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Abstract

This work studies the decidability of different simplified versions of the first-
order theory of natural numbers, focusing on languages that include the successor
function, the order relation, and addition. It begins by introducing the key con-
cepts of first-order logic needed to understand the problem. Then, it looks at the
natural numbers with just the successor function, and next with the addition of the
order relation, showing that both of these theories are decidable using a technique
called quantifier elimination. The work concludes with a proof of Presburger’s
theorem, which proves that the first-order theory of natural numbers with additi-
on, order, and successor is also decidable.
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Introduction

Some Context

Since the early days of mathematical logic, one of the big questions has been:
can we always decide whether a given mathematical statement is true or false?
This challenge was a central question in mathematics during the early 20th cen-
tury. A key figure was the mathematician David Hilbert, his Hilbert Program was a
major project to give all of mathematics a secure and logical foundation. A central
goal of this program was to solve the Entscheidungsproblem (the “decision prob-
lem”), which asked for an algorithm that could determine the truth or falsity of
any logical statement. The central goal was to find a decision procedure for the
theory of natural numbers IN with its usual arithmetic operations—addition and
multiplication.

It was in this context that Mojzesz Presburger, a Polish-Jewish student of the
great logician Alfred Tarski in Warsaw, began his work in 1929. Rather than tack-
ling the full theory of arithmetic his approach—guided by Tarski—was to inves-
tigate whether significant, non-trivial fragments of the theory could be proven de-
cidable. This was a crucial strategy: if a part of arithmetic could be shown to have
a positive solution to the decision problem, it would be a major step for Hilbert’s
program.

Presburger’s search led him to isolate the first-order theory of natural numbers
equipped only with the successor function and addition. In his 1929 master’s
thesis, he proved that this theory, now known as Presburger arithmetic, is indeed
decidable. This was one of the major positive results for a decidable theory related
to numbers. The key to his success was the development of an advanced quantifier
elimination procedure, a technique that simplifies complicated logical statements
into easier, equivalent ones without losing their meaning.

His work stood in contrast to what would be discovered shortly after. In 1931,
the work of Kurt Godel delivered a profound blow to the original ambitions of
the Hilbert Program. Godel showed that the full first-order theory of arithmetic—
with both addition and multiplication—is undecidable. In simple terms, there is no
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2 Introduction

algorithm that can determine the truth of every statement in that richer language.
This result showed the importance of Presburger’s work. It was no longer seen as
just a step towards a larger goal, but as a key study that helped define the bound-
ary between decidable and undecidable theories. Tragically, Presburger would not
have the chance to build upon this brilliant early work, as he perished during the
Holocaust.

Objective and Structure of the Work

The primary objective of this work is to explore the fundamental concept of
decidability. While the complete first-order theory of natural numbers, including
both addition and multiplication, is famously undecidable, this work investigates
the fragments that emerge when we simplify its language. By methodically re-
stricting the available operations, we can identify portions of arithmetic that are
decidable.

This investigation is structured progressively through three fragments, build-
ing in complexity:

1. First, we will examine the most basic structure: the natural numbers equipped
only with the successor function. We will establish its decidability through a
direct application of the quantifier elimination technique.

2. Next, the language will be expanded to include the order relation. We will
show that this richer theory remains decidable, once again by proving that
it admits quantifier elimination.

3. Finally, the work culminates with a detailed exploration of Presburger arith-
metic, the theory of natural numbers with addition, order, and successor. We
will present a complete proof of Presburger’s theorem, demonstrating that
even this significantly more powerful fragment is decidable.

Throughout the work, the exposition closely follows Enderton’s Introduction
to Mathematical Logic, with adaptations to clarify and present the proofs in an
accessible manner. Most results from the degree course Mathematical Logic are
used without proof.



Chapter 1

Preliminaries: First-Order Logic

This chapter briefly introduces the key notation, concepts and results of first-
order logic that have already been studied in the course of Mathematical Logic.
The goal here is merely to recall the essentials for proving and understanding
the results presented in the subsequent chapters. These include notions such as
the definition of model, theory, and fundamental metatheorems like soundness,
completeness, compactness, and enumerability.

1.1 The Language of First-Order Logic

To discuss mathematical properties formally, we must first specify the exact
symbols we are allowed to use. This collection of symbols is called a first-order
language.

A first-order language consists of a set of specified non-logical symbols, called
parameters. These symbols are categorized as follows:

1. Constant symbols: Symbols that name specific, fixed elements in our domain
of study (e.g., 0).

2. Function symbols: Symbols that represent functions, each with a fixed num-
ber of arguments (arity). For example, a successor function ‘S’ (unary) or
addition ‘+* (binary).

3. Relation symbols (or predicate symbols): Symbols that represent relations or
properties. Each relation symbol P also has a fixed arity (e.g., equality ‘=" or
order ‘<).

In addition to these parameters, any first-order language includes a fixed set of
logical symbols: connectives (—, A, V, =), quantifiers (V, 3), parentheses, and an in-
finite set of variables.
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Definition 1.1. The set of variables, denoted V, is a countably infinite set of sym-
bols, typically written as vg,v1,72,... or x,y,z,.... Variables function as place-
holders for arbitrary elements of the domain.

Using these symbols, we can build expressions. Terms are expressions that
name objects.

Definition 1.2. A term is defined recursively:
1. Every variable is a term.
2. Every constant symbol is a term.

3. If f is an n-ary function symbol and t4, ..., t, are terms, then f(t,...,t,) is
a term.

From terms, we build atomic formulas, which are the most basic statements that
can be asserted to be true or false.

Definition 1.3. An atomic formula is an expression of one of two forms:
1. t; = tp, where t; and t; are terms.
2. P(ty,...,t,), where P is an n-ary relation symbol and fy, ..., t, are terms.

Finally, we combine atomic formulas using logical connectives and quantifiers
to build complex statements, which are called well-formed formulas (wffs).

Definition 1.4. The set of well-formed formulas (wffs) is defined recursively:
1. Every atomic formula is a wif.
2. If ¢ is a wif, then (—¢) is a wif.
3. If ¢ and ¢ are wifs, then (¢ A ¢), (¢ V ¢), and (¢ — ) are wffs.

4. If ¢ is a wif and x is a variable, then (Vx ¢) and (3x ¢) are wifs.

1.2 Structures and Truth

The syntax defined above only tells us how to write formulas. To discuss
whether a formula is true or false, we must provide a meaning or interpretation for
the symbols. This is done using a mathematical structure.

Definition 1.5. A structure 2 for a language £ consists of:

1. A non-empty set ||, called the domain or universe of the structure.
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2. An interpretation for each parameter in L:

e For each constant symbol c, an element c* € |2].
e For each n-ary function symbol f, a function f2 : |A|" — |2A].

* For each n-ary relation symbol P, an n-ary relation P* C |2(|".

A formula can contain variables like x + y = z. To determine its truth, we must
first assign a value from the domain to each variable.

Definition 1.6. An assignment into a structure 2 is a function s : V. — || that
maps each variable in the set V to an element in the domain of .

With a structure and an assignment, we can formally define what it means for
a formula to be true. This is known as the satisfaction relation, written A = ¢[s],
and read as " satisfies ¢ with assignment s". The definition is recursive, following
the structure of the formula. For example, 2l |= (¢ A )]s] holds if and only if both
2 = ¢[s] and A |= y[s] hold. For a quantifier, A |= (Vx ¢)[s] holds if and only if
for every element a € (2|, the structure 2 satisfies ¢ with an assignment s’ which
is identical to s except that s’(x) = a.

1.3 Key Logical Notions

Some variables in a formula are tied to a quantifier, while others are not. This
distinction is crucial for understanding sentences.

Definition 1.7. An occurrence of a variable x in a formula is bound if it is within
the scope of a quantifier Vx or 3x. An occurrence of a variable is free if it is not
bound.

Example 1.8. In the formula 3y (x = y + y), the variable y is bound by the quan-
tifier Jy. The variable x is free.

The most important formulas are those whose truth value does not depend on
an assignment of values to free variables.

Definition 1.9. A sentence is a well-formed formula that has no free variables.

For a sentence o, its truth value in a structure 2 is independent of any partic-
ular assignment. If 2 |= o[s] for some (and thus every) assignment s, we say that
0 is true in 2, or that 2 is a model of o. We write this as |=g . If ¢ is not true in 2,
we write &g 0. We say that 2 is a model of a set of sentences I’ if and only if it is
a model of every sentence in I'.
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Definition 1.10. Let I' be a set of wffs and ¢ a wff. Then I' logically implies ¢,
written I' |= ¢, iff for every structure 2 and every assignment s : V. — ||, if A
satisfies every member of I' with s, then 2 also satisfies ¢ with s.

e We say that ¢ and ¢ are logically equivalent (written ¢ = ¢) iff ¢ = 1 and
Y=g

o A wif ¢ is valid iff @ |= ¢ (written simply, = ¢). A sentence is valid if it is
true in every structure.

Definition 1.11. A k-ary relation on || is said to be definable in 2 iff there is a
formula ¢ (whose free variables are among vy, ..., vx) that defines it there. That
is, the relation is exactly the set

{<111,. . .,ak> ||:Q[ go[al,. . .,ak].}

While semantics deals with truth and models, the deductive calculus provides a
purely syntactical way to derive formulas from a given set of assumptions. The
deductive system consists of a predefined set of logical axioms and rules of infer-
ence.

