
Sampling and interpolating sequences in finite di-
mensional spaces

Joaquim Ortega-Cerdà∗

Abstract. We illustrate how the use of techniques from optimal transport on the study
of sampling and interpolation families in finite dimensional spaces provide alternative
descriptions of these sequences.
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Introduction

A very basic question on function theory and signal analysis is the possibility of
discretizing a continuous function. Informally speaking we want to sample a con-
tinuous signal to get a discrete one without losing any informatio. The description
of the samples where this is possible is called the sampling problem, see [S76].
We can also consider its companion problem, the interpolation problem. Given a
sequence of values we want to construct a continuous function that achieves this
values at certain prescribed points.

Of course, the interest and difficulty of these problems lies in which space of
functions and of discrete values we work with. Of special interest from the point
of view of signal theory is the consideration of band-limited functions as in the
Shanon theorem. In this case the natural space of functions is the Paley-Wiener
space and the possible values are `2 sequences.

The one dimensional theory was largely advanced by Kahane and Beurling,
see [B89] and [K57] who provided necessary and sufficient density conditions to
describe sampling and interpolating sequences in spaces of bounded functions with
band-limited support. The description was in terms of the, so-called Beurling-
Nyquist density. To compute this density Beurling used, among other things, the
Jensen formula to estimate the number of zeros of an holomorphic function in terms
of its growth. This has the disadvantage of not generalizing well to a multi-variable
setting.

Thus Landau, in [L67a, L67b], had to use a different tool to get necessary
density conditions in several variables. He connected this problem to the study
of the eigenvalues of a Toeplitz operator: the concentration operator. This has
been a very successful approach that has been extended to a plethora of spaces,

∗This research has been partially supported by grant MTM2014-51834-P by the Ministerio de
Economı́a y Competitividad, Gobierno de España and by the Generalitat de Catalunya (project
2014 SGR 289).



2 Joaquim Ortega-Cerdà

from functions with bounded spectra in Riemannian manifolds [Ma07] and [OP12],
Bargmann-Fock space [S92, SW92, BOC95, LS94] and more recently [BDK07,
BDHK15], Gabor frames [GR01], Hankel transforms [AB12], LCA groups [GKS],
among many others.

Later on Gröchening and Razafinjatovo in [GR96] adapting some ideas of Ra-
manathan and Steeger in [RS95] obtained yet a third proof of the necessity of the
density conditions by proving that any sampling sequence is “denser” than an in-
terpolating sequence, still using operator theory. Thus if we have sharp examples
of interpolating and sampling sequence we can obtain nice density results. This
was again generalized to many different settings. Of course the drawback is that
we need some reference sequences to start with and in a general setting this is not
so easily available. Sometimes it is possible to use Fekete points as in [AO12] and
[LO16] which are configuration of n points that minimize a weighted logarithmic
energy and that yield sequences with density close to the critical one that are
almost interpolating and sampling.

A fourth approach to the problem is due to Nitzan and Olevskii in [NO12] where
a sort of “tiling” of the space via the reproducing kernels and its dual is used. The
proof that we present here is a variant of the proof of Nitzan and Olevskii where we
introduce the Kantorovich-Wasserstein distance, which is widely used in optimal
transport theory, to get the precise density estimates.

All the proofs have in common that in one point or another there is a need
to control the decay of the reproducing kernel K(z, w) of the space of functions
considered away from the diagonal. Thus a natural setting where our approach
can be generalized is on compact complex manifolds with an holomorphic line
bundle with positive curvature. In this case there is a pointwise estimate for the
reproducing kernel with enough decay to make the argument work. This was used
to get density estimates (via the Landau techniques) in [B03], see also [LO16]. This
pointwise estimate for the Bergman kernel is usually achieved via some weighted
estimates for the solution of the inhomogeneous Cauchy-Riemann equation as in
[L01].

We shall illustrate these ideas in the simpler context possible, i.e we will deal
with finite dimensional spaces of functions.

As a way of example here we will consider the Hilbert spaces Hn of polynomials
of degree n in the complex plane with the norm

‖p‖2n =

∫
C

|p(z)|2

(1 + |z|2)n
dS(z).

