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ABSTRACT

Quantum mechanics is a fascinating field to explore, where its effects are usually non-
trivial and counterintuitive. In this Thesis, we focus on systems with a small number
of particles in low dimensions, where the quantum effects are enhanced. We consider
experimentally realistic systems, considering either an external harmonic confinement or
a lattice potential. These systems can be created nowadays in ultracold atom laboratories
worldwide, where they can control the dimensionality, the external potential, as well as
the number of particles and the interactions.

Our goal is to understand the static and dynamic properties of different systems
involving few particles and a wide range of interactions. In particular, we focus on the
one-dimensional harmonic trap, fractal lattices, and one-dimensional three-site lattices.
In each system, we consider a contact interaction potential defined by a delta function in
the continuum space or an on-site interaction for the lattices. In addition, we compute
different properties, such as energy spectra, densities, pair correlations, mean square
displacement, and population of each site, in both static and time-dependent cases.

We combine analytical and numerical techniques to study the different systems. In
particular, the numerical part is mostly done using exact diagonalization techniques.
With this approach, we can only examine systems with few particles due to the intrinsic
limitations of the method, although it provides the capacity to obtain any property
needed. The case of the harmonic oscillator trap includes an additional limitation
due to the exact diagonalization method, as the basis must be truncated, resulting in
upper-bound energies. We show how to correct this error and obtain a better estimate
of the energy and the density by using the analytical solution of the two-particle system.
We demonstrate that this correction works for a larger number of particles by computing
results for up to eight particles.

For the systems with harmonic oscillator confinement, we compute the energy spectrum
as a function of the interaction strength, the density for different interaction values,
and pair correlations. We present the results for the symmetric SU (V) case and then
study systems with broken interaction symmetry. We present different interaction
configurations, and we explore the ground state structure, where the correlations play
an important role. We also consider the impurity case, where one particle interacts with
all the bath particles but the bath particles do not interact with each other. We show
that the impurity system can be mapped to an effective one particle in a double-well



model, showing two phases: the miscible and the immiscible.

Afterwards, we study fractal lattice systems, where the sites and the tunneling connec-
tions are configured in a non-standard scheme creating an effective finite representation
of a fractal structure. Under this situation, we explore the effect on the transport of a
single-particle obtaining the diffusion exponent and relating it to spectral properties.
We demonstrate that the fractal slows down the motion of the particle and that this
effect is robust against a random potential. Using the slower dynamics, we show how
the fractal system can preserve information about the initial phase of the wavefunction
for much longer times than a regular lattice. We also explore the entanglement of a
two-particle system and how the interactions affect entanglement creation.

Finally, we study a three-site lattice where each site has a different energy and the
couplings are time-dependent. We implement the spatial adiabatic passage protocol,
that transfers a single particle from the first to the third site, and generalize it for a
few particle systems with interactions. Due to the interactions, the adiabaticity of the
protocol is lost, but we demonstrate that it is possible to populate the third state for
certain interaction strength values. As a result, since the final state populates the most
energetic site of the system, we propose this setup as a quantum battery model.



RESUM

La mecanica quantica és un camp fascinant a explorar, on els efectes solen ser no trivials
i contraintuitius. En aquesta Tesis, ens centrem en sistemes amb poques particules i en
dimensions petites, on els efectes quantics s’accentuen. Considerem sistemes experi-
mentalment realistes, considerant tant un confinament d’oscil-lador harmonic extern
com un potencial reticular. Aquests sistemes poden ser creats actualment en laboratoris
d’atoms ultrafreds per tot el mén, on poden controlar la geometria, els potencials
externs, i també el numero de particules i les interaccions. La interaccié més comu
en aquests sistemes es en ona s, modelitzat per una funcié delta en les nostres simulacions.

El nostre objectiu és calcular numericament les propietats de diferents sistemes que
involucren poques particules interactuant. En particular, ens centrem en un oscil-lador
harmonic unidimensional, reticules fractals i reticules unidimensionals de tres pous. En
cada sistema, considerem interaccions de contacte definides per una delta en l'espai con-
tinu o per una interacci6 in situ per a les reticules. En aquests casos, calculem diferents
propietats com els espectres d’energia, densitats, correlacions a parelles, desplacament
quadratic mitja, poblacié en cada pou, tant en casos estatics com dependents del temps.

Obtenim els nostres resultats per mitja de simulacions numeriques dels sistemes,
on especificament fem servir el métode de diagonalitzacié exacta. Amb aquest plante-
jament, podem estudiar sistemes només amb poques particules per les limitacions
intrinseques del métode, tot i que podem obtenir qualsevol propietat que necessitem.
El cas de l'oscil-lador harmonic inclou una limitacié addicional a la diagonalitzacié
exacta, ja que s’ha de truncar la base, amb 1’efecte d’obtenir cotes superiors de la energia.
Mostrem com corregir aquest error per obtenir una millor estimacié de la energiaila
densitat utilitzant el resultat analitic del cas de dues particules. Demostrem que aquesta
correccié funciona per a més particules obtenint resultats fins a vuit particules.

Per als sistemes amb l'oscil-lador harmonic, calculem 1’espectre d’energia en fun-
ci6 de la intensitat de la interacci6, la densitat per a diferents valors de la interacci6 i
les correlacions a parelles. Presentem els resultats per al cas simetric SU(V) i despres
estudiem sistemes amb la simetria d’interacci6 trencada. Mostrem diferents configura-
cions d’interacci6 i explorem la estructura del estat fonamental, on les correlacions tenen
un rol important. També estudiem el cas de sistemes amb una impuresa, on una particula
interacciona amb totes les particules del bany pero les particules del bany no interaccio-
nen entre elles. Mostrem que el sistema amb la impuresa es pot mapejar a un model
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efectiu d"una particula en un doble pou, tenint dues fases: la fase miscible i la immiscible.

A continuacid, estudiem sistemes formats per una reticula fractal, on els pous i les
connexions de tuneleig estan configurades en una forma no estandard creant una
representaci6 finita d'una estructura fractal. En aquesta situacio, explorem els efectes
del transport d’una particula obtenint I’exponent de difusié6 i relacionant-lo amb una
propietat espectral. Demostrem que el fractal enlenteig el moviment i que aquest efecte
és robust sota un potencial aleatori. Fent servir la dinamica més lenta, mostrem com el
sistema fractal preserva informacié de la fase inicial de la funcié d’ona per temps molt
més llargs comparat amb les reticules estandard. També explorem 1’entrellacament de
sistemes de dues particules i com la interacci6 afecta a la creacié d’entrellagament.

Finalment, estudiem un sistema de tres pous on cada pou té una energia diferent
i els acoblaments tenen dependéncia temporal. Utilitzant el protocol SAP (pas adiabatic
espacial) que transfereix una particula del primer pou al tercer, ho implementem per a
sistemes amb poques particules amb interaccions. Degut a les interaccions, la adiabacitat
del protocol es perd, perdo demostrem que es possible poblar el tercer pou per a certs
valors de la interaccié. Proposem aquest sistema com a un model de bateria quantica.
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INTRODUCTION

Quantum physics is a fascinating field that began development more than a century
ago, see (Kleppner and Jackiw, 2000) for a historical introduction. Even though the
field was motivated by quantum effects (Zeilinger, 1999) such as black-body radia-
tion (Planck, 1900) and the photoelectric effect (Einstein, 1905), the theory required
decades to be developed. One of the most important results was the Schrodinger
equation (Schrodinger, 1926), which gives the time-dependent equation in quantum
mechanics. Quantum mechanics results in a very successful theory for describing
the microscopic world, allowing us to understand atomic properties and create lasers,
for example. Unfortunately, the experimental access to a few particle systems and
their manipulation was not possible until the past few decades (Anderson et al., 1995;
Kinoshita et al., 2004). Nowadays, it is possible to control quantum systems in ultracold
atom laboratories worldwide, see (Lewenstein et al., 2012) for a general overview of the
tield. In these experiments, it is possible to control the geometry of the system, the traps,
the interactions, and the number of particles with incredible precision, see examples
in (Bloch et al., 2008; Dalfovo et al., 1999; Giorgini et al., 2008). This new scenario opens
the door to exploring fundamental quantum mechanics, where the quantum effects are
enhanced in low dimensions and with a few particles (Giamarchi, 2003).

From a theoretical point of view, the study of quantum systems requires solving
the Schrodinger equation. In general, it cannot be solved analytically, except for spe-
cific potentials and usually for only a single particle or specific circumstances, see for
example Deuretzbacher et al. (2008) and Viana-Gomes and Peres (2011). Sometimes
the two-particle system can also be solved analytically, for example, if the Hamiltonian
can be separated into center-of-mass and relative parts (Busch et al., 1998; Kanjilal and
Blume, 2004). Another seminal example is the hydrogen atom. However, when one
tries to study a general system with more than two particles, it becomes necessary to
use numerical tools to solve the equations. Another option is to use quantum devices
to simulate other quantum systems, known as quantum simulators, see examples in
Banerjee et al. (2013); Bloch et al. (2012); Dobrzyniecki and Sowiriski (2020); Mistakidis
et al. (2023); Schifer et al. (2020).



2 INTRODUCTION | CHAPTER 1

We focus on realistic setups, using traps and interactions that can be produced ex-
perimentally. In addition, we go beyond the most recent experimental advances by
studying systems with interactions or levels of control that are not yet achieved in the
most recent experiments. See a review of the state of the art of one-dimensional systems
in Sowinski and Garcia-March (2019).

In recent decades, the study of ultracold atoms has experienced huge advances since
the first realization of a Bose-Einstein Condensate in 1995 (Anderson et al., 1995; Davis
et al.,, 1995). A Bose-Einstein condensate is a phase of matter where all the atoms
occupy the same quantum state and behave collectively, forming a macroscopic quantum
object. It was predicted by Bose (Bose, 1924) and Einstein (Einstein, 1924) but it took
decades to become experimentally feasible. To achieve this, atoms must be cooled below
microkelvin temperatures, which requires sophisticated cooling techniques (Phillips,
1998).

Using advances in lasers during the second half of the 20th century, it was possi-
ble to engineer laser cooling techniques for atomic gases. Different cooling methods
are based on the control using lasers, such as laser cooling, see Vogl and Weitz (2009)
for examples, or the evaporation method, see an example in Holland et al. (2000). In
addition, it is possible to create a potential due to the effect of counter-propagating
lasers, and if one has a periodic structure, then, a lattice structure is created. By
controlling the intensity of the trap in each dimension, it is possible to create an effective
one-dimensional or two-dimensional system.

Due to the low temperature of the atoms, in the first approximation, the interac-
tion is dominated by the s-wave scattering length. In ultracold atomic gases, one usually
models the interaction with a contact delta with an interaction strength that is related to
the s-wave scattering length, which can be tuned via Feshbach resonances (Chin et al.,
2010) through an external magnetic field.

Ultracold atom experiments are a unique platform to simulate quantum mechan-
ics in a controlled environment (Gross and Bloch, 2017), allowing us to gain insight into
small quantum systems, and quantum collective phenomena. The advances produced
in the control of these experiments open the door to theoretical exploration, physics
prediction, and crosschecking of the experiments.

In this Thesis, we are interested in studying quantum systems with a few particles.
Moreover, we restrict our study to low dimensions, where the quantum effects are
enhanced (Giamarchi, 2003). We investigate how the interactions affect the systems,
which correlations are created, and describe the resulting phase transitions.

Even though our systems may appear simple, they can be challenging to describe,
as they are impossible to solve analytically, and the numerical procedures involve
complex calculations. The motivation for studying systems with a few particles is based



on the possibility of creating and controlling experimental systems with these specific
conditions in ultracold atom laboratories.

Along the Thesis, we expose several topics and systems with a few particles, where
the interactions are of paramount importance. We organize the Thesis by placing the
different publications on which we base the Thesis in different Chapters. In particular,
here we present a summary of the topics explained in each Chapter.

The Chapter 2 includes the results presented in Rojo-Francas et al. (2022) while providing
additional explanations and introductions. In this Chapter, we present an introduction
to quantum mechanics by explaining the second quantization formalism, and some
aspects of the time evolution. In addition, we present the Hamiltonians we use in
the rest of the Thesis: the harmonic oscillator and the Hubbard model. Then, after
presenting the different numerical techniques, we explain a method to correct the
exact diagonalization calculations with harmonic confinement. We detail the way the
correction formula is obtained, and we show that even though it is derived from the
exact result of a two-particle system, it is also useful to correct the results for a larger
number of particles, as well as to correct the density.

The Chapter 3 includes the results presented in Rojo-Francas et al. (2024a) and presents
new original results. This Chapter explores systems trapped in a harmonic oscillator
potential with contact interaction. First, we explain the symmetric case, where all the
particles interact with the same strength, known as SU(N). There, we explore the
energy spectrum and the ground state density as a function of the interaction strength
for different amounts of particles. Then, we explore systems with broken symmetry by
vanishing interactions between some pairs of particles. There, we study the structure of
the ground state by analyzing the density and the pair correlation function in the large
interacting limit. We also explore the energy spectrum as a function of the interaction
strength when transitioning from one structure to another. Finally, we explore the case
of a single impurity in the system, also known as the polaron problem (Grusdt et al.,
2024). In this situation, we study this system by computing the low-energy spectrum
and the density as a function of the interaction strength. We use support methods, a
mean-field approach, and an ansatz in the infinite interacting limit to interpret the system.

The Chapter 4 includes the results presented in Rojo-Francas et al. (2024c), where
we also include new original results. In this Chapter, we explore the properties of a
fractal lattice, specifically, we consider the Sierpiriski gasket of finite generation. We
also consider briefly the Sierpinski carpet to have a more general overview of the effect
of fractality on the system. We focus on the transport properties, analyzing the mean
square displacement of a single particle. We compare the behavior of a particle in a
regular lattice with well-known results. We relate the time-dependent behavior to a
static property such as the integrated level spacing. We examine perturbations on the
fractal system by introducing a random potential and an interpolation between the
fractal and the regular lattice. In addition, we explore the entanglement creation in a
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two-particle system and how the interaction affects the entropy production. We consider
contact and long-range interactions, and we use two definitions of entanglement entropy,
first, by considering bipartite entanglement, and then we compute the entanglement
between both particles.

The Chapter 5 includes the results presented in Rojo-Francas et al. (2024b), where
we extended the explanations and included new results. In this Chapter, we present a
three-site lattice system where we propose a time-dependent tunneling ratio to use this
system as a quantum battery. We use the Spatial Adiabatic Passage protocol (Eckert
et al., 2004), originally designed for one particle, and we apply it to systems of a
few interacting particles, a situation for which the protocol was not designed. We
explore the success of the protocol as a function of the interaction strength, allowing
us to interpret and obtain an effective description by using a two-level model. Due
to the interactions, the protocol is no longer adiabatic, but we demonstrate that we
can achieve the desired results under the appropriate conditions. We also study the
occupation of each site and the one-body density matrix eigenvalues as a function of time.

Finally, in Chapter 6, we summarize the results obtained throughout the Thesis, present
the main conclusions and discuss possible extensions of our work.
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For systems in low dimensions and especially with few particles, correlations play
an important role (Zollner et al., 2006). In these conditions, some techniques used in
many-body systems, such as mean-field theory (Dalfovo et al., 1999) are not appropriate.
In our case, to take into account the correlations we use exact diagonalization techniques.
In broad terms, they consist of diagonalizing numerically the Hamiltonian, previously
written as a matrix (Raventos et al., 2017). In this context, it is useful to use the second
quantization formalism, allowing us to work with an appropriate basis (Weifie and
Fehske, 2008). Using exact diagonalization, we can obtain the energy spectrum as well
as the eigenstates of the system, thus we are not restricted to ground state properties as
when one uses other numerical techniques, e.g. Monte-Carlo (Luo et al., 2016) or tensor
networks (Verstraete et al., 2008). As a consequence, with this technique, we are able to
compute ground state properties, excited state properties, and even time evolution (Rojo-
Francas et al., 2020). However, it has an important limitation when we start to enlarge the
size of the system. As we increase the number of particles or the single-particle states, the
many-body basis increases exponentially, making it impossible to handle (Chrostowski
and Sowinski, 2019). This fact limits our systems to a small number of particles and also
to a small number of single-particle states, whether they are internal states or lattice sites.

In the case of an infinite single-particle basis, as in principle occurs in most con-
tinuous systems, e.g. a harmonic trap, we need to truncate the basis (Plodzien et al.,
2018). Truncating the basis implies that the Hamiltonian matrix computed is an approxi-
mation, and it does not have the same energies as the complete Hamiltonian. Due to the
variational principle, see a derivation in Rosenbrock (1985), the energies obtained when
we truncate the basis are an upper bound of the real ones. For this reason, it might be
useful to have a way to systematically improve the results. There have been previous
proposals to correct the results using exact diagonalization in a harmonic oscillator,
such as extrapolating the results (Grining et al., 2015a), using well-known behavior of
the system (Ernst et al., 2011; Jeszenszki et al., 2018), or using an effective interaction
(Rammelmiiller et al., 2023; Rotureau, 2013). We developed a method that renormalizes
the interaction using the analytical solution of the two-particle system (Rojo-Francas
et al., 2022).
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In this Chapter, we focus on presenting the technical concepts as well as numeri-
cal techniques used in the thesis. In Section 2.1, we introduce the second quantization
formalism, including the representation of the operators in that formalism. Then, in
Section 2.3, we explain how we managed to do the time evolution. In Section 2.4,
we introduce the different Hamiltonians used in the thesis, with the corresponding
definitions. In Section 2.5, we present a method to improve the results obtained for the
few-particle harmonic potential, explaining the method and including calculations to
benchmark its validity. Finally, in Section 2.6, we summarize the contents and present
the conclusions of the Chapter.

2.1 Second quantization formalism

In this thesis, we have extensively used the second quantization formalism. The second
quantization is useful in the context of many particles, providing a compact convenient
description of systems and their Hamiltonians when one considers the statistics of the
particles, such as the symmetry of identical bosons or the antisymmetry of the fermions.

This formalism makes use of the Fock states to describe the system. Fock states
include information on which states are populated and what the occupation of each
state is. For this reason, it is fundamental to choose an appropriate single-particle basis
when one works in second quantization. One clear example appears when working in a
lattice system, where a good choice is to have the occupation of the lattice sites as basis
states. Even though it is still possible to choose states of circulation (or other states) as a
single-particle basis, the best choice depends on the system and the calculations that
one wants to do.

2.1.1 Fock states

The standard representation of a Fock state is given by
|q)> = |n07n1a"'7nM>7 (21)

where n; is the occupation of the single-particle state i. These occupation numbers
indicate the number of particles that populate a quantum single-particle state, which
are integer numbers. So, a Fock state is an eigenvector of the total number of particles
operator with eigenvalue given by N = S n,. The way that one can modify the
Fock states is via the creation @ and annihilation @; operators. These operators create
and destroy a particle in the single-particle state i, respectively. The benefit of this
formalism relies on this point because the creation and annihilation operators include
the statistics of the particles. In addition, the number operator is defined as n; = djdi
and counts the occupation of the single-particle state i. For the specific case of deal-
ing with bosons, we use b; and bg, for fermions ¢; and cj-, and for the general case a; and ai..
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For the bosonic case, we use the bosonic operators Ei and EZT; and these operators

commute as
[ J

6] = [bb] =0, [bbl] = o0, 2.2)

where §; ; is the Kronecker delta. In addition, when these operators act on a Fock state,
they act like

133|n0,...,n2-,...,nM> =vn;+ 1ng,...,n; +1,...,ny) (2.3)
i)i|n0,...,ni,...,nM> =/nino,...,ni — 1. . na) . (2.4)

For bosons, there are no restrictions on how many particles can occupy a quantum state,
making it possible to have all the particles in the same single-particle state.

On the other hand, for fermions, the fermionic creation ¢/ and annihilation ¢; op-
erators anti-commute

{edhd} =taer =0, {ad}=a,. (2.5)

which induces the antisymmetry of the wavefunction. The action of the fermionic
operators on a Fock state reads,

éﬂno, sy = (DT = nglng, . n 1L nag) (2.6)
Cilnoy -« oy migy o) = (—1)¢\/n_l-\n0, coong—1 000 ny) . (2.7)

where ¢ = 31— n;, counts the sum of the occupation numbers of the single-particle
states with a lower index than the operator index. Due to the Pauli exclusion principle, a
quantum state can only have a maximum of one fermion. For this reason, the occupations
for fermions can only be 0 or 1.

From now on, we use a' and a for creation and annihilation operators, indicating
that they are valid for a general case, or the one that we specify in each case.

In the second quantization, the operators can be described in terms of the creation and

annihilation operators. The one-body operators, e.g., kinetic or potential energy, and
single-site energy (among others), are written by

U=> uyala;, (2.8)
4,J
where the matrix elements of the interaction are defined as
wy = / B (2)U (), (2)da (2.9)

P, (x) is the single-particle wavefunction in the space representation of the quantum
state i, and U(z) is the operator in the first quantization.
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The two-body operators, e.g., contact interaction, long-range interaction, and so on, are
described as .
V=2 vyualai, (2.10)
i7j7k7l
where we need the 3 factor to avoid double-counting, and the matrix elements are
defined as

Uz’j,kl = /(I): (.7)1)@?(1’2)‘/ (Il, 132) (I)k($1)q)l<$2)d$1d$2 . (211)

Note the importance of the ordering of the indices in Eq. (2.10).

Knowing how the operators act on a Fock state, we can descrive the system using
the second quantization formalism. The Hilbert space of our system depends on the
number of single-particle quantum states, the number of particles, and their statistics.
The many-body basis is by using all the different Fock states that can be created. Of
course, to have a finite many-body basis states, we need a finite number of particles and
a finite number of single-particle states. If the particles are not finite or there are infinite
single-particle states, then the many-body basis becomes infinite. In this case, in order
to compute numerically properties of the system, one need to truncate the many-body
basis with an appropriate criteria. However, truncate the basis results in an approximate
Hamiltonian, and the results obtained are not the exact ones.

With the many-body basis, it is possible to write the Hamiltonian in a matrix rep-
resentation, allowing us to diagonalize it and obtain its eigenvalues and eigenvectors,
corresponding to the energies and eigenstates of the system. Of course, with this
information, one is able to compute any observable, such as density, correlations, and
time evolution.

2.2 Exact diagonalization method

When the analytical approach is not possible, as the equations cannot be solved with a
known function, then one must use a numerical approach. Different techniques are used
in quantum mechanics, such as exact diagonalization (Deuretzbacher et al., 2007; Raven-
tos etal., 2017), mean-field approaches (Dalfovo et al., 1999), Monte Carlo (Rammelmiiller
et al., 2017), tensor networks (Krcmar et al., 2018), Density Matrix Renormalization
Group (DMRG) (Bellotti et al., 2017), multi-configuration time-dependent Hartree (Meyer
et al., 1990), neural networks (Carleo and Troyer, 2017), machine learning (Keeble et al.,
2023), coupled-cluster method (Grining et al., 2015b), analytical approaches by using the
Bethe ansatz (Bethe, 1931), among others, where each one has its benefits and limitations.

We use the exact diagonalization method, which consists of diagonalizing the ma-
trix Hamiltonian obtaining the exact eigenvalues and eigenvectors of the matrix, with
an error in the order of the machine precision, in almost any case, is negligible. Thus,
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this method requires writing the Hamiltonian in matrix representation, requiring the
use of a discretized basis. This implies that, for example, in the case of lattice systems, it
is direct to write the Hamiltonian in matrix form, while for continuous systems, such as
the harmonic oscillator, some approximations are needed, for example by discretizing
the space, or using second quantization, which is more useful when one deals with
more than one particle compared with the space discretization.

To perform the numerical diagonalization, one can obtain all the eigenvalues, i.e.,
all the energy spectrum and eigenstates, but this is only feasible if the Hilbert dimension
is relatively small. When one deals with a large system it is extremely time-consuming
to obtain the complete spectrum, and in most cases, it is not necessary if we are not
interested in large excitations. Thus, it is common to use an algorithm to obtain the
low-energy spectrum, yielding the eigenvalues with the same precision, and it is much
faster than obtaining all the states. At the same time, in the systems we are analyzing,
the majority of the Hamiltonian matrix elements are zero, implying that the matrices
can be treated as sparse, which reduces RAM usage as well as diagonalization time.

The most common algorithm used to diagonalize the low-energy spectrum is ARPACK
(Lehoucq et al., 1998), implemented in FORTRAN, and it is used in the built-in eigen-
solvers of high-level coding languages, for example in Python and Julia. The ARPACK
procedure is based on the Lanczos method, which consists of the iterative multiplication
of the matrix and a vector by using a random state as the initial vector that has a
non-zero overlap with the state with more energy. On each iteration, each component is
multiplied with its corresponding energy, and after normalization, the state increases
its overlap with the larger energy state. By including convergence criteria, such as the
variation of the state or the expected value of the state energy, the method ends with the
largest energy eigenstate. Of course, it can be adapted to drive the state to the lowest
energy state instead of the largest, being more interesting for our purpose. See variant
of the method described with more detail in Wu and Simon (2000).

The exact diagonalization method has some limitations, especially regarding the size of
the system. As the dimensions of the Hilbert space grow exponentially with the number
of particles and the single-particle basis states, it results in an extremely large many-body
basis for a large number of particles and a single-particle basis states. Creating the
matrix Hamiltonian, or at least a function that returns the effect of the Hamiltonian
operator on a state can require substantial memory and time to be efficient or even
feasible. In these situations, other numerical methods are more practical, such as DMRG
or, in continuum space with a significant number of particles the Monte Carlo method
is a good option. But for relatively small systems, with exact diagonalization, we have
access to the excited states, unlike these other methods. With the energy spectrum and
the excited states, it is possible to compute time evolution, representing an advantage
over other methods. In addition, if we deal with finite single-particle basis systems, as
lattices, we ensure that our results are exact, with a negligible error.
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2.3 Dynamics in quantum mechanics

Eve thought the study of the static properties of quantum systems is inherently interesting,
it is also important to consider the dynamics. The time evolution can be induced, for
example, if the system is prepared in a non-eigenstate of the system, or if the Hamiltonian
is time-dependent. In these cases, the properties of the system change over time, and so,
the observables also depend on the time of measurement.

2.3.1 Representations in quantum mechanics

In quantum mechanics, there are several pictures, namely the Schrodinger, Heisenberg,
and Interaction pictures, depending on how the evolution of the system is performed.
The first one, the Schrédinger representation, considers that the object that changes with
time is the wavefunction, whereas the operators remain constant in time. On the other
hand, the Heisenberg representation considers that the wavefunction is not affected by
the time evolution, but the operators change with time. Of course, both representations
give the same values of the observables, and it does not matter which one you use
because they yield the same predictions. Most of the time, one uses the representation
in which the calculations become simpler. The third representation, the Interaction one,
behaves as an intermediate point between the other two.

The Schrédinger representation considers the operators as time-independent and
constant, with all the time evolution information encoded in the wavefunction. The
state evolves following the Schrédinger equation,

.0

iho [Ws(t)) = H|Us(t)). (212)
In the case where the Hamiltonian is time independent, we can write the state

[Ws(t)) = e MW g(0)) . (2.13)

On the other hand, the Heisenberg representation keeps the state time-independent,
implying that the time evolution is encoded in the observables. However, the expectation
values of the observables must be independent on the representation we consider,

(Ws(t)|Os|Us(t)) = (Vi |On(t)| V) (2.14)
considering [V ) = |Vs(0)),
(Us(t)|Os|Ws(t)) =(Vs(0)|e " Oge 1MW 4(0))
:<‘IIH|eth/hOSefth/h|\I,H> . (215)

Obtaining the operators in the Heisenberg representation as a function of the operators
in the Schrédinger representation,

~

Oy (t) = O e~/ (2.16)
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Finally, in the Interaction representation, the state and the operators evolve with time.
This representation has parts of both previous representations but requires a two-part
Hamiltonian: H = H, + H;. Now, we apply the transformation

1Ty (t)) = ot/ M| Tg(t)). (2.17)

Note that in the interaction representation, we use a part of the original Hamiltonian in
the transformation. In the case of the Heisenberg representation, we also use a similar
transformation, but we use the complete Hamiltonian. Using the same arguments
as in the previous case, we obtain the expression for the operators in the interaction
representation

O; = ot/ ge=tHot/h (2.18)

It can be proven using the relations we have obtained previously that the evolution of
the wavefunction in this representation is

0 A

Zﬁal%(t» = Hy7|V;(t)) , (2.19)
where H, ; is the Hamiltonian H, in the interaction representation.

