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Motivation and Summary

This project studies the non-existence of irreducible Galois representations of Gal(Q/Q) un-
ramified outside p = 2 and p = 3. This topic was studied mainly by John Tate (|22]) and
J.P. Serre ([18] and [20]), with further results obtained in recent years, but the literature
for the original problem consists on very disperse, informal and outdated notes that rely
on deep topics or that do not go over the details. Our goal is to provide a simplified proof
using everything that has been studied after Tate and Serre introduced it, while including
the details needed to follow the proof.

The main tool for this project is the study of local fields and how they ramify, to simplify
the problem through an upper bound for the discriminant of extensions introduced by Tate.

In Chapter 1 we introduce everything necessary for the proof of Tate’s bound, focusing on
local field theory and class field theory.

In Chapter 2 we present the problem and how to work with it locally, and we state and
prove Tate’s bound (actually a refinement of Tate’s original bound by Moon and Taguchi,
introduced in [12]).

Chapter 3 focuses on the applications of Tate’s bound to p = 2 and p = 3 and analysing

the particular Galois groups and corresponding extensions that arise, to finally prove the
non-existence of Galois representations unramified outside these values of p.
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Chapter 1
Preliminaries

In this chapter we go over some basic results on algebraic number theory, including the
notion of ramification, and then move on to valuations and the construction of local fields,
some results regarding ramification in local fields, local class field theory and finishing with
some concepts on representations and characters.

1.1 Prime factorization in extensions

In this section we explain the notions of prime factorization and ramification in extensions
of number fields L/K. When K = Q, the prime ideals are of primes p € Z. The results of
this section are available in [14], Chapter 1.

Let L/K be an algebraic number field extension, [L : K| = n, with O, and Ok their
corresponding rings of integers. It is well known that O and Ok are Dedekind domains,
that is, Noetherian integral domains, integrally closed in which every non-zero prime ideal
is maximal.

Theorem 1.1. If p is a non-zero prime ideal of Op, then there is a unique prime ideal

P C Ok such that p|POy, i.e., POL C p.

The degree f of the extension (O/p)/(Ok/P) is called the inertia index of p or the
residue class degree of p in L/ K.

Theorem 1.2. For a prime ideal P C Ok, the ideal POr of O factorizes uniquely in
primes of O
POL =pi ...py°

Moreover, if f; is the inertia index of p;, then

g

Zeifi =n

i=1
Each of the e; in the previous theorem is called the ramification index of p;.

Definition 1.1. We say that L/K is ramified at P if there exists a prime ideal p of Oy, in
the factorization of P such that its ramification index is bigger than one. Otherwise we say
that L/K is unramified at P, and if f; = 1 for all i as well, we say that P splits in L.

If the extension L/K is a Galois extension, the ramification and inertia indices of each
p; do not depend on the ideal. In this situation, we have

g
PO = pr

i=1
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and efg = n = [K : Q]. From now on, we assume that the extension L/K is a Galois
extension, and let G = Gal(L/K).

Let P be a prime ideal in Ok and p C O, be a prime in the factorization of P in Op.

Definition 1.2. The decomposition group D, of p is the subgroup of G of elements that fix
p, that is,

Dy={c€G:ap)=p}
If we let A = Op/p and k = Ok /P, there is a natural reduction morphism
¢ : Dy = Gal(\/k)
which is surjective (because every element in Gal(\/k) fixes p). We define the inertia group

of p as the kernel of ¢ and we write it as 1,,.

Observation 1.1. The order of the decomposition group is ef for every p in the decompo-
sition of P, and the order of the inertia group is e.

Remark 1.1. The definitions of decomposition and inertia group are also valid for infinite
extensions of Q such as Q/Q.

1.2 Valuations and completions

The results of this and the two following sections are available at [14], Chapter II.

Definition 1.3. A wvaluation of a field K is a function
|-]: K =R

such that
1. |z > 0 and |z| =0 if and only if x =0

2. |z|ly| = |zy|
3. x4yl <z + |yl

A field together with a valuation is called a valued field. Defining d(x,y) := |z — y| for
xr,y € K turns K into a metric space.

Definition 1.4. A valuation |-| is called non-archimedean if |n| stays bounded for all n € N.
Otherwise it is called archimedean.

A valuation is non-archimedean if and only if it satisfies the strong triangle inequality
|z 4 y| < max{lz], [y|}.

Given a nonarchimedean valuation |-|, if we put v(z) = —log |z| for  # 0 and v(0) = oo,
we obtain a function

v: K — RU{oco}

which we call an ezponential valuation of K. We can recover a valuation from this exponen-
tial valuation by choosing any real number ¢ > 1 and defining |z| := ¢~*®.
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Definition 1.5. The subset
o={reK:v(r)>0}={re K:|z| <1}

is an integral domain with field of fractions K which we call valuation ring. Its group of
units is
o ={reK:v(r)=0}={re K:|z|=1}

and its unique maximal ideal is
p={reK:v(x)>0}={re K:|z| <1}.
The field o/p is called the residue class field of o.

An exponential valuation is called discrete if it admits a smallest positive value s, in
which case v(K*) = sZ, and it is called normalized if s = 1. Dividing by s always yields a
normalized valuation that does no affect o, o* and p, which prompts the following definition:

Definition 1.6. A uniformizer of a valuation ring o is an element 7 such that v(m) = 1.
Every element x € K* admits a unique representation x = un™ with m € Z and u € o,
because if v(z) = m, then v(zr~™) = 0 which means that u = z7~™ € o*.

Proposition 1.1. If v is a discrete exponential valuation of K, then o is a principal ideal
domain, and we say it is a discrete valuation ring. If v is normalized, the nonzero ideals of
o are given by

pt=n"o={re K:v(x)>n}, n>0

where 7 is a uniformizer. Moreover,
P/ = ofp
In a field K with a discrete value, we get the following descending chains:
0Dp2p°2p°D ...

o =U9>yMo>yu® o .

where
U =1+p"

are subgroups of o*, with U() being called the group of principal units and U™ the n-th
higher unit groups for n > 1. For n > 1, these groups satisfy

o* /U™ = (o/p™)* and UM /UM = o/p.

Valuations give raise to the completion of a field in the same way as the field of real
numbers is constructed from the field of rational numbers.

Definition 1.7. A valued field (K, |-|) is called complete if every Cauchy sequence {a, }nen
in K converges to an element a € K.

The process of completion starts by taking the ring R of all Cauchy sequences of (K, |-|)
and considering the maximal ideal m of all nullsequences with respect to | - |, i.e., all the
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sequences that converge to zero. Define
K = R/m.

K is embedded into K by sending every a € K to the class of the constant Cauchy sequence
(a,a,...). The valuation |- | is extended to K by giving the element a € K (represented by
the Cauchy sequence {a,}nen) the absolute value

la| := lim |a,|.
n—oo

As with the real numbers, the last step of the proof is to check that K is complete with
respect to the extended valuation and that each a € K is a limit of a sequence {a,} in K.

Proposition 1.2. If o C K is the valuation ring of v with maximal ideal p, and 6 C K is
the valuation ring of the extension of v with maximal ideal p, then

o/p = o/p.
With the general theory discussed, let us see a particular, very well known valuation.

Definition 1.8. Let p be a prime. The p-adic exponential valuation of an integer n # 0 is
defined as
v,(n) := max{k € Ny : p¥|n}

and v,(0) = co. It can be extended to the rational numbers by defining

,
0 (£) = () = vy(s):
Definition 1.9. The p-adic absolute value on Q is the function
| 1p - Q = Rxo

defined by
||, = pivp(mx

This absolute value is a non-archimedean discrete valuation.