Definition 1.12. Let A be the set of logical axioms. A deduction of a formula ¢
from a set of formulas I’ is a finite sequence («, ...,a,) such that , is ¢ and for
each k < n, one of the following holds:

(@) ap e TUA.

(b) «af is obtained by modus ponens from two earlier formulas in the sequence; that
is, for some 7,j < k, the formula «; is (a; — ay).

If such a deduction exists, we say that ¢ is deducible from I', and we write I' - ¢.

1.4 Soundness and Compactness theorems

In this section we introduce two major theorems: the soundness of our deduc-
tive calculus and its completeness. We will then introduce some of their immediate
consequences.

The soundness theorem states that if a conclusion can be derived from a de-
duction, then it must be true in every interpretation where the axioms are true.

Theorem 1.13 (Soundness Theorem). Let I' be a set of formulas, and ¢ a formula.
Then
't =T o
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Recall that a set of formulas I’ is consistent iff there is no formula ¢ such that
both T = ¢ and I' - —¢. Define I' to be satisfiable iff there is some structure 2 and
assignment s such that 2 satisfies every member of I" with s.

With this in mind, the Soundness Theorem admits the following reformulation:

Theorem 1.14 (Soundness Theorem). Let I be a set of formulas. If T is satisfiable,
then I’ is consistent.

The Completeness Theorem is the converse to the Soundness Theorem and
asserts if a formula is valid, then there is a finite deduction (a formal proof) of the
formula within the given deductive system.

Theorem 1.15 (Completeness Theorem). The Completeness Theorem admits the
following equivalent formulations:

(a) Let T be a set of formulas. If T |= ¢, then T F ¢.
(b) Every consistent set of formulas is satisfiable.
A consequence of the two theorems is the following;:

Theorem 1.16 (Compactness Theorem). Let I' be a set of formulas. The Compact-
ness Theorem admits the following equivalent formulations:

(a) If T |= ¢, then for some finite Iy C T, we have Iy = ¢.
(b) If every finite subset I'g of I' is satisfiable, then I is satisfiable.
We begin by recalling some definitions before stating the next result

Definition 1.17. A set X is decidable iff there exists an effective procedure that given
an expression «, will decide whether or not a« € .

Definition 1.18. A set A of expressions is effectively enumerable iff there exists an
effective procedure that lists, in some order, the members of A.

And finally:

Definition 1.19. A reasonable language is one whose set of symbols can be effec-
tively enumerated and such that the two relations

{(P,n) | P is an n-place predicate symbol }

and
{(f,n) | f is an n-place function symbol }

are decidable.
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Now we can state our result of interest.

Theorem 1.20 (Enumerability Theorem). For a reasonable language, the set of
valid wffs can be effectively enumerated.

A direct consequence of this theorem is:
Corollary 1.21. Let I' be a decidable set of formulas in a reasonable language.
(@) The set of theorems of I' is effectively enumerable.

(b) The set {¢ | T |= ¢} of formulas logically implied by T is effectively enumer-
able.

Another consequence is:

Corollary 1.22. Assume that I is a decidable set of formulas in a reasonable lan-
guage, and that for every sentence o, either I' = 0 or I' = —o. Then the set of
sentences logically implied by I', that is, CnT, is decidable.

1.5 Models of Theories

1.5.1 Size of Models

Definition 1.23. For any structure 2, the theory of 2(, written Th 2, is the set of all
sentences that are true in 2.

If we restrict ourselves to finite structures and finite languages, we have:

Theorem 1.24. For a finite language, the set {¢ | ¢ has a finite model} is effectively
enumerable.

Later, we will use the following version of the Léwenheim-Skolem Theorem.

Theorem 1.25 (Léwenheim-Skolem Theorem). (a) Let I' be a satisfiable set of for-
mulas in a language of cardinality A. Then I  is satisfiable in some structure of
size < A.

(b) Let X be a set of sentences in a language of cardinality A. If X has any model,
then it has a model of cardinality < A.

Another essential result is the upward Léwenheim-Skolem Theorem, known
as Lowenheim-Skolem-Tarski (LST) Theorem.

Theorem 1.26 (LST Theorem). Let I' be a set of formulas in a language of cardi-
nality A, and assume that I is satisfiable in some infinite structure. Then for every
cardinal ¥ > A, there exists a structure of cardinality x in which A is satisfiable.
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1.5.2 Theories
We can define theories in a more general way.

Definition 1.27. A theory is a set of sentences closed under logical implication.
That is, T is a theory iff T is a set of sentences such that for any sentence ¢ of the
language,

TEo = oceT.

Definition 1.28. For a class K of structures (for the language), define the theory of
IC, written Th IC, by the equation

Th K = {0 | 0 is true in every member of }.

The above concept arose previously in the case IC = {2}.

Definition 1.29. Let X be a set of sentences. Define Mod X to be the class of all
models of ~. Then ThMod X is the set of all sentences that are true in all models
of 2.

This set coincides with the set of all sentences logically implied by ¥, which
we call the set of consequences of ., and denote by CnX. Thus,

CnX={c|X=c}=ThModX.

Definition 1.30. A theory T is said to be complete iff for every sentence o, either
ceTor (—0)eT.

Definition 1.31. A theory T is axiomatizable iff there exists a decidable set ¥ of
sentences such that T = CnX. A theory is finitely axiomatizable iff there exists a
finite set X of sentences such that T = CnX.

The following theorem will prove useful:

Theorem 1.32. If CnX is finitely axiomatizable, then there exists a finite subset
2o € X such that CnXy = CnZ.

As a consequence of the previous theorem and Corollary 1.21 and Corol-
lary 1.22, we have the following diagram:

Decidable Finitely axiomatizable

if
COIn P ]ete

Effectively enumerable Axiomatizable
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Definition 1.33. Two structures 2 and ‘B for a given language are elementarily
equivalent if for every sentence ¢, we have 2 |= ¢ if and only if B |= 0. We write
20 = B to indicate that 2 and B are elementarily equivalent.

Proposition 1.34. A theory T is complete if and only if all of its models are el-
ementarily equivalent. That is, for any two models 2 and B of T, it holds that
A =B.

We end this chapter with another theorem that we will use later, but first we
need a definition:

Definition 1.35. A theory T is said to be No-categorical iff all the infinite countable
models of T are isomorphic (i.e., there is a bijection between their domains that
preserves constants, functions, and relations). More generally, for a cardinal x, T
is k-categorical iff all models of T having cardinality x are isomorphic.

Theorem 1.36 (Los-Vaught Test). Let T be a theory in a countable language. As-
sume that T has no finite models.

(@) If T is Np-categorical, then T is complete.

(b) If T is k-categorical for some infinite cardinal x, then T is complete.



Chapter 2

Natural Numbers with Successor

Having established the basic concepts of first-order logic, we now turn our
attention to a specific theory: the natural numbers equipped with the successor
function S. Our primary goal here is to determine whether the first-order theory
of the natural numbers with successor is decidable.

21 Theory of 915 and axiomatization

We will begin with a relatively simple reduct of 90, that of natural numbers
with successor. By only considering the symbols V, 0, and S we have

MNs = (N;0,5).

We want to find out if the set Th 915 is decidable, that is, if there is an effective
procedure that can, for any sentence ¢, determine whether it belongs to Th 9ts or
not; in other words, we want to find out if we can always tell whether a sentence
@ is true in 9 or not.

We will start by listing some sentences true in 915 that we will later prove to be
an axiomatization for the theory:

Vx Sx #0 (S1)
VxVy (Sx=Sy—=x=y) (S2)
Yy (y #0— 3xy =5Sx) (S3)

Vx Sx # x (54.1)
Vx SSx # «x (54.2)
Vx S"x # x (54.n)

11



12 Natural Numbers with Successor

Let As be the infinite set consisting of the above sentences S1, S2, S3, S4.n
(n = 1,2,...). Clearly, these sentences are true in g; i.e., Mg is a model of Ag.
Hence
Cn AS - Th ms

(Anything true in every model of Ag is true in this model.) What is not so obvious
is that equality holds. To prove this we will consider arbitrary models of As.

Consider an arbitrary model 2 = (|2A|;0%,5%) of the axioms As. S1, Vx(Sx #
0), ensures that 0% is not in the range of S*. S2, VxVy(Sx = Sy — x = y), states
that S¥ is a one-to-one (injective) function. S3, Vy(y # 0 — 3x(y = Sx)), means
that every element in || \ {0*} is in the range of S¥. Together, these imply that
S must be a one-to-one map of || onto ||\ {0*}. Furthermore, by axioms S4.n,
Vx(S"x # x for n > 1), there can be no Sm-loops of any finite size n.

Thus, |2l| must contain the "standard" points:

0% = (5%)1(0%) 5 (s1)2(0%) S
which are all distinct. The arrow i indicates the action of S%.

Definition 2.1. The standard part of a model 2 of Ag, denoted 0%, is the set
{a| 3In € N such that (§*)"(0%) = a}.
(Here, (S*)°(0%) = 0%).

This collection of standard points, 0%, forms a structure isomorphic to the
standard model of natural numbers (IN;0, S).

Proposition 2.2. Let 2 be a model of As. Its standard part (0%;0%, S¥|5) is iso-
morphic to (IN;0,S).

Proof. Define the map f : IN — 0% by f(n) = (S*)"(0%).
1. £(0) = (*)°(0%) = O,
2. f(S(n)) = f(n+1) = ($%)"71(0%) = S*((§)"(0%)) = S¥(f(n)). Thus, f is

a homomorphism.