Assuming that our Hamiltonian has the following structure, similar as the system
proposed in Chapter 5,

H=> qala;+ Hy, (2.20)

where the first term is treated as the H, part. In that case, using the interaction
representation, the creation and annihilation operators are modified as

Gy = eHot/hg o —iHot/h (2.21)

It can be demonstrated that, by expanding the expressions and applying the commutation
(or anticommutation) relations for bosons (fermions), we obtain

aip = aze it/ (2.22)

and ‘
af; = afe'tm. (2.23)

2.3.2 Numerical time evolution techniques

To study the dynamical properties of a system, the most straightforward approach is to
obtain the time evolution of the system and then evaluate the expectation values of the
desired observables. Nevertheless, there are other ways to access dynamical information
of the system, for example, sum rules (Bohigas et al., 1979) can be used to derive some
dynamical properties using only the ground state of the system.
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In the scope of this thesis, the dynamical properties are obtained through the time
evolution of the system, and thus, by solving the time-dependent Schrédinger equation
d|v .
zh|—> = H|¥), (2.24)
dt

where in general, the Hamiltonian A can depend on time. In the case of a time-
independent Hamiltonian, if the initial state is an eigenstate of the system, the state does
not evolve, except for a global phase. This implies that the dynamical properties arise
when the system begins in a non-eigenstate of the Hamiltonian.

Technically, we solve the time-dependent Schrédinger equation Eq. (2.24) numeri-
cally with standard methods. We can distinguish two possibilities: one where the
Hamiltonian is time independent, and another where the Hamiltonian depends on time.
The first case is the simplest one, both numerically and conceptually. One standard
way to solve these situations is simply to expand the initial state on the eigenstate basis
and then the state evolves with each coefficient gaining its respective phase. So, the
time-evolved state is

V(1)) = Z ci(0)e B M gy) | (2.25)

where |¢;) is the i-th eigenstate, £ is its corresponding energy, and ¢;(0) is the projection
of the initial state onto the eigenstate |¢;) at ¢ = 0. This time-evolution method gives
exact results for any time, but it requires the entire diagonalized basis including the
energies and eigenstates. Of course, for systems with an infinite number of states, such
as the harmonic oscillator, this method cannot be applied exactly and must be truncated,
which prevents obtaining an exact solution. Another limitation is that this method only
works when the Hamiltonian is static, and in some situations, this is not the case. Then,
to solve Eq. (2.24) we need to adapt our tools and use another numerical approach. In
our case, as the systems we deal with in these situations are on the order of a few tens of
basis states, it is possible to compute |¥(t)) using matrix exponentiation. This method
is based on time discretization and solving the differential equation recursively,

[Tt + 6t)) = e HOM W (1)) + O(5t?), (2.26)

where 0t is the time step and « is an exponent that depends on the time dependence of
the Hamiltonian. Unlike the previous case, here there is an error due to the discretization
of the time in each step. So, for a long time, there is an error accumulated in each step,
and it is necessary to ensure that the results have converged to mitigate this type of
error. The precision of this method goes as §t*, indicating that, if one wants to improve
the precision must decrease the value of the time step. A valid convergence criterion can
be as simple as computing the time evolution for a second smaller §¢ and computing the
disagreement between both calculations.
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24 System Hamiltonians considered in the thesis

In this thesis, we explore several systems, all of them related to the topic of a few
interacting particles, but in fact, with different geometries, types of interaction, and also
distinct particle statistics.

In this Section we introduce and summarize the different Hamiltonians used, even
though they are also introduced in their respective Chapters.

2.4.1 Hubbard model

The Hubbard model was introduced in the 1960s to describe the motion of electrons in
the solid state (Hubbard, 1963). After that, the Bose Hubbard model was introduced to
deal with bosonic systems. Even thought the model appears as an approximation of
more complicated systems, in ultracold atoms laboratories it is possible to create lattice
systems, where the Hubbard model becomes the exact Hamiltonian of the systems. In
this context, the study of the model becomes interesting because of the experimental
realizations.The system is widely studied, where there are identified the Mott and the
superfluid phases (de Hond et al., 2022).

The model assumes the particles are localized in sites, as in a lattice, with a cer-
tain probability of tunneling between nearest-neighbor sites. This tunneling is related
to the kinetic energy in the continuum limit. Additionally, it includes an interaction
modeled by an on-site potential, adding energy for each pair of particles occupying the
same site. The Hamiltonian of this model is usually expressed in the second quantization
formalism, for identical bosons

- it 1 .
H=—J 2 ! (ajam + H.c.) +5U Ei (s — 1), (2.27)
and for two-component fermions,
- ot a 1 A
H=-J7% <a1ai+1 + H.c.) U D sy (2.28)

where J is the tunneling ratio between nearest-neighbor sites and U is the on-site inter-
action strength. For bosons, the interaction counts the pairs of identical particles in the
same site, and for two-component fermions, the interaction counts the pairs of different
component in the same site. In this formulation, this Hamiltonian is written in one
dimension. In addition, there are two possibilities: having open boundary conditions,
where the first and the last sites are only connected to the second and the second-to-last,
respectively. The other possibility is to have periodic boundary conditions, where the
first and the last sites are connected to each other, apart from the rest of the connections.

We deal with this Hamiltonian in Chapter 4, where we generalize this one-dimensional
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Hamiltonian to a two-dimensional one, but with a singular geometry, creating an
effective fractal system.

Technically, this Hamiltonian is straightforward to implement in a system with a
finite number of sites and also a fixed number of particles. A good single-particle basis
is to choose the site occupations, and then, the many-body basis is created with all
the combinations. The dimension of the Hilbert space of a lattice with M sites and N
identical bosons, Dy, can be computed, as well as the corresponding case of /N identical
fermions, Dy, as
(M +N —1)! D, — M!
N(M =11 T N(M=N)"
If one has a multi-component system, the total Hilbert space can be computed by the
tensor product of the Hilbert space of each component in the total number of sites.

Dy = (2.29)

The physics we study with this system are dynamics governed by a time-independent
Hamiltonian. This allows us to use the exponentiation of the matrix which requires all
the energies and eigenstates of the system. This implies that we can deal with systems
for which we can diagonalize the entire spectrum. With our resources, we can deal with
systems with a Hilbert space of up to a few hundred thousand many-body states, e.g.,
10 bosons in 12 single-particle states or 10 fermions in 21 single-particle states.

2.4.2 Three states with time-dependent coupling

In Chapter 5 we introduce a variation of the model a three-site lattice with open boundary
conditions. In addition, we added on-site single-particle energy terms, and we modified
the tunneling to have a time-dependent tunneling ratio.

With these modifications, one can reproduce the Spatial Adiabatic Passage (SAP)
protocol, or if it is treated as internal levels instead of lattice well, it can correspond
to the Stimulated Raman Adiabatic Passage (STIRAP) protocol. In Chapter 5 we use
this protocol to implement a quantum battery and study the charge as a function of
parameters such as the interaction strength and coupling strength.

The Hamiltonian that models this situation reads
H= Z ni€; + (ng alag + Qo3(t )a2a3 + H.c. ) + = U Zn, n;—1). (2.30)

In our case, we decided to have the level energies ordered, as 1f the system is tilted, and
for convenience, we chose ¢; = 0. In addition, we deal with systems of indistinguishable
bosons.

Technically, this system is relatively easy to simulate, as the Hilbert space for N

bosons is

(N+2)!  (N+2)(N+1)
N12I 2 ’

Dy = (2.31)
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so, the system scales as the square of the number of particles. In that sense, one can argue
that it is easy to compute up to a relatively large number of particles, as the dimension
of the system remains at a reasonable value. However, in that case, the Hamiltonian is
time-dependent, implying the need to use a more resource-consuming method. It is
still necessary to diagonalize the whole Hamiltonian to compute the matrix exponential
at each time step. Although it is possible to do this for systems with dimensions up
to a few thousand, it could take too much time; realistically, it is better to keep smaller
systems below a hundred Hilbert dimensions.

2.4.3 Harmonic confinement

In Chapter 3, we study systems with few particles and the effects of the interaction on
the system. A realistic platform to study these systems is ultracold atoms, where a
common trap can be approximated as a harmonic potential confinement. For this reason,
we decided to study these particular systems: a few particles trapped in a harmonic
potential with a realistic interaction modeled by a contact potential. As example of
studies with these conditions, see Budewig et al. (2019); Pecak et al. (2017); Pyzh et al.
(2018); Sowinski et al. (2010).

The Hamiltonian of this system includes the kinetic energy, the potential energy,
both one-body operators and the contact potential, which is a two-body term. In the first
quantization, the contact interaction is approximated by a delta function, resulting in

N

h? 0? mw
H= Z( 2m 022 ) > gind(zi — ) (2.32)

i<k

where g; ;, is the strength of the contact interaction between the particles 7 and &, and we
have assumed that all the particles have the same mass m and the external confinement
has the same frequency w, however, the interaction can be different between each pair of
particles. This can make sense if we deal with distinguishable particles, or if we have
different species.

We can use the second quantization formalism, where the Hamiltonian is written
independently of the nature of the particles. In that case, we use as single-particle basis
the eigenfunctions of the single-particle harmonic oscillator wavefunctions ¢;(z) with
energy €, = hw(n + 3). The Hamiltonian reads

. R 1 atata
H = Z €1 + 5 Z ga,ﬁvij,kla;ra;alak ) (2.33)

where o and  depend on the species associated with the indices ¢, k and j, [, respectively.
The interaction matrix elements can be obtained analytically (Rojo-Francas et al., 2020)
using Hermite polynomial integrals properties (Titchmarsh, 1948).

In these systems, we do not deal with time evolution, and we only compute static
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properties. This allows us to study larger systems because we do not need to diagonalize
the entire Hamiltonian. As we are interested in the lower part of the spectrum increases
the time of the calculation, because obtain a reduced number of eigenvalues is more
efficient than compute all the eigenvalues. Our capabilities allow us to study systems
with up to six particles with reasonable precision by using 20 single-particle modes,
resulting in 177 100 many-body states, or eight particles with 15 single-particle modes,
resulting in 319 770 many-body states.

In contrast to the lattice systems, the single-particle basis is not finite, as there are
infinite levels of the harmonic oscillator. Therefore, when we study the harmonic oscil-
lator system we need to truncate our basis, which induces an error in our calculations.
The truncation allows us to create the Hamiltonian matrix and diagonalize at least the
lower energy part. The truncation is an approximation; thus, the more states we include,
the better results we obtain.

Performing this type of calculation, one is largely limited by the number of parti-
cles, because a large number of single-particle states are needed to achieve convergence.
Thus, one needs to sacrifice precision as the number of particles increases, obtaining
reasonable results for fewer than ten particles, with our resources.

2.5 Correction method for the harmonic oscillator

Unfortunately, the single-particle basis is inherently infinite, as a consequence the many-
body basis is also infinite. The numerical treatment of this system involves truncating
the basis to have a finite many-body basis, but it introduces an error. According to the
variational principle, using a larger basis yields better results, and the values obtained
correspond to an upper bound of the correct energy (Hill, 1985). Naturally, this issue
arises for other systems with an infinite basis.

We want to have the most accurate results possible, so, we aim to reduce the er-
ror in the calculations. To achieve this, the first thing one can do is increase the basis,
but it has a limit due to the exponential growth of the many-body basis. In addition,
as interactions become stronger, more discrepancies appear compared with the exact
solution. For this reason, we need an additional method to manage the error. Another
strategy is to control the error and develop a way to correct the results. One possibility
is to extrapolate the values obtained with an increasing basis to the infinite basis limit.
However, the extrapolation is highly sensitive to the fit function used and it needs
multiple calculations and a final fitting, adding complexity.

Our approach differs significantly. We develop a correction for the interaction strength
using analytical procedures. With this method, we can correct the low-energy spectrum
and obtain results that are nearly exact with a single calculation and without relying on
a fit.
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2.5.1 Renormalization of the interaction

Our goal is to develop a procedure to correct the energies obtained with a truncated basis
for a system trapped in a harmonic oscillator. Our approach involves renormalizing the
interaction, but this requires an analytical argument.

We apply some ideas proposed in Ernst et al. (2011); Jeszenszki et al. (2018), deriving a
correction using the two-body solution.

2.5.1.1 Two-particle case

The case of two particles trapped in a harmonic oscillator with contact interaction is a
well-known problem that has an analytical solution (Busch et al., 1998). Here we follow
the same procedure as in the original article, which we then use to derive the correction.
The truncation method of the single-particle basis naturally arises in this derivation. We
also restrict our case to one dimension for simplicity.

The Hamiltonian of two particles in a harmonic oscillator, in first quantization and using
the harmonic oscillator units can be derived from Eq. (2.32), being explicitly,

19> 10* a? i
50—$%—§8—$%+§1+§+95(5B1—x2). (2.34)
We use the properties that the harmonic potential can be separated into center-of-mass
(c.m.) and relative coordinates. Using the modified variables X, = (z1 + z2)/ V2
and = = (7, — x9)/V/2 for symmetry reasons, we obtain the Hamiltonian separated
into relative and center-of-mass components. The center-of-mass Hamiltonian is a
single-particle harmonic oscillator Hamiltonian, with energies E. ,,, = hw(nem. + 1/2).
So, all the physics we want to solve is contained within the relative coordinate system,
where the relative coordinate Schrédinger equation reads

o=-

g
(HHO + 55(@) U(x) = EV(x), (2.35)

where Hyo is the harmonic oscillator Hamiltonian for the relative coordinate.

To solve the Schrodinger equation, we expand the wavefunction in the eigenstates
of the harmonic oscillator ®,,(z),

U(z) = cm®(r), (2.36)
applying it to the Schrédinger equation and projecting the state ®,,(x),
/ (@n(x) S B () + LB, (2)3(2) S cmCI)m(x)) dx
= / <<I>n(x)E,. Z cm@m(x)> dx , (2.37)

g
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using the orthogonality of the eigenstates f U, (z)V,,(z)dx = 6,,m, We obtain

cn(E, — E,) Z em®m(0) =0, (2.38)
and we can obtain the coefficients as,
)
Cp = AEn - (2.39)
where A = — % > em®,(0) is a constant.
Using the definition of Eq. (2.39) in Eq. (2.38), we obtain
©,(0)
AE E(E —-E,) +—<1> ZA ®,,(0), (2.40)
and dividing the entire expression by the common factor A®,,(0), we obtain,
g = ©,(0)®,(0)
I+—-—=> ————=0. 241
7 ; - (2.41)

Using the explicit value of the eigenstates of the harmonic oscillator at the center of the

trap,

V!
/427 (n/2)!
for even n and ¢,(0) = 0 for odd n. Moreover, the energy of the eigenstates is
E,, = hw(n+1/2), and for convenience, we define the relative energy as E, = hw(2v+1/2).
As the only contributions in the sum are the even terms, we make the change n = 2n/,
and we rewrite Eq. (2.41) with the explicit dependence on n’ as

®,(0) = (=1)""/2 (2.42)

R (2n)!
g 22\/%4”( M2 —v)

So, we can relate the interaction strength g with a sum of the number of the (even)
harmonic oscillator level functions that include the exact energy,

(2.43)

—é =Y f@v), (2.44)

where the function f(n/,v) is
1 (2n")!
22 4V ()2 () —v)
The sum in Eq. (2.43) can be solved in closed form (Busch et al., 1998), resulting in
(-v) 2872
L'(1/2 —v) g’

f(n',v) = (2.45)

(2.46)
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obtaining an expression that relates the energy of the relative system F, = (2v + 1/2)
with the interaction strength g. One can obtain the complete energy of the state by
combining it with the center-of-mass energy E. ..

Now, with the solution of the two-particle case, we want to relate or find a connection
with a truncated calculation. In this situation, a simple truncation of the calculation
could consist in using a finite number of terms in the sum of Eq. (2.43). So, if we use M
harmonic oscillator modes, we consider only the first M = | (M — 1)/2|, where |z | is
the floor function. Note that the M/ mode corresponds to the mode n + 1 and in the sum
we made the transformation n = 2n’, and only the even n contribute.

The finite sum can be expressed as an analytical expression and would correspond to a
truncated calculation; thus, the interaction strength is also a truncated result,

1 M
__,E f(n’,y)
9 n'/=0
~ I(=v) 3
E (1 SM—v+1; 2IM—v+21
3 b (LMAS3M—v+ 1, M+2,M—v+2;1) (247)

27r\/§ ’

where 3}~7 » is a hypergeometric regularized function. In the limit of the full basis M — oo,
Eq. (2.47) recovers Eq. (2.46).

The truncated calculation Eq. (2.47) relates the truncated interaction strength ¢’ with the
relative energy F, obtained with this method when using M modes on the relative part.
Our goal is to relate this truncated result with the exact one. Instead of correcting the
energy value, it is easier to correct the value of the interaction strength associated with a
certain energy FE, using this formulation.

For a certain value of the interaction, we can split the sum of Eq. (2.43), into two
parts. The first one is up to M and the second is the rest,

M )
=S 3 o =
n'=0 n'=M+1

Note that the first term on the right-hand side corresponds to the sum in Eq. (2.47) and
can be defined as 1/¢'. Analogously, we define an interaction strength correction g, as
Yomi—me1 f (0, V) = 1/g.. We can express the value of the interaction corresponding to

an energy L, as
1 1 1

gv)  gMv)  ge(Mv)’
that connects the exact interaction strength ¢ for a given energy of the relative system
with the truncated value ¢’ at the same energy. This correction equation has a structure

(2.49)
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similar to the ones used to regularize two-body interactions in quantum gases (Stoof
et al., 2009).

One can obtain the analytical value of the interaction correction g. for a given number of
modes M and energy of the relative system E, using both Eq. (2.46) and Eq. (2.47),

1 3
;ZF(M—Fé)F(M—V—Fl)

X3152(1,M+g,M—y+1;M+2,M—y+2;1)
27T\/§ ’

where M = | (M —1)/2] and v = (E, — 1/2)/2. With this analytical expression, we have
the exact dependency on both parameters, namely, the energy and modes used. It can
be proved that for a large number of modes, the term M becomes dominant over v,
indicating that the energy used in the correction has a minor impact. Therefore, we
need to control the parameter M and know exactly how we perform our calculations to
match this development.

(2.50)

We have obtained a closed expression to correct the truncated results, specifically
g. of Eq. (2.50). However, the numerical evaluation is very time-consuming because
of the hypergeometric functions. For this reason, we introduce an approximation that
yields sufficiently good results but is faster to compute and can be useful in some
situations where the time of calculation matters.

The first step is using the Stirling asymptotic approximation formula in Eq. (2.43),
but summing starting from M + 1,

I | i (2n')!
g (M,v) 221 v 220" (/1)2(n/ — v)

1 C 1
N —_. 2.51
22w n,gﬂ vn'm(n' —v) @31)

Now, to solve the sum, we transform it to an integral by using the Euler-MacLaurin
formula, obtaining

QW\/ENLID(\/MJFH\/E)
Ge _\/; m_ﬁ
1

+
2VM+ 1M +1—-v)

1 1
% (H BM+1) | 6M+1 —u)> ’ (252)

Using this approximation for g. we obtain errors of less than a 1% with its exact value of
Eq. (2.50) but being up to ~ 10° times faster to evaluate. To obtain this approximation
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that works with the described precision, one needs to ensure v < M. Note that all the
terms in the sum of Eq. (2.51), are positive if M + 1 > v, corresponding to the region
where the approximation works. If the energy is too large for the number of modes used
it is necessary to include in the formula a term with a negative sign, creating problems
when we approximate.

In particular, for M + 1 = v the expressions have a pole. In addition, for larger
values of the energy v, as we mentioned before, the original sum contains negative signs,
and as a consequence, the value of the correction g. obtained with Eq. (2.50) varies from
—oo to 0o, depending on the precise value used. But the approximation of Eq. (2.52)
yields imaginary values for the correction g.. For this reason, one has to ensure that the
state that is correcting fulfills the condition v < M + 1, or translated to energies and
modes used, AE/hw < M + 1, where AFE is the energy difference between the energy £
of the state and the non-interacting ground state energy Ej, that depends on the number
of particles as Ey = N/2hw. These conditions imply that, to correct a state with energy
E, one needs to include in the basis all the states with non-interacting energy below or
equal to £.

2.5.1.2 Truncation of the many-body basis

Up to now, we developed a method using the two-body problem and reduced it to the
relative coordinate Schrodinger equation. But our goal is to translate this correction of a
truncation on the relative coordinate modes to a many-body system. A usual truncation
on a many-body basis is to use M single-particle modes and consider all the states that
can be created with these modes. However, there exists a more efficient truncation
method, which does it in the non-interacting many-body energy. In this situation, one
only considers the many-body states with a non-interacting energy below a threshold,
with a maximum energy E,,..(M). This energy truncation allows us to obtain better
results compared with the ones with a standard truncation when the many-body basis
has a similar Hilbert space. Or, in other words, it allows us to reduce the basis, and so,
the complexity of the system without losing precision (Chrostowski and Sowiriski, 2019;
Plodzien et al., 2018).

There is a relation between the maximum energy and the highest mode M used
in the truncation. The optimal value of the maximum energy for a boson system is
(Ptodzien et al., 2018)

Epax(M)/hw =M — 1+ N/2, (2.53)

where N is the number of particles. On the other hand, in fermionic systems with
different components, the optimal maximum energy is

Enax(M)/hw = M + Ep/hw — max (N,) , (2.54)

where E is the Fermi energy and [V, is the number of particles in the internal component
state a.
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Figure 2.1: Number of basis states for each value of the non-interacting energy. Panel (a)
correspond to the case with N = 2 and panel (b) to N = 3, using 20 single-particle modes
for both cases. The yellow solid region represents the number of states with less energy than
E =40 hw and E = 60 hw for two and three particles, respectively. The blue-thick-hatched
region represents the number of states that can be created with 20 single-particle states.
The red thin-hatched region represents the number of states created with 20 single-particle
states and with an energy truncation at £/ = Eyax.

Note that this maximum energy for both the bosons and fermions corresponds to
the minimum energy one can create populating the mode M once. For bosons, it is
basically one particle in the M/ mode and the rest in the ground state. Whereas for
fermions, from the ground state, with Fermi energy, it takes the fermion in the highest
mode and moves it to the M one.

In Fig. 2.1 we show the number of the many-body states as a function of their non-
interacting energy. There we compare the basis used with a standard truncation, the
energy truncation, and the complete system without truncation for two and three
particles. Both truncation methods use the same value of M. Note that using the energy
truncation, represented by the red thin-hatched region, one uses significantly fewer
states in the basis than those corresponding to a standard truncation, represented by the
blue thick-hatched region. Note that the energy truncation includes fewer states, but
they create a complete basis up to E,,x. In contrast, the standard truncation includes
non-complete many-body basis for energies larger than E,,y

Having a complete basis up to E,.y, allows us to change the basis to another equivalent
one. So, all the center-of-mass and relative states are included in that complete basis,
meaning that, if a system is in the center-of-mass ground state, the energy truncated
basis includes the first M relative excitations, as in our analytical truncation developed.
This fact means that the energy truncation can be mapped to our correction method.
This is not the case for the standard truncation, where there are more states, which
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Particles and modes Standard truncation Energy truncation

N=2,M =20 400 210
N=3,M =20 8 000 1540
N =3, M=90 729 000 125 580
N=4,M =20 160 000 8 855
N =4,M =45 4 100 625 194 580
N =5 M =20 3 200 000 42 504
N =6, M =20 64 000 000 177 100

Table 2.1: Many-body Hilbert space corresponding to systems with N distinguishable
particles and considering M harmonic oscillator modes. We compare the dimensions of
the systems if we use a standard truncation and if we incorporate the energy restriction of
Eq. (2.53).

prevents relating the truncation of the many-body basis with a truncation of the relative
system.

In Tab. 2.1 we present some examples of how the number of the many-body basis
grows with the number of particles and modes and at the same time, compare with the
reduction when we use the energy truncation. In that case, for simplicity, the values
reported corresponds to N distinguishable particles. As can be observed, as the number
of particles increases, the reduction on the many-body basis due to the energy truncation
is larger in relative terms. Of course, with the same number of modes, as the number
of particles increases, the basis dimension increases exponentially, even in the energy
truncation method.

So, having an energy truncated basis, we can create the Hamiltonian matrix corre-
sponding to an interaction strength ¢’, diagonalize it, and obtain the lower part of the
energy spectrum. The results follow as we used a truncated basis in analogy with the
truncated relative system of Eq. (2.47). So, we can relate the truncated result obtained
numerically with the exact value as in Eq. (2.49), using as a correction the value of
Eq. (2.50), obtaining the value of the exact interaction strength g for which its energy we
obtained using ¢'.

Even though this procedure is derived from the two-particle case, where it is ex-
act by construction, we are encouraged to use it for a larger number of particles, as
the contact potential is a two-body interaction, where most of the physics occurs
in the relative wavefunctions of two particles. There is a systematic procedure to
correct the result for an arbitrary number of particles and an arbitrary number of compo-
nents of the system, allowing each pair of components to interact with different strengths.

The first step is to create the many-body basis with the N particles and using M
modes of the harmonic oscillator. The many-body basis must be created following the
energy restriction, where all the elements of the basis must have an energy less than
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or equal to £, of Eq. (2.53) or Eq. (2.54). According to our discussions at the end of
Section 2.5.1.1, with this correction, we can correct states up to an energy E,x.

Then, with the many-body basis defined, we can create the Hamiltonian matrix, with
interaction strengths g/, 5, where a and § are the internal components of the system.
With the matrix, we can diagonalize it, obtaining the eigenvalues. For each eigenvalue F,
we use v = (E/hw — N/2) /2, and compute the correction g. using Eq. (2.50) or Eq. (2.52)
depending on whether we want the extra precision or the time efficiency.

The last step is to correct each interaction strength associated with the state with
energy F as gos = g, 3/(1 — g, 3/9.), where g, s is the exact value of the interaction
between the internal components « and 3 corresponding to an energy E.

2.5.2 Results for two particles

As a direct example of how the results can be improved using the correction, here we
show the results for two particles. In Fig. 2.2 we show the ground state and the first
excited state of two particles as a function of the interaction and their correction. We
also compare it with the exact analytical energies of Eq. (2.46) We used a small number
of modes of the harmonic oscillator to enhance the effect of the correction method. We
refer to the energies obtained by diagonalizing the Hamiltonian as the truncated results,
whereas the ones obtained using these last ones and the correction, we refer to as the
corrected results.

We obtain a perfect agreement between the corrected results and the exact energies for
the ground state. With the correction, we obtain the analytical value for the energy in
the Tonks limit, £, = 2hw at exactly 1/g = 0. On the other hand, for the truncated
results, we obtain this energy at a finite value of the interaction strength. In addition, the
truncated calculation shows deviations for any interaction, becoming larger for larger
interactions. This method allows correcting, not only the ground state energy but also
the excited states with the same precision.

An interesting feature is that, as we mentioned, for the truncated calculations, we
reach the energy of the Tonks limit at a finite interaction strength g;. This implies that for
larger values, ¢’ > g¢;, we obtain energies for the ground state above the value it has in
the infinite interacting limit (Rojo-Francas et al., 2022). Once the correction is done, these
states go to a large attractive interaction strength and correspond to an excited state of
the attractive branch (Ernst et al., 2011). So, it is possible to map the whole repulsive
interaction regime g > 0 with a finite truncated repulsion 0 < ¢’ < g;. However, it is
not possible to map the attractive regime g < 0 with a finite range of the truncated
interaction strength. One can correct weak interactions using ¢’ < 0, and large attractive
interactions using ¢’ > g; > 0. Butin this last case, this results in obtaining excited states.

Although our correction method is derived from the two-particle energy, we found
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Figure 2.2: Ground state energy of the two-particle system with SU(2) symmetry. The
dotted line corresponds to the truncated results obtained with direct diagonalization using
a basis of 20 single-particle modes, whereas the solid line corresponds to the corrected
results using Eq. (2.52). The black circles correspond to the exact values of Eq. (2.46). The
vertical dotted line indicates 1/g = 0. The horizontal line shows the Tonks energy for two
particles.

that it can also correct other properties, such as the density profile. In the same way
as the energy, the densities do not change; the correction only acts on the associated
interaction strength. In Fig. 2.3, we show the density profile of the ground state of a
two-particle system for different values of the interaction strength. We also include a
first relative excitation in the large attractive branch. All the values reported for the
interaction strength ¢ are the ones corrected, computed with a ¢’ given by Eq. (2.49).

We compare our results with the exact density profiles obtained by integrating the exact
wavefunction (Busch et al., 1998)

11
(1, 22) = Aem ity (—IA bk 5(901 - 902)2) ) (2.55)
where A is a normalization constant and U (a, b, z) is the Tricomi confluent hypergeo-
metric function. All the parameters in Eq. (2.55) are in harmonic oscillator units.

We obtained an almost perfect agreement between our numerical calculations by
correcting the truncated basis and the exact density profiles. Note that, as we com-
mented before, the method is developed only to correct the energy, but it also can be
used to correct the densities. More interestingly, the state in the attractive branch is also
well reproduced, but it was computed using a repulsive interaction ¢'.