We denote by dS(z) = dm(z)
π(1+|z|2)2 the measure in the plane that is the push-

forward of the normalized measure on the sphere by the stereographical projection.
The “bandwith” of our space is the degree of the polynomial. So we expect that

the “density” condition that shows up should be related to its bandwidth. These
are just basic toy models of more delicate cases. They are a particular instance of
the Hilbert space of holomorphic sections of powers of line bundles over compact
complex manifolds: this was carried out in full generality in [LO16] with a different
approach.
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Statement of the problem. We will consider a triangular family of points zn,j ∈
C of the form

Z = {zn,j}n=0,...,∞
j=0,...,mn

.

We will denote by Z(n) the n-th generation of points in the family, i.e. Z(n) =
{zn,0, . . . , zn,mn

}.

Definition 0.1. We say that Z is a sampling family for Hn if the following in-
equality holds for all polynomials p of degree smaller or equal than n

C−1

n

n∑
j=0

|p(zn,j)|2

(1 + |zn,j |2)n
≤
∫
C

|p(z)|2

(1 + |z|2)n
dS(z) ≤ C

n

n∑
j=0

|p(zn,j)|2

(1 + |zn,j |2)n
.

And conversely

Definition 0.2. We say that Z is an interpolating family for Hn if the following
inequality holds for all values a0, . . . , an:

C−1

n

n∑
j=0

|aj |2 ≤
∫
C

∣∣∣ n∑
j=0

aj(1 + z̄n,jz)
n

(1 + |zn,j |2)n/2

∣∣∣2 dS(z)

(1 + |z|2)n
≤ C

n

n∑
j=0

|aj |2.

In these definitions, it is of course important that the constants C are indepen-
dent of the degree n.

Equivalently the interpolation property can be reformulated as follows: The
family Z is interpolating if there is a constant C > 0 such that for any n and any
possible values {vn,j}mn

j=1 there is a polynomial p ∈ Hn with p(zn,j) = vn,j for all
zn,j ∈ Z(n) and such that

‖p‖2 .
C

n

∑
z∈Z(n)

|vn,j |2

(1 + |zn,j |2)n
.

These definitions are the standard, see [SS61], whenever we have a reproducing
kernel Hilbert space.

The problem is to find a geometric description of the sampling and interpolating
families. From the definition it is clear that the notion of sampling corresponds
to families that are set of uniqueness for Hn in a strong sense (they control the
norm, i.e. they are stable). On the other hand interpolating sequences are those
such that one can find polynomials that attain arbitrary values on them with norm
control. Therefore we get immediately that the number of points in Z(n) must be
at least n + 1 points (the dimension of Hn) if Z is sampling and at most n + 1
points if Z is interpolating.

Main results

The spaces Hn are reproducing kernel Hilbert spaces with reproducing kernel

Kn(z, w) = (n+ 1)(1 + zw̄)n.



4 Joaquim Ortega-Cerdà

We will omit the subscript n when it is not relevant and note it simply as K(z, w).
The sampling and interpolating properties of Z are just the fact that the col-

lection of normalized reproducing kernels

κw(z) =
K(z, w)

‖K(·, w)‖
=

√
n+ 1(1 + zw̄)n

(1 + |w|2)n/2

at the points w ∈ Z(n) form a frame or a Riesz sequence respectively in the Hilbert
spaces Hn with constants that do not depend on the degree n.

The natural metric involved in this problem is the chordal metric. The proba-
bility measure induced by the metric is dS(z) and the distance induced is:

d(z, w) :=
|z − w|√

1 + |z|2
√

1 + |w|2
.

The linear transformations T (z) = az+b
−bz+a are isometries when |a|2 +|b|2 = 1 for the

chordal metric (they are related to rotations on the sphere by the stereographical
projection). Since these linear transformations act transitively and they preserve
the distance and the measure, we will have for any function φ and any y ∈ C:∫

C
φ(d(x, y))dS(x) =

∫
C
φ(d(x, 0))dS(x).

This is most convenient when we integrate functions that depend on the absolute
value of the kernel because

|Kn(x, y)|
(1 + |x|2)n/2(1 + |y|2)n/2

= φ(d(x, y)).

