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Abstract

The goal of this thesis is to provide a self-contained proof of Rademacher’s
formula for the partition function p(n), based on a powerful analytic tool devised
by Hardy, Ramanujan and Littlewood known as the circle method.

2020 Mathematics Subject Classification. 11F20, 11P55, 11P82, 33C10, 11M35
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0.1 Introduction

Historical overview of the circle method in integer partitions

The circle method originated in the investigations by Hardy and Ramanujan
on the partition function p(n), which counts the number of ways to express a nat-
ural number n as a sum of positive integers in non-decreasing order.

Example: p(4) = 5, since

4 = 3 + 1 = 2 + 2 = 2 + 1 + 1 = 1 + 1 + 1 + 1.

In 1918 [3], using the method, Hardy and Ramanujan established the asymp-
totic formula

p(n) ∼ eπ
√

2n
3

4n
√

3
as n → ∞.

This result was independently discovered by James Victor Uspensky in 1920. In
1937 [5], Hans Rademacher refined this result by improving the method’s analysis,
deriving the convergent series

p(n) =
1

π
√

2

∞

∑
k=1

Ak(n)
√

k
d

dn

sinh{π
k

√
2
3 (n − 1

24 )}√
n − 1

24

 ,

where Ak(n) is a Kloosterman sum. An easy computation shows that the formula
has the former asymptotic behavior.

Thesis summary

The thesis comprises four main chapters and an additional annex section that
provides a proof for all assumed results, thus, it remains self-contained.

In chapter 1, we explain the circle method and we discuss a remarkable ap-
plication related to Goldbach’s weak conjecture. The method elaborates on using
Cauchy’s integral formula by choosing a suitable contour of integration, where we
integrate a given generating function.

In chapter 2, we define the partition function and its generating function. Ad-
ditionally, we provide a deduction of Euler’s pentagonal number theorem from
Jacobi’s triple product identity, which in turn, provides a formula for recursively
computing p(n). Chapter 3 elaborates on the analytical results required to un-
derstand Rademacher’s proof. The first is a functional equation for Dedekind’s
η function, closely related to the generating function of p(n). The other results



2 Introduction

relate to Rademacher’s refinement of the analysis, where the key idea is a brilliant
choice of the path of integration using Farey fractions and Ford circles, generat-
ing the contour by tangencies on the upper half plane. Finally, in chapter 4, we
provide a proof of Rademacher’s convergent series for p(n), and a deduction of
Hardy and Ramanujan’s asymptotic formula.

Some of the diagrams are made with the graphic calculator Desmos, while the
others are borrowed from [1], [2] and [5].

Prerequisites

We assume the reader is familiar with basic notions of complex analysis (e.g.
residue theorem, contour integration, Cauchy’s integral formula) and analytic number
theory (e.g., generating functions, Dirichlet series), but a deep knowledge of advanced
identities is not required. For example, we do not consider Euler’s reflection for-
mula or the integral representation of the Gamma function as advanced identities. On
the other hand, results like the analytic continuation of Hurwitz’s zeta function, the
Fourier expansion of the nth Bernoulli polynomial or an integral representation of hyper-
bolic Bessel functions of first kind (among many others) are considered as such and
for this reason all of them will be proven. The criteria are based on the results seen
in the courses of Complex analysis and Analytic methods in number theory, in
the sense that any result covered in one of these courses will be assumed to be
known to the reader.

Notation

We employ the usual notations from complex analysis and number theory.
Given two functions f , g : X → R where X is a subset of R, we write:

1. f = O(g) ⇐⇒ (∃M > 0, M ∈ R, x0 ∈ R) : | f (x)| ≤ M|g(x)|, ∀x ≥ x0.

2. f ∼ g ⇐⇒ limx→∞
f (x)
g(x) = 1.

3. f = o(g) ⇐⇒ limx→∞
f (x)
g(x) = 0.



Chapter 1

The circle method

Aside from the partition problem, the circle method has been used in several
other problems regarding addition of integers, all of them part of what is known
as the additive theory of numbers. In this sense, the method is generally used to
answer the following:

Question: Let A ⊆ N. In how many ways can we express an integer as a sum of
a given number of elements of A?

Construction of the method

Let’s start with a set A = (ak)k consisting of positive integers and assume is
not finite. In order to work with A, create a formal power series f encoding it; for
example one could take

f (z) = ∑
k≥1

zak .

On that note, let’s now address the previous question and denote by P(n) the
number of ways n ∈ N can be expressed as a sum of a given number of elements
ak ∈ A. By means of f we create a new power series F which will be the generating
function of the sequence (P(n))n

F(z) =
∞

∑
k=1

P(k)zk.

Assume F has a radius of convergence equal to 1 and observe that

Fn(0) = n!P(n),

3



4 The circle method

which naturally makes us think of Cauchy’s integral formula in order to have an
expression of P(n) alone

P(n) =
1

2πi

∫
C

F(z)
zn+1 dz,

where C is any positively oriented contour enclosing the origin and inside the unit
disk. But a very big problem arises now, we do not have a closed expression of
F(z). And even if we did, how sure are we of solving the integral? Since in general
this is not a solvable problem we do the following: first, consider C and divide it
into two parts

C = R∪ r,

which are respectively known as the major arcs and the minor arcs. In this sense,
we partition the integral to obtain

P(n) =
1

2πi

∫
C

F(z)
zn+1 dz =

1
2πi

∫
R

F(z)
zn+1 dz +

1
2πi

∫
r

F(z)
zn+1 dz = AR(n) + ar(n),

resulting in an expression of the form

P(n) = AR(n) + ar(n)

where AR(n) acts as the main term and ar(n) as the error term. The choice of
the arcs is made base on the behavior of F over them. That is, we choose R and
r where F can be arbitrarily well approximated by a simpler function or, at least,
fairly well approximated. This implies that in many cases only an approximation
of P(n) can be reached, but in many cases this is more than enough.

There are many interesting applications of this method. A very canonical one
relates to finding the minimum integer g(k) such that every positive n can be
expressed as g(k) k-th powers, known as Waring’s problem. As for the case k = 2
it was Lagrange who proved that every n ∈ N can be written as a sum of four
squares by means of his four-square theorem, showing that g(2) = 4. Some time
later, by means of the circle method it was proved for larger exponents. The first
values are

g(3) = 9, g(4) = 19, g(5) = 37, g(6) = 73.

Additional information regarding Waring’s problem can be found in [6].
Another application is due to Ivan Vinogradov, who proved that every suffi-

ciently large odd integer can be expressed as a sum of three primes. Remarkably,
this fact comes as an immediate consequence of a theorem. In order to state it, let
us define the following formulas

r(N) = ∑
k1+k2+k3=N

Λ (k1)Λ (k2)Λ (k3) ki ∈ N,
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where Λ is the Von Mangoldt function, defined as

Λ(n) =

{
log p if n = pk for a prime p and k ≥ 1

0 otherwise
,

and

G(N) =

∏
p|N

(
1 − 1

(p − 1)2

)(∏
p∤N

(
1 +

1
(p − 1)3

))
.

Theorem 1.1. (Vinogradov) There exists 0 < A ∈ R such that

r(N) =
1
2

G(N)N2 + O
(

N2 log−A N
)

. (1.1)

We are interested in

r′(N) := #{(p1, p2, p3) : p1 + p2 + p3 = n}.

More specifically, in showing that for a sufficiently big odd N, r′(N) ̸= 0. Instead
of r′, Vinogradov considered (1.1), which encodes every representation of N as a
sum of three primes or prime powers, each of them weighted by log(p1) log(p2) log(p3).
By partial summation he showed that the sums involving prime powers contribute
significantly less than the sums involving only primes, which means that a bound
of r(N) is enough to prove that r′(N) ̸= 0. And this can be seen from (1.4), since
for a sufficiently large N the dominant overlaps the error term to ensure r(N) > 0.
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Chapter 2

Partitions

This chapter contains the first of the two steps needed to properly understand
the solution of the partition problem described at the introduction. Additionally,
interesting properties regarding the partition function will be featured.

Definition 2.1. A partition of an integer n is a way of expressing it as a sum of non-
negative integers in non-decreasing order, also called unrestricted partition.

Example 2.2. The partitions of 5 are the following:

5 = 4 + 1 = 3 + 2 = 3 + 1 + 1 = 2 + 2 + 1 = 2 + 1 + 1 + 1 = 1 + 1 + 1 + 1 + 1.

Definition 2.3. The partition function p(n) counts the number of unrestricted partitions
of an integer n. Following example 2.2, we have p(5) = 7.

Here are some of its values:

p(1) = 1
p(5) = 7

p(10) = 42
p(15) = 176
p(20) = 627

p(25) = 1958
p(30) = 5604
p(40) = 37338
p(50) = 204226

p(100) = 190569292
p(163) = 142798995930
p(200) = 3972999029388

7



8 Partitions

2.1 Euler’s formula

The following theorem characterizes the generating function of p(n) which, in
hand, will be the first step towards finding a closed formula for p(n)

Theorem 2.4. (Euler) For x ∈ C and |x| < 1 we have

∞

∏
m=1

1
1 − xm =

∞

∑
n=0

p(n)xn,

where p(0) = 1.

Proof. Observe that we can get p(n) as all the solutions of the equation

n = k1 + 2k2 + 3k3 + ...

for strictly positive integers ki. Note that for i > n, ki will always be zero. Now
let’s expand the left hand side, which can be seen as a product of power series

∞

∏
m=1

1
1 − xm =

∞

∏
m=1

∞

∑
k=0

xkm = 1 +
∞

∑
n=1

anxn.

From here p(0) = 1 and our goal is to show that p(n) = an for all n. But fol-
lowing the upper observation it is clear. Take a solution of that equation, namely
(k1, k2, ..., kn, 0, 0, ..., ), and take the respective exponents in the series. That is, for
the first summand, which is ∑∞

k=0 xk, take the term k1. For the second, take k2

and so on. Note that once we reach the n + 1 summand, we will have to take
ki = 0, ∀i ≥ n + 1, which is basically multiply by 1, ever since x0 = 1. If we
multiply we get

xk1 x2k2 x3k3 ...xnkn ...1... = xn.

Taking every possible way of expressing n as a sum of positive integers yields the
number of ways we can pick the terms in the series, so an = p(n). But the proof is
incomplete. In order to get the n-th exponent, we have treated the infinite power
series as if they were polynomials, ignoring all convergence issues. This need to
be corrected. For this purpose let’s take 0 ≤ x < 1 and introduce the functions

Fm(x) =
m

∏
k=1

1
1 − xk , F(x) =

∞

∏
m=1

1
1 − xm = lim

m→∞
Fm(x).

The product defining F(x) converges absolutely (since ∑ xk converges absolutely).
Also, for a fixed x, we get Fm+1(x) ≥ Fm(x), so the sequence {Fm(x)}m is increasing
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with Fm(x) ≤ F(x) for every fixed 0 < x ≤ 1. Now take Fm(x) and expand it as a
power series, which we know it’s absolutely convergent. We get

Fm(x) = 1 +
∞

∑
n=1

pm(n)xn

for a certain sequence {pm(n)}m, which is the number of partitions of n in parts
not exceeding m. For this reason, pm(n) ≤ p(n) with equality when m ≥ n. In
other words, we have

lim
m→∞

pm(n) = p(n).

Now we decompose Fm(x) in two parts

Fm(x) =
m

∑
n=0

pm(n)xn +
∞

∑
n=m+1

pm(n)xn =
m

∑
n=0

p(n)xn +
∞

∑
n=m+1

pm(n)xn.

Since x ≥ 0 we have
m

∑
n=0

p(n) ≤ Fm(x) ≤ F(x),

and so ∑∞
n=0 p(n)xn converges. As a last step, this inequality

∞

∑
n=0

pm(n)xn ≤
∞

∑
n=0

p(n)xn ≤ F(x)

implies that (for a fixed x) the series {∑ pm(n)xn}m converges uniformly. Making
m → ∞ we get the equality:

F(x) = lim
m→∞

Fm(x) = lim
m→∞

∞

∑
n=0

pm(n)xn =
∞

∑
n=0

lim
m→∞

pm(n)xn =
∞

∑
n=0

p(n)xn,

which proves Euler’s identity for a real valued 0 ≤ x < 1. Analytic continuation
allows us to extend all the possible values to the unit disk |x| < 1.

From now on we refer to F(x) as the generating partition function.
The number of ways a number can be partitioned as a sum of positive integers

was studied way before the era of Hardy and Ramanujan. The previous theorem
was due to Euler, who lived roughly 150 years before them and yet had a very
strong input on the subject. The goal of the following sections is to provide a
recursive formula for p(n) using generalized pentagonal numbers, given that the
generating function for these numbers is F−1.
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Figure 2.1: The first six pentagonal numbers: 1, 5, 12, 22, 35 and 51.

2.2 Pentagonal numbers

A pentagonal number is a number of the form 3n2−n
n for n ≥ 1, n ∈ Z. The

sequence this numbers generate relates to the number of dots that appear when
we overlap n regular pentagons by one of its vertices

From the picture it can be deduced that the n-th pentagonal number will con-
sist in the n-th partial sum of the progression

1, 4, 7, 10, 13, 16, ..., 3n + 1, ...

