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Abstract

We consider the fluctuations of the number of eigenval-
ues of n X n random normal matrices depending on a
potential Q in a given set A. The eigenvalues of random
normal matrices are known to form a determinantal
point process, and are known to accumulate on a com-
pact set called the droplet under mild conditions on Q.
When A is a Borel set strictly inside the droplet, we show
that the variance of the number of eigenvalues fo) in A
has a limiting behavior given by

/a VAR dH' @)

Hm —= Var N =

1
n—co \/ﬁ A 271\/;
where 0,A is the measure theoretic boundary of A,
dH'(z) denotes the one-dimensional Hausdorff mea-
sure, and A = 6zz. We also consider the case where
A is a microscopic dilation of the droplet and fully
generalize a result by Akemann, Byun, and Ebke for
arbitrary potentials. In this result dH'(z) is replaced
by the harmonic measure at co associated with the
exterior of the droplet. This second result is proved
by strengthening results due to Hedenmalm-Wennman
and Ameur-Cronvall on the asymptotic behavior of the
associated correlation kernel near the droplet boundary.
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1 | INTRODUCTION

Given Q : C — R the associated random normal matrix model consists of all complex n X n
normal matrices M, equipped with the probability measure

P, (M) = Zie—"TfQW)dM, )

n

where dM is the Riemannian volume form on the manifold of normal matrices, induced by the
standard metric in C** and Z , > 01is the normalization constant. Here, Tr Q(M) is interpreted as
the sum of Q evaluated at the eigenvalues of M. The function Q is usually called the potential or
the external field.

The first self-contained mathematical treatment of the random normal matrix model appears
to be by Elbau and Felder [27] in 2005, and a lot of the present day mathematical framework has
its origin in a work by Hedenmalm and Makarov [34] first appearing in preprint form in 2006. The
understanding of these models has been steadily increased by Ameur, Hedenmalm, and Makarov,
for example, in [9-11]. It should be mentioned that random normal matrix models and closely
related models (not having Hermitian symmetry) have been considered earlier, for example, by
Ginibre [30], Di Francesco, Gaudin, Itzykson, and Lesage [26], and Wiegmann and Zabrodin [52].
To ensure integrability, one has to impose certain growth and regularity conditions on Q. We shall
assume that Q is C? on C. Furthermore, we assume that

lim inf 22
lz]-c0 log|z|?

>1, )
which assures us that Z,, exists. The corresponding eigenvalues z,, ..., z, € C of M are distributed
as

n
1 _ )
APy (21, e, 2,) = = |z — z;|* [ e ¥ dAGz)), 3)

n1gi<jgn j=1

where Z,, > 0 is the normalization constant [20]. Here, for z = x + iy € C,
1 _ 1
dA(z) = ——dz Adz = —=dxdy
2mi T

denotes the standard area measure on C, normalized by a factor 7zz. There is much interest in the
physics community in these eigenvalues, as they describe the locations of particles in so-called 2D
Coulomb gases (with inverse temperature 2), for example, see [29]. The point process describing
the eigenvalues is “integrable” in the sense that it is entirely characterized by a function KC,, : C X
C — C called the correlation kernel. Namely, the k-point correlation functions can be expressed
as

n
. n! 1 2T ,—nQz)
yesZ)) 1= — —z” ] dA -~ dA
e 2 /an Zy G S Y & (Fsa) - dA ()

<i<jgn Jj=1

=det (K,,(z;, Zj))lsi,jsk’ N
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for k =1, ..., n. The correlation kernel is not unique, and we will make the following Hermitian
symmetric choice:

n—1

_1 —
K, (z,w) = e 2" Q@R N b (2)p (w), )
j=0

where the p; : C — C are planar orthogonal polynomials, that is, complex polynomials of degree
Jj and positive leading coefficient satisfying the orthogonality conditions