In order to have some quantification of how good the agreement between the density
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Figure 2.3: Density profiles of two particles for different choices of interaction strengths.
The thick lines correspond to profiles obtained with the corrected direct diagonalization
calculations with 20 single-particle modes, whereas the black thin lines are exact results
given by Eq. (2.55). The inset shows a correlation parameter S, between the exact profiles
Eq. (2.55) and the profiles obtained with the truncated diagonalizations (squares with
thin lines) and the corrected ones (circles with thick lines) as a function of the number of
single-particle modes M.

profile obtained numerically and the exact one, we propose the correlation metric

I i) — po(z)|da
9N ’

Sp(p1, p2) = (2.56)
that computes the difference between two densities, in our case, between the numerical
and the exact ones. It is normalized to be in the range 0 < S, < 1, being zero when both
densities are identical and one when they do not overlap at all. In the inset of Fig. 2.3
we show this parameter for different interaction strengths and different numbers of
modes used in the calculation. We find that the corrected densities are not identical
to the analytical ones, as we expected. However, as we increase the number of modes,
the parameter S, decreases, indicating that the results are more accurate. We also
compared the truncated results with the corrected ones, obtaining not only less error
in the corrected calculations than in the truncated calculations but also that the error
reduction with the number of modes is much faster for the corrected than the truncated
results. This indicates that using our correction method, one can correct efficiently the
density profile with high accuracy.

2.5.3 Extrapolation to many particles

At this point, we have developed a method to correct the two-particle energy analytically
and also demonstrated that the correction procedure can improve the density profile
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Figure 2.4: Ground state energies for three to six distinguishable particles. Panel (a)
includes the results for three and four particles whereas panel (b) includes the five and
six particle cases. All the systems are computed using 20 single-particle modes. The thin
lines correspond to the truncated calculations, whereas the thick lines correspond to the
corrected energies obtained using Eq. (2.52). The black circles correspond to the exact
values for N = 3 and N = 4 (Laird et al., 2017). The horizontal lines correspond to states
with the Tonks energy for IV particles.

calculations. Although this method is not exact for a larger number of particles, we
show that it is still useful, being more efficient and feasible than merely increasing the
number of modes. The key point here is that we use the two-particle solution, with
a slight modification in the definition of v, to correct systems with a small number of
particles.

In Fig. 2.4 we show the ground state energy as a function of the interaction for
N = 3,4, 5, and 6 distinguishable particles. We use a SU(N) system, where all the
interactions between the different particles are identical, g, 3 = g. We compare the
results obtained numerically with the truncated basis and its correction, noticing an
appreciable difference. For N = 3 and N = 4, we also compare our results with the
exact solutions of Laird et al. (2017). In both cases, we find good agreement with our
numerical results after applying the correction, and we expect that for larger particles
our protocol still works.

For the SU(N) case, there is an analytical solution for the limit of infinite repulsive
interaction, known as the Tonks-Girardeau gas. In this limit, the system of NV identical
bosons (or distinguishable particles) is mapped to NV polarized fermions, whose ground
state energy is E.,/hw = N?/2. This solution can be used to crosscheck our numerical
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Figure 2.5: Low-energy spectra for three and four particles. The systems of three and four

particles are computed with 90 and 45 harmonic oscillator modes, respectively. The lines

correspond to the corrected computations, and the black circles represent the exact results

of Laird et al. (2017).

results, by computing the interaction strength at which the ground state reaches the
Tonks energy F.

We obtained that the Tonks energy is reached for N < 5 at 1/g ~ 1073, whereas
the NV = 6 case reaches this limit at 1/¢g ~ 1072 This error can be reduced by increasing
the number of modes in the calculations but is extremely close to the analytical value
if one compares with the non-corrected results, reaching the limitat 1/¢’ ~ 10~*. The
lesser precision of the N = 6 case may be caused by the lack of modes in the calculation.
We have used 20 modes, and at the same time, the Tonks energy for this system is
E. = 18hw. As we have explained, in order to obtain reasonable results, we need to use
more single-particle modes than the energy of the energy £ of the corrected state, and in
this case, it is close to this limit and may cause it to work a bit worse than in other cases.
Another possibility is that the correction protocol is developed using a two-particle
system, and we try to correct a six-particle one, which includes much more complexity.

Even though small discrepanciesremain, the results obtained show an important
improvement compared to the truncated ones, encouraging us to use this correction.
But before that, we have done some more tests.

In Fig. 2.5 we show the low-energy spectra of three and four SU(N) particles. We
compare the results obtained with the truncation and the exact ones from Laird et al.
(2017). We obtain an excellent agreement with their results, not only in the ground
state energy as shown before, but also in the excited states. In terms of accuracy, the
four-particle system shows greater disagreement than the three-particle one. The larger
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Figure 2.6: Ground state density for two to six particles. The thin lines are the results of
the truncated calculations at ¢’/ (h3w/m)"/? = 5 and the thick lines are the corrected results
at g/(hPw/m)'/? = 5.

accuracy for the smaller system can be caused by two effects at the same time, using
more modes and having a less complex system. However, the differences between our
reported calculations and the exact values are almost impossible to appreciate in the
figure, being less than 1% for three particles and about 1% for four particles, of the
corresponding energy.

Following a similar line as in the two-particle case, here we analyze the density
profile of the ground state and how the correction affects it. In Fig. 2.6 we show the
ground state density profile for several particles at a fixed value of the interaction,
specifically g/(wh®/m)'/? = 5. We compare these results with the truncated density at
¢'/(wh?®/m)Y/? = 5, obtaining some differences. The corrected densities are larger in the
center of the trap than their truncated counterpart. At the same time, the truncated
densities have a larger tail. In addition, the truncated densities are closer to having N
peaks than the corrected ones. A characteristic of the Tonks-Girardeau limit is that the
density has IV peaks. This result indicates that the truncated results are closer to the
Tonks limit than the corrected ones when we compare them for g = ¢'.

Another feature we appreciate in our calculations is that as the number of parti-
cles increases, more differences between the truncated density and the corrected one
are observed. We use the same parameter as in the two-particle case, the correlator of
Eq. (2.56) to compare the truncated density p; with the corrected one p.. We obtain
that in general, S, increases with the number of particles. Specifically, the values are
S,(pe, pe) = 0.027,0.041, 0.052, 0.053, and 0.050 for two, three, four, five, and six particles,
respectively. So, we can argue that as we add more particles, the effect of the correction
becomes more significant. But it could be an effect also of the number of modes used
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Figure 2.7: Ground state energy as a function of the number of modes used for different
numbers of particles. We include the value obtained with the correction in circles and the
truncated results with squares. For N = 3 and N = 4, we have included a line with the
results of Laird et al. (2017). Panel (a) corresponds to a weakly interacting regime whereas
panel (b) corresponds to a strong interaction.

because for more particles we used fewer modes.

An important aspect of numerical methods is the convergence. For the two-particle case,
we studied the convergence of the density because we knew the analytical expression.
Here, we are more limited and we only can compare how the energies depend on the
size of the basis. In Fig. 2.7 we show the convergence of the energies for N = 3, 4, 5, and
6 particles for a weakly interacting regime and N = 3 and 4 for a strong interaction. We
compare the energies as a function of the harmonic oscillator modes used for both the
truncated and the correction calculations.

We appreciate that by using the correction we always obtain lower energies. This
is not necessarily good, because even though the truncated results are an upper bound
of the energy due to the variational principle, nothing guarantees that the correction
gives still an upper bound. But as a general behavior, we observe that the truncated
results are more stable in their dependency on the number of modes. This can indicate
that they are closer to convergence, and so, we obtain good results even using a few
modes. Precisely, we observe that when we use too less modes, we obtain that using
the correction method, the energy obtained increases with the number of modes. This
indicates that these calculations do not correspond to a variational system, where when
we increases the basis we reduces the energy. For a larger number of modes, we observe
that as one increases the modes in the calculations, the energies decrease, as one expects
and desires, indicating a good convergence. This increase in the energy for the fewer
modes could indicate that one needs a minimum number of modes to start including
more many-body effects that are not included in the correction.
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2.6 Conclusions

In this Chapter, we have presented the technical tools we used in this thesis, presenting
the formalism to understand the Hamiltonian expressions and the second quantiza-
tion. Also, we have introduced the method we employed to perform time evolution
depending on whether the Hamiltonian changes with time or not. We also explained
how we obtain the energy and eigenstates through exact diagonalization. Overall, we
introduced the different Hamiltonians we deal with in the following Chapters. One of
these Hamiltonians is the one corresponding to a few particles in a one-dimensional
harmonic oscillator with contact interaction, used in Chapter 3. Another one is the
Hubbard model using the two-dimensional version but considering fractal geometry in
the tunneling, analyzed in Chapter 4. The third one corresponds to the model used in
our proposal of a quantum battery, three sites with time-depending tunneling, discussed
in Chapter 5.

In addition, we have presented a method to correct the error in the harmonic os-
cillator calculations. Since the harmonic oscillator has an infinite basis, one needs to
truncate it, which induces an error. To overcome this problem we have introduced a
method to correct the energy spectrum, which is analytic for two particles. We have
derived this method using the analytical solution of the two-body problem and we
checked that it also gives excellent results for systems with more particles.






FEW PARTICLES IN A HARMONIC TRAP

During the last decades, the improvements in ultracold atoms laboratories have opened
the door to the study of strongly correlated systems (Ziirn et al., 2012), or systems
with a controllable number of particles (Wenz et al., 2013). Most studies use a lattice
configuration (Bonnes et al., 2012; Raventos et al., 2017; Roux et al., 2009; Trefzger et al.,
2011; Venegas-Gomez et al., 2020) or a harmonic oscillator trap potential (Deuretzbacher
et al., 2010; Ebert et al., 2016; Gharashi et al., 2012; Harshman, 2014; Sowinski et al.,
2013). These spatial traps are also realizable in ultracold atoms laboratories, where
neutral atoms can be trapped using light, creating harmonic oscillator potentials or
lattice structures, depending on the experimental setup.

Motivated by the ultracold atom experiments, where they control systems with huge
precision regarding the number of particles, interaction strength, and the trapping
potential (Serwane et al., 2011), the few- and many-body theoretical physics have also
explored these systems (Blume, 2012; Lindgren et al., 2014; Liu et al., 2008; Xu et al.,
2017a; Zollner et al., 2006). Moreover, it is possible to control experimentally atoms with
well-defined spin projection (Bloch et al., 2008). Using systems with atoms in different
spin projections allows for the production of multi-component systems with all particles
having the same mass. These multi-component systems have symmetric interactions by
construction because the scattering length does not depend on the spin projection. The
configuration with all the interactions equal is known as the SU (V) symmetry (Gordillo
et al., 2019; Laird et al., 2017), where N is the number of components of the system.
From a theoretical point of view, it is interesting to break the symmetry and explore
how the system is affected.

Another case that has captured attention is the study of impurities. The impurity problem
has relevance in different branches of physics, such as in *He in liquid Helium (Fabrocini
and Polls, 1998; Girardeau, 1961), electrons coupled to ionic crystals (Landau and Pekar,
1948) or nucleon impurities in neutron matter (Kutschera and Wojcik, 1993). In ultracold
atoms, systems with an impurity in a Bose bath (Hu et al., 2016; Jorgensen et al., 2016)
and also in a Fermi bath (Nascimbéne et al., 2009; Schirotzek et al., 2009) have already
been produced. At the same time, the theoretical study of systems with impurities has
extensive literature, existing for different statistics (Brauneis et al., 2023; Christensen
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et al., 2015; Massignan et al., 2014; Vlietinck et al., 2013), or dimensions (Ardila et al.,
2020; Hryhorchak et al., 2020; Koschorreck et al., 2012; Volosniev and Hammer, 2017).
Because of the strong correlations between the impurity and the bath, the calculation
requires sophisticated techniques.

In this Chapter, we present a study of a few interacting particles trapped in a har-
monic oscillator potential. In Section 3.1, we introduce and show results corresponding
to the SU(N) case, i.e., where all the interactions are equal, obtaining the energy and
densities as a function of the interaction strength. Then in Section 3.2, we analyze
different non-symmetric interaction configurations, examining the ground state energy
and density as well as the energy spectrum of the system. We also take a closer look at
the correlations in the system, which helps us to better understand how the systems
are structured. In Section 3.3, we consider the specific case of having an impurity in
our system. There, we consider one particle that interacts with all the rest, while the
other particles do not interact between them. In this situation, we explore the energies
and densities as a function of the interaction using different techniques. Finally, in
Section 3.4, we present the main results of the Chapter, as well as the conclusions.

3.1 SU(N) fermions

In this Chapter, we deal with systems of distinguishable particles, that can be modeled
by multi-component systems with only one particle per internal state. In practice,
this kind of system could be modeled in ultracold atom laboratories by high spin
atoms (Cazalilla and Rey, 2014; He et al., 2020; Taie et al., 2012), with at least the same
number of spin projections as the number of particles, e.g., with spin-9/2 fermions, such
as ¥Sr (Zhang et al., 2014), we can have up to 10 distinguishable particles if we neglect
the spin wavefunction.

In ultracold atom laboratories, the particles are confined in a trap potential. A common
potential is a harmonic oscillator, due to the methods used to confine the particles (Ser-
wane et al., 2011). For this reason, we turn our attention to this confining potential.
Under these conditions, exists previous studies, for example in Choudhury et al. (2020);
Gordillo (2019), and also it is studied the system trapped in lattices as in Liang et al.
(2019); Zhang et al. (2018, 2019). By using different strengths in each direction, it is
possible to change the dimensionality of the system. With a much larger oscillator
frequency, w,, on one axis than the other two, then the particles remain in the ground
state of the z direction and the physics takes place on the xy plane, creating an effective
two-dimensional system. In the case where there are two directions with much larger
frequency than the third one, w. = w, > w,, the particles remain in the ground state of
the harmonic oscillator of the z and y directions, restricting the movement to the third
dimension, z. This kind of potential creates an effective one-dimensional system.

As the particles confined are neutral atoms, the interactions can be modeled, in the first



Section 3.1 | SU(N) fermions 35

approximation, as s-wave scattering. To represent this interaction, it is common to use
a pseudopotential modeled by a delta function, indicating that two particles interact
when they are in the same position. The strength of this interaction can be controlled via
Feshbach resonance (Chin et al., 2010), relating the interaction strength to the atom-atom
scattering length. In addition, for the one-dimensional case, it is possible to control the
effective one-dimensional scattering length by controlling the ratio of the frequencies
w/w, allowing access to any value of interaction strength (Olshanii, 1998),

a4 (1 - ci> , (3.1)

2a a

where a is the three-dimensional scattering length, a; = \/h/uw, is the perpendicular
trapping length, 1 is the reduced mass and C = |((1/2)|/v/2, where () is the Riemann-
zeta function. The pseudopotential is given by U(z) = ¢140(z), where the strength can
be obtained from the one-dimensional scattering length,

h? ﬁ2 -1
-1 (1—\<(1/2>| ver ) . (32)
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The Hamiltonian that describes this system reads,

i Z [ h* 0 m;u 12} n Zgab(S(ﬂ?a — 1), (3.3)
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where g, is the interaction between particles a and 0. Even though this Hamiltonian
is general, here we examine the SU(N) case, where all the interactions are equal,
ga» = g. The SU(N) case was previously examined (Capponi et al., 2016; Matveeva and
Astrakharchik, 2016), with well-known limits, the non-interacting and the infinitely
interacting limit, as represented in Fig. 3.1.

In the non-interacting limit, the ground state is formed by all the particles populating
the lowest single-particle state of the harmonic oscillator, with energy £, = hwN/2. On
the other hand, in the infinite interacting limit, the system reaches the Tonks-Girardeau
limit, where due to the interaction, two particles cannot be at the same position, resulting
in fermionization, which makes the particles behave as non-interacting indistinguishable
fermions (Girardeau, 1960; Tonks, 1936). The ground state energy in this limit is

i, 1 hw
_ _ 2
Eo(g — 00) = hw EO (n + 5) =3 N=| (3.4)

whereas excited states add 7w to the energy. Unlike the fermionic case, the Tonks limit
has additional degeneracies in the states. In particular, the ground state has a degeneracy
of D = N!. This limit is broadly studied, find some examples in Deuretzbacher et al.
(2007); Girardeau (2011); Paredes et al. (2004); Yin et al. (2011).



36 FEW PARTICLES IN A HARMONIC TRAP | CHAPTER 3

N=3 N=4

Figure 3.1: Scheme of the ground state of three and four SU(N) fermions in a one-
dimensional harmonic trap. Panel (a) corresponds to the non-interacting limit and panel
(b) to the Tonks-Girardeau limit.

3.1.1 Low lying properties

We examine the SU (V) system for three and four particles. First, we explore the energy
spectra, analyzing the energy of the ground state and the excited states as a function
of the interaction strength. We only show the low-energy spectra, representing the
lowest 50 states in Fig. 3.2, where we have used the correction method developed
in Rojo-Francas et al. (2022) and explained in Section 2.5. We also compare our results
with the exact solution for the three- and four-body problem from Laird et al. (2017).
We obtain perfect agreement, with an error below 1% for the three-particle case and
about 1% as a maximum discrepancy in the four-particle system.

We reproduce the Tonks limit, but it is reached for larger interactions than g = 20+/A%w/m,
and the maximum interaction strength is shown. We have access to the infinite inter-
acting limit after the correction using a finite value of the interaction, as explained
in Garcia-March et al. (2015); Rojo-Francas et al. (2020). We obtain the exact energy in the
Tonks limit, as well as the energies of the excitations. We have identified center-of-mass
excitations in our calculations. The center-of-mass excitations can be identified because
they add an extra /iw energy to the previous state. For example, the first manifold
in the large interaction regime is a center-of-mass excitation of the ground state manifold.

Besides the energy spectrum, we have access to additional system properties. One
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Figure 3.2: Energy spectrum of SU(N) fermions as a function of the interaction strength.
Panel (a) corresponds to the three-particle case and panel (b) to four particles. The blue

curves correspond to results from exact diagonalization using the correction m protocol,
whereas the dashed orange curves correspond to exact calculations from Laird et al. (2017).

interesting property to explore is the ground state density. In Fig. 3.3, we show the
ground state density for three- and four-particle systems for several interaction strengths.
We have obtained the densities after the correction of the interaction strengths. The
densities shown are normalized to one.

In the non-interacting limit, we obtain the analytical result, with all the particles
occupying the lowest single-particle state of the harmonic oscillator, n = 0. The density
of this system is a normalized Gaussian, as we have obtained. On the other hand, in the
Tonks limit, the density can be analytically computed, obtaining an N-peak behavior. In
our case, we obtain this limit for ¢ = 100,/h3w/m, with a density almost identical to
the analytical one in the infinite limit. For intermediate interactions, we obtain that the
system transitions from the Gaussian to the Tonks /N peak structure, reaching almost the
infinite interacting limit for g = 10y/h3w/m. Additional examples have been obtained
for more particles in Decamp et al. (2016).

3.2 Breaking the SU(/N) symmetry

Despite experimentally having access only to study the SU(N) fermionic case, from a
theoretical point of view it is interesting to study what would happen in a non-symmetric
case. Nowadays it is not trivial to break the symmetry, because the scattering length,
which governs the interaction strength depends on the atom, but not on the spin
projection. To break the symmetry one needs to engineer a complex configuration of the
states, as proposed in Ferraretto et al. (2023).
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Figure 3.3: Density of the ground states of SU(N) fermions. Panel (a) corresponds to the
three-particle case and panel (b) to four particles. We show profiles for different interaction
strengths g. These are indicated in the legend in units of (7>w/m)"'/2. Note that all fermions
have the same densities.

Even though we explore hypothetical systems with symmetry completely broken,
where each interaction between any pair of particles can be tuned independently, but
the general case depends on a large number of parameters. Therefore, we restrict our
study to specific interaction constrains.

In particular, we consider systems where each pair of particles has two possibili-
ties: they either interact with strength g or do not interact. In Fig. 3.4, we show the
configurations we consider, where the lines between each particle indicate an interaction
with strength g between those particles. We represent the three and four-particle cases,
but this can be generalized to a larger number of particles. In that case, the number
of configurations and the calculations become more complicated, leading to a loss of
precision in our results.

In addition, we focus our analysis on the four-particle case. Note that for three
particles, three out of the four configurations have already been studied: three non-
interacting particles (0), two interacting particles (I), and the SU(3) case (III). On the
other hand, the case of configuration II is studied in Section 3.3.

The four-particle case has a total of eleven configurations, some of which are triv-
ial or already studied, but others present a novel situation. The configurations 0, I, II,
and V correspond to the three-particle case with an additional non-interacting particle.
Configuration III is a system of two pairs of two interacting particles, and configuration
Xis the SU(4) case. In addition, similar to the three-particle system, configuration IV is
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Figure 3.4: Illustrations of the different interaction configurations for three and four SU(IN)
fermions. Panel (a) corresponds to the three-particle case and panel (b) to four particles.
Each circle represents a different fermion and the lines inside the diagrams indicate that

these two components interact with strength g. The lines between diagrams indicate the
possible connections by adding (or removing) only one inter-component interaction.

studied in Section 3.3, as its corresponding analogous case to the three-particle case.

We focus our study on the large interaction limit by analyzing the previously un-
explored configurations using the density and pair correlation. Then, we study the
transition through different configurations by progressively turning on the interactions
in distinct steps.

3.2.1 Densities of non-standard configurations

Here, we analyze the density for the configurations VI, VII, VIII, and IX in the large
repulsive limit, specifically with an interaction strength of g ~ 55/h3w/m. With this
interaction strength, the system is close to the convergence that the system reaches in
the infinite interaction limit. We obtain a wavefunction that closely resembles that of
the infinite interaction limit, and therefore, the corresponding density on that limit.

In Fig. 3.5, we show the density for each particle in the system for the four con-
figurations studied in this Section. In each configuration, some particles share the
same density. This can be explained by the symmetry in the system between these
particles. In these cases, we specify in the legend which particles correspond to each line.

When one wants to explore a state, it is usual to measure single-particle observ-
ables, such as density. In terms of computing, it is much more efficient to compute
one-body observables, as they involve fewer operators. In most cases, the analysis with
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Figure 3.5: Densities of the ground states in the large interacting limit for the non-trivial
configurations. Panel (a) corresponds to the densities of configuration VI, panel (b) to
configuration VIII, panel (c) to configuration VII, and panel (d) to configuration IX of the
diagram Fig. 3.4. All the results are obtained with an interaction strength g ~ 55. The
density of each particle is indicated in the legend of each corresponding panel.

these one-body operators is useful and gives important information about the state,
but with this approach, one cannot directly see the correlations of the system. With
the description in the densities from of this Section, one can argue that there are some
correlations and how the state is created using the density and the knowledge of the
interactions. However, we do not have any direct proof of these correlations since the
density does not provide this information. We further explain each configuration and
interpret how the ground state in the infinite interacting limit behaves. The present
explanations are supported by the calculations presented in Section 3.2.2.

3.2.1.1 Density of configuration VI

Configuration VI, whose densities are presented in Fig. 3.5(a), can be identified as an
interacting chain. On one hand, we have the central particles, A and B, and on the other
hand, the extreme particles, C and D, according to our diagram. In the density, we
can identify this symmetry, obtaining the same profiles for the A-B and C-D particles,
respectively. As we are in the large repulsive limit, none of the particles can be in the
same position as any of their neighbors in the interaction chain. This means that particle
A cannot be at the same position as B or C, creating a correlation and a separation in



Section 3.2 | Breaking the SU(N) symmetry 41

space between their densities, with no restriction regarding particle D. On the other
hand, particle C only has the restriction with particle A. The same restrictions apply to
particles B and D maintaining the corresponding symmetry.

We appreciate a separation between the central and the extreme particles in the inter-
acting chain, which could indicate the separation we have described that may occur.
However, particles A and B have the same density but must be correlated, avoiding
being in the same position, and this should create a separation between their densities.
This can be explained by considering correlations, and given that there are two peaks, it
is appropriate to think that one particle is on the left and the other on the right part of
the trap. Due to the symmetry of the system, the state is a superposition of the two pos-
sibilities, A atleft and B at right, or vice versa, creating the same density for both particles.

We can argue a similar behavior for particles C and D, where there are two peaks.
In that case, the correlation is created by the interactions that these particles have with
the other two. For example, as particle C cannot be in the same position as A, if A is on
the left, C is pushed to the right, and at the same time, B is also on the right pushing
D to the left. Since C and D do not interact, their wavefunctions can overlap, and it is
energetically more favorable to be closer to the center of the trap. From our analysis, we
conclude that the system in this situation has the particle creating the chain A-D-C-B,
where particle A is at left border, particle D is at center left, particle C at center right and
particle B at right border. The ground state is in superposition between the described
state and its symmetric case, with particle B, then particle C, particle D and particle A
from left to right.

3.2.1.2 Density of configuration VII

Configuration VII, whose densities are presented in Fig. 3.5(c), is analyzed from the
perspective of having three SU(N) particles, but one of them also interacts with a fourth
particle. Here, we observe three distinct behaviors, as the symmetries only affect the
interchange of particles B and D. Since the interaction is largely repulsive, it prevents
any two interacting particles from occupying the same position. As a result, none of
the particles A, B, and D particles can share the same position, and the same applies to
particles A and C.

Starting from the SU(N) case, in the infinite interacting limit, the system reaches
the Tonks-Girardeau limit, where the particles behave like non-interacting fermions.
The density of these systems consists of a N-peak structure, and in a simplified view,
each peak corresponds to one particle, with the corresponding antisymmetrization. For
three particles, we would expect one particle to be on the left, another in the center, and
the third one on the right of the trap. However, by adding a fourth particle that interacts
with only one of the original particles, the system is altered.

By adding particle C to the system, as it does not interact with particles B and D,
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it prefers to be in the center of the trap. Moreover, since the other three particles still
must adhere to the Tonks-Girardeau structure described earlier, the alteration arises
from particle A, which cannot occupy the center due to particle C being there. As a
result, particle A becomes localized at the edges of the trap, while the other two particles
(B and D) are localized, one at the center and the other to the other side of the trap.

In summary, one of the possible configurations of the particles is A-(B/C)-D, meaning
that particle A is on the left, B and C in the center, and D on the right. Of course, this
configuration must be symmetrized by interchanging particles B and D, and also by
symmetrizing the state with particle A on the right.

Note that the transition from configuration VI to VII modifies the system consid-
erably. Because now A and D interact, the system experiments a transition from A and
D, which is close to a case where they are separated. Also, in the procedure, particle A
goes outside the trap, and particle C localizes in the center of the trap. In addition, the
structure of particle B is also altered.

3.2.1.3 Density of configuration VIII

Configuration VIII, whose densities are presented in Fig. 3.5(b), can be identified as
a closed interaction chain. In this case, all the particles are equivalent, in a manner
similar to how a ring lattice exhibits translational invariance. Due to the strong repulsive
interaction, each particle cannot be in the same position as the other two particles with
which it interacts.

An easy way to explain this system is by describing the addition of each particle
step by step. We start with particles A and B, which cannot occupy the same position,
so the system develops a two-peak structure, wherein at each peak there is a particle,
with the corresponding symmetrization. Next, we add particle C, which also cannot be
in the same position as A. However, it is free to occupy the same peak as particle B in
the position opposite to particle A. Finally, with the addition of particle D, which cannot
be in the same position as B or C, it pairs with particle A at the same peak. Thus, the
system forms a two-peak structure, with two particles at each peak, resulting in the
spatial distribution (A/D)-(B/C), where A and D are on the left and B and C are on the
right, again with necessary symmetrization. Note that particles A and D (and also B
and C) become correlated even though they do not interact between them.

In this case, the transition from configuration VI to VIII is relatively smooth, as it
simply enhances the correlations in configuration VI. The added repulsion between the
outermost particles of the interaction chain prevents them from occupying the center of
the trap, repelling each other. However, the overall structure remains largely unchanged,
without significant alterations.
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3.2.1.4 Density of configuration IX

Configuration IX, whose densities are presented in Fig. 3.5(d), can be interpreted as a
SU(3) interacting system where two particles share the same internal state. This system
resembles an SU (4) system, lacking only the interaction between the particles B and C.
However, this configuration is more akin to the three-particle Tonks-Girardeau gas than
the four-particle case.

For large interactions, particles A, B, and D cannot occupy the same position, and
neither can particles A, C, and D. In this case, each group of three particles forms a
three-peak structure. However, as two particles are shared in these groups, it follows
that the particles B and C must occupy the same peak. Naturally, it is energetically more
efficient to have these two particles in the center of the trap and two particles at the
edges rather than one particle in the middle and three at the edge. Thus, particles B
and C remain in the central position of the three-peak structure whereas particles A
and D are localized on the edges, each one on a different side. Therefore, particles are
distributed as A-(B/C)-D and the symmetric configuration, with particles A and D on
the edges and B and C in the center.

Note that this configuration consists of two states present in the ground state of
configuration VII, collapsing to the wavefunction where particle B is in the center. This
indicates that the transition from VII to IX changes the system but in fact, the second
configuration is created by half of the states that form the ground state of the first
configuration. On the other hand, the transition from VIII to IX is achieved by adding
an interaction between particles A and D, which significantly modifies the state. This
transition comes from a state where A and D are correlated to a system in which these
particles are anti-correlated.

3.2.2 Correlations

The study of correlations is important since they provide more information about the
system than the one that can be extracted from single-particle observables. There are a
large studies where the correlations are considered, see examples in Garcia-March et al.
(2014); Kinoshita et al. (2005); Mistakidis et al. (2020); Mujal et al. (2017); Olshanii and
Dunjko (2003).