3. To show f is injective, suppose f(n) = f(m) for n,m € N. Then (5*)"(0%) =
(S*)™(0%). Assume, without loss of generality, that n < m. Let m = n +k for
some k € N with k > 0. Then (S*)"(0%) = (S*)"*%(0%) = (S¥)"((S™)¥(0%)).
Since S¥ is injective (by S2), repeated application implies 0% = (S*)F(0%).
However, S4.k states Vx(S*x # x), so for x = 0%, (S*)%(0*) # 0% for k > 0.
This is a contradiction. Thus, n cannot be less than m. Similarly, m cannot be
less than n. Hence n = m, and f is injective.
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4. The map f is surjective onto 0% by the definition of 0%.

Therefore, f is an isomorphism.
O

There may or may not be other points in |2|. If there is another point a € ||\
0% (a non-standard element), then there will be the successor of a, its successor,
etc. By S3 and S2, a4 also has a unique predecessor, say a_1, such that Sm(a,l) =a.
Since a ¢ 0%, a_; cannot be 0%, so a_; also has a unique predecessor a_», and so
on. This generates an infinite chain of distinct predecessors and successors for a.
This entire chain cannot contain 0% and cannot loop upon itself (by S4.n). Such a
structure is called a Z-chain.

Definition 2.3. A Z-chain i in a model 2 of As, containing an element a € |2]\ 0%,
is the set {(S*)*(a) | z € Z}. For z < 0, (S*)?(a) denotes applying the unique
predecessor operation |z| times to a.

Each such Z-chain i is isomorphic to (Z; S), where S here denotes the standard
successor on integers.

Proposition 2.4. Let 2 be a model of As. Any Z-chain (&; S*|;) in 2 is isomorphic
to (Z;S).

Proof. Let a be an arbitrary element in a Z-chain 4. Define the map ¢ : Z — d by

8(z) = (S*)*(a).

1. 8(Sz(2)) = g(z+1) = (§%)**(a) = S*(($")*(a)) = S*(8(2)). Thus, g is a
homomorphism.

2. To show g is injective, suppose ¢(n) = g(m) for n,m € Z. Then (§*)"(a) =
(S*)™(a). We consider three cases:

e Case1l: n,m > 0. Assume n < m. Let m = n + k for some k € IN, k > 0.
Then (S*)*(a) = (S™)*((8*)¥(a)). By injectivity of S* (from S2), a =
(S*)k(a). This contradicts S4.k, as k > 0.

e Case 2: nym < 0. Let n = —n’ and m = —m’ for n’,m’ € IN with
n',m’ > 0. Then (S%)~"(a) = (S*)~™'(a). Let this common element be
c. So, a = (SM"(c) and a = (SM)"(¢). Assume n' < m’ (if m' < n'.
Let m’ = n’ + k for some k € N,k > 0. Then (5%)"(c) = (S*)"*+*(c) =
(SM"((S*)¥(c)). This implies ¢ = (5*)*(c), which contradicts S4.k as
k> 0.
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* Case 3: n > 0 and m < O (the case n < 0 and m > 0 is symmet-
ric). Let m = —m' for m’ € N with m’ > 0. Then (S%)"(a) =
(S*)""(a). Let c = (S*)~™(a), so a = (%)™ (c). The equation be-
comes (5%)"((5%)™ (c)) = ¢, which simplifies to (S%)"+" (c) = c. Since
n > 0and m' > 0, their sum k = n +m’ > 0. This gives (S%)*(c) = ¢,
contradicting S4.k.

Therefore, g(n) = g(m) implies n = m, so g is injective.
3. The map g is surjective onto 4 by its definition as {(5%)%*(a) | z € Z}.

Hence, g is an isomorphism.
O

The domain |2| can be partitioned into equivalence classes under the relation
x ~yify = (S*)?(x) for some z € Z. The equivalence class of 0% is the standard
part 0%. Any other equivalence class, generated by an element a ¢ 0%, is a Z-chain
d. These components (the standard part and the Z-chains) are disjoint.

Theorem 2.5 (Characterization of Models of As). Any model 2l of Ag is a disjoint
union of its standard part 0% and a collection (possibly empty) of Z-chains {4, };c;-.
The standard part 0% is isomorphic to (IN;0, S), and each Z-chain 4, is isomorphic
to (Z;S). Conversely, any structure formed as such a disjoint union is a model of
As.

Proof. The decomposition into equivalence classes under ~ yields the standard
part 0% and various Z-chains 4;. Propositions 2.2 and 2.4 establish their isomorphic
structures. Disjointness of 0* from any Z-chain @ follows because elements of 4
are not in 0% by definition of non-standard elements. Disjointness of two distinct
Z-chains 4 and b follows because if they shared an element x, then both chains
would be identical to the chain £, contradicting their distinctness. The converse
statement (that any such structure is a model of Ag) can be verified by checking
that each axiom in Ag holds in such a structure.

O

Remark 2.6. (Cardinality of Models). The standard part 0% and each Z-chain &
are countably infinite (cardinality Ng). If a model 2l of As has A Z-chains, the
cardinality of || is Xg + A - Xq. This is Ry if A is countable (finite or Rp), and A if A
is an uncountable cardinal. Thus, if a model 2l is countable, it must consist of its
standard part and at most a countably infinite number of Z-chains.

Lemma 2.7. If 2 and 2’ are models of Ag having the same number (cardinality)
of Z-chains, then they are isomorphic.
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Proof. An isomorphism can be constructed by mapping the standard part of A
to the standard part of 2’ (using Proposition 2.2). Since there is a one-to-one
correspondence between the set of Z-chains of 2 and that of 2, map each Z-chain
in 2 isomorphically to its corresponding Z-chain in 2/’ (using Proposition 2.4).
Combining these individual isomorphisms (which uses the Axiom of Choice if
there are infinitely many Z-chains) yields an isomorphism from 2 onto 2'. Thus,
a model of Ag is determined up to isomorphism by the number of its Z-chains.

O

The property of being standard (i.e., isomorphic to 91s and thus having no
Z-chains) is not first-order definable within the language of Ag. Specifically, no
set of sentences X can isolate 9is. For if it could, Th91s itself would be such a
set. However, by the Lowenheim-Skolem Theorem, Th 91s must have uncountable
models. Any such uncountable model 2, being elementarily equivalent to 91s
and thus a model of Ag, possesses Z-chains because its uncountability arises from
them (as an uncountable model’s cardinality equals its number of Z-chains). This
contradicts 915, which has no Z-chains. Therefore, no first-order theory in this
language uniquely characterizes the standard model.

Theorem 2.8. If 2l and B are two uncountable models of Ag that share the same
cardinality, then 2l and B are isomorphic.

Proof. From the analysis of models of Ag, it was established that for any uncount-
able model 90, its cardinality is precisely the number of its Z-chains. Furthermore,
it was shown that models of Ag are isomorphic if and only if they possess the same
number of Z-chains. Given that 2l and 98 are uncountable and card(2() = card(‘B)
by hypothesis, they must therefore have the same (uncountable) number of Z-
chains. This implies their isomorphism.

O

Theorem 2.9 (Completeness of As). The theory Cn Ag is complete.

Proof. The proof relies on the Los-Vaught Test. The theory Cn Ag satisfies the con-
ditions of this test: its language is countable, and it is satisfiable (as 915 is a model).
As demonstrated by Theorem 2.8, Cn Ag is x-categorical for all uncountable cardi-
nals x. Additionally, As possesses no finite models because the standard part 0%
present in any model 2 is itself infinite. Given these conditions, the Los-Vaught
Test concludes that Cn Ag is a complete theory.

O

Corollary 2.10. Cn As = Th91;.
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Proof. We already have Cn As C Th91s.

Now, since Th9tg is the set of all sentences true in g, it is satisfiable, and
hence consistent by the Soundness Theorem.

From the previous Corollary we know that Cn Ag is complete, so for any sen-
tence o, either o € Cn Ag or —c € Cn Ag.

Now let ¢ € Ths, that is, Mg = 0. Suppose, for contradiction, that ¢ ¢ Cn As.
Then, by completeness, -0 € Cn Ag, this implies -0 € Th91s, so Ng = -0, a
contradiction. Therefore, 0 € Cn Ag, and thus Th91s C Cn As.

O

With this corollary, we can now prove our property of interest.
Corollary 2.11. Th91s is decidable.

Proof. From Theorem 2.9 and Corollary 2.10, we know that Ths is complete.
Since Th 91g is axiomatizable, we have that it is also decidable.
O

2.2 Elimination of Quantifiers

Definition 2.12. A theory T admits elimination of quantifiers if and only if for every
formula ¢ there exists a quantifier-free formula ¥ such that

TE(pey).

Quantifier-free formulas are generally easier to work with, as their truth in a
structure can be determined without having to consider bound variables or com-
plex logical nesting. When a theory admits elimination of quantifiers, every for-
mula is equivalent to a quantifier-free one. This not only allows us to construct
a decision procedure to determine whether a sentence belongs to the theory, but
also leads to alternative proofs of completeness and decidability, since the logical
behavior of quantifier-free sentences is easier to characterize.

In fact, it is enough to consider a specific type of formula ¢ to prove that a
theory admits elimination of quantifiers.

Before continuing with the next theorems we will use a result from the course
of Mathematical Logic.