The set of p-adic numbers Q, is the completion of Q with respect to the metric defined
by d(iC,y) = ‘LE’ - y‘P

Remark 1.2. This p-adic completion can be generalized to prime ideals of Dedekind do-
mains. Let K be an algebraic number field and Oy its ring of integers. Given an ideal a
of Ok, it can be written as a product of powers of prime ideals of Og. Let p be one of
these prime ideals, and let n be the exponent of p in the factorization. Then v,(a) := n
defines an exponential valuation. The exponential valuation of an element z is defined as
vy () == vy((x)) and we can choose a number ¢ > 1 to define a valuation

|2y = g,
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Completing K with respect to this valuation yields a complete field K,. The number ¢ is
usually the cardinality of Ok /p when it is finite.

1.3 Local fields

The notion of completion with respect to a valuation yields the concept of local fields. A
more in-depth study of local fields can be found in [17].

Definition 1.10. A local field is a field complete with respect to a discrete valuation such
that the residue class field of its valuation ring is finite.

Local fields are exactly characterized as follows:
Proposition 1.3. Every local field is isomorphic to one of the following:

e R or C, if they are archimedean and have characteristic zero.
o [inite extensions of Q,, if they are non-archimedean and have characteristic zero.

e Finite extensions of F,((t)), if they are non-archimedean and have characteristic p > 0.

The local fields with which we work in this project, @, and finite extensions of it, arise as
completions of algebraic number fields with respect to generalizations of p-adic valuations.
We do not discuss the other types of local fields.

Definition 1.11. The ring of integers of a local field K complete with respect to a discrete
valuation | - | is
O={zreK:|z|] <1},

that is, its discrete valuation ring.

The use of the term ring of integers makes sense in that integrality behaves well under
completion (with A and B being integral domains, if B is integral over A then Bis integral
over 121) and that in an extension of local fields L/ K, extending K’s valuation to L yields that
the discrete valuation ring corresponding to L is the integral closure of the discrete valuation
ring corresponding to K. For example, the ring of integers of Q,, Z,, is the valuation ring
corresponding to the extension of |- |, to Q,. Its unique maximal ideal is the one generated
by p and its residue class field is Z,/pZ, = F,,.

In short, in a global extension K/Q we have that the ring of integers of K is the integral
closure of Z in K. For the local extension K,/Q, the ring of integers of K, is the integral
closure of Z, in K,.

Now suppose we have a Galois extension K/Q, with O the ring of integers of K, and a
prime p € Z that factors as
g
pO =[] »:.
i=1

We can complete Q with respect to p and K with respect to any p;. This yields the extension
K,,/Q,, which is still Galois, and the factorization is now

popi = p§7
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where O,, is the ring of integers of K,, and p is the only maximal ideal in Z,. This means
that the ramification index e remains invariant under completion, and by Proposition 1.2
the residue class degree f is also invariant. Moreover, [K,, : Q,] = ef.

Since the maximal ideal of the ring of integers of a local field is unique, e and f are now
intrinsic to the extension instead of being dependant on the prime. We define these formally
in the next section.

To finish this section, we introduce how the logarithm and the exponential work in p-adic
fields.

Proposition 1.4. Take an ezxtension K/Q, a prime p in Q and a prime p in K in the fac-
torization of p. In the local field K,, with ring of integers O,, there is a uniquely determined
continuous homomorphism

log : K, — K,

such that logp = 0 which on the principal units UM of O, is given by the series

x? a8

log(1 S
og(l+zx)==x 2+3

Proposition 1.5. In the same setting, with pO, = p°, the power series

x2 3

T
1 1 —_ r — — - ...
og(l+z)==z 5 T3
22 23
eXp(Z)Il‘i‘Z—Fa—f‘g—f‘”'

yield, forn >e/(p — 1), two mutually inverse isomorphisms
pr s U™

where the arrow going right is exp and the other one is log.

1.4 Ramification in extensions of local fields

For this section, let L/K be a finite Galois extension of local fields, with v, and vk their
normalized discrete exponential valuations, O, and Of their rings of integers, p; = (7) and
px = (mx) their prime ideals generated by their corresponding uniformizers and A = Oy, /p,,
and k = Ok /pk their residue class fields. Also let p > 0 be the characteristic of A and .

First, notice that since px C pr and O C Op, we get an injection £ < A, which
means that we have an extension \/k. This extension is Galois because separability is kept
modulo reduction by prime ideals and every element of Gal(L/K) induces a well-defined
automorphism on A\ over k, so normality is also kept. One can check that the projection

Gal(L/K) — Gal(\/k) is surjective.
Definition 1.12. The inertia index of L(K) is

FL/K) = A w].
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Definition 1.13. The ramification index of L/K is

e(L/K) = vp(mk).

This can be written as px O = pE(L/K).

Remark 1.3. Since px and p; are the unique prime ideals of Ok and Op, vk = vy,
and vy, = v,, as defined in Remark 1.2. For example, let a be an ideal of Og. We have
that a = p%, so vg(a) = n. Since pxOp = pz(L/K), vr(a) = e(L/K)vg(a). Conversely,
we can define the valuation in Ok of ideals in Op: given an ideal b C O, we define
v (b) :=vp(b)/e(L/K).

Theorem 1.3.
[L:K]=e(L/K)f(L/K).

With this concepts, we can introduce the different types of extensions in terms of rami-
fication.

Definition 1.14. The extension L/K is called unramified if
[L: K] =[\:K]
ie.,e(L/K)=1.

Proposition 1.6. Let L/K and K'/K be two extensions inside an algebraic closure K /K
and let L' = LK’ be the composite of the fields L and K'. Then if L/ K is unramified, L'/ K’
1s unramified. Moreover, each subextension of an unramified extension is unramified.

Corollary 1.1. The composite of two unramified extensions of K is again unramified.

Definition 1.15. The composite Ly/K of all unramified subextensions of L/K is called the
mazximal unramified (sub)extension of L/K.

Proposition 1.7. The residue class field Ao of Lg is equal to .

Proof. We will see that )\ is the separable closure of k in A/k, but since \/k is Galois, the
separable closure is precisely A. Let @ € \ be separable over . Let f(z) € k[z] be the
minimal polynomial of @ and f(z) € Ox[z] a monic polynomial such that f = f mod px.
Then f(z) is irreducible and has a root o € L such that @ = @ mod p, which means that
[K(a) : K| = [k(@) : k]. Hence, K(a)/K is unramified, so K(«) C Ly and @ € . |

Corollary 1.2. [Ly: K| = f(L/K), so [L: Ly] = e(L/K).

Proof. [Ly: K] = [Ao : k] because Lg/K is unramified, and then by the previous proposition
Ao : k] =[N: k] = f(L/K). The consequence stems from Theorem 1.3. |

Now we introduce the concepts of tame and wild ramification. Recall that p is the
characteristic of A\ and k.

Definition 1.16. An extension L/K is called tamely ramified if e(L/K) > 1 and it is
coprime with p.
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As with unramified extensions, the composite of tamely ramified extensions is tamely
ramified.

Definition 1.17. The composite L1 /K of all tamely ramified subextensions of L/K is called
the mazximal tamely ramified (sub)extension of LK.

As with Lg, one can prove that the residue class field of L, is equal to .