We will use ω(n) to refer to the n-th pentagonal number. If we allow n to have
negative integer values we obtain the generalized pentagonal numbers:

ω(±n) =
3n2 ∓ n

2
.

Theorem 2.5. (Euler’s pentagonal number theorem) If |x| ≤ 1 we have

∞

∏
m=1

(1 − xm) = 1 − x − x2 + x5 + x7 − x12 − x15 + ... =
∞

∑
n=−∞

(−1)nxω(n).

There are several proofs for this theorem. Euler proved it in 1750 via induction
methods. Almost 100 years later both Legendre and Jacobi provided their own
proofs as well. We will do it by means of the following identity.

Theorem 2.6. (Jacobi’s triple product identity) For x, y, z ∈ C with |x| < 1 and z ̸= 0
we have

∞

∏
n=1

(1 − x2n)(1 + x2n−1z2)(1 + x2n−1z−2) =
m=∞

∑
m=−∞

xm2
z2m. (2.1)

Proof. The restriction |x| < 1 implies the absolute convergence of the three prod-
ucts on the left hand side of (2.1). Also, for every x with |x| < 1 the series
expansion and the products converge uniformly over compacts in C excluding
z = 0, which means that every member of (2.1) is, on its own, an analytic function



2.2 Pentagonal numbers 11

in terms of z for z ̸= 0. Similarly, for a given z ̸= 0 the products and the series
converge uniformly for |x| < 1, which means that the members can also be seen
as analytic functions in terms of x, but this case at the unit disk |x| < 1.

In order to prove (2.1), fix x and consider this products as a function in terms
of z:

H(z) =
∞

∏
n=1

(1 + x2n−1z2)(1 + x2n−1z−2).

Let’s show that H satisfies the functional equation

xz2H(xz) = H(z).

From the definition of H, we get

H(xz) =
∞

∏
n=1

(1 + x2n+1z2)(1 + x2n−3z−2) =
∞

∏
m=2

(1 + x2m−1z2)
∞

∏
r=0

(1 + x2r−1z−2).

We need to add the factor (1 + xz2) to the first product and subtract the factor
(1 + x−1z−2) to the second product in order to reach the functional equation, so
we multiply

(1 + xz2)

(1 + x−1z−2)
H(xz) = xz2H(xz) = H(z),

and we are done. Now let’s take the full left hand side of (2.1)

G(z) = H(z)
∞

∏
n=1

(1 − x2n). (2.2)

It is clear that G(z) also satisfies the functional equation since the new term de-
pends only on x, which means that

xz2G(xz) = G(z). (2.3)

On the other hand, G(z) is analytical everywhere except at z = 0, but it is also an
even function so it admits a Laurent expansion of the form

G(z) =
∞

∑
n=−∞

amz2m, (2.4)

where the coefficients am depend on x, and also am = a−m since G(z) = G(z−1).
Using (2.3) we can recursively calculate am as follows:

G(z) = xz2G(xz)

∞

∑
m=−∞

amz2m = xz2
∞

∑
m=−∞

am(xz)2m = z2
∞

∑
m=−∞

amx2m+1z2m.
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Equalizing the coefficients we get the recursive expression

am+1 = amx2m+1.

If we start at a0 and keep iterating we get

am = aoxm2
, ∀m ≥ 0,

ever since 1 + 3 + 5 + ... + (2m − 1) = m2. The same result applies for m < 0. So
(2.4) can be written as

Gx(z) = a0(x)
∞

∑
m=−∞

xm2
z2m,

where Gx and a0(x) denote the x dependency. Observe that this last expression
implies that a0(x) → 1 as x → 0. We need to prove that a0(x) = 1 for all x in order
to complete the proof.

Let’s evaluate Gx at z = eπi/4,

Gx(eπi/4)

a0(x)
=

∞

∑
m=−∞

xm2
im =

∞

∑
n=−∞

(−1)nx4n2
.

The last equality results as a simplification because im = −i−m for odd m, and the
reason is put this way is to compare it with the main expression of Gx(z). It can
be deduced that the rightmost expression is actually Gx4(i)/a0(x4) which means
that we get

Gx(eπi/4)

a0(x)
=

Gx4(i)
a0(x4)

.

If we think think about our goal, we need to show that a0(x) = 1 for all x at the
unit disk. So a coherent start could be to show that Gx(eπi/4) = Gx4(i), because
that would mean that a0(x) = a0(x4) and we would almost be done. In order to
prove Gx(eπi/4) = Gx4(i) we must get rid of any unknown coefficient a0, so the
proper thing is to work with (2.2)

Gx(eπi/4) =
∞

∏
n=1

(1 − x2n)(1 + x4n−2) =
∞

∏
n=1

(1 − x4n)(1 − x4n−2)(1 + x4n−2)

=
∞

∏
n=1

(1 − x4n)(1 − x8n−4) =
∞

∏
n=1

(1 − x8n)(1 − x8n−4)(1 − x8n−4) = Gx4(i),

so a0(x) = a0(x4) and iterating x → x4 we get a0(x) = a0(x4k) for all k ≥ 1. Note
that x4k → 0 as k → ∞ and a0(x) → 1 as x → 0 implies that a0(x) = 1 for all x at
the unit disk.
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Proof of Euler’s pentagonal number theorem. Substitute x by x3/2 and z by ix−1/4 in
(2.1). The product expansion becomes

∞

∏
n=1

(1 − x3n)(1 − x3n−2)(1 − x3n−1) =
∞

∏
n=1

(1 − xn).

On the right hand side, the series are rewritten as

∞

∑
m=−∞

(x3/2)m2
(−1)mx−m/2 =

∞

∑
m=−∞

(−1)mx
3m2−m

2 =
∞

∑
m=−∞

(−1)mxω(m).

2.3 Recursive formula for p(n)

We are now ready to state a recursion for p(n) based on the pentagonal num-
bers.

Theorem 2.7. Let p(0) = 1 and define p(n) = 0 if n < 0. For n ≥ 1 we have

p(n)− p(n − 1)− p(n − 2) + p(n − 5) + p(n − 7)− ... = 0, (2.5)

or equivalently

p(n) =
∞

∑
k=1

(−1)k+1{p(n − ω(k)) + p(n − ω(−k)}.

Proof. Theorems 2.1 and 2.2 allow us to write

(1 +
∞

∑
k=1

(−1)k{xω(k) + xω(−k)})(
∞

∑
m=0

p(m)xm) = 1,

which is a product of power series. The n-th coefficient on the left hand side
will be equal to that of the same order in the right hand side. The outcome of this
identity is clearly (2.5).
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Chapter 3

Analytic tools

Before proceeding with Rademacher’s proof, preliminary results shall be ad-
dressed. In section 3.1 a proof of Dedekind’s functional equation will be delivered.
Sections 3.2 and 3.3 feature the tools required to construct our path of integration,
consisting of joint Ford circles of sets of Farey fractions. During a first lecture, the
reader might prefer to assume the proof of Dedekind’s functional equation due to
its complexity.

3.1 Dedekind’s functional equation

Even Hardy and Ramanujan used Dedekind’s functional equation in their
work on partitions. It plays a central role since it help us approximate F(x) with
enough precision near the roots of unity, where it has its peaks.

Definition 3.1. (Dedekind’s η function) Let τ ∈ H, H = {z ∈ C : ℑ(z) > 0}.
Dedekind’s η function is defined as follows:

η(τ) = eπiτ/12
∞

∏
n=1

(1 − e2πinτ). (3.1)

It makes sense to consider this function. Note that the product is of the form
∏n≥1(1 − xn) where x = e2πiτ. There is a very obvious connection between η(τ)

and F(x). Indeed,

F(e2πiτ) =
eπiτ/12

η(τ)
.

Observe that if τ ∈ H then |e2πiτ| < 1, so the product converges absolutely and it
is nonzero. Additionally, the convergence is uniform on compact subsets in H, so
η is analytic on H.

The following subsection is a brief review of a special case of transformations,
needed to state Dedekind’s functional equation.

15
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3.2 The modular group Γ

Definition 3.2. A Möbius transformation is a rational function of the form

f (z) =
az + b
cz + d

,

where a, b, c, d are arbitrary complex numbers satisfying ad − bc ̸= 0.

We can add a couple of restrictions in order to get a group under composition.

Definition 3.3. The modular group Γ is the set of all Möbius transformations such that
a, b, c, d are integers and ad − bc = 1 with the composition operation.

This modular group has a nice property; every function f ∈ Γ can be asso-

ciated with a matrix

(
a b
c d

)
with determinant equal to 1, provided we identify

every matrix with its negative (since both represent the same function). In this
representation, the composition is just the product of matrices. From now on,
Γ will represent the modular group and essentially we will use the determinant
property for our purposes.

3.3 The functional equation

Theorem 3.4. (Dedekind’s functional equation) Let

(
a b
c d

)
∈ Γ and c > 0. We have

η

(
aτ + b
cτ + c

)
= exp {πi

(
a + d
12c

+ s(−d, c)
)
}{−i(cτ + d)}1/2η(τ), (3.2)

where s(h, k) is a Dedekind sum, defined as

s(h, k) :=
k−1

∑
r=1

r
k

(
hr
k
− ⌊hr

k
⌋ − 1

2

)
. (3.3)

The proof is not straightforward. We will rearrange (3.2) i a way where we can
deduce Dedekind’s functional equation using yet another transformation formula
due to Shô Iseki. Let’s start by taking logarithms on both sides of (3.2)

log η

(
aτ + b
cτ + c

)
= πi

(
a + d
12c

+ s(−d, c)
)
+ log η(τ) +

1
2

log{−i(cτ + d)}. (3.4)

Taking logarithms on both sides of (3.1) we get

log η(τ) =
πiτ
12

+
∞

∑
n=1

log(1 − e2πinτ) =
πiτ
12

−
∞

∑
n=1

λ(−inτ), (3.5)
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where

λ(x) = − log(1 − e−2πx) =
∞

∑
m=1

e−2πmx

m
, (3.6)

defined for ℜ(x) > 0.

Lemma 3.5. (3.2) is equivalent to

∞

∑
n=1

λ(−inτ) =
∞

∑
n=1

λ

(
−in

aτ + b
cτ + d

)
+

πi
12

(
τ − aτ + b

cτ + d

)

+πi
(

a + d
12c

+ s(−d, c)
)
+

1
2

log(−i)(cτ + d). (3.7)

(3.7) will be proved as a consequence of Iseki’s transformation formula. In
order to do so we will slightly rearrange it by means of the next lemma.

Lemma 3.6. Let z ∈ C with ℜ(z) > 0, and h, k ∈ Z satisfying (h, k) = 1, k > 0, hH ≡
−1( mod k). Then (3.7) is equivalent to

∞

∑
n=1

λ
(n

k
(z − ih)

)
=

∞

∑
n=1

λ

(
n
k
(

1
z
− iH)

)
+

1
2

log z − π

12k

(
z − 1

z

)
+ πis(h, k).

(3.8)

Proof. It comes down to choose a suitable
(

a b
c d

)
∈ Γ with c > 0 and substitute

certain expressions in (3.7) and (3.8). Given τ with ℑ(τ) > 0, let’s choose H, z, h, k
as follows:

k = c, h = −d, H = a, z = −i(cτ + d). (3.9)

The condition ℑ(τ) > 0 yields ℜ(z) > 0, and using that the matrix is an element
of the modular group we have ad − bc = 1, or equivalently −hH − bk = 1. Clearly
(h, k) = 1 and hH ≡ −1 mod k. Also b = −hH−1

k and using the condition on z,

τ =
iz − d

c
=

iz + h
k

. (3.10)

From here we come up with an equivalent expression of aτ+b
cτ+d

aτ + b = H
iz + h

k
− hH + 1

k
=

iz
h

(
H +

i
z

)
, (3.11)

therefore
aτ + b
cτ + d

=
1
k

(
H +

i
z

)
. (3.12)
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Finally

τ − aτ + b
cτ + d

=
1
k
(h − H) +

i
k

(
z − 1

z

)
= − a + d

c
+

i
k

(
z − 1

z

)
(3.13)

πi
12

(
τ − aτ + b

cτ + d

)
= −πi

(
a + d
12c

)
− π

12k

(
z − 1

z

)
, (3.14)

and substituting them in (3.7) yields (3.8). In the same way (3.8) implies (3.7).

Theorem 3.7. (Iseki’s transformation formula) Take z ∈ C such that ℜ(z) > 0 and
α ∈ [0, 1], β ∈ [0, 1] and define

Λ(α, β, z) :=
∞

∑
r=0

{λ((r + α)z − iβ) + λ((r + 1 − α)z + iβ)}. (3.15)

Then if either 0 < α < 1 and 0 ≤ β ≤ 1 or 0 ≤ α ≤ 1 and 0 < β < 1 we have the
following functional equation for Λ:

Λ(α, β, z) = Λ(1 − β, α, z−1)− πz
2

∑
n=0

(
2
n

)
(iz)−nB2−n(α)Bn(β), (3.16)

where Bn(x) is a Bernoulli polynomial and λ is defined in (3.6).

