 32-mi3)/0
u,(re /2, —r%/2) — c

10 — AwallLacgy) <

Therefore, choosing r > 0 small enough (independent of ¢) we can apply
Theorem 1.6 to w; and w, and obtain that wi/w; € Cg’a(Ql/z N{wy > 0}). From
here the argument goes on as in the proof of Corollary 1.8. O

8. The Elliptic Boundary Harnack with Right-Hand Side

Applying similar reasoning as in Sects. 3, 4, and 5, but using elliptic instead
of parabolic theory, one can arrive to the following result, that generalizes the
right-hand sides considered in [4] and [49] for non-divergence operators.

It is noteworthy that even for the Laplacian, this is the first optimal regularity
result for quotients of solutions in domains that are less regular than C'.

First, let us define a Lipschitz domain in the elliptic setting.

Definition 8.1. We say 2 is a Lipschitz domain in Bg with Lipschitz constant L if
Q is the epigraph of a Lipschitz function I" : B — R, with I'(0, 0) = 0:

Q={(",xy) € By x (=R, R) | x, > T(x")}, |Tllcor <L.
In this context, we will denote the lateral boundary
arQ:={(x, x,) € By x (=R, R) | x, =T'(x")},
which is a subset of the topological boundary of 2.

Remark 8.2. To extend the concept of regularized distance to one-sided elliptic Lip-
schitz domains, a simple approach is to establish a correspondence between elliptic
domains and time-independent parabolic domains by adding a dummy variable.

Finally, it is worth highlighting that the key difference in the proof is the change
in scaling between the parabolic ABP estimate, Theorem 2.4, and its elliptic coun-
terpart, which we state below.

Theorem 8.3. ([15, Theorem 3.2]). Let L be a non-divergence form operator as in
(1.1) and let u € WI%)‘C” be a solution to Lu = f in By, with f € L"(B,).
Then,

supu < supu™ + Cr| fllLr(5,),
B, 9B,

where C depends only on the dimension and the ellipticity constants.

Now we are ready to state our main elliptic result.
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Theorem 84. Let 0 < y < o < ag, m € (0, 1] and let L be a non-divergence
form operator as in (1.1). There exists cy € (0, 1), only depending on «, y, the
dimension and the ellipticity constants, such that the following holds:

Let Q be a Lipschitz domain in By in the sense of Definition 8.1 with Lipschitz
constant L < cq. Let u and v be solutions to

Lu= fiin Q d Lv= frin Q
u=0 ondrQ2 an v=0 onorS,

and assume that ||ullpo;) < 1, [[vllpe) =1L v > 0, v (%”) > m, and that
fi =g + hi with

ld g1 llree(sy) + Il hillznay) < 1
and
Ild' ™ gallzoopyy + ld 2l Ln(py) < com,

where d is the regularized distance introduced in Remark 8.5.
Then,

H
v IlcOr(QnB)

where C depends only on m, «, y, the dimension and the ellipticity constants.

Remark 8.5. The function space considered for the right-hand side is the most
general allowed by our proof. Notice how the weighted L"*! norm of the parabolic
result translates into a weighted L” norm in the elliptic setting, due to the different
scaling of the ABP estimate.

By a similar argument to Proposition A.2, Theorem 8.4 allows for f; € L? with
q = n/(l — ), generalizing [49]. It also allows for | f;| < comd®! as in [4].

Proof. 1t follows from the proof of Theorem 1.2 and the previous lemmas, using
Theorem 8.3 instead of Theorem 2.4. Notice that if we consider the solution to an
elliptic problem as a stationary solution for the parabolic problem and try to apply
Theorem 1.2 directly, we obtain a weaker result. O

If we can interchange the roles of u# and v, we derive a corollary in a similar
manner to the parabolic case.

Corollary 8.6. Let o« € (0, g), m € (0, 1] and let L be a non-divergence form
operator as in (1.1). There exists co € (0, 1), only depending on «, the dimension
and the ellipticity constants, such that the following holds.