In short, we have the chain K C Ly C L; C L, where each intermediate extension is
Galois as well. The extension L/K is called totally ramified if Lo = K, ie. f =1, and is
called wildly ramified if it is not tamely ramified, i.e. Ly # L, i.e. p divides e(L/K).

The well-known Eisenstein criterion for irreducibility of polynomials also has a conse-
quence regarding totally ramified extensions.

Proposition 1.8. Given an Eisenstein polynomial E(X) € K[X], if 7 is a root of E(X) then
K () is totally ramified and vi(m) = 1 (that is, m is a uniformizer of K(w)). Conversely,
if L is totally ramified over K and vk (m) = 1, then the minimal polynomial of ™ over K
is Eisenstein, Op = Ok (m) and L = K|r].

A proof of this Proposition can be found in [4], Chapter I, §6.

Now we introduce higher ramification groups. In terms of the valuation vy, recall that
Opr={x € L:v(z) >0}

Definition 1.18. Let s € Zs_y. The s-th ramification group of L/K is
Gs(L/K)={0c € Gal(L/K) : vp(o(x) —x) > s+ 1forall z € Op}
We sometimes write just G for simplicity.

Observation 1.2. G_;(L/K) = Gal(L/K), because for any o € Gal(L/K), o(z) —x € Of,
for all z € Or.

Observation 1.3. When s grows, the elements in G are closer to being the identity (recall
that v (0) = 00). Hence, the intersection of all G for s > —1 is the identity.

Consider Go(L/K) ={o € Gal(L/K) : vp(o(x) —z) > 1 for all z € Or}. From Propo-
sition 1.1, we have that p;, = {x € L : vp(x) > 1}, so in Gy we get that o(z) =2 mod py.
This means that o is the identity when we reduce it to Gal(A/k). This yields the following
definition:

Definition 1.19. In an extension L/K as above its inertia group is
I(L/K) = Go(L/K),
which is precisely the kernel of the natural homomorphism
Gal(L/K) — Gal(\/k).

Observation 1.4. This definition is consistent with Definition 1.2 because in local fields,
the decomposition group of py, is exactly Gal(L/K).
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Proposition 1.9. If Ly/K is the mazimal unramified extension of LK,
I(L/K) = Gal(L/Ly),

which means that the inertia group of L/K 1is trivial if and only if the extension L/K 1is
unramified.

Proof. The maps Gal(L/K) — Gal(\/k) and Gal(Ly/K) — Gal(A\o/k) are surjective. By
Proposition 1.7 we know that Ay = A, and we know that [Lg : K] = [ : k], so the latter
map is actually an isomorphism. Finally, there is a surjective map Gal(L/K) — Gal(Ly/K)
because Gal(Ly/K) is normal in Gal(L/K). Hence we have a commutative diagram

Gal(L/K) — Gal(\/k)

l |

Gal(Ly/K) —— Gal(\o/k)

which means that the kernel of the map Gal(L/K) — Gal(\/k) is also the kernel of the
map Gal(L/K) — Gal(Ly/K). Hence I(L/K) = Gal(L/Ly). |

Corollary 1.3. I(L/K) has order e(L/K).

Proof. e(L/K)f(L/K) = [L : K] = [L : Lo|[Lo : K] = [L : Lo]f(L/K), hence [L : Lo| =
e(L/K). The previous proposition then yields the result. |

Now we go back to the higher ramification groups. Recall the definition of unit groups
that we gave after Proposition 1.1, and let U®®) = 14 p$ = 1+ 75O}, be the s-th unit group
of O I-

Proposition 1.10. G, is a normal subgroup of G and for s > 0 there is an injection
Gs/Gs+1 SN U(s)/U(s+1).

A proof of this Proposition is available at [5], §6.
Proposition 1.11. G, s the unique Sylow p-subgroup of Gy.

Proof. Since we know that U®) /UH) = Op /p; = X for s > 1, we get that there is an
injection
Gs/Gsy1 — A

A is a finite extension of F, so (A, +) is a p-group and thus |Gs/Gs41| is a power of p. Hence,
for any ¢, |G1/G¢| is also a power of p. But by Observation 1.3 the intersection of all G
is the identity, and since Gal(L/K) is finite we get that G; = 1 for a sufficiently large t¢.
Hence G is a p-group. We also know that U /UM = (O /p;)* = \*, the order of which is
coprime to p. So (1 is the Sylow p-subgroup of GGy, and it is unique because it is normal. H

Corollary 1.4. Gal(L/K) is solvable.

Proof. By the previous propositions, the G4 form a subnormal series and, for s > 0, the
quotients G4/G4yq embed into (A, +), which is abelian, so they are abelian. For s = —1,
G_1/Gy = Gal(L/K)/I(L/K) is isomorphic by definition to Gal(\/k), which is an abelian
group, particularly cyclic of order [\ : k. [ |
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(51 splits the inertia group into two parts, one wild and one tame:

Definition 1.20. In an extension L/K as above, its wild inertia group is
Iy(L/K) = Gi(L/K),

and the tame inertia group is
L(L/K)=1]1,.

Observation 1.5. Similarly to Proposition 1.9, one can check that I,, = Gal(L/L;), where
L, is the maximal tamely ramified extension of L/K. Consequently, I, = Gal(L,/Ly).

1.5 Norm, discriminant and different

Let L/K be a Galois extension, [L : K] =n, and let O, and Ok be the corresponding rings
of integers. The results of this first part of the section are taken from [14], Chapter L.

Definition 1.21. The norm of an element o« € Oy is

Nyx(@)= ][] ola)e0k

c€Gal(L/K)

Definition 1.22. The norm of an ideal a C Op, Np/k(a), is defined as the ideal in Ok
generated by the norms of elements of a.

Remark 1.4. The norm of an ideal behaves well with prime factorization, in the sense that
if a=p7 ... pS then N(a) = N(p1)® ... N(p,) . In particular, the norm of a prime ideal p
of Oy, lying over a prime P of Ok is Ny i (p) = P/, where f = [Or/p : O /P] is the inertia
degree.

The discriminant similarly applies to both elements and ideals:

Definition 1.23. The discriminant of a basis {«q, ..., a,} of elements of L is
d(ay, ... a,) = det((oi()))?

where () is the i-th conjugate of ;.

Proposition 1.12. If {ay,...,a,} is a basis, the discriminant is not zero and it is an
element of K. If aq,...,«a, € O, then the discriminant is in Of.

Definition 1.24. Given a non-zero ideal a C Oy, we define its discriminant as the discrim-
inant of any basis of I, and we write d(a). The discriminant of Oy, that is, the discriminant
of a basis of Oy, is called the discriminant of the number field L and we write d..

Example 1.1. The discriminant of a quadratic extension Q(v/D) of Q, with D # 0,1 a
square-free integer, is
J _JD iftD=1 mod4
WP TAYD it D=23 mod4

Notice that the last definition does not depend at all on the extension, it’s a definition
intrinsic to the field L. The notion of discriminant of a field extension is the following:
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Definition 1.25. Let ay,...,a, be a basis of L as a K-vector space contained entirely in
Op, and consider its discriminant d(ay, ..., ay). The ideal 9,k C Ok generated by all such
discriminants is called the discriminant of the extension L/K. If aq,..., q, is an integral
basis of O /O, then 0y /k is the principal ideal generated by d(as, ..., o) = dp /K.

Observation 1.6. d; g = dy.