Proof. First note that the sum on the right of (3.16) is equal to

−πz
(
α2 − α + 1/6

)
+

π

z
(

β2 − β + 1/6
)
+ 2πi (α − 1/2) (β − 1/2) . (3.17)

This results from the fact that we’re only using Bernoulli polynomials of order at
most 2, defined as follows:

B0(x) = 1, B1(x) = x − 1/2, B2(x) = x2 − x + 1/6. (3.18)

Let’s start with the first part of the sum appearing in (3.15) and assuming that
0 < α < 1, 0 < β < 1. So we have to deal with

∞

∑
r=0

λ((r + α)z − iβ). (3.19)

By the definition of λ we obtain

∞

∑
r=0

λ((r + α)z − iβ) =
∞

∑
r=0

∞

∑
m=1

e2πimβ

m
e−2πm(r+α)z. (3.20)
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Note that ℜ(2πm(r + α)z) > 0. This condition allows us to use a special case of
Mellin’s inversion formula over e−2πm(r+α)z. This formula states that for c > 0 and
ℜ(x) > 0, we have

e−x =
1

2πi

∫ c+∞i

c−∞i
Γ(s)x−sds,

where Γ is the Gamma function, defined for ℜ(z) > 0 by

Γ(z) =
∫ ∞

0
tz−1e−tdt.

The special case of Mellin’s inversion formula will be proven in the annex
section. Applying it to (3.20) by taking x = 2πm(r + α)z and c = 3/2 we obtain

∞

∑
r=0

λ((r + α)z − iβ) =
∞

∑
r=0

∞

∑
m=1

e2πimβ

m
1

2πi

∫ 3/2+∞i

3/2−∞i
Γ(s){2πm(r + α)z)}−sds

=
1

2πi

∫ 3/2+∞i

3/2−∞i

Γ(s)
(2πz)s

∞

∑
r=0

1
(r + α)s

∞

∑
m=1

e2πimβ

m1+s

=
1

2πi

∫ 3/2+∞i

3/2−∞i

Γ(s)
(2πz)s ζ(s, α)F(β, 1 + s), (3.21)

where we have used both Hurwitz zeta function and the periodic zeta function,
defined as

ζ(s, α) :=
∞

∑
r=0

1
(r + α)s and F(x, s) :=

∞

∑
m=1

e2πimx

ms

for ℜ(s) > 1, x ∈ R and α ∈ (0, 1].
By applying the exact same steps to the other part inside the sum of (3.15), we

obtain

∞

∑
r=0

λ((r + 1 − α)z + iβ) =
1

2πi

∫ 3/2+∞i

3/2−∞i

Γ(s)
(2πz)s ζ(s, 1 − α)F(1 − β, 1 + s)ds, (3.22)

and (3.15) becomes

Λ(α, β, z) =
1

2πi

∫ 3/2+∞i

3/2−∞i
z−sΦ(α, β, s)ds (3.23)

where

Φ(α, β, s) =
Γ(s)
(2π)s {ζ(s, α)F(β, 1 + s) + ζ(s, 1 − α)F(1 − β, 1 + s)}.
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We want to reach (3.16), which means that at some point we have to get rid
of the integral of (3.23). In order to do so a very nice argument comes in, where
we will try to be resourceful with the symmetries of Φ by means of the following
lemmas.

Lemma 3.8.
Φ(α, β,−s) = Φ(1 − β, α, s). (3.24)

Proof. We use Hurwitz’s formula, which will be proven in the annex section

ζ(1 − s, a) =
Γ(s)
(2π)s {e−πis/2F(a, s) + eπis/2F(−a, s)}.

First we isolate F(a, s) in the expression, and we keep it. Next we do a change
of variable; we put 1 − a instead of a. Using the periodicity of F and Euler’s
reflection formula, by adding both expressions (the one in terms of a and the one
in terms of 1 − a) we obtain

F(a, s) =
Γ(1 − s)
(2π)1−s {eπi(1−s)/2ζ(1 − s, a) + eπi(s−1)/2ζ(1 − s, 1 − a)}.

Now it’s just a matter of substituting directly at Φ. We end up with the follow-
ing expression:

Φ(α, β, s)
Γ(s)Γ(−s)

= eπis/2{ζ(−s, 1 − β)ζ(s, α) + ζ(−s, β)ζ(s, 1 − α)}

+e−πis/2{ζ(−s, 1 − β)ζ(s, 1 − α) + ζ(−s, β)ζ(s, α)}.

By isolating the term Φ(α, β, s) and making the substitutions

(α, β, s) → (α, β,−s) and (α, β, s) → (1 − β, α, s),

the obtained expressions are the same.

Lemma 3.9.

Λ(α, β, z) =
1

2πi

∫ −3/2+∞i

−3/2−∞i
z−sΦ(α, β, s)ds + R,

where R is the sum of the residues at the poles of the integrand inside {σ + it ∈ C :
−3/2 < σ < 3/2}
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Proof. Consider ∫
R

z−sΦ(α, β, s),

Where R is the rectangle in the complex plane formed by the segments

I1 = {3/2 + ix : −T < x < T}
I2 = {y + iT : −3/2 < y < 3/2}
I3 = {−3/2 + ix : −T < x < T}

I4 = {−y + iT : −3/2 < y < 3/2}

and the path of integration is considered to be anti-clockwise. Note how when
we make T → ∞ we get (3.23) when integrating over I1. Using this fact and
Cauchy’s theorem, it is clear that

∫
I1

z−sΦ(α, β, s)ds+
∫

I2

z−sΦ(α, β, s)ds+
∫

I3

z−sΦ(α, β, s)ds+
∫

I4

z−sΦ(α, β, s)ds = 2πiR,

hence lemma 1 is equivalent to the fact that
∫

I2
and

∫
I4

tend to 0 as T → ∞. To
show that do the following. From the proof of lemma 3.8 we have

z−sΦ(α, β, s) =
−πz−s

s sin(πs)
{e−πis/2[ζ(s, α)ζ(−s, β) + ζ(s, 1 − α)ζ(−s, 1 − β)]

+eπis/2[ζ(s, α)ζ(−s, 1 − β) + ζ(s, 1 − α)ζ(−s, β)].

Now, for a fixed z with | arg(z)| < π/2 choose δ > 0 such that | arg(z)| ≤ π/2+ δ,
and let s = σ + it with σ ≥ −3/2. A simple bounding chain leads to

|z−s| ≤ |z−σ||e|t|(π/2−δ)|.
For the sine part, note that for |t| > 1 we have

1
|s sin πs| ≤

1
|t|| sin πs| =

2
|t|e−πt+πiσ − eπt−πiσ|

≤ 2
|t|e−πt+πiσ − eπt+πiσ| ≤

2
|e−πt − eπt| = O(

e−π|t|

|t| )
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and

|eπis/2| = O(eπ|t|/2), |e−πis/2| = O(eπ|t|/2).

Now, |ζ(s, a)| = O(|t|c) for some c > 0 (proof in the annex section). Applying
the bounds we obtain

|z−sΦ(α, β, s)| = O(|t|2c−1e−δ|t|),

which proves that
∫

I2
and

∫
I4

tend to 0 as T → ∞.

Lemma 3.10.
Λ(α, β, z) = Λ(1 − β, α, z−1) + R,

where R is the same as in lemma 3.9.

Proof. We start from lemma 3.9 and make the change of variable u = −s to obtain

Λ(α, β, z) =
1

2πi

∫ 3/2+i∞

3/2−i∞
zuΦ(α, β,−u)du + R.

By applying lemma 3.8, the result follows.

In order to complete the proof of Iseki’s transformation formula, from lemma
3.10 we need to show

R = −πz
2

∑
n=0

(
2
n

)
(iz)−nB2−n(α)Bn(β).

Recall that the integrand is

z−sΦ(α, β, s) = z−s Γ(s)
(2π)s {ζ(s, α)F(β, 1 + s) + ζ(s, 1 − α)F(1 − β, 1 + s)}.

Inside {σ + it ∈ C : −3/2 < σ < 3/2}, Γ has two simple poles at s = 0
and s = −1 with residues 1 and −1 respectively. Additionally, the Hurwitz zeta
function has a pole at s = 1 with residue 1.

Let’s denote this residues R(0), R(1) and R(−1). We have

R(1) =
Γ(1)
2πz

{F(β, 2) + F(1 − β, 2)} =
1

2πz

∞

∑
n=1

(
e2πinβ

n2 +
e−2πinβ

n2 )

=
1

2πz

∞

∑
n=−∞,n ̸=0

e2πinβ

n2 =
1

2πz
−(2πi)2

2!
B2(β),



3.3 The functional equation 23

where we used the Fourier expansion of the n-th Bernoulli polynomial. A proof
will be delivered in the annex section.

For R(0) we recall that ζ(0, α) = 1/2 − α, so ζ(0, 1 − α) = α − 1/2 and

R(0) = ζ(0, α)F(β, 1) + ζ(0, 1 − α)F(1 − β, 1) = (1/2 − α)
∞

∑
n=1

e2πinβ − e−2πinβ

n

= (1/2 − α)
∞

∑
n=−∞,n ̸=0

e2πinβ

n
= −2πiB1(α)B1(β),

where again we have used the same theorem to express everything in terms of
Bernoulli polynomials. For R(−1),

R(−1) = lim
s→−1

(s + 1)z−sΦ(α, β, s) = lim
s→1

(−s + 1)zsΦ(α, β,−s)

Using (3.24) we have

R(−1) = lim
s→1

zsΦ(1 − β, α, s) = −Ress=1zsΦ(1 − β, α, s),

so it is actually the same as R(1) but replacing z by −z−1, α by 1 − β and β by α.
So R(−1) = −πzB2(α). Thus

R = R(−1) + R(0) + R(1) = −πz
2

∑
n=0

(
2
n

)
(iz)−nB2−n(α)Bn(β).

We are almost done. This proves Iseki’s transformation formula for 0 < α < 1
and 0 < β < 1

A limiting argument will be used to show that Iseki’s formula is valid if 0 ≤
α ≤ 1 and 0 < β < 1 or 0 < α < 1 and 0 ≤ β ≤ 1. We will do one case and show
that the rest will follow from the same argument. Consider the series

∞

∑
r=0

λ((r + α)z − iβ) =
∞

∑
r=0

∞

∑
m=1

e2πimβ

m
e−2πm(r+α)z

=
∞

∑
m=1

e2πimβ

m
e−2πmαz

∞

∑
r=0

e−2πmrz =
∞

∑
m=1

e2πimβ

m
e−2πmαz

1 − e−2πmz

=
∞

∑
m=1

e2πimβ

m
fα(m),

Where

fα(m) =
e−2πmαz

1 − e−2πmz
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for 0 ≤ α ≤ 1, as m → ∞, fα(m) → 0 uniformly in α. Therefore, the series

∞

∑
m=1

e2πimβ fα(m)

converges uniformly provided 0 < β < 1, so what we do is pass to the limit
as α → 0+ term by term. This allows us to let α → 0+ for 0 < β < 1 in the
functional equation. The other limiting cases follow from the invariance under
these replacements:

α → 1 − α and β → 1 − β,

α → β and β → 1 − α,

α → 1 − β , β → α and z → z−1.

And his completes the proof of Iseki’s transformation formula.

3.4 Proof of (3.8) using Iseki’s transformation formula

Proof. Equation (3.8) deals with integers h and k with k > 0. We split the deduction
in two cases, k = 1 and k > 1. Considering the first, (3.8) becomes

∞

∑
n=1

λ{n(z − ih)} =
∞

∑
n=1

λ{n(z−1 − iH)}+ 1
2

log z − π

12
(z − z−1).

We can simplify this by means of the periodicity of λ(x), which has period i. Since
h, H ∈ Z, we can get rid of them and get

∞

∑
n=1

λ{nz} =
∞

∑
n=1

λ{nz−1}+ 1
2

log z − π

12
(z − z−1), (3.25)

and this can be deduced from Iseki’s formula. Indeed, start with (3.16) by taking
β = 0,

Λ(α, 0, z) = Λ(1, α, z−1)− πz(α2 − α + 1/6) +
π

6z
− πi(α − 1/2),

where

Λ(α, 0, z) :=
∞

∑
r=0

{λ((r + α)z) + λ((r + 1 − α)z)} (3.26)

and

Λ(1, α, z−1) :=
∞

∑
r=0

{λ((r + 1)z−1 − iα) + λ(rz−1 + iα)}. (3.27)
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Now we want to make α → 0+ but there are two conflictive terms in the series; in
(3.26), the first term in the summand at r = 0 which is λ(αz) and then the second
term at r = 0, λ(iα). Each of these tend to ∞ as α → 0+ but their difference does
not, so we can compute the limit. First note that

λ(αz)− λ(iα) = log
1 − e−2πiα

1 − e−2παz .

Taking what’s inside the logarithm, by l’Hôpital’s rule we get

lim
α→0+

1 − e−2πiα

1 − e−2παz = lim
α→0+

2πi
2πz

=
i
z

,

so
lim

α→0+
(λ(αz)− λ(iα)) = log

i
z
=

πi
2

− log z. (3.28)

Now observe how α affects both (3.26) and (3.27). If we make α → 0+ the remain-
ing terms in each series double up, so by putting (3.28) aside we get

πi
2

− log z + 2
∞

∑
r=1

λ(rz) = 2
∞

∑
r=1

λ(r/z)− πz
6

+
π

6z
+

πi
2

,

which reduces to (3.25) and it proves (3.8) for the case k = 1. The case k > 1
is more tedious due to the fact that it does not cancel out Dedekind’s sums. We
again start with Iseki’s formula, and this time we choose α and β as follows

α =
µ

k
for 1 ≤ µ ≤ k − 1,

β =
v
k

where hµ = qk + v and 1 ≤ v ≤ k − 1.

