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Introduction 1ii

Abstract

We explore several structure theorems for modules over non-Noetherian rings,
with a particular interest in finitely presented torsion modules. Our main objective
is to prove structure theorems for admissible modules, a new class introduced by
Burns et al. in [7]. This work intends to be mostly self-contained: a first chapter
is devoted to fixing preliminaries, a second chapter is devoted to presenting some
key homological results due to Endo [10] and to the proof of structure theorems for
finitely presented torsion modules over EDR domains, valuation rings and Priifer
rings, the last two due to Warfield [28]. In the third and last chapter, we prove
the classical structure theorem for Noetherian Krull domains, introduce admissible
modules, and prove theorems describing their structure. Finally, we present an
application to classical and non-Noetherian Iwasawa theory.

Introduction

The description of the structure of a module over a ring is an ever-present prob-
lem in mathematics. The earliest encounter with one such theorem is the classifica-
tion of finitely generated (f.g.) k-vector spaces, which assures that any such vector
space is isomorphic to the direct sum of a finite number of copies of k.

Another example of these structure theorems is the classification of f.g. abelian
groups. This theorem can be reinterpreted as the classification of f.g. Z-modules,
which can be later extended to the description of f.g. R-modules over R a principal
ideal domain (PID). In this instance, the theorem separates between a torsion part
and a torsion-free part and describes the structure of both separately. This theorem
motivates the proof of a similar statement for Dedekind domains.

The theorems described so far are well-known and widely used. However, they
only concern Noetherian settings. In this work, we aim to explore the landscape
of these types of theorems by focusing on non-Noetherian rings and modules. Our
ultimate objective is to introduce admissible modules, a new class of modules first
presented by Burns, Daoud, and Liang in [7], and a structure theorem for these
modules. This theorem is relevant in the relatively new field of non-Noetherian Iwa-
sawa theory, and we provide a hint of their connection with this new theory and its
classical counterpart at the end of the work.

To achieve our goal, we organize this work into three chapters. The first chapter
centers around fixing common definitions and recalling many results and characteri-
zations of various classes of rings and modules. This is fundamental, for many classes
of these structures have multiple characterizations and definitions in the literature.

2020 Mathematics Subject Classification 11R23, 13C05, 13F05.



iv Introduction

In addition, we introduce basic notions of homological dimensions and prove many
generic results that will be useful in later chapters.

The second chapter focuses specifically on introducing non-Noetherian classes
of rings and modules. The main objective of this chapter is to introduce the nec-
essary tools to prove Warfield’s Structure Theorem [28]. This theorem provides a
description of finitely presented torsion modules over Priifer domains. Furthermore,
we present some results due to Endo [10] concerning a homological characterization
of certain types of rings. All these results are to be used in Chapter 3 to prove the
structure theorems for admissible modules.

Finally, in the last chapter we introduce the concept of pseudo-nullity of modules
and its properties, the proof of a structure theorem for Noetherian Krull domains,
and, finally, the introduction of admissibility and the relevant structure theorems
of Burns, Daoud, and Liang [7]. The chapter finishes with a general picture of the
applicability of this theorem to Iwasawa theory.



Chapter 1

Definitions and preliminary
results

Ring theory and module theory are abundant in definitions and characterizations
of different types of rings and modules. The interplay between the various classes of
these structures is also especially intricate. This chapter aims to establish a common
background for many of the ring and module theoretic concepts usually introduced
in graduate-level courses. Many of the definitions and characterizations provided
will be of use in later sections, so we use the chapter to fix notations and introduce
common results relating the different structures introduced.

The first section involves mainly preliminaries and definitions of rings commonly
found in the literature and in Noetherian settings. The second section focuses on
introducing some module theoretic concepts in the commutative setting, with special
attention to homological properties and dimensions.

1.1 Preliminaries on ring theory

In this section we present some definitions related to ring theory, mostly focusing
on Noetherian types of rings. We also provide some basic results to be used in later
sections. The complexity of the presented results varies, so we prove some and give
a reference for the rest.

For the rest of the section, R always denotes a unital nonzero ring (not necessarily
Noetherian). Additional hypotheses on R vary depending on the presented result.
We start presenting two usual types of rings.

Definition 1.1.1 (Local ring). A ring R is local if it satisfies one of the following
equivalent conditions

(i) It has a unique maximal left ideal.

(ii) It has a unique maximal right ideal.

1



2 Definitions and preliminary results

If R is commutative, we denote a local ring as a pair (R, m), where m is the unique
maximal ideal of R.

Definition 1.1.2 (Semi-local ring). Let R be commutative, we say R is semi-local
if it has a finite number of maximal ideals.

Remark 1.1.3. In our definitions, local and semi-local rings need not be Noetherian.

1.1.1 Regular and semisimple rings

We now briefly touch on the subject of regular rings and semisimple rings, their
characterizations, and the relationship between the two.

Definition 1.1.4 (von Neumann regular ring). A ring R is von Neumann regular
(vNr) if for all » € R there exists s € R such that rsr =r

Proposition 1.1.5. A ring R is von Neumann reqular if and only if every principal
right ideal is generated by an idempotent.

Proof. Consider the ideal aR, if R is vNr then there exists r € R such that
ara = a. Note that arar = ar so e = ar is an idempotent. Furthermore, a = ara =
ea € eR and e = ar € aR, so aR = eR.

Now assume that for all a € R, there exists e € R idempotent such that
aR = eR. Then a = er for some r € R and so ea = er = a. Moreover, e = as for
some s € R so a = ea = asa. Thus, R is vNr. O

When the ring is commutative, we can provide an additional characterization.

Lemma 1.1.6. Let R be a commutative vNr ring. Then Ry is also vNr for any
prime ideal p.

Proof. Note that if 7/s € Ry is invertible, then it satisfies the vNr condition. If /s
is not invertible, then r € p so there exists t € R with rtr =r = (r/s)(st)(r/s)
r/s, so Ry is vNr.

O

Proposition 1.1.7. Let R be a commutative ring. R is vNr if and only if Ry is a
field for any m mazimal ideal.

Proof. We show that any local vNr ring is a field. Let (R, m) be such a ring,
let € m, since 7 is not a unit there exists s € R such that rsr = sr2 = r, but then
(1 — sr)r =0 and since sr € m, then 1 — sr is a unit, so 7 = 0. Thus it is a field.
Suppose Ry, is a field for any m maximal ideal. Let » € R and consider the
ideal Anng(r) = {x € R | ro = 0}. Since Ry is a field, it has no zero divisors, so
there cannot be any m such that a € m and mNAnng(r) # @. Thus, aR+Anng(r) =
R since it is not contained in any maximal ideal. Furthermore, aR - Anng(r) = 0 so
R = aR ® Anng(r), meaning aR is a direct summand of R so it is generated by an
idempotent e € R, eR = aR and Anng(r) = (1 — e)R. Consider b =1 — e + a, note
that b cannot belong to any maximal ideal, otherwise eb = a and (1 —e)b=1—¢
would also belong. Thus, it is a unit andeb=a =e=b"'a = ae =a=ab"'a. O
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Remark 1.1.8. In particular, we have shown that commutative local vNr rings are

fields.

Definition 1.1.9 (Semisimple ring). A ring R is left (right) semisimple if it is the
direct sum of minimal left (right) ideals.

Theorem 1.1.10 (Wedderburn—Artin). R is left (right) semisimple if and only if
there exist division rings D1, ... D,, and natural numbers ny,...n, > 1 such that

R My, (D1) % -+ x My, (Dy) (1.1)

The notation M,(D) denotes matrices of dimension n X n over D. Furthermore,
the division rings D1, ... D,, and natural numbers ny,...n,, are unique up to per-
mutation.

Proof. See [23, Theorem 8.56]. O

Remark 1.1.11. By the previous theorem, a ring is left semisimple if and only if it
is right semisimple. Thus, we simply call them semisimple from now on.

Corollary 1.1.12. If R is semisimple then R is Noetherian and Artinian.

Remark 1.1.13. Wedderburn-Artin theorem is not needed to show that semisimple
rings are Noetherian and Artinian. In fact, some proofs of the theorem use the
Artinian condition. However, we state the result like a corollary for convenience.

Corollary 1.1.14. If R is commutative and semisimple, then R is the direct product
of finitely many fields.

Proof. Since R is commutative, by Wedderburn—Artin Theorem 1.1.10 we have that
the n; must be 1 for all ¢ and the division rings must be commutative, so they are
fields. 0

Proposition 1.1.15. All semisimple rings are vNT.

Proof. Suppose R is right semisimple, by [23, Proposition 8.42] all right ideals of R
are direct summands, so given a € R, there exists J a right ideal of R such that
aR®J =R. Then 1 = e+ f for some e € aR and f € J. Then e = e + fe so
e—e2=feec J bute—e? € aRsoe—e?>=0. Thuse € aR is an idempotent.
Now to see aR C eR note that for any x € aR we may write z = ex + fr and
x—ex= freJsox—er=0meaning x = ex € eR. Thus aR = eR concludes the
proof. O

1.1.2 Valuations and Dedekind domains

We now shift our focus towards some types of commutative domains. In partic-
ular, we introduce valuation rings, discrete valuation rings and Dedekind domains.



4 Definitions and preliminary results

Definition 1.1.16 (Total quotient ring). Let R be a commutative and consider
the multiplicatively closed set S = {r € R | r is not a zero divisor}. We define
Q(R) = S7'R the total quotient ring of R.

Remark 1.1.17. If R is commutative and a domain, then Q(R) is the usual fraction
field of R.

Definition 1.1.18 (Valuation ring). Let R be commutative. We say R is a valuation
ring if it is an integral domain and for every x € Q(R) if z ¢ R then =1 € R.

Lemma 1.1.19. Let R be a valuation ring, then the following statements hold.
(i) The ideals of R form a totally ordered set.
(i) R is a local ring.

(iii) R is integrally closed.

(iv) All finitely generated ideals are principal.

Proof. (i) Take I,J C R ideals and suppose I ¢ J, then there exists z € I, x ¢ J.
Take any y € .J, since it is not the total, 3! ¢ R, so xzy~! ¢ R. Since R is a
valuation ring, 2 'y € R and so y = zx~'y € I. Thus, J C I.

(ii) Follows directly from the set of ideals being totally ordered, as there can only
be a single maximal ideal. Call this maximal ideal m.

(iii) Consider a monic polynomial p(z) = 2" +a,_12" 1+ - -+ag € R[z], suppose
y € Q(R) is a root p(y) = 0. If y € R we are done. Otherwise, suppose y ¢ R then
y~! € R. In particular, since y~! is not invertible in R we have y~! € m. However,

V't apay T b tag=0 = 14an1y '+ tay " =0

so 1 € m, which is a contradiction.

(iv) By part (i), the ideals of R are totally ordered. It is enough to show that
any two-generated ideal can be reduced. Let I = xR + yR, then either zR C yR or
yR C zR. In the first case I = yR and in the second one I = zR. ]

Remark 1.1.20. Note that the converse of (i) also holds if R is a domain. This
motivates the following definition of a valuation ring that is not necessarily a domain.

Definition 1.1.21 (Generalized valuation ring). A commutative ring R is called a
generalized valuation ring if its ideals are totally ordered by inclusion.

The concept of generalized valuation ring will appear later on in contexts where
R is not a domain. For now, we focus on valuation rings and introduce the concept
of valuation, which is the essence of these types of rings.

Definition 1.1.22 (Ordered group). Let (G, +, <) be an abelian group with a total
order relation < such that if x,y,2,t € Gand z <y, z <t thenx+ 2z < y+1t. We
say that G is an ordered group.
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Remark 1.1.23. Given an ordered group (G,+, <) we can extend it by adding oo
as follows. Consider G, = G U {00} such that co > g for all g € G. To make it
compatible with the group operation we establish co + g = oo for all ¢ € G and
00+00 = oo. This is no longer a group (co does not have an inverse) but it preserves
most of the structure and includes an element which is bigger (with respect to <)
than any other element of G.

Lemma 1.1.24. Let G be an ordered group and g,h € G, then the following prop-
erties hold:

(i) Let g > h then —h > —g.
(i) Let g >0 and h > 0, then g+ h > 0.

Proof. Suppose that ¢ > h, then —g > —gso 0 =¢g—9g > h—g and —h > —h
so —h > —g. Now suppose that g > 0, then ¢ # 0 and ¢ > 0, so g+ h > 0 and
g+ h =0if and only if h = —g since g # 0. But g > 0 implies —g < 0 by the
previous property, so g+ h # 0 and g + h > 0. O

Definition 1.1.25 (Valuation of a field). Let K be a field and G an ordered group.
We define a wvaluation of K as a map v : K — G4 such that for all z,y € K it
satisfies

(i) v(zy) = v(z) + v(y).
(i) v(z +y) > min{o(z), v(y)}.
(iii) v(z) =00 <= 2z =0.

Remark 1.1.26. From the first property it follows that v(1) = 0 since v(lz) =
v(1) + v(x) for all x € K. Furthermore, v(x~!) = —v(z) is easily seen by taking
0=v(1) =v(xz™!) =v(z) +v(z7t).

Lemma 1.1.27. Let K be a field and K* = K\{0}. Let G be an ordered group and
v: K = G be a valuation of K. Then the following statements hold:

(i) The restriction v|gx- : K* — G defines a group morphism.

(i) The set R, = {x € K |v(x) > 0} defines a valuation ring with mazimal ideal
m, ={z € K |v(x) > 0}.

Proof. Property (i) follows directly from axiom (i) of the definition of valuation of
a field. The fact that R, is a ring follows from axioms (i) and (ii), since if z,y € R,
then v(x +y) > 0 and v(zy) > 0. To see it is a valuation ring, take z € K such
that = ¢ R, this means v(z) < 0 and so v(z~!) = —v(z) > 0, s0 7! € R. The fact
that m, is an ideal also follows from the basic properties of valuations and ordered
groups. To see it is the unique maximal ideal of R,, note that if x € R,\m, then
v(z) = —v(z™!) = 0 and so 27! € R, so x is invertible in R,. Thus, adding any
elements to m, produces R,, so it is the maximal ideal. ]
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Definition 1.1.28. Let K be a field and K* = K\{0}. Let G be an ordered group
and v : K — G« be a valuation of K. We call v(K™*) the value group of v, R, the
valuation ring of v and m, the valuation ideal of v.

Proposition 1.1.29. Let R be a commutative domain, then R is a valuation ring
if and only if there exists a valuation v of Q(R) such that R, = R.

Proof. The reverse implication is given by Lemma 1.1.27. Suppose R is a valuation
ring and define the group G = {zR |z € Q(R)}. Define the order for any z,y € Q(R)
as xR > yR if and only if xR C yR. The proof that this is a total order is similar as
in the ideal only case. If zy~! € R then z = y(zy~!) € yR so xR C yR, otherwise,
7'y € Rand y = x(x7y) € 2R so yR C zR. Define v : Q(R) — G+ where
v(xz) = xR, this is clearly a valuation as zR - yR = zyR and zR,yR C (z + y)R.
Furthermore, v(1) = R and x € R implies xR C R so v(x) > v(1) for all z € R
meaning R C R,. Conversely, if v(z) > v(1) then xR C R implies z € R so
R, = R. O

Definition 1.1.30 (Discrete valuation ring). Let R be a valuation ring, we say R
is a discrete valuation ring (DVR) if the value group of R is isomorphic to Z.

There are multiple characterizations for DVRs which are useful in many contexts,
we recall some of them.

Proposition 1.1.31. Let (R, m) be a valuation ring, the following statements are
equivalent.

(i) R is a DVR.
(ii) R is a principal ideal domain (PID).
(iii) R is Noetherian.

Proof. (i) = (ii) Suppose R is a DVR and consider its valuation v : K — Z
(Proposition 1.1.29). Since v(m\{0}) = Z~¢ there is some r € m with v(r) = 1.
Consider an ideal I # (0), the set v(I\{0}) C Z~¢ and so it has a minimum, call it
n. If n = 0 then I = R as it contains a unit, otherwise n > 0 and so there is an
element x € I such that v(x) =n. Let y € I and m = v(y), then v(y/zr"™™") =0
so y = x(r™ "u) for some unit v € R\m. Therefore, I = xR.

(ii) <= (iii) A PID is Noetherian. If R is Noetherian, then by Lemma 1.1.19(iv)
it is a PID.

(ii) = (i) Consider r € R such that m = 7R and let I = N2, r'R = xR for
some x € R. Since I C m we have x = rs for some s € R. Then = € r*R for alli > 1
implies s € 7 "'R for all i > 1 and so s € I. Then we may write © = rs = rat for
some t € R and so z(1 —rt) = 0 implies x = 0 as r € m is not invertible, so I = (0).
Therefore, to each y € R we may associate an i > 0 such that y € r'R\r**1R. We
may define v* : R — Zs such that v(y) = i and it is easy to see that the extension
tov: Q(R) = Zoo via v(y/z) := v*(y) — v*(z) is well defined and a valuation giving
R, =R so R is a DVR. ]
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Remark 1.1.32. In particular, we have seen that all ideals of a DVR are principal
and generated by a power of an element of valuation 1.

Corollary 1.1.33. Let R be a commutative domain with a unique non-zero prime
ideal. The following are equivalent:

(i) R is a DVR
(ii) R is a PID.
(iii) R is Noetherian and integrally closed.