Once examined the densities in Section 3.2.1, now we go beyond by studying the
pair correlation function, a two-body operator that takes into account the two-body
correlations in the system. The definition of the operator is

n(x,x') = / U (2,2, 23, T4, ...x)|*drsdry...dzy | (3.5)

and indicates the probability of finding particle 1 at position = and particle 2 at 2. This
definition gives the pair-correlation function between particles 1 and 2, but it can be
generalized for the rest of the pairs by integrating over the other particles except the
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Figure 3.6: Pair correlations corresponding to all the interaction configurations. The
correlations shown correspond to the pair of particles A and B, according to the diagrams
of Fig. 3.4 sampled in the same position of the corresponding diagram. All the axes are
equal for all the cases. The color legend is also common to all the cases.

ones for which you want to compute the function. In the case of non-correlated systems,
this operator gives the tensor product of the densities of particles i and j. For this
reason, sometimes it is represented as the difference 7(x, ') — p(z) ® p(2’) to eliminate
the non-correlated effects. However, doing this subtraction loses the interpretation
of n(z,2’) as the probability of finding one particle at  and the other at 2/, making it
more difficult to interpret the results. For this reason, we show the correlations 7(z, /)
and not n(z,z’) — p(z) @ p(2'). Due to the large repulsive interactions analyzed the
correlations becomes important and we do not need to eliminate the density effects to
describe the quantum correlation in the system. The cases without intrinsic quantum
correlations corresponds to cases with n(x, ') = p(z) ® p(2’), which we denominate a
density-density function.

3.2.2.1 Pair correlations diagram

We start with an overview of the correlation for all the configurations. In Fig. 3.6, we show
the pair correlation function between particles A and B for each configuration in the large
interacting limit. As in all the configurations, except the 0 one, particles A and B interact,
so they are anti-correlated in all the diagrams shown and cannot be in the same position.

In Fig. 3.6, we identify some known results, such as the 0 case, corresponding to
two non-interacting particles, where there are no correlations. This case corresponds to
a density-density function, with both particles in the harmonic oscillator ground state.
Then, the configurations I, V, and X correspond to the Tonks-Girardeau gas of two, three,
and four particles, respectively. In the case of configuration III, particles A and B are
correlated like a Tonks-Girardeau gas of two particles, similar to configuration I. Note
that the Tonks-Girardeau pair correlation function has a regular structure of an Nz N
peak structure without the peaks on the diagonal = = z'.
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According to configurations II and IV, we can consider these systems as an impu-
rity (particle A) and two and three bath particles, respectively. By analyzing the pair
correlation function, we appreciate that the impurity is localized at the edges of the trap
while the bath particles remain in the center. We see that as we add a particle, from
II to IV, the pair correlations become more similar to a density-density function, i.e.,
it is more symmetric and centered. This can be caused by the correlations becoming
less important as more particles are in the system. This impurity system is explored
intensively in Section 3.3.

In the cases of configurations VI and VIII, we obtain that particles A and B are
completely anti-correlated, in accordance with the description we gave in Section 3.2.1.1
and Section 3.2.1.3, with a two-peak structure and each of these particles occupying one
of those peaks. The interpretation of the pair correlation in that case indicates that if
particle A is to the left, i.e., x, < 0, then particle B is to the right x;, > 0, and vice versa.
Of course, this pair correlation function is not a density-density function, as in that case,
there would be four peaks in the diagram, indicating that the system is correlated.

In configuration VII, we obtain a different structure, with a total of four peaks. As we
interpreted in Section 3.2.1.2, this system can be understood as a three-particle Tonks-
Girardeau gas where one particle (A) interacts with an additional particle. Here, we can
appreciate that this distribution is quite similar to the three-particle Tonks-Girardeau
gas of configuration V, but the peaks are missing at z, = 0. This result indicates that the
system creates a structure similar to a Tonks-Girardeau for three particles, while there is
an additional particle in the center of the trap, and particle A, which forms part of the
Tonks-Girardeau, cannot be at the center of the trap, avoiding the occupation of these
corresponding peaks.

Finally, for configuration IX, we obtain a two-peak structure, which indicates that
particle B is in the center of the trap while particle A is on the edge of the trap. However,
this information was available from the density, which does not show a clear correla-
tion between these particles. Note that even though this system has almost the same
interactions as the Tonks-Girardeau gas of four particles, where it only needs an extra
interaction between particles B and C, the structure has not been created yet, at least in
terms of the correlations between particles.

3.2.2.2 Pair correlations of extreme cases

Up to now, we have only shown examples of correlated particles that have large repulsive
interactions. Of course, these particles must be at least partially correlated, as the inter-
action avoids having both particles at the same position. But we question what happens
with the particles that do not interact. Having correlations between non-interacting
particles is not a trivial thing, but it is possible via the interactions of a third particle.
Here we show two cases: one where the particles are correlated and another where they
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Figure 3.7: Pair correlation function of the ground state of non-trivial configurations.
Panel (a) corresponds to particles C' and B for configuration VIII and panel (b) corresponds
to the particles C'and D for configuration VI.

are anti-correlated, even though they do not interact with one another.

In Fig. 3.7, we show the pair correlation for these two extreme cases: non-interacting
particles that are correlated and anti-correlated. We choose to show the case of particles
B and C for configuration VIII in Fig. 3.7(a) and the case of particles C and D for
configuration VI in Fig. 3.7(b). None of these particles interact, but they present a clear
correlation that does not correspond to a density-density function.

For configuration VIII, we obtain results compatible with our interpretation from
3.2.1.3. This system is endowed with a two-peak structure, wherein at each peak there
are two particles: one containing A and D, and the other containing B and C. Here,
we have evidence that, in effect, particles B and C can be on the left or the right of the
trap, but they are always in the same peak. When particle B is on the left side (z;, < 0),
then particle C is also on the left (x. < 0), and the same applies to the right side. It is
interesting that even if the particles do not interact, they correlate due to the effect of the
rest of the repulsive interactions in the system.

In the other case, configuration VI, the pair correlation also agrees with our inter-
pretation in 3.2.1.1. Here, particles C and D form the ends of a chain of interactions. As
we argued, in this configuration, the particles become aligned, creating a separation
between C and D due to the repulsive interaction present in the system. Due to these
interactions, both particles are close to the center of the trap, but at the same time, each
particle is a bit pushed away to opposite sides of the trap. This effect can be observed in
the pair correlation function, where both particles are anti-correlated; when particle C is
on the left (z. < 0), then particle D is on the right (z; > 0) and vice versa. In contrast to
other cases where both particles have repulsive interaction, here both particles can be
found in the same position, but most of the time, they are on different sides.
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3.2.3 Energy spectrum transitions

Now, we focus on how the system transitions continuously from the non-interacting case,
configuration 0, to the SU(N) case, configuration X, by analyzing the energy spectrum.
Our procedure is to increase one interaction (or several simultaneously) from zero to a
large value, close to the infinite interaction limit. Then, we turn on another interaction
(or some of them) from zero to the large interaction limit, and we do this until we turn
on all the interactions and create the Tonks-Girardeau gas for four particles.

We do this in two different methods. First, we examine the transitions from a Tonks-
Girardeau gas of n particles to the one with n + 1, i.e., from the non-interacting system to
the two-particle, three-particle, and four-particle Tonks-Girardeau gas. Then, we study
a more gradual transition, where we turn on the interactions one by one, with a total of
six transitions to create the final state.

3.2.3.1 From n-particle Tonks to (n + 1)-particle Tonks

Here we analyze the transition from the non-interacting limit to the four-particle Tonks-
Girardeau gas passing through the two- and three-particle Tonks-Girardeau gases,
through the energy spectrum. In doing so, we separate the transition into three different
steps.

In Fig. 3.8, we show the three-step transitions as well as schemes illustrating which
interactions are tuned. In the first step, we start from the non-interacting case and turn
on one interaction between a couple of particles. We tune this interaction from zero to
the infinite limit, where at the end of this step, we reach the two-particle Tonks gas. Then,
we include an additional particle that interacts with the two previous ones; thus, we turn
on these two interactions. Here, we start with a system with two particles with infinite
interaction and we progressively add interaction with a third particle until we reach a
SU(3) system with infinite interaction, forming a three-particle Tonks gas. Finally, we
add a fourth particle that interacts with all three interacting particles, turning on the
three remaining interactions in the system. In that case, we go from the three-particle
Tonks to the four-particle Tonks.

Note that we show the energy spectrum in each step up to a finite value of the
interaction. Even considering that g = 204//%w/m is a large value, the system is close
to the infinite limit wavefunction but has not converged yet. Of course, in the next
steps, we use a different value of the interaction, almost in the infinite interaction limit,
g ~ 10004/h3w/m. In this sense, we can argue that we create a gap in the interaction
strength between each panel, by increasing the interaction from a large value to the
infinite limit. This gap can be appreciated, as at the end of each step some states are
close to being degenerate, whereas, at the beginning of the next step, these states are
completely degenerate.

The first step, Fig. 3.8(a), corresponds to the two-particle system in a harmonic trap,
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Figure 3.8: Energy spectrum of four fermions for the transition from the non-interacting
to the Tonks limit. The value of the red lines of the inset diagrams correspond to the
value of g on the z-axis value and the black lines are fixed at a large repulsive limit of
g/ (FPw/m)'/? = 1000. Panel (a) corresponds to the transition from the non-interacting to
the Tonks-Girardeau of two particles, panel (b) corresponds to the transition from two to
three particles Tonks-Girardeau limit, and panel (c) corresponds to the transition from three
to four particles Tonks-Girardeau gas.

with an analytical solution (Busch et al., 1998). We obtain the same spectrum as the
analytical results but with some additions due to the two additional particles in the
system. The ground state and the first excitation are not degenerate but in the infinite
interacting limit, both states achieve the same energy. Note that the first excitation,
i.e., the constant energy state as a function of the interaction strength, is not possible
to find if the particles are identical bosons, as it is an antisymmetric state under the
exchange of particles A and B. The second manifold has a constant gap of iw to the
tirst manifold. Also, each of these states is three times degenerate. One of these states
is a center-of-mass excitation of the ground state manifold. The other two excitations
are created by the non-interacting particles, maintaining the two-interacting particles
in the ground state, but one of the extra particles is in the first excited state. All the
excitation with a iw gap can be created either by a center-of-mass excitation or by
an excitation of one of the non-interacting particles. The intrinsic excitations, such
as the one in the third manifold, are not degenerate. At infinite interaction, the sys-
tem reaches the same energy spectrum as two identical fermions, where the ground
state has £, = (1/2 + 3/2)lw = 2w and all the excitations have a gap of nhw. But
here we need to add the energy of two non-interacting particles, so the ground state
energy is £ = (1/2+3/2+ 1/2 + 1/2)hw = 3hw, and the excitations remain with the
same gaps. There is another difference with the Fermi gas because here we have a dif-
ferent degeneracy distribution, where the ground state is double degenerate, for example.

In the second step, Fig. 3.8(b), we create the three-particle Tonks-Girardeau gas, but
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unlike the SU(3) case, here we ramp up two of the three interactions while the third
one is from the beginning with an infinite interaction strength. Here, the ground state
is double degenerate, coming from both states from the previous step. In addition, all
the states in the ground state manifold are double degenerate, with a total of six states
reaching the same energy at the infinite interacting limit. The first excited state in this
step, the one that goes from E = 4hw to £ = 5hw, comes from a six-times degenerate
state from the previous step. As this state is only two times degenerate, it indicates that
the degeneracy can be broken from one step to the next. Of course, the other state that
is degenerate at the end of the previous step has a degeneracy of four and has a constant
gap with the ground state of /xw. This excitation is created by a center-of-mass excitation
or an excitation of the fourth non-interacting particle, resulting in four states because
the ground state is already degenerated.

Finally, in the last step, Fig. 3.8, we create the four-particle Tonks-Girardeau gas.
In this case, all the ground state manifolds are six times degenerate, reaching the
expected 24-fold degeneracy at the end of the step. Now, the energy gain is much larger
than before, as the energy increases from £ = 5hw to E = 8/w, corresponding to the
excitation of the fourth particle from the ground state to the third excited state. We also
observe the degeneracy breaking, as in the previous step, when we turn on the new
interactions.

A common property found in all the steps is that the ground state manifold does
not experiment any crossing. This implies that the ground state at the end of one
state becomes degenerated with more states and correspond to the ground state at the
beginning of the next step. While the degeneracy of the ground state only increases
as the interactions are added, this not happens for the excited states. Some excited
states at the beginning of the step are degenerated, but once the interaction is turned on
the degeneracy is broken. This is caused because these excitations can be created by a
center-of-mass, a non-interacting particle or be an intrinsic excitation of the interacting
system. Due to these differences, the new interactions introduced affects different to the
different kinds of excitations.

3.2.3.2 Add interactions one by one

Now, we use a different approach and study the energy spectrum as a function of the
interaction strength turning on the interactions one by one, from the non-interacting
to the infinite interacting regimes. Following this procedure, there are six different
possible paths, as can be seen in Fig. 3.4(b). Even though there are six different paths, in
some cases, they share most of the different steps. For this reason, we only examine two
of them, being two of the paths which presents more differences, as some of them only
differs in one intermediate state. In Fig. 3.9 we show the energy spectrum as a function
of the interaction for each one of the steps to create the Tonks-Girardeau gas, tuning the
interactions one by one from zero to infinity.
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diagrams. The black lines between the components correspond to a fixed interaction
strength g ~ 1000+//3w/m and the red ones correspond to the value g on the z-axis.

The first transition considered is the path 0-I-1I-V-VII-IX-X, represented in Fig. 3.9(a-f),
where we also find the Tonks gas for two and three particles at some point of the path.
The first step, Fig. 3.9(a), is exactly the same as in the case of 3.2.3.1, being basically the
two-particle (A and B) problem with two additional non-interacting particles (C and D).

The next step, Fig. 3.9(b), is to add interaction with another particle, C, that inter-
acts only with one of the previous particles, A. We observe that the ground state energy
increases only marginally, indicating that energetically, the ground state without this
new interaction is nearly equivalent to the state when the interaction is infinite. During
this step, the ground state of the system transitions from particle C in the center of the
trap and particles A and B correlated one on each side, to a system where particles B
and C are in the center of the trap and particle A on the edges. Thus, the structure of the
system changed localizing particle B in the middle and spreading particle A, but without
major alterations. Looking at the excited states, we find that the degeneracy obtained at
the end of the previous step is partially broken. In general, in the infinite interacting
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limit, we obtain energies that do not correspond to a harmonic oscillator eigenvalue and
neither the gaps are integers of /i, except for the center-of-mass excitations.

The next step, Fig. 3.9(c), involves adding interaction between particles B and C,
obtaining the SU(3) case when this interaction becomes infinite. In that case, the ground
state energy experiments a significant increase, driven by the substantial change in
the configuration of the system. We transition from having two correlated particles, B
and C, in the center of the trap to a system where all three particles are anti-correlated.
Notably, we observe that some states at the end of the previous step are eigenstates
of the three-particle Tonks, as their energy remains constant despite changes in the
interaction strength.

Now we add a fourth particle interacting with one particle of the system, Fig. 3.9(d). In
this case, we redefine the interaction particles to align with the diagram of Fig. 3.4. We
find that the ground state energy remains nearly constant, indicating that the configu-
ration of the system does not change significantly. As we explained in Section 3.2.1.2,
the ground state of configuration VII is particle C in the center of the trap while the
other three particles form a Tonks-Girardeau-like gas. Here, particle A cannot occupy
the central peak, and B and D adjust accordingly. This configuration is spatially similar
to the three-particle Tonks gas with the non-interacting particle but it incorporates
additional correlations. Moreover, the ground state degeneracy is broken when we add
the interaction of this step. In fact, the ground state is four-fold degenerate, while the
state that has the same energy when interaction A-C is zero is two-fold degenerate. This
observation aligns with the spatial distribution, as the distribution of three particles
can occupy three peaks, allowing for two possibilities of having particle A in the
middle. Thus, when the interaction is turned on, the system experiments a significant
transformation. The remaining four possibilities correspond closely to the four solutions
of the system when interactions become infinite.

Then, we turn on the interaction between particles C and D, Fig. 3.9(e), where the
ground state splits into two distinct states, with each state being two-fold degener-
ate. In this case, we can argue something similar to before, having the ground state in
the infinite interacting limit correspond to two superpositions of the non-interacting case.

Finally, in the last step, Fig. 3.9(f), we turn on the remaining interaction in the system. In
this case, the ground state has a two-fold degeneracy, and there is another state with a
small gap that becomes degenerates with the ground state in the infinite interacting
limit. At this stage, the ground state experiments a large increase in the energy due to
the large difference in the system configuration between the non-interacting and infinite
interacting regimes. It goes from a system with particles B and C in the center of the
trap, to a system where all four particles are distributed across the trap.

On the other hand, we report the transition 0-I-III-VI-VIII-IX-X in Fig. 3.9(g-1). The first
and last steps of both paths are the same, so we focus here on the description of the
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intermediate steps. The second part of this path, Fig. 3.9(h), is equivalent to the first one,
the two-particle system, but with an additional two-particle Tonks gas, which does not
interact with the system being analyzed. Therefore, its physics is already explained.

The case where we introduce an interaction between these two two-particle Tonks-
Girardeau gases, Fig. 3.9(i), breaks a significant amount of degeneracy. In fact, the
ground state maintains almost the same energy. At the same time, part of the degenerate
ground state at the non-interaction limit increases its energy as the interaction is turned
on. This happens for a similar reason as the transition from Fig. 3.9(d), where the ground
state at the end of this step is created by one part of the system at the non-interacting
regime. In this case, at infinite interaction, the system is correlated with particles A and
D on one side and particles B and C on the other. Initially, the ground state consists
of particles A and C each one on one side, and the same for B and D, but uncorrelated
between them. Then, we can expand the original wavefunction in terms of the correlated
and anti-correlated systems, where one remains in the ground state and the others
increase their energy with the interaction.

Adding interaction to complete the interaction circle, Fig. 3.9(j), does not significantly
increase the ground state energy. This is because, as we exposed in Fig. 3.7(b), particles
C and D are already anti-correlated, and the effect of the interaction enhances this
correlation, but the system experiments only minor changes. Regarding the excitations,
introducing this interaction widens some of the gaps but generally does not create
additional degeneracies.

The next step of this transition, Fig. 3.9(k), is to introduce an additional interaction. At
this point, the ground state energy experiments a significant increase, because, as we
explained in Fig. 3.7(a), particles A and D (or B and C), are correlated, and when we turn
on the interaction between them, it drastically alters the system, completely changing its
configuration. Furthermore, we observe a ground state crossing, the only instance of
this phenomenon along any path. This crossing occurs between the previous ground
state and a previous excited state that does not feel the interaction, e.g., it has particles A
and D anti-correlated from the beginning. After the crossing, the constant energy state
becomes the ground state of the system.

As we explained, there is a direct relation between the configurations before turn-
ing on the interaction and the ground state energy increase. If the interaction is turned
on between anti-correlated particles, the energy almost does not increase, as the state
remains largely unaffected by the interaction. Conversely, if the initial system features
correlated particles for which the interaction is turned on, the energy increases signifi-
cantly. In the case where the particles are uncorrelated, the impact of the interaction
varies depending on each specific case.
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3.3 One impurity

Here we turn our attention to a specific case of the ones specified in the diagram of
Fig. 3.4, the II for the three-particle case and the V configuration for the four-particles.
These configurations have in common that there is one particle (A) that interacts with all
the others, whereas the rest of the particles do not interact with each other. We refer to
this situation as an impurity immersed in a bath of non-interacting particles. Of course,
this situation can be extrapolated to larger systems, basically adding bath particles, with
one impurity and N, bath particles.

The study of this system can be related to the polaron problem (Dehkharghani et al., 2018;
Grusdt et al., 2017; Will and Fleischhauer, 2023). We focus on the study of the energy
and the density, by examining the ground state and also some spectral properties. We
compare the results obtained with exact diagonalization, applying the corresponding
correction with alternative models, allowing us to better understand the system.

In particular, we use a mean-field approach that reproduces well the weak-interacting
regime, and we use an ansatz for the infinite interacting limit. With these comparisons,
we can interpret the physics beyond the impurity problem and describe the effects we
observe.

3.3.1 Alternative methods

Besides exact diagonalization, we have used two additional tools. We have used them
as a support calculation, to better understand the behavior and how the state is created.
First, to compare the results in the weakly interacting regime, we used a mean-field
approach. On the other hand, in the infinite interacting limit, we propose an ansatz. In
both cases, we can calculate the ground state energy and density. In addition, using the
mean-field approach, we can access some excited states.

3.3.1.1 Maean field approach

Using a mean-field approximation gives us the possibility to cross-check the weakly
interacting regime as well as to access calculations with more particles than the ones we
can simulate using exact diagonalization. The mean-field wavefunction we have used is
given by

U(z, 21, .., o5) = () Hg@i(xi), (3.6)
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where ¢(z) is the impurity wavefunction and ¢*(x;) is the i-th bath particle wavefunction.
Using this wavefunction, we obtain the mean-field Schrodinger equations,

h2 d2 2 )
(‘%@Mg x”gZW(x)P) bx) = e16(2) (3.7)
B2 2 2 ) .
(‘%@+%w2+g\¢<x>!2) P(0) = ap'la) i=1,.Np  (38)

for the impurity and the bath particles respectively. We solve the problem in a self-
consistent procedure; using the result of one of the equations, we solve for the other and
vice versa until the system converges. We use the eigenvalues ¢; and ¢, as convergence
parameters. Numerically, we solve these equations by discretizing in space and diago-
nalizing. With that, we have the ground state and the excited states, so we can obtain
the many-body ground state and also excitations.

To obtain the ground state in the iterative calculation, we take for all the bath par-
ticles the single-particle ground state and the same for the impurity. As all the bath
particles are equal, the interacting term in Eq. (3.7) becomes g /N, |¢oo(z)[?. On the other
hand, we can obtain an excitation by considering the first-excited state of the impurity
during the iterative solution. Doing that, the wavefunction of the bath is also affected.
Another possibility is to excite a bath particle. Then we need to obtain the ground
state and the first excitation for the bath equation. Then, we consider N, — 1 bath
particles in the ¢y(z) and one in the first excited ¢; (), resulting in an interacting term
g (Ny, — 1) |@o(x) > + gle1(z)|?. Tt is possible to consider higher excitations using an
analogous procedure.

With the converged solutions, we can compute the energy using the functional

h2 d2 2
Emp :/gb*(a:) (—%@ + %f) o(z)dz

N,
- . R A mw? ;
#3 [0@ (g + 5t

+9Y [ @i, 69)

where we perform the derivatives and integrals numerically in discretized space.

The densities are also a straightforward calculation at this point, being simply p; = |®(z)|?

for the impurity and p, = Y, |¢'(2)|? for the bath.
3.3.1.2 Ansatz in the infinite interaction limit

The impurity problem does not have an analytically known solution for the infinite
interacting limit. For this reason, this limit cannot be used as a benchmark, unlike
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in the symmetric case. For that, we propose an ansatz for the wavefunction in the
limit of g — oo. In this limit, the impurity cannot be in the same position as any of
the bath particles, and to fulfill this condition, we write our ansatz with Jastrow-like
correlations (Jastrow, 1955)

[Ny /2] 2N, —2N,
Wy (2, ;) = aye "1/ Z ST er—willwy—ayle itz H (21— ap)e /2
=0 P i#j k+i,j

(3.10)
where z; is the position of the impurity, x, are the positions of the N, bath particles, oy
is the normalization constant that depends on the number of particles IV, and o; and o,
are variational parameters that are adjusted numerically. In the sums, N, denotes the
number of pairs of absolute values, P denotes the permutations of the index ¢, j and &,
and |z ] is the floor function.

The ansatz includes an exponential for each particle due to the harmonic confine-
ment. The factors (z; — z,) avoid having the impurity at the same position as any
bath particle. The ansatz includes only an even number of absolute values for parity
conservation. We also add the variational parameters ¢ to minimize the energy. The
Eq. (3.10) improves upon a similar ansatz proposed in Garcia-March et al. (2016) by
adding complexity with the inclusion of the superposition of the absolute value terms
and the o parameters.

The reason for including the linear combination of the absolute values is because
the simple ansatz without absolute values,

V(xr, x;) = (e —xa)(zr — :L"B)e_(ﬁJ”"’?‘\J“””QB)/2 , (3.11)
and including absolute values,
U(xr, z;) = o|vr — zallx; — xB|e_(””%jL’QAJF“F"’ZB)/2 , (3.12)

is because they result in the same energy. However, these wavefunctions are not
orthogonal; thus, a linear combination of them gives a better variational solution. We
have found that the minimum energy is obtained when all the functions have the same
weight (see Appendix A for more details).

As an example, the ansatz for three particles (/V, = 2) reads
Us(xr,xa,2p) = a3 ((xr —xa)(xr — xp) + |21 — TAl|l2r — 28]) o~/ 201~ (v ta) /20 ,
(3.13)
where A and B denote the two particles in the bath. In this example, the first term
has N, = 0, i.e., without absolute values, while the second term has N, = 1, i.e., a
pair of absolute values. For a larger number of particles, the ansatz becomes more
complex but with an analogous construction. We provide some examples in Appendix A.
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We want to optimize our wavefunction to obtain the minimum energy possible. For
that, we obtain the optimal values of o; and o}, numerically for each number of particles
N. We report the obtained o values in Appendix A. We also obtain better results than
the previous ansatz from Garcia-March et al. (2016). However, the prediction of our
ansatz becomes less accurate for a large number of particles N.

3.3.2 Energy dependence on the interaction

We start by studying the energy of the impurity system as a function of the interaction
strength. We explore both the ground state for several numbers of particles and also the
low-energy spectrum, where we can identify a common pattern across different particle
numbers. With all of that, we use the results obtained with exact diagonalization to
cross-check the ansatz results and we use the mean-field results to interpret and give a
qualitative explanation of the states.

An interesting feature of this system is that the ground state is the same whether
the bath is composed of identical bosons or distinguishable particles. The differences ap-
pear in the excited states, where the distinguishable bath has additional states compared
to the identical boson bath.

3.3.2.1 Ground state energy for strong interactions

Here, we focus on studying the ground state energy as a function of the interaction
strength. As we deal with systems with different numbers of bath particles, we define
the energy increase due to the impurity-bath interaction

where g is the interaction strength and N is the number of particles. In similar studies,
p is referred to as the polaron or binding energy of the impurity (Jorgensen et al., 2016).
This quantity can be interpreted as the energy required to add the interacting impurity
into the system. Using this definition, we can compare results for different numbers
of particles, because in the non-interacting limit the systems with different number of
particles have the same polaron energy, 1« = 0.

The system of three particles, i.e., an impurity and two bath bosons has already
been studied (Zinner et al., 2014), where an analytical result for the infinite interacting
limit, po = 3/2hw, was obtained. Even though there is an exact solution for the three-
particle case, there is no known solution for larger particle numbers. Here, we obtain
the values numerically in the infinite interacting limit, and we also compare them with
the ansatz of Eq. (3.10) in Tab. 3.1. We also compare the ansatz predictions with the one
previously proposed in Garcia-March et al. (2016), where we obtain smaller energies
with our ansatz, indicating that we have improved the function that describes the system.

The result obtained using exact diagonalization with the correction differs only by
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N 3 4 5 6 7 8

IED 1.499 1.826 2.064 2253 2415 2.549
Hansatz EQ- (3.10) 1.537 1948 2298 2.608 2.891 3.152
tprev. (Ref. Garcia-March et al. (2016)) 1.667 2.143 2.596 3.068 3.552 4.043
K 1.145 1.379 1538 1.678 1.834 1.933

Table 3.1: Binding energies and derivatives computed at the infinite interacting limit
for different numbers of particles. The binding energies . are in units of fw and the
derivatives K in units of (7°w?/m)'/2. The exact diagonalization (ED) results (first and
fourth rows) are obtained for g = 1000(m/h3w)"/2. The second row shows the energies at
g~ ! = 0 obtained from ansatz Eq. (3.10), while the third row shows the energies obtained
with the ansatz proposed in Garcia-March et al. (2016).

a 0.07% from the exact result for three particles. Also, according to our ansatz, we
obtain a similar energy, indicating that the function gives a good description of the
state. For a larger number of particles, the discrepancies increase, reaching a 24% of
discrepancy, for the largest system computed, N = 8, which is 9% of the total energy.
However, it is an important improvement compared with the simpler and previous
ansatz from (Garcia-March et al., 2016), which has a discrepancy of 59% for N = 8 when
compared with our exact diagonalization result. Nevertheless, these discrepancies
indicate that to describe the impurity system in a few-body system we cannot rely on
simple analytical approaches.

