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Loop (HTL) effective Lagrangian at next-to-leading order (NLO), and the full photon propagator at the
same order. This result can be easily extended to obtain the soft photon propagator in a quark gluon
plasma. We use the Keldysh representation of the real time formalism in the massless fermion limit, and
dimensional regularization (DR) to regulate any ultraviolet (UV), infrared (IR) or collinear divergences that
appear in the intermediate steps of the calculation. In the limit of soft photon momenta, our result is
finite. It not only provides an O(«) correction to the Debye mass, but also a new non-local structure.
A consistent regularization of radial and angular integrals is crucial to get this new structure. As an
application we calculate the plasmon dispersion relations at NLO.
© 2020 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Originally developed in order to understand the physics of relativistic plasmas, Thermal Field Theory is now a mature field [1-3]. At
weak coupling, for instance in QED or in QCD at high temperature (T 3> Aqcp), a number of different scales related to different physical
situations arise [4], such as the screening mass (~ eT in QED and ~ gT in QCD), also called the soft scale, and the magnetic mass (~ g*T
in QCD and missing in QED), also known as the ultrasoft scale. If the coupling constant is small enough these scales are well separated,
and effective field theory (EFT) techniques are useful in order to disentangle the physics at each scale.

In the case of static properties (thermodynamic quantities), for QCD, the suitable EFT at the soft scale is called Electric QCD (EQCD)
[5-7], and the EFT at the ultrasoft scale is Magnetic QCD (MQCD) [8]. The latter has the peculiarity that perturbation theory in the coupling
constant breaks down. For QED, at the soft scale we have an analogous EFT called EQED, but at the ultrasoft scale MQED corresponds to a
free theory. These are local effective theories and the number of terms in the Lagrangian at a given order is finite and can be constructed
systematically, making it possible to carry out calculations at very high order [9].

For dynamical quantities (real time phenomena), there is also an EFT suitable at the soft scale, the celebrated HTL effective Lagrangian
[10]. However, this effective Lagrangian is non-local and it is not clear how to construct higher order terms in the 1/T and weak coupling
expansions, unless they are explicitly calculated. This was one of the motivations to apply the On-Shell Effective Field Theory (OSEFT) [11]
to this problem in ref. [12], where the leading power corrections to the photon self-energy were calculated. The complete leading power
corrections for massless QED, namely including the fermion sector, were worked out in ref. [13], in which the explicit form of the power
suppressed terms in the Lagrangian was also given. However, this is not the full story: if the soft external momentum is of order eT,
there can be weak coupling corrections at two loops which give rise to contributions of the same order as the leading power corrections
[14,15]. In this paper we calculate these contributions for the photon sector. The complete correction to the HTL Lagrangian up to NLO for
this sector in d space dimensions reads
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where n* = (1,0), v = (1,v), v=p/p, p=|p| and F,, is the electromagnetic stress tensor. The parameter v is the scale that is
conventionally introduced in DR so that e = e(v) remains dimensionless. The quantities Ny(p) and A depend on the distribution
functions and are defined later on (see below (3) and (16)). The first term in Eq. (1) is of order @(e?Q?) where Q is the external
momentum, and was obtained in [12,13]. The second term is of order @(e*T?2) and is obtained for the first time in this work. For external
momentum Q ~ eT both terms have the same size. For d — 3 the second term is finite and the UV divergence of the first term can be
removed by the usual QED counterterm [13].

2. Preliminaries

In the following we will work in the Keldysh representation of the real time formalism [16-18]. For massless fermions and photons in
the Feynman gauge, lines are defined as

iSj(P)=iPAj(P),  —iD¥"(L)=—ig""A (L) (2)
where j=r,a, p,d,s labels retarded, advanced, principal value, difference and symmetric propagators, respectively. For both bosonic and

fermionic fields, the symmetric propagator is obtained from the difference of the retarded and advanced propagators by multiplying by
the appropriate distribution functions. Our definitions are

Ar/a(P) = Ar/a(P) =

P2 +ipOn°
Ad(P) = Ag(P) = Ar(P) — Aq(P) = —27isgn(p®)8(P?),
As(P)=Ns(P)Aq(P),  As(P)=Ny(P)Aq(P), 3)

with n — 0%, P = (p° p) and Nf(P) =1 —2ns(P), Np(P) = 1 + 2n,(P), with nys;,(P) = (eP/T £1)~1, T being the temperature. We
furthermore define A, (P) = AP(P) =[A;(P) + Aq(P)]/2.
The distribution functions satisfy the KMS condition

N¢(P1)Nf(P2) + N¢(P2)Np(P3) + Np(P3)Ng(P1) +1=0, (4)

which holds for arbitrary momenta for which P; + P, + P3 =0.