This means that v ≡ hµ mod k. In turn, this implies −Hv ≡ −Hhµ ≡ µ mod k,
so −Hv/k ≡ µ/k mod 1. Hence, by the definition of α and β we get

α ≡ −Hv/k mod 1 and β ≡ hµ/k mod 1.

We substitute in Iseki’s formula and divide by two to get this

1
2

∞

∑
r=0

{
λ

((
r +

µ

k

)
z − i

hµ

k

)
+ λ

((
r + 1 − µ

k

)
z + i

hµ

k

)}

=
1
2

∞

∑
r=0

{
λ

((
r +

v
k

) 1
z
− i

Hv
k

)
+ λ

((
r + 1 − v

k

) 1
z
+ i

Hv
k

)}

−πz
2

((µ

k

)2
− µ

k
+

1
6

)
+

π

2z

((v
k

)2
− v

k
+

1
6

)
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+πi
(

µ

k
− 1

2

)(
v
k
− 1

2

)
.

The key idea is to rewrite it in a way where we can add these expressions for
different possible values of µ so that Dedekind’s sum appears. One needs to be
careful when dealing with such expressions. We rewrite it in the following way

1
2

∞

∑
r=0

{
λ

(
(rk + µ)(z − ih)

k

)
+ λ

(
(rk + k − µ)(z − ih)

k

)}

=
1
2

∞

∑
r=0

{
λ

(
(rk + v)

( 1
z − iH

)
k

)
+ λ

(
(rk + k − v)

( 1
z − iH

)
k

)}

−πz
2

(
µ2

k2 − µ

k
+

1
6

)
+

π

2z

(
v2

k2 − v
k
+

1
6

)
+ πi

(
µ

k
− 1

2

)(
v
k
− 1

2

)
.

Add both sides by making µ = 1, 2, ..., k − 1. These choices for µ make the ex-
pression rk + µ never a multiple of k. The same with the expression rk + k − µ.
Additionally, since v ≡ hµ mod k, as µ runs trough 1, ..., k − 1, v runs trough the
same numbers but in a different order. So we end up getting

∞

∑
n=1

n≡0 mod k

λ
(n

k
(z − ih)

)
=

∞

∑
n=1

n≡0 mod k

(
n
k

(
1
z
− iH

))
+

π

2

(
1
z
− z
) k−1

∑
n=1

µ2

k2

−π

2

(
1
z
− z
)k 1−1

∑
µ=1

µ

k
+

π

12

(
1
z
− z
)
(k − 1)

+πi
k−1

∑
µ=1

µ

k

(
v
k
− 1

2

)
− πi

2

k−1

∑
µ=1

v
k
+

πi
4
(k − 1)

=
∞

∑
n=1

n=0( mod k)

i
(

n
k

(
1
z
− iH

))
+

π

12

(
1
z
− z
)

×
(
(k − 1)(2k − 1)

k
− 3(k − 1) + (k − 1)

)
+ πi

k−1

∑
µ=1

µ

k

(
v
k
− 1

2

)

=
∞

∑
n=1

n ̸=0( mod k)

λ

((n
k

)(1
z
− iH

))
+

π

12

(
z − 1

z

)(
1 − 1

k

)
+ πi

k−1

∑
µ=1

µ

k

(
v
k
− 1

2

)
.

Remember that v was defined by hµ = qk + v, so we can rearrange it in order to
get
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hµ

k
= q +

v
k

, q = ⌊hµ

k
⌋,

v
k
=

hµ

k
− ⌊hµ

k
⌋.

Therefore
k−1

∑
µ=1

µ

k

(
v
k
− 1

2

)
=

h−1

∑
µ=1

µ

k

(
hµ

k
− ⌊hµ

k
⌋ − 1

2

)
= s(h, k).

Putting everything together yields

∞

∑
n=1n ̸=0( mod k)

λ
(n

k
(z − ih)

)
=

∞

∑
n=1n ̸=0( mod k)

λ

(
n
k

(
1
z
− iH

))

+
π

12

(
z − 1

z

)(
1 − 1

k

)
+ πis(h, k), (3.29)

and we’re almost done. We only need to add the terms of the form n ≡ 0 mod k,
so we add (3.29) to (3.25), which corresponds to the case k = 1, and write n = mk
there. Combining both expressions results in

∞

∑
n=1

λ
(n

k
(z − ih)

)
=

∞

∑
n=1

λ

(
n
k

(
1
z
− iH

))
− π

12k

(
z − 1

z

)
+

1
2

log z + πis(h, k).

And this proves (3.8), which in turn completes the proof of Dedekind’s functional
equation.

3.5 Farey fractions

A very natural way of classifying reduced fractions consist on ordering them
by the magnitude of its denominator. For example, all reduced fractions with
denominator at most 2 are of the form 2k+1

2 for an integer k (at the moment and
for obvious reasons we are not considering fractions with denominator 1). If we
keep going, the set of fractions with denominator at most 3 would consist on the
fractions of the form

2k + 1
2

,
3q + 1

3
and

3p + 2
3

, (3.30)

for integers k, q, p. We immediately observe that all reduced fractions with denom-
inator at most 2 are included in the set, and we expect (3.30) to be included in the
set of all reduced fractions with denominator at most 4. To simplify we can pick
an element of each class of reduced fraction; the most natural element to choose in
every class is the reduced fraction inside the interval [0, 1]. With this idea in mind
we jump into the definition
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Definition 3.11. We denote Fn as the set of reduced fractions in the interval [0, 1] with
denominator at most n, also known as the set of Farey fractions of order n.

F1: { 0
1 , 1

1}
F2: { 0

1 , 1
2 , 1

1}
F3: { 0

1 , 1
3 , 1

2 , 2
3 , 1

1}
F4: { 0

1 , 1
4 , 1

3 , 1
2 , 2

3 , 3
4 , 1

1}
F5: { 0

1 , 1
5 , 1

4 , 1
3 , 2

5 , 1
2 , 3

5 , 2
3 , 3

4 , 4
5 , 1

1}

Looking at these first values of Fn several properties seem to arise. For instance
Fn ⊆ Fn+1. Additionally, if we have a look at the fractions in Fn+1 which are not
contained in Fn it might seem that each new term is the mediant of two (previ-
ously) consecutive terms (the mediant of two fractions a/b and c/d is the fraction
(a + c)/(b + d)). Let’s rigorously prove our claims.

Lemma 3.12. If a/b < c/d are positive fractions then their mediant lies between them.

Proof.
a + c
b + d

=
( a

b

)( b
b + d

)
+
( c

d

)( d
b + d

)
, (3.31)

where
a
b
<
( a

b

)( b
b + d

)
+
( c

d

)( d
b + d

)
<

c
d

because (3.31) is a weighted average of a/b and c/d so it must be between them.

Theorem 3.13. Let 0 ≤ a/b < c/d ≤ 1. If bc − ad = 1, then a/b and c/d are
consecutive terms of Fn for

max(b, d) ≤ n < b + d.

Proof. bc − ad = 1 implies that (a, b) = (c, d) = 1 which means that both are
reduced fractions. The first inequality (max(b, d) ≤ n) implies that both a/b and
c/d are in Fn so we just need to check that these two are consecutive terms. Let
h/k with

a/b < h/k < c/d.

This implies
ck − dh ≥ 1 and bh − ak ≥ 1.

Finally, making use of the unimodular relation between a/b and c/d we obtain

k = (bc − ad)k = b(ck − dh) + d(bh − ak) ≥ b + d,
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and a contradiction arise if we allow h/k ∈ Fn due to the assumption n < b + d.
Therefore a/b and c/d are consecutive terms in Fn.

Corollary 3.14. Let 0 ≤ a/b < c/d ≤ 1 such that bc − ad = 1 and h/k their mediant.
Then, h/k satisfies the unimodular relation with both a/b and c/d.

Proof. (3.5) shows that

k = b + d ⇐⇒ bh − ak = ck − dh = 1.

Theorem 3.15. Fn ⊆ Fn+1. Each p/q ∈ Fn+1 \ Fn is the mediant of some consecutive
terms in Fn. Moreover if a/b < c/d are consecutive terms of Fn, then they satisfy the
unimodular relation bc − ad = 1

Proof. We will use induction on n. For n = 1, 0/1 and 1/1 satisfy the unimodular
relation. Additionally, we construct F2 by inserting their mediant, 1/2. Suppose
now that a/b and c/d are consecutive terms in Fn such that bc − ad = 1. Theorem
3.13 tells us that these fractions will be consecutive in Fm for m satisfying

max(b, d) ≤ m < b + d.

By corollary 3.14, their mediant h/k satisfies the unimodular relation with both
fractions; that is, we have

bh − ak = 1 and ck − dh = 1,

which tells us that (h, k) = 1, and so h/k will be a term in some Fq. But q = k
clearly, since for smaller values we have that a/b and c/d are consecutive terms
in each Farey set. So in Fk, a/b and h/k are consecutive, as well as h/k and c/d.
Additionally we have shown that satisfy the unimodular relation between them.
With this we have proved that passing from Fn to Fn+1 we only need mediants
of two consecutive fractions of Fn, and the new consecutive terms also satisfy
unimodular relations, so Fn+1 has these properties only if Fn does.
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3.6 Ford circles

Before formally introducing the Ford circles let’s play with Farey fractions in
the following way. Consider the complex plane C and F1 = { 0

1 , 1
1}. Start by

constructing two circles with radius 1/2 such that their lowest points are 0/1 = 0
and 1/1 = 1:

As it turns out, the circles are tangent to each other. Let’s now iterate in the
following way: at each step we will add circles tangent to the ones already on the
picture, while also to the real axis, with the condition that every added circle is
equally big. In this iteration we only add one circle

It lands at 1/2. Let’s iterate again

Only two circles have been added and they land at 1/3 and 2/3. At this point
we can already expect the outcome of the next iterations.
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Each one of them generates the k-th Farey sequence. We could do it indefinitely
and end up with a curious circle packing. This will turn out to be the "shape" of
our integration path.

Definition 3.16. Take h/k ∈ Q with (h, q) = 1. The Ford circle associated with h/k and
denoted by C(h, k) is the circle on the complex plane with radius 1

2k2 and center h
k +

i
2k2

Theorem 3.17. Two ford circles C(a, b) and C(c, d) are tangent to each other if and only
if bc − ad = ±1. Otherwise they do not intersect.

Following Theorem 3.15, Ford circles of two consecutive elements of Fn will be
tangent to each other.

Proof. We will do it by comparing two magnitudes; the distance between the cen-
ters of C(a, b) and C(c, d) (namely D), and the sum of their radii, r and R respec-
tively.



32 Analytic tools

C(a, b) and C(c, d) will be tangent if and only if

D = r + R,

or equivalently
D2 = (r + R)2.

By means of definition 3.16 we know the centers of both circles, which means that
we can calculate D2

D2 =
( a

b
− c

d

)2
+

(
1

2b2 − 1
2d2

)2

.

Also,

(r + R)2 =
1

2b2 +
1

2d2 .

We calculate their difference

D2 − (r + R)2 =
( a

b
− c

d

)2
+

(
1

2b2 − 1
2d2

)2

−
(

1
2b2 +

1
2d2

)2

=
(ad − bc)2 − 1

b2d2 ≥ 0,

with equality if and only if ad − bc = ±1.

We will refer to the bottom page diagram for the next two theorems

Theorem 3.18. Take three consecutive Farey fractions, h1/k1 < h/k < h2/k2. The
points of tangency of C(h, k) with C(h1, k1) and C(h2, k2) are the points given by

α1(h, k) =
h
k
− k1

k(k2 + k2
1)

+
i

k2 + k2
1

,

α2(h, k) =
h
k
− k2

k(k2 + k2
2)

+
i

k2 + k2
2

.
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Proof. Following the diagram we can obtain α1 in terms of a and b

α1 =

(
h
k
− a
)
+ i
(

1
2k2 − b

)
.

The values a and b can be reached by means of triangle similarity

a
h
k −

h1
k1

=
1

2k2

1
2k2 +

1
2k1

2

=
k2

1

k2 + k2
1

=⇒ a =
k1

k
(
k2 + k2

1

) ,

b
1

2k2

=

1
2k2 − 1

2k1
2

1
2k2 +

1
2k1

2

=
k1

2 − k2

k1
2 + k2 =⇒ b =

1
2k2

k1
2 − k2

k2 + k1
2 .

An analogous process can be made to obtain the value α2(h, k) stated at the
theorem.

Theorem 3.19. Given two consecutive Farey fractions h1/k1 < h/k, their point of tan-
gency lies on the semicircle whose diameter consists on the interval [h1/k1, h/k].

