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CONTRACTIVE INEQUALITIES FOR BERGMAN SPACES
AND MULTIPLICATIVE HANKEL FORMS

FREDERIC BAYART, OLE FREDRIK BREVIG, ANTTI HAIMI,
JOAQUIM ORTEGA—CERDA7 AND KARL-MIKAEL PERFEKT

ABSTRACT. We consider sharp inequalities for Bergman spaces of the unit disc,
establishing analogues of the inequality in Carleman’s proof of the isoperimet-
ric inequality and of Weissler’s inequality for dilations. By contractivity and a
standard tensorization procedure, the unit disc inequalities yield correspond-
ing inequalities for the Bergman spaces of Dirichlet series. We use these results
to study weighted multiplicative Hankel forms associated with the Bergman
spaces of Dirichlet series, reproducing most of the known results on multi-
plicative Hankel forms associated with the Hardy spaces of Dirichlet series. In
addition, we find a direct relationship between the two types of forms which
does not exist in lower dimensions. Finally, we produce some counterexamples
concerning Carleson measures on the infinite polydisc.

1. INTRODUCTION

Hardy spaces of the countably infinite polydisc, H?(ID°°), have in recent years
received considerable interest and study, emerging from the foundational papers [16],
23]. Partly, the attraction is motivated by the subject’s link with Dirichlet series,
realized by identifying each complex variable with a prime Dirichlet monomial, z; =
p; ° (see [5]). Hardy spaces of Dirichlet series, 7, are defined by requiring this
identification to induce an isometric, multiplicative isomorphism. The connection
to Dirichlet series gives rise to a rich interplay between operator theory and analytic
number theory — we refer the interested reader to the survey [37] or the monograph
[38] as a starting point.

One aspect of the theory is the study of multiplicative Hankel forms on ¢? x ¢2.
A sequence o = (g1, 02, - . .) generates a multiplicative Hankel form by the formula

(1) Q(a7b) = Z Z A bnOmn,
m=1n=1

defined at least for finitely supported sequences a and b. Helson [24] observed that
multiplicative Hankel forms are naturally realized as (small) Hankel operators on
H?(D*>), and went on to ask whether every symbol o which generates a bounded
multiplicative Hankel form on ¢ x ¢2 also induces a bounded linear functional on
the Hardy space H'(D>°). In other words, he asked whether there is an analogue
of Nehari’s theorem [32] in this context.
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Helson’s question inspired several papers [91[11125,126L35,36]. Following the pro-
gram outlined in [26], it was established in [35] that there are bounded Hankel forms
that do not extend to bounded functionals on H'(ID*°). In the positive direction, it
was proved in [25] that if the Hankel form () instead satisfies the stronger property
of being Hilbert—Schmidt, then its symbol does extend to a bounded functional on
H'(D>). Briefly summarizing the most recent development, the result of [35] was
generalized in [9], in [I1] an analogue of the classical Hilbert matrix was introduced
and studied, and in [36] the boundedness of the Hankel form (dl) was character-
ized in terms of Carleson measures in the special case that the form is positive
semi-definite.

Very recently, a study of Bergman spaces of Dirichlet series &/ began in [3]. In
analogy with the Hardy spaces of Dirichlet series, &P was constructed from the
corresponding Bergman space, AP(D>). New difficulties appeared while trying to
put this theory on equal footing with its Hardy space counterpart. One of them
is the lack of contractive inequalities for Bergman spaces in the unit disc. In the
Hardy space of the unit disc there is a comparative abundance of such inequalities,
each immediately implying a corresponding inequality for #P. For example, the
result of [25] on Hilbert—Schmidt Hankel forms relies essentially on the classical
Carleman inequality,

[l a2y < 1fle my-
A second example is furnished by Weissler’s inequality: defining for 0 < r < 1 the
map P.: HP(D) — HY(D), by P.f(w) = f(rw), then P, is contractive if and only
ifr < \/1% < 1. Since both of these inequalities are contractive, they carry on to
the infinite polydisc by tensorization (see Section [3)), thus yielding results for J#P.

We derive analogues of the mentioned inequalities for Bergman spaces of the unit
disc in Section 2l Our proofs involve certain variants of the Sobolev inequalities
from [] and [6]. Then, in Section B} we follow the by now standard tensorization
scheme to deduce the corresponding contractive inequalities for the Bergman spaces
of Dirichlet series.

Section [ is devoted to the weighted multiplicative Hankel forms related to the
Bergman space, defined by the formula

(2) 0a(a,b) = ;Z ambn gy, b€l
In @), d(k) denotes the number of divisors of the integer k, and ¢% denotes the
corresponding weighted Hilbert space. Note that the divisor function d(k) counts
the number of times g appears in (). In the same way that the forms () are
realized as Hankel operators on the Hardy space H?(D>), the weighted forms (2])
are naturally realized as (small) Hankel operators on the Bergman space of the
infinite polydisc, A%2(D°°). Equipped with the inequalities from Sections 2l and B we
successfully obtain the Bergman space counterparts of results from [111[25261[35].
In Section @ we will also point out a surprising property of multiplicative Hankel
forms. We first observe that A2?(ID>°) may be naturally isometrically embedded in
the Hardy space H%(D>), since the same is true for A%(D) with respect to H?(D?).
Then, we notice that this embedding lifts to the level of Hankel forms, giving us a
natural map taking weighted Hankel forms (2) to Hankel forms (). The striking
aspect is that this map preserves the singular numbers of the Hankel form, in
particular preserving both the uniform and the Hilbert—Schmidt norm.
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Finally, in Section Bl we come back to harmonic analysis on the Hardy spaces
HP(D>). We produce two counterexamples for Carleson measures, again pointing
out phenomena that do not exist in finite dimension.

Notation. We will use the notation f(z) < g(z) if there is some constant C' > 0
such that |f(z)| < C|g(x)]| for all (appropriate) z. If f(z) < g(z) and g(z) < f(z),
we write f(x) ~ g(z). As above, (p;);>1 will denote the increasing sequence of
prime numbers.

2. INEQUALITIES OF CARLEMAN AND WEISSLER FOR BERGMAN SPACES
2.1. Preliminaries. Let o > 1 and 0 < p < oo, and define the Bergman space
AP (D) as the space of analytic functions f in the unit disc
D={z: |z <1}

that are finite with respect to the norm

Wiz = ( f 1508 (o101 - |w|2>a2dm<w>)%

Here m denotes the Lebesgue area measure, normalized so that m(D) = 1. Tt will
be convenient to let dm, (w) = (a —1)(1 — |w|)*~2 dm(w) for a > 1, and to let m;
denote the normalized Lebesgue measure on the torus

T={z:]|z| =1}

The Hardy space HP(D) is defined as closure of analytic polynomials with respect
to the norm

1
vy = ( [ £ s
The Hardy space H?(D) is the limit of A2 (D) as o — 17, in the sense that
li Py = »
ai>H11+ Hf”Au(]D) I £l (D)

for every analytic polynomial f. We therefore let A}(D) = HP(D). Our main in-
terest is in the distinguished case a = 2, when m, = m is simply the normalized
Lebesgue measure. Therefore, we also let AP(D) = A5(D). We will only require
some basic properties of AP (D) in what follows, and refer generally to the mono-
graphs [18,[22].