We will calculate the retarded self-energy, from which one can reconstruct the remaining Keldysh components of the self-energy, and
all components of the dressed propagator. We use TT#V(Q) to denote the retarded self-energy where Q = (qo, q), ¢ = |q|. We will define
the self-energy as —i times the appropriate Feynman diagram, so that the Dyson equation gives the inverse resummed propagator as
D;},(Q) —I,,,(Q), and the Debye mass is obtained as m? = limq_.0 T1%(go =0, q).

Our method is general and we expect it to be applicable to the study of systems that are not necessarily in thermal equilibrium.
For simplicity we focus on an isotropic medium in the absence of parity-violating effects. In this case, we can decompose the photon
self-energy IT*"(Q) as

2
H’“’(Q)ZHT(H-Q,QZ)I_’“”—%HL(T%Q,Qz)P“”, (5)

where we have introduced PH’ = BI= and PrY = ghV — QZZQU — Py, with i# =nt — Q* —(”('1%).

Note that QMI_’“" = Q, P*¥ =0, guaranteeing that the photon self-energy is transverse. The functions I1r and IT; are defined as!

m=n®, = (4 L (6)
L= s T = d—1 N q2 s
when working in D =1+ d dimensions. These expressions allow us to determine the full photon self-energy by just calculating I1%°
and H"M. Using the Dyson equation (defined below Eq. (4)) and equations (2, 3) the dressed propagator has the form
P 2P QQ”
Di(Q) = o L —
Q-—TIIr Q°g~+II Q

(7)

1 Note that our conventions differ from those used in [12] and [13]: more specifically, our definitions for 1" and for IT; both differ by a minus sign with the ones used
there. We also take this opportunity to point out some misprints in these works: the definition of the Debye mass after formula (45) in [12] should read m% =e2T?/3 and
Eq. (45) should have the opposite sign. There are also related misprints in [13]: in Eq. (10) m%/2 should read m%, while Eq. (11) should have an overall plus sign.
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Fig. 1. Diagrams contributing to the photon self-energy at two loops. Left: “vertex” diagram; right: “self-energy” (or simply “self”) diagram.

3. Calculation

At two loops, only two types of diagrams contribute to the photon self-energy, as shown in Fig. 1. We call the diagrams on the left
and right sides of the figure, respectively, the “vertex” and “self” diagrams. There is an additional diagram of the self type with the photon
line starting and ending on the lower line of the loop. The contribution from this diagram is identical to the one from the self graph that
is shown, and we will take it into account by including a factor of two.

3.1. Vertex diagram

The vertex diagram in terms of retarded, advanced and symmetric propagators reads (using a compact notation omitting plus signs:
LP=L+P,PQ=P+Q,LPQ=L+P+Q)

- (Q)_e4 d4p d4L FI(L P, Q) ®)
(vertex) 4 W (2m)4 Vo

{Aa(P)AH D) AGLP)A(PQ)AS(LPQ) + Aa(P)Ar(L) As(LP)As(PQ)A(LPQ)

+ Aa(P)As(D)Aa(LP)AH(PQ)AS(LPQ) + As(P)Aq(L) A(LP)Ar(PQ) As(LPQ)
+ Ad(P)As(DAS(LP)Ar(PQ)AH(LPQ) + As(P)A(L)As(LP)Ar(PQ)AH(LPQ)
+ Aa(P)As()Aa(LP)As(PQ)Ag(LPQ) + Aq(P)Ar(L) Aa(LP)Ar(PQ)Aq(LPQ)
+ As(P)Ag(L)AH(LP)A(PQ)A(LPQ) + As(P)As(L)Ar(LP)A(PQ)A(LPQ)},

where we have dropped terms that depend on propagators that are all advanced, or all retarded, with respect to the variable L, as they
vanish after contour integration. The Dirac structure of the fermion propagators and vertices can be factored out in the trace

F"=Ti[y" PP+ Dy P+L+ Q) vy (P+@)].