A standard argument, see [S92, Lemmas 4.1 and 5.1] for instance, shows that
there is no loss of generality in assuming a priori that the interpolating and sam-
pling families involved are uniformly separated. By this we mean that there is a
δ > 0 such that for any two different points zi, zj in the same generation of points
Z(n) we have:

|〈κzi , κzj 〉| < 1− δ.

This is the natural separation in reproducing kernel Hilbert spaces. In our context,
an elementary computation shows that this can be reformulated as

d(zj , zi) ≥
ε√
n

∀zi, zj ∈ Z(n).

We present now the some necessary density conditions:

Theorem 0.3. Let Z be a separated family in C. Denote by µn the measure
µn = 1

n

∑
z∈Z(n) δz.

If the family Z is sampling for Hn then #Z(n) ≥ (n+ 1) for all n and there is
a δ > 0 such that

lim inf µn ≥ (1 + δ)dS(z).
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If the family Z is interpolating for Hn then #Z(n) ≤ (n + 1) for all n and
there is a δ > 0 such that

lim supµn ≤ (1− δ)dS(z).

We will prove a more precise version of this result. To measure the uniformity
and speed of convergence of the measures µn we use the Kantorovich-Wasserstein
distance W . Given probability measures µ and ν, it is defined as

W (µ, ν) = inf
ρ

∫∫
X×X

d(x, y) dρ(x, y),

where d(x, y) is the distance associated to the metric ω and the infimum is taken
over all admissible transport plans ρ, i.e., all probability measures in X ×X with
marginal measures µ and ν respectively.

It was observed in [LO16] that in the definition of W it is possible to enlarge
the class of admissible transport plans to complex measures ρ that have marginals
µ and ν respectively.

W (µ, ν) = W̃ (µ, ν) := inf
ρ∈S

∫∫
X×X

d(x, y) d|ρ|(x, y), (1)

where now the infimum is now taken over the set S of all complex measures ρ on
X ×X with marginals ρ(·, X) = µ and ρ(X, ·) = ν. A standard reference for basic
facts on Kantorovich-Wasserstein distances is the book [V09].

The precise statement that we will prove is

Proposition 0.4. If Z is interpolating family, then mn := #Z(n) ≤ (n+ 1) and
there is a δ > 0 such that if we denote the probability measure αn = 1

mn

∑
z∈Z(n) δz,

we can find probability measures βn, with mnβn ≤ (1 − δ)(n + 1)dS(z) and such
that W (αn, βn) ≤ C/

√
n.

If Z is a sampling family, then #Z(n) ≥ (n + 1). Moreover there is a δ > 0
and values 0 ≤ cz ≤ 1 − δ for all z ∈ Z(n) such that αn = 1

n+1

∑
z∈Z(n) czδz is a

probability measure with W (αn, dS(z)) ≤ C/
√
n.

Proof. Take Z an interpolating family. For any generation Z(n) we denote by V
the linear span generated by {κzj}zj∈Z(n). The normalized reproducing kernels
form a Riesz basis of V . Consider the dual Riesz basis gj . It satisfies∑

zj∈Z(n)

κzj (z)gj(w) = KV (z, w).

Here KV (z, w) is the reproducing kernel corresponding to V . Now we define the
transport plan

ρn(x, y) =
1

mn

∑
zj∈Z(n)

δzj (x)κzj (y)gj(y)
dS(y)

(1 + |y|2)n
.
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We estimate the Kantorovich-Wasserstein distance between the two marginals
of the transport plan. The first marginal is the probability measure

αn :=
1

mn

∑
z∈Z(n)

δz

and the second is

βn :=
1

mn

∑
zj

κzj (y)gj(y)
dS(y)

(1 + |y|2)n
=

1

mn
KV (y, y)

dS(y)

(1 + |y|2)n
.

We endow the Riemann sphere Ĉ with the chordal metric and we denote by d
the corresponding distance. Observe that

W (αn, βn) ≤
∫∫

C2

d(x, y)|ρn|(x, y).