Now we introduce two lower bounds for the discriminant in extensions K/Q. The first
one is a consequence of Minkowski’s theorem and its upper bound for norms of ideals, and
the second one was obtained by Odlyzko after further work with Minkowski’s bound.

Theorem 1.4. Let K/Q be an algebraic number field extension with [K : Q] = n and dg

the discriminant of K. Then
ny 2
n T\ "
de| > | — <—> :
x| = (n') 4

A proof of this theorem can be found in [14], Chapter I, §5.

Theorem 1.5. In the same setting as before, with n = r+ 2s where r are the number of real
embeddings and 2s the number of complex embeddings, we have that

di® > (Cy = o(1))/™(Cy — o(1)*/" a5 n — oo
with
Cy = exp(y + logdm + 1) = 60.8395.. . .
Cy = exp(y + logdmr) = 22.3816 . ..

where 7y is the Euler constant.

Odlyzko computed explicit values of this bound for different values of n. The proof of
the previous theorem can be found in [15], and we give some of these values in Table A.1 in
the Appendix.

To finish this section, we introduce the different of an extension. The results here are
taken from [14], Chapter III.

Definition 1.26. Let a € O, and let f(X) € Ok[X] be the minimal polynomial of a.. The
different of « is
"(a) if L =K(a),
() = {71 L= L)
0 if L # K(a).

Definition 1.27. The different ©/k of the extension L/K is the ideal of Oy, generated by
all differents of elements d;,/x (o) for a € Op. If O = Okl[a], then Dy = (f'(v)), where
f(X) € Ok[X] is the minimal polynomial of «.

Proposition 1.13. For a a tower of extensions K C L C M, D g = Dy - Dk
The different characterises the ramification of the extension L/K:

Theorem 1.6. A prime ideal p of L is ramified over K if and only if p|® k. Moreover, if
V(D k) =n and e > 1 is the ramification index of p over K, thenn = e—1 if e is coprime
with p (tamely ramified), and e <n < e—14wv,((e)) if p divides e (wildly ramified).
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Finally, there is the following relation between the discriminant and the different:

Theorem 1.7.

0r/k = Npyk(Dr/k)
Corollary 1.5. A prime ideal p of L is ramified over K if and only if p|0r k. In particular,
for an extension K/Q with kg = (dk), a prime p of Z ramifies in K if and only if p|dxk.

Corollary 1.6. There are no unramified extensions of Q.

Proof. By either Minkowski or Odlyzko’s bounds, for any extension K/Q one can check that
|di| > 1 for n > 2. Since di € Z, there is a prime dividing df, which means that it ramifies
in K. |

1.6 Class field theory

In this section we introduce some notions of class field theory, without going into detail,
taken from [10], Introduction and Chapters I and V, as well as [21].

We begin by defining some concepts on infinite Galois theory, because we work with the
infinite extension Q/Q. Let /K be an extension, not necessarily of finite degree.

Proposition 1.14. Q is said to be Galois over K if it is separable and normal over K. €}
18 Galois over K if and only if it is a union of finite Galois extensions of K.

Definition 1.28. The Galois group Gal(2/K) of a Galois extension 2/ K is defined to be
the group of automorphisms of € fixing K, endowed with the topology for which the sets
Gal(2/L), with K C L C 2 and such that [L : K] is finite, form a fundamental system of
neighbourhoods of 1. Gal(2/K) is compact and Hausdorff.

The fundamental theorem of Galois theory is applied to infinite Galois extensions as
follows:

Theorem 1.8. Let Q/K be a Galois extension with Galois group G. Then there is a one-
to-one correspondence between the subfields of €2 and the closed subgroups of G. Moreover,
the normal closed subgroups of G correspond to the Galois extensions of K, and the open
subgroups of G' correspond to the finite extensions of K.

Infinite extensions often arise from sets of finite extensions.

Definition 1.29. A partially ordered set (I, =) is directed if, for any «, f € I, there exists
a v € I such that o, 8 < 7. For a directed set I, a projective system over I is a family
{Xi, fijli,5 € I,i < j} of topological spaces X; and continuous maps f;; : X; — X, such
that f;; is the identity and f;; o fjr = fir where i < j < k.
Remark 1.5. The projective limit

iel
of the projective system {X;, fi;} is defined to be the subset

X = {(w)icr € [ ] Xi | fig(ay) = i for i < j}

el

of the product ], ; X;.
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Example 1.2. The ring of p-adic integers Z, arises as a projective limit lim Z/p"Z, where
the functions of the projective system are the canonical projections \; : Z/p""'Z — Z/p'Z.

Definition 1.30. A topological group that is a projective limit of finite groups is called a
profinite group.

Example 1.3. The Galois group Gal(Q/Q) is a profinite group, because it is the projective
limit of the groups Gal(L/K), where L runs over the subfields of Q that are finite and Galois
over K. This can be generalized to any Galois extension €)/K with the groups being the
finite Galois extensions of K.

Example 1.4. Consider the algebraic closure of F,, F, = [ J;2, F,i. The linear group GLs(F,)
is a profinite group as well, as it is the projective limit of the groups GLy(F,:) where the
maps are the restrictions G Ly(Fpir1) = GLo(Fp).

Now consider a non-archimedean local field K and fix an algebraic closure K of K. Every
extension considered in this section is a subextension of K /K. For simplicity, we sometimes
skip writing the base field K for an extension. Recall that we say that an extension L/K is
abelian if Gal(L/K) is abelian.

If L/K and M/ K are Galois extensions, then LM /K is Galois, and the map Gal(LM/K) —
Gal(L/K) x Gal(M/K) is an injection. Hence, if L/K and M /K are abelian, Gal(LM/K)
is a subgroup of an abelian group so LM /K is abelian as well.

Definition 1.31. By composition of every abelian extension, we can obtain a maximal
abelian extension K. Note that the extension K /K is not necessarily finite.

Remark 1.6. The maximal unramified extension K*"/K is abelian, because it is isomorphic
to the extension k" /k of residue class fields, which has a cyclic Galois group generated by
the Frobenius automorphism of order |k|. Let Frobyx be this automorphism.

Definition 1.32. The subgroups of K* of the form Ny k(L") for some finite abelian exten-
sion L of K are called the norm groups in K.

Theorem 1.9 (Local reciprocity law). There exists a unique homomorphism
or : K* — Gal(K®/K)

with the following properties:

e For every uniformizer m of K and every finite unramified extension L of K, ¢ (7)|p =
Froby.

o For every finite abelian extension L of K, Ny k(L*) is contained in the kernel of
a — ¢x(a)|r and ¢k induces an isomorphism

¢L/K : K*/NL/K(L*) — Gal(L/K).
The theorem implies that we have the following commutative diagram:

K —%  Gal(K®/K)

1 o

K*IN(L) 2% Gal(L/K)
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We say that ¢x and ¢,k are the local Artin maps for K and L/K.

Observation 1.7. The local reciprocity law, the fact that K* = 7% O} (see Definition 1.6)
and Remark 1.6 imply that for an arbitrary extension L/K, the local Artin map sends the
uniformizer part of K* to the unramified part of Gal(L/K) (the part generated by Frobg)
and O3 to the inertia group. Hence, if the extension L/K is totally ramified, we can restrict
the maps to O

To finish local class field theory, we state Kronecker-Weber’s theorem:

Theorem 1.10 (Local Kronecker-Weber). Every finite abelian extension of Q, is contained
in a field Q,(C), where ¢ is a root of unity.