The diagonal elements of this trace (4 = v), which are the only ones needed for our calculation, are invariant under the following changes
of variables (@):P —> —-P—-L—-Q and (b):P—>—-P—-Q, L— —L.

These changes of variables, together with the KMS relation, allow to reduce (8) to the following three terms (here and in the following
the notation IT#* denotes equal indices and summation is implied only if the two indices appear one up and one down)

et [ d*P diL
2] eni) @i

[NF(Q+ P+ 1)AdL)Ad(P) AP + Q) Aa(L + PYAG(Q + P +1)
+ 2Ny (D[ Ag(P)Ag(L)Ar (P + Q) Ap (P + DALQ + P +1)

+Ap<L>Ad(P>Ar<P+Q)Ad(P+L>Ar(Q+P+L>]], 9)

F/"(L, P, Q)Ns(P)

where we have dropped terms which do not depend on the distribution functions and therefore do not contain the medium effects we
are interested in. Finally, we use KMS (4) together with some additional variable changes (which need not leave the trace invariant) to
bring our expression into a form where all terms contain the factor Agz(P)Ag4(L), which will be most convenient when performing the
integrations. In particular, we will employ (¢):L— —P —L—Q and (d): L — L — P. We arrive at
4 4 4
—_ e d*p d*L

(vertex)(Q) :? m QTy;Nf(P)Ad(P)Ad(L)

[Nfu)Ar(P + QAL+ QAP + Q + DFE + 2Ny (DAK(P + Q)Ap (L + P)AH(P + Q + D Fy*
+Nf(L>Ap<L—P>Ar(P+Q)AAHQ)F’V‘(‘;)], (10)

where we labeled by F; the result of the trace after a given variable change, so in our notation Fy,{. = Fi,f = Fi/"".
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3.2. Self-energy diagram

The expression for the second diagram of Fig. 1 in terms of retarded, advanced and symmetric propagators reads, after dropping again
medium-independent terms, (again in compact notation)

e* [ d*P d*L
@m* ) @n)

{As(L)As(P)Ar(PQ)Ar(PQ)Ar(LPQ) + As(L)Ag(P)As(PQ)AH(PQ)AHLPQ)

+ As(L)Ag(P)As(PQ)AG(PQ)AG(LPQ) + As(L) Aqg(P)AH(PQ)Aa(PQ)AS(LPQ)

+ Ag(DAs(PY)AH(PQ)AH(PQ)AS(LPQ) + Ag(L)Aq(P)As(PQ)A(PQ)AS(LPQ)

+Ar(L)Aa(P)As(PQ)Aa(PQ)As(LPQ)]- (11)

Mieern (Q) =7 FE'(LP.Q)

The Dirac trace in this case is given by

FU =Ty " Py P+ Qv @+ P+Dy" P+ Q)]

The expression in Eq. (11) appears to contain pinch singularities, but they can be shown to vanish using the KMS relation (4). We are then
left with the following terms,

64 d*p diL
et )] @ots
{AS<P)Ar<PQ> (AaWASLPQ) + A1) A(LPQ))

Mg (Q) = ——FEY(L, P, Q)

+ 8a(PYASLINF(PQ) [AH(PQ)PAHLPQ) = Aa(PQ)*Ad(LPQ)]
+ Aa(PIN; (PQ)AS(LPQ) [ Aa(DAHPQY = AL Aa(PQ)?] . (12)

As for the vertex diagram, we now make changes of variables to bring our expression to a simpler form in which the occupation numbers
depend on individual internal loop momenta. In this case however none of the variable changes will leave the trace invariant so that all
combinations need to be computed separately. A recurring combination given by the difference of the squares of two propagators can be
conveniently rewritten as Af(P) — Ag(P) = #Ad(ﬂ M)|p2—o, where we have introduced A;(P, M) = Aj(P)lp2_p2ym2-

After these simplifications only five terms survive and we arrive at

64

v _
Mt (Q) = (2n)4 / GV (P8
[Aa(P + Q)zAd(P)Aa(Q + P+ 1) [Np(WFE + Ny (DFEY |
+ Ar(P + L) Ag(P. AP + Q) [Nb(L)FS(b) + Nf(L)FS(e)]
+ Ag (P+L)2Ad(P)A (Q+P+L)Nb(L)F5(a)} (13)

where we introduced a fifth variable change (e):L — L+ P,P — —P — Q, and the M? derivative will be taken after we have performed
the p® integral using the delta function in the factor Agq(P, M).