Let ¢, (j) denote the coefficients of the binomial series

U Nl ey (T
(3) (1—11))0‘ 7]2::0 Ot(j) 9 a(j) < j )
It is evident from () that
(4) Y cali)es(k) = carplD).
Jk=1

If « is an integer, then ¢, (j) denotes the number of ways to write j as a sum of «
non-negative integers. Furthermore, if f(w) =3, ajw’, then

2

5) laz = 3 1aF
= cald)
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Functions f in AP (D) satisfy for w € D the sharp pointwise estimate

(6) 1)) € oz M Laz o

For the sake of completeness, we will state and prove the results in this section
for as general o > 1 as we are able, even though we will only make use of the results
for a = 2 in the following sections.

2.2. Contractive inclusions of Bergman spaces. It is well known that, if 0 <
p < g and o, 8 > 1, then AE(D) embeds continuously into A%(D) if and only if
q/B8 < p/a (see, e.g., [45], Exercise 2.27]). By tensorization, this statement extends
to the Bergman spaces on the polydiscs of finite dimension. However, in order for
such embeddings to exist on the infinite polydisc, it is necessary that the inclusion
map in one variable is contractive.

The first result of the type we are looking for was given by Carleman [13]. For
f € HY(D) it holds that

(7) I fllazy = [1fllaz) < 1 fllar @y = £l @)-

A modern and natural way to prove (7)) can be found in [43]. First, it is easy to
verify that

Ighll a2y < llgll 2 ) 17l 22 (D) »

for example by computing by coefficients. If f is a non-vanishing function of H!(D),
writing f = gh with ¢ = h = f'/? now leads to (7). For a general function
f € HY(D), we first factor out the zeros through a Blaschke product. This is
possible by what seems to be a coincidence: multiplication by a Blaschke product
decreases the norm on the left hand side of ([7]) but preserves the norm on the right
hand side.

The ability to factor out zeros and take roots implies that Carleman’s inequality
([@ holds for arbitrary 0 < p < oo,

||fHA2P(HJJ) < ||fHHP(]D>)-

In [12], Burbea generalized Carleman’s inequality, showing that for every 0 < p < oo
and every non-negative integer n, it holds that

®) 171 g0y < 1210
Let
= 1.280776... .

Qo

1+ V1T
N 4
We offer the following extension of Carleman’s inequality.
Theorem 1. Let o > o and 0 < p < co. For every f € AP (D),
Hf||A5(fl+1>/a(D) < | f1l 4z @)-

Moreover, if « > ag, we have equality if and only if there exists constants C € C
and & € D such that
c

flw) = 1- gw)ga/p'

Let us give two corollaries. The first is mainly decorative, but it illustrates that

[®) gets weaker as n increases.
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Corollary 2. Let f € H(D) = A1(D). Then
[fllary = 1fllazy = 1 lazwy = 1 fllaspy =+ -
We also have the following corollary, which will be important in the next section.

Corollary 3. Let p = 2/(1 +n/2) for a non-negative integer n and suppose that
fw) =350 ajwl is in AP(D). Then

o0 2

a1
wao= |22 ] <o

=0

1£1la

Proof. This follows from n successive applications of Theorem [ starting from
p=2/(1+n/2) and a = 2. O

We now begin the proof of Theorem [l A version of it was announced in [4][]

following a scheme designed in [7]. Observe also that an analogous result in the
Fock space was proved by Carlen [I4] using a logarithmic Sobolev inequality. We
follow the general strategy of [4l[7], replacing [4, Sec. 5] with a result from [31]. We
include many additional details in an attempt to make the scheme used in [4[7}[14]
available to a wider audience.

We shall use two structures on the disc, the Euclidean and the hyperbolic. The
usual gradient and Laplacian of u will be denoted by Vu and Aw, while the hyper-
bolic gradient and the hyperbolic Laplacian are denoted by Vg u and Ag u. They
are connected by the following formulas:

1— |wf? 1— |wf?

Vi u(w) = (T) Vu(w) —and  Agu(w) = (T>2Au(w).

We shall also use the Mobius invariant measure
dm(w)
(1= Jw)?
We begin with an integral identity (essentially [4, Thm. 3.1]). An analogous result
was proven for the Fock space in [14], and a similar result also appears in [7].

dp(w) =

Lemma 4. Let p > 0 and 8 > 1/2. For an analytic function f in D, set u(w) =
[f(w)[P(1 — |w]*)?. Then

[ 19wt Pdut) =5 [ futw)Pdutw).

Proof. Integrating by parts gives

1 1
(9) /|VHu|2d,u: —/ |Vu|2dm:——/uAudm.
) 4 Jp 4 Jp

It follows from the assumption 8 > 1/2 that boundary terms do not appear here.
We compute the Laplacian now. At any point where f does not vanish, we can
write

Bu B

50 \fl” 2P = |wf?)? = Bul fIP(L — [w]*)*

ITheorem 3.2 in [4] is stated for kq > 2, but there seems to be a mistake in the proof of
uniqueness on p. 1083. The argument in its entirety seems to apply only when kq > 3.
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so that
T TR ) — B TR el
AU~ ) = 2P )
B8~ DIl 71— uf?)P
We see that
—udu = I PP wf?) 4 28912 (1 — ol

HABIFIPP (1 — [w]?)*7% 4+ 28p| f17P 72 ' fw(1 — |w]*)?
— 4% w|?| F1P (1 = Jw|?)?7 2.
Coming back to the expression of du/0w, we find that

1 u? ou |’ u? |V ul?
——uAu=pf—-—= —|=—| = — .
4 (1—wl*)?  |ow (I =lw*)? (1= |w]*)?
Integrating with respect to dm and using (9) gives the result. O

Proof of Theorem [[l. We set ¢ = p(a+1)/a, A = (a—2)/(a—1)and B =1/(a-1),
so that A+ B = 1. We want to find the infimum of

a— w)|P(1 — |w|?)® w
( 1)/D|f( JP(L — [uof?)*dpa(uo)
under the constraint

a / P11 — [w)*  dp(w) = 1.

Equivalently, using Lemma [ with

(10) u(w) = | f(w)[P2(1 = [w]?)*/2,

we want to find the infimum of

(1) A [ Ju)Pdutw) + 2 [ Vi u(w)Pdutw)
D @ Jp

under the constraint
(12) o [ futw)P/Pdu(uw) = 1.
D

We now solve the latter minimization problem for real-valued w belonging to the
Sobolev space W12(DD), i.e., functions u such that

/ |V u(w)2dp(w) < oco.
D

By the well-known inequality for the bottom of the spectrum of the Laplace—
Beltrami operator (see, e.g., [31]) we know that for any u € WH2(D),

/|u 2dp(w <4/|VHu P dp(w).