This theorem has its global equivalent:

Theorem 1.11 (Global Kronecker-Weber). Every finite abelian extension of Q is contained
in a field Q(C), where € is a root of unity.

Now let K be a number field and let Ix be the group of fractional ideals in the ring of
integers Ok. Let i : K* — I be the map which sends an element a € K* to the ideal aOk.
Its image is the set of principal ideals.

Definition 1.33. The quotient Cly = I /i(K™) is the class group of K. A subgroup H of
Clk is equivalent to a subgroup H of Ix containing i(K™).

Before moving on, we need to introduce the notion of infinite primes of K. The finite
primes are the primes that we already know, identified with the prime ideals of Og. The real
infinite primes are identified with embeddings of K into R, while complex infinite primes are
identified with a conjugate pair of embeddings of K into C.

Definition 1.34. For an extension L/K, we say that a real prime of K splits in L if every
prime lying over it is real, otherwise we say it ramifies in L.

Definition 1.35. We say that a finite extension L/K is unramified if each prime ideal in
Ok is unramified in L and each real prime of K remains real, i.e., every real embedding of
K extends to a real embedding of L.

Definition 1.36. Let H be a subgroup of Clg. A finite unramified abelian extension L of
K is said to be a class field for H if the prime ideals of O splitting in L are exactly those
in H.

Theorem 1.12. A class field exists for each subgroup of Cly, it is unique, and every finite
unramified abelian extension of K arises as the class field of some subgroup of Cli. If L is
the class field of H, then Gal(L/K) = C/H.

The subgroup H of Cly corresponding to a finite unramified abelian extension L of K
is that generated by the primes that split in L. In particular, the class field of the trivial
subgroup of Clg is called the Hilbert class field of K, and it is the largest abelian extension
L of K unramified at all primes of K.

This notion can be generalized to ramified extensions by generalizing ideal class groups.
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Definition 1.37. A modulus m of a number field K is the product m = mgm,, of an ideal
mg of Ok with the product m, of certain real primes of K.

Let S(m) be the set of primes dividing m and define I°(™ to be the group of fractional
ideals generated by the prime ideals of O not in S(m).

Definition 1.38. The ray class group CI% is defined to be the quotient of I°(™ by the
subgroup generated by elements a € K* such that a > 0 at all real primes dividing m., and
vp(a — 1) > vp(mg) for all prime ideals P dividing my.

The subgroup described in the previous definition is analogous to the set of principal
ideals. For example, if m = 1, then CI}% = Clg. If K = Q and m = (m)oo for some integer
m, then CI}% = (Z/mZ)*.

Definition 1.39. Let H be a subgroup of CI} for some modulus m, and let H be its inverse
image in I°™ . An abelian extension L of K, unramified at the primes dividing m, is said
to be a class field for H if the prime ideals of Ok not dividing mg that split in L are exactly
those in H.

Theorem 1.13. A class field exists for each subgroup of a ray class group CU}%, it is unique,
and every finite abelian extension of K arises as the ray class field of some subgroup of a
ray class group. If L is the class field of H C Cl}%, then Gal(L/K) = CI%/H and the prime
ideals P of K not dividing m are unramified in L with residue class degree equal to the order
of the image of P in the group CI%/H.

The class field of the trivial subgroup of Cl% is called the ray class field modulo m of K,
and it is the largest abelian extension L of K unramified at all primes not dividing m. Thus,
this theorem implies that we can determine the abelian Galois extensions L/K ramified only
at primes in S for any finite set S of primes of K.

1.7 Galois representations and characters

In this section, we introduce Galois representations, characters and how they are related to
the concepts we have already studied. The first part of the section is taken from [7], §6.

Definition 1.40. A Galois representation of Gg = Gal(Q/Q) is a continuous morphism
p: G@ — AutK(V),

where V' is a finite dimensional vector space over a field K. We often write Auty (V) as
GL(V) or GL,(K), where n is the dimension of V', and we say that this n is the dimension

of p.

Remark 1.7. Since Gy is a profinite group (see Example 1.3), any continuous representation
of G acts through a finite quotient, which is the invariant field of the kernel of p. This means
that we can restrict representations of Gg to Galois groups of finite Galois extensions to study
them.

Definition 1.41. A subspace W C V' is p-invariant if p(o)(w) € W for all ¢ € G and all
w € W. We say that a representation p is irreducible if there is no proper W C V that is
p-invariant; otherwise we say that p is reducible.
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Definition 1.42. Let p be a Galois representation. Given a prime p, we say that p is
unramified at p if p(I,) = 1 for any prime p C Z which contains p. Conversely, we say that
p is ramified at p if the image of the inertia group is not trivial.

Now we introduce the concept of character:

Definition 1.43. The character x : G — K of a representation p : G — GL(V) of a group
G is the trace of the representation:

x(g) =Tr(p(g)) for g € G.

A character is said to be irreducible if p is irreducible. If the representation is one-dimensional,
the character is identical to the representation.

Remark 1.8. The term "character" is also used for group homomorphisms from a group G
to the multiplicative group of a field, which we call characters of G. When a representation
is one-dimensional, its character is also a character in the other sense, so we can understand
characters of groups as a particular case of characters of representations. The trivial character
of G is the character that sends all elements of GG to one.

Remark 1.9. Every one-dimensional character is irreducible, because every one-dimensional
representation is irreducible. In general, not every irreducible character is one-dimensional,
but this is true if G is abelian. In this case, if G is a finite abelian group of order n, it has
exactly n irreducible characters.

The rest of the section is taken from [4], Chapter 6. Let L/K be a finite abelian Galois
extension with G = Gal(L/K). Let ¢/ be the local Artin map of L/K and U™ the unit
groups of K. Let y : G — C* be an irreducible character of G.

Definition 1.44. The Artin conductor of x is the positive (or zero) integer

f(x) = min{k | U C ker(x o ¢r/x)}.

This definition can be extended to be an ideal as follows. Let P be a prime ideal in K
and choose a prime ideal p in L which divides P. Let D, be the decomposition group of p
and let f(x,P) be the Artin conductor of the restriction of x to D,. Clearly f(x,P) =0
when P is unramified.

Definition 1.45. The global conductor of x is the ideal

i) = 17"

P
where the product runs through the prime ideals in K.

Hence, the global conductor of a character encodes information about ramification. This
relation is explicit in the following formula, known as the "Fiihrerdiskriminantenprodukt-
formel":

Proposition 1.15 (Conductor-discriminant formula). Let G be the set of all irreducible
characters of G. Then

ok = [ 0™

xed
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where Oy ks the discriminant of the extension L/K from Definition 1.25. Since the exten-
sion is abelian, x(1) =1 for all x by Remark 1.9.

Remark 1.10. The original definition of Artin conductor involves the higher ramification
groups G; (see Definition 1.18), as follows: given a character y, its Artin conductor is the
number

F00 = X G (D) = x(G)

where x(G;) = ‘ é,| >_gec, X(g). The two definitions are equivalent.
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Chapter 2
Tate’s upper bound

In this chapter we establish the setting of the problem and we prove Tate’s upper bound.