Lemma 2.13. For every formula ¢ in sentential logic, there exist formulas ¢; and
@ such that:

P =Pa= Pes
where ¢, is in disjunctive normal form (DNF) (a disjunction of conjunctions of
literals!) and ¢, is in conjunctive normal form (CNF) (a conjunction of disjunc-

1 An atomic formula or a negation of an atomic formula.
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tions of literals). Moreover, the propositional variables occurring in ¢; and ¢, are
exactly those occurring in ¢.

Now we can prove the following crucial theorem.

Theorem 2.14. Assume that for every formula ¢ of the form
dx (ap A -+ ANag),

where each «; is either an atomic formula or the negation of an atomic formula,
there exists a quantifier-free formula ¥ such that T |= (¢ <> ¥). Then T admits
elimination of quantifiers.

Proof. We proceed by induction on the construction of «.

Suppose « is an atomic formula. Then « is quantifier-free by definition.

Let a (resp. B) be quantifier-free such that a’ (resp. p’) is equivalent in T to «
(resp. B). We have that T |= (a <> '), therefore

TE (~a+ —a')

also holds.
If
TE(a+a) and Tk (B < ﬁ/),

then
T (@A) < (&' AB)).
Now, consider Jxa. We suppose as the Inductive Hypothesis that there exists

«' quantifier-free such that
TE (a+a).

Then,
T |= (Fxa <> 3xa’).

We have Jxa’ with #’ quantifier free. By the disjunctive normal form, &’ is equiva-
lent to
(ag V- -+ Vay),

where each «; is a conjunction of atomic or negated atomic formulas. Therefore,
Jxa’ is equivalent to
(Ixap V- -+ V Ixay),

By the initial hypothesis, for each i, we have a quantifier-free formula j; equivalent
in T to dx«;. Hence,
T |: (HXOC — (:BO\/ s \/‘Bk)).
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Theorem 2.15. Th 915 admits elimination of quantifiers.

Proof. By Theorem 2.14, it suffices to consider formulas of the form
Ix(ag A - Aay),

where each «; is atomic or the negation of an atomic formula. We describe how to
replace such a formula with a quantifier-free formula.

In the language of 91s, the only terms are of the form S* u, where u is either 0
or a variable. The only atomic formulas are equations. Without loss of generality,
assume the variable x occurs in every «;. If not, since

Ix(a A B) =aAIxp,

we may separate out those &; not containing x.
Hence each «; is of the form

S"x =S"u

or its negation, where u is 0 or a variable. Furthermore, assume u # x because an
equation

S"x=85"x
can be replaced by 0 = 0 if m = n (reflexivity), and by 0 # 0 if m # n (If m > n, let
m = n+k with k > 1. Then S""*x = §"x — S'x = x by repeated application
of S2. This contradicts S4.k.

Case 1: Suppose every w; is the negation of an equation. Since the natural
numbers are infinite (derived from S1 ensuring Sx # 0 and S2 ensuring S is
injective, which together imply 0, 50,SS0, .. . are all distinct), we can always find an
x that is different from all those specific values forbidden by the negated equations
(Each equation S” y = t has at most one solution for y by repeated application of
S2; thus, only a finite number of values for x are excluded by the conjunction).
Then the formula is equivalent to

0=0.

Case 2: Suppose there is at least one a; not negated; without loss of generality,
let &g be
S"x =t,

where the term t does not contain x. Since the solution for x must be a natural
number (non-negative), replace ay by the conjunction

FA£ON---AE£S" 10,
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or by 0 = 0 if m = 0. (This conjunction is necessary for S” x = ¢ to yield a solution
x > 0; it ensures t ¢ {0,S0,.. .,8m 1 0}, which follows from axioms S1 and S2. If
these conditions on t are met, S3 then ensures such an x exists.)

For each other «; of the form

Skx:u,

replace it first by
Sk+m x = Sm u,

(justified by the injectivity derived from S2) which becomes
St =5"u.

At this point, the variable x no longer appears. Hence, the quantifier can be
dropped, and this completes the quantifier elimination.
O

Remark 2.16. The preceding proof for quantifier elimination was presented for
formulas that contain free variables. We note that this is not a limitation, as the
algorithm can also be applied to sentences (i.e., formulas without free variables),
provided that the language contains at least one constant symbol.

In the case where a sentence ¢ contains constants (cy,...,c,), we proceed
by replacing these constants with new variables xi,...,x, to create a formula
@(x1,...,x,). We then apply the standard quantifier elimination algorithm to
¢(x1,...,x,), which yields an equivalent quantifier-free formula ¥ (x,...,xy).

The final equivalence for the original sentence is obtained by substituting the
constants back:

THo << (er,...,cn)
This procedure allows any such sentence to be reduced to an equivalent quantifier-

free sentence, assuming the language contains at least one constant symbol.

Remark 2.17. The proof of Theorem 2.15 showed how given a formula ¢, to find
a quantifier-free 1. Since the steps followed only required the axioms Ag, we have
that:

As | (¢ < ¥).

The quantifier elimination procedure leads to an alternative proof of the com-
pleteness of Cn Ag.

Corollary 2.18. Cn Ag is a complete theory.



20 Natural Numbers with Successor

Proof. Given a sentence o, quantifier elimination yields an equivalent quantifier-
free sentence T, s0 As |= (0 <> 7). We claim that As |= 7 or Ag = —T.

The sentence T is constructed from atomic sentences, and these atomic sen-
tences are of the form S0 = S/ 0. Such an atomic sentence is deducible from Ag if
k =1, and its negation is deducible if k # [ (by S1 and S2).

Since every atomic sentence can thus be deduced or refuted from Ag, so can
any quantifier-free sentence 7. This establishes the claim that 7 is decided by As.
Consequently, as As = (0 <> 1), it follows that As |= 0 or Ag |= -, which proves
the completeness of As.

O

2.3 Definability

Another result of the quantifier elimination process concerns the problem of
definability in 91s. Specifically, for any formula ¢ whose only free variables are
v1 and vy, the process of quantifier elimination allows us to find a quantifier-free
formula 1 that has precisely the same free variables (v; and v;) such that:

En, Y01V02 (@ <> ).

Thus, any relation on g that is definable by the formula ¢(v1,vp) (even if ¢
contains quantifiers) is also definable by the corresponding quantifier-free formula
P(v1,v2). This principle naturally extends to formulas with any number of free
variables.

With this idea in mind we can prove the following result:

Proposition 2.19. A subset of IN is definable in 91 iff either it is finite or its
complement in IN is finite?.

Proof. (=) Suppose A C N is definable in 91s. This means there exists a formula
¢(v1) such that
A={neN|% E (S0}

Since Th91s admits quantifier elimination, ¢(v1) is equivalent in Th(s) to a
quantifier-free formula ¥ (v1). Thus, A is defined by this quantifier-free formula
p(01).

We now show that the set defined by any such quantifier-free formula ¢(v;) is
either finite or cofinite. Any such 1(v1) is equivalent to one in Disjunctive Normal

Form (DNF):
\/ (/\Aij(vl)) ,
i\ J

20r simply cofinite.
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where each A;;(v1) is a literal.

Each literal is built from an atomic formula. Atomic formulas in 915 with v; as
the only free variable are equations of the form Skv, = Slv; or Skv; = S™0.

An equation Skv; = Slv; defines N if k = 1, or @ if k # 1 (by repeated use of
S2 and then S4). An equation S*v; = S"0 defines @ if k > m (by S2 and S1), or
a singleton set {S" %0} if k < m (by S2). In all instances, an atomic formula and
therefore also its negation (a literal) defines either a finite or a cofinite set.

A conjunction A\;Ajj(v1) represents an intersection of finitely many sets, each
defined by a literal. Since each literal defines a finite or cofinite set, if any of these
sets in the intersection is finite, the entire intersection is finite. If all sets in the
intersection are cofinite, their intersection is also cofinite. Thus, each conjunction
A\ Aij(v1) defines a set that is either finite or cofinite.

Going back to the DNF structure V;(A; Aij(v1)), this represents a union of sets,
each defined by a conjunction. If all sets forming this union are finite, then the set
A (defined by ¢(v1)) is finite. If at least one set in the union is cofinite, then the
set A is cofinite. Therefore, any set A definable in 915 is either finite or cofinite.

(<) Suppose A C NN is finite or its complement A€ is finite. We consider two
cases:

Case 1: A is finite.

If A = @, it can be defined by the quantifier-free formula Sv; = v;, which is
false in 915 by S4.1.

If A= {ky,ky,... ky} for some m > 1, where each k; € IN, then A is defined
by the quantifier-free formula:

(v1 = SM0) v (01 =S520) v - - V (v = S0).

This formula uses only allowed symbols from the language of 915 and is quantifier-
free. Thus, any finite set A is definable in 91s.

Case 2: A° is finite (i.e., A is cofinite).

If A° = @, then A = IN. This can be defined by the quantifier-free formula
01 = 01.

If A = {kq,ko,..., ky} for somem >1,then A =N\ {ky,...,kn}. This set A
is defined by the quantifier-free formula:

(Ul 75 Sklo) A (ZJ] 7£ SkZO) VANRIRIVAN (01 7£ Sk’”O).

Each v; # t is the negation of an atomic formula, ~(v; = t), and is thus a
quantifier-free literal. The entire formula is therefore quantifier-free in the lan-
guage of Ms. Thus, any cofinite set A is definable in ;.

In both scenarios, A is definable in 1.
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The following result motivates the next chapter: we will demonstrate that the
ordering relation < is not definable in 5. To proceed, we begin with two defini-
tions and a lemma.