Proof. (i) <= (ii) follows directly from the previous proposition. Note that in
Proposition 1.1.31 (ii) = (i) we only use the “valuation ring” hypothesis to assert
it is local, and explicitly build the valuation. So we may exchange the hypothesis
“valuation ring” for “local ring” and the corollary follows.

(ii) = (iii) is direct.

(iii) = (ii) is a bit longer, see [23, Lemma 11.89]. O

Definition 1.1.34 (Dedekind ring). Let R be a commutative domain that is not a
field, we say it is a Dedekind ring or Dedekind domain if it is Noetherian, integrally
closed and all non-zero prime ideals are maximal.

The following characterizations of Dedekind rings will prove useful.

Proposition 1.1.35. Let R be a commutative integral domain that is not a field.
The following are equivalent:

(i) R is a Dedekind ring.
(ii) All non-zero ideals of R uniquely factorize into a finite product of prime ideals.
(i11) For any prime ideal p of R, the localization R, is a DVR.

Proof. (i) <= (ii) See [17, Theorem 11.6].

(i) = (iii): Let R be Dedekind and p be a prime ideal of R. Consider R, the
localization at p. Since all prime ideals of R are maximal, pR, is the unique nonzero
prime ideal of R,. Moreover, since R is integrally closed and Noetherian so is Ry,
and so by Corollary 1.1.33 it is a DVR.

(iii) = (i): Suppose there exist prime ideals such that p C q¢ € R. Then
pRy C qRq and pRy is a prime ideal of R;. Since there is a unique prime ideal in
Ry then pR; = 0 so p = 0 meaning q is maximal. Now let z € Q(R) be integral
over R, note that Q(R) = Q(Ry) for any prime ideal p and since R, is a DVR, it is
integrally closed so z € R,. If = a/b with a,b € R, then we see that b € R\p for
any p prime ideal, so it must me invertible in R and thus x € R. O

An interesting property of Dedekind rings is that all its ideals can be generated
by two elements or less.
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Proposition 1.1.36. Let R be Dedekind, let I C R be an ideal. Then there exist
a,b €I such that I = aR + bR.

Proof. Write I = p{'---p% for different prime ideals p; and e; > 1. Take any
element « € I, then aR = pi" -- 'Pﬁn qf" - - i for some q; different from the p; and
fi > €; since R C I. Then, by the Chinese Remainder Theorem, we may choose an
element of 3 € I such that vy, (8) = e; and vy, () = 0, where v, denotes the valuation

at Ry. Then ged(a, 5) = pit---pS* =1 and so aR + R = ged(a, B)R = 1. O

The following property of Dedekind domains is very important in the field of
number theory.

Theorem 1.1.37 (Krull-Akizuki). Let R be a Dedekind ring and F'/Q(R) be a finite
algebraic extension. Let S be the integral closure of R in F', then B is a Dedekind
ring.

Proof. See [17, Theorem 11.7]. O

1.1.3 Properties related to prime ideals

We now shift our focus to definitions and properties mainly involving prime ide-
als. We first recall some miscellaneous results that will be of use later and then
introduce the concepts of height and Krull dimension of a ring.

The following result is commonly known as the prime avoidance lemma and is
in the proof of later results.

Lemma 1.1.38 (Prime avoidance). Let R be commutative, let p1,...,p, be prime
ideals of R. Suppose we have an ideal I C py U ---Up,, then I C p; for some
1=1,...,n.

Proof. We proceed by induction on the number n of prime ideals p;.
If n = 1 then the statement is obviously true. Suppose it is true for the union of
n prime ideals and consider I C p; U ---Up, Upyr1. Define the sets

n+1

Pi:Upj

J=Lj#i

If I C P; for some 4, then the result follows by induction hypothesis. Suppose that
I SZ P, for all i = 1,...,n+ 1. Then there exist some elements a; € I such that
a; ¢ P; so a; € p;. Consider now a = aj +az - - an+1 and note that a € I. Moreover,
a ¢ p1, otherwise a — a; € p; so some of the a; € py for ¢ > 2, which contradicts
a; ¢ P; as p1 C P, for i > 2. However, this implies that a € p; for some i > 2,
meaning a; € p; again contradicting a1 ¢ Py, so I ¢ P; cannot happen. O

We subsequently provide a result describing the prime ideals of the direct product
of commutative rings.
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Proposition 1.1.39. Let Ry,..., R, be commutative and consider R = H:‘L:1 R;.
The prime ideals of R are of the form p = Ry X --- X Rj_1 X pj x Rjy1 X --- X R,
for some 1 > j >n and p; a prime ideal of R;.

Proof. Note that we may rewrite R = R’ x R, where R = H?:_ll R;. Thus, we may
reduce to studying the case n = 2. Without loss of generality, consider R = R; X Ro
alongside 7; : R — R;, 1 = 1,2 the canonical projection morphisms. If p; C R; are
prime ideals of R; then 7, 1(pi) are also prime ideals. Thus, the ideals of the form
R1 x py and p; X Ry are prime. Now let p C R be a prime ideal and note (0,0) € p.
Then (0,0) = (1,0)(0,1) so either (1,0) € p or (0,1) € p. Suppose (1,0) € p, then
Ry x (0) C p and for any (r1,r2) € p we have (r;,0) € p so (0,72) € p. Thus, we can
write p = Ry X ma(p). Since Ker(ma) C p and 7y is surjective, ma(p) = q must also
be a prime ideal. The argument is symmetric for the other case. O

The following theorem, due to Cohen [9, Theorem 2], characterizes the Noethe-
rianity of a commutative ring in terms of its prime ideals, rather than its ideals in
general.

Theorem 1.1.40 (Cohen). Let R be commutative. R is Noetherian if and only if
all prime ideals of R are finitely generated.

Proof. See [23, Theorem 6.53] for a modern proof or [9, Theorem 2] for the original.
]

We now introduce the concepts of height of a prime ideal and Krull dimension
of a ring. We also apply these concepts to some of the types of rings seen in the
previous sections.

Definition 1.1.41 (Height). Let R be commutative and py,...,p, be different
prime ideals of R. A prime chain of length n is p, C --- € pg. The height of a
prime ideal p is the length of the longest prime chain with pg = p and it is denoted
ht(p) < oc.

Definition 1.1.42 (Krull dimension). Let R be commutative, the Krull dimension
of R is
dim(R) = sup{ht(p) | p prime}

the length of the longest prime chain in R.
Remark 1.1.43. It is not enough for a ring to be Noetherian to have finite Krull
dimension, since the condition of all ascending chains being finite is not enough to

assert we do not have a sequence of prime ideals whose height grows to infinity. See
[19, Appendix, Example 1] for an example.

We present some examples of Krull dimension applied to rings presented in
previous sections.

Proposition 1.1.44. Let R be commutative, the following statements hold.
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(i) If p is a prime ideal, ht(p) = dim(Ry).
(ii) If R is Artinian then dim(R) = 0.
(i1i) If R is semisimple, then dim(R) = 0.
(iv) If R is a DVR, then dim(R) = 1.
(v) If R is a Dedekind domain, then dim(R) = 1.

Proof. (i) The ring R, is local with a unique maximal ideal m = pR,, so dim(Ry) =
ht(pRp), as any prime ideal is contained in m. Furthermore, the prime ideals of R,
are in correspondence with the prime ideals of R containing p, so any prime chain
can be lifted and ht(p) = ht(pR,).

(i) Let p be a prime ideal and consider R/p. Since R is Artinian, so is R/p. But
R/p is an Artinian domain meaning R/p is a field. So, in fact, p is maximal. If R is
a field, then dim R = 0 as the only prime ideal is (0). If it is not a domain, all prime
ideals are maximal implies ht(p) = 0 for all p as (0) is not prime, so dim(R) = 0.

(iii) By Corollary 1.1.12 we know semisimple rings are Artinian.

(iv) By Corollary 1.1.33 a DVR is a PID, so it is a domain where all prime
ideals are maximal, so all maximal length prime chains are of the form (0) C p, so
dim(R) = 1.

(v) If R is Dedekind, then for any p nonzero prime ideal, R, is a DVR, so
ht(p) = dim(R,) = 1. O

Even if the Noetherian condition is not enough to guarantee finite Krull dimen-
sion, it allows control over the height of ideals as shown in the next results due to
Krull.

Definition 1.1.45. Let I C R be an ideal. A minimal ideal over I is a prime ideal
p such that there is no other prime ideal q with I C q C p.

Remark 1.1.46. Minimal ideals over a proper ideal I always exist. This is an ap-
plication of Zorn’s Lemma. Consider F the family of all prime ideals containing I.
Then F is non-empty since there exists a maximal ideal containing I. Now for any
descending chain of prime ideals (given by inclusion), the intersection of the chain
is also a prime ideal containing I, so it is bounded. Thus, there exists a minimal
element.

Theorem 1.1.47 (Principal ideal theorem). Let R be a commutative Noetherian
ring. Let I be a proper principal ideal of R and p a prime ideal that is minimal over
I, then ht(p) < 1.

Proof. See [23, Theorem 11.161]. O

Theorem 1.1.48 (Height theorem). Let R be a commutative Noetherian ring. Let
I = (ai,...,ay) be a proper ideal generated by n elements of R and p a prime ideal
that is minimal over I, then ht(p) < n.
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Proof. See [23, Theorem 11.162]. O

We can explore the notion of minimal ideal over I a bit further in the Noetherian
setting.

Lemma 1.1.49. Let R be Noetherian and I C R an ideal. Then there are finitely
many minimal ideals over I.

Proof. Consider F to be the family of proper ideals of R such that they have infinitely
many minimal ideals. Assume F # &, then the family is non-empty, ordered by
inclusion and any ascending chain terminates as R is Noetherian. Thus F has a
maximal element by Zorn’s Lemma. Let I be maximal in F. We can assume it is
not prime, otherwise I has only itself as a minimal ideal. Take a,b € R\I such that
ab € I and consider the ideals I, = I +aR, I, = I +bR. Since I C I, I}, I, I, must
have finitely many minimal ideals by maximality of I. Now let I C p be minimal,
then ab € p so either I, C p or I, C p. Thus, p is minimal over I, or I. This implies
all minimal ideals of I are either minimal of I, or I, but there are finitely many of
these, so we have a contradiction. ]

Proposition 1.1.50. Let R be a Noetherian domain, let I C R be a proper non-zero
principal ideal. Then there are finitely many prime ideals of height 1 containing 1.

Proof. By Lemma 1.1.49 there are finitely many minimal ideals containing I. Fur-
thermore, by Krull’s principal ideal theorem 1.1.47 all minimal primes p over I have
ht(p) < 1. Finally, as R is a domain, if I C p with ht(p) = 1 then p is minimal over
1. O

Armed with these notions we close the section on ring theory introducing a final
class of rings. We have seen that Dedekind rings are 1-dimensional, we would like
a generalization that allows to keep most of the properties of these rings but with
higher dimensionality.

Definition 1.1.51 (Krull domain). Let R be a commutative domain, let P denote
the set of prime ideals of height 1, we say R is a Krull domain or Krull ring if it
satisfies

(i) Rpisa DVR forall p e P.
(ii) R =\yep Ry where Ry are viewed as subrings of Q(R).
(iii) For any r € R, the set {p € P | r € p} is finite.

Dedekind domains are obviously an example of Krull domains. Another example
of Krull domains are UFD’s. For a deeper exploration of Krull domains, we refer
the reader to [17, §12] or [12, §IV.1]. We sum up some relevant results involving
Krull domains.

Theorem 1.1.52. Let R be a commutative domain.
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(i) R is a Krull domain if and only if there exists a family of valuations {v;}icr
of Q(R) such that for all x € Q(R), vi(x) = 0 for almost all i € I and
R = Nier Ry,

(ii) If R is Noetherian, R is a Krull domain if and only if it is integrally closed.
(i1i) R is a Krull domain with dim(R) = 1 if and only if R is Dedekind.

(iv) Let R be a Krull domain and K/Q(R) a finite algebraic extension of Q(R),
denote by B the integral closure of R in K, then B is a Krull domain.

(v) Let R be a Krull domain, then R|xi,...,zy], R[z1,...], and R][x]] are also
Krull domains.

(vi) Let R be a UFD, then R is a Krull domain. Furthermore, all height 1 prime
tdeals are principal.

Proof. For (i) see [17, Theorem 12.3] and [12, Lemma IV.1.2], for (ii) see [12, Corol-
lary IV.1.5], for (iii) see [17, Theorem 12.5], and for (iv) see [4, VII §1, Proposition
12]. For (v) see [25, Proposition 4.3, 4.4] and [11, Proposition 1.6]. Finally, for (vi)
see [25, Theorem 5.3(g)] and [4, VII §3.2, Theorem 1]. O

Remark 1.1.53. In the context of (i), almost all means for all i € I'\Iy where Ij is a
finite subset of I.

Example 1.1.54. We provide an example of a non-Noetherian Krull domain and a
Noetherian Krull domain that is not Dedekind.

(i) The ring Z[x] is a Krull domain, since Z is Dedekind then it is a Krull domain,
so by Theorem 1.1.52(v) Z[x] is a Krull domain. However, Z[x] has prime
ideals (p,z) where p is any prime of Z and (0) C (p) C (p,z) is a chain of
prime ideals, so the Krull dimension of Z[z]| is at least 2.

(ii) For the non-Noetherian examples, take Z[zq,...] which is Krull domain by
Theorem 1.1.52(v). Another interesting example, due to Gilmer in [14], are the
formal power series over a Krull domain in infinitely many variables. Gilmer
proves this for the three usual topologies given to power series over infinitely
many variables.

1.2 Preliminaries on module theory

This section is devoted to introducing and recalling some definitions and results
pertaining to the theory of modules. In preparation for later discussions, we aim to
introduce the concepts of global dimension and weakly global dimension and present
a structure theorem for finitely generated torsion modules over Dedekind domains.

Throughout this section, we denote by R a nonzero unital commutative ring.
Additional hypotheses on R may be added by each particular result. We start by
providing some general definitions.
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1.2.1 Types of modules and their characterizations

Definition 1.2.1 (Finitely generated). An R-module M is finitely generated if there
exist a finite number of elements ay,...,a, € M such that M = (ay,...,ay), mean-
ing each element a € M is an R-linear combination of a1, ..., a,.

Remark 1.2.2. We may rephrase this definition as follows: An R-module M is finitely
generated if there exists an integer n > 0 and a surjective morphism 7 : R® — M.
This morphism is 7w(ry,...,rn) = >y a7y

Definition 1.2.3 (Finitely presented). An R-module M is finitely presented if there
exist integers n,m > 0 such that the sequence R™ — R" — M — 0 is exact.

Remark 1.2.4. By the previous observation, every finitely presented module is finitely
generated.

Lemma 1.2.5. Let R be Noetherian, then a finitely generated module is finitely
presented.

Proof. Let M be finitely generated and consider a surjective map « : R® — M
as in Remark 1.2.2. We proceed by induction on n. If n = 1 then Ker(w) is an
ideal of R, so it is a finitely generated R-module and we have a surjective morphism
7:R™ — Kerm — R for some m > 0. Then R 5 R 5 M — 0 is exact and a
presentation of M.

Now assume the statement is true for modules generated by n —1 > 0 elements,
consider a module generated by n elements ay, ..., a, and R = M — 0. Consider
the R-submodule N = (ay,...,a,—1) of M, then N is finitely presented, in partic-
ular, it is finitely generated and take p : R*~! — N. Using the Snake lemma, we
obtain the diagram in Equation 1.2.

By induction hypothesis, Kerp’ and Kerp are finitely generated, so Kerr is
finitely generated and so M finitely presented.

Ker R—— M 0 (1.2)
Ker p/ R—2 4 N 0
0 0 0
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Definition 1.2.6 (Torsion). Let M be an R-module and a € M. We say m is
a torsion element if there exists » € R non-zero divisor such that rm = 0. We
define the set Mio, = {m € M |m is torsion} as the torsion submodule of M. If
M = Mo, we say that M is a torsion module or torsion, if My, = {0} then we say
it is torsion-free.

Remark 1.2.7. We need to prove that M., is in fact a submodule of M.
Proposition 1.2.8. Let M be an R-module, then Mo, is a submodule of M.

Proof. Let a,a’ € My, and r € R. Then there exist s,s’ € R non-zero divisors
such that sa = s'a’ = 0. Note that ss’ # 0 is not a zero divisor and ss'r # 0, so
ss'(a+ ra’) = 0 meaning a + ra’ € My, O

Lemma 1.2.9. An R-module M is torsion if and only if M ®@r Q(R) = 0, where
Q(R) is the total quotient ring.

Proof. If M is torsion, then for any m € M there exists an r € R non-zero divisor
with rm = 0. Then 0 = rm ® (1/r) = m® 1, so M ®r Q(R) = 0. Conversely, if
M ®r Q(R) = 0 then S™'M = 0, where S is the set of non-zero divisors of R, so
m/1 = 0 implies that there exists some r € S such that rm = 0. O

Definition 1.2.10 (Free module). Let M be an R-module. We say M is a free
module if it is the direct sum of copies of R, meaning M = @, ; R; where R; = R
and [ is an index set which need not be finite. We call I a basis of M.

Remark 1.2.11. Note that if R is a domain, then a free R-module is torsion-free.
Lemma 1.2.12. Every R-module is a quotient of a free module.