Let o B
p:Gal(Q/Q) — GLy(F),)

be a continuous Galois representation, where G'Ly(F,) is as described in Example 1.4 and
p is a prime. Continuity here implies, as stated in Remark 1.7, that p factorizes through a
Galois group Gal(K/Q) such that the extension K/Q is a finite Galois extension. Let p be
a prime in K in the factorization of p, and complete K with respect to p, obtaining K. Let
D, = Gal(K,/Q,) be the decomposition group of p. We get the faithful representation

p:Gal(K,/Qy) — GL?(EO)'

Now let K be the maximal unramified extension of Q, inside of K, and K; the maximal
tamely ramified extension of Q,, inside of K. The tower of extensions is

Qy C Ko C K, C K.
Define the groups
I = Gal(K,/K)), the inertia group;
I, = Gal(K,/K), the wild inertia group.

For the purpose of this project, we assume that I,, is not trivial, that is, K; C K,, and

=

K, : K1] = p™. Recall by Proposition 1.11 that I, is a p-group, and in fact in our setting
it is an elementary abelian p-group, that is, an abelian p-group where every element of has
order p. To prove this, we need the following Proposition:

Proposition 2.1. The subgroup T of GLy(F,) of upper triangular matrices with 1’s in the
diagonal is a Sylow p-subgroup of GLy(F,).

Proof. We know that |GLy(F,)| = (¢* —¢)(¢* —1) = q(¢—1)(¢* — 1). Since p does not divide
(q—1)(¢*>—1), we get that GLy(F,) has a Sylow p-subgroup of order ¢q. T has order precisely
q, because there are ¢ possible elements to choose for the element above the diagonal, so it
is a Sylow p-subgroup. [ |

T being a Sylow p-subgroup means that p(I,) € T for some ¢, and T is elementary
abelian because it is isomorphic to F,, so I,, is elementary abelian as well.

The next step is studying the construction of the extensions Ky and Kj:
Lemma 2.1. The field Q,((,) contains an element m such that 7"~ = —p.

Proof. First we prove that Q,((,)/Q is totally ramified of degree p(p) =p — 1. (, satisfies
-1 —2 _
Gl H 4+ 1=0,

19
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and hence if we consider the polynomial
P(X) :Xp_1+Xp_2+...+1:07

we see that m = (, — 1 is a root of P(X +1). P(X +1) satisfies Eisenstein’s criterion for p, so
by Proposition 1.8 this proves what we wanted and also that (, —1 is a uniformizer of Q,({,).
In particular, the prime ideal p of Q,(¢,) is generated by ¢, — 1, so ((¢, — 1))*~! = (p), i.e.
(¢, — 1)P~! = up with u a unit of Z,[¢,], which is the ring of integers of Q,((,).

On the other hand, consider the polynomial
B(X)=XP"11p

over Q,. E(X) is also an Eisenstein polynomial for p, so a root 7 of this polynomial generates
a totally ramified extension Q,(7) of degree p — 1 with 7 as a uniformizer. (7)?~! = (p) and
by construction of 7, it satisfies 77! = —p.

Then we can write
7= (G- D/ul!

and this proves that 7 € Q,((,). Since the extensions have the same degree, this also proves
that Q,((,) = Q,(m). In particular, the ideals ({, — 1) and (7) are the same, which means
that (¢, — 1) can be generated by a power of . [

Lemma 2.2. There exists a divisor d of p — 1 such that K, = Ky(n%) where 7 is as in the
previous Lemma. Moreover, the ramification index of K1/Ky is e = (p —1)/d, which is also
the degree [K; : K| since Ki/Ky is totally ramified.

Proof. By Corollary 1.4, I /I, and D, /I are abelian, so Dy /I, = Gal(K,/Q,)/Gal(K,/K;) =
Gal(K,/Q,) is also abelian. Hence, the extension K;/Q, is abelian, and by Theorem 1.10
any abelian extension of @, can be generated by roots of unity. Since Ky C K7, this means
that Ky/Q, can be generated by roots of unity whose order is prime to p (otherwise the
extension would ramify, as we saw in the previous lemma). Then K; C Ky((,), and by the

previous lemma we can find a d|p — 1 such that K; = Ky(7?). Since 7 has order p — 1, we
get that [K; : Kol = (p—1)/d. |

Observation 2.1. e is also the ramification index of K;/Q,, because Ky/Q, is unramified.

Let O; and Ok, be the rings of integers of K; and K respectively, with 7 a generator
of the maximal ideal in O;. Recall that 77~ = —p.

Let U = OF. The higher unit groups are of the form U = 1 + 7#0,. We denote the
p-th powers of elements of U® by (U®).

Lemma 2.3. We have
Ulet2) ~ (U(l))p c yletd),

Ifd > 1 then (U = U Ifd =1 then (UD) has index p in U+,

Proof. First we check that (UMW) c UEH). An element z € (UV)P has the form z =
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(1 + mla)P with a € O;. If we expand this, we get

= Zp: (Z) (mla)* =

k=0

p—1
=14 7%a? + Z (i) (mla)k =

k=1
=14 7P V7rda? 4 prlP(n¢,0) =
=1+ 7@ VEDgr=lpdyp L prdp(nd o) =
=1+ (—p)T'nrtnta? — P17 P(r% ) =
=1+ Hp(rd o) =

=1+ 7rd(6+1)]5(7rd, )

where P and P are polynomials with coefficients in Z, so that P(7% ) and P(7? ) are
elements in O;. Hence x € (UW)P is also in UL,

To check that U2 c (UMW)P we see that U2 = (UP)P. By Proposition 1.5, given
that 2 > e¢/(p — 1) = 1/d, the exponential and logarithm functions define mutually inverse
isomorphisms

(r)" s Ut

for n > 2. Then with

I
@D
%

-
=
)
[\
=

p*1+2d)) —

d)(p—l)/d+2)

I
@
s
e

|
D
»
<
A~~~ I~ I/~

d)e+2)

we obtain the equality.

With what we have seen, we can consider the p-th power surjection
- U(l)/U(2) N (U(1)>p/(U(2))p

and the inclusion

(UM /(U@ C gl e+,
The kernel of « is precisely the p-th roots of unity in Kj.
If d > 1, there are no p-th roots of unity in Kj, so a is a bijection. Hence, knowing
that all quotients U® /U1 have the same cardinality and that U+?) = (U@)P we get

(UM)P = U+ This case can also be proved with the exponential-logarithm argument.

If d =1, Ky = Ky((p), and the map « has kernel of order p. By the same argument as
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before, U+ now has the same cardinality as (U")? quotiented by a group of order p, so
(UM)P has index p in U, [ |

Now we take the local Artin map (see Theorem 1.9) of the extension K,/K;, and we get
a surjective map

¢: K{ = Gal(K,/Ky) = 1,

with kernel N (K;). Since K,/K; is a totally ramified extension, by Observation 1.7 we can
restrict this map to the units, obtaining

o:U— I,

with kernel N(K;) N U = N(Oj, ). We know that U/UM = (O;/p)*, which has order
coprime to p. Since [, is a p-group, every element of U with order coprime to p must be
mapped to the trivial element. Hence, we can further restrict the mapping to

¢:UY 51,

On the other hand, consider a one-dimensional character x,, : I, — C*, and take its
Artin conductor

f(Xw) = min{k | U® ¢ ker(x, © ¢)},

with f(xw) = 0 if X is the trivial character. Notice that f(xw, (7)) = f(Xw), because I,
is already the decomposition group of (7). Moreover, (7?) is the only prime ideal in K.
Hence, the global conductor of y,, is

f(Xw) — 7% (xw)

Here we are abusing notation for the sake of simplicity, because 7¢ is not the element but

the ideal; we do this from now on where there is no risk of confusion.