Definition 2.20. A relation L C IN x IN is called a line if it is the set of points (v, vp)
satisfying an atomic formula of one of the following forms, where k, m,c € IN:

1. v1 = S0 (a vertical line).
2. vy = S°0 (a horizontal line).
3. Sfvy = S0, (a diagonal line).

Definition 2.21. A relation R C IN x IN is linear if it can be covered by a finite
number of lines. We call a relation R colinear if its complement, (IN x IN) \ R, is a
linear relation.

Lemma 2.22. Any relation R C IN x IN definable in 915 is either linear or colinear.

Proof. By quantifier elimination, any definable relation in 915 is defined by a
quantifier-free formula ¢(v1,v2), which we may assume is written in disjunctive
normal form: ¢ = V; A;A;j, where each A;; is a literal.

Atomic formulas in Ng are of the form S™ t = S" u for t,u € {v1,v,,0}. The sets
defined by such formulas are either lines, the empty set, or the full set IN x IN. The
complement of a line is colinear, the complement of the full set is the empty set
(linear), and the complement of the empty set is the full set (colinear). It follows
that each literal A;; defines either a linear or colinear set.

Consider now a conjunction C; = A; A;;. If any literal in the conjunction defines
a line, then the whole conjunction defines a subset of that line and is therefore
linear. If all literals define colinear sets, then each is either the full set or the
complement of a line, and so their intersection is the complement of a finite union
of lines, which is colinear. Thus, every conjunction C; defines a linear or colinear
set.

Finally, since ¢ is a disjunction of such conjunctions, the set it defines is a finite
union of linear or colinear sets. If all disjuncts define linear sets, then their union
is linear. Otherwise, if any disjunct is colinear, then the complement of the relation
is contained in the complement of that disjunct, which is linear, and so the relation
itself is colinear.

O

Now we can prove our result of interest:

Proposition 2.23. The ordering relation R = {(v1,v2) | v1 < v, in IN} is not
definable in the structure MNg.
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Proof. By the preceding lemma, any relation definable in g is either linear or
colinear. The relation R. is neither.

Assume R_ is linear, and let n be the least number such that the line v; = n
is not part of the covering. Then there are infinitely many elements (v1,v;) € R<
with v; = n, but only finitely many of them can be covered by the finitely many
remaining lines. So R< is not linear.

Assume R is colinear. Then its complement RS = {(v1,v2) | v1 > vp} is
linear. By the same argument, there is some n such that the line v; = 7 is not
covered, and then infinitely many elements of RS lie on that line, contradicting
linearity.

Therefore, R is neither linear nor colinear, and thus not definable in 9.

[
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Chapter 3

Natural Numbers with Order

3.1 Theory of 91, and axiomatization

We are now going to expand the language from the previous chapter by intro-
ducing the ordering symbol <. As a result, our structure will be defined as

7M. = (N;0,S, <)

We want to prove that the theory of the structure Th 9, is also decidable. To
do this, we will provide an axiomatization of the theory and show that the set
of its consequences allows for the elimination of quantifiers, which will, in turn,
enable the proof of decidability and other corollaries.

To simplify notation, we will write x < y as an abbreviation for (x < yVx = y).
x #£ y abbreviates the negation of x < y, and x £ y that of x < y.

Since < denotes the usual strict ordering relation on IN, we can metatheoret-
ically extract some of its fundamental properties: the relation is total, transitive,
and has a least element (0). Based on these observations, we now introduce a set
of axioms to formally characterize the structure. Other properties of <, such as
irreflexivity, will be derived as consequences of this axiomatization. The set of
axioms for Th 9, denoted A;, consists of the following sentences:

Yy (y#0—3Ix(y=5x)) (S3)
Vx Vy (x <Sy <+ x<y) (L1)
Vx (x £ 0) (L2)
Vx Vy (x<yVx=yVy<x) (L3)
Vx Yy (x<y—y<£x) (L4)
VxVyVz (x <yAy<z—x<z) (L5)

It is obvious that they are all true in 91, thus we have Cn A, C Th ;.
Before proceeding to prove that A; admits elimination of quantifiers, we will first

25
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examine some useful consequences.
Lemma 3.1 (Irreflexivity). Vx x £ x

Proof. We will prove this by contradiction. Suppose x < x. Then, by L4, which
states Vx Vy (x <y — y £ x), we have x £ x. But this implies both x < x and
x £ x, a contradiction. Therefore, our assumption must be false, and x £ x.

O

Lemma 3.2. Vx x < Sx

Proof. 1f we take y := x in L1, we get x < Sx <+ x < x. Since in fact x = x, this
implies that x < Sx.
O

Lemma 3.3. Vx Vy (x £ y <>y < x)

Proof. (—) Suppose x £ y. Then, by L3, we have x = yVy < x, which is the
equivalent of y < x.

(¢-) Suppose y < x. We proceed by contradiction: assume also that x < y.

By L4, it follows that y £ x. But since y < x, by definition we have y < x or
Yy = x, so we must have y = x.

Substituting this into our assumption x < y, we obtain x < x, which contra-
dicts Lemma 3.1. Therefore, our assumption must be false, and it follows that

x £y.

O
Lemma 3.4. Vx Vy (x <y <> Sx < Sy)
Proof.
x<y<+ry%x (byLemma 3.3)
<y £ Sx (byLl1)
< Sx <y (by Lemma 3.3)
< Sx < Sy (byLl)
O

Lemma 3.5. (a) Vx (Sx #0) (S1)
(b) VxVy(Sx =Sy - x=y) (S2)

(c) Vx (S"x #x) (S4nforn=1,2.)
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Proof. (a) We prove this by contradiction. For any arbitrary x, suppose Sx = 0.

From Lemma 3.2, we have Vx (x < Sx), so substituting Sx = 0, we obtain
x < 0.

But this contradicts L2: Vx (x £ 0). Hence, our assumption is false, and we
conclude Sx # 0.
(b) Assume Sx = Sy, we want to prove x = y. Suppose for contradiction that

x # y. By Lemma 3.3, we then have either x < y or y < x.

If x <y, then by Lemma 3.4, Sx < Sy. But since Sx = Sy, this implies Sx < Sx,
which contradicts Lemma 3.1.

If y < x, then Sy < Sx, and again Sx = Sy leads to Sx < Sx, contradicting
Lemma 3.1.

In both cases we reach a contradiction; therefore, we can conclude that x = y.

(c) For an arbitrary x, we proceed by induction on .

Base case: n = 1. We must prove Sx # x. From Lemma 3.2, we have x < Sx,
and by Lemma 3.1, x £ x. Therefore, Sx # x, as desired.

Inductive Step: Assume the inductive hypothesis: S"x # x.
By using x < Sx and transitivity (by L5) it is always correct to state x < S"x.

We must prove:
Sn—Hx # X

From the inductive hypothesis and Lemma 3.2, we have:

x <S"'x and S"x < S*tlx

Then by transitivity of < (by L5), it follows that:
x < Sy
And since x < x is false by Lemma 3.1, we conclude:
Sty £ x
O

Remark 3.6. Lemma 3.5 shows that the set of axioms for Th 9i; can be derived
from the axioms of As. Consequently, every model 2 of Aj satisfies the axioms
of Ag when the order relation <% is disregarded. Thus, its domain includes a
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standard initial segment isomorphic to IN, possibly accompanied by additional
components, each forming a copy of Z, that is, Z-chains.

As we already saw in the previous chapter, in the setting of models of Ag, these
Z-chains are unordered among themselves, since they are disjoint and the theory
does not specify a relation between elements of different chains. However, when
the full language of Ay is considered, including the order symbol, this changes:
the order <* being total implies that, for any two distinct elements in the model,
their relative order is determined. As a result, the Z-chains within the model
become linearly arranged, even though their internal structure remains that of the
integers.

3.2 Quantifier elimination and decidability

We will follow an analogous process to the previous chapter in order to prove
the decidability of Iy

Theorem 3.7. The theory Cn Ar admits elimination of quantifiers.

Proof. We will do a similar proof to the one seen in Theorem 2.14. Consider a
formula

Fx(Bo A~ A Br),

where each f; is atomic or the negation of an atomic formula.
The terms are, as in the previous chapter, of the form Sk 1, where u is either 0
or a variable. There are two possible atomic formulas:

S‘u=s"t and S'u<S't
Replace t; £ tp by to < t; Vt; =t (by L3), and replace t; # tr by t; < tp Vi <
tp (by L4).
By regrouping the atomic formulas and using the equivalence
Ix(p A1) = Fxp A Ixy,
we may rewrite the formula as

Ix(ag A+ Aag),

where each «; is atomic.
We may assume the variable x occurs in each «;. Otherwise, use

Ix(a A B) = a A Jxp.
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Also assume x appears on only one side of each «;. For Sk x = S x, the formula
is equivalent to:

0=0 ifk=¢ and 0#0 otherwise,

since if k # ¢, we would have S™ x = x for some m > 1, contradicting S4.m.
For Sfx < & x, we replace the formula by

0=0 ifk<?¢, and 0#0 otherwise,

justified by L1 and L4.

Case 1: Suppose some «; is an equality. Then we proceed as in Case 2 of the
quantifier-elimination proof of Theorem 2.14.

Case 2: Otherwise, each a; is an inequality. Then the formula becomes

Ix (/\ti<5mfx/\/\8”ix<uj).
. .