N = (4 [ o) Pdate) + 2 [ |vHu<w>|2du(w>)1/2

Hence
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is a norm on W2(D) equivalent to the usual norm, since A > —B/a. By the
Rellich-Kondrakov theorem [30, Ch. 11], which asserts that the inclusion map from
W23(D) into L*(D,du) is compact for any finite s, the problem of finding the
infimum of () for u € WH2?(D) satisfying ([IZ) is well-posed. Moreover, this also
ensures that minimizers do exist. Indeed, let us take any sequence (u,) realizing
the infimum. This sequence is bounded in the reflexive space W12(D), so we may
assume that it converges weakly to some u € W?(D). Then (u,) converges to u

in L29/7(D, dp) so that ||uH2qu{f/’p = 1/ whereas N(u) < liminf,, N(u,).
Next we compute the Euler—Lagrange equation corresponding to the constrained
variational problem given by (1)) and (IZ). By standard arguments, we find that

any local minimum of the problem is a weak solution of
4B

(13) Au— —Agu=ur"
o)

for some A € R. By Lemma[5 below, there are minimizers that are actually C?(D).
Multiplying by « and integrating with respect to p, we find from (@) that A > 0.
We now rescale ([[3) by setting u = xv with

4B

-

K24/P=2 _

Then v € W12(D) N C?(D) satisfies
(a—2)a 2g

(14) AHU—Tv—i—U?_l:O.

We now investigate (I3)) for our candidate solution ug(w) = (1 — |w|?)®/2. Since
a a
Anug(w) = =5 (1= [w)*/ (1= Tlwf?)

we have that
4B o 29
Aug — —Agug = . (1- |w|2)7+1 = doug
e a—1

where Ao = a/(a — 1). Hence, if we let uy = kovg with
2q/p—2 _ ﬁ
"o Ou\o ’
then vy € W12(D) is a solution of ([4). However, by [31, Thm. 1.3] we know that
the solution of (I4]) is unique up to a Mdébius transformation, as long as

a2 -« 4
( . ) . “__
(29
Replacing ¢/p by its value, we find that this inequality is satisfied if and only
if @ > ag. Both the Euler-Lagrange equation and our constraint problem are
invariant under Mobius transformations, so we have found all minimizers. Coming
back to analytic functions via (0], we have shown that we have equality if and
only if there exists £ € D and C' € R such that
Ot/2 2 a/2
’1_|w|2‘—0¢/2 ~(1_|£‘ )

=C L
1= €w

" 2
[f(w)]P’? =C

1—’§_w
— fw

1

This shows that f has to be a multiple of (1 —&w) =2/ for some ¢ € D. Finally, the
assertion of the theorem for a = « is obtained by taking the limit as @ — aar . g
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The following is the regularity result that was used in the proof of the previous
theorem.

Lemma 5. There are minimizers of the variational constrained variational problem
given by M) and ([2) that are C? smooth in D.

Proof. Let u be a minimizer. Then it is a weak solution of the Euler-Lagrange
equation ([3). We also know that u € L?%/P(ID, dy). Since the radial rearrangement
decreases the Dirichlet norm (by the Polya—Szegt inequality [30, Thm. 16.17]) there
is a minimizer u that is positive, radially symmetric, and decreasing. Therefore,
F(u) is bounded in the unit disc, where

2q

«Q 29_1
F(u) = E(Au —Aur ).
Consider any solution v to the Poisson equation:

_ F(u(z))
80 = e

then u—wv satisfies A(u—v) = 0 weakly. Therefore, u = v+ h, where h is a harmonic
function. One explicit solution to the Poisson equation is given by

v(z)—/DK(z,w)% dm(w),

where

w—z

T 1—wz

1
K(z,w) = o {1og

2 2 2 2\ 2
P RICEE >+|z|2(1‘_'2 ) }

|1 —wz|?

It was shown in [I] that K(z,w) satisfies the estimate

1—|wl?)? 1-w
\K(z,w)|§¢ 14+log|— 221}, 2 weD.
|1 —wz|? -
The difference between v and v is harmonic, thus the regularity of u follows from
the regularity of v. |

Remark. The constants A and B, with A+ B = 1, were chosen in the proof so that
u(w) = (1 — |w|?)*/? would be a solution of the Euler-Lagrange equation for some
A € R. This is only possible if 5 = o+ 1, and thus explains why this relationship
is imposed in the statement of Theorem [[I The condition a@ > g comes from
[31, Thm. 1.3], but we do not know if it is necessary for the uniqueness of (I4)).

Question. For any 0 < p < ¢ and «,8 > 1 such that ¢/8 < p/«a, does the
contractive inequality
||f|\A;(D) < 1 fllazm)

hold? By Carleman’s inequality and Theorem [I] this is true when 8 = « + n for
some integer n, and either @ = 1 or a > . We remark that it is easy to show, for
example by computing with coefficients, that

£l ag, @)y < 11l a2z )
holds for every a > 1.
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2.3. Hypercontractivity of the Poisson kernel. For r € [0,1], let P, denote
the operator defined on analytic functions in D by P.f(w) = f(rw). Clearly, if
r < 1it follows from (@) that P. maps any AL(D) into every A%(D). We are
interested in knowing when this map is contractive.

Theorem 6. Let 0 < p < g < oo and let « = (n+ 1)/2 for some n € N. Then P.
is a contraction from AP(D) to AL(D) if and only if r < \/p/q.

Weissler [44] proved Theorem [6] when o = 1. The case a = 3/2 is also known,
see [2I, Remark 5.14] or [28], but it appears that these are the only two previously
demonstrated cases. To prove Theorem [6] we will use a classical argument of com-
plex analysis to transfer results from Hardy spaces to Bergman spaces in smaller
dimensions. This will be accomplished through the following lemma.

Lemma 7 ([40], Sec. 1.4.4). Let S™ denote the real unit sphere of dimensionn > 1,
and let o,, denote its normalized surface measure. Extend the function h: D — C
to S™ by h(z) = h(xy + ixa) for x = (1, 22,...,2n41) € S™. Then

/  hla)don(a) = /Dh(w)dm<n+1>/z(w)-

We can now demonstrate how Theorem [@ follows from a result of Beckner [6]
concerning the unit sphere.