With this, we can apply the conductor-discriminant formula (Proposition 1.15) to the
extension K,/K;. We know that [,, is abelian, so by Remark 1.9, all the elements of I,, are
one-dimensional characters like x,,. Hence we get

O = | ] f00) = J[ =¥
x€Lw x€lw

Using Remark 1.3, we can take the valuation in Q,, which is the exponential p-adic valuation
v, (normalized with v,(p) = 1), on both sides to get

Up(aKp/Iﬁ) = Z f(X) Up(ﬂ-d)'

x€lw
Finally, by the discriminant-different relation (Theorem 1.7), we have
Up(aKp/Kl) = UP(NKP/Kl (DKP/Kl)) - [Kp : Kl]vp(QKp/Kl)

where this last equality comes from the fact that the norm of each element of D, k, is the
multiplication of all its I,,-conjugates, but the elements of the different are derivatives of
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minimal polynomials, so they are invariant by the conjugates. Hence the norm is just the
element to the power of |I,,| = [K, : K;j]. In the end, we get

[y - KaJop,(Di i) = | Y () | wpl). (2.1)

x€lw

With this, we are finally ready to prove Tate’s upper bound. Recall that [K), : K;] = p™.

Theorem 2.1 (Tate’s upper bound).

1 2
UP(CDKP/@p) <2+ p(p — 1) - pm(p _ 1) (2'2)

Proof. First we see that (UM)P C ker(¢). Consider v € UM and its image ¢(u) = o. Then,
since ¢ is an homomorphism, u? € (UW)P satisfies ¢(uP) = ¢(u)? = oP. Given that every
element in I, has order p, oF is trivial, which proves our statement.

We start with the case d > 1. In this case, (UV)? = U™, and since (UMW) C ker(¢)
this means that f(y) < e + 1 for all non-trivial characters x € I, which are exactly
(K, : K] —1=p™ — 1 by Remark 1.9. From (2.1) we get

0Dy 1) < pim@m — 1)(e + Dvy(n%).

By Proposition 1.13 we have Dk, 0, = Dk,/x, DK, /q,, S0 taking v, at both sides we have
Vp(Dk,/0,) = V(Dk,/K,) + Vp(Dk, /0,). By Theorem 1.6 and Remark 1.3,

(K /Q) -1 e—1 1
Up(gKl/Qp) = G(Kl/@p) = o = 1 6'

With this,
1 1
vp(Dk,/q,) < Z%(pm —1)(e+ 1)Up(7Td) +1-— p

(74) is the only prime ideal in K, thus the valuation in K is v e so va(7?) = 1. Using

Remark 1.3, we know that
dy _ de(ﬂ-d) _ l
e =) ~
Hence
1, .., 1
(D, /0,) < pTe(P —Dle+1)+1- p

(p" = 1)(e+1)+pme—p™

pre
2pMe —e —1
= e
e+1

—2_

pre
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This expression satisfies (2.2) because

e+1_(p—1)/d+1_p—1+d> 2
pre  prp—1/d  pr(p-1) " prp-1)
Now we move to the case d = 1. In this case, e = p—1 (so U¢TV) = U®) and U2 = yr+D)

and (UM)P has index p in UP). We know that (UM)? C ker(¢), and also UPT) ¢ (UM)P,
so f(x) < p+ 1 for every character x. From the fact that (UM)? C ker(¢), we have that

v /oWy 5 U/ ker(¢) = I,
which means that we can identify I, as a subgroup of the homomorphism group
Hom(UW /(UWYP C*).
Consequently, the characters with f(y) < i can be identified with a subgroup of
Hom(UW /(UD(UW)P), C*).
Since (UM)? has index p in U®),
Hom(UW /(UP(UW)P), C*) has index p in Hom(UW /(UW)P, C*),

which means that at least a p-th part of the characters in I, have Artin conductor < D,
obviously including the trivial character, which has Artin conductor 0. By a result of Moon
and Taguchi in [12] (already remarked by Serre in [19]), every non-trivial character has f(x)
either 2 or p—1, so p™~! —1 characters have conductor 2 and the rest have conductor < p+1.
Hence 1

ﬁﬂ@m—ﬂ“U@+D%W%ﬂﬂ%“4ﬂﬁ%Wﬂ-

We have v,(m) = 1/(p — 1) now, and v,(Dg,/Q,) =1—1/(p —1). Thus

Up(ng/Kl) S

1
v ©K ) §1+—pm+1_pm—l+2pm—l_2_pm —_
P( p/@ ) pm(p_ 1) [ }
P 1 1 2
=1+ + — — =
p—1 plp—-1) p—-1 pmp-1)
=1+1+ - ! S
p—1 pp—-1) p—-1 pm(p-1)
1 2

which is exactly (2.2).
|

Remark 2.1. For the case d = 1, under certain conditions, all non-trivial characters have
conductor 2, but we take the worst case because we only need an upper bound. These
conditions were described by Serre in [19]; when they met, he called the extension K, "peu
ramifiée", otherwise, the extension was called "trés ramifiée".



Chapter 3
Application of Tate’s bound

In this chapter we apply Tate’s bound to p = 2 and p = 3. The case p = 5 requires
assuming the Generalized Riemann Hypothesis, as proven in [2], and we do not study it. Let

n=[K:Q=[K,: Q)

3.1 Casep=2

For p = 2, from Theorem 2.1 we have

which means that

5
UQ(aKp/Q2) = UQ((de/@z)) < 5”

Now, if we assume that p is unramified outside of 2, the only prime dividing dg/q is 2, so
the local result for p = 2 applies to the global extension, and we get

|dreq| < 2772

i.e.
|di o)™ < 2°/2 < 5.66.

Odlyzko’s bound (see Theorem 1.5 and Table A.1 in the Appendix) says that |dx/g|"/" > 6
for n > 9. Hence, if there is such an extension K/Q, it must be of degree smaller than 9.

Proposition 3.1. There are no non-trivial continuous irreducible Galois representations

unramified at every prime except 2.

Proof. We only need to study extensions K/Q of degree n < 8. First, we rule out every
odd n, that is, every tamely ramified extension. If the extension K/Q is tamely ramified,
then the higher ramification groups G; are trivial for ¢ > 1. Hence, by Remark 1.10, the
conductor f(y) is 0 or 1 for every character. The discriminant of an extension unramified
outside 2 only has 2 as a prime factor, so the global conductor is either 1 or 2. By the
conductor-discriminant formula (Proposition 1.15), the discriminant |dg /| is then at most
2", which means that |dK/Q|1/ " < 2. This contradicts Odlyzko’s bounds for every odd n, so
there are no extensions K/Q unramified outside of 2 of odd degree.

Now we study the case n = 6. Since 6 = 3 - 2, the wild ramification index of this extension

is 2 (m = 1). Hence, using Tate’s bound, we get that |dxg|'/" < 2°/271 = 23/ < 2.83, but
this contradicts Odlyzko’s bound. So this case is not possible either.

25
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The only possible cases left are n = 2, n = 4 and n = 8, that is, the cases where G is a
2-group. This implies that the image p(G) has to be a 2-group in G Ly(Fyt), for some ¢ > 1.
By Proposition 2.1 a Sylow 2-subgroup of G Ly(Fyt) is

T:{((l)ff) |£L‘€F2t}gﬂ?2t.