Proof. Given a module M choose a generating set S of M. Consider F' = @, ¢ R
and the R-linear morphism p : F' — M defined by p(es) = s, where e = (dst)tes
and Jg is the Kronecker delta, and extended by R-linearity. Then p is surjective
and M = F/Ker(p). O

Definition 1.2.13 (Flat module). Let M be an R-module. We say M is flat if the
functor M ®p — is exact.

Remark 1.2.14. Note that free modules are flat since (P,;.; R) ®r M = P,.; M.

Lemma 1.2.15. Let M be a flat R-module and R be a domain. Then M is torsion-
free.

Proof. Since M is flat, 0 - R — Q(R) exact implies 0 - M ®r R — Q(R) g M
and M ®r R = R while Q(R) ®r M is the localization of M at R\{0} and is a
Q(R) vector space, so it is torsion-free and we can include M in it, so it is also
torsion-free. O
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Definition 1.2.16 (Projective module). Let M, N, N’ be R-modules. We say M
is a projective module if for every surjective morphism p : N — N’ and morphism
h : M — N’ there exists a lifting g : M — N such that po g = h.

Lemma 1.2.17. A free R-module M is projective.

Proof. We use the notation of Definition 1.2.16. Take a basis {z;}ic; of M, then
h(z;) = p(a;) for some a; € N by surjectivity of p. Now simply define g : M — N
as the R-linear extension of g(x;) = a;. O

We provide some usual and useful characterizations and properties of projective
modules.

Proposition 1.2.18. Let M be an R-module. The following are equivalent:
(i) M is projective.

(i1) Every short exact sequence 0 — N — N’ — M — 0 splits.

(iii) The functor Homp(M, —) is ezact.

(iv) M s a direct summand of a free R-module.

(v) There exist a; € M, i € I and R-linear maps ¢; : M — R, i € I such that for
each x € M, ¢i(x) = 0 for almost all i € I and x =Y, ; ¢i(x)a;. Moreover,
{a; € M |i € I} generates M.

Proof. See [24, Theorem 3.5, Propositions 3.2, 3.3, 3.10] O

Proposition 1.2.19. Let M be a projective R module, the following statements
hold:

(i) If M s finitely generated then it is finitely presented.

(ii) M is the direct sum of countably generated projective modules. Countably
generated module refers to a module with a countable set of generators.

(iii) M is flat and if R is a domain, then it is torsion-free.
Proof. See [24, Corollary 3.9, Proposition 3.11, 3.46] O

Theorem 1.2.20. Let M be a projective R-module, R is free if any of the following
conditions is satisfied:

1. R s a local ring.
2. R is a semi-local ring.

3. R is a PID.
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Proof. See [17, Theorem 2.5] for (i), [12, Theorem VI.1.11] for (ii) and [23, Theorem
9.8] for (iii). O

Definition 1.2.21 (Fractional ideal). Let R be a commutative domain. Let J C
Q(R) be an R-submodule, we say J is a fractional ideal if there exists r € R such
that rJ C R. We say an non-zero fractional ideal J is invertible if there exists
another fractional ideal I such that IJ = R.

These are related to projective modules as follows.
Lemma 1.2.22. A fractional ideal is projective if and only if it is invertible.
Proof. See [17, Theorem 11.3]. O
Proposition 1.2.23. Let R be a domain. The following are equivalent
(i) R is Dedekind
(ii) All fractional ideals of R are invertible.
(iii) All fractional ideals of R are projective.
Proof. See [23, Proposition 11.93] for (i) <= (ii) and use the previous lemma for
(i) < (iii). O
We now focus on the ideals of a ring as R-modules. We can wonder the effects
of a ring having all its ideals be projective.

Definition 1.2.24 (Hereditary ring). A ring R is hereditary if all of its ideals are
projective R-modules.

Example 1.2.25. An easy example are PID’s, where all ideals are isomorphic to the
ring itself as modules, thus free. Another example of hereditary rings are semisimple
rings. Recall that all ideals of a semisimple ring are direct summands of R, so
they are projective as R is free as an R-module. Finally, we have also seen in
Proposition 1.2.23(iii) that Dedekind domains are hereditary.

Proposition 1.2.26. A commutative domain R is hereditary if and only if it is a
Dedekind ring.

Proof. We already know that Dedekind rings are hereditary. We only need to show
that if all ideals are invertible, then so are all fractional ideals. Take J a fractional
ideal, rJ C R is an ideal so it has an inverse I. Then rJI = R = J(rI) = R so
J is invertible. O

The name “hereditary” comes from the following characterization.

Theorem 1.2.27 (Cartan-Eilenberg). A ring R is hereditary if and only if all sub-
modules of projective modules are projective.

Proof. See [24, Theorem 4.19]. O
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1.2.2 Homological dimensions

We can now introduce the concepts of projective resolution and projective di-
mension.

Definition 1.2.28 (Projective resolution). Let M be a non-zero R-module. Let P;,
1 > 0 be projective R-modules such that P, — M — 0 is an exact sequence, where
P, denotes --+ - P, — -+ — P| — Py. We say P, is a projective resolution of M.
We say a resolution is finite if there exists some n > 0 such that P; = 0 for all i > n.

Lemma 1.2.29. Given a non-zero R-module M, there exists a projective resolution
of M.

Proof. This is a direct consequence Lemma 1.2.12; as there exists a free module Fj
and a module Ky such that 0 - Ky — Fy — M — 0. But now such a sequence
also exists for Ky, so we can chain 0 — K7 — F; — Ky — 0 and construct F,, —
Fo1— -+ — Fy — M — 0 inductively. F, are free, in particular, projective. O

Remark 1.2.30. In the proof of Lemma 1.2.29, we have actually seen that any non-
zero module has a free resolution.

This immediately begs the question of how small can a projective resolution be.
Definition 1.2.31 (Projective dimension). Let M be a non-zero R-module, we

define the projective dimension of M as pd(M) = n > 0 as the length of the
shortest finite projective resolution of M. If no finite resolution exists, pd(M) = co.

Example 1.2.32. (a) If M is projective then pd(M) = 0.

(b) If R is hereditary, then for every R-module M we have pd(M) < 1. If we
have the start of a projective resolution P — M 5 0, note that Kere is an
R-submodule of P, so it is projective by Theorem 1.2.27, thus 0 — Kere —
P — M — 0 is exact.

(c) If R is semisimple, then all its R-modules are projective [24, Proposition 4.5].
Thus pd(M) = 0 for all M.

These examples motivate the following definition.

Definition 1.2.33 (Global dimension). The global dimension of a ring R is
gd(R) = sup{pd(M) | M an R-module}

Example 1.2.34. By the previous example, gd(R) < 1 if R is hereditary and
gd(R) = 0 if R is semisimple. Furthermore, the converse also holds for semisimple
rings [23, Example 11.126], so we may think of the global dimension as a measure
of the semisimplicity of the ring.

In the same way we have created resolutions out of projective modules, we can
create resolutions using flat modules.
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Definition 1.2.35 (Flat resolution). Let M be a non-zero R-module. Let N;, ¢ >0
be flat R-modules such that Ny — M — 0 is an exact sequence. We say N, is a flat
resolution of M. We say a resolution is finite if there exists some n > 0 such that
N; =0 for all i > n.

Remark 1.2.36. By the same proof of Lemma 1.2.29 and Remark 1.2.14, flat resolu-
tions exist for every non-zero module.

Definition 1.2.37 (Weak dimension). Let M be a non-zero R-module, we define
the weak dimension of M as wd(M) = n > 0 the length of the shortest finite flat
resolution of M. If no finite resolution exists, wd(M) = oo.

Definition 1.2.38 (Weak global dimension). The weak global dimension of a ring
Ris

wgd(R) = sup{wd(M) | M an R-module}
Remark 1.2.39. Since all projective modules are flat, then wd(M) < pd(M) for all

R-modules M. Furthermore, wgd(R) < gd(R) for any R. This motivates the “weak”
denomination.

Example 1.2.40. Note that semisimple rings have weak global dimension 0. Flat
and projective modules have weak dimension 0. Moreover, as in Example 1.2.32(b),
wgd(R) < 1 if and only if every submodule of a flat module is flat. We will provide
examples of rings and modules having positive weak dimension in a later section.

We can characterize the weak dimension using localization as follows.

Lemma 1.2.41. Let M be an R-module and m a mazximal ideal, then wdr(M) =
supy Wdpg,, (Mw). Furthermore, wgd(R) = sup,, wgd(Rm)-

Proof. To check this we need an additional criterion for the weak dimension. We
use that wd(M) = n if and only if Torf(M, N) = 0 for all k > n+1 [24, Proposition
8.17]. Furthermore, (Torf (M, N))w = Tor;™ (M, Nu), so wdg(M) < wdg,, (M)
In general, an R-module L satisfies L, = 0 for all m if and only if L = 0. Thus we
taking the supremums we recover wdpr(M). O

Proposition 1.2.42. A ring R is von Neumann regular if and only if wgd(R) = 0.

Proof. By Proposition 1.1.7, R is vNr if and only if Ry, is a field for any m max-
imal ideal. Since wgd(R) < gd(R) and the global dimension of a field is zero, so
the previous condition is equivalent to wgd(Ry,) = 0 for all m maximal ideal. By
Lemma 1.2.41, this is equivalent to wgd(R) = 0. O

Thus, vNr rings play the same role for weak global dimension as semisimple rings
for global dimension. Finally, we present one last result regarding local valuation
rings.

Theorem 1.2.43. A local ring R is a valuation ring if and only if wgd(R) < 1.
Proof. See [10, §5, Theorem 4]. O
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1.2.3 Miscellaneous results

We devote this last part of the section to presenting three unrelated results
needed in later sections. The first one concerns the commutativity between the
Hom functor and localization for finitely presented modules. The second is a specific
version of Nakayama’s lemma. Finally, we present a structure theorem for torsion
modules over Dedekind domains.

Proposition 1.2.44. Let R be a commutative ring and let M, N be R-modules. Let
S C R be a multiplicatively closed set. If M 1is finitely presented then

S~ Hompg(M, N) = Homg-15(S™'M,S™IN)
as STIR-modules.

Proof. To ease notation, we denote S~! as (e)’, for example R’ := S™'R. As M is
finitely presented, there exist m,n > 0 such that R™ — R™ — M — 0 is exact.
Recall that localization is exact, or that localization can be seen as R’ ® g — and so
(R™) = (R")™ for any m, then

R"™ - R"— M — 0 exact = (R)"™ = (R)" - M' — 0 exact

where we now have a sequence of R’-modules. Now we apply the contravariant
Hompg/(—, N') to the previous equation and use that the functor is left-exact.

0 — Homp/(M’, N') — Homp ((R')", N') — Homp/ ((R')"™, N') exact

Note that Homp/ ((R)", N') = (N')", since any R'-linear map from (R')" to N’
is determined by an element of (N’)™ associating each component to the image of
e; = (0i5), i =1,...,n. Thus, we obtain the sequence

0 — Homp (M',N') — (N')" — (N’)™ exact (1.3)

Let us go back to the exact sequence R™ — R" — M — 0. Now we start taking
the contravariant functor Homp(—, N) and obtain

0 — Hompg(M, N) — Hompg(R", N) — Homg(R™, N)
Again, Homp(R", N) =2 N™ and we can take the localization at S obtaining
0 — Homp(M,N) — (N)* — (N")™ (1.4)
Joining the sequences in equations (1.3) and (1.4) we obtain the diagram

0 —— 0 —— Homp(M,N)Y —2— (N')» —— (N')™
Jld
0 ——

0
yd ¢ e e (1.5)
0

s Homp (M, Ny —Y— (N"y» — & (N'y™
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It can be checked that the maps (N')™ — (N')™ are the same in both rows. The
map @ can be obtained using the universal property of the tensor product by taking
@ : R x Homg(M,N) — Hompg/ (M', N’) such that @¢(a/s,a)(b/t) = (a/st)a(b).
This is clearly bilinear and balanced, inducing ¢. To see that the remaining square
commutes, we use the tensor product interpretation of localization. Note that

o(58a)= Mo (Soa)|@i=7 o (@on())

where g : R" — M is the morphism given by the finite presentation of M and
g« = Homp(g, N). Furthermore, ¥(5) = (8o (Id ® g))(e;)i, so all together

a a
Wop) (S@a)=¢(S®a)odeyg)| (e

Considering the elements of Hompg (M', N') as maps R’ ® g M — R’ ®@p N then
v(a/s,a) = (a/s)Id ® a by definition. So

a a a

(Wop) (S@a) =2 ((aeg)(e)) =9 (S ®a)

s s s

So it commutes. By the Five Lemma, ¢ is an isomorphism. O

We proof the following equivalent statement of Nakayama’s Lemma.

Lemma 1.2.45 (Nakayama). Let M be a finitely generated R module and I C J(R)
an ideal contained in the Jacobson radical of R.

(i) If IM = M then M = 0.
(ii) If M = IM +a1R+ -+ apR for some a; € M then M = a1 R+ --- + a,R.

Proof. (i) Consider M # 0 is finitely generated, let aq,...,a, be a minimal set of
generators of M. Then Y ;" ajr; = ap for some r; € I but then an(l —ry) =
Z?:_ll a;r; and 1 —r, is invertible since 7, € J(R), so a, is an R-linear combination
of a; fori =1,...,n—1 contradicting the minimality of the generator set. So M = 0.

(ii) Let N = a1R+ --- + apR, then M = IM + N. Consider the quotient
M/N = (IM + N)/N = IM/N and so by (ii) we have M/N =0, thus M = N. O

We now present the well-known structure theorem for torsion modules over
Dedekind domains.

Theorem 1.2.46 (Jordan decomposition). Let R be a Dedekind domain. Let M
be a finitely generated R-module, then there exist prime ideals p; for 1 < i < n for
some n > 1 and natural numbers my, ..., my > 1 such that

M=P R/p;m (1.6)
=1
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Letk>1,4; >1 for j=1,...,k and consider prime ideals q; for j =1,...,k such

that
k

~ MR/, ~MR ,
M =@ m =@ (.7)
=1 j=1
then k = n and there exists a permutation o € Sy, such that p; = qg;) and m; = Ly ;)

foralli=1,...,n.

We refer the interested reader to [6, Chapter 10], where a full description of the
proof and necessary concepts is given. In particular, the presented theorem is [6,
Theorem 10.3.9] and its proof is given in section [6, §10.3.4].






Chapter 2

Non-Noetherian rings and
modules

This chapter aims to introduce definitions and properties describing rings and
modules without the Noetherian property. Many of the rings and modules intro-
duced in the previous section require properties that are too strong to be satisfied
by most non-Noetherian structures.

The first section is devoted to introducing definitions and the interplay between
the newly introduced structures. The philosophy of the section essentially reduces
to proposing new definitions, imposing similar conditions to those of Chapter 1, but
only requiring them to be satisfied for the finitely generated ideals or modules.

In the second section, we strive to present and prove characterizations of finitely
presented modules over valuation rings and Priifer domains. These results are mostly
due to Warfield [28] and have been adapted by Fuchs and Salce in the book [12].
This section serves as a mostly self-contained approach to Warfield’s structure theo-
rems, providing the necessary preliminaries and proving the results with great detail.

Throughout this chapter, we assume R is a commutative ring with unit.

2.1 From Priifer domains to semi-hereditary rings

2.1.1 Priifer and Bézout domains
The first type of ring we introduce is a generalization of Dedekind domains.

Definition 2.1.1 (Priifer domain). A ring R is a Prifer ring or Prifer domain if
it is a domain and for any maximal ideal m the localization Ry, is a valuation ring.

Remark 2.1.2. Dedekind domains are obviously Priifer domains. But not all Priifer
domains are Dedekind.

Lemma 2.1.3. Let R be a Noetherian ring, R is a Prifer domain if and only if R
is Dedekind.

23
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Proof. We need only show that Noetherian Priifer rings are Dedekind. If R is
Noetherian and m is a maximal ideal, Ry, is Noetherian. A Noetherian valuation
ring is a DVR (Proposition 1.1.31), so R is Dedekind. O

Many properties from Dedekind rings generalize to Priifer domains, for instance,
the following lemma is analogous to Proposition 1.2.23(ii).

Lemma 2.1.4. A ring R is a Priifer domain if and only if all its non-zero finitely
generated fractional ideals are invertible.

Proof. See [12, Theorem III.1.1]. O

The following is a generalization of Krull-Akizuki’s Theorem 1.1.37 and motivates
an example of a non-noetherian Priifer ring.

Theorem 2.1.5. Let R be a Priifer domain and Q(R) its fraction field. Consider
an algebraic extension K/Q(R), then if S denotes the integral closure of R over K,
S is Priifer.

Proof. See [12, Theorem III1.1.2]. O

Example 2.1.6. We cite some concrete examples of Priifer domains that are not
Dedekind domains:

(i) The subring of C of algebraic integers, i.e. the ring of complex roots of all

f(x) € Zlz].
(ii) The ring of homolorphic functions f : C — C (entire functions).

(iii) The subring of Q[z] of integer valued polynomials, i.e. the ring defined as
R = {p(x) € Q[z] | p(n) € Z for all n € Z}.