/ p@pi(2)e " PdA(z) =6,  j.k=0,1,..
C

Such point processes are called determinantal point processes (DPPs). What is clear from
this determinantal structure, and also already from the form of the joint probability density
function (3), is that the eigenvalues exhibit a mutual repulsion. This means that a typical con-
figuration of eigenvalues shows less clustering than, for example, complex numbers that are
uniformly distributed on some subset of C. Under fairly general conditions on Q (that we elab-
orate on in Section 2), we know that the eigenvalues accumulate on a compact set S, called
the droplet [49]. Explicitly, the average density of eigenvalues satisfies the following limiting
behavior [33]:

AQ(z), z €Sy,
.1 o1 _J)1
lim Epn,l(Z) = lim ;lCn(z, z) =454Q(2), z €035,
0, z€ Sg.

(For the limit on 8S,, see [36].) Here A denotes the quarter Laplacian:
a5 1 . 1 . _ 1/ 2
A=0,0, = (0, —i8,)5 (3, +id,) = 7(92 +42). ©)
Our focus will be the behavior of linear statistics of the form

X,(f)=fz)+ -+ f(z,), @)

where z,,...,z, are the eigenvalues and f is a test function. One is frequently interested in
the variance (and higher order cumulants) of these linear statistics as n — oo0. For smooth test
functions, these linear statistics are well understood in the large n limit [10, 11]. Our focus will
be the qualitatively different case of counting statistics where the test function is an indicator
function

1, z€A,
0, ze€AS,

f(@)=14(2) = {

and A is a given subset of C. We shall henceforth use the notation

N,(4n) =%,(14)
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40f35 | MARZO ET AL.

for counting statistics. Note that NX’) counts the number of eigenvalues in A. Using the weak
convergence (e.g., see [14]) of % Pn.1> one infers that

lim SN® = / AQ(2)dA(z),
n A

n—oo
for any measurable set A. The corresponding variance of Ni‘”) is called the number variance, and
it will be our main object of interest. Counting statistics of random normal matrices (or explicit
models in this class) have attracted much attention recently, see [1, 6, 7, 17, 19, 28, 40-42, 45-47].

There is a direct relation between the variance of the linear statistic defined in (7), and the
correlation kernel, namely

1
VarX,(f) =3 /2 If(2) = FW)IPIK, (2, w)|*dA(2)dA(w). ®)
c
In our case f = 14 and the number variance can then be alternatively expressed as

varng) = 1 / 114(2) — LAWK, (2, W) PAAZ)AAW) ©
CZ

/ K, (z, w)|?dA(z)dA(w).
AJac

One of the first results on the number variance for the eigenvalues of a random normal matrix
model, seemingly lesser known, can be found in a 2004 paper by Rider [48], where the limiting
behavior of the number variance for the Ginibre ensemble Q(z) = |z|? is found in the case where
A is either an annulus or an angular segment. (Technically, the matrices sampled from the Gini-
bre ensemble are not assumed to be normal, but imposing this condition or not turns out to be
irrelevant for the distribution of eigenvalues).

In [1], Akemann, Byun, and Ebke, likely inspired by [17, 19, 28, 40-42], derived a universality
result for the counting statistics when Q is radially symmetric, that is, Q(z) = Q(|z|). In these
papers, the set A is a concentric disk and the counting statistics are called disk counting statistics.
Notably, [17] also considered the case where Q has a logarithmic singularity. Under certain general
conditions and normalizations on Q (see Definition 1.1 in [1]), in particular to ensure that S, is
the closed unit disc D (rather than a union of a point or disc and annuli), they showed that when
A is a concentric disc B(0, a) with 0 < a < 1, then one has

. 1 (n) a
lim — VarN',” = —+/AQ(a).
n—eo \/Z 4 \/;

For this result, radial symmetry is necessary for both the potentials Q and the sets A. In [41, 42,
45, 46], the only random normal matrix model considered was Q(z) = |z|?, the Ginibre ensem-
ble. The result in [45, 46] holds for general sets A. Namely, if A is a Borel set, they showed
that

lim LVarNﬁ‘") = ;Hl(d*A),

n—oo \/ﬁ 27{\/5
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where 3, A is the measure theoretic boundary of A, and H'(3,A) is the perimeter of A. The
measure theoretic boundary is defined explicitly by

a*Az<{ZGC:limMAn—wzl}u{zeC:limwzo}>c,

rlo 7r? rlo r?