Let Q be a Lipschitz domain in By in the sense of Definition 8.1 with Lipschitz
constant L < cq. Let u and v be positive solutions to

Lu = f1in Q d Lv=frin Q
u=0 onor M v=0 ondrQ,
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and assume that ||ul| s,y = llvllecs) = 1, v (%) = m, u (%) = m, and that
fi = gi + hi with
ld' = gillzmy) + lld~hill ez < com,

where d is the regularized distance introduced in Remark 8.5.
Then,

—<E§C in Q2N By,
v

where C depends only on m, «, the dimension and the ellipticity constants.

Remark 8.7. The analogous theorems hold for the right notion of elliptic slit do-
mains with a right-hand side with the same conditions as in Theorem 8.4.

9. Proof of Corollary 1.11

Using the boundary Harnack, we can combine it with the Hopf lemma to get a
Hopf-type estimate for solutions of parabolic equations with a right-hand side. Let
us start by defining Dini continuity and the interior C'-Pi" condition.

Definition 9.1. We say w : [0, c0) — [0, 00) is a Dini modulus of continuity if it
is nondecreasing and there exists ro > O such that

"o dr
/ w(r)— < 0.
0 r

Definition 9.2. Given 2 a parabolic Lipschitz domain in Qr, we say 2 satisfies
the interior parabolic C'-P'" condition at 0 if (possibly after a rotation) there exists
ro > 0 and a Dini modulus of continuity @ such that

(X0, 1) € Qpy | 20 > (X + 111X + 1117} € Q.

Our starting point will be the following boundary point lemma for parabolic
¢!Pini domains. We were surprised to not find it in the literature, so we provide it
here for completeness. The proof follows the steps in [41] and relies on a standard
iteration scheme.

Theorem 9.3. Let L be a non-divergence form operator as in (1.1). Let Q2 be a
parabolic Lipschitz domain in Q1 in the sense of Definition 2.2, and assume that it
satisfies the interior C'"P™ condition at 0.

Let u be a positive solution to

uy — Lu=01in Q
u=0ondrL2,

and assume that u (%”, —%) = 1. Then, forallr € (0, 9),
u(re,, 0) > cr,

where ¢ > 0 and § depend only on the dimension, the ellipticity constants, and the
modulus of continuity of the domain.
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We start with an auxiliary lemma for sequences.

Lemma 9.4. Let C > 0, and let {a;} and {wy} be sequences of positive real numbers
such that ay4+> = ax+1 — Cwyag. Then, if

then ay > a /6 for all k > 2.

Proof. First, notice that we may assume C = 1 without loss of generality. Then,

aj 1 aj
= —wa>mnl|ll—w—|>anll—=)=—.
a 2 2

Furthermore, if we assume that 2a;1 > ag,

ay ag Ak+1
apy2 = ap+1 | 1 — wy >aps1 |1 — > .
Ak+1 dag+1 2

Hence, by induction we see that 2a;y; > ai for all k > 2.
Now, by iterating the recurrence we also have, for k > 3,

ar > az(1 —2w3)(1 —2wyg) - ... - (1 —2wi_1),
and since 2wy < 1/2 for all k,
a  a

ar > aze W L eTHW- o age_42“’f > = > =

e 6’
where we used that e=2* < (1 —x) forallx € (0,1/2). O
Now we are ready to prove the main statement of the section.

Proof of Theorem 9.3. First, from the interior Dini condition we get that there exists
ro > 0 such that

o dr
w(ro) < co and / 0L <
0 r

where cp > 0 is a small constant to be chosen later. After scaling, and using the
parabolic Harnack inequality, we may assume ro = 1 and u(e, /2, —1/2) = 1.
Then, we denote

Q=N Q, N{x, > 0}.

By the Hopf lemma for flat boundaries applied to the set {x, > w(1)}, we
obtain u > ¢1(x, — w(1)) in Q1,2 N {x, > w(1)}, and using that u > 0,

u>cixy, —ciw(l) in QT/Z.
Let aj:=c; and by:=cjw(1). We will prove by induction that

u > agx, — by 1in Q;r_k,
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for some positive sequences a; and by satisfying the recurrence relations

Aag+1 ay — 2kak
bir1 = 2 %02 )ay.

Indeed, assume it true for a certain k and let v = u — aix,,, which is L-caloric
in Q;‘_k. On the one hand, v > —b; by induction hypothesis. On the other hand,
v > —ayx, because u > 0.