3.3. T,(Q)

The full result for H“M(Q) is obtained by combining 1" Lu(vertex) + 21+ Lu(self)’ By inspecting the momentum structure of our expressions,
we observe that for arbitrary L there are collinear divergences when L is parallel to P, hence the expressions obtained so far are formal
and must be regulated. A convenient way to do this is to use dimensional regularization (DR). In certain kinematical limits the collinear
divergences cancel exactly. This is the case in the soft L limit, as considered in ref. [19], and also in the case we are interested in, namely
the soft Q limit. In order to be consistent within our DR prescription we also check for possible additional contributions from performing
the Dirac traces in D =d + 1 =4 + 2¢ dimensions. The evaluation of Fy and Fs thus leads to additional pieces coming from the relation
yhyu = g“# = D. In the following we will focus on the small € limit, even though we will later provide our final result for arbitrary D.

Expanding for small Q, regularizing with DR and exploiting the symmetry of the integrand when possible to interchange L with P, we
obtain®

2 In the denominators below, we have dropped the =in prescriptions. This can safely be done if we assume q° > g, or equivalently Q2 > 0. The arbitrary case can be
recovered by replacing q° — ¢° + in.
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" em)d | @ry b f
3 Q2 2 02 2 ] 1 [de(P) Nf(P)] 2
N¢(P)(1 > - - (142 - o :
{ ak +6)[2(L-Q)(P~Q) P @ @b T T T [T

(14)

After doing the p® and I° integrals by employing the delta functions, several of these pieces (including those containing a collinear
divergency ~ 1/(P - L) for any =+in prescription) vanish due to the symmetry of the integrand. In principle O(e?) pieces from the trace
might also contribute if both a radial and a collinear divergence are present. We however checked separately that these pieces are also
collinear-safe, so that they do not contribute, and they have thus been omitted in our expression. Note that (14) holds for any distribution
functions that fulfill the conditions (4).

Exploiting the parity invariance of the distribution functions, we can now introduce the four-velocities associated with the on-shell
positive and negative-energy massless degrees of freedom involved in our calculation and write L* = j:lv,“ , P* = +pv#, with vl“ =(1,v)
and v# = (1,v) (see e.g. [13] for details). The angular part of the integral over 1 is trivial and the radial integral over |l =1 depends
exclusively on the combination N¢(I) — Np(l), and gives a finite result. The remaining integral over p requires however a bit more attention.
Focusing again on the € — 0 limit, the relevant contributions are

_ dp | 1.dNs(p)  Ns(p) Q2 Q2
n _ _9ph,3-d 2 f f _ S
',(Q) = —2e*> A% (2n)d[p2 i + PE [<(V_Q)2 1>+€((V-Q)2 2)] , (15)
where we have introduced the quantity
_ d1 [ Np() —N¢(l)
2 3-d b f
Afy=v o ( l ) : (16)

For thermal distributions, Aé) = T2/4. The radial p integral over N¢(p)/p> in (15) is formally divergent when d — 3, whereas in the
same limit the angular integral of the first term in the square bracket vanishes. Thus we see that some additional care is required when
considering this contribution. After a proper treatment of these two integrals in DR (see e.g. [13] for a collection of the relevant formulas),
we find that the radial integral is O(1/¢), whereas the angular integral over the first term in the square bracket is O(¢), so that the final
result for their product is finite. The angular integral over the second term in the square brackets is finite and hence, due to the explicit
factor of € in front of the round bracket (which was produced by the D =4 + 2¢ dimensional trace), this second term also gives a finite
result. Including the finite contribution from the first part of (15), we arrive at

T2 % (d°+q+in
n =——[1+1log(——""1)], 17
W Q="%7 [ M 0g<q°—q+in)} (a7

where we have restored the +in prescription for retarded quantities. We would like to stress here that the use of a consistent regular-
ization scheme is crucial in order to obtain this result: in particular, if one works in D =4 and regulates the radial integral with a naive
cut-off, one misses the contribution of the terms in the square brackets in (15), and hence the second term in (17).