where m, denotes the two-dimensional Lebesgue measure. When A has a C! boundary, the mea-
sure theoretic boundary is the same as the topological boundary d A, and H'(d, A) corresponds to
the length of the topological boundary (one may also replace J,. A by the reduced boundary here
and in the formulas below, as the difference has measure 0). Note that the limit exists if and only
if A is a Caccioppoli set, that is, if and only if it has a finite perimeter. Heuristically, this result
makes sense: In the bulk §Q the kernel K, (z, w) (for any generic Q) behaves like a Gaussian that
is sharply peaked along the diagonal z = w. Combining this with the second line of (9) provides
the insight that the boundary encompasses the dominant behavior. A similar limiting behavior
was seen in the number variance of stationary point processes (to which the Ginibre ensemble
asymptotically belongs)[39, 50]. Very recently, it was proved in [3] for a general class of potentials
Q that the number variance is of order |0A]| \/ﬁ for all convex sets A € §Q with C? boundary. This
general class Q requires that Q is C?, real analytic on an open neighborhood of Sgs and AQ > 0

on a compact set containing A. As mentioned in [2], this implies that NE‘") satisfies a central limit
theorem after proper rescaling due to Soshnikov’s theorem [51]. Moreover, when AQ is constant
on the droplet, it was shown that

N

(n)
varN™ = ¥ |34],/AQ|s. +OQ),
4 Zﬂﬁ Q

uniformly for n = 1,2, ... and uniformly for convex sets A C K with C? boundary, where K C .§‘Q
is a given compact set.

In this paper, we go a considerable step further, and prove a universal limiting behavior for
the number variance for general potentials Q and general sets A. We prove the following general
result.

Theorem 1.1. Consider a random normal matrix model with a potential Q that is C?, real analytic
on §Q and AQ > 0on So- For any Borel set A € §Q, we have

lim LVarN;") = .
=/ 2T

/a ) VAQ(z)dH(z), (10)

where 0, A is the measure theoretic boundary of A.

We remind the reader that A denotes the quarter Laplacian as defined in (6). Note that when
A has a C! boundary, the measure theoretic boundary is the same as the topological boundary
0A, and dH'(z) is simply the usual arc length differential. A limitation of our method is that
we do not have a precise understanding of the error in (10). We suspect, however, that the limit
holds with an error of order O(1/ \/ﬁ), or perhaps O(log(n)/ ﬁ). This suspicion comes from [2],
where requiring the boundary of A to be C! rather than C? seems to produce a term of order
O(log(n)/ \/ﬁ), although this could be an artifact of the method. Nevertheless, we do have a good
understanding of the error in terms of an upper bound, see Corollary 5.8.
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60f35 | MARZO ET AL.

Another interesting phenomenon is the number variance on a microscopic dilation of the
droplet, that is, where A is either microscopically smaller or microscopically larger than the
droplet in some specified way. This was first considered by Lacroix-A-Chez-Toine, Majumdar, and
Schehr for the complex Ginibre ensemble, who used it to describe non-interacting Fermions in a
rotating trap [41]. This result was later also verified in [28]. When Q(z) = |z|> and A = A,(5) =

{zeC:|z| <1+ \/%Q(l)} for some fixed § € R, they showed that
n
) < erfe(t) erfe(—t
lim LVarNg”)@ _ K )’ £6) = \/ﬁ/ erfo(t) erfe(—t) .
Y A= 5 1