This can be estimated by

W (αn, βn) .
1

mn

∑
zj∈Z(n)

∫
C
d(zj , y)

|Kn(y, zj)|√
n+ 1(1 + |zj |2)n/2

|gj(y)| dS(y)

(1 + |y|2)n

Therefore by Cauchy-Swartz

W 2(αn, βn) .
1

mn

∑
zj∈Z(n)

∫
C
d2(zj , y)

|Kn(y, zj)|2

(n+ 1)(1 + |zj |2)n
dS(y)

(1 + |y|2)n

By invariance under Möebius transformations, the integrals do not depend on the
point zj and we can take the point 0 for instance. We get then

W 2(αn, βn) .
∫
C
d2(0, y)

|Kn(y, 0)|2

(n+ 1)

dS(y)

(1 + |y|2)n

We plug now the explicit expression of the kernel:

W 2(αn, βn) ≤ (n+ 1)

∫
C

|y|2dS(y)

(1 + |y|2)1+n
≤ C

n
. (2)

Certainly the Proposition implies the theorem since for any positive continuous
function h in Ĉ:∫

hdµn =
mn

n

∫
hdαn =

mn

n

∫
hdβn + o(1) =

∫
h
KV (y, y)dS(y)

n(1 + |y|2)n
+ o(1)

≤
∫
hdS(y) + o(1).

In this proof there were two essential ingredients that need to be taken care off when
working in several complex variables or with other weighted space of functions. The
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first is an off diagonal decay of the kernel |Kn(x, y)| that is used in (2) to obtain
good estimates for the transport distance. In general there is not an explicit kernel
Kn but if the curvature of the holomorphic line bundle is positive, then there are
uniform estimates on the size of |Kn(x, y)| that allows us to get a similar estimate.

The other ingredient is that in the plane there is an isotropy, all points look
similar, and the normalized reproducing kernel on the diagonal has value exactly
(n+ 1) for all points.

As for the sampling, if {κzj}zj∈Z(n) is a frame and {gzj}zj∈Z(n) is the canonical
dual frame, then ∑

zj∈Z(n)

κzj (z)gj(w) = Kn(z, w).

We construct the transport plan:

ρn(x, y) =
1

n+ 1

∑
zj∈Z(n)

δzj (x)
Kn(y, zj)√
Kn(zj , zj)

gj(y)
dS(y)

π(1 + |y|2)n
.

The marginal measures are respectively:

αn =
1

n+ 1

∑
zj∈Z(n)

δzj (x)
gj(zj)√
Kn(zj , zj)

,

and

βn =
1

n+ 1

∑
zj∈Z(n)

Kn(y, zj)√
Kn(zj , zj)

gj(y)
dS(y)

(1 + |y|2)n
=

=
1

n+ 1
Kn(y, y)

dS(y)

(1 + |y|2)n
= dS(y)

Observe that 0 <
gj(zj)√
Kn(zj ,zj)

= 〈gj , κzj 〉 < 1. This is because if {xn}n is a frame

in a Hilbert space H and {yn}n is the dual frame then 〈xn, yn〉 ∈ [0, 1].

Proof. Let T be the frame operator, i.e: T (x) =
∑
〈x, xn〉xn. Since {xn}n is a

frame then T is bounded, self-adjoint and invertible. The definition of the dual
frame is T (yn) = xn. For any vector v ∈ H we have

v = T (T−1v) =
∑
n

〈T−1v, xn〉xn.

In particular

xk =
∑
n

〈yk, xn〉xn,

and multiplying by yk at both sides we get

〈xk, yk〉 =
∑
n

|〈yk, xn〉|2.
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Therefore 〈xk, yk〉 ≥ 0 and 〈xk, yk〉 > 0 unless xk = 0. Moreover,

〈xk, yk〉 − |〈yk, xk〉|2 =
∑
n 6=k

|〈yk, xn〉|2 ≥ 0.

Thus
〈xk, yk〉(1− 〈xk, yk〉) ≥ 0,

therefore 〈xk, yk〉 ≤ 1 too.