Now, let us estimate v in Q;k,l from below. To do so, let us define wi and wy
as

(0 —Lywy =0  in Qr— N{x, > 0}
wy = —bg on 3,0y N {x, > 0}
w; =0 on {x, =0},

and
(8[ — E)wz = O in QN Q2*k
wy =0 on d,(2N Qy—) \ Ir2
wy = —agXx, on dr<2.
Now,

e On9d,(2N Qr—k) \ r2, v > —by = wy + wa,
e OnorQN{x, >0}, v > —agx, = wy > w; + wy,
e On{x, =0}NQ,v>0=w; > w + ws.

Hence, by the comparison principle, v > wi + w» in Q;r_k.
Then, we estimate w; by the boundary Lipschitz regularity of solutions (for flat
boundaries), scaling and linearity to obtain

wy > —Ch(2kx,) in Qyie1 N {x, > 0}
and we estimate wy with the maximum principle with

wy > —ar  sup  fxn) = 2Fw(2 ey
xearQﬁQz,k

Putting everything together one obtains
u > agxn +wi 4+ wsr > (ax — 25Chi)x, — 2 %02 )ar in QF

2—k—1*

Moreover, notice that ay42 = ax4+1 — Co My,
ay =a; —2Cb; =c1(1 —=2Cw(1l)) > c1(1 —2Ccq) > %1,

and

—k+1
2 o

—k 1 dr
2 00 )Szln(Z) L YO *no
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Hence, choosing ¢ small enough we can apply Lemma 9.4 and obtain a; > ¢1/12
for all k. On the other hand, for k > 2,

bk — 2_k+1ak71w(2_k+1) < 2_k+1C1CO,
using that ay is decreasing and w is nondecreasing. Now if we choose ¢y < 1/96,
we have by < 2 %2y for all k > 2, and then for all r € [27%=1, 27F),
u(ren,0) > ar — by > ap(r —27%7%) > % > %r,
and the conclusion follows. 0O
Finally, after combining it with the boundary Harnack and the near-linear so-

lution from Sect.4, we can prove our Hopf lemma for equations with right-hand
side.

Proof of Corollary 1.11. Let ¢ be the special solution defined in Proposition 4.1,
and assume that ¢ (e, /2, —1/2) = 1 after normalizing. From Theorem 9.3, for all
r € (0, 6) and some ¢ > 0,

o(re,, 0) > cr.

Then, divide u by a constant so that [Ju||(g,) = 1. Now we can apply Corol-
lary 1.5 to ¢ and u to obtain

NS

<C inQjy,
and hence

u(rey, 0) > C'p(re,, 0) > Cler,
for all r € (0, min{1/2,8}). O
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Appendix A. Auxiliary Results

A.1. The Space of the Right-Hand Sides

We will prove an interpolation inequality between weighted L” spaces that seems classical
but we were not able to find in the literature.

Lemma A.l. Let € (0,1), p > 1, and let g = (p + 1)/(1 — «). Let f € L1((0, 1)).
Then,

1
inf | _axe—hy? —l—pocd <2 .
inf +</o (f1=ax*"Hlx X = 2[fllza 0,1y

In particular,

L9 C LP((0, 1); x‘%“”) + L0, 1); x17%).

Proof. Assume without loss of generality that f > 0. Then, let us do the change of variables
t= (pxp)f1 , and let us also define 4 : (%, 00) — R as the function satisfying

Fx) =x*"Th@).
On the one hand,

||h||‘1q=fl h(t)ide = f(f(x)x1 1 f Feytdx = 1719,

P

On the other hand,

1 00
/ (f(-x) _ }“xﬁt—l){;x—l_padx — /1 (h([) _ )“)ixp(a—l)x—l—PleP-Hdt
0 ES

P

o0
ﬁ (h(t) = WEdt = | (h — 0111,

P

Therefore, it suffices to prove that, given 1 < p < ¢,

inf [A 4 [(h —M4llpr] <20kl La.
A>0

For that purpose, we estimate

hd _
1= 20415y = [ =28 = [ dnensgg=y <3270 [ 40 =221,
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Then, if we consider A = ||A]| 14,

inf [A+||(h— A , <inf|:)h+)L1—lI/Ph4/[7i|<2h '
jnf [+ 10 =24 lLr] < inf 11957 < 21l

[m}

As a consequence, we can interpolate between the weighted Lebesgue spaces used in the
one-sided boundary Harnack.