]

If there are no upper bounds (i.e., the second conjunction is empty), then we
replace the formula by
0=0,

because any sufficiently large x satisfies the inequalities (using S3: the domain is
infinite).
If there are no lower bounds (i.e., the first conjunction is empty), then we
replace the formula by
/\ S0 < uj,

]

asserting that zero satisfies all upper bounds (as ensured by L2 and L4).
Otherwise, we proceed with the following transformations:

Ix N\ (i <S"x NS x <uj); (1)
i
Ix N\ (8"t < S" M x < SMuy) ; 2)
i

(/\ Shtt < ™ u]) ANS"0 < uj. (3)
1,] ]

The transition from (1) to (2) uses that the successor function S is strictly in-
creasing (by L1). Applying S" to t; < S™i x gives S"i t; < """ x, and applying
S™i to §" x < u; gives S™ M x < S u;.
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The transition from (2) to (3) asserts that for a value of x to exist between all
the lower and upper bounds, there must be a gap:

S"tT < SMiu,

which again relies on the fact that S is discrete and strictly increasing (axioms L1
and L5).
Additionally, we require that

S0 < uj,

so that x is not forced below zero (using L2 and L4).
Thus, in each case, we reduce the formula to a quantifier-free equivalent.
O

The above theorem has some key results.
Corollary 3.8. Cn Ay, is a complete theory.

Proof. Let o be a sentence in the language of Ar. Since Cn A; admits elimination
of quantifiers, there exists a quantifier-free sentence 7 such that

AL E (< T1),

(as in Remark 2.17). We claim that either A} = T or A; = —7.

The sentence T is a combination of atomic sentences of the form S¥0 = S/ 0 or
sko < s‘o.

Consider first the case of S0 = S‘0. As in Corollary 2.18, such a sentence is
deducible from Aj if k = ¢, and its negation is deducible if k # /, because the
axioms S1 and S2 used in that proof are derivable from A (see Lemma 3.5).

Now consider atomic sentences of the form S50 < S§¢0. If k < ¢, then ¢ =
k + j for some j > 1. Repeated application of Lemma 3.2 (Vx(x < Sx)) and L5
transitivity of <) yields

ApESf0<slo < ... <o =50,

so Ar =50 < s‘o.
If k = ¢, then the sentence becomes S*0 < S*0, which is false by irreflexivity
(Lemma 3.1), derivable from A;. Hence,

A = (S0 < S*0).

If k > £, then Ay |= S'0 < S*0, by the previous case with k and ¢ swapped. By
L4 (VxVy(x <y — —(y < x))), it follows that

Ar = ~(SF0 < sb0).
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Therefore, every atomic sentence of either form is decided by A, and since T
is a Boolean combination of such atomic sentences, T is decided by Ay as well:

AL |: T oOr AL ): -T.
From A = (0 <> T), we conclude that
AL ): o or AL ): -,

which proves the completeness of Ar.

Following the exact same process as in the proof of Corollary 2.10
Corollary 3.9. Cn Ar = Th91

Since any complete, axiomatizable theory is decidable, this leads us directly to
the result of interest.

Corollary 3.10. Th91;, is decidable .
Similarly to the previous chapter, we have:
Corollary 3.11. A subset A C IN is definable in 0 iff it is finite or cofinite.

Proof. Let A C IN. We use the fact that Th 91, admits quantifier elimination. Thus,
any formula ¢(v;) defining A is equivalent to a quantifier-free formula ¥(v1),
which can be taken to be in Disjunctive Normal Form (DNF):

\ /_\7\1‘]'(01) ,
j

i

where each A;;(v1) is a literal.

(=) Suppose A is definable in 1. Then A is defined by such a quantifier-free
DNF (v1). The atomic formulas in the language of M involving v; are of the
form Skv; = §"0, Skv; = S'vy, Skv; < §"0, S™0 < S¥vq, or Skv; < Slv;.

Each such atomic formula, and thus each literal, defines a subset of IN that
is either finite or cofinite. For instance, S‘v; = S™0 defines at most a singleton
(finite); Sv; < S0 defines a finite initial segment of IN (i.e., a set of the form
{0,1,...,c}, possibly empty); and S"0 < Sk, defines a cofinite final segment of
N (i.e., a set of the form {c,c+1,... }, possibly N itself). Formulas like Sky, = Sloy
or Sv; < S'v; resolve to define either IN (cofinite) or @ (finite), respectively.

A conjunction of literals corresponds to an intersection of the finite or cofinite
sets defined by these literals. Such an intersection is finite if any component set
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is finite; if all component sets are cofinite, their intersection is also cofinite. Thus,
each conjunction defines a finite or cofinite set.

The DNF formula ¢(v;1) is a disjunction of these conjunctions. This corre-
sponds to a union of the finite or cofinite sets defined by each conjunction. Such
a union is finite if all component sets are finite; if at least one component set is
cofinite, the union is also cofinite. Consequently, the set defined by 1(v;) is finite
or cofinite. Therefore, if A is definable in 91, it is either finite or cofinite.

(«=) Conversely, suppose A C N is either finite or cofinite. We consider two
cases:

Case 1: A is finite.

If A = @, it can be defined by the quantifier-free formula v; # v; (or Sv; < vy).

If A= {ky, ko, ..., ky} for some p > 1, where each k; € IN, then A is defined by
the quantifier-free formula:

(01 = Sk10) V (Ul = SkZO) VeV (7)1 = Sk”O).

This formula is in the language of 91;. Thus, any finite set A is definable.

Case 2: A€ is finite.

If A= @, then A = IN. This can be defined by the quantifier-free formula
01 = 01.

If A°= {ki,ka,...,kp} forsome p > 1, then A =N\ {ky,...,k,}. This set A is
defined by the quantifier-free formula:

(Ul 7é Sklo) A\ (Ul 75 SkZO) VANCIIEIVAN (Ul 7'é SkPO).

Each v; # t is a literal. The entire formula is therefore quantifier-free in the
language of ;. Thus, any cofinite set A is definable.
In all these cases, A is definable by a quantifier-free formula in the language
of 9. Thus, any finite or cofinite subset of IN is definable in 91;.
d

To conclude this chapter, we present the following result, which serves as mo-
tivation for what comes next.

Corollary 3.12. The addition relation, {(m,n, p) | m +n = p}, is not definable in
MNr.

Proof. 1f addition were definable, then the property of x being even, defined by
the formula

p(x)=Jy(x=y+y),

would also be definable in the language of 91;.
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This would imply that the set of even numbers is definable in 9. However,
this set is neither finite nor cofinite, which contradicts the previous corollary.
O
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Chapter 4

Natural Numbers with Addition

4.1 Theory of 914 and axiomatization

Now we will augment the language of the previous chapter by the addition
symbol +, therefore our structure will be

N4 = (N;0,S,<,+)

We will prove that the first-order is decidable, but first we will give a convenient
axiomatization of the theory and some useful consequences for later on.

The axioms of Th 914 will be a set A, including the axioms of A; and some
new axioms for the addition.

Yy (y#0—3x(y="5x)) (S3)
VxVy (x<Sy+x<y) (L1)
Vx (x £0) (L2)
Vx Vy (x<yVx=yVy<x) (L3)
Vx Vy (x<y—y<£x) (L4)
VxVyVz (x <yAy<z—x<z) (L5)
Vx (x+0=x) (A1)
Vx Wy (x+Sy =S(x+vy)) (A2)

And for every formula ¢(x,x1,...,xx):

‘v’xl,...,xk<(go(0,x1,...,xk) AVx(@(x,x1,..., %) — q)(Sx,xl,...,xk))) —
(A3)
— Vx q)(x,xl,...,xk)>

Observe that A3 corresponds to the Induction Axiom and actually refers to an
infinite amount of axioms. Now we will move on to proving some useful results.

35
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Lemma 4.1 (Associativity). VxVyVz ((x+vy) +z=x+ (y+z))

Proof. We will prove the statement by induction on z.
Base Case: z =0

x+(y+0)=x+y=(x+y)+0 (by Al)

Inductive Hypothesis: Assume (x +y) +z' = x+ (y +2z’) for some z’. We will
prove that (x +y) +Sz’ = x + (y + Sz’):

(x+vy)+S2 =S((x+vy) +2) (by A2)
S((x+y)+2)=S(x+ (y+2)) (by IH)
S(x+(y+2))=x+S(y+2z)=x+(y+Sz') (by A2)

Lemma 4.2. The following statements hold:
1. Vx(0+x = x)
2. VxVy(S(x) +y = S(x+y))

Proof. (1) We prove 0 + x = x by induction on x. Base Case (x = 0): 0+0 = 0,
which is true by Al.
Inductive Step: Assume 0+ x = x. We must show 0+ S(x) = S(x).

0+S(x) =S(0+x) (by A2)
— S(x) (by IH)

(2) We prove S(x) +y = S(x + y) by induction on y.

Base Case (y = 0): We must show S(x) +0 = S(x +0). By axiom Al, the left
side is S(x) and the right side is S(x). The identity holds.

Inductive Step: Assume S(x) +y = S(x +y). We must show S(x) + S(y) =
S(x+5S(y)).

S(x) +5(y) = S(5(x) +y) (by A2)
5(S(x+y)) (by IH)
S

(x+5(y)) (by A2)

Lemma 4.3 (Commutativity). VxVy (x +y =y + x)
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Proof. We use the results from Lemma 4.2. The proof is by induction on y.

Base Case (y = 0): We must show x +0 = 0+ x. By axiom (Al), we have
x +0 = x. By Lemma 4.2(a), we have 0 + x = x. Thus, x -0 = 0 + x.