Proof of Theorem [6l Let P, denote the Poisson kernel on S™, defined by

P (&) = 1_772 &nesr
T 777 |r§_n|n+17 777 N

For a function g on S™, let
(Prg)(f) = S Pr(@ﬁ)ﬂ(ﬁﬂ%(ﬁ)

It is proved in [6] that P, defines a contraction from L*(S™) to L*(S"), 1 < s <t <
oo, if and only if r < /(s —1)/(t —1).
Let us now start with 0 < p < ¢ < oo and r < /p/q. Let m be a large number

such that mp > 1 and such that
r< mp 1.
~Vmg—-1

Given an analytic polynomial f, we define g on S™ by

9(@1, 2, wng) = | (w1 + i)V
Since f is analytic, it follows that g is subharmonic and hence for any (x1,...,Z,41)
€ S™ we get that

g(rey, .., rxps1) < Prg(xy, ... Tpgt)-

Using Beckner’s result with s = mp and ¢ = mq we get that
1/q 1/p
([ strarcrmnmsdon@) < ([ ator.coonn)™in,@)

Licensed to University de Barcelona. Prepared on Thu Dec 20 10:30:40 EST 2018 for download from IP 161.116.100.129.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
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By Lemma [1 this is the same as

(f |f<rw)|mm(n+l)/2(w)>% < ([ 190

It follows that the condition r < 1/p/q is sufficient (by a limiting argument in the
endpoint case r = \/p/q). Conversely, for fixed > 0 and small € > 0 we have that

P

1
q 2
(/ I +serdAa(w)> =1+ 24 0@,
D V%Y
Letting € — 0 shows that ¢r? < p is also necessary for any value of a > 1. |

Remark. As in the previous subsection, we conjecture that Theorem [0l is true for
all values of a@ > 1. Several other positive results can be deduced from Theorem [l
For instance, if o > «, then

1Pz < 151 gzescarng,

for every analytic polynomial f if and only if 72 < (o + 1)/a. In fact, it follows
from Theorem [l that
Hf||A§+1(D) < Hf”Aia/(aJrl)(D).

Computing the norms as in (), we have that

1P f]

a2 < fllaz,
if and only if, for any k£ > 1,

2%k - ca+1(k) _ a+k
= cql(k) a

r

3. INEQUALITIES ON THE POLYDISC AND IN THE HALF-PLANE
For o > 1, consider the following product measure on D>:
mg (2) = ma(21) X ma(22) X ma(23) X -+,
and for 0 < p < oo the corresponding Lebesgue space LP(D*°). We define the
Bergman spaces of the infinite polydisc, denoted AE (D), as the closure in L? (D)
of the space of analytic polynomials in an arbitrary number of variables. The Hardy

spaces HP(D*°) are defined as the closure of analytic polynomials with respect to
the norm given by the product m; x mq x --- on T°°, so that

ey = [ 17 (),
As before, HP(D®) is the limit as & — 17 of A (ID*°), in the sense that
Jim [ fllaz wee) = 1f e @)

for every analytic polynomial f. We distinguish the case & = 2 by writing AP (D) =
AB(D>). Applying the point estimate (@) repeatedly we find that if f is a polyno-
mial in A2 (D), then

a/p
o0

1
(15) |f(2)] < H =P I £1 a2 (D<)
j=1 !
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INEQUALITIES FOR BERGMAN SPACES AND HANKEL FORMS 691

which implies that elements of AP (D) are analytic functions on D> N ¢2. Every
f in A2 (D*°) has a power series expansion convergent in D N /2,

(16) I =3 acn,

KENG®

where N§° denotes the set of all finite non-negative multi-indices.
Finally, when p = 2 we can compute the norm explicitly. Suppose that f is of
the form (IGl). Then

2 [e'e]
a
(17) 1 fllaz ) = | D 2. , where ca(k) =[] calrs).
j=1

rENG® Ca(,‘ﬁ)

Note that the final product contains only a finite number of factors not equal to 1,
since k is a finite multi-index.

The contractive inequalities of Section [2] can now be extended to D> using
Minkowski’s inequality in the following formulation: if X and Y are measure spaces,
g a measurable function on X x Y, and p > 1, then

(/X (/Ylg(x,y)ldyy dfﬂ>%§/y(/X|g($,y)|pda:>;dy_

It is sufficient to prove the contractive results on the finite polydiscs D¢, d < oo,
as this allows us to conclude by the density of analytic polynomials. This is done
by iteratively applying the one dimensional result to each of the variables, and
applying Minkowski’s inequality in each step. This procedure has been repeated
many times (for instance in [BL&25] or in [38 Sec. 6.5.3]) and we do not include
the details here.

In particular, Corollary Bl for n = 2 yields the next result on the polydisc.
Helson [25] proved the corresponding result for the Hardy spaces HP (D), which
he used to study Hilbert—Schmidt multiplicative Hankel forms. We shall carry out
the analogous study for weighted multiplicative Hankel forms associated with the
Bergman space in the next section.

Lemma 8. [|f[lazme) < [[f]larm=)-

Let r = (r1,72,...) with r; € [0,1] and define P, f(2) = f(r121,7222,...). Fol-
lowing [5] and using Theorem [6] (with oo = 2), we get the next result.

Lemma 9. Let 0 < p < ¢ < oo. The map P, is a contraction from AP(D>)
to A1(D>) if and only if r; < \/p/q. Moreover, P, is bounded from AP(D>) to
A1(D>) as soon as r; < \/p/q for all but a finite set of js.

When working with multiplicative Hankel forms and Dirichlet series, it is often
convenient to recast the expansion (I6) in multiplicative notation. Each integer
n > 1 can be written in a unique way as a product of prime numbers,

oo
_ Kj
n= Hpj :
j=1
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This factorization associates n uniquely to the finite non-negative multi-index x(n).
Setting an = a,(n), we rewrite (6 as

(18) flz) =" anz"".

For a > 1 we define the general divisor function d,(n) as the coefficients of the
Dirichlet series given by (%, where ((s) =_,,-;n~° is the Riemann zeta function.
Using the Euler product of the Riemann zeta function, say for Re(s) > 1, we find
that

«
o0 o0

1) = {[I—=] =1II (Z ca<k>p;ks> = da(nn.
k=0 n=1

j=1 D j=1

It follows that co(k(n)) = do(n). In multiplicative notation, we restate (7)) as

N Kk(n) _ . |a”ﬂ|2 %
S 0 - (X =R
az@=)  \n=l

n=1
When o > 1 is an integer, it is clear that d,(n) denotes the number of ways to
write n as a product of o non-negative integers. In particular, ds is the usual divisor
function d. It also follows from (3] that

(20) Z do(m)dg(n) = dag(l),

mn=l

in analogy with ().
The Bohr lift of a Dirichlet series f(s) =), <, a,n™* is the power series defined
by -

Bf(z) =Y anz"™),
n=1

realizing the identification z; = pj_s. The Bergman space of Dirichlet series @7? is
defined as the completion of Dirichlet polynomials in the norm

”f”dp = H%fHAp(Doo).

Inequality (I3]) implies that </P is a space of analytic functions in the half-plane
Cy/2, and that f in &/? enjoys the sharp pointwise estimate

(21) ()] < C(2Res)* /| flaro-
Let .7 denote the conformal map of D to C/, given by
1 1—-=2
T(z) = 3 + T

The conformally invariant Bergman space of the half-plane C,/;, denoted
Ai}i((Cl/Q), is the space of analytic functions f in C,/, with the property that
fo T € A? (D). A computation shows that

404—1

a—2
1y e = [ PP @1 (Rl 5) s dm)

By Lemma [8 we have the following version of Carleman’s inequality for Dirichlet
series in the half-plane.