So p(G) C T, which means that T is p-invariant. Since 7' is a proper subgroup of G Ly(Fyt),
by Definition 1.41 p is reducible. [ |

3.2 Casep=3

For p = 3, we have

1 1 13
U3(©Kp/(@3) <24 - - S_m < Eu

which means that 13
/03(0Kp/(@3) = v3((de/@3)) < En

By the same argument as before, we get
|dK/@| S 31371/6

le.

|dx o)™ < 319/6 < 10.81.
Odlyzko’s bound says that |df/g|"/™ > 10.829 for n > 25. Hence, if there is such an extension
K/Q, it must be of degree smaller than 25. For this case, the bounds are not enough and

we need to study the subgroups of G Ly(FF3t). To do so, we have the following proposition:
Proposition 3.2. The mazimal subgroups of PSLy(F,), for ¢ > 3 odd, are:

e Dihedral groups of order ¢ — 1 for ¢ > 13;

Dihedral groups or order q + 1 for q # 7,9;

A group of order q(q — 1)/2 which stabilizes a point;

PSLy(F,,) where q is an odd prime power of qo;

PGLy(F,,) where ¢ = q3.

S, when ¢ = £1 mod 8 with either ¢ prime or ¢ = p* and 3 < p = +£3 mod §;

A4 when ¢ = 43 mod 8 with g > 3 prime;
o As when ¢ = +1 mod 10 with either ¢ prime or ¢ = p? and p = 3 mod 10.
Using that PGLy(F,) C PSLy(F2), mazimal subgroups of PGLy(F,), for ¢ > 3 odd, are:
e Dihedral groups of order 2(q — 1) for ¢ > 13;
e Dihedral groups or order 2(q + 1) for ¢ #7,9;

o A group of order q(q — 1) which stabilizes a point;
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o PSLy(F,);

o PGLy(F,,) where q is an odd prime power of qo;

e S, when ¢ = +3 mod 8 with ¢ > 3 prime.

A proof of this Proposition can be found in Dickson’s classic book [6], summarized in [9].

Proposition 3.3. There are no non-trivial continuous irreducible Galois representations

unramified at every prime except 3.

Proof. We start using the same strategy as before. Seeing that all tamely ramified extensions
have discriminant smaller or equal than 3, we can rule out all of them except n = 2, because
Odlyzko’s bounds yield no contradiction in that case. For n = 2, the Galois group is Cj,
which in G Ly(F3) is conjugate to the subgroup

C=((s2))-

Since p(G) C C, C'is p-invariant, so p is reducible.

Moving on to the wildly ramified extensions, the cases n = 6, n = 12, n = 15, n = 21
and n = 24 (wild ramification index 3, so m = 1) yield Tate’s bound 3!*/¢ < 7.5, which by
Odlyzko is a contradiction for n = 15,21, 24. The case n = 18 (wild ramification index 9, so
m = 2) yields Tate’s bound 3%7/!8 which is not a contradiction with Odlyzko.

The cases n = 3 and n =9, i.e., the cases where G is a 3-group, are solved the same way as
the case p = 2 with the 2-groups: the Sylow 3-subgroup of G Ly(Fs¢)

T={(6%)v €Fy}=TFa
is p-invariant, so p is reducible.

For the cases n = 6,12,18, we first check the L-functions and modular forms database
(LMFDB, see [23]), which contains a complete list of number fields unramified outside some
sets of primes, including 3. There, we see that Galois extensions K/Q of degree 6 and 18
unramified outside 3 do exist, but not of degree 12. The process by which these extensions
can be found is explained in Remark 3.1 below this proof, taking advantage of the fact that
6,12,18 < 60 and thus every possible Galois group is solvable.

Now, for each of the Galois groups of the extensions that do exist, we have to consider how
they fit in G Ly(F3). The goal is to find contradictions (the group does not fit) or seeing that
a representation of the group would be reducible (in a suitable base). To do this, we take
advantage of projection to PG Lo(F3:) and P.SLy(F3¢) and use Proposition 3.2. The centre of
G Ly (F3:) consists on the matrices A d with A € F,, so it is always a subgroup of the cyclic
group of order 3" — 1. For PGLy(F3), for example, the projection consists on the quotient
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Starting with Cg, a generator of this group is a matrix A such that A*> = —Id, so its projective
image is a C3. Going over the classification of subgroups in PG Ly(F3:) and PSLoy(F3:), the
dihedral maximal subgroups have order coprime to 3, so Cj3 is not a subgroup of those, but
it can be a subgroup of PSLy(Fs) = Ay, PGLy(Fs) = Sy, A5 C PGLy(Fy) or of groups of
order 3'(3" — 1) that stabilize a point. The latter case implies an invariant subspace, so the
representation would be reducible. For the other cases, the presentations are

(A,B,C|A*=B*=CF = ABC = Id)
with £ = 3 for A, and k = 4 for Sy, and
(A,B| A* = B® = (AB)® = Id)
for As. For A4, the matrices

A=(33).B=(61).C=(i?)

of SLy(FF3) satisfy the conditions in PSLy(F3). For Sy, the matrices

A=(16).B=(s1).C=(15)
of GLy(F3) satisfy the conditions in PG Ly(F3). For As, the matrices
A= ((1)(2))732 ((1JOC—1H)’

of SLy(Fg), with o = 2, satisfy the conditions in PSLy(Fg). In all three cases, C3 can be
generated by B, which is an upper triangular matrix with ones in the diagonal, so again
p(G) C T with T as defined above, so p is reducible.

Moving on to Dg = S3, the classification tells us that there are no dihedral groups of or-
der divisible by 3 in PGLs(F3¢) for any ¢t > 1, which means that the projective image of
Dg has to be in the reducible case of groups that stabilize a point. Thus, p is reducible as well.

Finally, for every group of order 18, even under projection to PGL or PSL it will remain
a group of order divisible by 9, and A4, Sy and As do not have order divisible by 9. These
groups, hence, do not fit in G Ly(FF3) or have reducible image, so we are done.

Remark 3.1. Given a solvable group, we can use class field theory to obtain the corre-
sponding field extension unramified outside a certain set of primes, or to check that such
an extension does not exist. The main tool for this are ray class groups, which we intro-
duced after Theorem 1.13. A solvable Galois group G = Gal(K/Q) can be split into a tower
1 =Gy C Gy C--- C Gy =G such that G; /G, is abelian for i = 1,. .. k, so the correspond-
ing extension K/Q is actually a tower of abelian extensions K/Kj 1, Ky 1/Kj_2,...,K1/Q.
For each of the fields Q, K1, ... K;_1, we can take the modulus m corresponding to the prime
3 and calculate their ray class field modulo m, which yields their largest abelian extension
unramified outside of 3. If, at some point, the ray class group is trivial, then there is not an
extension corresponding to G.



Appendix A
Odlyzko’s lower bounds

Here we write the unconditional lower bounds that Odlyzko found for the root discriminant
|drjg|"/™ of Galois extensions K/Q of degree n, for n < 25. Odlyzko gives different bounds
for totally real fields and not totally real fields, but here we just write the lowest bound.
These values are extracted from [16].

n | Lower bound for |dql""
2 1.719
3 2.513
4 3.250
) 3.927
6 4.549
7 5.121
8 5.646
9 6.134
10 6.585
11 7.004
12 7.395
13 7.760
14 8.102
15 8.423
16 8.725
17 9.010
18 9.280
19 9.536
20 9.779
21 10.010
22 10.229
23 10.438
24 10.638
25 10.829

Table A.1: Odlyzko’s lower bounds for root discriminants
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