Proposition A.2. Let o € (0, 1), ¢ = (n +2)/(1 — ), and let Q2 be a parabolic Lipschitz
domain in Q7 in the sense of Definition 2.2. Let f € L1(Q2).
Then, there exist g, h : Q@ — R such that f = g+ h and

ld' =gl @y +1d ™D R L ) < 201 f 29 ().
where d(x/7 Xn, [) = Xn — F(x/, Z).

Proof. Consider the bi-Lipschitz change of variables (y/, yn,s) = (x/,x, — I'(x/,
t),t). Then, it suffices to apply Lemma A.1 with p = n + 1 in the variable y, and in-
tegrate in y’ and s. O

A.2. The Regularized Distance
We will give some ideas on how the construction of the regularized distance is done.

Sketch of the proof of Lemma 3.2. We follow the construction in [43, Section IV.5]. Let ¢ €
C®°(B}) and n € C*°((0, 1)) be nonnegative cutoff functions with

Lo foms
n R

LetA=4vL?2+1and K = ”7)/”L1(0,1)- We then define

2
;P 14
F(x,t,p) =x, — /n /R r (x — Xy, t — 2(1+K)2Azs) n(s)e(y)dsdy.

Recall that OrQ = {x,, = I'(x’, 1)}.

Then, it can be shown that for each (x, 1) € QN Q1, thereis aunique p such that F(x, ¢, p) =
p, and we choose d(x, t) to be equal to this p.

From the proof in [43, Section IV.5], we obtain

1 ’ 3 ’
E(xn —I'(x,n) <d= E(Xn -, 1),

2 A
opd > 3 and |Vyd| < 7
To obtain the last estimate, one needs to proceed as in [42, Theorem 3.1], notice that since
L <1, A € [4,4+/2] and it can be absorbed into C,, and since I is not parabolic c! but
only parabolic Lipschitz, one needs to repeat the computations done with the modulus of
continuity of V" substituting it by appropriate expressions concerning the regularity of I".
Indeed,

IVyT(x1, 11) — Vil (x2, )| < E(Ix1 — x2]) + €111 — 121"/
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becomes

Vil (xq, 1) = Vil (x2, 22)| < 2[|Vxgllpee = 2L,
and

ID(x, 1) =D, )] < I — 0] e — 0]/
becomes

IT(x,11) — T(x, 2)| < LIty — 12]'/2.

After these changes, carrying out the rest of the computations in the proof of [42, Theorem
3.1] one can deduce that

CL
6| + |D2d| < %.

A.3. Blow-up Construction
Let us prove how we can construct the blow-up.

Proof of Lemma 5.2. First, by the definition of 6, 6(r) < oo for each r > 0 because
lujllLeecgyy < 1 ll@jlliLeo(g,) = 1. the K, ; are bounded for a fixed r, and by hypothesis
lirrbG(r) = Q.

r—

Then, for every positive integer m, there exist p,; > 1/m and jj, such that

_ 1 1
P W, = Koy 5 100,12 50C1/m) 2 26(om).

Let us choose py; | 0 as follows: if 6(1/(m + 1)) = 6(1/m), we take p,,+1 = pm, and if
0(1/(m 4+ 1)) > 6(1/m), then there is a suitable p,, 1 € [1/(m + 1), 1/m).

To compute the growth of the wy,, we first need to estimate |[(K2,, ; — Ky, j)@jllLo(0,)-
Indeed, using the definition of 6,

K2, joj — Kr, j@jll Lo (0,) - 2802r) 1Kar, joj — ujllL(0s)
rPo(r) 00 (2r)P6(2r)
luj — Ky jejllLeo,)
rBor)
<2641,

Hence, ||(K2,j — Kr j)@jllLo0,) < CrPo(r). Analogously, for any u € [1, 2],

(K ur,j — Kr, DejllLoc0,) < CrPom).