Thus µn = 1
n+1

∑
z∈Z(n) δz ≥ αn while

W (αn, dS(y)) ≤ 1

n+ 1

∑
zj∈Z(n)

∫
d(zj , y)

|Kn(y, zj)|√
Kn(zj , zj)

|gj(y)| dS(y)

(1 + |y|2)n
.

Since
∫
C |gj(y)|2 dS(y)

(1+|y|2)n ≤ C we have as before that

W
(
αn, dS(y)

)
≤ C/

√
n.

The usual density estimates are not in terms of the Kantorovich-Wasserstein
distance but rather they are a discrepancy type estimate. Let us check that they
are equivalent. To illustrate this fact we are going to compare the condition that
we obtained with the upper Beurling-Nyquist density.

Proposition 0.5. Assume Z is separated in Ĉ and given the sequence µn =
1
mn

∑
z∈Z(n) δz there is a sequence of probability measures νn such that mnνn ≤

(n+ 1)dS(z) and W (µn, νn) ≤ C/
√
n, then for R big enough:

lim sup
n→∞

sup
z

#(Z(n) ∩D(z,R/
√
n))

(n+ 1)|D(z,R/
√
n)|

≤ 1.

Proof. Assume on the contrary that the density is strictly bigger than one.
If Z has density bigger than (1 + ε) we can find arbitrarily big R (to be

chosen later) such that there are disks Dn = D(zn, R/
√
n) such that #(Z(n) ∩

D(zn, R/
√
n)) ≥ (1 + ε)R2. We may assume (by invariance under rotations) that

zn = 0 and let us take Λn = Z(n) ∩Dn. This new sequence is interpolating with
at most the same interpolation constant as the original Z(n).

By the Kantorovich duality theorem

W (σ, ν) = sup
f∈Lip1, ‖f‖Lip≤1

∣∣∣∣∫ f(x)dσ − dν
∣∣∣∣ .

Thus taking as σ = 1
#Λn

∑
z∈Λn

δz and dν = 1
#Λn

hn(x)dS(z), where hn(x) ≤ n+1.

We know that W (σ, ν) ≤ C/
√
n thus taking as f(x) = d(x,Λn) we get∫
C
d(x,Λn)dν(x) ≤ C√

n
. (3)
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Take a slightly larger disk D̃n = D(0, (1 + 0.5ε)R/
√
n). Then

ν(D̃n) ≤ 1

#Λn
R2(1 + 0.5ε)2.

The total mass of ν is 1, and the density condition implies that #Λn ≥ (1 + ε)R2

and the complementary satisfies thus:

ν(C \ D̃n) ≥ 0.5εR2.

Finally we observe that∫
C
d(x,Λn)dν ≥

∫
C\D̃n

d(x,Λn)dν ≥ 0.5εR3

√
n

.

If R is big enough this runs into a contradiction with (3).

On the other direction if Λ is separated and the density is strictly smaller than
one, then there is an R > 0 such that

#(Z(n) ∩D(z,R/
√
n)) < (1− ε)(n+ 1)|D(z,R/

√
n)| ∀z ∈ C.

Let us consider the following transport plan:

ρ(x, y) =
1

mn

∑
z∈Z(n)

δz(x)
χD(z,R/

√
n)(y)dS(y)

S(D(z,R/
√
n))

.

This is a transport plan between the measures σ = 1
mn

∑
z∈Z(n) δz and the measure

µ defined as dµ = 1
mn

#(Z(n)∪D(y,R/
√
n))

S(D(y,R/
√
n))

dS(y). By the density hypothesis we have

that mndµ ≤ (1− ε)(n+ 1)dS(y). Finally

W (σ, µ) ≤
∫
d(x, y)dρ(x, y) ≤ 1

mn

∑
z∈Z(n)

∫
D(z,R/

√
n)

d(z, y)dS(y)

S(D(z,R/
√
n))

.
R√
n
.

Remarks and Improvements. Actually since we have a very fast decay away
from the diagonal it is possible to prove that if Z is an interpolating family then
there is an ε > 0 such that the family Z((1 + ε)n) is still interpolating for the
space. Moreover if Z is a sampling family then Z((1 − ε)n) is still sampling as
proved in [GOR16] using the techniques pioneered by Beurling. These consist in
reformulating the sampling or interpolation condition as a condition of uniqueness
of all possible limits of the families of points. Thus one can improve the necessary
condition to an strict inequality as in [GOR16, Theorem 1.1].