1/2
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Theorem 10. Suppose that f(s) =, <, ann™* is in /*. Then

o o)}
(22) ( «'m'w) < Il

Moreover, there is a constant C =1 such that || f|[ a2 (c, ) < Clf||ar-

Proof. The inequality [22)) is Lemma [ in multiplicative notation. The second
statement follows from the first and Example 2 in [33]. O

For € > 0, define the translation operator T; by T.f(s) = f(s +¢). Here is a
sharp and general version of [3, Prop. 9], which we interpret as Weissler’s inequality
for Dirichlet series in the half-plane. The corresponding result for #? can be found
in [5].

Theorem 11. Let 0 < p < q < oo. The operator T,: @/P — /1 is bounded for
every € > 0, and contractive if and only if 27° < /p/q.

Proof. This follows from Lemma [0 using the fact that T corresponds to P, with
i =D;° =

We end this section by demonstrating that Lemma [0 also implies a weak gener-
alization of Theorem [I0l to more general exponents. In the Hardy space context, it
was proven in [§] that if f(s) =3 5, a,n™* and 0 < p <2, then

<Z| P ) < f e

The Mébius factor |u(n)| is 1 if n is square—free and 0 if not. From (8), it follows
that this factor may actually be replaced by 1 if p = 2/(1+n) for some non-negative
integer n. We have the following extension to Bergman spaces in mind.

Theorem 12. Let 0 < p < 2 and suppose that f(s) = EnZl ann~% is in AP. Then

<Z| P ) < Wfllrs

If p=2/(1+n/2) for some non-negative integer n, then

00 1 3
<nz_:1 |an|2m> < | fllaze-

Proof. Let Q(n) denote the number of prime factors of n (counting multiplicity).
Using Lemma [@ with r; = \/p/2, we have that
"l s
P ( T

> ., > amy/2
;ann Zan (g) n
(ZI P Q(ﬂ) ) (Z ool Iu L)

n=1

1
2

>

AP

In the final equality we used that d,(n) = « when n is square-free. When
p=2/(14n/2) for a non-negative integer n, tensorizing Corollary Bl (by appealing
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to Minkowski’s inequality) yields that the Mé&bius factor is actually unnecessary;
see Lemma [8 and Theorem [0 O

Remark. Considering the square-free terms only of a Dirichlet series is in many
cases sufficient to obtain sharp results; see for example [8]. Often, the reason for
this is related to the fact that the square-free zeta function has the same behaviour
as the zeta function ((s) near s = 1, since

= e T - S SN0
;wn)\n fjgl(upj ) =11 o )

Jj=1

4. MULTIPLICATIVE HANKEL FORMS

The multiplicative Hankel form () is said to be bounded if there is a constant

C < oo such that
2
SC<Z am* ) (Z'b nl )
m=1

The smallest such constant is the norm of p. The symbol of the form p is the
Dirichlet series p(s) = >, <, 0nn °. If f and g are Dirichlet series with coeffi-
cient sequences a and b, respectively, then (23) can be rewritten as |H,(fg)| <
Cllfllaz2 19|l a2, where we define

H@(fg) <fg _Z<Z am n) VTN Zzam n an .

=1 \mn=l m=1n=1

23)  lola,

Z Zam n an

m=1n=1

Hence, the multiplicative Hankel form is bounded if and only if H, is a bounded
form on &% x @/2.

We begin with the following example, giving the Bergman space analogue of
the multiplicative Hilbert matrix studied in [I1]. Let /? denote the subspace of
/? consisting of Dirichlet series f(s) = Y. -, ann™* such that a; = f(+00) = 0.
As in [IT], it is natural to work with Dirichlet series without constant term for
convergence reasons. We consider the form

(21) H(fo) = [ o) (o-3) o fac
1/2

Theorem 13. The bilinear form [24)) is a multiplicative Hankel form with symbol

. e s+ o) — 0_1 J:m&n_s
@(3)/1/2 (s +0) 1)( 2) d ;ﬁ(bgmz ’

The form H,, is bounded, but not compact, on ;¢ x .

Proof. To see that ¢ is the symbol, one can either compute H(fg) at the level of
coefficients or use that ((s +w)? — 1 is the reproducing kernel of 2. To see that
H is bounded, we first use the Cauchy—Schwarz inequality,

H(9) < (//oo ) (a-3) da) % (/f o) (7-3) da) :
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By symmetry, we only need to consider one of the factors. We split the integral at

oc=1.
/1: Fo)l <” - %) do = (/m +/1°O> ()P (a - %) do.

The first integral is bounded by a constant multiple of | f||2,z, as follows from
[33, Thm. 3 and Example 4]. For the second integral, we have by the pointwise
estimate (ZI]) that

[F@)P < [I£112- (Z d(n)n_2”> < (24 o(1)ATFIIZ,

where we in the final inequality used that o > 1. To show that H,, is not compact,
let k.(s) denote the normalized reproducing kernel of @2 at the point 1/2 +¢/2,

C(s+1/2+¢/2) -1

by Sl 12D -1
C2(1+¢)—1

The functions k. converge weakly to 0 as € — 0, since they converge to 0 on every

compact subset of C; /5. By the fact that

1
((s) = 1t o(1)
for Re(s) > 1 close to 1, we get for, say 1/2 < o < 1, that
C(o+1/24¢/2-1)"2+0(1) 1
ke(o) = (14+e-1)"14+0(1) _6((0—1/2+5/2)2 +O(1)>'

Setting f = g = k., we find that

H(fg) = &2 (/1;2 ((0_ 1/21+€/2)4 +0(1)) <a - %) da+O(1)> >1,

showing that H is not compact. O

Since the Bohr lift is multiplicative, it holds that
(f9,0) ez = (BfBG, Bo) a2(n<)-

For the remainder of this section we will work in the polydisc, and we therefore
tacitly identify the Dirichlet series f with its Bohr lift Zf. Hence, we consider
symbols of the form

oo
p(2) = oz,
n=1

and define Hy,(fg) = (fg,¢) aze) for f,g € A%(D>).
If ¢ defines a bounded functional on A*(ID>°), then it follows from the Cauchy—
Schwarz inequality that
[Ho(f9)l = [{fg,0) az] < ll@llar)= 1 Fgllar < 1@l ary= £l azllgl az,

i.e., the Hankel form H,, is bounded on A?(D>) x A%(D*) in this case. Our first
goal is to show that the converse does not hold. We define the weak product
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A%(D>) ® A%(D*) as the closure of all finite sums f = >, grhx, gr, b € A%(D*>),
under the norm

£l 42y a2y = inf > [lgellaz @) | ]l a2 @)
k

Here the infimum is taken over all finite representations f = >, grhi. Note that
[ fllar @) < [ flla2@e=)oa2mes)-