Proof. Consider θ defined at the previous diagram. In order to prove the theorem
it suffices to show that θ = π/2. One could show the theorem by working with
the right triangle formed by h/k, h1/k1 and α1 but there is a cleaner way consisting
in the following: we break the segment [ h1

k1
, h

k ] in two parts, a′ and a, by cutting it
at the projection of α1 over the real axis

θ = π/2 means that the height of the triangle has to be the geometric mean of
a and a′. The height is the imaginary part of α1, 1

k2+k2
1
. Also,

a =
k1

k(k2 + k2
1)

a′ =
h
k
− h1

k1
− a =

1
kk1

− a

so multiplying both terms result in

aa′ =
k1

k
(
k2 + k2

1

) ( 1
kk1

− k1

k
(
k2 + k2

1

)) =
k1

k2
(
k2 + k2

1

) ( k2

k1
(
k2 + k2

1

)) =
1(

k2 + k2
1

)2 .
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Chapter 4

Rademacher’s proof

We are now capable of proving Rademacher’s exact formula for p(n), stated
as the following theorem

Theorem 4.1. (Rademacher’s formula for p(n)) For n ≥ 1, we have

p(n) =
1

π
√

2

∞

∑
k=1

Ak(n)
√

k
d

dn

sinh{π
k

√
2
3 (n − 1

24 )}√
n − 1

24

 ,

where
Ak(n) = ∑

0≤h<k(h,k)=1
eπis(h,k)−2πinh/k

and s(h, k) is a Dedekind sum, defined in Theorem 3.4.

4.1 Sketch of the proof

We start with

F(x) =
∞

∑
n=0

p(n)xn for |x| < 1.

By Cauchy’s integral formula, we get

p(n) =
1

2πi

∫
C

F(x)
xn+1 dx, (4.1)

where C is a positively oriented simple closed contour inside the unit circle and
enclosing the origin. There are now two considerations to be made; the choosing
of the contour C and an approximation of F(x). The first one will be due to a
change of variable in a path formed by upper arcs of joint Ford circles, and the
second will result as an application of Dedekind’s functional equation.

35
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Start with the Farey sequence of order N, FN , and construct a path using its
corresponding Ford circles as follows: take three consecutive Farey fractions of
FN , h1/k1 < h/k < h2/k2. By Theorem 3.17 and Theorem 3.18 we know that their
respective Ford circles are tangent to each other (in order) with known tangency
points α1 and α2. These two points divide the Ford circle C(h, k) into an upper arc
and a lower arc. We shall take the upper arc of every Ford circle generated by FN

and name P(N) the path formed by the joint upper arcs.

As for 0/1 and 1/1, we only take the part of their upper arcs lying above the
interval [0, 1]. P(N) will be defining our path of integration thanks to the following
idea. This change of variable

x = e2πiτ (4.2)

maps the unit disk |x| < 1 onto a vertical strip in the τ plane of width 1

A straight line in the τ-plane starting at i and ending at i + 1 defines a contour
at the x−plane (more specifically the contour is a circle centered at the origin of
radius e−2π). By applying this change of variable at (4.1) we obtain

p(n) =
∫ i+1

i
F
(

e2πiτ
)

e−2πinτdτ,
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and now a key idea comes in: we can change the path [i, i + 1] by P(N)

p(n) =
∫

P(N)
F
(

e2πiτ
)

e−2πinτdτ. (4.3)

This change can be done because the image of P(N) by (4.2) is a closed connected
contour enclosing the origin. Observe that

P(N) =
⋃

γ(h, k)

where γ(h, k) is the considered upper arc corresponding to the Ford circle C(h, k).
This allows us to fragment the integral

∫
P(N)

=
N

∑
k=1

k−1

∑
h=0

(h,k)=1

∫
γ(h,k)

and work separately with each of the terms dependent on k

k−1

∑
h=0

(h,k)=1

∫
γ(h,k)

.

Then, a suitable change of variable will be made to transform γ(h, k) into an arc
on a circle centered at z = 1/2 with radius 1/2, in such a way that will allow us
to approximate F(x) arbitrarily good by means of Dedekind’s functional equation.
With this sketch in mind we state three theorems and then get to the proof.

4.2 The last theorems

Theorem 4.2. (Dedekind’s functional equation in terms of F) Let F(t) = ∏∞
m=1

1
1−tm and

x = exp
(

2πih
k

− 2πz
k2

)
x′ = exp

(
2πiH

k
− 2π

z

)
where ℜ(z) > 0, k > 0, (h, k) = 1 and hH ≡ −1 mod k. Then,

F(x) = eπis(h,k)
( z

k

)1/2
exp

( π

12z
− πz

12k2

)
F
(
x′
)

. (4.4)

Note that if |z| is small, then in (4.4) x lies near the root of unity e2πih/k whereas
x′ is close to 0. Which means that aside from a constant factor, for small |z| we get

F ∼ z1/2 exp
( π

12z

)
.
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Proof. Take

(
a b
c d

)
∈ Γ with c > 0 and let τ′ = aτ+b

cτ+d . By Theorem 3.4 (Dedekind’s

functional equation) we obtain

1
η(τ)

=
1

η (τ′)
{−i(cτ + d)}1/2 exp

{
πi
(

a + d
12c

+ s(−d, c)
)}

,

where η is Dedekind’s eta equation. A quick observation at the function allows us
to rewrite it in terms of F, since

F(e2πiτ) = eπiτ/12/η(τ),

so

F
(

e2πiτ
)
= F

(
e2πiτ′

)
exp

(
πi (τ − τ′)

12

)
{−i(cτ+ d)}1/2 × exp

{
πi
(

a + d
12c

+ s(−d, c)
)}

.

(4.5)
Now we make

a = H, c = k, d = −h, b = −hH + 1
k

and τ =
iz + h

k
to obtain

τ′ =
iz−1 + H

k
.

Note that the condition hH ≡ 1 mod k makes b an integer. We then put
everything together and (4.5) becomes

F
(

exp
(

2πih
k

− 2πz
k

))
= F

(
exp

(
2πiH

k
− 2π

kz

))
z1/2 × exp

{ π

12kz
− πz

12k
+ πis(h, k)

}
.

Finally, replacing z by z/k we get (4.4).

Theorem 4.3. The transformation

z = −ik2
(

τ − h
k

)
maps C(h, k) in the τ-plane onto a circle K of radius 1/2 and center z = 1/2 at the
z−plane. By this transformation, the points α1(h, k) and α2(h, k), which are the tangency
points of C(h, k) with its neighbor Ford circles (see Theorem 3.18), are mapped onto the
points



4.2 The last theorems 39

z1(h, k) =
k2

k2 + k2
1
+ i

kk1

k2 + k2
1

z2(h, k) =
k2

k2 + k2
2
− i

kk2

k2 + k2
2

2

in such a way that the upper arc joining α1(h, k) and α2(h, k) maps onto the arc of K that
does not touch the imaginary z−axis.

Proof. The Ford circle C(h, k) is the circle of center at h
k +

i
2k2 and radius 1

2k2 . The
translation τ − h/k moves C(h, k) to the left a distance h/k placing its center at

i
2k2 . Multiplying by −ik2 expands the moved circle to one of radius 1/2 while
rotating it −π/2 radians, placing its center at z = 1/2. The mapped arcs will
never touch the z−imaginary axis as the only point of the circle touching it is the
lowest (and no Ford circle has that point as a member of its generated upper arc).
The expressions for z1(h, k) and z2(h, k) follow at once.

Theorem 4.4. For the points z1 and z2 of theorem 4.3 we have

|z1(h, k)| = k√
k2 + k2

1

, |z2(h, k)| = k√
k2 + k2

2

. (4.6)

Additionally, if z is on the chord joining z1 and z2, then

|z| < k
√

2
N

(4.7)

for consecutive terms h1/k1 < h/k < h2/k2 of FN . Moreover, the length of the chord does
not exceed 2k

√
2

N .
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Proof.

|z1|2 =
k4 + k2k2

1(
k2 + k2

1

)2 =
k2

k2 + k2
1

.

The same applies to |z2|2 and this proves (4.6). As for (4.7), note that if z is on the
chord then |z| ≤ max{|z1|, |z2|}, so it suffices to prove

|zi| <
k
√

2
N

for i = 1, 2. (4.8)

This can be seen using the inequality relating arithmetic and root mean square.
For i = 1, 2:

k + ki

2
≤
(

k2 + k2
i

2

)1/2

so (
k2 + ki

2)1/2 ≥ k + ki√
2

≥ N + 1√
2

>
N√

2
.

The inequality k + ki > N + 1 arises from Theorem 3.13 since k and ki are consec-
utive denominators of FN . By this inequality (4.6) proves (4.8), which immediately
proves (4.7). Finally, by the triangle inequality, the length of the chord is at most
|z1|+ |z2| = 2k

√
2

N .

4.3 Proof of Theorem 4.1

Proof. We start at (4.1)

p(n) =
1

2πi

∫
C

F(x)
xn+1 dx,

where

F(x) =
∞

∏
m=1

1
1 − xm =

∞

∑
n=0

p(n)xn

and C is a closed curve, positively oriented inside the unit circle and enclosing
x = 0. We then apply the change of variable (4.2)

x = e2πiτ,

converting (4.1) in (4.3)

p(n) =
∫

P(N)
F
(

e2πiτ
)

e−2πinτdτ
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by considering the path P(N). We fix n and later we will allow N to approach
infinity. We can write

∫
P(N)

F
(

e2πiτ
)

e−2πinτdτ =
N

∑
k=1

k−1

∑
h=0

(h,k)=1

∫
γ(h,k)

F
(

e2πiτ
)

e−2πinτdτ. (4.9)

We apply the change of variable provided by Theorem 4.3

z = −ik2
(

τ − h
k

)
⇐⇒ τ =

h
k
+ i

z
k2 . (4.10)

By that same theorem, we know that the arc γ(h, k) is mapped onto an arc
joining z1(h, k) and z2(h, k) where

z1(h, k) =
k2

k2 + k2
1
+ i

kk1

k2 + k2
1

,

z2(h, k) =
k2

k2 + k2
2
− i

kk2

k2 + k2
2

2 .

By (4.9) we have

p(n) =
N

∑
k=1

k−1

∑
h=0

(h,k)=1

∫ z2(h,k)

z1(h,k)
F
(

exp
(

2πih
k

− 2πz
k2

))
i

k2 e−2πinh/ke2πnz/k2
dz. (4.11)

This is highly convenient since it allows us to explicitly apply Theorem 4.2 by
making the substitution

F
(

exp
(

2πih
k

− 2πz
k2

))
= eπis(h,k)

( z
k

)1/2
exp

( π

12z
− πz

12k2

)
F
(

exp
(

2πiH
k

− 2π

z

))
,

(4.12)
where hH ≡ −1 mod k. In order to simplify what’s left at the integral, let us
denote

Ψ(z) = z1/2 exp
( π

12z
− πz

12k2

)
.

Additionally observe that after applying (4.12) to (4.11) the factor

ik−5/2eπis(h,k)e−2πinh/k

does not depend on z, so we move it out of the integral. We then have
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p(n) =
N

∑
k=1

k−1

∑
h=0

(h,k)=1

ik−5/2eπis(h,k)e−2πinh/k
∫ z2(h,k)

z1(h,k)
Ψ(z)F(x′)e2πnz/k2

dz, (4.13)

where

x′ = exp
(

2πiH
k

− 2π

z

)
.

Now a simplification process begins. We will use a trick consisting in parti-
tioning the integral of (4.13) into two, by splitting F(x′) as

F(x′) = 1 + (F(x′)− 1) (4.14)

so (4.13) becomes

p(n) =
N

∑
k=1

k−1

∑
h=0

(h,k)=1

ik−5/2eπis(h,k)e−2πinh/k(I1(h, k) + I2(h, k)), (4.15)

where

I1(h, k) =
∫ z2(h,k)

z1(h,k)
Ψk(z)e2πnz/k2

dz,

I2(h, k) =
∫ z2(h,k)

z1(h,k)
Ψk(z)

{
F
(

exp
(

2πiH
k

− 2π

z

))
− 1
}

e2nπz/k2
dz.

This allows us to get rid of the term F(x′) by showing that as N grows, I2

vanishes. But before proving it analytically let’s intuitively see why this works.
The idea behind it is marvelous; let’s fix a fraction h/k. As N grows, more Farey
fractions appear. In particular, the consecutive Farey fractions of h/k, namely
h1/k1 < h/k < h2/k2, become closer and closer to h/k. For instance let h/k = 1/2
and imagine it’s Ford circle at the τ-plane. As N grows, more Ford circles emerge
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so that the arc formed by the tangency points α1(1, 2), α2(1, 2) is almost the
whole Ford circle. But what happens with the chord between α1(1, 2), α2(1, 2)?
Not only gets smaller as N grows. It also gets closer and closer to 1/2!

Now looking at the transform (4.10),

z = −ik2
(

τ − h
k

)
,

as τ gets closer to h/k (in our exemplification h/k = 1/2), z gets closer to 0.
As for x′,

|x′| =
∣∣∣∣exp

(
−2π

z

)∣∣∣∣→ 0 as |z| → 0,

hence
F(x′) → F(0) = 1,

which implies
F(x′)− 1 → 0,

and this is the reason behind (4.19).
Now, this chain of implications is possible because we are considering the

chord between α1(1/2) and α2(1/2), which after (4.10) becomes the chord between
z1(1/2) and z2(1/2). But we are integrating not over the chord, but over the arc
formed by z1 and z2. Nevertheless the integration happens inside the unit disk,
where the function is analytic, so we can replace the arc by the chord in the path
of integration
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Now that we have the idea in mind, let’s analytically show that the integrals
I2(h/k) vanishes as N grows. In relation to our previous observation, for a given
N, Theorem 4.4 gives us a bound for z in the chord between z1(h, k) and z2(h, k)

|z| < k
√

2
N

.