Furthermore, given 1 <a < b,

1(Kaar.j — Kar. )07 1005y < 1K2ar.j — Kar. i 110710y
< e 1Kaar,j — Kar j10/@) 10 L0,
< 7 /) |(Kaar, j — Kar, )05 111200
< Canfbja) (ar) < CrPaP 7 b7 6(r),
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Our next step is the following computation: if R = 2V Ry < 1/r with Rg € [1, 2),

I1(KRr,j — Kr,j)0jllLo(0p) < I(KRyr,j — Kr, j)@j L0y

N—-1
+ Y N Kgnri gy j = KomRor )7 150
m=0
N—-1
< CRVrPo(r) + CRY rPo(r) Y (2" Ry
m=0

<CR"rPoar)+ CRYrPor)RP~Y < C(RHPOG).
Finally, forany 1 < R < 1/pp,

”u]m - Kpm;jm w]m ”LOO(QR,um)

lemle=en = G =K i
20 jy = Ky jin Pjm 1L (Qrp)
- PO (om)
- 2R, = KRy, i @i 1220 )
N (Rpm)ﬂg(/)m)
N 20K Rom jmPim = Koms jin im 1L (Qrpp)
PO (om)

B
~ 2R7O(Rom)

+CRP < CRP.
0(om)

A.4. Homogeneous Solutions in the Complement of thin cones

We will prove Proposition 6.3. Let us change a bit the notation for convenience of the proof.
If ¢ is a positive solution to

dg —Ap=0in Q1 \ Cy,

where

Cyi={xn < n(x| + []'/?

), Xp4l = 0},

and ¢ satisfies p(Ax, Azt) = AMp(x, t), for some «, then k is uniquely determined (as a
function of 7).

Indeed, we can write ¢(x,t) = |t|"/2¢>(x/|t|1/2), and ¢ solves the following eigenvalue
problem for the Ornstein-Uhlenbeck operator (see [32, Lemma 5.8]):

{ Loyd+ 56 =0in R\ A1)
¢ =0o0n Cy,
where
Cp = lan < n(x| + 1), X1 =0}
and

Loyd(x):=A¢(x) — % Vo (x) = /4 Diy(e /Ay g,
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Since ¢ is positive, it is the first eigenfunction for £ ¢ in this domain, and therefore by the
Rayleigh quotient characterization,

27 ot / [VupPe WP/, (A2)
ueCe” (RMIN\Cy), flall 2 =1

where
2 . 2 —|x|?/4
|whp=fue””
w

and the infimum is attained by a unique function ¢, € L%) by standard arguments.
Now we are ready to start the proof of Proposition 6.3. First we will show the stability of
minimizers of the Rayleigh quotient, in the following sense:

Lemma A.3. Letn € (—%, %) and let k = k(1) as in (A.2). Then, for all ¢ > 0 there exists
8 > O such that if ||ull ;2 = 1, u vanishes on C~',, and

/|Vu| P4 K s
2
then
llu — o ”Lﬁ, <é&.

Proof. Consider the spectral decomposition of —L oy in the domain R\ C »» S0 that the
eigenvalues are
K
O0<—-—<kp<...
2

and the eigenfunctions are
{¢T]5 ¢7’],27 . }
and form an orthonormal basis with respect to the weighted scalar product

(f.8)= / Fee R4,

Then, if we write u = agy + ) c;idy ;.

/|VM| €_|X‘2/4 = —/M[,OUM =(x2§ +ch-zl€i < g +34.
On the other hand,
L= lulf, =o®+3 .
and then
ZC,'ZKi < chzg +46 = chz (K,‘ — g) <8,

so it follows that

)

2 2

— =2 E c < <é&,
i ¢n”L2w EA— )

asrequired. O
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Then, we see the monotonicity and continuity of the eigenvalue with respect to the domain.

Lemma A4, Letk : (— % R %) — Rasin(A.2). Then, k is strictly increasing and continuous.

Proof. First we prove the monotonicity. Let —% <N <m< % Then, ém - 6,72, SO

R \C m C R+ \C 1 » and since the infimum in the Rayleigh quotient is taken over more
functions in the case of iy, we getk (n1) < k(12).