Another analytical property derived in Zinner et al. (2014) for N = 3 is the derivative in
the infinite interacting limit of the energy,

dpu }
K=_—|-— ) 3.15
Wl 315

This magnitude is related to Tan’s contact (Barth and Zwerger, 2011), which can be used
to compute the interaction energy as Fi,, = ¢~ 'K as dictated by the Hellmann-Feynman
theorem (Feynman, 1939). They obtain the exact result K = ~ 1.143 for N = 3. For
this reason, in Tab. 3.1, we show the numerical calculation of K using exact diagonaliza-
tion results. For the three-particle case, we obtain almost the exact result, indicating
that our numerics are robust. We obtain that K increases with the number of particles,
indicating that as we have more particles, the interacting energy increases faster as we
approach the infinite interacting limit.

In Fig. 3.10, we show the ground state energy increase p as a function of the in-
teraction strength in the large-interacting limit, g~' ~ 0, for several numbers of particles
up to N = 8 (N, = 7). We also compare our calculation with the exact results for N = 3
obtained in Zinner et al. (2014), achieving perfect agreement over the entire range.

As expected, the energy increases with the interaction, and it reaches non-trivial
values for the infinite interacting limit. We also find that by increasing the number of
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Figure 3.10: Ground state binding energy as a function of the inverse of the interaction
strength. We show results for three to eight particles, as indicated in the labels. The solid
lines correspond to results from exact diagonalization, while the black circles correspond to
the results reported in Zinner et al. (2014). We have employed 90, 45, 30, 20, 15, and 15 HO
modes for three, four, five, six, seven, and eight particles, respectively.

particles, the energy 1 also increases. These features mean that it requires more energy
to add the interacting particle into a system with a larger repulsive interaction or more
bath particles, as expected.

An interesting behavior we have observed in the range of particles we computed
is that in the infinite interacting limit, g~ = 0, the energies increase with the number of
particles, but this increase is smaller for larger baths. To be precise, we observe

p(oo, N + 1) — u(oo, N) > p(oo, N +2) — p(oco, N + 1), (3.16)

which can be observed in both Fig. 3.10 and Tab. 3.1. Using the values we have obtained
in this limit, with the objective of estimating the energy for larger systems, we extrapolate
our results by fitting a function

1
p(oo, N) = AE <1 - m) , (3.17)
where AE and b are parameters to be determined. The best fit for our numerical results
gives AE = (6.7 £ 0.2) hw and b = 0.228 & 0.009. This function fits well with our results,
but it is not clear if for larger IV the fit still works.

In the function Eq. (3.17), the parameter AFE is the theoretical energy p that the
system reaches in the infinite interaction limit with an infinite number of particles
N. As we have obtained a finite value for AF, it implies that the system saturates
for large N. However, the total energy £ in that case diverges as can be seen in the
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non-interacting energy (E = N/2hw), that also diverges. As we mentioned earlier, this
result comes from an extrapolation fitting a function to a few particle results and we
cannot ensure that it is still valid for large particle systems. However, this saturation
can be understood in terms of the wavefunction properties. In the infinite interacting
limit, the impurity cannot be at the same position as a bath particle. For a few particles,
this implies that correlations appear in the system, preventing the system from having
interacting energy. However, in the many-body limit, the impurity wavefunction cannot
overlap with the bath wavefunction, which also has zero interacting energy. Under these
conditions, and assuming that for an additional particle, the shape of the bath remains
unchanged, adding an extra particle does not increase the energy, as the single-particle
wavefunction remains equal and there is no interaction energy. We have assumed that
the bath particles remain in the harmonic oscillator ground state, and with all of this,
the binding energy 1 saturates for large N.

3.3.2.2 Low energy spectra

The results of the ground state energy, where we found non-trivial energies at the
infinite interacting limit, prompt us to study in more detail the impurity system. To do
this, we study the low-energy spectrum, where the excited states can be used to gain
insight into the ground state structure.

In Fig. 3.11, we show the low-energy spectrum for the impurity system from N = 3 to
N = 8 as a function of the interaction strength, obtained with exact diagonalization. We
distinguish the center-of-mass excitations from the intrinsic ones. The center-of-mass
excitations arise from the separability of the center-of-mass Hamiltonian (Busch et al.,
1998), which has an energy gap of nAw with another state, where n is an integer number.
As we mentioned before, the ground state is the same regardless of whether the bath
is formed by identical bosons or distinguishable particles. However, the spectrum
presents differences because the distinguishable bath includes more excitations than
the boson bath. Nevertheless, all the states that exist in a boson bath also exist in the
distinguishable bath. We have differentiated in the figure both types of excitations that
exist only if the bath is distinguishable or if they are boson bath state. We also compare
the NV = 3 results with the exact results from Zinner et al. (2014), obtaining a perfect
agreement.

In the non-interacting limit g = 0, the energies correspond to the harmonic oscil-
lator eigenvalues, E = hw 3. (n; + 1/2), where n, are the occupation numbers of the
particles. Note that in this limit, the states are degenerate, and the degeneracy depends
on the nature of the bath. This degeneracy is partially broken when the interaction is
turned on, as we can see in all the panels of Fig. 3.11. On the other hand, in the infinite
interacting limit ¢ — oo, the energies saturate to non-trivial values, no longer being
harmonic oscillator eigenvalues. In addition, the states become degenerate again, but
with a different distribution of degeneracies.
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Figure 3.11: Low-energy spectrum for an impurity with a different number of bath
particles as a function of the interaction strength. Panels (a-f) correspond to each one
to a different number of particles, from three to eight particles as indicated in each panel,
respectively. The lines correspond to results from exact diagonalization while the black
circles correspond to the results from Zinner et al. (2014). We use 90, 45, 30, 20, 15, and
15 HO modes for the three, four, five, six, seven, and eight particles, respectively. The
green lines correspond to the ground state and the intrinsic excitations of a system with
either a bosonic or a distinguishable bath, while the red ones correspond to the states that
are present only with a distinguishable bath. Finally, the cyan lines correspond to the
center-of-mass excitations.

Analyzing the strongly interacting regime, and focusing on the infinite limit, we
observe that the ground state becomes degenerates with one odd-parity state, for any
number of particles. Note that the ground state is an even-parity state for any N.
The first excitation of this doublet is a center-of-mass excitation, also with the same
degeneracy. For N = 3 the second excitation manifold reaches an energy of £/ = 9/2hw,
corresponding to the Tonks-Girardeau energy for three particles. For larger systems
(N > 3), the second excited manifold consists of states that only exist for a distinguishable
bath, having energies below the corresponding Tonks-Girardeau limit. These manifolds
are slightly more energetic than the center-of-mass excitation, and in a similar way as
the ground state, they are characterized by a doublet structure. However, each line of
the excited doublet is degenerate N — 2 times.

Due to the similarities between the ground state doublet and the excited one, we
suggest that they can be created by a similar phenomenon. For this reason, we analyze
these states in more detail. In Fig. 3.12, we show the ground state and excited doublets
energies /i, obtained using exact diagonalization and also using the mean-field approach
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Figure 3.12: Binding energy structure for the two lowest doublets as a function of
the interaction strength. Panels (a) and (c) correspond to results obtained with exact
diagonalization, whereas panels (b) and (d) correspond to mean-field solutions. Panels
(a) and (b) show the ground state doublet, while panels (c) and (d) show the first excited
doublet. Solid lines correspond to states with even parity and the dashed lines correspond
to states with odd parity.

with the corresponding excitations. Note that the behavior obtained with the mean-field
technique is in qualitative agreement with the exact diagonalization results, even though
the values differ.

As we discussed in Section 3.3.2.1, the ground state manifold energy p in the infi-
nite interacting limit increases with the number of particles. In addition, as the number
of particles increases, we observe that the gap closes for a weaker interaction strength.
On the other hand, the excited doublet presents similarities, as it is created by a pair
of curves, with N — 2 degenerate states each. All the states in each curve have the
same parity, and one curve has the opposite parity compared to the other. Also, the
energy in the infinite interacting limit increases with the number of particles, and the
gap closes for weaker interactions as the number of particles increases. We obtained all
of these features for both exact diagonalization and the mean-field approach calculations.

As a difference, the excited doublet closes the gap for larger interactions than the
ground state doublet. Also, as we have reported in the energy spectrum analysis, the
excited doublet reaches a higher energy than the center-of-mass excitation of the ground
state whereas in the non-interacting regime, it has the same energy. This means that the
excited doublet gains more energy from the non-interacting to the infinite interacting
limits compared to the ground state.
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The behavior of having a doublet that closes for large interactions is also present
in a single particle immersed in a double-well system. In the double-well, we obtain
also that the ground state doublet consists of an odd and an even parity state. We can
map our system to one particle (the impurity) in a double well, created by the harmonic
confinement and the N, bath particles acting as a central barrier, adopting a mean-field
approach with interaction strength g. The Hamiltonian that describes this effective
model is
- R d? mw?

H=—— "+ 221 gN 2 .
gz T g % alNle()l, (3.18)

where one can take p(z) as the ground state harmonic oscillator wavefunction, repre-
senting that the bath remains in the ground state as a first approximation. Note that our
mean-field approach is an improvement over this simple model in that we can adapt
the bath wavefunction. However, this simpler model is much easier to interpret and
provides us with the intuition to interpret the few-body system. Some similar examples
with a double-well potential with a few particles can be found in Chen et al. (2022);
Erdmann et al. (2019).

The solution of the double well shows that the ground state and the first excita-
tion, each one having opposite parity, become degenerate when the barrier becomes
infinite. This can be interpreted as the first excitation is, in fact, an impurity excitation.
This is in agreement with our mean-field approach, where we computed the ground
state doublet as one state with all the particles in the ground state, and the other by
taking the first excitation of the impurity.

For the excited doublet, it is also possible to map it into the double-well model.
In that case, we consider a different, barrier, which is now wider. If we excite one of the
particles of the central barrier, we add 7w to the energy due to the harmonic oscillator
confinement. Also, the effect of a wider barrier is to increase the energy of the particle
in the double-well for large interactions and also to close the gap for larger interactions
compared with the narrow central barrier. All of these effects are in accordance with the
results we have obtained using our numerical techniques. In addition, in our mean-field
approach, we computed the excited doublet by using one state with N, — 1 bath particles
in the ground state () and one on the first excited ¢, (z) with the impurity on the
ground state, and the other state with the same bath configuration, but the impurity in
the first excitation.

In conclusion, the ground state of this system can be interpreted as the impurity
in an effective double well, created by the bath particles. Also, there are excited states
associated with the excitations of the bath. Note that the excited doublet is only present
if the bath is created by distinguishable particles. We have used this interpretation in
our mean-field approach, obtaining results that are compatible with those from exact
diagonalization. However, for the mean-field approach, the energy diverges for large
interactions, whereas in the exact diagonalization, we obtain saturation. But for weak
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interactions, where the mean field makes sense, we obtain results that are closer to the
exact diagonalization ones.

3.3.3 Ground state densities

Now, to gain more insight into the system, we explore the density as a function
of the interaction strength. We compute both the impurity and the bath densities,
which we use to visualize and crosscheck the assumption that the impurity is in an
effective double-well potential. This allows us to appreciate the regime of validity of
the mean-field approach, as well as how the ansatz fits with our numerical wavefunction.

In Fig. 3.13, we show the ground state density for three, four, five, and six parti-
cles for weak, intermediate, and strong interactions. We show the impurity and bath
densities obtained with exact diagonalization and mean-field calculations. It is note-
worthy that in the ground state, all the bath particles have the same density; therefore
here we only show the density of one of them, which allows for a good comparison
across the number of particles and also being of the same order as the impurity density.
For large interactions, as we approach to the infinite interacting limit, we also compare
with the densities derived from the ansatz. For N = 3, we compare our numerics with
the exact results from Zinner et al. (2014), obtaining a perfect agreement with the exact
diagonalization results. It is important to note that the densities expand over all the
space, but as they are symmetric, we only show results for positive x.

In the non-interacting limit g = 0, the ground state of the system is configured with all
the particles in the harmonic oscillator ground state, resulting in a Gaussian density
function for each particle. When the interaction is turned on g > 0, the impurity starts
to spread to minimize the energy, eventually developing a two-peak structure with a
minimum at the center of the trap. In contrast, the bath particles exhibit the opposite
behavior, becoming more concentrated in the center of the trap. However, this effect on
the bath particles is much less significant than the changes observed in the impurity.
Thus, the bath remains in the middle of the trap, creating an effective barrier for the
impurity as the interaction grows, repelling the impurity outward from the trap, in
accordance with the double-well interpretation.

The results for different numbers of particles share the general behavior, with small
discrepancies. First, as the number of particles in the system increases, the perturbation
on the bath is less important for a fixed interaction ¢. This is the expected behavior,
as the effect of a single particle (the impurity) becomes less pronounced in a large
system (bath) than in a small one. In parallel, for a fixed interaction g, the effect on
the impurity is more significant as the number of bath particles increases. To be more
precise, the impurity is repelled from the center of the trap for weaker interactions as NN,
increases. This behavior is in accordance with the mean-field interpretation and the
effective single-particle model, as the interacting term depends on the product gN,.
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Figure 3.13: Ground state densities for three, four, five, and six particles for a selection of
interaction strengths. Panels (a-c) correspond to three particles, panels (d-f) correspond to
four particles, panels (g-i) to five particles, and panels (j-1) to six particles. Each column
corresponds to results for a chosen interaction strength, as indicated at the top of the figure,
with g in units of (h3w/m)'/2. The solid lines correspond to the density of the impurity (pr),
whereas the dash-dotted lines correspond to the density of one of the bath particles (pj).
The red lines correspond to ED calculations, the cyan lines correspond to MF solutions, and
the black lines in the right panels correspond to the densities predicted by ansatz Eq. (3.10)
for infinite repulsion. Additionally, the black circles in the top panels correspond to the
impurity’s density reported in Zinner et al. (2014) for N = 3. Note that for small interactions
(9/(h3w/m)/? = 0.6) the MF results are almost indistinguishable from the ED results.

For weak interactions, we obtained almost perfect agreement between the exact diago-
nalization and mean-field calculations, as we expected. However, when the interaction
becomes stronger and we are in an intermediate interacting regime, both calculations
start to disagree. The mean-field calculations seem to work fine since the impurity de-
velops the two-peak structure. However, for large interactions, the mean-field approach
gives poor results, especially for the three-particle case. The main difference is in the
overlap between the densities of the impurity and the bath, where we observed a much
larger overlap with the exact diagonalization method. This shows that the system is
largely correlated, but the mean field cannot capture this physics. Nevertheless, the
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Figure 3.14: Position of the maximum impurity density as a function of g/V;. The markers
correspond to numerical results obtained with ED, whereas the dashed lines correspond
to MF solutions. The inset shows the derivative of z,, . with respect to g/V; in a double
logarithmic scale. The dash-dotted line in the inset is an eye guide that shows the power
law of the derivatives.

mean-field provides a qualitatively correct description of the state, where the bath
remains in the center and the impurity goes at the edges of the trap.

In the infinite interacting limit, the densities derived from the ansatz show a qual-
itative agreement with our numerical results. The bath remains in the center of the trap
and the impurity is pushed outside while maintaining a significant density overlap. We
also observe that the ansatz works better for a small number of particles, with almost
identical densities for N = 3.

As we explained, the impurity for weak interactions has the maximum density at
the center of the trap, but at a finite interaction, it develops a two-peak structure,
where the maximum is in a finite position. In Fig. 3.14, we show the position of the
impurity density maxima as a function of the interaction strength for different numbers
of particles. Because of the universality of the single-particle model, expressed through
g\, we use this effective interaction to compare the different values of N. As the
density is symmetric, we only rely on the absolute value of the maximum position, but
take care to note that there exists another peak. To ensure completeness, we add the
results obtained with the exact diagonalization and compare them with the mean-field
approach calculations.

We obtain two different regimes, when the maximum impurity density is at the center of
the trap and when there are two peaks. As we described, the first regime corresponds to
the weak interaction regime, and the second one appears for an intermediate interaction
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strength and continues up to the infinite interacting limit. We refer to the first case as the
miscible phase whereas the second one corresponds to the immiscible phase. We obtain
a sudden transition from the miscible to the immiscible phases at a given interaction
strength ¢*, where z,, . shows a discontinuity in the derivative.

The critical point g* NV}, shows a weak dependence on the number of particles IV, but it
seems to converge as the number of particles increases. For the largest baths we have
computed using exact diagonalization, we obtain a critical point g* N, ~ 2.5/h3w/m.
Therefore, the impurity exhibits a universal transition between the miscible and the
immiscible phases.

With the mean-field approach, we captured the transition, obtaining a compatible
value of the critical interaction ¢*NV,. Using our self-consistent approach, we also
obtained the dependence on the number of particles, which is impossible to obtain using
the effective single-particle model. Here we also can observe how in the miscible phase
the mean-field approach works, and once we transition into the immiscible phase, the
mean-field model fails, giving inaccurate values. We can argue that the miscible phase
does not have large correlations, and therefore, the mean field is a good model; however,
in the immiscible phase, the correlations must be considered, needing to consider a
more robust method, such as the exact diagonalization. Specifically, the strong repulsive
limit has a particular interest in the study of one-dimensional Bose polarons (Will and
Fleischhauer, 2023; Will et al., 2021).

This transition can be understood as a mean-field phase separation between two
species (Ho and Shenoy, 1996; Pu and Bigelow, 1998), which provides the reason why
our mean-field approach captures the transition point. From an energetic point of view,
this transition can be understood as a balance between the interaction and the harmonic
oscillator potential. For weak interactions, the ground state has the minimum energy by
having all the particles in the minimum of the potential, increasing the energy from the
non-interacting case by almost only interaction energy. But at some interaction strength
value, it becomes energetically favorable to separate the impurity and the bath to avoid
as much as possible the interaction even if it requires increasing the potential energy.
Since moving a single particle is less energetic than moving the whole bath, the impurity
goes outwards.

As a crosscheck, in the inset of Fig. 3.14, we show the derivative of the position
of the impurity density maximum for the immiscible phase. We find a power law
decay of the derivative, with exponent ~ 1/(gN,)”/?, indicating that the position of the
impurity density maximum saturates. It is further evidence that the state saturates
for the infinite interaction limit, not only the energy but also the density. Of course,
the value where z, . saturates depends on the number of particles. We also found
(even if it is not shown) that the mean-field results saturate, with a derivative power-law
~ 1/(gN)'%/3, but the results obtained in that limit with this method are not a good
estimate.
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3.4 Conclusions

In this Chapter, we have presented a study on few-particle systems in a harmonic
oscillator trap with contact interaction. We have studied systems with distinguishable
particles, starting by analyzing the symmetric SU(N) configuration, which is experi-
mentally feasible using high-spin particles, with one particle per spin projection. In the
symmetric case, we examined the energy spectrum as well as the density, crosschecking
our results with the analytical solutions where they exist.

We then explored non-symmetric interaction configurations, providing an explanation
of the ground state in the infinite interacting limit for non-trivial configurations formed
by four particles. These systems were studied using the density and pair correlations,
allowing us to describe how particles correlate with one another even in the absence of
direct interaction.

With this information, we further examined the energy spectrum as a function of
the interaction strength turning on interactions sequentially. We discussed the impact
of correlations between particles on the energy gain as additional interactions were
introduced: energy increases significantly if particles were previously correlated, while
it remains almost constant if they were anti-correlated.

Finally, we explored in detail the case of an impurity, a specific configuration, ex-
ploring the energy spectrum as well as the density. In the impurity case, we also
considered more particles, up to eight. We used two support methods: a mean-field
approach and an ansatz for the infinite interaction limit. We interpreted the system as
an effective system where the impurity is immersed in a double-well potential, where
the central barrier is created by the rest of the particles. We found two phases, a miscible
phase, where the impurity remains in the center of the trap, and an immiscible phase
where the impurity is repelled at the edges.






FRACTAL LATTICE

Fractals are fascinating structures with unique properties, such as an infinite perime-
ter (Mandelbrot, 1967) or a non-integer dimension (Gefen et al., 1980). Fractals can
be defined as self-similar constructions repeated at different scales. There are many
well-known fractal structures, and here, we focus on the study of the Sierpiriski gasket
while also considering the Sierpiriski carpet, formed by triangles and squares, respec-
tively. The fractal Hausdorff dimension, d;, was introduced to characterize fractals by
quantifying how the area of the structure scales with the length.

Fractal systems have been largely studied in the 20th century, with an extensive
study on classical diffusion since the 1980s (Alexander and Orbach, 1982; Gefen et al.,,
1981, 1983; Havlin and Ben-Avraham, 1987; Rammal and Toulouse, 1983). Then, a
sub-diffusive behavior was found with a diffusion exponent a = d,/d;, where d; is the
spectral dimension. The spectral dimension considers the fractal lattice’s connectiv-
ity, unlike the fractal dimension, which relates to the area growth. According to the
Alexander-Orbach conjecture (Alexander and Orbach, 1982), the spectral dimension has
a universal percolation threshold at d, = 4/3. With random fractals, one can tune both
dimensions independently, and the spectral dimension has been shown to be relevant in
the context of quantum transport (Kosior and Sacha, 2017).

Recent advances in the engineering of quantum systems have driven quantum technol-
ogy applications. Different experimental platforms allow for the design and control of
completely artificial quantum systems. Numerous studies in quantum physics extend
beyond standard geometries, exploring quantum particles in fractal lattices, with various
setups. For example, using photonic systems of coupled optical fibers (Biesenthal et al.,
2022; Xu et al., 2021), electronic systems generated by molecular assembly (Shang et al.,
2015), and scanning tunneling microscopy (Kempkes et al., 2019), or cold atoms in
optical tweezers (Tian et al., 2023). The effects of fractal geometry on the dynamics of
quantum systems have garnered considerable attention, revealing notable results even
in single-particle systems. Several studies based on fractal geometry and topology have
been conducted (Brzeziriska et al., 2018; Fremling et al., 2020; Iliasov et al., 2020; Ivaki
etal., 2022; Li et al., 2022; Manna et al., 2020, 2022a,b; Pai and Prem, 2019). In addition,
there are studies considering Bose-Einstein condensates (Koch and Posazhennikova,
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2024), or Ising model (Xu et al., 2017b; Yi, 2015) in a fractal lattice,

In recent years, the experimental realizations of quantum systems on fractal geometries
have been possible using photonic waveguide arrays (Biesenthal et al., 2022), where
they studied the transport properties (Xu et al., 2021). In that last experiment, they
reported a sub-diffusive transport for both the Sierpiriski gasket and carpet diffusion
exponent o = dy, where d; is the Hausdorff dimension of the fractal. The transport they
reported is slower than the one of a planar Bravais lattice (Razzoli et al., 2020; Tang et al.,
2018), where the transport is ballistic with a = 2. However, the super-diffusive transport
they reported for the fractals seems to be in contradiction compared to the large return
probability and the expected localization effect of the fractals (Darazs et al., 2014).

In this Chapter, we begin by analyzing the properties of the fractal under consid-
eration, the Sierpiriski gasket and Sierpiniski carpet, respectively in Section 4.1. Later,
in Section 4.2, we introduce a single particle into the fractal and we study its motion
in the Sierpiniski lattice. We also compare the effect of the transport exponent on both
lattices. Additionally, we study the energy spectral properties, such as the integrated
level spacing, which allows us to connect it with the transport properties. In Section 4.3
we study several variations of the lattice, including interpolation from the fractal to the
standard lattice and the introduction of a disorder potential. After that, we study the
memory effects of the Sierpiriski gasket, where we explore dynamics with a non-classical
initial state. We extend our study in Section 4.4 by adding a second particle and
considering interactions. In this system, we explore how transport is influenced by
the interactions, as well as the entanglement between the particles, and how it can be
disrupted by measurements. Finally, in Section 4.5, we summarize and present the main
conclusions of the Chapter.

4.1 Sierpinski fractal lattice properties

Here, we concentrate on Sierpinski fractals, specifically the Sierpiriski gasket, which is
created by triangles. We also complement the study by including some results from
the Sierpiriski carpet, which is created by squares. In Fig. 4.1(a,b) we show the creation
procedure of these fractals including the first generations.

The fractal Hausdorff dimension indicates how the area grows with the length of
the fractal,
S =L, (4.1)

where S is the surface area, L is the length and dy is the fractal dimension. For the
gasket, when we increase the generation, the length is doubled, but the surface increases
three times. Therefore, the fractal dimension is d; = log(3)/log(2) ~ 1.585. Similarly,
for the carpet, to create a higher generation, the length must be multiplied by three, but
the surface area grows eight times, resulting in d; = log(8)/log(3) ~ 1.893 (Gefen et al.,
1980).
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Figure 4.1: Scheme of the fractal structures. Panel (a) corresponds to the Sierpiniski gasket
and panel (b) corresponds to the Sierpinski carpet at different generations. In all cases,
the white regions correspond to a void area, while the light blue regions represent the
fractal surface. In panel (c) we plot an interpolated lattice, where the solid lines represent
generation 3 of the Sierpiniski gasket, and the dashed lines interpolate between the fractal
gasket and a regular triangular lattice. The background color is maintained for better
identification of the fractal.

An interesting study of fractal systems is how particles move across non-standard
regions. A simple way to characterize particle movement is by computing the mean
square displacement, MSD(¢), from the initial position and its dependence on time
scaling. Assuming that the MSD follows a power-law dependence on time, we can
propose a function

MSD(t) ~ t*, (4.2)

where depending on the power exponent «, we can identify the kind of particle transport.
Diffusive transport is defined by a = 1, whereas for a = 2, the transport is ballistic.
Transport is sub-diffusive for a < 1, and hyper-ballistic for @ > 2. The intermediate
regime, 1 < a < 2, is called either super-diffusive or sub-ballistic. Classical systems
exhibit a sub-diffusive behavior with o = d,/d;, where d, is the spectral dimension. For
Sierpinski fractals, the values d, = 2log(3)/log(5) ~ 1.365 and d, ~ 1.805 have been
obtained for the gasket and carpet, respectively (Darazs et al., 2014).

Quantum transport in the Sierpiniski gasket has been compared to the classical random
walk (Darazs et al., 2014). One can compare the return probability, i.e., the probability
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of finding the particle on the initial site, of a quantum system to that of the classical
random walk. The classical return probability decay as ¢ ~¢/2 compared to the quantum
one, which oscillates and is always above the classical value. This is not the case for
finite Sierpinski carpets, indicating clear differences with the gasket (van Veen et al.,
2016). The differences can be interpreted geometrically, where the Sierpiriski carpet has
an infinite ramification number whereas the gasket is finite (Gefen et al., 1984). The
ramification number counts the number of bonds that have to be cut to separate different
fractal generations.

The increased return probability obtained in the Sierpinski gasket compared to a
classical random walk is indicative that localized states exist. These localized states were
found in Domany et al. (1983) using the Migdal-Kadanoff decimation technique and were
conjectured that all the quantum states are exponentially localized with similar spectral
properties to 1-dimensional quasi-crystal (Aubry and André, 1980; Kohmoto et al., 1983).
Similar to a disordered system or quasi-crystals, the absence of Bloch theorem can create
a quantum interference effect slowing the motion and possibly leading to Anderson
localization (Anderson, 1958). However, it has been found that the Sierpiriski gasket also
has an infinite number of extended states (Wang, 1995), creating a more complex behavior.

In random matrix theory, it is known that the spacing between adjacent energy levels is
related to the dynamics of a quantum system (Haake, 2006). In addition, ergodic systems
have level-repulsion, and as a consequence, the level spacing distribution p(s) shows a
power-law behavior p(s) ~ s for s — 0, where s is the energy gap of consecutive levels.
This property allows to classify systems according to their exponent 3. For the fractal
case, the level spacing study presents some issues because of the large degeneracies in
the energy spectrum (Pal and Saha, 2018). For that reason, the level spacing distribution
must be redefined for degenerate Cantor spectrum (Fleischmann et al., 1995; Geisel et al.,
1991; Sire et al., 1993), obtaining an inverse power law p(s) ~ s~P. To test this behavior,
one can compute the integrated level spacing distribution

pint:/ p(s')ds', (4.3)

which counts the number of gaps larger than s. In a finite system, it can be described by
a power-law
Pins(8) ~ 5777 (4.4)

The exponent 3 of the level spacing distribution, a static property, and the exponent «
from the mean square displacement, a dynamic property, can be related using scaling
arguments as in Fleischmann et al. (1995); Geisel et al. (1991).

By definition, the integrated level spacing distribution counts the number of states
that can be energetically resolved with an energy s. On the other hand, the volume
of the system scales with length according to the (fractal) dimension as L%, and so,
L~ pig(s). Using the previous result, we relate the length of the system with the
energy resolution gaps, L ~ s(179/4s_ At the same time, we have the relation between
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the mean square displacement and the time MSD ~ ¢¢, allowing us to relate the distance
with the time L ~ t*/2. The smallest energy scale is related to time via s ~ ¢~!, and
with all of that, we have L ~ s~%/2. Combining both expressions, we derive the relation
between the exponents o and 3

_2(8-1)

This relation allows us to connect the dynamics of the system with static properties.

The Sierpinski gasket exhibits different transport behavior than a regular triangu-
lar lattice. We know that the regular lattice has a ballistic transport, which is in contrast
with the results we obtained for the fractal geometry. In addition, Eq. (4.5) is not valid for
the regular geometry. For this reason, we consider intermediate systems by interpolating
between the fractal and the regular geometries by having intermediate connections as
illustrated in Fig. 4.1(c).