These comprise Examples 1.3, 1.4 and 1.5 of [12, §III.1]. The third example is of
special interest, Brizolis proved in [5, Theorem S| that it is Priifer.

We now introduce a generalization of principal ideal domains.

Definition 2.1.7 (Bézout ring). A ring R is a Bézout ring if any finitely generated
ideal is principal. If R is a domain, we say it is a Bézout domain.

Example 2.1.8. PID’s and valuation rings (Lemma 1.1.19) are Bézout. Any non-
noetherian valuation ring is an example of a Bézout domain that is not a PID.
By Proposition 1.1.31, it is enough to construct a non-discrete valuation. Let k
be a field and consider k(x,y) = Q(k[z,y]). Consider Z? with the lexicographic
ordering and the valuation v : k(z,y) — Z2, given by v(c) = (0,0) for all ¢ € k,
v(z™) = (n,0), v(y™) = (0,n) for any n € Z and for any polynomial f(z,y) € k[x, y]
with monomials f; define v(f) = min{v(f;)}. Finally, take v(f/g) = v(f) — v(g).
The ring defined by R, is a non-Noetherian valuation ring.
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Lemma 2.1.9. Let R be a Bézout domain, then R is Priifer.

Proof. Any finitely generated fractional ideal of R is principal, so it is invertible.
Thus Lemma 2.1.4 implies R is a Priifer domain. 0

So Bézout domains are a particular type of Priifer rings.

Example 2.1.10. We give non-Noetherian examples of a Bézout domain and a
Priifer ring that is not Bézout.

(i) The subring A of C of algebraic integers, introduced in Example 2.1.6(i), is
Bézout by the Principal ideal theorem [20, Theorem VI.7.5], which states that
in the Hilbert class field H of a number field k, any ideal of Op = ANk becomes
principal. Thus, given any finitely generated ideal I C A with generators
ai,...,an, consider the number field £k = Q(ay,...,a,), then I C O and
10y C A is principal.

(ii) The ring of integer-valued rational polynomials (Example 2.1.6(iii)) is not
Bézout, as (n,z) for some n € Z is not principal. In fact, Gilmer and Smith
showed in [15, Theorem 4.2] that any finitely generated ideal of this ring is
2-generated. This is a property that Dedekind domains have, see Proposi-
tion 1.1.36, but does not translate to all Priifer domains, see for instance the
example of Schiilting in [26].

The following proposition allows us to identify more Bézout domains from Priifer
rings.

Proposition 2.1.11. Let R be a semi-local Priifer domain, then R is Bézout.

Proof. Let my,...,m, be the maximal ideals of R. It is enough to show that any
2-generated ideal can be reduced to a principal ideal. Let a,b € R and I = aR+bR.
Since Ry, are valuation rings for ¢ = 1,...,n, ideals are totally ordered, meaning
aRm; < bRy, or bRy, < aRy,. Up to areordering the maximal ideals, we can choose
an integer k > 1 such that aRn;, < 0Ry, for alli =1,... k and bRy, < aRy, for the
rest. This implies IRy, = bRy, for ¢ < k and IRy, = aRy, for the rest.

By the prime avoidance Lemma 1.1.38, there exist elements ¢; € m;\ |J; £ M.
Let r = ¢1---c; and $ = cg41 - -, note that r € m; if and only if ¢ < k£ and
similarly, s € m; if and only if ¢ > k+ 1. Consider ¢ = ra+ sb, then for all 1 <i <n
we have cRy, < IRy,. If i <k then s ¢ m;, r € m;, so s is invertible in Ry, and
r € mjRy,. Now a = ba for some a € Ry, so ¢ = (ra+ s)b and ra + s must be a
unit, so cRy, = [Ryn,. We can make the same argument for ¢ > k£ 4 1 exchanging
the roles of a and b, so cRy; = I Ry, for all maximal ideals, thus I = cR. O]

2.1.2 Elementary divisor domains

We now introduce a generalization of unique factorization domains. This will
allow us to talk about greatest common divisors in more general settings.
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Definition 2.1.12 (GCD domain). A ring R is a GCD domain if for every pair of
elements a,b € R there exists d € R such that d | a,b and, if ¢ | a,b then ¢ | d. We
denote d = ged(a, b).

Remark 2.1.13. Tt is readily seen that usual properties of the ged hold over GCD
domains.

Example 2.1.14. All UFD’s are obviously GCD domains. Furthermore, valuation
rings are also GCD domains by the total ordering of the ideals.

Lemma 2.1.15. Let R be a Bézout domain, then R is a GCD domain.

Proof. Let a,b € R, then let d € R such that aR+bR = dR, note that d | a,b. Then
let ¢ € R such that ¢ | a,b, meaning there exist r,s € R with a = ¢r, b = sc, then
a,b € cR so dR C cR, thus ¢ | d. O

Example 2.1.16. Not all GCD domains are Bézout, in the same sense that not
all UFD’s are PID. For a non-Noetherian example, take the polynomial ring over
countably infinite variables k[z1,...] over a field k. It is a GCD domain, since given
two polynomials f, g we can reduce to the subring containing only the variables of
f and g, which is a UFD.

In the same way that we study matrices over PID’s, we may want to asses their
behavior over their generalizations, so over Bézout domains. In particular, we will
see that matrices are related to finite presentation of modules, and their “reduction”
allows for a description of these types of modules.

Definition 2.1.17 (Diagonal matrix). Let A = (a;;) be an n x m matrix over a
ring R. We say it is diagonal if a;; = 0 for all @ # j.

Definition 2.1.18 (Diagonal reduction). Let A be an n x m matrix over a ring R.
We say A admits a diagonal reduction over R if there exist invertible square matrices
P, Q of dimensions m and n respectively such that D = PAQ is a diagonal matrix
with diagonal entries d; such that d; | d;j1 for all i = 1,... , min(n, m).

Armed with this concept, we can start by seeing how this applies to Bézout
domains.

Proposition 2.1.19. Let R be a domain, the following are equivalent:
(i) R is a Bézout domain.
(ii) All diagonal matrices over R admit a diagonal reduction.

(iii) For every 1 x 2 matrix (a,b) there exists an invertible 2 x 2 matriz Q such that

(a,0)Q = (d,0) for some d € R.

(iv) Every row matriz admits a diagonal reduction.
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Proof. (i) = (ii): Let R be a Bézout domain and let A be a diagonal n x m matrix.
We proceed by induction on the length of the diagonal ¢ = min(n, m).

If £ =1, then it trivially is in a reduced form. Suppose diagonal matrices admit
a diagonal reduction length ¢ — 1, and consider A diagonal of length ¢/, meaning
either n = £ or m = ¢. We can separate the matrix by blocks in diag(ai, A’)
with A’ an (n — 1) x (m — 1) matrix, so of diagonal length ¢ — 1, by induction
hypothesis A’ admits a diagonal reduction D’ = diag(d,, . .., d}), we can thus reduce
diag(ay, A’) to diag(a1,D’). Since R is a GCD domain and all its finitely generated
ideals are principal, we have d = ged(a1,d) and d = ayr + dys for some r,s €
R. Moreover, there exist a},d2 € R such that a; = daj. Then diag(a;,d)) can
be transformed through elementary transformations into diag(d, —a)d}), we briefly
describe the steps:

<a1 O>'_><a1 O>r—><0 —a'ld'2>’_><d df >’_><d 0 )

0 d, d d, d dj 0 —adid, 0 —did,

where in the first step we use d = ajr + dhs. Then we can transform diag(a;, D’)
into diag(d, —a\dy,d5, ..., dy) and since d | dy and d, | d} for all i = 2,...,¢, we can
apply the induction hypothesis on diag(—a)dh, d5, ..., d};) once again and reduce A
to diag(d, da,ds, . ..,dy) where d | dy so the matrix is in reduced diagonal form.

(i) = (i): Suppose all diagonal matrices admit a diagonal reduction, then
given any a,b € R the matrix diag(a,b) may be reduced to diag(c,d) where ¢ | d
and aR 4+ bR = cR 4+ dR = cR, so all finitely generated ideals are principal.

(i) <= (iii): Let a,b € R be Bézout, then aR + bR = dR with d = gcd(a,b) and
we can write a = da’, b = db’. In turn, ged(a’,b’) = 1 so there exist r,s € R such
that a’'r +b's = 1. Then consider the matrix

Q= <T _I,)/> , (a,b)Q = (ar + bs, —ab' + a'b) = (d,0) (2.1)

s a
The determinant of the matrix is 1, so it is invertible. Taking the same steps in the
opposite direction gives the reverse implication.

(iii) <= (iv): That (iv) implies (iii) is obvious. Assume (iii), then proceed by
induction on the number of columns. For m = 1 columns the matrix is already diag-

onal reduced. Suppose the statement holds for m — 1 columns, let A = (aq,...,a,)
be the matrix to be reduced. By induction hypothesis, there exists an invertible
matrix Q' such that (ag,...,a,)Q" = (b,0,...,0). Note we can omit a matrix P’

in front since it is just multiplying by a scalar and we are in a domain. Consider
Q = diag(1,Q’), then AQ = (a,b,0,...,0). Now by assumption there is a 2 x 2
matrix Q” that reduces (a,b) to (d,0), so we are done. O

We can only guarantee reduction over a Bézout domain when the matrices are
already in diagonal form. However, we can consider the class of rings in which all
matrices admit reductions.
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Definition 2.1.20 (Elementary divisor ring). Let R be a ring, we say R is an
elementary divisor ring or EDR if any matrix admits a diagonal reduction over R.

Remark 2.1.21. By the previous Proposition 2.1.19, EDR domains are Bézout do-
mains. It is currently an open question whether there are Bézout domains that are
not EDR domains. However, it is known that not all Bézout rings are EDR, see the
examples in [13, §3, §4].

We can now characterize the subclass of Bézout domains that are EDRs.
Proposition 2.1.22. Let R be a Bézout domain, the following are equivalent:
(i) R is an elementary divisor domain.
(ii) All 2 x 2 matrices over R admit diagonal reduction.

Proof. (i) = (ii): By definition of EDR.

(i) = (i): Let A be the n x m matrix to be reduced. Proceed by induction
on the number of rows n. Note that we may assume that n < m, otherwise we can
simply transpose the matrix and use the same procedures.

Case n = 1 is direct by Proposition 2.1.19. Suppose matrices with n—1 rows can
be reduced. We want to reduce A = (a;;). Consider A’ the lower right matrix of
size (n—1) x (m—1) of A. By induction hypothesis we may reduce A’ to a diagonal
reduced matrix D’ and transform A itself. We can now exchange the first row and
first column with the second row and second column and repeat the reduction on
the same block. Finally, applying the assumption we can put the matrix in diagonal
form. Since R is Bézout, any diagonal matrix reduces, so we are done. The steps
are illustrated in the following equation.

. . a . d = 0 d x 0
A = ( il A’) — ( il D’) = * a1 * |—=|* do O
0 *x D" 0o 0 D”

where D’ = diag(d}), ¢ = 1,...,n and D" = diag(d) with i =2,...,n — 1 and D"
some diagonal matrix. O

Before proceeding to analyze the structure of finitely presented modules over
EDR domains, recall we have seen that when R is semilocal, Priifer and Bézout are
equivalent conditions, see Proposition 2.1.11. We wonder if the same might happen
with Bézout and EDR. We need a preparatory lemma first.

Lemma 2.1.23. Let R be Bézout and m a mazimal ideal of R. Let A, A’ be 2 x 2

matrices .
_fa b , _(a b
a=(e ) w=(0 o)

such that ged(a,b,e,d) = 1, a € m and aR C a'R,d’ ¢ m. Then A and A’ are
equivalent.
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Proof. First notice that by Proposition 2.1.19(iii), A is equivalent to a matrix A"
with o = 0 and a” = ged(a,b), thus aR C a”R. If o’ ¢ m, we are done setting
A’ = A”. Otherwise, without loss of generality, we may assume we start with b = 0.

Assume ¢ ¢ m, then let @’ = ged(a,c) and 'R = aR + cR, we can write a’ =
ax + by and notice that 'R ¢ m as ¢ € a’R. Since a = ra’ and b = sd’, note

1 = sx 4 ry, so the matrix
P <x y>
oS

is invertible and A’ = PA has first entry o’ ¢ m with aR C d'R.
Now assume ¢ € m, by hypothesis, aR + ¢cR + dR = R so d’ ¢ m, we transform
A by adding the second column to the first.

a 0 a 0
A= (285 )
and now ¢+ d ¢ m, so we reduce to the previous case. ]

Proposition 2.1.24. Let R be a semilocal Bézout domain, then R is an elementary
divisor domain.

Proof. By Proposition 2.1.22, it is enough to check that any 2 x 2 matrix admits a
diagonal reduction. The zero matrix is already reduced. Suppose

A

is a 2 X 2 non-zero matrix. By moving rows and columns we may assume a # 0.
Furthermore, we may assume gcd(a,b,c,d) = 1, as products by a scalar do not
affect the block structure of the matrix. As R is semilocal, there are finitely many
maximal ideals my,..., m,. If a is not contained in any, then it is a unit, so we
can easily transform A into a diagonal matrix. Up to reordering, we may assume
a €my,...,my for some k > 1. By Lemma 2.1.23, we can find an equivalent matrix
A, such that aR C a1 R and a1 ¢ m;. Note that a; may only be contained in some
of the mo, ..., myg, if a1 € my we can use the lemma again, otherwise we move on to
mg and so on. Thus, we repeatedly use the lemma to build a sequence of inclusions
aR C a1R C aoR C -+ C aiR where the a; are the first entry of some matrix A;
equivalent to A and a; ¢ m; for any j <i. Thus ay is invertible and Ay, can be put
in diagonal form:

ap by . 1 a,;lbk N 1 alzlbk N 1 0
Ck dk a;lck a;ldk 0 a,;ldk — a;zckbk 0 alzldk — agzckbk
0

Corollary 2.1.25. Let R be a semilocal domain. The following are equivalent:

(i) R is a Prifer domain.
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(ii) R is a Bézout domain.
(i1i) R is an EDR.

Proof. This is a collection of Proposition 2.1.11, Proposition 2.1.24, Lemma 2.1.9
and Remark 2.1.21. ]

To close this discussion on elementary divisor domains, we present a characteri-
zation of finitely presented modules over EDR domains. To do so, we first need to
relate finite presentations with matrices over R.

Definition 2.1.26. Let R be a domain, let M be a finitely presented R-module

with a presentation R™ % R" — M — 0 with ¢: R™ — R". Let {z1,...x,} and
{y1,...,ym} be bases for R™ and R™ respectively. Then the n x m matrix A = (a;;)
associated to the R-linear map ¢ is called a presentation matriz or relation matriz
and it is described by

o(y;) = Zaijxi forallj=1,...,a; €R (2.2)
i=1

Remark 2.1.27. Note that changing the basis choice for a presentation matrix cor-
responds precisely to taking a product PAQ for some P, Q invertible matrices.

Theorem 2.1.28. Let M be a finitely presented R-module where R is an EDR
domain. Then M = @, C; for some n > 1 and C; = R/d; R where d; | diy1 for
alli=1,...n—1andd,RCd, 1RC--- CdiR.

Proof. Let R™ AR M —>0bea presentation of M and ¢ = min(n, m). Let A
be a presentation matrix of ¢. Since R is an EDR, it admits a diagonal reduction,
so we may choose basis {z1,...,z,} and {y1,...,ym} of R™ and R™ respectively
under which D = diag(dy,...,dy) is a n x m presentation matrix of ¢ with d; | d;41
for all i = 1,...,¢ — 1. Note that ¢(y;) = djz; for any j < £ and ¢(y;) = 0 for
j > £+ 1. From the presentation exact sequence we get M = Coker(¢). If £ < n,
define d; = 0 for j = ¢+ 1,...,n and then

n n l n
m¢=@Pd;R — M=Cokero =P Ey p=@PFype G r (23

=1 j=1 j=1 j=t+1

so we get the statement. The chain d,R C d,_ 1R C --- C diR is direct from
di | digq for j=1,...,0 and dj =0 for j > /. O
2.1.3 Semi-hereditary rings

To end the section, we return to our process of generalizing rings. We introduce
a generalization of hereditary rings alongside important characterizations.
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Definition 2.1.29 (Semi-hereditary ring). We say R is semi-hereditary if any
finitely generated ideal of R is projective.

The following results were initially presented by Endo in [10], and relate semi-
hereditary rings with certain homological properties.

Theorem 2.1.30 (Endo). Let R be a ring, the following are equivalent.
(i) R is semi-hereditary.
(i1) wed(R) < 1 and wgd(Q(R)) = 0.

(iii) Q(R) is reqular and Ry is a valuation ring for any mazimal ideal m.

(iv) Any torsion-free R-module M satisfies wdr(M) = 0.

Proof. (ii) <= (iii) Direct by Proposition 1.2.42, Theorem 1.2.43 and Lemma 1.2.41.
The proof is quite involved for the rest of equivalences, so we skip them. See [10,
Theorem 2] for (i) <= (ii) and [10, §5, Theorem 5] for (ii) <= (iv). O

Corollary 2.1.31. A domain R is semi-hereditary if and only if it is Priifer.
Proof. Follows directly from the definition and Theorem 2.1.30. 0

Remark 2.1.32. This is analogous to how all hereditary domains are Dedekind do-
mains.