Now, if k(1) = k(n2), this means that ¢y, is a solution to (A.1) with nq. But ¢y, is
identically zero in 6‘,,2 \ 6‘,, \» and hence we have a solution to an elliptic equation that
vanishes in an open subset of the domain, contradicting the strong maximum principle.
Therefore it cannot be x(11) = «(n7) and it must be k(1) < k(12).

On the other hand, to prove continuity we will obtain an upper bound for « (77) in terms of
k(n1) by deforming the domain and the solution for 11 to get a competitor.

Let

o = arctan(p) — arctan(nq) < 2arctan(1/3) < 7 /3,

and define 7 : S — S! as

(1+%)0 6 < .
t(6) = {0 + asgn(®) T<9<%&,
(1 - 37"‘)9 +3asgn®) Z <10,

Then, let p : R?Z — R? be defined in polar coordinates as p(r,0) = (r, t(9)), and let
J : R? > R2 defined as J(x,y) = (y, x). Thus,

VX1, Xp— 1 Xy X 1) = (X1, - S (0 (K15 Xn)))s Xn41)

is a positive function that vanishes on C’,,z, and we can get an upper bound for k(772) by
computing the value of its Rayleigh quotient, i.e.

Kk (12) < 1 /IVWIZE_‘XFM-
2 " Wi
Observe that the deformation of space introduced by p changes volume in a factor of 1+ 377“,
lorl— 311—0‘. Hence, by scaling we obtain the following estimates:

3a 3a
v >11 - — =1
I ”L%) = ( - ) ||¢'771 ”Li‘ -

and

30\ ! T
/|VW|25_IX\2/4 < (1 — ﬁ) /|V¢m|2e_|x\2/4 < (1 _ it) K(m)’
T - >

and combining them we get

3 72
k() < k() < (l - ;(arctan(nz) - arctan(m))) K(M1)s

which already implies that « is continuous. O

To conclude, we write the following:
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Proof of Proposition 6.3. Letk : (— % %) — Rasin Lemma A.4, that is strictly increasing
and continuous, and observe that « (0) = 1 because ¢q(x, )
:=Re(\/x, + ix;4+1) is the solution to the original parabolic problem for n = 0.

Then, there exists &g > 0 such that - 2¢e0, 1 + 2¢9) — [—%, %] is well defined,
continuous and strictly increasing. Moreover, for any € € (—¢, &¢), let

ge '@/
IPellLoe o)™ Ie1Y/24e gy (/10112 Le(0)

<P£(X, t)::

where n = ! (1+2¢). To see that ¢ is well defined, we need to check that ¢ € L (Q)
and that it is not identically zero in Q.

First, recall that ¢, is a positive solution to the heat equation in RAH2\ Cj, that vanishes on
Cy, 50 in particular it is a subsolution in the full space. Now, @¢ (-, —1) = ¢y, and then, for
all (x, 1) € Q12,

2 26\ 2 ) 25\ 2
e (x, 1) sC/d)n(y)e*'x*y'/ §C</ e~/ ) (/d)n(y) e~/ )

172
<C ( / b0 () e*‘y'z/“) =,

where we used that for all x € B2,

v — P yP?
_EER e 2D
3 = 4
Hence, by homogeneity, |||l (g, < 2!/2T¢C.

On the other hand, since for all —% <n<mnm< %, ¢y, vanishes on C 1> by Lemmas A.3
and A .4,

lim gy, — iy llg2 =0.
ey 19 mllL2

Now, let £ = B1 N {[¥+1] = 357y} We claim that, for all n € [— 3, 31, ¢yl () =
¢ > 0, where c is independent of 1. Let us prove it by contradiction. If not, there would
exist {ng} such that |[¢p, |Lo(g) < 1/k, and therefore, after choosing a subsequence,
Nk,, —> 10 € [—%, %], and by continuity ¢y, ~— ¢, strongly in L%), and hence ¢, = 0

in E, contradicting the strong maximum principle.
Furthermore, by the parabolic interior Harnack inequality, @ > ¢’ in the set Q| 7241 >

_ L}

n+17-

Therefore, for all & € (—&q, £9), @e > ¢’ in Q2 N {|xpq1] > ﬁ} and [|@ellpe(g)) < C,
and thus the conclusion follows. 0O

4(#_1)}, and by homogeneity ¢, > ¢’ alsoin Q2 N {|x, 41| >
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