Inductive Step: Assume x +y = y + x for some y. We must prove that x +

S(y) = S(y) +x.

x+ S(y)

S(x+y) (by A2)
S(y+x) (by IH)
S(y) +x (by Lemma 4.2(b))

This completes the proof.
O

Remark 4.4. From now on we will freely use both commutativity and associativity
since in future demonstrations there will be parenthesis eliminations and more
general commutativity that can be easily proved by these.

Lemma 4.5. VxVyVz (x <y <> x+z <y-+2z)

Proof. We will prove the statement by induction on z.
Base Case: z =0
x<y<x+0<y+0

By Al, we have:
x+0=x and y+0=y

Thus, the statement becomes x < y <+ x < y, which is trivially true.

Inductive Hypothesis: Assume that for some z/, VxVy (x <y <> x+z2' <y+7').
We will prove that VxVy, (x <y <> x+ 52/ <y + S2)
(—) Assume x < y. By the Inductive Hypothesis, x + 2z’ <y +z'.

x+Sz2' =S(x+2z')and y+ Sz’ =S(y + /) (by A2)
x+z <y+z = S(x+2')<S(y+7) (a<b<>S(a) <S(b))

Thus:
x+82 =S(x+7Z)<S(y+7)=y+S7 > x+87 <y+57
(«) Assume x + Sz’/ <y + S7/.

S(x+2)=x+Sz <y+8Sz2 =Sy +7) (by A2)
S(x+2)<S(y+7)—>x+z2 <y+zZ (a<b< S(a) <S(b))

By the Inductive Hypothesis x +z' <y +z' — x <y
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Lemma 4.6. VxVyVz (x =y <> x+z =y +2).

Proof. We prove both directions of the biconditional.

(—) Assume x = y. We can replace x with y in the term x + z to obtain y + z.
Thus, x +z =y +z.

(+=) Assume x +z = y + z. We will prove x = y by contradiction. Assume
for the sake of contradiction that x # y. By the L3, if x # y, then either x < y or
y<x.

1. If x < y, then by Lemma 4.5, we must have x +z < y 4 z. This contradicts
our initial assumption that x +z = y + z.

2. If y < x, then by Lemma 4.5, we must have y 4z < x + z. This also contra-
dicts our initial assumption that x +z =y + z.

Therefore, we conclude that x = y.

Definition 4.7. Let t be a term in our languageand n € IN, nt =t+4.". 4t
Lemma48. VxVy (x =y < x+x=y+y)

Proof. (—) Assume x = y. Then, by the logical principle of substitutivity of equal-
ity, we may replace one side with the other in any expression. Applying this to
X+ x, we get:

xtr=y+y

(¢) Assume x +x =y + .
We want to show that x = y. Suppose x # y.
Without loss of generality, assume x < y (the case y < x is symmetric).

x+x<y+xandy+x <y+y (by Lemma 4.5)
x+x<yty (by L5)

This contradicts the assumption that x + x = y + y. Therefore, x # y leads to a
contradiction, and we conclude x = y.
O

Corollary 4.9. Let n € IN, then VxVy (x = y <> nx = ny).
Lemma 4.10. VxVy (x <y <> x+x <y+y)
Proof. (—) Assume x < y.

x+x<y+xandy+x <y+y (by Lemma 4.5)
x+x<y-+y (by L5)
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(¢) Assume x +x <y +y.

We want to show x < y. Suppose for contradiction that x £ y. By L3, either
x=yory <x.

If x =y, then x + x = y + y by Lemma 4.8. This contradicts x + x <y +y.

Ify <x

y+y<x+yand x+y <x+x (by Lemma 4.5)
y+ty<x+x (by L5)

Contradicting x +x <y +v.
Thus, both cases lead to contradictions, so x £ vy is false, and we conclude
x <y.
O

Corollary 4.11. Let n € IN, then Vx Vy (x <y <> nx < ny).

Lemma 4.12. For any natural numbers 2 and b
570 4 Sbo — Sa+b0.

Proof. The proof is by induction on b.
Base Case: For b = 0, the left-hand side is $?0 + S°0 = 5?0 + 0, which equals S0
by axiom (A1). The right-hand side is $**°0 = S0, so the equality holds.
Inductive Step: Assume the property holds for b. We then prove it for S(b):

S0 +SP+10 = S°0 + S(Sb0)
= S5(S°0+5S0) (by A2)
= 5(S*+00) (by TH)
Su-i—(b—l—l)o'

The result follows by the principle of induction.
O

Lemma 4.13 (Division with remainder). Given n # 0, Vx3Jy (x = ny Vx = ny +
SOV ---Vx=ny+S"10).

Proof. The proof is by induction on x.

Base Case: For x = 0, we choose y = 0. We have n0 = 0 by Al. Thus the
disjunct x = ny becomes 0 = 0, which is true.

Inductive Step: Assume the lemma holds for x, so x = ny 4+ S’0 for some y and
some integer ¥ with 0 < r < n. We show the property holds for S(x).

e If r < n—1, then S(x) = S(ny +S0) = ny + S0 by A2. The property
holds with the same quotient y and a new remainder r + 1.
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e If r = n—1, then S(x) = S(ny +S""10) = ny +S"0 = ny + nS'0. Using
the previous lemma repeatedly. Now, ny +nS'0 = n(y + S'0) = nS(y), by
notation and use of A2. The property holds with quotient S(y) and a new
remainder of 0.

In both cases, the property holds for S(x), which completes the induction.
O

Lemma 4.14. Given a term = #(xy,...,xx), there exist ng,ny,...,n, € N such
that

Ap bt =85"0+nyx) + - + nmxg.

Proof. We will prove the statement by induction on t.

Base Case: t =0 and t = x;

Trivially, for t = 0 we take n; = 0 for every n;. And for t = x; we take nyp = 0,
ni=1,nj=0wherel <j<iandi+1<j<k

Case St:

Inductive Hypothesis: Assume t = S"0 + ny1x; + - - - 4 ngx;. We will prove that
St can be expressed in the same form.

St = S(S"0 + nyx1 + - - - + ngxy) PYLA2 gno+1g + Xy + - 4 g

Case t +t':

Inductive Hypothesis: Assume t = S"0 + nyxq + - + mx, and + = S"0 +
nix1 + - - - + npxi. We will prove that t 4 t' can be expressed in the same form.

t4+t = (S"00 + nyxq + -+ mpxg) + (S0 + nixg + - -+ nfxy) = S0 +
(m +nf)x1+ -+ -+ (g + np)xg, by Lemmas 4.1 & 4.3.

O

4.2 Presburger Theorem

For any n € IN and any variable z, we define the term nz as an abbreviation
for repeated addition:

nz=z+z+---+z
N——————

n times

By convention, if n = 0, we define 0z = 0.
Definition 4.15. We define the following equivalence relation

X=py<> Iz (x+nz=y)VIz(x=y+nz)
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Remark 4.16. From now on L} will refer to the expanded language of La: Ly U
{=n | n > 1}. The notation A4 + {=,} will refer to the set formed by the union
of the axioms A4 and the definition of =,.

Lemma4.17. VxVy (~nx =,y < x =, y+S0Vx =, y+S*0V---Vx =, y+5"10)
Proof. This statement is logically equivalent to
VaVy (x =, yVx=,y+S0Vx=,y+S0V---Vx=,y+5"10)

and thus we will demonstrate the second one.

Lemma 4.13 stated that givenn # 0, Vz3w (z =nwVz=nw+ S0V ---Vz =
nw —+ S”*10). By using the definition of =, this can be converted into the following
statement for n # 0:

Vz(z=,0Vz=,90Vz=,50V --Vz=,5"10)
Now, for any x, y, consider z = x — y. Then:
X=p Yy x—y=,0<2=,0
So, applying the above result to z = x — y, we get:
X—y=,0Vx—y=,90V---Vx—y=,5"10
which translates to:
xz,,y\/xzny—i—SOVxEny+820v---\/xzny+8”_10

This proves the equivalent form of the lemma. Hence the original statement
also holds.
O

Before proving the main result of this section, we must prove some results.

Lemma 4.18. If M |= Ay, then there exists an expansion M™ of M to the lan-
guage L such that MT |= Ay + {=,}.

Proof. Let M be a model of A 4. We construct the expansion M™ by retaining the
same universe, | M|, and the same interpretations for all symbols from the original
language L.

For each new relation symbol =, in the expanded language L}, we introduce
its interpretation. We define the relation (=)M" to be:

(=M = {(a,b) €  MP | M|=3z(a=b+nz) VM = 3z(b = a+nz)}
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By this construction, the expanded structure M satisfies the definitions of all
the =, relations. Since M is an expansion of M, it also remains a model of A4.
Thus, M = Ax + {=,}.

O

Lemma 4.19. Let M be a structure for the language L4 and let M ™ be an expan-
sion of M to the language L. If ¢ is a sentence in the original language L4 and

M = @, then M E o.

Proof. By definition, an expansion M™ and its reduct M provide identical inter-
pretations for all symbols in the original language L4. Since the sentence ¢ is
composed solely of symbols from Lg, its truth value is necessarily the same in
both structures. Therefore, if ¢ is true in M™, it must also be true in M.

O

Proposition 4.20. For every sentence ¢ of our language L4,
ApEeeAr+{=itEo

Proof. (=) Trivial. If A4 |= ¢, then since A, is a subset of Ay + {=,}, it follows
immediately that A4 + {=,} = ¢.