Additionally the length of the chord is smaller than 2k
√

2
N . The integrand of I2(h, k)

is

z1/2 exp
( π

12z
− πz

12k2

){
F
(

exp
(

2πiH
k

− 2π

z

))
− 1
}

e2nπz/k2
. (4.16)

Before bounding it, observe that there is a term of the form 1/z at the first
exponent. Since we are now considering z to be on the chord, we have that
0 < ℜ(z) ≤ 1, so ℜ(1/z) ≥ 1. In addition we will make use of the identity
|ew| = eℜ(w). We can now do estimates for (4.16)∣∣∣∣z1/2 exp

( π

12z
− πz

12k2

){
F
(

exp
(

2πiH
k

− 2π

z

))
− 1
}

e2nπz/k2
∣∣∣∣

= |z|1/2 ×
∣∣∣exp

( π

12
ℜ(1/z)− π

12k2ℜ(z)
)∣∣∣×|e2nπℜ(z)/k2 |×

∣∣∣∣{F
(

exp
(

2πiH
k

− 2π

z

))
− 1
}∣∣∣∣ .

(4.17)
We can expand F as its power series and note that the subtraction −1 accounts for
the term m = 0 in the summand∣∣∣∣{F

(
exp

(
2πiH

k
− 2π

z

))
− 1
}∣∣∣∣ =

∣∣∣∣∣ ∞

∑
m=1

p(m)e2πiHm/ke−2πm/z

∣∣∣∣∣
≤

∞

∑
m=1

p(m)e−2πmℜ(1/z).

The third term in (4.17) can be simplified as

|e2nπℜ(z)/k2 | ≤ e2πn/k2
,

and the second one by∣∣∣exp
( π

12
ℜ(1/z)− π

12k2ℜ(z)
)∣∣∣ ≤ e

π
12ℜ(1/z)e−

π
12k2 ≤ e

π
12ℜ(1/z).

So (4.17) is bounded by

|z|1/2e
π
12ℜ(1/z)e2πn/k2

∞

∑
m=1

p(m)e−2πmℜ(1/z)

≤ |z|1/2e2πn
∞

∑
m=1

p(m)e−2π(m−1/24)ℜ(1/z).
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We can get rid of the term ℜ(1/z) since the exponent is negative

≤ |z|1/2e2πn
∞

∑
m=1

p(m)e−2π(m−1/24)

≤ |z|1/2e2πn
∞

∑
m=1

p(m)e−2π(24m−1)/24

≤ |z|1/2e2πn
∞

∑
m=1

p(24m − 1)e−2π(24m−1)/24 = |z|1/2c.

where c only depends on n. So far

|I2(h, k)| <
∫ z2(h,k)

z1(h,k)
c|z|1/2dz.

We are integrating over the chord, where |z| < k
√

2
N and |z2(h, k)− z1(h, k)| <

2k
√

2
N so altogether we get

|I2(h, k)| < Ck3/2N−3/2

for a constant C. Adding every I2 integral in (4.15) we obtain the bound∣∣∣∣∣∑h,k
ik−5/2eπis(h,k)e−2πinh/k I2(h, k)

∣∣∣∣∣ < N

∑
k=1

∑
0≤h<k
(h,k)=1

Ck−1N−3/2

≤ CN−3/2
N

∑
k=1

1 = CN−1/2.

So (4.15) can be written as

p(n) =
N

∑
k=1

∑
0≤h<k
(h,k)=1

ik−5/2eπis(h,k)e−2πinh/k I1(h, k) + O
(

N−1/2
)

. (4.18)

This means that the error term gets smaller as N grows. By working with I1, we
can modify it in a way that generates error terms of order O(N−1/2) as well.

The integration path of I1(h, k) is the arc from z1(h, k) to z2(h, k). Instead of
just the arc, consider the whole circle K and put I1 in terms of an integral around
the full circle

I1(h, k) =
∫

K(−)
−
∫ z1(h,k)

0
−
∫ 0

z2(h,k)
=
∫

K(−)
−J1 − J2.
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Here K(−) denotes integrating around K in negative direction and J1, J2 are inte-
grated over the arcs joining 0 and their respective integration limit. Note that the
length of the arc joining 0 and z1(h, k) is bounded by

π|z1(h, k)| < πk
√

2
N

.

The same bound applies for the length of the arc joining 0 and z2(h, k). Both J1

and J2 have the same integrand

z1/2 exp
( π

12z
− πz

12k2

)
e2πnz/k2

,

where we are integrating over the circle K, in which we have ℜ(1/z) = 1, 0 ≤
ℜ(z) ≤ 1 and z ≤ 2

√
k

N . The bounding yields∣∣∣z1/2 exp
( π

12z
− πz

12k2

)
e2πnz/k2

∣∣∣ ≤ |z|1/2eπ/12e2πn ≤ C
1

N1/2 ,

so we get
|J1| < C1k3/2N−3/2

|J2| < C2k3/2N−3/2

for some constants C1, C2. This turns (4.18) into

p(n) =
N

∑
k=1

∑
0≤h<k
(h,k)=1

ik−5/2eπis(h,k)e−2πinh/k
∫

K(−)
z1/2 exp

( π

12z
− πz

12k2

)
e2πnz/k2

+O
(

N−1/2
)

.

Allowing N → ∞ it results in

p(n) = i
∞

∑
k=1

Ak(n)k−5/2
∫

K(−)
z1/2 exp

{
π

12z
+

2πz
k2

(
n − 1

24

)}
dz,

where
Ak(n) = ∑

0≤h<k
(h,k)=1

eπis(h,k)−2πinh/k.

We enter now at the final stage of the proof, where we are left with an integral
that can finally be solved.

Observe that ∀z ∈ K, ℜ(1/z) = 1 and −∞ < ℑ(K) < ∞, so the change of
variable w = 1/z allows us to get a line integral. We obtain

p(n) =
1
i

∞

∑
k=1

Ak(n)k−5/2
∫ 1+∞i

1−∞i
w−5/2 exp

{
πw
12

+
2π

k2

(
n − 1

24

)
1
w

}
dw.
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By making t = πw/12 the formula becomes

p(n) = 2π
( π

12

)3/2 ∞

∑
k=1

Ak(n)k−5/2 1
2πi

∫ π/12+∞i

π/12−∞i
t−5/2 exp

{
t +

π2

6k2

(
n − 1

24

)
1
t

}
dt,

where the integral is a representation of a modified Bessel function. In the annex
section we will provide a deduction of this representation

Iv(z) =
( 1

2 z
)v

2πi

∫ c+∞i

c−∞i
t−v−1et+(z2/4t)dt for c > 0,ℜ(v) > 0,

where

Iv(z) =
∞

∑
m=0

1
m!Γ(m + v + 1)

( z
2

)2m+v

is known as a modified Bessel function of first kind (or hyperbolic Bessel function).
In our case we take

z
2
=

(
π2

6k2

(
n − 1

24

))1/2

v = 3/2

to obtain

p(n) = (2π)
( π

12

)3/2 ∞

∑
k=1

Ak(n)k−5/2 π−3/2 (n − 1
24

)−3/4

6−3/4k−3/2 I3/2

(
π

k

√
2
3

(
n − 1

24

))

=
(2π)

(
n − 1

24

)−3/4

(24)3/4

∞

∑
k=1

Ak(n)k−1 I3/2

(
π

k

√
2
3

(
n − 1

24

))
. (4.19)

Now, this modified Bessel function is of order 3/2, which is a half integer. This
fact allows us to write it in terms of elementary functions as follows

I3/2(z) =

√
2z
π

d
dz

(
sinh z

z

)
.

Finally, introducing this representation in (4.19) we obtain Rademacher’s formula

p(n) =
1

π
√

2

∞

∑
k=1

Ak(n)
√

k
d

dn

sinh{π
k

√
2
3 (n − 1

24 )}√
n − 1

24

 .
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Corollary 4.5.

p(n) ∼ eπ
√

2n
3

4n
√

3
as n −→ ∞.

Proof. The idea is to progressively get rid of the terms that get small as n → ∞.
First we deal with the derivative

d
dn

sinh{π
k

√
2
3 (n − 1

24 )}√
n − 1

24


=

1
k(24n − 1)3/2

(
4
√

6

(
π
√

24n − 1 cosh

(
π
√

24n − 1
6k

)
− 6k sinh

(
π
√

24n − 1
6k

)))
.

Using

sinh
π
√

24n − 1
6k

=
1
2

(
e

π
√

24n−1
6k − e−

π
√

24n−1
6k

)
cosh

π
√

24n − 1
6k

=
1
2

(
e

π
√

24n−1
6k + e−

π
√

24n−1
6k

)
we are able to simplify. As n → ∞, we have

sinh
π
√

24n − 1
6k

∼ 1
2

e
π
√

24n−1
6k

cosh
π
√

24n − 1
6k

∼ 1
2

e
π
√

24n−1
6k

so

p(n) ∼ 1
π
√

2

∞

∑
k=1

Ak(n)
√

k
[

1
k(24n − 1)3/2

(
4
√

6
(

π
√

24n − 1
1
2

e
π
√

24n−1
6k − 6k

1
2

e
π
√

24n−1
6k

))]

=
1

π
√

2

∞

∑
k=1

Ak(n)
√

k
[

1
k(24n − 1)3/2

(
4
√

6
(

π
√

24n − 1
1
2

e
π
√

24n−1
6k − 6k

1
2

e
π
√

24n−1
6k

))]
.

Let’s denote by Qk(n) the k-th term of the series and separate the first from the
rest, so that

p(n) ∼ Q1(n) + (Q2(n) + Q3(n) + ...).

Divide both terms by Q1(n) to get

p(n)
Q1(n)

∼ 1 +
Q2(n) + Q3(n) + ...

Q1(n)
,

where
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Q2(n) + Q3(n) + ...
Q1(n)

=
∞

∑
k=2

Ak(n)
A1(n)

1√
k

(
1
2
− 3k

)
e

π
√

24n−1
6 ( 1

k −1) → 0

as n → ∞, so we have

p(n)
Q1(n)

∼ 1 =⇒ p(n) ∼ Q1(n),

where

Q1(n) =
2
√

6
π
√

2

(
π

24n − 1
− 6

(24n − 1)3/2

)
e

π
6

√
24n−1 ∼ 2

√
3

π

(
π

24n − 1

)
e

π
6

√
24n−1

∼ 2
√

3
24n

e
π
6

√
24n ∼ 1

4n
√

3
eπ
√

2n
3 .
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Chapter 5

Annex

5.1 Results used at chapter 3

5.1.1 Proof of Hurwitz’s formula

During the proof of Iseki’s functional equation we made use of Hurwitz’s for-
mula

ζ(1 − s, a) =
Γ(s)
(2π)s {e−πis/2F(a, s) + eπis/2F(−a, s)}.

In this subsection we deliver a proof by a sequence of theorems.

Theorem 5.1. (Analytic continuation) For 0 < a ≤ 1. Let

I(s, a) =
1

2πi

∫
C

zz−1eaz

1 − ez dz, (5.1)

where C is the following positively oriented contour and C2 is a circumference of radius

c < 2π. The function I(s, a) is an entire function of s. Additionally, for ℜ(s) > 1 we
have

ζ(s, a) = Γ(1 − s)I(s, a). (5.2)

Proof. We will use an abuse of notation; here, zs will mean rse−πis over C1 and
rseπis over C3. Let’s consider an arbitrary compact disk |s| ≤ M and show that the
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integrals along C1 and C3 converge uniformly on that disk. Along C1, for r ≥ 1 we
get ∣∣∣zs−1

∣∣∣ = rσ−1
∣∣∣e−πi(σ−1+it)

∣∣∣ = rσ−1eπt ≤ rM−1eπM,

because |s| ≤ M. Along C3, for r ≥ 1 we get∣∣∣zs−1
∣∣∣ = rσ−1

∣∣∣eπi(σ−1+it)
∣∣∣ = rσ−1e−πt ≤ rM−1eπM.

Now we can bound the integrand for r ≥ 1 along C1 and C2:∣∣∣∣ zs−1eaz

1 − ez

∣∣∣∣ ≤ rM−1eπMe−ar

1 − e−r =
rM−1eπMe(1−a)r

er − 1
.

When r > log 2 we have er − 1 > er/2, so the integrand is bounded by ArM−1e−ar

for a constant A that depends on M bur not on r. Now, since∫ ∞

c
ArM−1e−ardr

converges if c > 0 we have proved that the integrals along C1 and C3 converge
uniformly over every compact disk |s| ≤ M, hence I(s, a) is an entire function of
s.

In order to prove (5.2), let

g(z) =
eaz

1 − ez

and rewrite (5.1) as

2πiI(s, a) =
(∫

C1

+
∫

C2

+
∫

c3

)
zs−1g(z)dz.