Moreover, in one complex dimension, it is possible to prove that the strict
density condition is actually a sufficient condition for interpolation solving the
inhomogeneous Cauchy-Riemann equation with weighted L2 estimates “a la Hor-
mander”. The sampling can also be done in a similar way. This computation was
carried out in [LO16] and we don’t repeat the argument here.
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A real setting

We will consider now a very similar problem in the real setting and we will stress
out which are the differences. The problem that we present is a one-dimensional
particular case of a more general multidimensional case that was studied in [BO15].
The arguments in this section are from this paper where a more detailed version
can be found.

The space of functions that we will consider are again polynomials of degree n
but this time defined on the torus T.

Definition 0.6. We say that Z is a sampling family for HT if the following in-
equality holds for all polynomials p of degree smaller or equal than n

C−1

n

n∑
j=0

|p(zn,j)|2 ≤
∫ 2π

0

|p(eiθ)|2 dθ ≤ C

n

n∑
j=0

|p(zn,j)|2.

And conversely

Definition 0.7. We say that Z is an interpolating family for HT if the following
inequality holds for all values a0, . . . , an:

C−1
n∑
j=0

|an|2 ≤
∫
T

∣∣∣aj n∑
j=0

(1− (z̄n,jz)
n+1)√

n+ 1(1− z̄n,jz)

∣∣∣2 dθ ≤ C n∑
j=0

|aj |2.

We can see right away that the two problems (the complex one in Hn and this
one in HT are of different nature since in the real setting there are families of points
Z that are sampling and interpolation. Namely the (n+ 1)-roots of unity have the
property:

2π

n+ 1

n∑
j=0

|p(zn,j)|2 =

∫ 2π

0

|p(eiθ)|2 dθ,

and

2π

n∑
j=0

|an|2 =

∫
T

∣∣∣aj n∑
j=0

(1− (z̄n,jz)
n+1)√

n+ 1(1− z̄n,jz)

∣∣∣2 dθ.
This is just Plancherel formula for the discrete Fourier transform.

On the other hand there are no families Z of points that are simultaneously
sampling and interpolation in the complex problem Hn. This was proved in [LO16].

The sequences that are simultaneously sampling and interpolation for HT can
be characterized in analytic terms as in the results in [Pav84] but we are now
interested in geometric density necessary conditions.

The natural separation in this context is |zi − zj | ≥ δ/n for all zi, zj ∈ Z(n),
see [OS07] for instance.

The non-strict density inequalities are still necessary, even in the contest of
multidimensional polynomials in algebraic varieties, see [BO15]. We illustrate this
in the following:
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Theorem 0.8. Let Z be a separated family in T. We denote µn = 1
n+1

∑
z∈Z(n) δz

and ν is the normalized Lebesgue measure in T.
If the family Z is sampling for HT then #Z(n) ≥ (n+ 1) for all n and

lim inf µn ≥ dν

If the family Z is interpolating for HT then #Z(n) ≤ (n+ 1) for all n and

lim supµn ≤ dν.

Proof. The proof proceeds along the same lines as in the complex setting. We
illustrate it with the sampling necessary condition. The transport plan ρn that is
convenient to estimate is:

ρn(x, y) =
1

n+ 1

∑
λ∈Z(n)

δλ(y)× gλ(x)
Kn(λ, x)√
Kn(λ, λ)

dν.

where Kn(λ, x) is the reproducing kernel for λ in the space HT, i.e.

Kn(x, y) =
1− (x̄y)n+1

1− x̄y
,

and {gλ}λ∈Sn is the canonical dual frame to

{
Kn(λ,x)√
Kn(λ,λ)

}
λ∈Z(n)

in HT. The latter

is a frame because Z is sampling.
If we compute the marginals of ρn we get on one hand:

σn(y) =
1

n+ 1

∑
λ∈Z(n)

gλ(λ)√
Kn(λ, λ)

δλ(y).

and the other marginal is given by

βn(y) =
1

n+ 1

∑
λ

gλ(x)
Kn(λ, x)√
Kn(λ, λ)

dν = dν(x).