4.2 One particle evolution in a Sierpinski lattice

Now, our goal is to simulate transport on fractal lattices and compute spectral properties,
such as the integrated level spacing. With both calculations, we can obtain the character-
istic exponents o and 3 and we are able to crosscheck Eq. (4.5). First, the Hamiltonian
we are dealing with can be modeled in the second quantization as

H=-J) ala;, (4.6)
(i.g)"

where (7, j)’ denotes the nearest neighbors allowed by the fractal lattice. This Hamilto-
nian not only excludes the sites out of the fractal but also excludes the links that cross
non-fractal regions. The tunneling rate J is the energy unit of our system, and the
operators aj» (a;) are the creation (annihilation) operators for site i.

To obtain the time evolution, since the Hamiltonian is time-independent we can expand
the initial state in the eigenbasis of the Hamiltonian and evolve each component with its
corresponding energy,

(T() =D (W(t=0)[g)e""|gy), (4.7)

i

where [1);) are the eigenstates with eigenenergies £;. To use this procedure, we need to
obtain all the eigenstates of the system, which implies diagonalizing the whole Hamilto-
nian. For this reason, our time-dependent calculations are restricted to the maximum
generation we can compute. We work with systems up to the seventh generation of the
Sierpiriski gasket and the fourth generation of the Sierpiniski carpet.

In Tab. 4.1 we show the dimension of the Hilbert space for a single particle across
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Gasket Carpet
G@ |1 2 3 4 5 6 7 1 2 3 4
D 6 15 42 123 366 1095 3282 |16 96 688 5280
Lia |2 4 8 16 32 64 1281 3 9 27 81

Table 4.1: Hilbert dimension D, and the length of the basis L as a function of a Sierpifiski
gasket and Sierpinski carpet generation G(i). The length is normalized with the distance
between the first neighbor sites a.

different generations of both fractals we are studying. As we only consider one particle,
the Hilbert space coincides with the number of lattice sites. We also show the length of
these fractals.

4.2.1 Anomalous transport

Here, we study the mean square displacement of a particle initially prepared on a single
site of a Sierpinski gasket. In Fig. 4.2 we show the MSD as a function of time for different
Sierpiriski gasket generations, from the fourth to the seventh.

First, we study the case of preparing the particle in a corner. In this case, we ex-
plore the effects for different generations by examining the MSD(t) of the fractal lattice
in Fig. 4.2(a). There, we also compare it with the results of a classical random walk,
obtaining a completely different behavior across all the time scales. For the quantum
particle, we identify three different time regimes in MSD.

For short times, tJ/h < 1, the system is ballistic,c MSD(¢) ~ t* and a ~ 2.1. In
this regime, the particle has no sense of fractal geometry yet and behaves as if it were in
a regular lattice. Although we have obtained a hyper-ballistic exponent, this is due to
the initial preparation in a corner. The same exponent is observed for short times even
in a regular lattice.

For intermediate times, 1 < tJ/h < T.J/h, we obtain a sub-diffusive regime with
a ~ 0.56. The boundary time is defined as

T = (L/a)¥h/(4J]), (4.8)

where L the length of the system, a the distance between first neighbors, and J the
tunneling rate. Note that the duration of this regime depends on the size of the system,
indicating that for larger generations, this regime lasts longer. We also find that the
exponent o depends on the initial configuration, i.e., where the particle is localized at
t = 0. However, in all cases, the behavior remains sub-diffusive.

For long times, tJi 2 T'J/h, we observe an extremely slow evolution, with a ~ 0.15, as
shown in Fig. 4.2(b). This regime can be considered a quasi-localized regime, despite
its slow evolution. We have obtained the exponent for the largest Sierpiriski gasket
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Figure 4.2: Mean square displacement as a function of time for a particle in a Sierpinski
gasket. Panel (a) corresponds to the case where the particle starts from one corner of a
Sierpinski gasket of generation G(X) with X = 4, 5, 6, 7. We also include the results of
a classical random walk (CRW) on a G(7) gasket. Additionally, there is a tendency line
Eq. (4.2), with a fitted exponent o = 0.561 £ 0.005 obtained on the region 1 < tJ/h ST J/h
for the G(7) gasket, with T" defined in Eq. (4.8). Panel (b) corresponds to the case for the
G(7) gasket on a long-time scale. We show two tendency lines, one for the intermediate
times 1 < ¢tJ/h < TJ/h with the same exponent as in panel (a), and the other for long times
tJh 2 T'J/h with a fitted exponent o = 0.159 + 0.003. Panel (c) corresponds to the averaged
mean square displacement MSD(¢) as a function of time for different initial conditions on a
((6) gasket. The initial sites considered are the red ones in the panel, obtaining the average
and the variance of the MSD(¢). We also show a tendency line with a fitted exponent
a=0.73£0.01.

generation we can handle. However, the behavior does not depend on the size of the
fractal. We assume this regime also exists for larger generations with a similar exponent.

We found that a particle in a fractal lattice is always evolving and increasing the
mean square displacement, even when finite size effects play a role. Moreover, the
value of the MSD during the transition, i.e., at t ~ 7 is still far from the thermalized
value. A thermalized system has the wavefunction spread all around the lattice with
the same probability in each site. This situation implies that the center of mass of
the system is at the center of the triangle. Therefore, for the case where the initial
system is prepared with the particle in the corner, the mean square displacement
of the thermalized system is MSDy, = L?/3, where L is the length of the triangle
basis. Our results show that the system does not thermalize in the intermediate re-
gion, and then, with the slow evolution of the long-time regime, the system cannot
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thermalize. Note that in Fig. 4.2(b) we show a long time evolution, up to t.J/h = 109,
i.e. a time scale beyond experimentally realistic values. Even on this time scale, the
displacement of the particle remains much below the thermalized value, obtaining
MSD/a* < 1000 but the thermalized value is MSDy;,/a? = 5461 with L = 128 in the
reported case. Although we cannot definitively rule out thermalization for a longer time,
it becomes difficult to simulate due to numerical precision errors. However, it is pos-
sible to argue rigorously that the system does not thermalize in the thermodynamic limit.

It is interesting that MSD(7") scales sub-linearly with the system size,
MSD(T) ~ T* ~ L%%s (4.9)

In contrast, the thermalized value scales as MSDy;, ~ L. Consequently, for larger
systems, the difference from a thermalized state becomes more pronounced. This
implies that fractal geometry has a more significant role in larger generation systems.

In contrast to an infinite Bravais lattice, where all the sites are identical, this is not the
case for a finite fractal lattice, where large differences can exist depending on the lattice
site. Although all the sites are connected to four others (except the corners that are
connected to only two sites), the position with respect the fractal generation bottlenecks
has a large impact on the transport properties of these sites. Therefore, we need to
complement the previous studies presented in this Chapter, where we have studied
the transport of a particle prepared in a corner of the lattice. Here, we consider all the
possible initial localized states showed in Fig. 4.2(c) as red dots. The rest of the sites
can be mapped to a red one by symmetry. We also exclude the corner initial state in
this study. For every initial state, we have computed the mean square displacement
as a function of time, and in Fig. 4.2(c) we show the average of the MSD(t) of all the
configurations, with the variance error indicated as a shaded area. With the average
MSD(t), we obtain the three regimes reported before, but now, although the exponent in
the short-times remains the same, a ~ 2, the value in the intermediate times is slightly
larger, « = 0.73. We did not compute the exponent of the long-time behavior due to the
larger variance in that regime. Alternatively, we computed the exponent for each one of
the initial states, obtaining that a generic initial site has an exponent «; larger than the
one obtained for the corner initial case. By averaging over all the exponents, we obtained
a similar average value as with the previous averaging method o’ ~ 0.73. Therefore we
have shown that the transport of a particle in a Sierpinski gasket is sub-diffusive in the
intermediate time regime.

We have demonstrated the different transport behavior for the Sierpifiski gasket com-
pared to the regular triangular lattice. For the regular geometry, the transport is ballistic,
exactly as for the initial times obtained in the fractal structure, until it saturates at times
T' ~ L?, where the system is almost thermalized, with MSD(¢) oscillating around MSDyy,.
For the regular lattice, it is already possible to obtain a > 2 at short times if the initial
state is prepared near a border.
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Figure 4.3: Mean square displacement as a function of time for a Sierpiniski carpet. We
considered the generations G(2), G(3), and G(4). The initial system is prepared with the
particle in a corner of the lattice. We show a tendency line in the intermediate region, with
a fitted exponent a ~ 1.804 £ 0.001.

A different fractal that we have explored is the Sierpiriski carpet, with an example of the
creation in Fig. 4.1(b). In that case, we also explore the transport of a particle through
this fractal geometry in Fig. 4.3. Similarly to the gasket, the carpet transport presents
three regimes. For short times, it is ballistic with exponent o ~ 2. Then, there is an
intermediate time regime with boundary dependence on the size of the system. And,
for a long time, there is a different regime. However, we observe a different behavior
compared to the Sierpifiski gasket, with an intermediate time regime super-diffusive
(or sub-ballistic) with exponent a = 1.804 contrary to the sub-diffusive regime found
for the gasket. The exponent obtained for the carpet is similar to the one previously
obtained in Xu et al. (2021), being much larger than the classical value o = d/d; ~ 0.95,
indicating a quantum speed-up. It is interesting to note that there are some non-Bravais
periodic lattices with sub-ballistic quantum transport, for example, the honeycomb
lattice with a =~ 1.71 (Razzoli et al., 2020).

In Xu et al. (2021), they obtained a super-diffusive behavior for the Sierpiriski gas-
ket, in contrast with our sub-diffusive results. This difference is an effect of the definition
of the fractal lattice. In their case, all the first neighbors are connected. But in our
definition, as shown in Fig. 4.2(c), we only consider connections between first neighbors
within the same generation. In this case, the three corners of each generation act as a
bottleneck, as the different generations are connected only by these sites. In contrast
with Xu et al. (2021), where the connection between different generations is possible
through additional tunneling. Even though both lattices have the same Hausdorff fractal
dimension, they present different transport behavior. This indicates that the dynamics
depends on the connectivity of the lattice. For the Sierpifiski carpet, we used the same
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Figure 4.4: Integrated level spacing distribution as a function of the energy gap resolution
for the energy spectra on different lattices. Solid lines represent triangular geometries,
with the G(7) Sierpiniski gasket (SG) in blue, the corresponding regular triangular lattice
(RTL) in red, and the Sierpiriski gasket used in the experiment of Xu et al. (2021) (SG exp) in
green. The dash-dotted lines correspond to square geometries, with the G(4) Sierpiniski
carpet (SC) in blue, and the regular square lattice (RSqL) in red. We include a tendency line
for the gasket (SG and SG exp), with fitted exponents 5 = 1.60 & 0.05 and g = 20.25 £+ 0.05
respectively.

lattice with the same connections, and we obtained the same results.

4.2.2 Spectral properties

Here, we are interested in exploring the spectral properties of the different systems
studied, such as the Sierpiniski gasket and carpet. In particular, we have computed
and studied the integrated level spacing distribution p;,:(s), Eq. (4.3), which gives the
normalized number of energy gaps larger than s. In Fig. 4.4 we show the integrated
level spacing distribution as a function of the gap energy for different systems. We
observe that for the Sierpiriski gasket, there exists a region that fits with a power-law
function, py,, ~ s'77, as exposed in Eq. (4.4).

Numerically, we have obtained § ~ 1.6, close to the Hausdorff fractal dimension
dy. The similarity between 3 and d; could be a signal that both quantities are equal, but
we do not have any a priori argument to ensure this relation. Nevertheless, as exposed in
Section 4.1, we relate the exponent of the transport o with the exponent of the spectrum
p with Eq. (4.5). Using the values we have obtained with the corresponding error
f = 1.60 £ 0.05 we expect a = 0.76 = 0.06, in accordance with the a = 0.73 & 0.01 we
have obtained by averaging over all the different initial configurations, corresponding
to Fig. 4.2(c). The error in fitting the $ parameter comes from two sources. The most
obvious is the numerical error in fitting a numerical dataset. The second one is produced
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by the region where one fits the function. As the limits of the power-law behavior are
diffuse, and the exponent is sensitive to the boundary, it creates an additional error. For
the integrated level spacing distribution of the lattice used in Xu et al. (2021) we obtain
that there is also a power-law region but with a different exponent, 3 ~ 2.25. With this
exponent we obtain a ~ 1.58, which is compatible with their reported exponent. This
result indicates that if p;,, can be modeled by a power-law, it is possible to relate the
properties of the energy spectra to the transport behavior.

Although we succeded in finding an exponent for the Sierpinski gasket lattices, both
ours and the experimental one of Xu et al. (2021), this is not the case for the rest of
the analyzed systems. The regular triangular and the regular square lattices present
a different behavior compared with the Sierpifiski gasket. These regular lattices do
not present a region that can be mapped with a power-law, and the results of Fig. 4.4
indicate that there are no large gaps for the regular structures. Note that the regime
where we fitted the power-law behavior corresponds to large energy gaps. In contrast,
the Sierpifiski carpet pi, is more similar to the regular geometries than to the Sierpiriski
gasket. For the carpet, we are unable to find an extended region suitable for fitting a
power-law, and therefore, we cannot compare the spectral properties with the dynamics.

4.3 Robustness of the Sierpiniski fractal transport

Until here, we have explored the transport of a single particle on a perfect fractal lattice.
However, we now consider what might happen if the fractality is not perfect, exploring
an interpolation between the fractal structure and a regular one. Another realistic
imperfection to consider is a disorder on the lattice, such as having a random potential
that introduces detuning at each site. Additionally, we investigate how sub-diffusive
transport could be exploited to preserve information.

4.3.1 Transport on interpolating lattices

The results we have obtained for the transport and the dependence on the connectivity,
motivate us to explore the interpolation between the Sierpifiski gasket and the regular
triangular lattice. This interpolation incorporates all the sites corresponding to a regular
lattice and introduces two different tunneling ratios. Specifically, we consider the fractal
connections with an amplitude J and the regular triangular connections, excluding
the fractal ones, with amplitude J’. The scheme of this configuration is represented
in Fig. 4.1(c), where the solid lines indicate the fractal connections J, and the dashed
lines represent the interpolating connections J'. We define v = J'/J as the interpolating
parameter. Using this notation, we can define the Hamiltonian

H=—J|(1-7))) ala;+~) ala; | (4.10)
(i.3)’ (i)
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Figure 4.5: Mean square displacement of a particle in an interpolated Sierpinski gasket.
Panel (a) corresponds to the mean square displacement as a function of time for a particle in
an interpolating lattice, as depicted in Fig. 4.1(c), characterized by the ratio v = J'/.J between
hopping parameters J’ (exclusive to the regular lattice) and J (present in both regular and
fractal lattices). We initiate the particle evolution in one corner of an interpolating G(7)
gasket. The slowest behavior is obtained in a fully fractal geometry (y = 0), whereas the
fastest behavior corresponds to a regular triangular lattice (v = 1). Panel (b) corresponds
to the exponent « of the mean square displacement extracted for different values of v by
fitting the curves from panel (a) within the intermediate regime (as indicated by the dashed
lines). The result is plotted as a function of .

where (7, j)" is the sum over all the first neighbors belonging to the fractal and (i, j)
corresponds to the first neighbors of the whole regular triangular lattice. It is important
to note that the second sum includes all the terms from the first one, so, the first term has
the coefficient (1 — ). In our notation, v = 0 corresponds to the pure Sierpiriski gasket
geometry, whereas v = 1 represents the regular triangular lattice. The intermediate
values (0 < v < 1) correspond to an interpolated lattice. In this study, we do not
consider cases with v > 1, which would imply J' > J.

In order to explore the effect of this interpolation, from fractal to regular geome-
tries, we computed MSD(¢), as shown in Fig. 4.5(a). Similar to the pure fractal case, we
observe three regimes. For short times, a ballistic behavior is observed, independently
of the interpolation value 7. In the intermediate time regime, we find variations in the
exponent and the time intervals where this regime is valid, depending on the value
of 7. The long-time regime also shows differences, ranging from the slow evolution
typical of the fractal to the thermalization observed in the regular lattice. Our findings
suggest that thermalization occurs for interpolated lattices with a coefficient v > 0.5
within the time scale of our calculations. Moreover, our results could also be consistent
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with thermalization for v > 0.2 at larger times.

The intermediate time regime exhibits a smooth transition from the sub-diffusive
characteristic of the fractal to the ballistic transport of the regular lattice. In Fig. 4.5(b)
we present the exponent « fitted as a function of the interpolation parameter . The
fitting of the exponent was realized between the two black-dashed lines in Fig. 4.5
that enclose the intermediate regime. We observe that the exponent varies smoothly
with the interpolation. For weak interpolation (i.e., v < 0.2), the system exhibits a
sub-diffusive behavior, indicating that the fractal geometry is dominant. In contrast,
for intermediate interpolation (0.2 < v < 0.8), the system shows a super-diffusive (or
sub-ballistic) behavior, transitioning to the ballistic regime when the system approaches
a regular lattice (y 2 0.8).

We have demonstrated that the connectivity plays an important role in the trans-
port properties of a quantum particle on a lattice. We have illustrated how transport
can be tuned by interpolating between a fractal geometry and a regular one, enabling a
transition from sub-diffusive to ballistic regimes.

4.3.2 Role of disorder

Here, we turn our attention to another perturbation of the Sierpiriski gasket, by
introducing a disorder, modeled by a random potential on each site i. This random
potential is reflected in the Hamiltonian,

H=—J) ala;+Vy)  mala;, (4.11)
(4,5) i

where V; is the disorder strength and p; are random numbers drawn from a uniform
distribution U(0, 1) ranging between 0 and 1.

Our goal is to study how this disorder affects the transport properties of a quan-
tum particle. In Fig. 4.6(a), we show the mean square displacement MSD(¢) for different
values of the disorder strength. All the cases correspond to an initial preparation of
the particle localized in the corner of a G(5) Sierpiniski gasket. We have computed the
evolution for 100 random samples for each value of V; and then we have averaged the
MSD(t), with the lines representing the mean and the shaded regions indicating the
variance. The effect of the disorder, as one might expect, depends on the strength V.
For weak disorder, the system exhibits dynamics similar to those of the pure fractal,
with only a smoothing effect introduced by averaging over different configurations. This
result is useful for experimental purposes because it implies that small perturbations
(disorders) do not significantly alter the dynamics of these fractal systems. On the other
hand, for extremely large disorders, V; > J, the dynamics are slowed, and we observe a
saturation at shorter times and small lengths.

In Fig. 4.6(b) we show the saturated MSD (MSDs,;) as a function of the disorder strength
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Figure 4.6: Mean square displacement of a particle on a disordered Sierpinski gasket
Panel (a) corresponds to the mean square displacement as a function of time for a particle
starting from one corner of a G(5) Sierpinski gasket for different disorder strengths, V.
The solid lines correspond to the average over 100 random configurations whereas the
shaded region represents the standard deviation. Panel (b) corresponds to the mean square
displacement for long times, MSDs,, obtained by averaging the MSD from ¢.J/h = 103 to
tJ/h = 10%, as a function of the strength of the random potential, V.

V4. Here we can observe how for weak disorder V; < 2.5/, there is almost no effect on
the dynamics, with MSDs,; remaining similar. But, for larger V,, the M .S Dy, exhibits an
exponential decay. To interpret this observation, we note that low-dimensional systems
(i.e. 1D or 2D systems) are known to localize at any disorder strength, with a localization
length that depends on the disorder strength and may exceed the size of a finite system
for weak disorders. The behavior seen in the Sierpifiski gasket can be interpreted as
a competition between two different localization mechanisms. For weak disorder, the
localizing effect of the fractal structure is dominant, resulting in minimal effects from
the disorder. In contrast, strong disorders produce a localization length that confines
the dynamics more strongly than the fractal structure. In this case, the effect of disorder
becomes more pronounced in the system evolution.

4.3.3 Localization effects

Now, once we have determined how the transport of a quantum particle is slowed due to
the fractality in a Sierpiniski gasket with a sub-diffusive transport, we turn our attention
to another related effect. Up to now, we have determined the particle distribution by
computing the mean square displacement, but we could use other metrics for that. In
Fig. 4.7(a) we show the probability of finding a particle in a sub-region. In this case,
we prepare the initial state with a particle in the corner. We compare a G(7) Sierpiniski
gasket with a regular triangle of the same length. The sub-regions correspond to the
previous generations of the fractal starting in the initial corner. In Fig. 4.7(b) we show a
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Figure 4.7: Probability of finding a particle in different areas as a function of time. Panel
(a) corresponds to the probability of the system having the particle in the sub-regions G (i)
as a function of time when the particle starts on the left corner site. The case of a particle
in a G(7) Sierpinski gasket corresponds to the solid lines, whereas the regular triangular
lattice case corresponds to the dashed lines. Panel (b) corresponds to a scheme indicating
the sub-regions with color for better identification of the described cases.

scheme with the same color legend of Fig. 4.7(a) to clarify this situation. For the regular
triangular lattice, we use the same nomenclature, but now include all the extra sites and
connections, preserving the length of the sub-generations.

One can appreciate that in the case of the regular lattice, the system thermalizes,
obtaining almost constant probabilities at long times in each sub-region. Additionally,
the probabilities saturate (with small oscillations) around the quotient between the
number of sites of the sub-region and the total number of sites. For example, G(6)
corresponds to about a one-third of the sites of a G(7) structure, and the long-time
probability of finding the particle in a G(6) is about one-third.

The fractal is quite different in terms of the expansion through the different gen-
erations. We observe that even for a long time, there is a large probability, about 60%,
of finding the particle near the initial corner, in the first generation of six sites. Also,
the probability of finding the particle in the surrounding G/(6) structure that constitutes
about one-third of the total sites is always larger than 95%. This result shows a kind
of localization, where the bottlenecks between each fractal generation could play an
important role.

With this localization effect in mind, we start to explore how to exploit it. One
possibility is to enhance the quantum effects by considering a pure quantum initial state
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Figure 4.8: Mean square displacement as a function of time of a particle prepared in a
non-classical initial state. The particle is in a superposition of being at the corner and
one of its first neighbors. The solid red line corresponds to a G(7) Sierpiniski gasket with a
symmetric initial configuration. The solid blue line corresponds to the anti-symmetric initial
condition for the fractal geometry. The dashed lines correspond to a standard triangular
lattice geometry with the same basis as the G(7) gasket, where the red and blue colors
correspond to the symmetric and anti-symmetric states, respectively.

In a superposition
1

V2
where | A) and | B) correspond to states in a localized sites. We also consider two possible
superposition states, the symmetric (+) and the anti-symmetric (—). In our case, we
prepare our initial system by choosing |A) as the corner and |B) as one of the first
neighbor of |A). We also define the MSD(¢) from the initial position of the center of
mass. In Fig. 4.8 we show the evolution of the MSD(t), where we can see that |V_)
evolves more slowly than |V ). This is because initially the tunneling from both sites
to their common first neighbors is suppressed by destructive interference, while it is
constructive in the |¥ ) case. This initial suppression of motion persists over time,
causing the anti-symmetric state to expand more slowly than the symmetric one.

Vi) = —=(|4) £[B)) , (4.12)

Even though |¥_) is slower than the symmetric counterpart, there are important
differences between the fractal and the regular lattice. In a regular triangular lattice, the
system thermalizes for long times, resulting in a uniform probability distribution for
finding the particle at each site. This causes the MSD to become constant once the state
reaches thermal equilibrium, regardless of the initial phase. Thus, when thermalization
occurs, information about the initial phase is lost in terms of particle spread. In contrast,
with a Sierpifiski gasket, the system does not fully thermalize due to slower evolution and
localization effects. The spread of the wavefunction varies depending on the initial phase,
allowing distinction of the initial phase by computing the MSD even over long time scales.
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Interpreting the two states from Eq. (4.12) as a qubit, and considering slow dephasing
noise, it is evident that the information of this qubit could eventually be lost with time.
However, as demonstrated, the evolution in the fractal lattice encodes information in
the spatial distribution of the wavefunction, which provides some robustness against
dephasing noise. This suggests the potential for using such systems as a form of
quantum batteries.

4.4 Two interacting particles

Now, we turn our attention to the effects of including a second particle in the system.
We consider two scenarios: two identical bosons with contact interaction, where we
study the entanglement between two regions of the lattice, and then two distinguishable
particles with contact and long-range interactions where we study the entanglement
between the particles.

For contact interactions, we consider the Hubbard model (Freericks and Monien,
1994). The interacting part of the Hamiltonian is given by

N U tata . U L
Heont = 3 Zaiaiaiai =3 an(nz - 1), (4.13)

where 7; = a/d, is the number operator that counts the number of particles occupying

site 1.

On the other hand, for the long-range interaction, we consider a power-law decay
of the interaction with an exponent a. To avoid divergence issues, we restrict the
long-range interaction to different sites only. Thus, we can implement the on-site
interaction as an effective contact interaction. The Hamiltonian then reads,

V=1
Hy, ==Y —hiny, (4.14)

where V is the long-range interaction strength, and r;; is the distance between sites i and j.

Our goal is to study properties such as the entanglement of the two-particle sys-
tem as a function of time. To achieve this, we use different initial preparations of the
system and consider both contact and long-range interactions.

4.4.1 Entanglement

There are several ways to describe an entanglement, such as the entanglement between
two regions of the system or between different particles. For single-particle systems, only
the first type makes sense. Additionally, in two-particle systems, the interaction plays
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an important role, as it can create more entanglement compared to the non-interacting
case.

Here, we explore both types of entanglement. First, we compute the bipartite en-
tanglement with two identical bosons. Then, we study how the interactions and time
evolution affect the entanglement between two distinguishable particles.

4.4.1.1 Bipartite entanglement

We define bipartite entanglement as the entanglement between two sub-regions of our
lattice sites. One approach is to compute the entanglement between the (N — 1)th
fractal generation and the remaining sites in the Nth fractal generation, similar to the
probabilities computed in Fig. 4.7. This entanglement is computed using the reduced
density matrix. First, we need to trace the density matrix over one of the sub-regions

Pred = Tr (p) X (415)

and then obtain the eigenvalues of the reduced density matrix. From these eigenvalues,
we compute the Shannon entropy (Shannon, 1948),

S = Z Pred; log (predz‘> , (416)

where p,.q; are the eigenvalues of the reduced density matrix.

In Fig. 4.9 we show the bipartite entanglement between a generation of a Sierpiriski lattice
and the rest of the system. We compare the entanglement production of a two-boson
system in a GG(3) Sierpiniski gasket. We compare different cases, in panels (a) and (b),
we have the initial state with both bosons localized in one corner, whereas in panel
(c) we have the initial state with one boson in one corner and the other boson in the
next neighbor site. In both panels (a) and (c), we compute the entanglement between
the sub-region of the first fractal generation, i.e., the six sites next to the corner, and
the rest of the system. Finally, in panel (b), we have the same initial condition as in
(a), both bosons in the same corner, but now we compute the entanglement between
the second generation, i.e., the fifteen sites closer to the corner, and the rest of the
system. We study how the entanglement is created for interacting systems, where
we only consider contact interaction, studying the effect of the strength of the interaction.

In Fig. 4.9(a) we compare the entanglement production for different interaction strengths
with the same initial conditions. For the non-interacting system, we observe that the
entanglement saturates for long times, with some oscillations that do not surpass a
certain value. This maximum entanglement found here does not correspond to the
maximum entropy that the system can reach. When we consider the interaction, then
the entanglement creation behaves differently. In the case of interactions of the order
of the tunneling rate J, the entanglement production is enhanced. Specifically, for
short times, the entanglement is the same as in the non-interacting regime, but when
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Figure 4.9: Bipartite entanglement as a function of time for a two-boson system with
contact interaction in a third generation of a Sierpiriski gasket. Panel (a) corresponds
to the case where the initial system is prepared with both bosons in the same corner, and
the entanglement is computed between the first fractal generation around that corner and
the rest of the system. Panel (b) is when the initial system is prepared with both bosons
initially in the same corner, and the entanglement is computed between the second fractal
generation and the rest of the system. Panel (c) corresponds to the case where the initial
system is prepared with one particle in the corner and the other on a first neighbor site,
and the entanglement is computed between the first fractal generation and the rest of the
system.

the non-interacting case reaches its maximum, the interacting case continues to gain
entropy. After that, the entanglement has a maximum and then decreases, but it is
always larger than the saturated value of the non-interacting case. We obtain almost the
same behavior for U = +J. The extra amount of entropy in the system can be created
by the presence of correlations induced by the interactions.

However, as we increase the interaction, we do not obtain the same behavior as
for U = £J. In particular, for U = —2.J we obtain a similar entropy production as for
U = +J, but generating a smaller amount. This is not the case with U = 2.J, where
we obtain behavior more similar to the non-interacting system than to the other cases
discussed. It can surpass the non-interaction maximum entropy but remains below it
for almost any time. With this result, we observe a difference between the attractive
and the repulsive regimes. For much larger interactions, U = £5.J, we find that the
entanglement production is suppressed, needing more time to increase and saturating
to lower values than the non-interacting regime. We can argue that when the interaction
is much larger and both particles start on the same site, then the system has a large
amount of energy, and the particles cannot separate. Thus, the movement is slower,
causing the system to start to entangle both parts of the lattice for longer times. In
addition, the Hilbert space where the particles behave as one is smaller than the general
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case, reducing the amount of possible entropy generated.