34. T199(Q)

The full result for I1%°(Q) is obtained by adding H?‘?ertex) + ZH?soelf)' In this case expressions are lengthier, but upon carrying out the

small Q expansion at leading order and performing the I° and p° integrations, we again find that all collinear divergences cancel and
arrive at?

- dp [Nr(p) 2¢°Q? Q2 2
00 _4.3-d A2 f 3 3 z
M7 (Q) =ev A(d) (Zﬂ)d{ p3 1+ w03 (.02 2(V-Q)2
1 dN¢(p) Q? q°
P2 dp [ T2 _z(v-Q)] +0©). (18)

As in section 3.3, for d =3 we find a diverging radial integral multiplied by a vanishing angular one. Using DR we find again that the
divergent part of the radial integral (~ 1/€) and the vanishing angular one (~ €) combine into a finite expression, and we arrive at

4’1"2 2
n°°(Q)=—687 [1 = %} . (19)

As in the case of the H“M component, we have checked for additional possible contributions stemming from performing the trace in
D dimensions. In this case only O(€) pieces are present, and - unlike the previous case - we find them to be exactly proportional to the
result for D = 4, which we showed above to be finite. We can thus safely take the € — 0 limit and see that they do not contribute.

As a cross-check of our result, we can compute the limit

lim %% =0,q) = ———
q—0
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which is consistent with results in the literature and can be associated with a NLO correction to the Debye mass [2]. Once again, if one
works in D =4 and naively regulates the radial integrals with a hard cut-off, one misses the contribution from the first line of (18),
leading to an incorrect result in (19) (specifically, [1°°(Q) would be proportional to the HTL result).

4. Results and outlook

In this work, we computed the two-loop hard contribution to the photon self-energy in a medium at leading order for small momentum
using the real-time formalism. This provides the missing ingredient to build the full NLO contribution to the HTL effective action. The
contribution is found to be finite for d =3 as a result of a non-trivial series of cancellations of divergences which we treated consistently
using dimensional regularization.

From the computed results for 1% and 1% u We can reconstruct the photon self-energy associated with this contribution using Egs. (5)
and (6). However, in order to find the effective Lagrangian from which these contributions are derived, it is convenient to reconstruct IT#"
before the last angular integral is performed. It is straightforward to check that (17) and (19) can be obtained from,

412 0
e*T a2, /1 q
MY (Q) = — o v (— )A‘“’, 21
@ 8n2/4n 2+V~Q (21)
where
2 nov v u
v v
ARV = yltyY Q 5 — Q@ +vQ +g"’ (22)
(v-Q) v-Q
is the same structure that appears in the HTL self-energy. Hence, the corresponding effective Lagrangian reads
412 v
e*T d2y viy 1 do 0
L=——— | —Fpuy——=\|=-+——=])F). 23
16712/471 ”“(v.a)2<2+v.a v (23)

For completeness, we also give the result in arbitrary dimension D =d + 1, not necessarily close to the D =4 case. For this we need
an extra structure,

nwov VO K nwov v K 0 2 2 0
g " Q +n’Q vEQT+VvIQE g — (n*vY +nVvH Q — gtV T (24)
v-Q v-Q v-Q (v-Q)? v-Q
We can then write,
d—1 dip | N¢(p) 2¢° 1 dN
Ay _ ,4.3-d A2 f AV wo] PO
v (Q) =e'v A(d)( . ) (zmd{ S [(1+V.Q)A +B ] T (25)

which trivially fulfills the Ward identity Q,II#”(Q) =0, since both A*” and B’ are transverse. This self-energy agrees with the result
in (15) when € — 0 (as explained in the paragraph under equation (16)) and can be obtained from the second term in (1), which verifies
the claim that (1) is indeed the NLO Lagrangian of the HTL effective theory.

The Lagrangian (1) describes the dynamics of soft photons in a medium at NLO for arbitrary kinematics. With minor modifications,
it also describes the NLO dynamics of soft photons in a QCD medium: in the first term e? — Zq:u!d,s Qge2 and in the second term
et > Zq:u’d.s QgeZCFNcgz, where Qg is the charge of the quark g, g is the QCD coupling constant, N = 3 is the number of colors, and
Cr = (N2 —1)/2N,.