Theorem 2.1.33 (Endo). Let R be a ring, the following are equivalent.
(i) R is a direct product of Priifer rings.

(ii) wgd(R) <1 and gd(Q(R)) = 0.
(iii) Q(R) is semisimple and Ry is a valuation ring for any mazimal ideal m.

(iv) Any finitely generated torsion-free R-module is projective.
Proof. We only need to prove (i) <= (ii) and (ii) <= (iv):

(i) = (ii): Take R = Ry X --- X R, for n > 1. Since Priifer rings are domains,
the total quotient ring of R is a product of fields, so it is semisimple. The structure
of the maximal ideals is given in Proposition 1.1.39, consider m; a maximal ideal
of R; and denote its associated maximal ideal in R as m, then Ry = (R;)m,. Since
R; is Priifer, (R;)m, is a local valuation ring, so wgd(Ry) < 1. By Lemma 1.2.41,
wegd(R) < 1.

(ii) = (i) If gd(Q(R)) = 0 then Q(R) is semisimple, meaning it is a finite
product of fields. Thus, R is a finite product of domains. wgd(R) < 1 implies Ry, is
a valuation ring for any maximal ideal m so R is a finite product of Priifer rings.

(ii) <= (iv): See [10, §5, Corollary]. O

Corollary 2.1.34. Let R be a direct product of Prifer rings, then R is semi-

hereditary.

Proof. By Theorem 2.1.33(ii), wgd(R) < 1 and gd(Q(R)) = 0, thus wgd(Q(R)) =0
and by Theorem 2.1.30, R is semi-hereditary. 0
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2.2 Wartield’s structure theorems

In this section we aim to introduce two structure theorems for finitely presented
modules over valuation rings and Priifer rings respectively. We start introducing
four new types of modules. The study of these modules is required to obtain the
structure theorems we desire.

Definition 2.2.1 (Cyclic module). Let M be an R-module, M is cyclic if it is
generated by a single element.

Lemma 2.2.2. Let M be an R-module, M is cyclic if and only if M = R/I for
some tideal 1.

Proof. Suppose M is cyclic, then zR = M for some x € M. Define ¢ : R — M as
¢(r) = zr, notice Ker(¢) = Anng(x) and ¢ is surjective, thus M = R/ Anng(z).
Now let I be an ideal and M = R/I then M = (1 + I)R. O

Definition 2.2.3 (Cyclically presented module). Let M be an R-module, we say it
is cyclically presented if it is cyclic and M = R/I with I principal.

Corollary 2.2.4. Let R be an EDR domain. A finitely presented R-module M is
the direct sum of cyclically presented R-modules.

Proof. By definition and Proposition 2.1.28. O

We proceed to study two types of submodules that, as will be seen, control the
structure of a module over R when R is a valuation ring, EDR domain or Priifer
ring.

Definition 2.2.5 (RD-module). Let M be an R-module, N C M an R-submodule
is relatively divisible or an RD-module if rN = N NrM for all r € R.

Lemma 2.2.6. Let M be an R-module, N C M an R-submodule. N C M 1is an
RD-module if and only if for any a € N, r € R the equation rx = a has solutions in
x € N if it is solvable in M.

Remark 2.2.7. If N is a direct summand of M, then N is an RD-module. If rx = a
with x € M, a € N and r € R then, since M = N & S, we can write x = xny + xg
sorry +rxg=a € N sorxg =0. Thus, xy solves the equation and xy € N.

The concept of RD-module may be generalized through the previous character-

ization.

Definition 2.2.8 (Pure module). Let M be R-modules, N C M an R-submodule
is pure if every finite system of equations

i1 T2 o Tim x1 ai
21 T22 -+ Tom 1) ag

211 (2.4)
™1 Tn2 - Tnm Tm an
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with 7;; € R, unknowns z; and a; € N, has a solution in N when it is solvable in

M.

Remark 2.2.9. Pure modules are in particular RD-modules. Furthermore, direct
summands of M are pure by a similar reasoning to the RD case. In the sequel, we
will see that in our context, i.e. over Priifer domains, the RD property is equivalent
to the pure property.

The following characterization of purity is an analogy to the definition of RD.

Lemma 2.2.10. A submodule N of M is pure if and only if for every pair m,n > 1
and every m x n matriz T = (t;;) with t;; € R

TM™NN" = TN" (2.5)

where M™ is the direct sum of m copies of M interpreted as column vectors. Simi-
larly for N™ and N™.

Proof. The elements of TM™ represent the LHS of Equation 2.4 while N™ represents
the RHS. Thus, TM™ N N™ are the elements of N™ such that Equation 2.4 has a
solution in M™. If these are exactly TIN™, then the systems that have solutions in

M™ also have solutions in N"*. Conversely, if N is pure, all systems with solutions
in M™ have solutions in N™, so TM™ N N"™ C TN™,. O

Corollary 2.2.11. Purity and relative divisibility are local properties.

Proof. If an R-submodule N of M is pure, then Ny, C M, is preserved by localization
being exact, and so purity (RD) descends. If all Ny, are pure in My, then by the
previous characterization (definition in the RD case) and the fact that localization
commutes with finite intersection, it follows that NNV is pure (RD). O

Pure and RD submodules can be viewed as properties of an exact sequence in
the following sense.

Definition 2.2.12. An exact sequence 0 — A = B — C' — 0 is pure-ezact (RD-
exact) if 1(A) C B is a pure module (RD-module).

This definition enables characterizations of pure and RD-modules in a homolog-
ical setting.

Lemma 2.2.13. An ezact sequence 0 — A = B — C — 0 is pure-ezact if and only
if for every finitely presented R-module M the functor Homp(M, —) preserves the
exactness of the sequence, meaning

0 — Hompg(M, A) — Hompg(M, B) - Homg(M,C) — 0
15 exact.

Proof. The proof is technical, so we omit it. See [12, Lemma 1.8.5]. O



34 Non-Noetherian rings and modules

Remark 2.2.14. Note that in the lemma, the module M acts as if it were a pro-
jective module but for a specific exact sequence (recall Proposition 1.2.18iii). For
convenience, we give a name to this kind of behavior.

Definition 2.2.15. Given an exact sequence 0 — A — B — C' — 0 of R-modules,
we say an R-module M has the projective property with respect to it if

0 — Homp(M, A) - Homgr(M, B) - Homgr(M,C) — 0

is exact. In particular, we say M is RD-projective (pure-projective) if it has the
projective property with respect to any RD-exact (pure-exact) sequence.

Remark 2.2.16. We have seen that a pure module is RD. A pure-exact sequence is
also RD-exact. However, a pure-projective module is not necessarily RD-projective.
If a module has the projective property for RD-exact sequences, then it also does
for pure-exact sequences, as they are RD-exact. However, having the projective
property for pure-exact sequences is not enough to be RD-exact, as there might be
non pure-exact but RD-exact sequences.

Lemma 2.2.17. An ezact sequence 0 — A = B 2 ¢ =0 is RD-ezact if and only
if every cyclically presented R-module has the projective property with respect to it.

Proof. Recall there is a natural isomorphism
Homp(R/rR,B) = Anng(r) ={be B | rb=0}

We focus on the map 7, : Annpg(r) — Anng/s(r) as C = B/A, m.(b) = p(b) =
b+ A. Suppose the sequence is RD-exact and take b + A € Annp,4(r). Note that
r(b+ A) = 0 implies b = a for some a € A. Then, by the RD property, there exists
a’ € A such that ra’ = a and so r(b — a’) = 0, note that 7.(b —a’) = b+ A so it is
surjective.

Assume 7, is surjective for any r € R. Consider the equation rx = a for some a € A
such that it has solution for some = € B. This equation reduces to r(z + A) = 0
modulo A, since 7, is surjective, there is some b € B such that rb =0 and z — b =
a’ € A. Then a = rz = r(a’ +b) = ra’ and so it has a solution in A. O

Remark 2.2.18. Lemma 2.2.17 shows that cyclically presented R-modules are RD-
projective. Lemma 2.2.13 shows finitely presented R-modules are pure-projective.

Our aim is to eventually describe the structure of modules over Priifer domains,
so we start analyzing the structure of modules over valuation rings. Before proceed-
ing to the result, we require a small lemma.

Lemma 2.2.19. Let L C N C M be R-modules such that L is an RD-submodule of
M and N/L is an RD-submodule of M /L, then N is an RD-submodule of M.

Proof. Note that rL =rM N L and rN/L =rM/LN N/L for any r € R. We need
to prove rM NN C rN, take ra € N such that a € M. By the second property, we
can choose b € N and ¢ € L such that ra = rb+¢. Now L =r(a—b) e rM N L so
¢ =rt for some ¢ € L, and finally ra =r(b+¢') € rN. O
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Proposition 2.2.20 (Fuchs-Salce). Let R be a valuation ring and M a finitely
generated R-module. There exists a finite chain of modules

0=MyC M C---CM,=M (2.6)
such that each M; is an RD-module of M and M;/M;_1 is cyclic for alli =1,...,n.

Proof. Let m be the unique maximal ideal of R (Lemma 1.1.19), since M is finitely
generated, the R/m-vector space M /mM is finitely generated.

Consider a;+mM, ... a,+mM a basis of M/mM. Then M = mM+a1R+---+
anR and J(R) =m,so M = a1 R+ -+ a,R by Nakayama’s Lemma 1.2.45. Using
the generators we can write Anng(M) = (), Anng(a;), and Anng(M) = Anng(a;)
for at least one j since the ideals of R are totally ordered (Lemma 1.1.19). We can
choose a; to be Anng(a;) = Anngr(M), furthermore, we can also choose it such
that all other elements of a1 + mM have the same annihilator. Otherwise, we could
simply change all the representatives of the basis and obtain a larger Anng(M).

We proceed to show that a; R is an RD-submodule of M. Suppose there exist
r,s € Rand x € M such that sR C R, r and 0 # ra; = sz meaning r ¢ Anng(M).
Let s = rp, p € m, note that we can choose p € m as otherwise it would be a unit and
sR C rR. Then ay — pxr € a; + mM is annihilated by r as ray — rpx = ra; — sz = 0.
Then r € Ann(a; — pr) = Ann(a;) but this contradicts ra; # 0. Hence a1 R is RD.

Now set M; = ajR. By the same process, M/M; has an RD-submodule of
the form (ag + M;)R for some az + My € M/M;. By Lemma 2.2.19 the preimage
My = ag M7+ M is also an RD-submodule of M and M, /M; is cyclic. This inductive
process may be carried until the generators have been exhausted. O

We are now almost ready to present Warfield’s structure theorem for finitely
presented modules over valuation rings. We must prove first a technical lemma.

Lemma 2.2.21. Let R be a valuation ring, then a finitely presented cyclic R-module
is cyclically presented.

Proof. If M is a finitely presented cyclic R-module then M = mR for some m € M.
Thus, ¢ : R — M with ¢(r) = ar is a surjection with Ker(¢) = Anng(a). We
have the short exact sequence 0 — Anng(a) - R — M — 0 and so Anng(a) is
finitely generated since R is finitely generated and M is finitely presented. As R is
a valuation ring, Anng(a) is principal and so M is cyclically presented. O

Theorem 2.2.22 (Warfield [28, Theorem 1]). A finitely presented module over val-
uation ring is a direct sum of cyclically presented modules.

Proof. Recall that the quotient of a finitely presented module M modulo a finitely
generated submodule is finitely presented. By Proposition 2.2.20, there is a sequence
of RD-submodules

O=MyC M C---CM,=M
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such that M;/M;_q are cyclic for all i = 1,...,n. In particular, M /M;_ is finitely
presented and cyclic, so it is cyclically presented by Lemma 2.2.21. By Lemma 2.2.17,
M /M, 1 has the projective property relative to RD-exact sequences, so the RD-
exact sequence 0 — M,,_1 — M — M /M,_1 — 0 splits and M = M,,_1 ® M /M,,_1.
We may now repeat the process inductively for M, _; and obtain the full decompo-
sition. O

Using the description of finitely presented modules over valuation rings, we can
now proceed to analyze its consequences for Priifer rings.

Theorem 2.2.23 (Warfield [29]). Let R be a Prifer domain, let N C M be R-
modules. N is an RD-submodule if and only if N is a pure submodule.

Proof. 1t is clear that any pure module is RD. By Corollary 2.2.11, we can reduce to
studying the local case. Since R is Priifer, we may reduce to R being a valuation ring.
We proceed to show that any RD-exact sequence 0 - A — B — C — 0 is pure-
exact. By Lemma 2.2.13, it is enough to show that any finitely presented module M
has the projective property with respect to it. Using Warfield’s Theorem 2.2.22 for
valuation rings, we know that M = ;" | M; is a direct sum of cyclically presented
modules. By Lemma 2.2.17, all M; have the projective property with respect to
the sequence, so M also satisfies it. Thus, by Lemma 2.2.13, the sequence is pure-
exact. 0

Remark 2.2.24. The previous statement essentially states that relative divisibility
and purity are equivalent over Priifer domains.

Using the previous theorem and Lemma 2.2.13, we deduce that finitely presented
modules over Priifer rings are RD-projective. Thus, we can reduce to describing the
structure of RD-projective modules.

Lemma 2.2.25. Let M be an R-module, then there exists an RD-eract sequence
0= N—C—> M — 0 where C is a direct sum of cyclically presented R-modules.

Proof. Consider the set {R/r;jR | j € J} of representatives of all cyclically presented
R-modules up to isomorphism. Denote them by C; := R/r;R. Consider A(M) =
Dics @¢j C; where ¢; is indexed by the elements ¢; € Hompg(Cj, M). Consider
the morphism ¢ : A(M) — M defined by

d((cio))icse) = > ¢ilcio,)

Note that the morphism ¢ is surjective. Indeed, for any m € M we can consider
r € Anng(m) and the cyclic module R/rR. There exists some ¢ € J such that
C; & R/rR and we have an R-linear morphism ¢’ : R/rR — M such that ¢'(1) = m.
Thus, there is a map ¥ € Homp(C;, M) such that (1) = m. Take ¢ € A(M) such
that it has all components zero except for j = ,¢; = 1, where it has a 1. Then

o(c) =m.
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Since ¢ is surjective the sequence 0 — V(M) — A(M) — M — 0 is exact where
V(M) = Ker(¢). By Lemma 2.2.17, to prove the sequence is RD-exact it is enough
to check that ¢, : Homp(Cj, A(M)) — Homp(Cj, M) is surjective for any j € J.
Let ¢ € Hompg(Cj, M) and consider the inclusion ¢y, : Cj — A(M) that sends Cj to
the copy in position . Then clearly ¢ o1, = . 0

Theorem 2.2.26. A module is RD-projective if and only if it is a direct summand
of a direct sum of cyclically presented R-modules.

Proof. By Lemma 2.2.17, we know cyclically presented modules are RD-projective.
It follows that the direct sum of cyclically presented modules is RD-projective and
so are its direct summands. Suppose now that M is RD-projective, by Lemma 2.2.25
there is an exact sequence 0 - N — C — M — 0 such that C is a direct sum of
cyclically presented modules. Since M is projective with respect to the sequence, it
splits, so M is a summand of C. O

Remark 2.2.27. The statements and proofs of Lemma 2.2.25 and Theorem 2.2.26
also hold exchanging RD by pure and cyclically presented with finitely presented.
See [12, Lemma VI.12.1, Theorem VI.12.2].

We are finally ready to prove Warfield’s structure theorem [28] characterizing
the finitely presented modules of Priifer rings.

Theorem 2.2.28 (Warfield [28, Theorem 3]). Let R be a Priifer domain, then every
finitely presented R-module is a direct summand of a direct sum of cyclic modules.

Proof. Suppose R is Priifer and M is a finitely presented R-module. Lemma 2.2.13
ensures M is pure-projective and, since R is Priifer, Theorem 2.2.23 guarantees that
purity and RD are equivalent, so M is RD-projective. The implication follows from
Theorem 2.2.26. O

Remark 2.2.29. Warfield also proved the converse statement, providing a character-
ization of Priifer rings. The interested reader may consult [12, Theorem III.3.3] for
its proof.

Remark 2.2.30. At no point throughout the proof of Warfield’s structure theorem
and its components have we used the “domain” property. In fact, Warfield originally
proved [28, Theorem 3] the previous result already omitting this hypothesis.

Warfield called rings that satisfy the same properties as valuation rings, except

for not being domains, as generalized valuation rings (recall Definition 1.1.21).

Definition 2.2.31. A ring R such that for all m C R maximal ideal the localization
Ry, is a generalized valuation ring is called a generalized Priifer ring.

Using the previous definitions Theorem 2.2.22 and Theorem 2.2.28 can be re-
stated as follows.
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Theorem 2.2.32 (Warfield [28, Theorem 1]). A finitely presented module over a
generalized valuation ring is a direct sum of cyclically presented modules.

Theorem 2.2.33 (Warfield [28, Theorem 3]). Let R be a generalized Priifer domain,
then every finitely presented R-module is a direct summand of a direct sum of cyclic
modules.



Chapter 3

Structure of admissible modules

This chapter is centered around the study of a new class of modules called
admissible. Burns, Daoud, and Liang introduced these modules in [7, §2] to study
Zy[[Z}]]-torsion modules, relevant to the budding field of non-Noetherian Iwasawa
theory. At the time of writing this chapter, the paper [7] is still a preprint undergoing
peer-review, so special care is taken in the description and analysis of the proofs.