Lemma 14. Suppose that ¢ generates a Hankel form on A%2(D*°) x A%2(D*°). Then
[Hell = llell a2 )0 a2 @)=

Every bounded Hankel form H, extends to a bounded functional on A*(D*) if and
only if there is a constant Cs < 00 such that for any f € AY(D>),

lf1la2(moyoa2() < Cooll fIl a1 (o)

Proof. The first statement is a tautology. The weak product space A?(D*) ®
A%(D>) is a Banach space, and therefore the second statement follows from the
closed graph theorem and duality (see [9L25]). O

Factorization and weak factorization of Hardy and Bergman spaces have a long
history. Strong factorization for H'(D) was treated by Nehari [32], and the anal-
ogous factorization for A'(D) was given by Horowitz [27]. Every f in H'(D) or
AL(D) can be written as a single product f = gh, for g,h in H?(D) or A%(D),
respectively. In Nehari’s theorem it is even possible to choose g and h such that
Ifllzr ) = lgllzzm)llhllg2@)- The same is not possible in the factorization of
Al(D), a simple observation we do not find recorded in the literature.

Factorization on the polydisc D? is a much subtler matter, even when 1 < d < oco.
Strong factorization is certainly not possible, but in [20129] it was shown that the
corresponding weak factorization holds,

H'(DY = H*(DY) © H*(D?Y),  d< co.
The Bergman space analogue was established in [17],
A'(DY) = A%2(DY) © A2(DY),  d < oo.
In [35] it was shown that the best constant Cy in the factorization,
Il 2 tyo 24y < Callfll gt ey,

satisfies growth estimate Cy > (72/8)%* when d is an even integer. This im-
mediately implies that the weak factorization H'(D*>®) = H?(D>*) ® H?*(D>) is
impossible. By tensorization, it is explained in [9, Sec. 3] that Cyq > C’C’lC for every
positive integer k, a result which effortlessly carries over to the context of Bergman
spaces. Hence we have the following.

Theorem 15. Let Cy denote the best constant in the inequality

I 1l 42(@ayo a2y < Call fl a1 (e

9\ /2
s ()"
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In particular, the factorization in the unit disc is not norm-preserving, and therefore
the weak factorization

AH(D®) = A2(D®) © A%(D™)
does not hold.

Proof. In view of the discussion preceeding the theorem, it is sufficient to prove
that C; > 3/(2v/2). For every polynomial ¢, we get from duality that

llellarmy)- N H@HQAz(D)
l(azmyoazmy- — llellam)llellazmyoazm)-’

Ch >
[l

where we have estimated the (A!(D))*-norm by testing ¢ against itself. As in
Lemma [I4] we have that

el (azmyoazmy)y = [ Holl 42m)x a2(D)-

We choose p(w) = v2w. Clearly |¢||42@m) = 1. The matrix of H,, with respect to
the standard basis of A?(D) is

0 1

1 0/’

so we find that ||H,||a2pyxa2m) = 1. We are done, since

1
2V/2
lollas o) = 2\/5/ rdr = 242 0
0

It would be interesting to decide if the symbol of the Hilbert—type form consid-
ered in Theorem [I3] which lifts to

) 0= 3 g

defines a bounded linear functional on H!(D>). We are unable to settle this prob-
lem, but offer the following two observations. First, if f is an analytic polynomial
on D* such that f(0) =0, we may write

(fs ) a2(De) =/

1/2

oo

(#71f) (o + it) (0 - %) do.

If we could prove the embedding || f|la1(c, ,,) < C||f|l 71, which is a stronger ver-
sion of the second statement in Theorem [[0], then it would follow by simple Car-
leson measure argument that (25) defines a bounded linear functional on H!(D>),
through the (inverse) Bohr lift.

Our second observation is contained in the following result.

Theorem 16. Let ¢ be as in [28). Then ¢ defines a bounded functional on AP (D)
for every 1 < p < 0.

Proof. This is trivial when p > 2, since ¢ € H2(ID*). Let us therefore fix 1 < p < 2,
and suppose that f(z) = >, 5, a,z"™ is in AP(D>). Then it follows from the
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Cauchy-Schwarz inequality and Lemma [0 with r; = /p/2 that

|(f, 0) az(pee)| =

> 1
; Vi(logn)?
lal? o2\ (S 2\ d(n)
(Z ( ) ) (7; (5) n(logn)4>

o 9 Q(n) d 3
<||f|Ap(Dm><Z(;> ﬁ)

n=2

=

where again Q(n) denotes the number of prime factors of n. We may conclude if

we can show that
=, d(n)a?™
Z n(logn)* =
n=2
if 1 < a < 2. This follows at once from Abel summation and the estimate
(26) é Z d(n)a™™ = C,(logz)**~ 1 + O ((log z**7%)).
n<z

To demonstrate (28), we consider the associated Dirichlet series, for say Re(s) > 1,
and factor out an appropriate power of the zeta function

Note that since

the Dirichlet series g, is absolutely convergent for
Re(s) > max (1/2, log, @) .

A standard residue integration argument (see, e.g., [42 Ch. I1.5]) now gives (26)
with Cy = g4 (1)/T'(2c). O

Next, we investigate Hilbert—Schmidt Hankel forms (2), following [25]. Recall
that on the finite polydisc D¢, d < oo, a symbol ¢ generates a Hilbert-Schmidt
Hankel form on H?(DY) x H%(D?) if and only if it generates a Hilbert—Schmidt
Hankel form on A2(D?) x A%2(D?). On the infinite polydisc we have the following
result. Theorem [I(]is its essential ingredient.

Theorem 17. If the Hankel form generated by ¢ is Hilbert-Schmidt on A?(D>) x
A2(D>®), then ¢ also generates a bounded functional on AY(D>). If ¢ generates a
Hilbert-Schmidt form on H?(D>) x H?(D>), then it generates a Hilbert-Schmidt
form on A%2(D>) x A%2(D>), but the converse does not hold.
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Proof. First, we compute the Hilbert—Schmidt norm on A%(D°°) x A2?(D°°) of the
form H,, generated by the symbol ¢(s) =3, -, 2,2%(") . An orthonormal basis for
A?(D*) is given by

Hence,
& |an| d(m ( )
\|Hgo||§2(A2(Doo)xA2(D°°)) = Z Z [He(emen)| Z Z d(mn)
m=1n=1 m=1n=1

|Q 2 2 d4(l)
_Z l 2 Z ):;‘Q” [d(l)]Q

where we have made use of (DIID after recalhng the convention that do = d. The
first statement now follows from Theorem [I0 since the Cauchy—Schwarz inequality

implies that
=l ) (S, ) )
< (Z d4<n>> @1@"' [d(n)P)

HH ||52(H2(Doo X H2(D*)) Z|Qn| d(n

[(f,0) az(ec)| =

= QAp On
nz::l d(n)

Similarly we have that

Note that when n is a prime power n = pj we have that

dyny = B D g 2)(k +3)
Since both dy4(n) and d(n) are multiplicative functions, it follows that dy(n) <
[d(n)]? for every n. Hence the second statement is proved.