We emphasize that the two-loop self-energies calculated in this paper, together with the power corrections to the one-loop self-
energies calculated in [13], provide the full NLO soft photon propagator for both an EPP and a QGP. This result follows from the fact
that: a) for the two-loop diagrams, a soft internal photon is suppressed by a factor of e (or g), and a soft internal fermion is even more
suppressed; and b) the contribution of soft fermions to the one-loop soft photon self-energy is also suppressed (O(e>T?) in an EPP and
O(e?g3T?) in a QGP) [15]. Our result can therefore be applied to any e.m. process involving soft photons for which the precision needed
includes O(e2, Q2/T?) corrections. As an example, we calculate the dispersion relation at NLO in Appendix A.
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Appendix A. Plasma oscillations

In this Appendix we present NLO results for the plasma frequencies of photonic collective modes. We remind the reader these dis-
persion relations can be obtained from the two-loop self-energies calculated in this paper, together with the power corrections to the
one-loop self-energies calculated in [13], because two-loop diagrams with a soft line and one-loop diagrams with a soft fermion are
relatively suppressed [15]. Notice that this is different from the non-abelian case, where extra soft contributions would modify the result.
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Fig. 2. Next-to-leading order corrections to the HTL dispersion relations for the full transverse (blue, dashed), expanded transverse (green, solid), full longitudinal (orange, dot-
ted) and expanded longitudinal (red, dot-dashed) modes, for two different values of «. For high values of q the NLO corrections generate imaginary parts in the longitudinal
dispersion relations and the solutions become complex - we stop plotting our results when this occurs.

We solve the dispersion equations obtained from the poles of Eq. (7):

Q% -Tr@ ¢ =0, ¢*+1.(q°q =0. (A1)

Both I1; and I1r contain three different contributions: the LO HTL result, the power corrections to the 1-loop HTL result (calculated in
ref. [12]), and the 2-loop result calculated in this paper. For convenience we gather these results in Eq. (A.2).

2T2
H?u:e (1_4_010g<Q+QO>>
3 2q qo—q

l_Igow.corr _ _% (qz _ 613_(2)> (l _ g_g log (ZO+_q;) )

412,42
2100p _ €°T°q

HL - 872Q?2
272
e“T* qo q+dqo
= —— = <2qqo —Q?%log <—
T 3 4 q—q
pyPow-corr _ e? Q(Z) qg 2q* qg 20% 4+ g2 3¢* I q+qo
T T\ 2 e T3 g \Y TR T 2 )8 g
4 q q q? qo—q
4 TZ
l_[g_loop __%9 log q+do ) (A2)
1672q qo—q

For simplicity, we have taken TTP°" ", [ =L, T, at the scale v = Te~¥£/2=1/7/2 in the MS scheme. This fixes the scale of ez = e2(v) in

I'If“'. The screening mass, defined as m% =T1.(0, q)|q27_mz, calculated from these results reads
- S

2 4
m2 =T? (e— - e—) (A.3)

and agrees with the results of Ref. [20] at NLO.2

We substitute the expressions in (A.2) into the dispersion equations (A.1), I1; = H?tl + + Hflmp, I =1L, T, scale all dimensional
quantities by w, =eT/3, and solve the resulting equations numerically for q° = wnyo. To obtain an estimate of the range over which the
solutions are valid, we have also solved the equations within a consistent perturbative expansion. To do this we write the dispersion
equations in the form

pow-corr
l_II

g 21
¢* =~ (wha + 8, @) + TP (wha, @) + 7P (whet, )]+
g 21
(@n +8)? — ¢* = [T (@py + 8, @) + T2 (@pa, @) + T3 ° @y, @)] - (A4)

In each dispersion equation, wyy is the well known HTL solution which is obtained when the power correction and 2 loop correction
terms are dropped. We use the definition § = wp, — why to represent the difference between the next-to-leading order solution and the
leading order HTL solution. We obtain perturbatively consistent solutions by expanding the equations in (A.4) to linear order in §. In
Fig. 2 we show the next-to-leading order plasma frequencies relative to the leading order HTL results, using both the full expressions for

3 The agreement is also mantained if the scale v is left arbitrary.
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the dispersion equations and the consistently expanded versions, and for two different values of o = e?/(47). We note that the plasma
frequencies of longitudinal and transverse modes at g = 0 coincide at NLO, as they do in the HTL approximation.
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