The first section of this chapter is devoted to introducing pseudo-null modules
and the proof of a structure theorem for finitely generated Noetherian Krull do-
mains. This serves as a stepping stone towards the study of admissible modules, for
the proofs we provide for their respective structure theorems employ very similar
techniques. For a deeper discussion of these results, we refer the reader to [4, VII,
§4] and [21, V, §1].

The third section is devoted to the introduction of admissible modules and the
proof of a structure theorem for admissible modules due to Burns, Daoud, and Liang
[7, §2, Theorem 2.3]. The last section focuses on the connection between these re-
sults and the field of Iwasawa theory.

Throughout this chapter, we assume R is a commutative ring with unit. Given
an ideal I C R and S a multiplicatively closed set, we will denote the localization of

the ideal as IS~'R. At some points, we may abuse notation and, given S~'I, call I
its preimage under localization.

3.1 Pseudo-null modules and Noetherian Krull domains

We start this section exploring pseudo-nullity and pseudo-isomorphy. We later
use this notion to describe finitely generated modules over Noetherian Krull domains.

3.1.1 Pseudo-nullity of modules

We start introducing some notation to be used throughout this chapter.

39
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Definition 3.1.1. Let R be a ring and M and R-module, we define the following
sets of prime ideals of R:

(i) Spec(R) = {p C R| p is a prime ideal}.
(ii) P = {p € Spec(R) | ht(p) = 1}.
(iii) Pty = {p € P | p is finitely generated}.
(iv) Supp(M) = {p € Spec() | M, # 0}.
(v) P(M) = {p € P | (Msor)p # 0} = Supp(Msor) NP
Lemma 3.1.2. Let M be a finitely generated R-module. Then
Supp(M) = {p € Spec(R) | Anng(M) C p}

Proof. We prove that the complements of each sets are equal. If Anng(M) C p for
some p € Spec(R) then there exists » € Anng(M) N (R\p) and so r(m — 0) = 0 for
all m € M, meaning M, = 0.

If My =0 and ay,...,a, € M generate M, there exist r1,...,r, € R\p such
that r7,a; =0 and so r =ry ---ry, € Anng(M) N (R\p). O

Definition 3.1.3 (Pseudo-null module). Let R be a ring and M an R-module. We
say M is pseudo-null if M, = 0 for all p € P.

Proposition 3.1.4. Let M be a finitely generated pseudo-null R-module, the fol-
lowing are equivalent:

(i) M is torsion.
(i) My, =0 for all p prime ideals with ht(p) < 1.
(iii) Any prime ideal p such that Anng(M) C p satisfies ht(p) > 2.

Proof. (i) = (ii): If M is torsion then M ®pr Q(R) = 0. If ht(p) = 0, then p is
minimal, thus generated by an idempotent, and so all elements of p are zero divisors.
Thus, R, = 0 if R\p contains a zero divisor or R\p is the set of all non-zero divisors.
In both cases M ®r R, = 0.

(ii) = (i): If M, = 0 for all p with ht(p) = 0 then M ®p Q(R) = 0, since Q(R)
is the localization at the set of non-zero divisors.

(ii) <= (iii): Since M is finitely generated by some elements ay, ..., an, My =0
implies there exist s; € R\p such that s;ja; = 0. Then s = s1...s, € R\p as it
is multiplicatively closed and s # 0, so sM = 0. This implies s € Anng(M) ¢ p.
Conversely, given p such that ht(p) < 1 there exists some element s € Anng(M)
such that s ¢ p, and so sm = 0 implies M, = 0. O
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Remark 3.1.5. The concept of pseudo-null module is usually defined over integrally
closed Noetherian domains. In this context, the usual definition given for pseudo-
null module is one of the conditions (ii) or (iii) in Proposition 3.1.4. This is how it
is done in [4] and [21]. However, we have chosen to give a more general definition
like in [7], as we will need in this form in the next section.

Example 3.1.6. (i) If R is a Dedekind domain, then M a finitely generated
torsion module is pseudo-null if and only if M = 0. This arises from the fact
that all prime ideals of R have height at most 1 (Proposition 1.1.44).

(ii) Let R be a Noetherian domain and m a maximal ideal of R. Suppose ht(m) > 2,
then the R-module M = R/m is pseudo-null. Indeed, note that M is torsion
since Anngp(M) = m and R being Noetherian means M is finitely generated
as an R-module. Since Anng(M) is maximal and of height greater than 1, it
is pseudo-null.

As the name and previous discussion suggests, we can think of pseudo-null mod-
ules as being “close” to zero. This motivates the following definition.

Definition 3.1.7 (Pseudo-isomorphism). Let M, N be R-modules and f: M — N
an R-module morphism. We say f is pseudo-injective if Ker f is pseudo-null. We say
f is pseudo-surjective if Coker f is pseudo-null. We say f is a pseudo-isomorphism
if it is both pseudo-injective and pseudo-surjective.

Lemma 3.1.8. Let M, N be R-modules and f : M — N an R-module morphism.
f is a pseudo-isomorphism (resp. pseudo-injective, pseudo-surjective) if and only if
fo : My — Ny the morphism induced by localization at p is an isomorphism (resp.
injective, surjective) for every p € P.

Proof. The converse implication (<) is direct by definition. Implication (=) is
a direct consequence of the exactness of localization, as Ker(f), = Ker(f,) and
Coker(f), = Coker(fp). O

Lemma 3.1.9. Let M, N, K be R-modules and f : M — N, g : N — K be R-
module morphisms. If go f is a pseudo-isomorphism then f is pseudo-injective and
g s pseudo-surjective.

Proof. This follows directly from Lemma 3.1.8 and the functoriality of localization.
If go f is a pseudo-isomorphism then g, o f, is an isomorphism for all p € P and so
fp is injective while g, is surjective. ]

The following proposition provides examples of pseudo-isomorphisms.

Proposition 3.1.10. Let M be a finitely generated torsion R-module and let r € R,
r # 0 such that Supp(R/rR)NP(M) = @. Then the morphism , : M — M defined
by or(z) = rx is a pseudo-isomorphism.
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Proof. If p € P(M) then M, # 0 so by hypothesis p ¢ Supp(R/rR). Lemma 3.1.2
implies Anng(R/rR) € p, so r ¢ p. Thus, 7 is a unit in R, and so (¢,)p : My — M,
is an isomorphism.

If p € P\P(M) then M, =0 so (¢,), is trivially an isomorphism. O

Remark 3.1.11. In general, given a pseudo-isomorphisms there need not exist a
pseudo-isomorphism in the reverse direction. We will see later some cases when can
this happen (see Corollary 3.1.25). For now, we provide a counterexample.

Example 3.1.12. Consider K and algebraically closed field and R = K[X,Y] the
ring of polynomials in two variables over K. Consider the maximal ideal m = (X,Y),
by Example 3.1.6(ii) the inclusion morphism ¢ : m — R is a pseudo-isomorphism as
Ker: = 0 and Cokert = R/m. Note that Homp(R,m) = m and each ¢ : R — m is
determined by ¢(1) = f € m, so let us call ¢ such a map. Then Keryp; = 0 and
Imps = (f) € m. Thus, Coker pr = R/(f) is a torsion module and (f) cannot be a
maximal ideal. If f is irreducible then (f) is prime and Anng(Coker pf) = (f) is a
prime ideal of height 1 (or 0 if f = 0), so ¢ is not a pseudo-isomorphism. If f is
not irreducible, then there exist f1,..., f, irreducible polynomials with f = f; ... f,
and Anng(Coker ¢y) = (f) C (f1) so Coker ¢ is not pseudo-null.

Definition 3.1.13. Let R be aring and M, N be R-modules. We define the relation
~ over the class of R-modules as M = N if and only if there exists a pseudo-
isomorphism f: M — N.

As we have said, the Example 3.1.12 shows that = is not symmetric for general
R modules.

Lemma 3.1.14. The relation = is reflexive and transitive.

Proof. Reflexivity is obvious. Consider M =~ N, N = L, then there exist pseudo-
isomorphisms f : M — N and g : N — L. By Lemma 3.1.8 the morphisms induced
by localization at p € P are isomorphisms, and so is their composition. Using the
same Lemma we conclude transitivity. O

3.1.2 Structure of modules over Noetherian Krull domains

For the rest of this section we focus on rings which are Noetherian Krull do-
mains (NKD), that is, rings which are Noetherian integrally closed domains (recall
Definition 1.1.51 and Theorem 1.1.52(ii)). We will describe the structure of finitely
generated modules over NKD rings up to pseudo-nullity. Before we proceed to the
structure theorems, we introduce some preliminary results and notation.

Notation 3.1.15. Let M be an R-module, then we define the torsion-free module
Mtf = M/Mtor-

Lemma 3.1.16. A semi-local Dedekind domain is a principal ideal domain.
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Proof. A Dedekind domain is Priifer, by Proposition 2.1.11 a semi-local Priifer do-
main is Bézout. Moreover, a Dedekind domain is Noetherian and a Noetherian
Bézout domain is a PID. O

Lemma 3.1.17. Let R be an NKD, let p1,...,pn € P, n > 1 and consider the
multiplicatively closed set S = R\ Ug_, pi- Then SR is a principal ideal domain.

Proof. Tt is clear that S™'R is a semi-local domain with maximal ideals m; = p;S™'R
for 1 <14 < n. Since R is a domain and p; have height 1, m; are all the non-zero prime
ideals of ST R. Note that the localization (S7!R)y, 2 R, is a DVR as R is a Krull
domain and p; € P. Thus, SR is a Dedekind domain (Proposition 1.1.35(iii)) and
by Lemma 3.1.16, S~!'R is a PID. O

Our first objective is to prove that we can decompose a finitely generated module
M into Mo @ M;s via a pseudo-isomorphism. Since Mior ® Mip = Mior X Mg, we
start by giving one of the projections.

Proposition 3.1.18. Let R be a NKD and M a finitely generated R-module. Then
there exists an R-module morphism myor : M — Moy such that mior|p,,, S a pseudo-
isomorphism and there exists 1 € R such that Tior|p,,, = (m — rm) (i.e. it is a
homothety).

Proof. If Mior = 0 then myor = 0. If Mior # 0, since R is Noetherian and M is finitely
generated so is Mio;. Then Anng(M) # 0, and note that P(M) = {p1,...,pn} can
be defined as the set of prime ideals of height 1 containing Anng(M) (Lemma 3.1.2).
P(M) is finite, and possibly empty, as R is a Krull domain (Definition 1.1.51(iii)).
If it is empty, then Mo, is pseudo-null by Proposition 3.1.4, so we may take oy = 0
to be the morphism, since Ker(mor|as,,) = Mior is pseudo-null.

Suppose it is non-empty, then consider the multiplicatively closed set S =
R\U!; pi- Then S7'R is a PID by Lemma 3.1.17, and the structure theorem of
finitely generated modules over PID’s gives S™!M = S~ M;,. ® S~ My, so we may
consider the canonical projection my : M — M;,,. Now since M is finitely generated
and R Noetherian, M is finitely presented (Lemma 1.2.5), so by Proposition 1.2.44
we have

S~ Homp (M, Mio:) = Homg-1 (S~ M, S™ Mior) (3.1)

Using isomorphism (3.1), we conclude there is a morphism 7 : M — M, and sg € S
such that, abusing notation, mg = 35171 : S7IM — S~ M, is the projection to its
direct summand, i.e. s;'7|g 137, = Idg-1ys,... Thus, there exists s; € S such that
$1(7| My, — S0ldag,,,) = 0. Define 7wy = s17 and then note mor|artor = S1501d s, -
Finally, note that sos1 ¢ U;—; pi so Supp(R/(sos1)R) NP(M) = & so by Propo-
sition 3.1.10 Teor|as,,, is & pseudo-isomorphism. O

Remark 3.1.19. Note we have used the structure theorem of finitely generated mod-
ules over PID’s in the proof. Although not explicitly stated in Chapter 1, PID’s
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that are not fields are Dedekind domains (they have Krull dimension 1), so Theo-
rem 1.2.46 includes them. Finitely generated modules over a field are simply finitely
generated vector spaces and so they are free and classified by the dimension/rank.

We can now prove the following decomposition theorem.

Theorem 3.1.20. Let R be an NKD, let M be a finitely generated R-module. Then
there exists a pseudo-isomorphism f : M — Moy ® Ms.

Proof. Let mor : M — Moy be the projection morphism from Proposition 3.1.18.
Let my¢ : M — Mis be the canonical projection morphism, as My = M /M.
Now define the morphism f = (mor, i) : M — Moy @ M. By construction, the
following diagram commutes

0 —— Mior M >y My —— 0
ertorh\/[tor J/f JIthf (32)

0 —— Mioy —— Moy ® Myy —— My —— 0

Using the snake lemma, we get
0 — Ker mior| M., — Ker f — 0 — Coker mior|pg,,, — Coker f — 0 — 0
SO Ttor| M., Deing a pseudo-isomorphism implies f is a pseudo-isomorphism. O

Now we proceed to study the finitely generated torsion modules through pseudo-
isomorphisms. We start proving a uniqueness lemma.

Lemma 3.1.21. Let R be an NKD. Let (p;){_q, <Qj)§':1 be finite families of height 1
prime ideals of R, and (n;)5_,, (mj)§:1 be families of positive integers. Consider the
torsion R-modules M = @;_; R/p;" and N = @;:1 R/q;nj. Then if there exists a
pseudo-isomorphism f : M — N, then s =t and there exists a permutation o € S,
such that p; = qy(;), ni = Mg for all 1 <i <t.

Proof. Let f : M — N be a pseudo-isomorphism, by Lemma 3.1.8 for any p € P
the induced morphism f, : M, — N, is an isomorphism. Since R is an NKD, R, is
a DVR, in particular, a PID. Furthermore, p; R, # R, if and only if p; = p, as all
proper ideals of Ry, are powers of pR,,. Thus we restrict to p € (p;);_,, otherwise f, is
zero. This already shows that (p;);_; and (pj)§:1 contain the same prime ideals. To
see that they contain the same amount of copies of each ideal and that the powers
coincide up to reordering, we simply apply the uniqueness of the structure theorem
of finitely generated modules over PID’s to each f,. O

Before the main theorem, we require an additional technical lemma.

Lemma 3.1.22. Let M be a finitely presented torsion R-module and let N be an
R-module. Define the multiplicatively closed set S = R\ UpeP(M) p. If there exists
an isomorphism f : STIM — STIN of S™'R-modules then there exist a pseudo-
isomorphism g : M — N.
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Proof. Using the isomorphism from Proposition 1.2.44
S~ Hompg(M, N) = Homg-1/(S™'M,S™IN)

and the isomorphism f : S™'M — ST!N given by hypothesis, we can obtain a
morphism ¢ : M — N and s € S such that g = sf. To show g is a pseudo-
isomorphism, we proceed similarly to Proposition 3.1.10. If ¢ € P\P(M) then
My = 0. Furthermore, pRy = Rq if p € ¢, so Ny = 0 too and f; = 0 is an
isomorphism. Now if g € P(M) then (ST'R)q = Rq and s € R\q so it is invertible.
Thus, fy = s(fo)q is an isomorphism as fy is and s is invertible. Using Lemma 3.1.8
we conclude f is a pseudo-isomorphism. ]

Theorem 3.1.23. Let R be an NKD, let M be a finitely generated torsion R-module.
Then there exist families (p;)%_; and (n;)*_, with p; € P(M) and n; positive integers
for 1 < i < k, such that there exists a pseudo-isomorphism f : M — N where
N = @fﬂ R/p}". Furthermore, the families (p;)¥_, and (n;)%_, are unique up to
reordering.

Proof. Uniqueness has been proved in Lemma 3.1.21.

For existence, we may assume M = 0 an we proceed in a similar way as in
Proposition 3.1.18. Recall P(M) is finite and define the multiplicatively closed set
S = R\UL,p; where P(M) = {p;}";. Again, S7'R is a semi-local Dedekind
domain, so a PID (Lemma 3.1.16), with maximal ideals m; = p;S™!R, 1 < i <
n. Now S™'M is a finitely generated torsion S~!R-module, so we may apply the
structure theorem of finitely generated modules of a PID to obtain families ("%‘)?:17
(”%‘)?:1 and an isomorphism

k k k
o1 SR, _ mMSI'R, ~ o1 R, .
fo:STM @7 T =B Trgp= ST (D | 63)
j=1

j=1 j=1 7
Define N = @?:1 R/p;nj and so we have an isomorphism fy : S~'M — S™IN.

Using Lemma 3.1.22 we conclude there exists a pseudo-isomorphism f : M — N. [

Remark 3.1.24. Note that the p; appearing in N are exactly all the prime ideals of
P(M) (maybe with repetitions). Indeed, M ~ N implies M, = N, for all p € P
so, in particular, P(M) = Supp(M) NP = Supp(N) NP = P(N). Here we used
M = Mtora N = Nior.

Corollary 3.1.25. Let R be an NKD. The restriction of the relation = to the class
of finitely generated torsion R-modules is an equivalence relation.