To see that the converse of the second statement does not hold, consider the set
N ={n1 =2,n=3-5n3="7-11-13,...} and define p(s) = 3, . , Oa2"".
Then we have that

< (k+1)° = [d(n)]°.

[ Ho I8, 420y x a2 (poe)) = Z |on, I,
j=1

o0
[ Holl%, (52 ooy x 2 e)) = D 10n, 1727 0
j=1

The final part of this section is devoted to showing that every Hankel form of
the type ([2) naturally corresponds to a Hankel form of the type ([l) with the same
singular numbers. Let D denote the diagonal operator in two variables, D f(w) =
f(w,w), for which we have the following observation.

Lemma 18. The operator D is a contraction from H?(D?) to A%(D).

Proof. This is proven in [39], but in an abstract formulation it dates back at least
to Aronszajn [2]. The proof of our particular case is very easy and we include it

here. Consider
oo o0
fz1,22) E E J,kzlzz
7=0 k=0

Licensed to University de Barcelona. Prepared on Thu Dec 20 10:30:40 EST 2018 for download from IP 161.116.100.129.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



700 BAYART, BREVIG, HAIMI, ORTEGA-CERDA, AND PERFEKT

and use the Cauchy—Schwarz inequality to conclude that

||Df||,242(111> Z% Z Aj,k

=0 Jj+k=l 1=0 j+k=I

= [1£ 11322y .

The diagonal operator D may be written as an integral operator using the re-
producing kernel of H?(D?),

Dfw) = [ fler,z) — 1 1

—_——d d
T2 1—wz1 1 —wzy m(21) ml(ZQ)

Hence its adjoint operator E: A?(D) — H?(D?) is given by

1 1
E = - -
9(122) /Dg(w) 1— 2w 1 — 2w
If f and g are in A%(D), then
(Ef,Eg)m2m2) = ([, 9) 42()>

that is, E is an isometry. Clearly, the composition DF is the identity operator on
A%(D). Hence we have identified A%2(ID) with the subspace X = EA%(D) of H%(D?)
(although perhaps it would be more appropriate to think of it as the factor space
induced by the map D). The projection P: H*(D?) — X is given by P = ED.
Note that P averages the coefficients of monomials of same degree. Precisely, if
f(2) =210 aj 225, then

f (21, 22) ZZAJJrkzle, where A = HLl Z aj -

7=0 k=0 jH+k=l

dA(w).

Clearly, D(fg) = D(f)D(g), but E does not have this property. For example, if
g(w) = w, then

21+ 29
2

so that E(g)E(g) # E(g°).

Let us now turn to the relationship between the operator £ and Hankel forms.
To fix the notation, let Y be a Hilbert space with an orthonormal basis {e;};>1.
For a bilinear form H: Y xY — C, let s,(H) denote its nth singular value, i.e.,

sn(H) =inf{||H — K||lyxy : rank K <n},

z% + 2129 + z%
3 Y

Eg(z,29) = and E(g2)(zl,22) =

where the rank of a bilinear form K : Y x Y — C is given by
rank K = codimker K = codim{f €Y : K(f,g) =0forall g € Y}.
Of course, s, (H) is the same as the nth singular value of the operator
{H(ej,er)}just i 02 — 02

The p-Schatten norm of H, 0 < p < oo, is given by

I oy seyy = D [sa(H)IP
n=0
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When p = 2 we obtain the Hilbert-Schmidt norm, which can also be computed as
the square sum of the coefficients,

IH |3, v xyy = D lsn(H)[P =D [H(e,en)]
n=0 j=1k=1
We have the following result.
Lemma 19. Suppose that ¢ € A>(D). Then
sp(Hy) = sn(HEgy), n > 0.
In particular, for 0 < p < co we have
| Holl a2yx a2y = [ HEp || H2(02) x 12 (D2) 5
[Holls,a2@)x a2my) = [HEg |5, (512 (©2) x 2> (02)) -
Proof. Let J : X x X — C be the restriction of Hg,, to X = EA?(D),
J(f,9) ={f9. EQ)m2m2),  f,g€X.
For f,g € H*(D?) we have the identity
(27) <f97E<P>H2(D2) = < (fg) >A2 (D) = <DfD9= 90>A2(]D)-
Since D : X — A?(D) is unitary, this implies that J is unitarily equivalent to
H,: A%(D) x A*’(D) — C. If K : H*(D?) x H*(D?) — C is a rank-n form, then its
restriction to X, K’ : X x X — C, has smaller rank, rank K’ < n. Since
[Hep — Kllg2m2yxm2@2) > | — K'||xxx
it follows that
sn(HEp) = sn(J) = sn(Hy), n > 0.

Conversely, if the form K : A%(D) x A%(D) — C has rank n, then clearly K’ :
H?(D?) x H?(D?) — C has smaller rank, where K'(f,g) = K(Df, Dg), for f,g €
H?(D?). However, it follows from (27) and Lemma [I8] that

|H, — K|| = |Hg, — K,
proving that also s,,(Hy) > sp(Hgy)- a

Consider A?2(D*°) as a function space over the variables z = (21, 22,...) and
H?(D>) as a function space over & = (&1, &s,...). Define the extension map & from
A2(D*>°) to H?(D>) by its integral kernel,

Ks(Z)Zﬁ LR —,  z,£eD®Ne,
i L8217 1= 8257

so that
&= [ K)o
By tensorization of Lemma [[9 (the required technical details may be found in
[9, Lem. 2]), we obtain the following.
Theorem 20. The map & has the following properties:

(a) & defines an isometric isomorphism from the Bergman space A%(D>) to a
subspace of the Hardy space H?(D>).
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(b) For ¢ € A%2(D*), let H, : A2(D*) x A?2(D*>°) — C be the Hankel form
generated by ¢, and let Hg, : H*(D*) x H*(D*°) — C be the Hankel form
generated by &p. Then, for every n > 0, we have that

Sn(Hgo) = Sn(Hgg,)
In particular, Hy, is bounded (p-Schatten, 0 < p < 0o) if and only if He,
is bounded (p-Schatten), with equality of the norms.

Remark. In [35], the symbol ¥(z) = (21 + 22)/2 is used to show that the weak
factorization H!(D*°) = H?*(D*>°) ® H?(D>) cannot hold. In Theorem [l the
symbol p(w) = w is used to demonstrate the corresponding fact for the Bergman
spaces. In fact the two examples considered are the same, because Fy = .