All of these effects are enhanced in Fig. 4.9(b), where we are now considering the
entanglement between the second fractal generation instead of the first generation. This
difference means that the system needs more time to reach the border of the tracing
regions, and as a consequence, it needs more time to generate entanglement. Here,
we can better appreciate the differences between the interactions U = +J and the
non-interacting regime. Also, the differences between U = —2J and U = 2.J are larger
than in panel (a).

In Fig. 4.9(c), we show a different setup, with distinct behavior. The effect of hav-
ing the particles initially on different sites implies that the energy of the system is
almost independent of the interaction strength. In addition, it is faster at gaining
entanglement, as one particle is close to the border. The maximum entropy value that
the non-interacting system reaches is larger than when both particles start in the same
position. When interactions play a role, we obtain an interesting behavior of the entropy
generation that is independent of the value of the interaction for |U| > J. For short
times, the amount of entropy created is the same as the non-interacting system, but
when the non-interacting case saturates, interacting systems still increase their entropy,
reaching a maximum for intermediate times. For long times, the entropy decreases until
it reaches the saturated value of the non-interacting case.

4.4.1.2 Entanglement between particles

Another correlation to observe is the entanglement between particles. In that case, when
we compute the reduced density matrix, we trace over one particle. For that, we need to
have two distinguishable particles to trace over one of them.

As we showed in Section 4.4.1.1, the interaction creates entanglement in the time
evolution. Here, we show how, for another type of entanglement, this is still true, and
we study this entanglement creation as a function of the initial state and the potential
strength.

In Fig. 4.10 we show the entanglement entropy between both particles as a func-
tion of time on the z-axis and the interaction strength U of the contact potential on the
y-axis. We also compare the generation of entropy in the regular triangular lattice and
the Sierpinski gasket fractal. For a non-interacting state, we obtain zero entanglement
entropy at any time. When we turn on the interaction, the entanglement is generated
quickly until the interaction strength reaches a critical value, at U ~ 2. For larger
values of the interaction, the system becomes entangled at short times, but then the
entanglement decreases compared to lower interaction values. This effect is due to large
interactions causing both particles to occupy the same site, leading to a high-energy
state and preventing the particles from separating, causing both to evolve as one heavy
particle. This situation creates a less entangled system because it has only local correla-
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Figure 4.10: Entanglement entropy between two particles as a function of time and the
interaction strength. Panel (a) corresponds to a Sierpifiski gasket, and panel (b) corresponds
to a triangular regular lattice. Both systems have the same basis length. The system interacts
via a contact potential, and the initial state is prepared with both particles in the same corner.
The entanglement is normalized by the maximum value it can obtain in this situation, which
is log(Ns), where Nj is the number of sites.

tions instead of possible long-range ones.

In this situation, the fractal geometry and the regular one do not exhibit large dif-
ferences. The main difference lies in the region where we observe the maximum
entanglement, which exists for a larger range of interactions. This suggests that for the
fractal geometry, the threshold for reaching large entanglement increases.

In Fig. 4.11 we show the entanglement entropy between two particles considering
both long-range and contact interactions. We compare the fractal and the regular geome-
tries by considering different signs of the interactions. We used a long-range exponent
a = 1 as the behavior is the same, with small detail variations with different exponents
for the range of parameters examined. We used a third generation of a Sierpiniski gasket
and the equivalent regular lattice. The initial state is created by localizing both particles
on the same corner.

In Fig. 4.11(a), we show the entanglement between two distinguishable particles in
a fractal lattice as a function of time. We compare four different cases with different
signs, i.e., attractive or repulsive contact and long-range interactions. We have used
notably large interaction strengths, but neither in the infinite interacting limit, specifically
|U| = 2J and |V| = 3J. First of all, we observe that the cases with both interactions
being attractive or repulsive (U > 0,V > 0and U < 0, V < 0) have the same behavior,
being equivalent at any time. On the other hand, when both interactions have opposite
signs, there are two different behaviors. However, in general, the case of different signs
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Figure 4.11: Entanglement entropy between two distinguishable particles as a function of
time including long-range interaction. We use for the long-range interaction an exponent
a = 1 with strength V' and on-site interaction U. We compare the four cases by changing
the signs of the interaction strengths. We used U = £2J and V' = £3J. The long-range
interaction has exponent a = 1, but the results are equivalent for different exponents a. In
all cases, the initial position is prepared with both particles in the same corner site. Panel
(a) corresponds to the evolution of these particles in a G(3) Sierpiriski gasket. Panel (b)
corresponds to the same entanglement with the same interactions but in a regular lattice
with the same lengths as the G(3) Sierpiriski gasket.

reaches less entanglement than the case of equal signs.

As both particles are localized initially on the same site, the energy of the system
is tuned by the contact interaction strength U. At the same time, the energy associated
with the particles localized on nearest-neighbor sites is related to the long-range interac-
tion strength V. Thus, the energy difference between U and V' is needed to transition
from having both particles on the same site to the particles in the nearest neighbors.
This implies that in the cases where the contact and the long-range interactions have
different signs, the gap is much larger, avoiding the separation of the particles due to
energetic arguments. When both interactions have the same sign, the pair of particles
are allowed to spread. This difference can explain the differences in entropy production,
as when both particles remain correlated and move together in the same site, then, even
if they are correlated and entangled, the Hilbert space where they move is reduced,
creating less entropy. When both interactions have the same sign, the particles are still
correlated, but with more freedom, allowing them to explore larger Hilbert spaces and
reach more entropy.

It is worth mentioning that there are differences between the case of attractive contact
and repulsive long-range interactions and the case of repulsive contact and attractive
long-range interactions. In particular, the contact interaction strengths are U = 2J and
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U = —2J, where we also observed a difference between these two values in Fig. 4.9(a-b).
It is possible that for larger values, and maybe smaller values such as U = +.J, we obtain
the same behavior for both signs.

In Fig. 4.11(b), we show the entanglement for two distinguishable particles in a regular
triangular lattice as a function of time. In a similar way to the fractal, the cases with both
interactions having the same signs have the same behavior. In this case, as a difference
from the fractal case, the entanglement saturates for a finite time. On the other hand,
both cases with opposite signs behave equally, without the differences we observe in the
fractal. In addition, the entropy in this case also saturates to a smaller value than that
obtained with the interactions with the same sign, due to the extra localization effect
described previously.

4.5 Conclusions

In this Chapter, we have presented a study on the transport and localization properties
of a fractal lattice. We have focused on the Sierpinski gasket, but we also considered the
Sierpinski carpet, comparing the transport of a single particle through the system. We
have obtained a sub-diffusive transport for the gasket, compared with the super-diffusive
transport of the carpet or the ballistic regime of the regular triangular lattice. We also
studied the robustness of this transport by adding a random potential. Additionally,
we studied the interpolation between the fractal geometry and the standard one by
introducing extra connections with an interpolate tunneling ratio. We showed that
these extra connections can control the transport regime of the system, ranging from
sub-diffusive to ballistic. We also explored the localization induced by the geometry
and identified a memory effect. Finally, we have studied a system with two interacting
particles, computing correlations via the entanglement entropy, and how it depends on
the geometry and the interaction strength.






QUANTUM BATTERIES

One of the main challenges of our time is managing energy, from production to storage.
Indeed, our daily lives require a constant supply of energy, whether for lights, home
appliances, or transportation such as cars, trains, or planes. Therefore, one of the current
challenges is energy storage in batteries, such as those in electric cars. Classical batteries
have limitations in terms of charge speed and lifespan, and existing research aims to
overcome these issues.

In parallel, we are living in a quantum world, where quantum technologies have
increasing importance and presence in our lives each day. Quantum devices also need
their own power systems, so, we need batteries for these systems, see more detailed
perspective in Auffeves (2022). For these and other reasons, quantum batteries have
emerged, trying to overcome these problems. Basically, a quantum battery is a device
capable of storing and delivering energy using quantum physics mechanisms, as quan-
tum entanglement (Alicki and Fannes, 2013; Gyhm and Fischer, 2024; Rosa et al., 2020).

The field of quantum batteries is a huge discipline (Deffner and Campbell, 2019;
Myers et al., 2022) where the community explores topics such as energy manage-
ment (Allahverdyan et al., 2004; Andolina et al., 2019; Rofinagel et al., 2016), methods
and benefits compared with classical batteries in charge and discharge (Barra, 2019;
Binder et al., 2015; Campaioli et al., 2017; Crescente et al., 2020; Deffner, 2021; Kim et al.,
2022; Rossini et al., 2020; Song et al., 2024), how to maintain stability (Arjmandi et al.,
2023; Carrega et al., 2020; Santos et al., 2019; Yang et al., 2023) avoiding spontaneous
discharge due to the quantum recurrence theorem of Poincaré (Bocchieri and Loinger,
1957). In addition, quantum batteries show improvements in the scaling properties of
charge with the number of cells (Ferraro et al., 2018; Gyhm et al., 2022).

Nowadays, there are several proposals for quantum batteries such as using super-
conducting integrated circuits, demonstrated experimentally by Hu et al. (2022) and
Gemme et al. (2022). There are theoretical proposals for using micromasers as quantum
batteries (Rodriguez et al., 2023; Shaghaghi et al., 2022). Other experimental realizations
have been achieved using quantum dots (Maillette de Buy Wenniger et al., 2023), using
nuclear magnetic resonance (Joshi and Mahesh, 2022), or organic microcavities (Quach
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et al., 2022). Quantum batteries have been achieved at room temperature, first demon-
strated by Cruz et al. (2022) using a carboxylate-based metal complex. From the
theoretical point of view, several methods have been proposed to exploit a system to cre-
ate quantum batteries. These methods include collective dark-states (Quach and Munro,
2020), adiabatic evolution (Santos et al., 2019, 2020), Zeno protection (Gherardini et al.,
2020), transitionless driving (Moraes et al., 2021), disordered spin systems (Arjmandi
etal., 2023; Le et al., 2018; Rossini et al., 2019), a nonreciprocal approach (Ahmadi et al.,
2024), qubits into a waveguide (Monsel et al., 2020), systems with noise or imperfec-
tions (Ghosh and Sen, De; Zhao et al., 2021), or ultracold mixtures (Konar et al., 2022).

In this Chapter, we present a quantum battery based on a system of ultracold bosons
trapped in three adjacent lattice sites. We assume the system to be well described by a
three-well Bose-Hubbard Hamiltonian. We propose a setup with a ramping potential,
creating a system with different single-particle energies in each well. The setup is
experimentally feasible, see a two-well realization with fermions Murmann et al. (2015).
The goal of the charging process is to move the particles from the first site, which has
the lowest energy, to the third one, which is the most energetic. To induce this motion
and simultaneously maintain the stability of the system at the end of the protocol,
we use a Spatial Adiabatic Passage (SAP) (Bradly et al., 2012; Menchon-Enrich et al.,
2016; Rubio et al., 2016) based mechanism, where the tunneling ratios are different and
time-dependent.

The SAP protocol was first proposed by Eckert et al. (2004) and implemented with light
beams in coupled waveguides by Longhi (2006); Longhi et al. (2007) and later it was
achieved with optical tweezers, see an example in Florshaim et al. (2024). This protocol
uses a counter-intuitive coupling application order; i.e., it starts without coupling
between the populated state and the intermediate one, while coupling between the
target and the intermediate states, and ends with the opposite configuration. There
are many studies that use the SAP protocol, some examples can be found in Loiko
et al. (2014, 2011); Lunghi et al. (2018); Menchon-Enrich et al. (2012, 2013); Taie et al.
(2020) The SAP protocol is a derivation from the Stimulated Raman Adiabatic Passage
(STIRAP) used in the quantum optics community (Bergmann et al., 2019; Shore, 2017;
Vitanov et al., 2017). Unlike SAP, STIRAP uses internal transitions instead of spatial
movement of the particles. Even though the analytical treatment is similar in both cases,
the experimental implementations differ significantly in terms of the complexities and
parameters involved.

In this Chapter, we start by describing the SAP protocol for a single particle in Section 5.1.
Then, in Section 5.1.1, we explore the single-particle case analyzing how the protocol
works. In Section 5.2 we study systems with a few particles, introducing the interaction.
That section includes the main results of the Chapter. Specifically, in Section 5.2.1,
we explore the two-particle battery, including an extensive analysis, with numerical
simulations and analytical calculations. We extend the study to more than two particles
in Section 5.2.2 where we study the charging process using numerical methods and
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develop an effective theory. Finally, we conclude in Section 5.3, summarizing the main
results we have obtained.

5.1 SAP protocol

For a single particle inspired by the STIRAP, appears SAP, in which now the particle is
moving spatially instead on internal levels. The goal of the SAP protocol is to populate
an excited state by passing through an intermediate state without populating it. This is
useful when there does not exist a direct way to promote from the initial state to the
desired state, but both can be connected through the intermediate state. In addition,
if the intermediate state is unstable and has a fast decay rate, then one does not want
to populate it. In that situation, the SAP allows, with the appropriate parameters,
to overcome this problem. Even though in general this protocol is introduced for
single-particle systems, here we use the second quantization formalism. With that
formalism, we can add more particles and study the interaction effects.

We model our three-level system, with the Hamiltonian,

2
H = Z €M + Z (Qi,i—i-l(t)ezwl a TClz+1 + H.c. ) ) (5.1)
i=1

=1

where w; ; = €; — €;, with ¢; the energy of well 7, and the operators a; (aj ) are the creation
(annihilation) operators. The number operator is defined as 7; = da;. This Hamiltonian
describes a coupling between the first and second sites and also between the second

and the third. For convenience, we define

3
ﬁo = Z €M (5.2)

which represents the energy due to the population of the sites.

To compute time evolution, it is convenient to move to the interaction picture. In
this picture, the Hamiltonian is simplified and explicitly written as

A = Qus(t) (afas + b ) + (1) (afas + b ) (53)

Now, the Hamiltonian resembles a Bose Hubbard model without interaction, where
€2;; is the transition ratio between the states ij. Note that this Hamiltonian includes
transitions from state 1 to 2 and from 2 to 3 but does not include a direct coupling
between 1 and 3. In the single-particle case, this Hamiltonian can be written as a 3 x 3
matrix, and its analytical instantaneous eigenvalues are,

Eo=0 (5.4)
) = £/ Q% () + Q1) = £A(1). (5.5)
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with corresponding eigenvectors

[Wo(t)) = (—Q3(t), 0, Qa(t)) /A() (5.6)
W (2) = (Qa(t), £A, Qa3(t)) /V2A(E). (5.7)

The | W) solution is known as a dark state. This state can be used for our goal, by setting
the parameters (2 as time-dependent and following the conditions at the beginning of the
protocol Q45(t = 0) = 0 and Qy3(t = 0) # 0, and at the end of the protocol, 2(t = 7) # 0
and QQg(?f = T) =0.

One possibility to fulfill these conditions is by taking a simple linear dependence,
as follows,

t
Qua(t) = Q- (5.8)
) =2 (1- 1) 59)
where the time goes fromt¢ =0tot = 7.

Of course, any other functions that fulfill the conditions at the beginning and the
end of the evolution should also work. In the Section 5.1.1, we explore the effects
of different functional forms, but in the rest of the analysis we focus on the linear
time-dependent functions Eq. (5.8) and Eq. (5.9).

With the explicit time-dependent Hamiltonian, we can solve numerically the time-
dependent Schrédinger equation
d|v
zhﬁ = H(t)|V), (5.10)
dt
where we can introduce s = t/7, with 0 < s < 1. With a couple of transformations, we
can write the time-dependent Schrodinger equation as
dv) T
— = —H(s)|¥V). 11
i = ZH(s)) 511)
Noting that H is proportional to €2, see Eq. (5.3), Eq. (5.8) and Eq. (5.9), our dynamics
depend on the product of 7€2/h. For this reason, we cannot separate the coupling
strength and the duration of the protocol in the time evolution effects. The same effect
happens with the interaction strength, introduced in the next section.

5.1.1 Charging the system

To compute the amount of energy gained with the protocol, we define a charge as

C = (U|Hy| D), (5.12)
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Figure 5.1: Charge of a single particle using a SAP protocol Panel (a) corresponds to the
charge of a single-particle system using the SAP protocol as a function of the coupling Q7 /A
for different time-dependent functions. Panel (b) is a graphical representation of the time
dependence of the coupling for each configuration. The 215 are those that start at 0 and
end at 1, and (223 vice versa. Some of the (215 are equal, such as green (dark and light) and
blue (dark and light).

where Hj is the internal energy levels Hamiltonian of Eq. (5.2). To have some universality
criteria, we can define the maximum charge C,.x and normalize the charge as C'/Ciax.
The maximum value of the charge is given by C,,,.x = Nes where N is the number of
particles in the system, in the general case.

The case of a single particle with this protocol in the context of a quantum battery
has already been explored by Santos et al. (2019). Nevertheless, the protocol can be
used as a stable quantum battery with an analytical result. For the protocol to be
successful, adiabatic evolution is required. The adiabaticity of the process depends on
the parameters used, such as the total time employed and the coupling strength. They
show that the protocol is adiabatic for large values of the product of coupling strength
and total time.

To understand the performance of the protocol in the single-particle case, we present in
Fig. 5.1 the normalized charge as a function of the coupling for one particle under the
SAP protocol. We compare the results for several time-dependent couplings indicated
in the legend. For simplicity, we neglect the normalization of the time with 7, where ¢ is
implemented as t/7. Also, we do not show explicitly the frequency of the sinusoidal
functions, which to fulfill the boundary conditions is 7 /2, running the sine from 0 to 1
when the time varies from 0 to 7. The explicit contribution of the coupling strength €2
is not shown, but for all of them, the coupling strength is the same for both couplings.
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The functions used are

t {le(t) = s SiH(t) {Qm(t) = fsin (gS)
923(t) = Q(l — S) ’ Qgg(t) =0 (]_ — sin (%S)) ’
ng(t) = ()sin (gS) 2 ng(t) = QSiH2 (gS)
cos(t) {Qgg(t) = Qcos (35) sin”(7) {923(t) = Qcos® (Zs) '
12 {912(75) = Qs (1—1)? {Q1z(t) = Qs?
Qgg(t) =0 (1 — 82) ’ Qgg(t) =0 (1 — 8)2 ’

where s = /7.

For all the functions we used in the protocol, we can appreciate that for small val-
ues of the coupling 7Q2/h, the system almost does not charge. On the other hand, for
larger values, the system reaches the maximum charge.

For small values of the coupling, i.e. 7Q/h < 107!, there are two possibilities, ei-
ther a small coupling Q2 < h/7 or a short time evolution 7 < 1/€Q. In the first case, we
can explain that the system remains in the initial configuration because of the probability
of having a transition from the first to the second state (and also from second to third) is
small enough and cannot occur within the finite time evolution. In the second case, if
T < 1, the system remains in the initial state because the short time does not allow the
system to evolve sufficiently, even if the coupling has a finite strength.

When the effective coupling becomes 7(2/h > 10, then the system reaches the maximum
charge configuration, indicating that the particle has transitioned from the initial state
to the third one.

The behavior for the limits of the coupling is shared by all the time-dependent functions,
but not necessarily the intermediate regions or the minimum coupling where the system
reaches the maximum charge. Almost all the functions have similar charging effects.
The most different used in that example is the corresponding to ;5 = Q(¢/7)? and
Qa3 = (1 —t/7)?, as shown in light blue. These functions need a value of €2 almost one
order of magnitude higher to reach the maximum charge compared with the other ones.

In general, the function used does not affect the dynamics significantly, or at least,
does not change substantially the state obtained at the end of the protocol. For this
reason, from now on, all the calculations use linear functions. This choice is made for
simplicity more than for any other reason.

5.2 Few interacting particles

Now, we turn our attention to a system populated with more particles. In that sense,
it opens the door to the study of the effect of inter-particle interaction (Benseny et al.,
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2016; Reshodko et al., 2017). Here, we study a contact interaction, occurring when a pair
of particles populate the same internal state. Globally, this system can be viewed as a
Bose-Hubbard model with three sites, with time-dependent hopping between the sites,
and also a ramping on the energy levels. To obtain the Hamiltonian of the system, we
take the Hamiltonian described in Eq. (5.1), we include the interaction term, and write
explicitly the time-dependence of the couplings 2;;. For convenience, we work in the
Interaction picture, where the Hamiltonian that governs the time evolution reads

3
Ht) =0 ((t/T)aIdg +(1—t/7)abas + H.c.) + % Shi(i-1).  (5.13)

The non-interacting case does not add new physics, due to the rest of the Hamiltonian
being a one-body operator. Therefore, the system can be factorized for each particle and
the time evolution is just the single-particle evolution.

First of all, we start analyzing the case N = 2, where the interaction starts to play
a role. We explore the effects of the interaction on the charging, and we can explain
certain limits analytically. Then, we continue exploring the case with more than two
particles, studying up to six. We follow a similar study methodology. However, for
larger systems, the states and the spectra become more complex and it is not possible to
obtain an exact analytical solution. For this reason, we work with an effective model
inspired by the two-particle solution and supported by the results obtained.

5.2.1 Two particle charging

Here we analyze the charge of a two-particle system. In Fig. 5.2 we show the charge at
the end of the protocol (¢ = 7) obtained by computing the time-evolution for a system of
two particles. We show the normalized charge as a function of the coupling and the
interaction. We find that the sign of the interaction does not affect the charge at the end
of the protocol; only the absolute value of the interaction strength |U| matters.

We can appreciate three different regions depending on the ratio between the in-
teraction and the coupling. The first region we identified is where the interaction is
much stronger than the coupling (|U| > (), in the bottom right of Fig. 5.2 the system
remains discharged at the end of the protocol. The second region corresponds to the
inverse case, where the coupling is much larger than the interaction(§2 > |U|), where
there are some oscillations on the charge as a function of |U|. Finally, the third region
is where both terms (coupling and interaction) are comparable, leading to complex
charging.

The two first regions, corresponding to both limits, can be analyzed. The case with
|U| > Q is well understood by taking into account energy arguments. As the initial
state corresponds to both particles on the same site, then the energy of the system is U.
At the same time, the coupling is a single-particle operator and can only connect the
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Figure 5.2: Normalized charge at the end of the protocol as a function of the coupling and
the interaction at the end of the protocol for the two-particle case. The results are obtained
from time-evolution numerical calculations with energy ratios of e; = 0 and e3/e2 = 1.95.
There are two lines to indicate the behavior of the system in certain regimes.

initial state with a Fock state with one particle at the first site and another at the second.
This Fock state is characterized by a state without interaction, and so, the energy of the
state is ~ 0. Therefore, the probability of having a transition between two states with a
gap ~ U with a coupling 2 < |U]| is almost zero. In conclusion, the state remains in the
initial state isolated, without the possibility of evolving.

The second limit case, where © >> |U| is much richer in physics than the previ-
ous one. In that limit, we observe an oscillatory behavior of the charge as a function
of the interaction |U| that does not depend on the coupling 2. These oscillations are
periodic and their frequency does not depend on the value of the energy of each site. An
important point is that these oscillations reach the maximum charge in each period, so,
it indicates that one can fully charge the battery for discrete values of the interaction. It
can be useful in systems where the interaction exists and can be modulated but without
the possibility of eliminating it. In these systems, we show that is possible to charge due
to the interaction effect. The minimum of the oscillations depends on the energies of the
sites, even if we do not show this in Fig. 5.2. That dependency only takes into account
the ratios of the different energies instead of the absolute values.

Of course, there exists another region, the intermediate one, where the coupling
and the interaction are of the same order |U| ~ Q. In that scenario, the system can
reach a maximum charge, but as one can expect, the value of the charge depends on
both parameters. One zone in that regime with a maximum charge seems to follow
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Figure 5.3: Instantaneous energy spectrum as a function of time for the two-particle case.

Panel (a) shows all the states, normalized by the coupling €2, whereas panel (b) shows the

central manifold normalized by the interaction strength |U|. The energies are computed

with attractive interaction, but normalized by the absolute value of it.

a function of the interaction and the coupling. Also, there is a parallel zone without
maximum charge, but higher than the surrounding region. We found that these zones
follow a function Q o /|U|. However, we do not have a clear explanation for why this
is happening, and it requires a much more complex analysis. For this reason, we focus
only on the large coupling (or weak interaction) limit, which we are able to explain with
a simple effect using an analytical model.

5.2.1.1 Analytical model

In order to understand the physics beyond the oscillations of the charge due to the
interaction in the two-particle case, we computed the energy spectrum as a function
of time and analyzed it. In Fig. 5.3 we show the instantaneous energy spectrum as a
function of time corresponding to our protocol. In panel (a) we show the whole energy
spectrum, where there are the six states of the Hilbert space, corresponding to two
bosons in three lattice sites. We have two states with energies £ ~ 32, two more with
E ~ £, and the last two with £ ~ 0. In general, these energies are affected by the time
t/7 and the value of the interaction strength U. To be more precise, both states with
E ~ 0 in the (2 scale have energy E ~ U in the fine structure.

The initial state, with both particles in the first well, corresponds to an eigenstate
of the initial Hamiltonian with energy ' = U. At the same time, the target state, both
particles in the third well, is also an eigenstate of the final Hamiltonian with energy
E = U. As the initial state belongs to the central manifold, we can assume that the
system evolves in that manifold in the first approximation. For this reason, we turn our
attention to this manifold, shown in Fig. 5.3(b), where we show a zoom on that region,
and the energy is scaled by the interaction strength. We can observe a state, we refer to
it as |®() from now on, with constant energy E\, and the state is also time-independent
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if one computes it. There is another state, we refer to it as |®;(¢)) from now on, with
energy time-dependent £ (t).

The initial state, | V(¢ = 0)), can be expressed as a superposition of |®) and |®;(t = 0))

as
W (t=0)) = \/g|¢o>+\/g|@1(t=0)>. (5.14)

Now, if we let the system evolve, and we suppose an adiabatic evolution because it fulfills
the parallel transport condition (®;| %(I)i) = 0, and as a consequence, each instantaneous
eigenstate evolves with its own phase independently. We can express the state at any
time as

[ i 2 _itE

[w(1)) = \/;e Jo Bt/ @) \/ge o Bttt @, (1)) (5.15)

where we can rearrange multiplying by an arbitrary phase in order to obtain the state as
1 2 [H(E1—Eo)dt/h

[T(t)) =/ 31%0) + /e |[@1(2)) - (5.16)

Now, we have the state as a function of time, but as our protocol has a final, we can
compute the state at the end of the protocol, being

L R e ) 5.17)

where the integral can be solved analytically, obtaining

/T(El(t) — Ep)dt/h = Sr=4) Ur. (5.18)

8 h
This means that the relative phase induced by the time evolution is proportional to the
interaction and the time of the protocol. With these results, one can compute the charge
at ¢t = 7, obtaining

B 4(2e3 — €1 —€3) . o (3(m—4)TU
C = Chax [1 9%, sin 16 W , (5.19)

where we obtain also a periodical oscillation on the charge as a function of the interac-
tion 7|U|, with a constant frequency, oscillating between full charge and a value that
depends on the ratios of the energies ¢;, as we have seen in the numerical time-evolution
calculations. For this reason, in Fig. 5.4 we have compared the results obtained with
the analytical model with the results obtained with the numerical time evolution. We
compared the results obtained with a fixed value of the coupling and varying the
interaction strength. Here, we show the behavior of the charge for different values of the
coupling. The regime of validity of our approximation, 2/|U| > 1 belongs to a different
region for each line plotted. The weak coupling 7§2 = 100 fulfills the condition of small
interaction up to 7|U| ~ 10A, and so, the first part of the plot. We can observe that when
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Figure 5.4: Charge as a function of the interaction at the end of the protocol for the
two-particle case. We compare the results obtained with the analytical calculations in the
limit of |U|/€? <« 1 with the numerical time evolutions for different coupling values.

the condition is fulfilled, the approximation reproduces the numerical simulation with
high accuracy. Of course, out of the regime, the behavior of the charge as a function
of the interaction is not still a constant oscillation and does not reach the maximum charge.

So, we can conclude that our analytical model works perfectly when the coupling
is much larger than the interaction strength. This is because the system is isolated into a
two-level manifold and each level evolves adiabatically.

5.2.1.2 Site occupations

To gain a deeper understanding of the dynamic effects we deal with, we can examine
how the wells are populated as a function of time, and also check if the system is coherent.

We define a coherent system if the wavefunction can be expressed as a single-particle
function powered N times, where N is the number of particles. It is trivial to see that a
non-interacting system is coherent if the initial state is, as in our case. But when we add
interactions, this is no longer necessarily true.