Proof. Recall from Lemma 3.1.14 that the relation = is reflexive and transitive in
general. Assume R is an NKD and M, N are finitely generated R-torsion modules,
thus finitely presented (Lemma 1.2.5). Suppose M =~ N, then by Theorem 3.1.23
there exists a module E = EB?ZI R/p}" with p; € P(N) and n; positive integers
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for 1 < i < k such that N =~ FE. By transitivity M ~ F and by the previous
remark P (M) = P(N). Defining the multiplicatively closed set S = R\ Ugyep(ar) b

the proof of Theorem 3.1.23 guarantees the existence of isomorphisms S™1M =
S—'E =~ S~IN. Applying Lemma 3.1.22 we conclude N ~ M. O

3.2 Structure of admissible modules

For this section, recall R is a commutative ring with unit and recall all the no-
tation introduced in Definition 3.1.1. Furthermore, we will be working with rings
that are not necessarily domains, so we make use of the definitions of generalized
valuation rings and their Priifer counterparts as introduced in Definition 1.1.21.

The main objective of this section is to introduce admissible modules and prove
the structure theorem for finitely presented admissible modules, proved in [7, The-
orem 2.3] by Burns, Daoud, and Liang. We start by introducing the concept of
admissible module and its interaction with the Noetherian property.

Definition 3.2.1 (Admissible module). Let M be a finitely generated R-module.
We say M is admissible if it satisfies the following properties:

(A1) Let p € Spec(R) and F = {q € Spec(R) | ¢ C Usep(ary @} If p is maximal
over F, then R, is a valuation ring.

(A2) The set P(M) is finite and P(M) C Prg.

Remark 3.2.2. If P(M) is finite, property (Al) is equivalent to: if p € P(M), then
Ry, is a valuation ring. This is a consequence of the prime avoidance lemma 1.1.38.
Remark 3.2.3. Note that if R is Noetherian, P = Pg, and so property (A2) simplifies
to P(M) being finite.

Proposition 3.2.4. Let R be a Noetherian domain and M a finitely generated R-
module. The following are equivalent:

(i) M is admissible.
(it) Ry is a valuation ring for all p € P(M).

Proof. (i) = (ii): By (A2), we have P(M) is finite. The implication follows from
Remark 3.2.2.

(i) = (ii): Property (A2) follows from Proposition 1.1.50. Then by Re-
mark 3.2.2, the hypothesis implies (A1l). O

Remark 3.2.5. In particular, over an NKD all finitely generated modules are admis-
sible.

Rings over which all finitely presented modules are admissible are of special
interest.
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Definition 3.2.6. We say a ring R is admissible if Q(R) is semisimple and evey
finitely presented torsion R-module is admissible.

Remark 3.2.7. The choice of hypothesis for admissible rings will become clear later
in the context of Theorem 3.2.20.

Example 3.2.8. We provide some varied examples of admissible rings.

(1) By Remark 3.2.5, if R is a NKD then all finitely generated modules are ad-
missible and Q(R) is a field, so R is admissible.

(2) Let R be a UFD, so Q(R) is field, so semisimple. Then R is a Krull domain
where all height 1 prime ideals are principal by Theorem 1.1.52(vi), so P = Pj,.
Let M be a finitely generated torsion R-module, then P(M) = Supp(M)NP =
{p € P | Anng(M) C p} by Lemma 3.1.2. By Definition 1.1.51 of Krull
domain, this implies P(M) is finite, since any element of R is contained in
finitely many primes of P. Thus, by Remark 3.2.2, R is admissible.

(3) Consider R = Zp[[X1,...]] = yLan[[Xl, ..., X,]] the ring of power series in
infinitely many variables. Then, by a result of Nishimura [22, Theorem 1], R
is a UFD if R, = Z,[[X1,...,X,]] is a UFD for any n. Each R, is a UFD by
[4, VII §3.9, Proposition 8] as Z, is a DVR.

Following a similar structure as in the previous section, our first objective is to
prove that for a finitely presented admissible R-module M, we have M ~ My ® M.
Since we do not assume R to be a domain, we will require some additional conditions
on the total quotient ring Q(R). We start with a preliminary lemma.

Lemma 3.2.9. Let M be a finitely generated R-module satisfying property (A1) and
with P(M) # @. Consider the multiplicatively closed set S = R\ Uyep(ar) b-

(i) STIR is a generalized Priifer ring.

(ii) If Q(R) is semisimple, S~'R is a direct product of finitely many Priifer do-
mains.

Proof. We may assume P(M) # @ otherwise S™'R = 0.

Observe that the maximal ideals of S™'R are mS™'R where m C R is a prime
ideal maximal over the family F defined in property (Al). Thus, since M satisfies
(A1) the localization (S™'R)ug-1p is a valuation ring implying that S™!R is a
generalized Priifer ring.

If Q(R) is semisimple. Then we can apply Theorem 2.1.33 and conclude (ii). O

Remark 3.2.10. Since R is not a domain, we cannot guarantee that S~ R is a domain,
so in (i) we can only assert that it is generalized Priifer.

Theorem 3.2.11. Let R be a ring with Q(R) semisimple. Let M be a finitely pre-
sented R-module satisfying property (A1). Then there exists a pseudo-isomorphism
M = Mtor @ Mtf~
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Remark 3.2.12. The statement of the theorem includes admissible modules. How-
ever, property (A2) is not necessary for the proof, so we have opted for the more
general statement.

Proof. If P(M) = @ then Mo, is pseudo-null and so w : M — My is a pseudo-
isomorphism and so f : M — My & My such that f(m) = 04 7(m) is a
pseudo-isomorphism. If P(M) # @. Define the multiplicatively closed set S =
R\ UpeP(M) p. Then by Lemma 3.2.9 S™'R is a direct product of Priifer rings. By
Theorem 2.1.33(iv), the module S~!M;; is projective, so there exists an isomorphism
f:S7IM = S~ Mo, ® S~ My of S~'R-modules. We may apply Lemma 3.1.22 to
obtain M ~ Mo @ Mis. O

We can now proceed to work on describing the structure of finitely presented
admissible torsion modules. Before, recall the following results on modules over
products of rings.

Lemma 3.2.13. Let R; be 1 < i < n be rings and R = [[;_, R;. Let M be a module
over R, then there exist R;-modules M; such that M = H?:l M;. Furthermore, if N
1s another R-module with components N;, then M & N = H?:l M; ® N;.

Remark 3.2.14. In the context of the lemma, [] denotes the cartesian product with
the obvious module structure described in the proof.

Proof. 1t is enough to check for a product of two rings R = R; X Ry. Consider
the submodules M7 = (1,0)M, My = (0,1)M as sets. We can endow M; with
an R;-module structure via rym; = (r1,0)m; and romg = (0,72)mg. Then the
set (Mj, Ms) can be endowed with an R-module structure via (r1,r2)(mq, mg) =
(rimq,r9me) and componentwise addition. Clearly M and (M, Ms) are isomorphic.
This is obviously compatible with the direct sum as (ry,72)(M & N) = (ry,r2) M &
(7"1, TQ)N. ]

With this technical understanding, we can proceed to a first initial result.

Theorem 3.2.15 (Burns, Daoud, and Liang [7]). Let Q(R) be semisimple. Let M
be a finitely presented torsion R-module satisfying (A1) and with P(M) finite. Then
there exists a module N direct sum of cyclically presented modules and a pseudo-
isomorphism M ~ N.

Remark 3.2.16. This condition is slightly weaker than admissibility as we do not
fully require (A2) for the proof.

Proof. If P(M) = @ then M is pseudo-null and so M =~ 0. Assume P(M) #
@, by Lemma 3.2.9, ST'R is a finite direct product of Priifer rings, where S =
R\U,epan p- Let Ry, ..., Ry be rings such that STIR =TI, R;. Since P(M) is fi-
nite, the ring S~' R is semi-local. Thus, each component R; is a semi-local Priifer ring
by the description of the maximal ideals of R given in Proposition 1.1.39. By Corol-
lary 2.1.25, semi-local Priifer rings are semi-local EDR domains. Theorem 2.1.28
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provides a decomposition of each R; component of S~!M in a finite direct sum of
cyclically presented R;-modules, thus, there exist C;, 1 < i < n cyclically presented
R-modules such that S™1M = (4 ] S~1C; = S~I!N. Using Lemma 3.1.22 we can
raise the isomorphism to a pseudo-isomorphism M ~ N. ]

Remark 3.2.17. The final isomorphism of the proof may be exploited to show that
~ is an equivalence relation on the class of modules satisfying the hypotheses of
Theorem 3.2.15, for the finite direct sum of finitely presented modules is finitely
presented.

The former theorem already provides an interesting description of admissible
torsion modules. However, we have yet to make use of all hypotheses of admissibil-
ity. The following proposition sheds a light on how we may employ the remaining
hypothesis.

Proposition 3.2.18. Let R be a ring with Q(R) semisimple. Let M be an ad-
missible R-module with P(M) # @& and consider the multiplicatively closed set
S = R\ UpeP(M) p. Then S™'R is a direct product of finitely many Dedekind do-
mains.

Proof. By Lemma 3.2.9, S™'R is a finite direct product of Priifer domains. As M
is admissible, P(M) C P, by property (A2). Therefore, R\S is a union of finitely
many finitely generated prime ideals. In particular, S™!'R is semi-local. We now
claim that all prime ideals of S~ R are finitely generated. We prove the claim later
in Lemma 3.2.19. By Cohen’s Theorem 1.1.40, S™'R is Noetherian, and so are all
its direct product components. By Lemma 2.1.3, these components are Dedekind
domains. O

To finish the previous proof we follow on the claim.

Lemma 3.2.19. Let R be a ring and p1,...,pn finitely generated height 1 prime
ideals of R. Consider S = R\ U;—, pi and suppose SR is a finite direct product of
domains. Then all prime ideals of ST'R are finitely generated.

Proof. Let ST'R = H;nzl R; where R; are domains. Note that S™'R is semi-local
with maximal ideals m; = p;S~'R. By Proposition 1.1.39, all prime ideals of S~'R
are of the form q;(p) = R1 x--- X Rj_1 xpx Rj X -- X Ry, where p is a prime ideal of
R; for some 1 < j < m. Note that g;(0) is a prime ideal since R; are domains, and
it is obviously finitely generated by e; = (1,...,1,0,1,...,1) where the 0 sits in the
jth component. Suppose p # 0 is a non-zero prime ideal, then q;(0) C q;(p). Thus,
there exist prime ideals qq,q; of R such that q;(0) = qoS™'R and q;(p) = 1S~ R.
Furthermore, q;(p) is contained in some maximal ideal m; for some 1 < ¢ < n (by
prime avoidance lemma 1.1.38), so qo € q1 C p;. Since p; has height 1, q; = p; and
so q;(p) is finitely generated. O

We can now proceed as in Theorem 3.2.15 and use Proposition 3.2.18 to exploit
the structure of finitely generated modules over Dedekind domains.
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Theorem 3.2.20 (Burns, Daoud, and Liang [7]). Let Q(R) be semisimple. Let M
be a finitely presented admissible torsion R-module. Then there exist height 1 prime
ideals p; € P and e; > 1 natural numbers for 1 <i < n such that M ~ @;_, R/p;".

Proof. If P(M) = & then M is pseudo-null and so M ~ 0. Assume P(M) # &, let
S = R\U!, pi, by Proposition 3.2.18, the ring SR is a finite direct product of
Dedekind domains. By the structure theorem of finitely generated torsion modules
over Dedekind domains, i.e. Theorem 1.2.46, each component of S~ M is isomorphic
to a direct sum of modules of the form R’/q® where R’ is a component of S™'R, q is
a prime ideal of R’ and e > 1. Using the structure of prime ideals over products of
rings, we conclude that there exist prime ideals p; € P and e; > 1 natural numbers
for 1 < i < n such that S™'M = @, S'R/p{'S™'R. Using Lemma 3.1.22 we
obtain the desired pseudo-isomorphism. O

Remark 3.2.21. If R is an NKD, then the previous theorem recovers Theorem 3.1.23.

We finish this section providing a generalization of the last two theorems. Recall
form Theorem 3.2.11 that given a finitely presented R-module M it is enough for
it to satisfy (Al) and Q(R) semisimple to guarantee a pseudo-isomorphism M =
Mior @ M. We can work on a description of the torsion modules under these
hypotheses exploiting Warfield’s structure theorem.

Theorem 3.2.22 (Burns, Daoud, and Liang [7]). Let M be a finitely presented
torsion R-module satisfying (A1). Then there exist R-modules N and E such that
M ® N =~ FE and E is a finite direct sum of cyclically presented R-modules.

Proof. 1If P(M) = @ then M is pseudo-null and so M @& 0 ~ 0. Assume P(M) # &
and consider S = R\ UpeP(M)p' By Lemma 3.2.9 the ring S™'R is a generalized

Priifer ring. Thus, by Warfield’s structure theorem 2.2.33, there exists an S™!R-
module ST'N and a direct sum of cyclically presented R-modules E such that
STIM @ S7IN =2 S7'E. Let ¢ : ST'M @ ST'N — S~!E be the mentioned
isomorphism and ¢! its inverse. Consider the following maps:

b5 YY) sy 5N 2 51E,
W STESS ST M e STIN L sl

where 7 is the canonical projection onto S™1M.
Since both M and E are finitely presented, Proposition 1.2.44 guarantees the
following isomorphisms:

S~ Hompg(M, E) = Homg-1/(S™'M,S™1E),
S~ Homp(E, M) = Homg-15(S™'E, S~ M)

so there exist R-module morphisms 6 : M — E and 9’~ : E — M and elements
s,s' € S such that ¢ = 5710 and ¢/ = (s')7'¢’. Take N := Ker# and note that
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0’ 06 = ss'ldy; since Y’ 0o1) = Idg-1,;. Then by Proposition 3.1.10, €' 06 is a pseudo-
isomorphism and so by Lemma 3.1.9 we have Ker and Coker #’ are pseudo-null.
Furthermore, note that

0’ *
ss'Idg(ary : O(M) 00 N0, ()

and so by the same argument we conclude Ker ¢'|gypy = 0(M) N N is pseudo-null.
Notice that S~0(M) = o(S~'M) while SN = ¢(5~1N) by definition of 6 and 6.
The inclusion (M) + N — E induces an isomorphism S~1(8(M) + N) — S~'E as
localization is exact. Thus, by Lemma 3.1.22, the inclusion is a pseudo-isomorphism.
Then we have the short exact sequence

x—(z,x)
_—

0—s0(M)NN oMY@ N 07TV g 4+ N — 0

where the last morphism (z,y) — r — y is a pseudo-isomorphism. Again by
Lemma 3.1.22, the isomorphism STIN = ¢(S7'N) =2 S~!N induces a pseudo-
isomorphism x : N = N. We can concatenate the following pseudo-isomorphisms:

MaN Yo e N BTV g N E

obtaining the desired pseudo-isomorphism. O

3.3 Connection to Iwasawa theory

The aim of this section is to provide a connection between Theorem 3.2.20 on the
decomposition of torsion admissible modules and non-Noetherian Iwasawa theory.
To see the relevance of Theorem 3.2.20 in this number theoretical context, it is
convenient to first relate its analog over Noetherian Krull domains, Theorem 3.1.23,
and classic Iwasawa theory.

Throughout these sections, we continue to assume R to be a commutative unital
ring.

3.3.1 Classic Iwasawa theory

The main focus of classic Iwasawa theory is the study of Zjp-extensions and
Zp|[T)]-modules. Throughout this subsection, k will always denote a number field
unless stated otherwise.

Definition 3.3.1. Let k£ be a number field and ko, a Galois extension ko, /k. We
say koo/k is a Zy-extension if its Galois group Gal(kss/k) = (Zy, +).

Remark 3.3.2. We can see Z, extensions arise in the following way. Let kg = k£ and
consider a tower of fields

k=ko ChkiC Cho=|]kn
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with Gal(k,/k) = Z/p"Z and Gal(ks/k) = @Gal(k‘n/k). These fields k,, are
uniquely determined by the non-trivial closed subgroups of Z,, which are the ideals
p"Zy, and the index [k, : k] = p™. This is [30, Proposition 13.1].

The main example of a Zj,-extension arises from the cyclotomic extensions of a
number field.

Example 3.3.3. Let £ be a number field and p,~ be the group of all p"-th roots
of unity for n > 0. Then the extension k(pp~)/k is an infinite Galois extension.
Furthermore, Gal(k(ppe)/k) = T'x A where I' 2 Z, and A = 7Z/(p—1)Z if p is odd
or A = 7Z/27 if p = 2. This is due to the existence of an injective representation
X - Gal(k(upe)/k) = Z)0 and Z) = Zy x Z/(p—1)Z if p is odd and Zy = Zy x Z./2Z
if p = 2. Thus, we have a a subfield koo C k(ppe~) such that Gal(ks/k) =T and so
it is a Z,-extension. This is called the cyclotomic Z,-extension of k.

Iwasawa’s idea was to utilize Z,-extensions to study the ideal class groups Cl(k,)
of the k, in Remark 3.3.2. To do this, the appearance and study of Z,[[T']]-modules
was crucial. We introduce some of the main ideas in the sequel.

Definition 3.3.4. Let ko /k be a Z, extension and a decomposition into fields &y,
as in Remark 3.3.2. We denote by L,, the maximal unramified p-extension of k,,, by
H,, C L,, the maximal abelian extension inside Ly, and Hoo = J,;~¢ Hn-

Remark 3.3.5. The fields H,, are called the p-primary part of the Hilbert class field
of k,. Class field theory relates the ideal class group of each k, with H,. Mainly,
Cl(k,)(p) = Gal(Hy/ky), where Cl(ky,)(p) is the p-primary component of the ideal
class group, i.e. the unique p-Sylow subgroup of Cl(ky,).