5. CARLESON MEASURES ON THE INFINITE POLYDISC

We end this paper by producing two infinite dimensional counterexamples to
well-known finite dimensional results for Carleson measures for the Hardy spaces
HP(D?). Let u be a finite positive measure on D? (where possibly d = o), i.e., a

. . —d —d
finite positive Borel measure on D" such that (D \D?) = 0. As usual, measures on
—d . . .
the compact space D correspond to linear functionals on the space of continuous

functions C (ﬁd). We say that p is an HP-Carleson measure if there exists a constant
C = C(pq,p) < oo such that

L P ) < €1l

for every analytic polynomial f. We say that p is an LP-Carleson measure if there
exists a constant C' = C'(uq,p) < oo such that

L 12 disaz) < Ol

for every trigonometric polynomial f. Here & f is the Poisson extension of f,
defined for f € LP(T9) by

d 2
Piw) = | ) Pu(z) dmz), D) =[] ol

This is always well defined as long as we restrict ourselves to L?(T%)-functions f
only dependent on a finite number of variables, since we may then suppose that w
is finitely supported.

The study of Carleson measures on the infinite polydisc is an important part of
the theory of HP spaces. For instance, the local embedding problem discussed in
[41], Sec. 3] can be formulated in terms of Carleson measures. Let 7! denote the
inverse Bohr lift, so that

(B 1) (s) = F(27°, 37,57, . p;*, ..).
For 0 < p < o0, is it true that the measure ., defined on D> by
1
[t = [ (@ a2 i0d oo,
0

is an HP-Carleson measure? A positive answer is only known for even integers. Ad-
ditionally, the boundedness of positive definite Hankel forms ({I) can be formulated
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in terms of Carleson measures on D> [36], and the same is true for the Volterra
operators studied in [I0].

From [I5], it is known that a measure u on D?, for d < oo, is an HP-Carleson
measure for one 0 < p < oo if and only if it is a Carleson measure for every
0 < p < oo. We will now construct a counterexample to this statement when
d = 0o. We recall that the diagonal restriction operator D f(w) = f(w,w) induces
a bounded map from HP(D?) to AP(D) for every 0 < p < oo (see [19]), and offer
the following clarification in the case 0 < p < 2.

Lemma 21. The diagonal operator D is not contractive from HP(D?) to AP(D)
when 0 < p < 2.

Proof. Let 0 < p < 2 and consider f(z1,22) = (21 + 22)/2. Clearly
2
DfJ" :/ w,w) [P dm(w) = ——,
1D ey = [ 1w () = 2
so it is enough to verify that ||f|\1;1p(D2) < 2/(2+p). We factor out 2o and compute
using various identities for the Beta and Gamma functions, obtaining that

1+ e 1 [
o = — z
2 27T/0 55

" 0\" 2 (1

- ) dd=~ | ———dt

7T/0 <0052> 7T/O —

1 /1 $P=1/2(1 _ )= 1/2 gy — B((p+1)/2),1/2)
0

1 2m 917

do

p _
£V anon) = 37 |

L T(p/2+1/2T(1/2)  T(p/2+1/2) 2
~ al(p/2+1)  T(1/2)(p/2T(p/2) pB(p/2,1/2)

To conclude we make use of the identity

(oo}
n—y 1
B(ﬂcvy)=z< . )x+n7 2,y > 0.

n=0

The binomial coefficient is positive for every n when y = 1/2, s0 if 0 < p < 2 we

have that ) ) 5
B(p/2,1/2) > — +B(1,1/2) — — = — + 1. O
(0/21/2)> 5 +BL1/2) =7

Remark. Lemma [I8 implies that D is a contraction from H?(D?) to AP(D) if p is
an even integer. It would be interesting to know if D is a contraction for every
P> 2.

Tensorization of Lemma [I8 and Lemma 21 yields the following result.

Theorem 22. Let jioo be the measure defined for f in C(D™) by

(28) f(21,22,23,24,...) dMoo(Z) = f(zl,zlvzfiazi?n"') dm(’z),
Doe Doe

where m denotes the infinite product of the unweighted normalized Lebesgue measure
on D. The measure o s an HP-Carleson measure on D> if p is an even integer,
but not when 0 < p < 2.

Theorem 22] invites the following question.
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Question. If y defines an HP-Carleson measure on D> for some 0 < p < oo, does
it also define an H?-Carleson measure for every p < g < oo?

In [15], it is also proven that LP-Carleson and HP-Carleson measures coincide on
D?, when d < oco. Again, this is no longer true on D>, as our next two examples
will demonstrate.

To obtain the first counterexample, we verify that the measure ([28) of Theo-
rem does not define an L2-Carleson measure on D by replacing Lemma ]
with the following result.

Lemma 23. The operator D o & is not a contraction from L?(T?) to L?(D, m).
Proof. Consider

f(eielvewz) = 7=

7

for which clearly || f||z2(r2) = 1. Furthermore, we find that

6101 + 6102 + 612916—192) ,

20
P rew,reie = 2 + 13 ,
flre.re) = S(r 41
so it follows that
2 [t 4
/|=@f(z,z)|2dm(z):—/ (2T—|—7‘3)2 rdr:—3>1. O
b 3/, 36

Our second counterexample is obtained through the connection with Dirichlet
series. In preparation, let us recall a few properties of L?(T*). Let Q denote the
set of positive rational numbers. Each ¢ € Q4 has a finite expansion of the form

o0
q=[]7r}
j=1

where x; € Z. Hence Q4 can be identified with the set of all finite multi-indices.
As in ([8), every function f € L*(T*) has an expansion

flz) =Y a2, £ 72y = D lagl™
q€Q+ q€Qy

Note that if f € L2(T?) for some d’ < oo and s = o + it, then

(B 2f) ()= > agla) ¢ ™, where g =[[p}7"
=1

q€Q+

As our final preliminary, let w(n) denote the number of distinct prime factors of n.
It is well known that if Re(s) > 1, then

[C(S)]z _ rmlte”° _ .- w(n),,—s
oy - == 20

Theorem 24. Let (1o be the measure defined for f in C(D) by

j=1

(2) djio (2) = /O (B11)(1/2 + o) do.

Doe

Then oo is an H?-Carleson measure but not an L?-Carleson measure.
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Proof. Tt is well known that fi. is an H?2-Carleson measure [11,34]. Let us therefore
prove that i is not an L2-Carleson measure. Fix ¢ > 0 and define w € D>® N /2 by

w; = p}l/ >~ We will consider the kernel of the d-dimensional Poisson transform,
d
1 - ‘w3|2
zZ) =
fa) =1 ==,
Jj=1
First observe that
o] 2—4e

. 2 - =
dlingo||fd‘|L2(Tm) = H (1—p; %) (24 4e)

j=1
Next, we have that

Jim (Z'2f4)(1/240) = Z g,

q€Q4
uniformly convergent in o € [0, 1]. Note that
o0
Z qll—a—a _ Z Qw(n)n—l—a—a ~ (0 + 8)—27
q€Q4 n=1

since there are 2¢(") rational numbers ¢ € Q4 such that ¢, = n. This concludes
the argument, since
1
d
/ _%7 ~ g3, ([l
0 (U + 6)4
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