One property of a coherent state is that the one body density matrix (OBDM) has
only one non-zero eigenvalue. The eigenvalues of the density matrix are called occupa-
tions. The elements of the OBDM (p;;) are defined as

pij = (Ulala;| ), (5.20)

where a! (;) are the creation (annihilation) operators of the site i and |¥) is the state.
As we are dealing with a three-site system, the OBDM has three eigenvalues. The
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Figure 5.5: Site occupations and OBDM eigenvalues as a function of time for the two-
particle case. The occupations of the three sites are represented with dashed lines. The
OBDM eigenvalues are represented as solid lines. Note that there are three different
eigenvalues, but two of them are degenerate and also have the same value as the occupation
in the second site. Each panel corresponds to a different value of the interaction strength.
The time-evolution calculations are done using Q7 /i = 1000.

diagonal elements of the OBDM give the population of each site. Defined as Eq. (5.20)
the OBDM is normalized to the number of particles V. In our case, we use a normalized
density matrix, dividing by the number of particles. This is useful when we deal with
different numbers of particles to compare one density matrix with the others. In Fig. 5.5
we show the occupations as a function of time for the two-particle case for different
interaction values. All the instances correspond to a much larger coupling ensuring
to be in the weak interacting regime U/} < 1. The occupations are plotted as solid
blue lines, where for ¢t = 0 we obtain one occupation with a value of 1 and the other
two at 0, meaning that the initial state is coherent. For the non-interacting case, the
coherence is maintained, as we expected. But for an interacting system, the coherence is
lost for intermediate times of the protocol. We can recover a coherent state if the system
reaches the maximum charge, as in panel (e) for 7U/h = 20, where we are near this
situation. The other two occupations are almost degenerated for any interaction and time.

At the same time, we are showing the population of each site with dashed lines.
The populations are normalized as the occupations. The non-interacting case, panel
(a), has the single-particle effect of not populating the middle site, with a transfer of
the particles from the first site to the third one. For finite interactions, the population
of the second site starts to populate with almost the same value of the degenerated
occupations, for any time and interaction. When the system reaches a maximum charge,
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Figure 5.6: Charge as a function of the coupling and the interaction at the end of the
protocol for three to six particles. The results are obtained from time-evolution numerical
calculations with energy ratios of ¢; = 0 and €3/e = 1.95.

the population of the second site vanishes at the end of the protocol.

A common effect that occurs independently of the interaction strength is that the
population of the first and the second sites becomes equal at the end of the protocol.
This can be understood as these two sites being coupled with enough strength (or time)
to transition from one site to another. For that, the average populations in both of them
must be equal when the third well is decoupled.

5.2.2 N > 2 particles

After understanding the two-particle system, we turn our attention to systems with
more particles. First, we examine the N = 3, just adding one particle to our previous
case. Now, we can compute the charge at the end of the protocol as a function of the
interaction and the coupling, as we did before. In Fig. 5.6 we show the numerical
calculations and we appreciate some similarities and differences with respect the N = 2
case. The first thing we observe is the same regions depending on the ratio between
the coupling and the interaction. On the larger interaction region, the system remains
discharged for the same reason as N = 2. Where both parameters are comparable,
we obtain a complicated pattern, and we do not study that situation in detail. Then,
with the weak interaction regime, we obtain that the system can reach the maximum
charge for several values of the interaction, contrary to the N = 2 system, the oscillations
saturate to the maximum value. There are still oscillations with a constant frequency
(different from the N = 2) but with the amplitude modulated.
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Figure 5.7: Instantaneous energy spectrum of the central manifold and population of
the states as a color map, as a function of time for three to six particles. The dash-
dotted lines correspond to lines fitted to the Landau-Zener energies. The time-dependent
state populations are obtained from a numerical time evolution using 7U/h = —20 and
7€ /h = 1000.

When we add another particle to the system, we obtain slightly different results.
Of course, the regions remain with the same behavior, but for N = 4 in the weak
interaction regime we obtain a pattern similar to the N = 2. We observe oscillations
with constant frequency and amplitude, but these values differ from both numbers of
particle systems.

From analyzing the N = 5 and N = 6 cases, we observe a difference between an
odd number of particles and an even one. The systems with an odd /N have a damped
amplitude. On the other hand, the systems with an even N have a constant amplitude,
or else the decrease is very slow.

5.2.2.1 Two level model

Now, we explain the physics in the case of a general number of particles using the
information we obtained from the charge diagrams of the N = 3 to NV = 6. Similar to
the N = 2 we use the information of the energy spectrum to derive the dynamics of
the system. In Fig. 5.7 we show the energy spectrum manifold as a function of time
corresponding to N = 3 to N = 6. This manifold corresponds to the states with £/ ~ 0,
similar to the analysis of the two-particle case.
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The number of states in this manifold depends on the number of particles as | N/2 + 1],
where the floor function is defined as |z | = max{m € Z|m < z}. The number of states
in this manifold can be obtained as follows. For simplicity, we use the non-interacting
case, but the states when it is considered are different, but they are just a superposition
of the states we obtain now. In the non-interacting regime, the system is coherent, and
s0, its wavefunction can be expressed as a product of a single-particle wavefunctions.
As we described in Eq. (5.4) and Eq. (5.1), the single-particle energies can be 0 and +2.
So, the states with energy E = 0 can be created with pairs of particles on the |V, ) states
and the rest on the |U;). So, the number of pairs you can create is [ V/2] and we need
to add the case with all the particles on the zero-energy state, in total | N/2 + 1], as we
observed. When we include the interaction, if it is small, we can treat it as a perturbation,
that breaks the degeneracy, but only mixes these states without including any of the
others with energy |E/Q| > 0.

These energy spectra present some differences with respect to the NV = 2 case. First of all,
there is no degeneracy at the beginning and at the final of the protocol. Moreover, the
states do not have any direct crossing anywhere. It is important to remark that our initial
state, all the particles in the first site, corresponds to the ground state of this manifold at
t = 0. Also, the target state, all the particles in the third site, is again the ground state at
the end of the protocol time, ¢t = 7. But we can identify avoided crossings, where the
most remarkable are between the ground state |®(¢)) and the first excited |®4(¢)). Here
we identify a difference if the number of particles is even or odd. For an even N, the
minimum gap is of the order of ~ 0.2U, whereas for an odd NN, the minimum gap is of
the order of ~ U.

In addition, in Fig. 5.7 we plot using color the population of each instantaneous
eigenstate as a function of time, for a numerical simulation using Q27 = 1000~ and
Ut = —20h. With this time evolution, we can extract some conclusions. For example,
for N = 3 the system evolves almost adiabatically through the ground state, obtain-
ing almost the maximum charge. The first excited state is populated with a small
probability. The N = 4 case is quite different. We find that the first excited state is
largely populated in the intermediate times, but then it recombines and most of the
population ends in the ground state. However, the system does not reach the maximum
charge in that case, as the first excitation remains with a non-zero population. be
close anyway. The system with N = 5 also populates the first excited, but in that
case, the final state does not reach a state close to the maximum charge because the
tirst excited at the end has almost the same population as the ground state, the one
with the maximum charge. Finally, for N = 6, in the intermediate times, the first
excited state becomes more populated than the ground state, but then it recombines
and in the end, the system is in the ground state, so, it is charged completely. As a
difference from the other cases, here the second excited state becomes slightly populated.

These findings encourage us to develop a simple model, where we consider that
the physics of the system occurs only between the ground state and the first excitation.
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As we described it is accurate for NV < 6, and the case NV = 6 is also pretty accurate for
this assumption. In addition, note that the population remains more or less constant
away from the minimum gaps. With that, we propose in our model that the evolution
through each state is adiabatic and there are transitions only in the minimum gap
times. We modeled these transitions as instantaneous in the corresponding time with
probability given by the transition probability P.

Summarizing, we start at the ground state of the manifold,
[W(t=0)) =[Pt =0)), (5.21)

it evolves adiabatically until the first avoided crossing, ideally until it reaches the
minimum gap time, being ¢ = 7, approximately at t = 0.37. The state acquires a global
phase and we can neglect it,

[U(t=10)) = |Po(t =T0)) - (5.22)

Now, with a probability P the state transitions to |®;), and with 1 — P it remains in the
same state. The state just after the transition is

WU(t=1)) = V1— P&yt = 79)) +iVP|®(t = 70)), (5.23)

where the relative phase i in principle could be an arbitrary phase, but we need to have
it at the end to ensure the normalization of the state. Now, we assume that each state
evolves adiabatically with its own phase, and so, the state can be expressed as

10 (£)) = VI — Pe ro Pot/M @ () + iv/Pe Jo P10 (1)) (5.24)

It evolves until the second gap minimum at time ¢t = 7, approximately at ¢t = 0.77.
Then, there is another transition, where each state has exactly the same probability P to
transition to the other. At that step, we multiplied the wavefunction by a global phase in
order to simplify the relative phase,

Ut = 17)) =VT = P|@o(ry)) +iv/Pe o 1B, (7,) (5.25)
W(t=m7")=vV1-P <\/1 — P|®o(1)) + i\/]_3]<1>1(71)>)
4 iy/Pe o (B Foydt/h (i\/ﬁ@o(n» +VI- P|c1>1(ﬁ)>) . (5.26)

where |U (¢ = 7)) is the wavefunction just before the transition occurs and |¥ (¢t = 7;")
is the wavefunction just after the transition. We can rearrange the equation

W(t = 7)) = |(1 = P) = Pe M gy 7))
+iy/P(1— P) [1 +eoth <E1*E0>dt/ﬁ] 11 (11)) (5.27)

where we show explicitly the population of the ground state and the first excitation.
Note that the relative phase acquired from the other transition up to here caused an
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interference affecting the populations of each state. At this point, we suppose that the
system evolves adiabatically until the end of the protocol. Each term evolve with its
phase, but it does not change the population, reaching at the end of the protocol

Ut = 7)) = [(1= P) = Pe BB (ot Bt )

+iy/P(L= P) [14 e A imtin) S iy, () (5.08)

At this point, we want to compute the charge of the system, that corresponds to an
operator that only takes into account the population of each component, so, the relative
phase created in the latter evolution does not play any role. We can define the relative
phase as ¢ = f;l (Ey — Ey)dt/h, and so, the charge is

C (W) H|¥(r)
C(max <<I)O(T)‘HO‘(D0(T>> ’

writing explicitly the wavefunction at the end of the protocol corresponding to Eq. (5.28),

(5.29)

c _ (1= P) — Pe™®] [(1 — P) — Pe] (Qo(7)|Ho|Po(T))
Chnax (Po(T )\Ho\fbo( )
(P(1—P)) [14 e ] [1+ ] (®4(7)|Ho|P1(7))
! (@0 (7) | Hol0 (1)) ' 530
Now simplifying the bra-kets, we obtain
CC =(1=P)*+ P> — (P(1—P)) (e +e7)
+(P(1—=P))(2+e?+e ) (1—¢), (5.31)

where we apply some basic algebra,

C

5 =(1 - P)*+ P? —2P(1 — P)cos(¢) +2(1 —c)P(1 — P)(1 +cos(¢))  (5.32)

=1 —-2P(1 — P)—2P(1 — P)cos(¢)
+2P(1 — P)+2P(1 — P) cos(¢) — 2¢P(1 — P)(1 + cos(¢)), (5.33)

and finally, we simplify the equation to

C

o =1-4cP(1-P) sin?(¢/2) (5.34)

where we defined

(1 (7) [ Ho|®1(7))

5.35
(@o(r) Holo(7) o)
for convenience. With that result, we obtained periodic oscillations governed by the
integrated energy separation between the ground state and the first exited between the

c=1-
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minimum gaps. Also, the amplitude of these oscillations is given by the transition prob-
ability P. In order to model these probabilities, we used the Landau-Zener transition
probability, by fitting the energy spectrum to obtain the parameters.

The Landau-Zener transition describes a two-level system, where both states have
a lineal time-dependent energy and an off-diagonal Hamiltonian term that induces an
avoided crossing in the system. The Hamiltonian of that system reads

H= (O‘lt a ) , (5.36)

a oot

where «; are the slopes of each state away from the crossing and the off-diagonal element
a induces the avoided crossing creating a minimum gap of 2a between both states. The
Landau-Zener formula says that the probability of having a transition between the states

is given by

P = ¢ 2Tl | (5.37)

where oo = a; — . In our case, we want to obtain the parameters a and «; for each
system we deal with. Even though the value of a can be directly extracted from the
energy spectrum by taking half of the minimum gap, we use a fit function to determine
it, and the half-gap minimum is a crosscheck.

As the energies in our energy spectrum of Fig. 5.7 are not like the ideal case of a
Landau-Zener approximation and does not have a lineal slope away from the crossing,
we cannot take the slopes «; with a linear fit. Instead of that, we fitted the energies
around the minima with the energies of the eigenstates of Eq. (5.36), being

By = % ((al + )t £ /A + (o — a2)2t2> . (5.38)

We use these energies to fit the three parameters, a, a1, and « for both energies in each
crossing. We plotted with dash-dotted lines in Fig. 5.7 the fitted function. We observe
that in general, these fits follow the energies, and so, it aims us to use the parameters of
the fit to compute the transition probability P.

In Fig. 5.8 we plot the charge as a function of the interaction obtained in the regime of
weak interactions (|U|/§? < 1), comparing the results obtained with the numerical time
evolution and the results predicted by the two-level model developed. Note the different
interaction regimes used in the odd NV and for even N. Both results are in qualitative
agreement, obtaining almost the same frequency, and also a similar modulation on the
amplitude of the oscillations, with better results on the four-particle system.

To obtain the dependence of the model with the interaction it is worth developing a bit
the dependence of the phase and the parameters of the Landau-Zener approximation
and its dependence on U. First, the phase ¢ is an integral between two states, whose
spectrum is invariant when it is represented as in Fig. 5.7, so, the energy scales as £//U
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Figure 5.8: Charge as a function of the interaction at the end of the protocol for three to
six particles. The numeric values are obtained in the limit of |U|/Q2 < 1.

and the time as ¢/7. Immediately, we can compute the dimensionless phase ¢’ on these
units, and so, the phase of the system is ¢ = ¢'Ur/h.

The second part corresponds to the transition probability, where we have the pa-
rameters a and |a|. The first parameter, a, scales with the interaction U, and the slopes
«;, and so, |« scales as U/7. With that, we can write the probability as

(CL/)QUQ
P= ol
eXp( "hla' U/

=exp (—2% (|C;:/)|2 %) , (5.39)

where ¢’ and o’ are the dimensionless parameters.

One possibility of the discrepancy could be that the Landau-Zener approximation
is not exact in our system, as it does not fulfill all the conditions. Also, the assumption
that the transition is instantaneous can be a source of the error. Of course, assuming
that physics takes place only on these two states is also an approximation, and for more
precise details could be necessary to include the second (and the rest) excitation of these
manifolds.

5.2.2.2 Occupations

Here we show a similar study of the occupations and populations as in Section 5.2.1.2
but for the systems with more than two particles. In Fig. 5.9 we show the occupations
and the populations of each site for N = 3 to N = 6. We obtain similar effects as in the
two-particle case, where the coherence is lost for a finite interaction, and recovering
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Figure 5.9: Site occupations and the OBDM eigenvalues as a function of time for three
to six particles. The occupations of the three sites are represented with dashed lines.
The OBDM eigenvalues are represented as solid lines. Note that there are three different
eigenvalues, but two of them are degenerate and also have the same value as the occupation
in the second site. The time evolution is computed using 27 /h = 1000 and U /h = 20, for
any number of particles.

it if the system becomes maximum charged. Also, the other two occupations are still
quasi-degenerated and with almost the same value as the population of the second site.

We can appreciate that for systems that reach the maximum charge, the occupations
and populations are almost symmetrical with respect to the time ¢ = 7/2, not being the
case for non-full charged systems.

5.3 Conclusions

In this Chapter, we have presented a proposal for a quantum battery device. It is based
on the Spatial Adiabatic Passage (SAP) protocol, where we have included interaction
between the particles. We have explored and explained the charge as a function of
the interaction strength, showing that it is possible to charge the system even with the
presence of the interaction. We also demonstrate that the charging with interaction is
no longer adiabatic, where we have excitations on the system. We have used a simple
model, assuming that all the dynamics takes place on a two-level system, where we
obtained analytical results for two particles, or we have used information from the
energy spectrum for larger systems. These models are useful to understand what
happens in the time evolution of the state. In addition, comparing the results predicted
with those computed numerically agree indicates that our model is accurate even with
the approximations we did.



SUMMARY AND CONCLUSIONS

In this Thesis, we explored several few-particle systems in which interaction plays a
significant role. We examined setups ranging from the continuous harmonic oscillator
potential to finite-sized lattice structures. For the systems we examined, no analytical
solution exists; therefore, we employed numerical calculations. We specifically chose the
exact diagonalization method, enabling us to compute both the low-energy spectrum
and the quantum states. We computed other quantities using these states, such as
densities or correlations.

Our main goal was to study how interactions affect quantum systems, examining
setups ranging from an impurity system to a quantum battery model. In these cases,
interaction plays a key role in modifying the ground-state structure and influencing
time evolution. Additionally, we examined the effects of system geometry by comparing
the physics of regular two-dimensional lattices with those of fractal lattice structures.

We focused on analyzing the ground-state energy as a function of interaction strength
and examining also the ground state density. We also used the low-energy spectrum to
enhance our understanding of the system where necessary. In addition, we employed
other observables to gain insight into the systems, for example by computing pair
correlations, one body density matrix, and mean square displacement.

In Chapter 2, we began by explaining the basic quantum mechanics concepts used
throughout this Thesis, such as the second quantization formalism. We also presented
the Hamiltonians applied in subsequent Chapters: the harmonic oscillator potential with
contact interaction and the Bose-Hubbard model. In addition, we addressed a limitation
of the exact diagonalization technique when applied to an infinite single-particle basis
system, such as the harmonic oscillator.

We explained that for these systems, one must to truncate the basis, resulting in
calculation errors. We introduced a method to correct the calculation of the harmonic
oscillator potential, leveraging the analytical solution of the two-particle system. This
method offers high accuracy for systems with more than two particles, as demonstrated,
and requires only information from the known two-particle solution. Thus, there is no
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need for information about the specific system under analysis, such as the energy in the
infinite interacting limit, to apply this correction.

Even though we presented only a solution for the harmonic trap, we believe it is
possible to extrapolate to different potentials following the same described procedure.
In such cases, the correction term would depend on the specific system being studied.
Certainly, the process could become more complex if the potential does not allow sepa-
ration of the center-of-mass and relative coordinates. However, we believe it remains
feasible to obtain, at least, a numerical value for the correction term.

In Chapter 3, we focused on the study of few-particle systems in a harmonic os-
cillator potential. As in ultracold atom experiments, we used contact interaction,
modeled by a delta function. This interaction was chosen because it is experimen-
tally feasible to reproduce, as is the trap potential. In this Chapter, we explored the
effect of the interaction on the systems of distinguishable particles, which can be cre-
ated by having a set of particles with high spin, each occupying a different spin projection.

Under these conditions, we began by presenting the SU(N) case, where all the par-
ticles interact with each other with the same strength. Although this case has been
extensively studied previously, we present it as an introduction, and to benchmark the
correction procedure introduced in the previous Chapter. In particular, a possible exten-
sion of the SU (V) system is to break the symmetry, allowing for different interactions
between each particle in the system, beginning with the studies of the rest of this Chapter.

The first step in breaking the symmetry was to study specific scenarios where we
turned off some of the interactions between certain pairs of particles. In this situation,
we obtained one non-trivial configuration with three particles and five non-trivial
configurations with four particles. Then, we explored the ground state in the infinite
interacting limit of four non-trivial configurations of the four-particle system, obtaining
the density and pair correlations. We described the structure of the systems, as well as
the correlations induced by the interactions, showing that it is possible to correlate a
pair of particles even though they do not interact with each other. We also obtained
a relation of the ground state energies when transitioning from one configuration to
another, establishing a connection between the correlation and the energy gap.

These studies could be extrapolated to more particles, where we expect more con-
tigurations, as well as some configurations that could be interpreted as generalizations
of those studied here. With more particles, it is possible to observe richer physics and
increased correlations in the system.

Then, we explored the other non-trivial cases, which correspond to an impurity in a
non-interacting bath. With the identification of the system, we can generalize and gener-
ate this configuration for a larger number of particles. To study the impurity problem,
we have computed the ground state energy of systems with up to eight particles, as
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well as the ground state density and low-energy spectrum. Through this analysis, we
approximated the system as a double-well potential, where the bath particles create
an effective barrier in the center of the trap. We cross-checked our findings using a
mean-field approach, which agrees with the double-well interpretation. We also found
two different phases in the system: a miscible phase when the impurity remains in the
center of the trap, and an immiscible phase that occurs when the interaction increases,
causing the impurity to move to the edges of the trap. However, the immiscible phase
cannot be described by a mean-field wavefunction because it exhibits large correlations.
In this limit, we proposed a new ansatz, with whom we obtained better results than the
previous proposals.

Our study of the impurity can be extended in several directions. For example, by
including interactions between the bath particles or by adding a second impurity to
the system. We described the system with two non-interacting bath particles and two
impurities when we examined the non-trivial configurations for four particles, but this
can be generalized to study the system in the intermediate interaction regime.

In Chapter 4, we studied the effects of geometry on the time-evolution observables,
in particular, the effects of a fractal lattice. We focused on the study of the Sierpiriski
gasket, but we also compared some results with the Sierpiniski carpet. We compared
the effects on the gasket with the effects on a regular triangular lattice, maintaining the
same length. As it is not possible to simulate an infinite system, we used finite fractal
generations.

We started by analyzing the diffusion of a single particle in the fractal, where we
obtained a sub-diffusive behavior, compared with the ballistic behavior on the regular
lattice. This is not the case for the carpet fractal, where the movement is super-diffusive,
also known as sub-ballistic. We found that the movement of a particle on the fractal
is largely determined by the connectivity of the lattice. However, using our definition
of the Sierpiniski gasket lattice, we obtained that the particle does not thermalize for
extremely long times.

More interestingly, we obtained a relation between the time evolution and the en-
ergy spectrum. Specifically, we relate the exponent of the diffusion to the exponent we
obtained from the integrated level spacing. This relation was obtained using scaling
arguments and also includes the fractal dimension. Unfortunately, this relation is not
universal because a general expression of the exponent of the integrated level spacing
cannot usually be found, as in the Sierpifiski carpet.

Once the sub-diffusive behavior of a particle in the Sierpiriski gasket was determined, we
studied in more detail other properties that can be related to the transport. In particular,
we have explored the effect of having an interpolated lattice between the fractal and
the regular geometry, obtaining a gradual transition in the transport behavior. We also
analyzed the effect of a random potential in the lattice sites, where we observed that the
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localization associated with the random potential plays a role only for strong random
potentials. This is because the localization induced by the fractal dominates over the
random one when the random potential strength is weak. We also observed that the
particle has a large probability of being found near the initial position, even for a long
time. Moreover, we found that for an initial system in a quantum superposition, the
fractal can retain information about the relative phase for a long time compared with
the regular lattice, where the information is lost when the system thermalizes.

A possibility to expand this study is by considering other fractal structures and checking
if the properties obtained here are universal or if they depend largely on the lattice
structure. Of course, the diffusion exponents could be different, but the relation between
the spatial distribution as a function of time and the energy spectrum could be universal
for these fractal systems.

We also expanded the study by adding a second particle and allowing interaction
between them. We considered contact interactions, as in a Bose-Hubbard model, and
also long-range interactions. We studied the effects of the interaction employing the
entanglement of the system, computing two different entropies: a bipartite, where we
measure the entanglement between two regions of space, and the entropy between the
particles. We found that the entanglement generated depends on the initial state. In
particular, if both particles start on the same site then a large contact interaction creates
an effective binding, avoiding the separation of the particles.

Moreover, systems with two or more particles can be extremely useful to examine, for
example, by studying how the entanglement is affected by the initial conditions. Also,
the effect of measurements on the destruction of entanglement can be studied, and
whether fractal systems are more robust against entanglement destruction than regular
systems.

In Chapter 5, we proposed a three-tilted-site system as a quantum battery by us-
ing the SAP protocol. In that protocol, we apply time-dependent coupling between the
sites, and with the appropriate functions and parameters, it transfers a single particle
from the first site to the third, maintaining the system stable. Our goal was to produce
the same protocol but with several interacting particles. This is the reason why we
explored the charge as a function of the parameters of the system, including the coupling
strength and the interaction strength.

For the two-particle case, we found that weak interactions prevent reaching the maximum
charge. However, we observed that for large coupling compared with the interaction, the
charge acquires an oscillatory behavior with the interaction strength. Thus, it is possible
to reach the maximum charge for some interaction values. We solved analytically the
system on the limit of strong coupling, obtaining this oscillatory behavior, with perfect
agreement with our numerical simulations. We found that the cause of the oscillation is
an interference of the wavefunction.
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For more particles, we observed similar behaviors, also with oscillations. For these
systems, it was not possible to obtain an analytical derivation. However, we proposed a
two-level model to explain the time evolution of the system. In this case, our model
includes two transitions modulated by Landau-Zener probabilities and also an inter-
ference of the relative phase of the wavefunction. This model is qualitatively useful
because it captures most of the physics that occurs in the system.

In contrast to the single-particle case, where the intermediate site is not populated at any
time, when we include interactions this intermediate site acquires some population in
intermediate times. We also realized that the protocol becomes diabatic since there are
transitions during the time evolution. The key thing is that we can obtain the maximum
charge by using the appropriate interaction strength.

A natural continuation of this project is to consider a longer array of sites with the
appropriate protocol. Furthermore, it could be feasible to study fermionic systems by
examining the non-interacting case and introducing an appropriate interaction.

In conclusion, we have studied several quantum systems with different geometries where
the interactions played an important role. We have considered two-body interactions,
obtaining a precise description of the systems under the effect of the interactions. We
derived a method to correct the effect of the truncation when working with the exact
diagonalization for the harmonic oscillator confinement. We have explored SU(N)
broken symmetry configurations, being novel systems, by analyzing some configurations
and how the ground state is configured. In addition, we explored a fractal system
encoded in a lattice, by describing a single-particle and two-particle effects. Finally, we
have proposed a system in the field of a quantum battery created with a three-well
system using the SAP protocol, where we studied the effect of the interaction. In all the
research done, we have obtained novel results that could be obtained experimentally in
the future.






ANALYTICAL ANSATZ CALCULATIONS

In the following, we examine ansatz Eq. (3.10) in more detail. First, we write explicitly
about how we determine the weight of each contribution. Then, we show the ansatz
for four and five particles, and finally, we present a table with the values of ¢; and o,
obtained up to N = 8.

In order to obtain the weights of each component of the ansatz, we start from the
simplest version, i.e., the superposition of Eq. (3.11) and Eq. (3.12). This reads

Uz, 2) =al(@ —aa) (@ — x4) — clog — zal|wp — 4] e @THEAFR)/2 (A.1)

where we use c as a relative weight between each two components. The energy is
obtained by integrating V(x;, x;) HV(z, z;) and normalizing the constant a. Therefore,
for Eq. (A.1) we obtain

 57me® + 102V/3c + 38mc + 57r
6 (m(c(3c+2) +3) +6v3c)

(A.2)

By minimizing for ¢, we obtain E ~ 3.06916 with ¢ = 1. The solution with ¢ = 1 is also
obtained numerically when we introduce the o parameters.

For a larger number of particles we also obtain that all the wavefunction compo-
nents have the same weight. In Tab. A.1 we show the variational constants o for values
of N = 3 to 8 that minimize the total energy corresponding to ansatz Eq. (3.10). We find
that o, is roughly independent of IV, whereas o; shows a stronger dependence on N.

To further illustrate the ansatz, we present the explicit expression for four and five
particles. The expression for three particles is in the main text in Eq. (3.13). For four
particles the ansatz reads

Wy, 0) = exp [—a7/20] — (2% + a5 + 23) /207] (w1 — za)|2r — ||z — 2c]
+(z;r — xp)|ler — zal|lzr — 20| + (27 — 20) |21 — 2 Al|l2T — TB]
+(zr —xa)(2r —2B)(z1 —20)],  (A3)
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N 3 4 5 6 7 8
or 0918427 0.853892 0.805508 0.767799 0.737288 (0.711888
o, 0946936 0.932079 0.927925 0.927379 0.928215 0.92959

Table A.1: Values of the parameters o that minimize the energy of ansatz Eq. (3.10). These
values are obtained numerically.

while for five particles it reads

Ws,0) = exp [—x7/207 — (2% — 2 — 2 — x3) [207]
lwr = zaller — wpller — zellzr — zpl + (@1 — 2a)(2r — 25) (21 — 2c)(2r — 2D)
+ (z7 —xa)(x; — xB)|2r — 2c||vr — 2D| + (2f — TA) (2] — 20) |2 — 2B||2T — D]
+ (z1 — xp)(xr — z¢)|xr — zal|lrr — xp| + (21 — xa) (21 — 2p)|x; — TB||TT — 20|

+ (7 —xp)(x; — xp)|lrr — wallzr — 20| + (21 — 20) (21 — 2p)|2r — 2Al|2T — 2B]] .

(A4)
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