(<) Suppose Ax + {=,} = ¢. We must show that A4 = ¢. To do this, we
will show that any arbitrary model of A 4 must also be a model of ¢.

Let M be any model of A4 (in the language L4). By Lemma 4.18, because
M = Ay, there exists an expansion M™ of M to the language L} such that
M+ ): A At {En}.

By our initial supposition that A4 + {=,} = ¢, any model of this expanded
theory must satisfy ¢. Therefore, we must have M ™ |= ¢.

Now, since ¢ is a sentence written purely in the original language L4, we can
apply Lemma 4.19. This lemma states that if ¢ is true in the expansion M, then
it must also be true in the reduct M.

From M™ |= ¢, we can therefore conclude that M |= ¢. Since we have shown
that an arbitrary model M of A4 must also be a model of ¢, we have proven that

AA}:qo
O

Lemma 4.21. The theory of 914 does not admit elimination of quantifiers.

Proof. To prove this, we provide a formula in the language of 91,4 that cannot be
equivalent to any quantifier-free formula. Consider the formula ¢(x) given by:

p(x):==3Jy(x =y +y)
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This formula defines the set of even natural numbers. If the theory of 914 admitted
quantifier elimination, there would have to exist a quantifier-free formula, let’s call
it (x), that is logically equivalent to ¢(x).

A quantifier-free formula is a Boolean combination of atomic formulas. An
atomic formula with one free variable, x, must be a linear equality or inequality,
such as kx + ¢y =dqy or kx + ¢ < dj.

1. A linear equality defines either a finite set (the empty set or a singleton) or
the entire set IN (which is cofinite).

2. A linear inequality defines either a finite initial segment of IN, a cofinite final
segment of IN, the empty set @ (which is finite), or the entire set IN (which
is cofinite).

In all cases, an atomic formula with one free variable defines a set that is
either finite or cofinite. Finite or cofinite sets are closed under the Boolean oper-
ations of union, intersection, and complement. Therefore, any set definable by a
quantifier-free formula in this language must be either finite or cofinite. This is a
contradiction, as the set of even naturals numbers is neither finite nor cofinite.

O

Theorem 4.22 (Presburger). The theory of the structure 914 = (N;0,S,<,+) is
decidable.

Proof. We will prove the decidability of 914 = (IN;0,S, <, +) using a quantifier
elimination procedure. The theory of 914 itself does not admit elimination of
quantifiers; however, as a consequence of Proposition 4.20, it is equivalent to find-
ing a quantifier elimination procedure for the theory T of the expanded structure
N5 = (IN;0,S, <, +,=2,=3,... ).

From now on we will refer to A4 + {=,} as T. To show that T admits quantifier
elimination, it is sufficient to demonstrate that any formula of the form Jx(a; A
.-+ Away), where each g; is a literal, has a quantifier-free equivalent in T.

The atomic formulas in our current language L} are of the form t =/, t < t/
or t =, t'. We can eliminate negations by carrying out the following substitutions:

-(t=1) isreplacedby (t<t'Vt <t) bylL3
and
~(t=pt') isreplaced by (t=pyt +SOVt=pt +S0V---Vt=,t +5"10),

by Lemma 4.17. After applying these rules and converting the formula to Dis-
junctive Normal Form, the problem reduces to eliminating the quantifier from a
formula of the form

Fx(Br A A Pm)



44 Natural Numbers with Addition

where every f; is an atomic formula.

We can suppose that x appears in every B; (since Ix(a A B) = a A IxB if x is
not free in a). Now we show that any atomic formula can be rewritten such that x
appears in only one term. This is possible due to Lemma 4.1, Lemma 4.3, and the
cancellation property from Lemma 4.6.

1. Form nx 4+t = u: An equality of the form n'x +t' = n”x 4t can be rewrit-

ten as (n’

shorthand). By renaming, this takes the form nx +t = u.

—n")x ++t = t" (assuming n’ > n” and using subtraction as

2. Formnx +t < woru < nx -+t Aninequality n'x +t < n’x 4+t is rewritten
as (' —n")x+t <t (formnx+t <u)ifn’ >n", orast' < (n" —n")x++t’
(form u < nx +t)if ' < n’.

3. Form nx +t =, u: A congruence n'x +t =, n"x+t" is equivalent to
(n" —n")x +t =, t". This takes the desired form nx +t =, u.

Now, we proceed with the core elimination algorithm for Jx ¢(x), where ¢(x)
is a conjunction of atomic formulas of the forms above.

Step 1: Uniformize Coefficients. Let p be the least common multiple! of the
coefficients n of x appearing in all the atomic formulas in the conjunction. We
transform each atomic formula to one where the coefficient of x is p. For a factor
k, such that k = p/n:

1. An equality nx + t = u becomes px + kt = ku by Corollary 4.9.
2. An inequality nx +t < u becomes px + kt < ku by Corollary 4.11.

3. A congruence nx +t =, u is multiplied by k. This requires adjusting the
modulus, as nx +t =, u iff k(nx + t) =, ku. This gives px + kt =y, ku by
the definition of congruence.

After this process, all terms involving x are of the form px.

Step 2: Eliminate the Coefficient. Our formula now has the form Jx(y(px)),
where ¢ is a conjunction of atomic formulas where x only appears inside px. We

IThe concept of the least common multiple (LCM) can be defined without using the multiplica-
tion symbol. The statement "x is the LCM of ny, ..., n;" is equivalent to the formula:

k k
(x>0 A A\(x=y 0)/\Vy<((y>0)/\/\(y=ni O)) —>x§y>.

i=1 i=1
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introduce a new variable y to stand for px. This substitution is valid if we add that
y must be a multiple of p by adding the conjunct y =, 0:

Jy(yp(y) ANy =p 0)

The atomic formulas inside ¥(y) now have a coefficient of 1 for the variable y,
/

simplifying them to the forms y +t' = v/, y+t <u', v’ <y++t,andy+t =, u'.

Step 3: The Special Case of Equality. If the conjunction ¢(y) Ay =p 0 contains an
equality involving y, say y + t' = u', we can eliminate the quantifier directly. A
formula of the form Jy (y + ¢ = u’ A x(y)) is equivalent to:

x(w — YAt <

Here, x(u' —t') is shorthand for substituting y in x(y) and transposing terms
to eliminate subtraction?. For instance, if x(y) contains the conjunct y < v, the
substitution yields ' —t' < v, which is rewritten as #’ < v+ t'. The condition
t" < u’ ensures that the value substituted for y is in IN. The existence of a unique
non-negative solution for y is guaranteed by axioms S3 and L1. If such an equality
exists, the quantifier is eliminated.

Step 4: General Case. If the conjunction does not contain an equality, then the
formula is equivalent to:

Hy /\A]'<y/\/\y<Bi/\/\yEm}/(Ck

j<n i<m k<l

where the terms A;, B;, Cx do not contain y.

Let M be the least common multiple of all the m; for k < I. Since a + M = 4
for any a, a property which follows from the definition of congruence and the
axioms of addition, the pattern of residues of y modulo each m; repeats with a
period of M. Thus, in searching for a solution to the congruences, we only need
to search M consecutive integers.

The formula asserts the existence of a natural number y that is greater than a set
of lower bounds {Ay, ..., A,_1}, less than a set of upper bounds {By, ..., Byu_1},
and satisfies the given congruences. If any such solution exists, then one con-
structed "close" to a lower bound must exist. To ensure we find a non-negative
solution, we add 0 to the set of lower bounds. Let £ = {Ay,...,A,—1} U {0} be
the set of all lower bounds.

2This notation is a conceptual shorthand. As the theory does not include a subtraction operator,
the substitution is performed by algebraic transposition of terms from the equality.
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If a solution exists, then one of the following numbers must be a solution:

Ao+1,..., A0+ M,
Ai+1,..., A1+ M,

An71+1/---1An71+M/
0,1,...,M—-1

Our formula asserting the existence of a solution y can now be replaced by a
quantifier-free disjunction. This disjunction asserts that one of the test candidates—
constructed by adding an integer from 1 to M to one of the lower bounds in £—is
a valid solution satisfying all original conditions.

The final quantifier-free equivalent formula is:

M
V VI AA<A+80)A A (A+S5%) < B A N\(A+870) =, G
AeLqg=1 LA'eL i<m k<l

This formula, while large, is free of quantifiers. This completes the quantifier
elimination procedure.

Conclusion. The above procedure tells us how to find a quantifier-free sentence
T that is true if and only if a given sentence ¢ is true. To find the truth value of
the quantifier-free sentence 7, it is enough to look at its atomic sentences. Any
variable-free term in the language can be put in the form S0 for some natural
number k. Therefore, any atomic sentence is equivalent to one of the following
forms:

e S¥0 = SP0, which is true iff k = p.

e S¥0 < SPO, which is true iff k < p. The truth of these first two types of
sentences is decidable as a consequence of axioms L1-L5.

e S0 =,, SP0, which is true iff k =, p. The truth of this is decidable by the
effective algorithm from Lemma 4.13, which is provable from axiom A3.

The quantifier elimination procedure is effective: for any sentence o, we can
mechanically produce an equivalent quantifier-free sentence 7. Since we can de-
termine the truth value of every atomic sentence within 7, we can compute the
truth value of 7 itself. Because ¢ is true if and only if T is true, this gives us an
algorithm to decide the truth of any sentence ¢.

A theory for which such a decision algorithm exists is, by definition, decidable.

O
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