Proposition 3.3.6. Let ko /k be a Z; extension with I' = Gal(kso /k) = Z,. Then
Gal(Hx/kx) is a Zp|[I']]-module, where Z,[[I']] is the completed group ring of T.

Proof (Sketch). Recall the extensions H,,/ky, are abelian by definition. Let T',, =
Gal(k,/k) and X,, = Gal(H,,/k,). We can extend any v € I';, to be 5 € Gal(H, /k).
Since X, is normal in Gal(H,,/k), conjugation by 7 induces an action on X,,. Since
X, is abelian, any choice of representative 4 when inducing produces the same
action, so I, acts over X,,. Thus, X, is a Z,[I'y]-module. Since X = Gal(Hoo/koo) =
lim Gal(H,/kn) we have X is a Zyp|[I']]-module. O

Iwasawa’s original approach (see for instance [16, §1-§5]) consisted in directly
studying these Z,[[I']]-modules. It is common to refer to A = Z,[[I']] as the Iwasawa
algebra and A-modules as Iwasawa modules. Moreover, Iwasawa’s approach was
greatly simplified by Serre [27], who realized that Z,[[I']] = Z,[[T]] for some variable
T.

Proposition 3.3.7 (Serre). There is a non-canonical isomorphism Zy|[I'|] = Z,[[T']
given by v +— 1+ T where v is a fired generator of the procyclic group I.

Proof. See [21, Proposition 5.3.5]. O
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Remark 3.3.8. Here ~ refers to a topological generator of I', in the sense that the
subgroup generated by «y is dense in I'. Since Z,, is topologically cyclic, i.e. procyclic
group, we know such a generator exists.

Thus, the Galois group X = Gal(Hs/kx) can be studied as a Z,[[T]]-module,
from now on, A-module. The advantage of this description is that Z,[[T]] is a
Noetherian Krull domain. Recall Theorem 3.1.23 provided a description of the
finitely generated torsion modules of a NKD.

Proposition 3.3.9. Let ko /k be a Zy-extension and consider Hy as in Defini-
tion 3.3.4. The Galois group X = Gal(Hs/kso) is a finitely generated torsion
A-module.

Proof. See [21, Proposition 11.1.4]. O

Using a description of the height 1 prime ideals of I' = Z,[[T]], it is possible to
further specify Theorem 3.1.23.

Definition 3.3.10. Let (R, m) be a Noetherian local ring with maximal ideal m. A
Weierstrass polynomial is a monic polynomial f(x) € R[z] such that all its coeffi-
cients ay, . ..anp—1 € m with n = deg(f).

Theorem 3.3.11. Let M be a finitely generated Iwasawa A-module. Then there
ezist irreducible Weierstrass polynomials f; € Zp[T| C A and naturals v,m;, nj,s,t
such that

s t

M~Na@Ame@PA/fY (3.4)
i=1 j=1

is a pseudo-isomorphism and the numbers r,m;,n;, s,t and ideals fjA are uniquely

determined.

Proof. By [21, Lemma 5.3.7], the prime ideals of height 1 in A are precisely pA
and fA for any f Weierstrass polynomial. By Theorem 3.1.20, there is a pseudo-
isomorphism M =~ My & M;ior. Applying Theorem 3.1.23 provides the pseudo-
isomorphism on the torsion part of the module. The fact that the torsion free part
is in fact pseudo-isomorphic to a free module A" is not true in general for NKDs,
but it is true for A-modules, see [21, Propositions 5.1.8, 5.1.9]. O

Remark 3.3.12. Recall that by Proposition 3.3.7, the isomorphism A = Z,[[[']] =
Zp|[T]] is not canonical, so the choice of Weierstrass polynomials in the decomposi-
tion given by Theorem 3.3.11 depends on the choice of generator.

Using Theorem 3.3.11 we can define the following objects.
Definition 3.3.13. With the notation in Theorem 3.3.11, we define
(a) rank(M) = r the A-rank of M,

(b) (M) =37, m; the Iwasawa p-invariant of M,



54 Structure of admissible modules

(c) AM(M) = 23:1 njdeg(f;) the Iwasawa A-invariant of M.
(d) chary (M) =T[;_, p™A H§:1 ™A the characteristic ideal of M.

Remark 3.3.14. The rank of an Iwasawa module and its Iwasawa invariants are
determined up to pseudo-isomorphism and are independent of the choice of generator
in the isomorphism Z,[[I']] = Z,[[T]]. See [21, Remark after Definition 5.3.9] for more
details and properties of the invariants.

Remark 3.3.15. The characteristic ideal is dependent on the pseudo-isomorphism
and the chosen generator, in contrast to the invariants.

Using these definitions and Theorem 3.3.11, it is possible to prove the following
remarkable result due to Iwasawa [16, Theorem 11].

Theorem 3.3.16 (Iwasawa). Let koo/k be a Zy-extension. Consider the interme-
diate fields ky/k as defined in Remark 3.3.2. Let | Cl(k,/k)(p)| = p° be the size of
the p-primary component of Cl(ky/k). Then there exist A\, pu,ng > 0 and v integers
independent of n such that e, = An + up™ + v for all n > nyg.

Proof. See [21, Theorem 11.1.6]. O

Remark 3.3.17. The proof of Theorem 3.3.16 relies heavily on the A-module structure
of Gal(H/koo) and the fact that Gal(H, /k,) = Gal(Hy koo /koo) to exploit it. This
last isomorphism can be found in [21, Lemma 11.1.5]. This motivates the importance
of Theorem 3.1.23 and its specific version Theorem 3.3.11 to the field of Iwasawa
theory.

The characteristic ideal also plays a central role in Iwasawa theory. We are
severely lacking in concepts and notation to properly introduce the result known as
the Main Conjecture of Iwasawa theory, however, we introduce the statement and
give some guiding remarks to understand the role of the characteristic ideal. For a
more complete picture and further references see [21, XI §6].

Theorem 3.3.18. Let k be a totally real number field, p a prime, and d = [k(pu2p) :
k]. There exists a unique continuous function (i p: Zp \ {1} = Qp such that

Crp(1—n) = Ge(1—n) JJ(1 = Np)" ™) (3.5)
plp

for alln > 1 with d | n, where ((s) is the Dedekind zeta function of k and N denotes
the absolute norm. Furthermore, the function (jp(s) is p-adic analytic with at most
a stmple pole at s = 1.

The number theoretic interest in this p-adic function lies in the following result.

Theorem 3.3.19. Let k be a number field,

2"Ryh
lim (s — 1)Ge,p(s [1a- (3.6)
. ’ wy/|di| plp
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where R, is called the p-adic regulator, h is the class number, dy, is the discriminant
of k, w is the number of roots of unity contained in k, and n = [k : Q).

Remark 3.3.20. Formula (3.6) relating the p-adic zeta function value at s = 1 and
the class number h of k is called the p-adic analytic class number formula.

Finally, we introduce the result known as the Main Conjecture of Iwasawa theory,
relating the characteristic ideal and the p-adic zeta function. For simplicity, we
consider p an odd prime. First we must consider the following preliminary result.

Theorem 3.3.21. Let k be a totally real number field and ko its cyclotomic Z,-
extension. Fir a generator v € I' = Gal(koo/k) and consider x : I' — Z) the p-part
of the cyclotomic character and denote ¢ = k(). There exist a unique power series
Grp € Zp|[T]] such that

Grpld'™ 1)
Cep(s) = a1 (3.7)
The Main Conjecture of Iwasawa theory relates Gy, , with the characteristic ideal
of the Iwasawa module X = Gal(Hx/koso). Recall Hy is the maximal abelian

unramified p-extension of ko, as defined in Definition 3.3.4.

Theorem 3.3.22 (Main Conjecture). Let k be a totally real number field, koo be
its cyclotomic Zy-extension. Let A = 7Z,[[T]] be the Iwasawa algebra with a fized
generator .

G p = chary (Gal(Hoo /ko)) (3.8)
where Gy, € A is as defined in Theorem 3.5.21 and Hy, as in Definition 3.3.4.

This conjecture was first proven by Mazur and Wiles in [18] when k/Q is an
abelian extension. It was later proved by Wiles for totally real fields in [31].

3.3.2 Non-Noetherian Iwasawa theory

So far we have presented the picture of Iwasawa theory when considering Z,-
extensions. This can be extended to consider more general settings such as ZZ-
extensions for d > 1. In this case, the Iwasawa algebra can be seen to be isomorphic
to Ag = Zp[[T1, ..., Ty]]. As noted in Example 3.2.8(iii), these rings A4 are Noethe-
rian UFD’s, so they are Noetherian Krull domains, and Theorem 3.1.23 still applies,
so it is possible to define the notion of characteristic ideal.

Following this trend, one may consider the ring ZEI, referring to a countably infi-
nite product of the ring Z,, and consider Zg—extensions. In this case, the completed
group ring would be A = Z,[[Z}]] and we can consider a non-canonical isomorphism

A = Zy[[Z)]) = T Z,[[ X, . . ., Xnl] = Zp[[ X3, ... ] (3.9)

by choosing generators of each Z, and the isomorphism in Proposition 3.3.7.
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We must first identify whether there actually are Zg—extensions for some field.
In the classical example, we worked over cyclotomic extensions of a number field
as the units Z; of Z, contained a copy of Z, thus obtaining a Z,-extension. The
following theorem motivates a change in setting.

Theorem 3.3.23. Let k be a local field of characteristic p > 0 and g = p™ the
number of elements of its residue field. Then there is an algebraic and topological
isomorphism

W EZoZ/(g-1)ZoL, (3.10)

Furthermore, if O is the ring of integers of k, then its units are O = ZE’.

Proof. See [20, Proposition I1.5.7] for the isomorphism of £* and [20, Proposition
11.5.3] for the isomorphism with the units O*. O

Thus, rather than considering number fields, i.e finite extensions of QQ; the natural
setting for Zg—extensions are function fields, i.e. finite extensions of IF,[T] for some
variable T

Our next objective is to provide an example of such a Z?—extension. Nevertheless,
we are lacking notions which are beyond the scope of this discussion, so we briefly
introduce some new concepts and mostly work by analogy with the classical example
of cyclotomic Zjy-extensions. The example we present is discussed in more detail by
Bars in [8, Appendix].

Henceforth, let & denote a global function field of characteristic p > 0 whose
base field of constants is I, with ¢ a power of p. We fix a place co of k. Recall
that a place of k is an equivalence class of absolute values of our field & (up to the
usual equivalence of norms). For instance, in the case of Q the places are denoted
oo for the real absolute value and p for each prime valuation of Q. We denote by
R={f €k |vs(f)> 0} the ring of integers associated to the place oo through its
valuation vso.

Let H denote the Hilbert class field of k that is totally split at oo and let H*/H/k
be the normalizing field of k. We now want to construct the analog of the cyclotomic
extension k(pp~) in the classical case. To do so, we require the notion of Drinfeld
module, which is the object that plays the same role as the cyclotomic polynomials
in a number field.

Definition 3.3.24. We define a sgn-normalized rank 1 Drinfeld module ® over k
as a non-trivial F -algebra embedding

®:R— HT{r} (3.11)
where 7 is such that 7a = a7 for all a € H and 79 = id.

Now fix a prime ideal p of R, we define ®[p™] as the set of zeros of ®(z), z € p".
We can consider the extension

kK(@[p>]) = | k(@) (3.12)

n>1
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called the ®[p>°]-torsion extension of k£ with respect to the place co. This newly
defined field k(®[p*°]) can be considered the function field analog to k(i) in the
number field setting. Similarly, it can be seen that Gal(k(®[p>])/K) = A xI" where
A is a finite group of order coprime to p and I' = ZEI. Thus, the subfield

koo = k(®[p™])> (3.13)

is a Zgl—extension of k. Although in a very qualitative manner, we have succeeded
in constructing a Zg—extension for any global function field.

Now that we know Zg—extensions exist and appear in a relatively natural manner
over global function fields, we can start studying the Iwasawa modules of these
extensions, i.e. the modules of A = Z,[[X1,...]] that provide an action over abelian
extensions.

The main difference with classical Iwasawa theory is that these modules are not
Noetherian. Thus, we lack a general structure theorem to describe A-modules.
Nevetheless, in the particular case of finitely presented torsion modules, Theo-
rem 3.2.20 due to Burns, Daoud, and Liang gives us a structure result for these
modules, since A is admissible (recall Example 3.2.8). This enables us to define a
notion of generalized characteristic ideal in this setting.

Remark 3.3.25. Before the definition, let us recall and rewrite the structure theorems
of finitely presented admissible torsion modules. Let M be such an R-module, by
Theorem 3.2.20 we have a pseudo-isomorphism

n n(p)
M~@R/~ P PR (3.14)
=1

peP(M) i=1

with q; € P and e; > 1. The second pseudo-isomorphism is simply a reordering of
the first expression, taking into account that P (M) is finite by admissibility and any
prime ideal p € P outside of the support of M produces a pseudo-null module, so
we can restrict P to P(M).

Another version of this pseudo-isomorphism is given by Theorem 3.2.15, where
we can consider C; cyclically presented R-modules for 1 < ¢ < m for some finite m
such that

M~ éoi S énBR/LZ- (3.15)
=1 =1

and L; are principal ideals such that C; = R/L; (recall Definition 2.2.3 of cyclically
presented ideals).

Definition 3.3.26 (Generalized characteristic ideal). Let R be a ring and Q(R) be
semisimple. Let M be a finitely presented admissible torsion R-module. With the
notation of Remark 3.3.25, we define the generalized characteristic ideals of M as
m
n(p)
charp(M) = [ »== @i Charg(M) =[] L (3.16)
peP(M) i=1
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Remark 3.3.27. The key difference between both definitions of generalized char-
acteristic ideals is that one is principal and the other a product of prime ideals.
Furthermore, both need not coincide, as they are only pseudo-isomorphic.

We present some basic properties of these generalized characteristic ideals, given
by Burns, Daoud, and Liang, and some relations between both definitions.

In the sequel, we say an R-module M is quadratically presented if it admits a
presentation R™ — R" — M — 0 for some n > 0. Recall that the k-th Fitting ideal
of a finitely generated module M with n generators is Fit% (M) the ideal generated
by the (n — k) x (n — k) minors of a presentation matrix of M.

Proposition 3.3.28. Let R be a ring with Q(R) semisimple. Let M be a finitely
presented admissible torsion R-module.

(i) The ideal charr(M) is independent of the chosen pseudo-isomorphism in The-
orem 3.2.20 and charg(M), = Charg(M), for allp € P.

(i1) Let G be a finite abelian group and A a Zy-algebra that is a Krull domain. Let
R = A[G]. Then chargr(M) C Charr(M) and the equality holds if and only
if chargr(M) is principal. Furthermore, Chargr(M)/ charg(M) is pseudo-null
and if M is quadratically presented then Charg(M) = Fit%(M).

Proof. See [7, Proposition 2.11(i)]. O

It can also be seen that the generalized characteristic ideal charg(M) is multi-
plicative with respect to exact sequences.

Lemma 3.3.29. Let M, M’', M" be R-modules with M', M" finitely presented ad-
missible torsion R-modules, given an exact sequence 0 — M' — M — M" — 0

we have that M is also finitely presented, admissible and torsion and chargp(M) =
charg (M) charp(M").

Proof. See [7, Proposition 2.11(ii)]. O

With these notions of generalized characteristic ideals and its properties (many of
which we have omitted in this document, see [7, §2]), it is possible to derive Iwasawa
theoretical results in the non-Noetherian setting. In particular, [7] apply their new
theory to study the inverse limits with respect to corestriction of the p-completions
of the degree one Weil-étale cohomology groups of G, over finite extensions K/k
of k a function field of a smooth projective curve over F,. This is way beyond the
scope for this work, so we refer the interested reader to their paper [7].

Finally, we end this section with some remarks regarding the extension of the
study of non-Noetherian Iwasawa algebras and a comment on previous work in this
field.

Remark 3.3.30. Prior to Burns, Daoud, and Liang in [7] and their structure theorem
for admissible modules, a different approach to define a characteristic ideal in the
Noetherian setting was given by Bandini, Bars, and Longhi in [3, Definition 3.10].
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They called their object pro-characteristic ideal, and used it in [2] and [1] to study
a specific type of Zg—extensions, called Carlitz cyclotomic Zg—extensions. In [1],
Angles et al. prove an Iwasawa main conjecture for these kind of extensions.

Under certain restrictions, Burns, Daoud, and Liang show in [7, Proposition 3.4]
that the notions of pro-characteristic ideal and charr(M) coincide.

Remark 3.3.31. In addition to studying Zg—extensions, Burns, Daoud, and Liang also
prove that fixed a finite abelian group G such that p { |G|, the rings Zy[[ X1, ...]][G]
and Zp[[X1, ..., X,]][G] for all n > 1 are also admissible. This is [7, Lemma 3.1(ii)].
Thus, the structure theorem 3.2.20 for admissible torsion modules can also be em-
ployed to study ZE x G-extensions, which are also natural to consider given the
example showcased in this subsection.
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