Recall that ν was the normalized measure in the torus.
Finally to estimate as before the Kantorovich-Wasserstein distance between ν

and σn we need to bound:

I =

∫∫
T×T
|x− y|d|ρn| ≤

1

n+ 1

∑
λ∈Z(n)

∫
T
|λ− x||Kn(λ, x)| gλ(x)√

Kn(λ, λ)
dν(x).

Since ‖gλ‖2 ' 1 we can estimate

I2 .
1

n+ 1

∑
λ∈Z(n)

∫
T
|λ− x|2 |Kn(λ, x)|2

Kn(λ, λ)
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We use the separation of λ ∈ Z(n) to obtain that

1

n+ 1

∑
λ∈Z(n)

∫
T

|λ− x|2 |Kn(λ, x)|2

Kn(λ, λ)
dν(x) ≤

1

n+ 1

∫∫
T×T

|y − x|2|Kn(y, x)|2 dν(x)dν(y).

(4)

To estimate (4) we could use the explicit expression of the kernel. But we want
to introduce a different argument as in [BO15] that is very general and were the
decay of the kernel is almost irrelevant. We need only a certain symmetry of the
kernel.

Proposition 0.9. Let H be a reproducing kernel Hilbert space with kernel K, then
for any bounded symbol f we have∫∫

|f(x)− f(y)|2|K(x, y)|2 = Tr(2T|f |2 − Tf ◦ Tf̄ − Tf̄ ◦ Tf ),

where Tf is the Toeplitz operator with symbol f , i.e Tf (g) =
∫
K(x, y)f(y)g(y).

Proof. This is well-known. Just for completeness, we provide a proof. Let {fn}n
be an orthonormal basis of H. Thus K(x, y) =

∑
n fn(x)fn(y) and

Tφ(x) =

∫
K(x, y)φ(y)f(y).

We compute the traces of T|f |2 and of Tφ ◦ Tφ̄.

Tr(T|f |2) =
∑
n

〈fn, T|f |2(fn)〉 =

∑
n

∫
x

fn(x)

∫
y

K(x, y)|f |2(y)fn(y) =

∫∫
|K(x, y)|2|f |2(y).

Thus

Tr(T|f |2) =

∫∫
|K(x, y)|2|f(x)|2 =

∫∫
|K(x, y)|2|f(y)|2.

Now

Tr(Tf ◦ Tf̄ ) =
∑
n

∫
x

fn(x)

∫
y

K(x, y)f(y)Tf̄ (fn)(y) =

=
∑
n

∫
x

∫
y

fn(x)K(x, y)f(y)

∫
w

K(y, w)f(w)fn(w) =

=

∫∫∫
K(x,w)K(y, w)K(y, w)f(y)f(w) =

∫∫
|K(y, w)|2f(y)f(w).

Similarly

Tr(Tf̄ ◦ Tf ) =

∫∫
|K(y, w)|2f(y)f(w).
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We consider the subspace Vn of HT spanned by the monomials such that the
degree in z is at least 1 and at most n − 1. For p ∈ Vn it is easy to check that
T 2
|z|(p) = p and Tz ◦ Tz̄(p) = p. the dimension of the orthogonal complement Wn

is 2.
Setting An := 2T 2

|z| − Tz ◦ Tz̄ − Tz̄ ◦ Tz gives An = 0 on Vn and hence

Tr(2T|f |2 − Tf ◦ Tf̄ − Tf̄ ◦ Tf ) = 0 + TrAn|Wn
≤ C.

Inserting this in (4) proves that

W 2(ν, σn) .
1

n
.

A similar argument can be done for the interpolating necessary condition.
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nomials and pluripotential theory, arxiv:1509.00956.

[B03] Bo Berndtsson , Bergman kernels related to Hermitian line bundles over com-
pact complex manifolds, Contemporary Mathematics 332 (2003), pp. 1–18.

[BOC95] Bo Berndtsson and Joaquim Ortega-Cerdà, On interpolation and sampling in
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