Now, over C1 and C3 we have g(z) = g(−r). Over C2 we write z = ceiθ where
−π ≤ θ ≤ π. This yields

2πiI(s, a) =
∫ c

∞
rs−1e−πisg(−r)dr + i

∫ π

−π
cs−1e(s−1)iθceiθ g

(
ceiθ
)

dθ

+
∫ ∞

c
rs−1eπisg(−r)dr

=2i sen(πs)
∫ ∞

c
rs−1g(−r)dr + ics

∫ π

−π
eisθ g

(
ceiθ
)

dθ.

(5.3)

Renaming these two integrals by I1 and I2 respectively and dividing by 2i we
obtain

π I(s, a) = sen(πs)I1(s, c) + I2(s, c).

Making c → 0 results in

lim
c→0

I1(s, c) =
∫ ∞

0

rs−1e−ar

1 − e−r dr = Γ(s)ζ(s, a),
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and we are almost done. It lacks showing that if σ > 1, then limc→0 I2(s, c) = 0.
First observe that g(z) is meromorphic in |z| < 2π with a single pole of first order
at z = 0. For this reason zg(z) is holomorphic everywhere inside |z| < 2π, hence
bounded by a constant. So in that disk we get |g(z)| ≤ A/|z| for some constant
A. Consequently we have

|I2(s, c)| ≤ cσ

2

∫ π

−π
e−tθ A

c
dθ ≤ Aeπ|t|cσ−1,

so for σ > 1 and c → 0 we get I2(s, c) → 0. In order to reach (5.2), we apply
Euler’s reflection formula at (5.3).

While needed to prove Hurwitz’s formula, the following theorem also provides
a result used at (3.3)

Theorem 5.2. The ζ(a, s) is meromorphic in the whole complex plane with a simple pole
at s = 1 with residue 1

Proof. We start with the more general expression for ζ(s, a) obtained in the previ-
ous theorem

ζ(s, a) = Γ(1 − s)I(s, a).

Given that I(s, a) is an entire function, the only possible singularities of ζ(s, a)
are the poles of Γ(1 − s), that is, the points s = 1, 2, 3, ... But ζ(s, a) converges
absolutely for σ > 1. Indeed, for every δ > 0 we have

∞

∑
n=1

∣∣(n + a)−s∣∣ = ∞

∑
n=1

(n + a)−σ ≤
∞

∑
n=1

(n + a)−(1+δ),

so s = 1 is left as the only possible pole. Let’s show it has residue 1. For that
we can rely on the symmetry of the contour C of I(s, a) since, if s is an integer, the
integral takes the same values over C1 and C3 so we can simplify that part and get

I(n, a) =
1

2πi

∫
C2

zn−1eax

1 − ex dz = Res
zn−1eax

1 − ex .

Making s = 1 we obtain

I(1, a) = Resz=0
eaz

1 − ez = lim
z→0

zeaz

1 − ez = lim
z→0

z
1 − ez = lim

z→0

−1
ez = −1.

Now we can explicitly compute the residue at s = 1 of ζ(s, a)

lim
s→1

(s − 1)ζ(s, a) = − lim
s→1

(1 − s)Γ(1 − s)I(s, a) = −I(1, a) lim
s→1

Γ(2 − s)

= Γ(1) = 1.
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Lemma 5.3. Let S(r) := C\{D(2πni, r)}n∈Z where 0 < r < π. For 0 < a ≤ 1, the
function

g(z) =
eaz

1 − ez

is bounded at S(r) with a bound depending on r

Proof. We write z = x + iy and consider a rectangle around one of the open disks
of the set {D(2πni, r)}n∈Z. In particular the disk at n = 0, where the rectangle is
defined in terms of r as

Rec(r) := {z : |x| ≤ 1, |y| ≤ π, |z| ≥ r},

g is bounded over Rec(r) since it is compact. Moreover we can bound g over the
strip

{z : |x| ≤ 1, |z − 2nπi| ≥ r, n = 0,±1,±2, . . .}

because |g(z+ 2πi)| = |g(z)|. The proof will be complete once we bound g outside
the strip. Suppose |x| ≥ 1 and consider the absolute value of g

|g(z)| =
∣∣∣∣ eaz

1 − ez

∣∣∣∣ = eax

|1 − ez| ≤
eax

|1 − ex| .

For x ≥ 1 we have |1 − ex| = ex − 1 and eax ≤ ex, yielding

|g(z)| ≤ ex

ex − 1
=

1
1 − e−x ≤ 1

1 − e−1 =
e

e − 1
.

On the other hand, for x ≤ −1, |1 − ex| = 1 − ex, obtaining

|g(z)| ≤ eax

1 − ex ≤ 1
1 − ex ≤ 1

1 − e−1 =
e

e − 1
.

Theorem 5.4. (Hurwitz formula) for 0 < a ≤ 1 and ℜ(s) > 1 we have

ζ(1 − s, a) =
Γ(s)
(2π)s {e−πis/2F(a, s) + eπis/2F(−a, s)}.

Proof. Let’s start with the function

IN(s, a) =
1

2πi

∫
C(N)

zs−1eaz

1 − ez dz,

where C(N) is the contour defined by the diagram. If we show that the integral
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over the exterior circle vanishes as N grows, we will have

lim
N→∞

IN(s, a) = I(s, a).

Let’s first show it for σ < 0. Over the greater circle we have z = Reiθ and −π ≤
θ ≤ π, so ∣∣∣zs−1

∣∣∣ = ∣∣∣Rs−1eiθ(s−1)
∣∣∣ = Rσ−1e−gθ ≤ Rσ−1eπ/|t|.

From the previous lemma, the integrand is bounded by Aeπ|t|Rσ−1, where A is
the bound of |g(z)| =

∣∣∣ eaz

1−ez

∣∣∣, which means that the integral will be bounded by

2πaeπ|t|Rσ,

which tends to 0 as R grows since σ < 0. Making the substitution s → 1 − s we
have

lim
N→∞

IN(1 − s, a) = I(1 − s, a).

To obtain Hurwitz’s formula we explicitly compute the residues of IN(1 − s, a)
using Cauchy’s residue theorem. We have

IN(1 − s, a) = −
N

∑
n=−N

n ̸=0

R(n) = −
N

∑
n=1

{R(n) + R(−n)},

where

R(n) = Resz=2nπi

(
z−seaz

1 − ez

)
.

By definition,

R(n) = lim
z→2nπi

(z − 2nπi)
z−seaz

1 − ez =
e2nπia

(2nπi)3 lim
z→2nπi

z − 2nπi
1 − ez = − e2nπia

(2nπi)2 ,
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so we end up with

IN(1 − s, a) =
N

∑
n=1

e2nπia

(2nπi)s +
N

∑
n=1

e−2nπia

(−2nπi)s ,

IN(1 − s, a) =
e−πis/2

(2π)s

N

∑
n=1

e2nπia

ns +
eπis/2

(2π)s

N

∑
n=1

e−2nπia

ns .

Allowing N → ∞ we obtain

I(1 − s, a) =
e−πis/2

(2π)s F(a, s) +
eπis/2

(2π)s F(−a, s),

from which the Hurwitz’s formula follows

ζ(1 − s, a) = Γ(s)I(1 − s, a) =
Γ(s)
(2π)s

{
e−π(s/s/2F(a, s) + eεis/2F(−a, s)

}
.

5.1.2 Bound for |ζ(s, a)|

The following result was used at lemma 3.9:

|ζ(s, a)| = O(|t|c) for c > 0, (5.4)

where s = σ + it, σ ∈ [−3/2, 3/2] and |t| ≥ 1. (5.4) will be a consequence of
Theorem 5.7. Two previous theorems are needed.

Theorem 5.5. For every integer N ≥ 0 and σ > 0 (where s = σ + it) we have

ζ(s, a) =
N

∑
n=0

1
(n + a)s +

(N + a)1−s

s − 1
− s

∫ ∞

N

x − [x]
(x + a)s+1 dx. (5.5)

Proof. Applying Euler’s summation formula to the function f (t) = (t + a)−s, for
integers x, y we obtain

∑
y<n≤x

1
(n + a)s =

∫ x

y

dt
(t + a)s − s

∫ x

y

t − [t]
(t + a)s+1 dt.

Now, for σ > 1, making y = N and x → ∞ we obtain

∞

∑
n=N+1

1
(n + a)s =

∫ ∞

N

dt
(t + a)s − s

∫ ∞

N

t − [t]
(t + a)s+1 dt,
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which implies

ζ(s, a)−
N

∑
n=0

1
(n + a)s =

(N + a)1−s

s − 1
− s

∫ ∞

N

t − [t]
(t + a)s+1 dt.

This proves (5.5) for σ > 1. In order to end the theorem, observe that if σ ≥ δ > 0
the integral is dominated by ∫ ∞

N
(t + a)−δ−1dt,

which implies uniform convergence for σ ≥ δ hence it represents an analytic
function at the half-plane σ > 0. For this reason, the proof of the theorem follows
by analytic continuation.

Observation: The integral at the right hand side of (5.5) can be expressed as a
series by splitting it onto intervals of the form [n, n + 1], resulting in∫ ∞

N

x − [x]
(x + a)s+1 dx =

∞

∑
n=N

∫ n+1

n

x − n
(x + a)s+1 dx =

∞

∑
n=N

∫ 1

0

u
(u + n + a)n+1 du.

Consequently, for σ > 0, (5.5) can be rewritten as

ζ(s, a)−
N

∑
n=0

1
(n + a)s =

(N + a)1−s

s − 1
− s

∞

∑
n=N

∫ 1

0

u
(u + n + a)n+1 du. (5.6)

Theorem 5.6. Let s = σ + it. If σ > −1, we have

ζ(s, a)−
N

∑
n=0

1
(n + a)s =

(N + a)1−s

s − 1

− s
2!

{
ζ(s + 1, a)−

N

∑
n=0

1
(n + a)s+1

}

− s(s + 1)
2!

∞

∑
n=N

∫ 1

0

u2

(n + a + u)s+2 du.

(5.7)

In general, if σ > −m where m ∈ Z>0 we have

ζ(s, a)−
N

∑
n=0

1
(n + a)s =

(N + a)1−s

s − 1
−

m

∑
r=1

s(s + 1) · · · (s + r − 1)
(r + 1)!

×
{

ζ(s + r, a)−
N

∑
n=0

1
(n + a)s+r

}

− s(s + 1) · · · (s + m)

(m + 1)!

×
∞

∑
n=N

∫ 1

0

um+1

(n + a + u)s+m+1 du.

(5.8)
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Proof. Integrating by parts we obtain

∫ udu
(n + a + u)s+1 =

u2

2(n + a + u)s+1 +
s + 1

2

∫ u2du
(n + a + u)s+2 ,

which means that for σ > 0 we get

∞

∑
n=N

∫ 1

0

udu
(n + a + u)s+1 =

1
2

∞

∑
n=N

1
(n + a + 1)s+1

+
s + 1

2

∞

∑
n=N

∫ 1

0

u2du
(n + a + u)s+2 .

By means of Theorem 5.5 the right hand side sum is

ζ(s + 1, a)−
N

∑
n=0

(n + a)−s−1,

and by (5.6) we obtain (5.7). By means of analytic continuation this result is also
valid for σ > −1. The more general formula (5.8) is obtained by iterating the
integration by parts.

Theorem 5.7. for 0 < δ < 1 there exists a positive constant A(δ) that depends on δ (but
not on s nor a) such that

|ζ(s, a)− a−s| ≤ A(δ)|t|δ if 1 − δ ≤ σ ≤ 2 and |t| ≥ 1, (5.9)

|ζ(s, a)− a−s| ≤ A(δ)|t|1+δ if − δ ≤ σ ≤ δ and |t| ≥ 1, (5.10)

|ζ(s, a)| ≤ A(δ)|t|m+1+δ if − m − δ ≤ σ ≤ −m + δ and |t| ≥ 1. (5.11)

Observation: Taking m = 1, δ = 1/2 we obtain (5.4), that is, the required
bound for the Hurwitz zeta function.

Proof. In order to prove (5.9) we start with (5.5) assuming 1 − δ ≤ σ ≤ 2 to get

∣∣ζ(s, a)− a−s∣∣ ≤ N

∑
n=1

1
(n + a)σ

+
(N + a)1−σ

|s − 1| + |s|
∫ ∞

N

dx
(x + a)σ+1

< 1 +
∫ N

1

dx
(x + a)σ

+
(N + a)1−σ

|s − 1| +
|s|
σ
(N + a)−σ

.

Due to the fact that σ ≥ 1 − δ > 0, we have

(x + a)σ ≥ (x + a)1−σ > x1−σ,
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so ∫ N

1

dx
(x + a)σ

≤
∫ N

1

dx
x1−δ

<
Nδ

δ
.

Additionally, ever since |s − 1| = |σ − 1 + it| ≥ |t| ≥ 1, we obtain

(N + a)1−σ

|s − 1| ≤ (N + a)δ ≤ (N + 1)δ.

On the other hand, by making |s| ≤ |σ|+ |t| ≤ 2 + |t| we obtain

|s|
σ
(N + a)−σ <

2 + |t|
1 − δ

(N + a)δ−1 <
2 + |t|
1 − δ

1
N1−δ

,

And putting everything together we obtain

∣∣ζ(s, a)− a−s∣∣ < 1 +
Nδ

δ
+ (N + 1)δ +

2 + |t|
1 − δ

Ns

N
,

where the right hand side depends only on δ and N. To get rid of the N depen-
dency we make the change N = 1 + ⌊|t|⌋ where ⌊.⌋ denotes the floor function.
By applying it, all the terms containing N become terms of the form O(|t|δ) and
we obtain the first part of the theorem. To prove (5.10), we will start by bounding
(5.7), obtaining

∣∣ζ(s, a)− a−s∣∣ ≤ N

∑
n=1

1
(n + a)σ

+
(N + a)1−σ

|s − 1| +
1
2
|s||ζ(s + 1, a)− a−s−1|

+
1
2
|s|

N

∑
n=1

1
(n + a)σ+1 +

1
2
|s||s + 1|

∞

∑
n=N

1
(n + a)σ+2 .

Similarly to the previous bound we let N = 1 + ⌊|t|⌋, getting the estimate N =

O(|t|) and being left with showing that the right hand side is of the form O(|t|1+δ).
Observe that −δ ≤ σ ≤ δ =⇒ 1 − δ ≤ 1 + σ ≤ 1 + δ, so the fist term is bounded
by

N

∑
n=1

1
(n + a)σ

< 1 +
∫ N

1

dx
(x + a)σ

< 1 +
(N + a)1−σ

1 − σ

≤ 1 +
(N + 1)1+δ

1 − δ
= O

(
|t|1+σ

)
.

The second term is clearly O(|t|1+δ) because |s − 1| ≥ |t| ≥ 1. The bound for the
third term is also trivial by means of (5.9). For the fourth term we have

|s|
N

∑
n=1

1
(n + a)σ+1 = O

(
|t|
∫ N

1

dx
(x + a)1−δ

)
= O

(
|t|N−δ

)
= O

(
|t|1−δ

)
= O

(
|t|1+δ

)
.
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Finally, the fifth and last term is bounded by means of the following chain of
inequalities

|s||s + 1|
∞

∑
n=N

1
(n + a)σ+2 = O

(
|t|2

∫ ∞

N

dx
(x + a)σ+2

)
= O

(
|t|2N−σ−1

)
= O

(
|t|2Nδ−1

)
= O

(
|t|1+δ

)
.

This proves (5.10). The proof of (5.11) is analogous, starting with (5.8) instead of
(5.7) and observing that a−σ = O(1), that is, because −m − δ ≤ σ ≤ −m + δ

5.1.3 Fourier expansion of Bn(x)

At (3.3) we used the following theorem

Theorem 5.8. For 0 < x ≤ 1 we have

Bn(x) = − n!
(2πi)n

+∞

∑
k=−∞

k ̸=0

e2πikx

kn . (5.12)

The theorem will be proven as a consequence of the shape of the residues
at the poles of ζ(a, s). Bernoulli polynomials arise naturally from the following
expansion

zexz

ez − 1
=

∞

∑
n=0

Bn(x)
n!

zn,

where z < 2π and x ∈ C.

Theorem 5.9. For every integer n ≥ 0 we have

ζ(−n, a) = −Bn+1(a)
n + 1

.

Proof. Using (5.2) we have ζ(−n, a) = n!I(−n, a). We are left with a residue calcu-
lus

I(−n, a) = Resz=0

(
z−n−1eaz

1 − ez

)
= −Resz=0

(
z−n−2 zezz

ez − 1

)
= −Resz=0

(
z−n−2

∞

∑
m=0

Bm(a)
m!

zm

)
= −Bn+1(a)

(n + 1)!
,

and the theorem follows.

Finally, the Fourier expansion (5.12) is obtained by applying the change s = n
at Hurwitz’s formula and implementing Theorem 5.9.
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5.1.4 Special case of Mellin’s inversion formula

While proving Iseki’s transformation formula we assumed the following inte-
gral

e−x =
1

2πi

∫ c+∞i

c−∞i
Γ(s)x−sds.

As previously stated, this is a special case of Mellin’s inversion formula. Neverthe-
less we can prove it without addressing any inversion and with a very elementary
idea, as follows. We move the ray of integration towards ℜ(s) = −∞ and pick up
the residues of the Gamma function, which are at 0,−1,−2, ... and are of the form

Res(Γ,−n) =
(−1)n

n!
.

Adding them up we obtain

∑
n≥0

Res(Γ(−n)xn) = ∑
n≥0

(−x)n

n!
= e−x,

and this is justified as the Gamma function decays over any vertical line, so any
contour surrounding poles at −n ≥ W is left with the rays c ± ∞ and W ± ∞.

5.2 Results used at chapter 4

In order to culminate Rademacher’s proof, at the latter part of chapter 4 we
used the integral representation

Iv(z) =
( 1

2 z
)v

2πi

∫ c+∞i

c−∞i
t−v−1et+(z2/4t)dt for c > 0,ℜ(v) > 0, (5.13)

where

Iv(z) =
∞

∑
m=0

1
m!Γ(m + v + 1)

( z
2

)2m+v
.

In this section we will provide a deduction of the integral, along the additional
result

I3/2(z) =

√
2z
π

d
dz

(
sinh z

z

)
,

which was also used at that part of the chapter.
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5.2.1 Deduction of the integral via elementary methods

The proof of (5.13) will consist on working with the integral expression and
eventually reaching Iv(z). We will make the change of notation t → s. Addition-
ally, we are integrating over s, so we can consider an integral of the type

Lv(z) =
1

2πi

∫ c+i∞

c−i∞
s−v−1es+z/sds

where c > 0, ℜ(v) > 0, and eventually apply a change of variable as well as
multiplying by the term ( 1

2 z)2.

Before stating the first step let us denote by
∫ (0+)
−∞ the contour consisting on

starting at −∞ up until −ϵ, go round a circle with radius ϵ anticlockwise and
proceed then to go back to −∞ from the upper half plane, as the previous figure
shows. An integral having this contour is called loop integral, and the notation was
popularized by George Neville Watson.

Lemma 5.10. (Change of the integration path)

Lv(z) =
1

2πi

∫ (0+)

−∞
s−v−1es+z/sds (5.14)

Proof. Since c > 0 we can consider integrating over the following closed contour
And push the contour out. If we show that the outer part is negligible, then the

lemma follows by Cauchy theorem. But this is clear, since if |s| = R we can bound
the integral by means of |es+z/s| ≤ eceℜ(z/R) = O(R−z) → 0, while the other part
of the integrand is os the form O(R−1−v) → 0 as R → ∞. Moreover the integrand
has no poles inside the contour, so by Cauchy theorem (5.14) follows.
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Lemma 5.11. Lv(z) is differentiable and its derivative can be obtained by differentiating
under the integral sign.

Proof. Consider
Lv(z + h)− Lv(z)

h
and compare it with what we can foresee to be L′

v(z), that is

1
2πi

∫ (0+)

−∞
s−v−2es+z/sds

and let’s show that the difference goes to 0 as h → 0.

Lv(z + h)− Lv(z)
h

− 1
2πi

∫ (0+)

−∞
s−v−2es+z/sds

=
1

2πi

∫ (0+)

−∞
s−v−1es

(
e

z+h
s − e

z
s

h
− e

z
s

s

)
ds =

∫ (0+)

−∞
s−v−1es+ z

s

(
e

h
s − 1

h
− 1

s

)
ds.

(5.15)
The expression inside the brackets can be expressed as

h
(

1
s22!

+
h

s33!
+ ...

)
by expanding eh/s. Now, since over the path of integration we have |s| ≥ ε, we
obtain ∣∣∣∣∣ e

h
s − 1

h
− 1

s

∣∣∣∣∣ ≤ C|h|

for some constant C > 0. Finally, by splitting the last integral form on (5.15) we
are left with∣∣∣∣Lv(z + h)− Lv(z)

h
− 1

2πi

∫ (0+)

−∞
s−v−2es+z/sds

∣∣∣∣ ≤ C|h|A(v, ε) = O(h) → 0,

where
A(v, ε) = 2

∫ ∞

ε

1
xv+1 e−xeℜ(z)/εdx + 2πε

1
ev+1 e

ℜ(z)
ε

is obtained after splitting the integral in two parts; the first consisting in the rays,
where |s| ≥ ε, and the other at |s| = ε. We have proved that the limit Lv(z+h)−Lv(z)

h
exists. Additionally Lv(z) is differentiated uniformly in circles of arbitrary size as
often as we please, since the derivative is of the same kind, in the sense that

L′
v(z) = Lv+1(z).
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Following the shape of the derivative of Lv(z), it is clear that L is an entire
function of z. Moreover, we can compute its Taylor expansion

Lv(z) =
∞

∑
r=0

L′
v(0)
r!

zr =
∞

∑
r=0

Lv+r(0)
r!

zr =
∞

∑
r=0

zr

r!2πi

∫ (0+)

−∞
s−v−1−resds.

The final step is to use Hankel’s formula for the Gamma function in order to get
rid of the integral part

Γ(w) =
1

2i sin(πw)

∫ (0+)

−∞
essw−1ds,

where z ̸= 0,−1,−2, .... By using Euler’s reflection formula we obtain the equiva-
lent

1
Γ(1 − w)

=
1

2πi

∫ (0+)

−∞
essw−1ds,

where if we replace w by −v − r we have

Lv(z) =
∞

∑
r=0

zr

r!2πi

∫ (0+)

−∞
s−v−1−resds =

∞

∑
r=0

zr

r!
1

Γ(1 + v + r)
.

Summing up we have so far

Lv(z) =
1

2πi

∫ c+i∞

c−i∞
s−v−1es+z/sds =

∞

∑
r=0

zr

r!
1

Γ(1 + v + r)
,

where we make the substitution z → z2/4 to get

Lv(z2/4) =
1

2πi

∫ c+i∞

c−i∞
s−v−1es+z2/4sds =

∞

∑
r=0

1
r!Γ(1 + v + r)

( z
2

)2r
,

and now we multiply by (z/2)2 to obtain

(z/2)vLv(z2/4) =
(z/2)v

2πi

∫ c+i∞

c−i∞
s−v−1es+z2/4sds =

∞

∑
r=0

1
r!Γ(1 + v + r)

( z
2

)2r+v
= Iv(z).

Lemma 5.12. (Hankel’s formula for the Gamma function)

Γ(w) =
1

2i sin(πw)

∫ (0+)

−∞
essw−1ds (5.16)

for w ̸= 0,−1,−2, ...
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Proof. Hankel’s formula can be seen as an analytic continuation of Euler’s integral
representation of the Γ function

Γ(z) =
∫ ∞

0
tz−1ezdt, ℜ(z) > 0

this is because the integrand in (5.16) is analytic and tends to 0 as t → −∞. For
this reason it suffices to show that Hankel’s formula holds for ℜ(w) > 0. Let

I(w) =
∫ (0+)

−∞
essw−1ds =

(∫
γ1

+
∫

γ2

+
∫

γ3

)
essw−1ds = I1(w) + I2(w) + I3(w),

where the paths γi are given by

γ1 : t = xeiπ , ε ≤ x < ∞

γ2 : t = xe−iπ , ∞ > x ≥ ε

γ3 : εeiθ , −π < θ < π

where we collapsed the contour onto the branch cut. So, as ε → 0 we have

I1(w) = (eiπ)w
∫ ∞

0
e−xxw−1dx,

I2(w) = (e−iπ)w
∫ 0

∞
e−xxw−1dx,

I3(w) =
∫ π

−π
eεeiθ

(εeiθ)w−1d(εeiθ) → 0 since ℜ(w) > 0.

If we add the integrals we obtain

I(w) = 2i sin(πw)Γ(w)

and Hankel’s formula follows.

5.2.2 I3/2(z) representation as an elementary function

Lemma 5.13.

I3/2(z) =

√
2z
π

d
dz

(
sinh z

z

)
(5.17)

Proof. Let’s start by working with the Bessel function

I3/2(z) =
∞

∑
r=0

1
r!Γ(1 + 3/2 + r)

( z
2

)2r+3/2
.
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The denominator is simplified by

Γ(r + 1)Γ(1 + 3/2 + r)22r+3/2 = Γ(r + 1)(r +
3
2
)Γ(r +

3
2
)22r+3/2

= 21−2(r+1)Γ(2r + 2)
√

π(r +
3
2
)22r+3/2 = 21/2Γ(2r + 2)

√
π(r +

3
2
)

where we have used Legendre duplication formula

Γ(z)Γ(z + 1/2) = 21−2zΓ(2z)
√

π.

Let’s now multiply both sides of (5.17) by
√

π
2z . The left hand side becomes√

π

2z
I3/2(z) =

∞

∑
r=0

z2r+1

(2r + 1)!2(m + 3/2)
=

∞

∑
r=0

z2r+1

(2r + 1)!(2r + 3)

=
∞

∑
r=0

z2r+1(2r + 2)
(2r + 3)!

, (5.18)

while the right hand side is

d
dz

sinh(z)
z

=
z cosh(z)− sinh(z)

z2 .

Now, using

sinh(z) =
∞

∑
r=0

z2r+1

(2r + 1)!

cosh(z) =
∞

∑
r=0

z2r

(2r+)!

we obtain (5.18).
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