Afterwards, Akemann, Byun, and Ebke generalized their result to the rotationally symmetric set-
ting [1]. In [2] a similar result was shown for the complex elliptic Ginibre ensemble, corresponding
to Q(z) = |z|?> — 7 Re(z?) (or a rescaling thereof), which does not exhibit radial symmetry. We go
a considerable step further in this paper and consider the analogous result for general potentials
(not necessarily rotationally symmetric). We restrict our attention to the case that S, is connected
and has a smooth boundary. We additionally assume that S, equals the so-called predroplet. We
postpone the somewhat involved explanation of this commonly imposed condition to Section 2
below. For any § € R, we define the following tubular neighborhood of 35, given by

Som = tha(z,0) 1 Z €8Sy, [t] <81},
where

hy(2,0) = z + ———ii(2)t. (1)

V2nAQ(z)

Here 7(z) denotes the outward unit normal vector on 95, at z. By an application of the inverse
function theorem, h,, is a diffeomorphism from 35, X (=61, |§]) to Sg , for large enough n. Now

consider our counting statistic N;”) for

SeusSs . 820,
A=A, = Q.n (12)
So\S5 .. &<0.

In other words, when § > 0, the set A is microscopically bigger than the droplet while, when § < 0,
the set A is microscopically smaller than the droplet. In this setup we have the following theorem
for the corresponding number variance. We remind the reader that the harmonic measure at oo
corresponding to Sg is given by

dw3 (2) = ¢/ (2)|dH' (@),
Q

where ¢ is the conformal map from Sg toD satisfying ¢(o0) = oo and, though it is irrelevant for
the definition of the harmonic measure, here and in the rest of the paper, we fix ¢’(c0) > 0 (i.e.,
¢ is assumed to be orthostatic).
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UNIVERSALITY FOR COUNTING STATISTICS OF RANDOM NORMAL MATRICES | 7 of 35

Theorem 1.2. Consider a random normal matrix model with a potential Q that is C? on C, and real
analytic and strictly subharmonic on a neighborhood of S. Assume that S, is simply connected, has
a smooth boundary, and that it equals the predroplet. Then

lim —— varN® = i) VAQ(z) dwy (2)

- C
e 4O T G Js, %

uniformly for § € R in compact sets, where w;‘c’ is the harmonic measure at oo, and
Q

f(5)=\/ﬁ/5 erfc(t)zrfc(—t)dt‘

Comparing with Theorem 1.2 in [1] in the rotationally symmetric case, they have ¢(z) = z
and thus dcog‘g (z) = dH'(z), and this is indeed in agreement. As mentioned in [1], we have
Q

f(=o0) =1, f(0) = % and f(o0) = 0. However, contrary to the rotationally symmetric setting,
for general potentials, Theorem 1.2 cannot directly be considered an interpolation between the
droplet (Theorem 1.1) and the region around the edge, due to the different measures that are inte-
grated over. However, one could interpret the limit § — —oo as recovering the bulk case, where
one integrates over the boundary of A = S;,. Notice that one may pull back the harmonic measure

and alternatively write
[ Vae@uaz @)= [ VEQGTENAHC)
65 Q oD

Furthermore, this particular term is the solution to the Dirichlet problem on SCQ with boundary

values 1/AQ(z) on 8S,, evaluated at z = co. When one considers the matrices in (1) to be Hermi-
tian rather than normal, one has the Gaussian unitary ensemble (GUE) (with general potential). A
comparison of Theorem 1.1 and Theorem 1.2 with their one-dimensional counterparts is in order.
When A is strictly inside the limiting support of eigenvalues of the GUE, one finds that

m_ 1
VarN, - = ;logn +0O(1)

as n — oo, where the implied constant depends on A [21]. Actually, it can be extracted from [16]
that the same large n behavior holds in the case of general potentials, in particular with the leading
order behavior independent of the potential. On the other hand, going back to the GUE, when one
takes a microscopic dilation A,(6) = [-2 + §/n,2 — §/n], one finds a limiting bounded function
o [51] such that

nh_)rrolo VarNgl)(é) = g(8)%.
Thus, in sharp contrast with the model of random normal matrices, the edge behavior is of a
different order, O(1) instead of O(log n) [38]. This is called number variance saturation [38] (i.e.,
there is an upper bound to how much the eigenvalues can fluctuate in an interval of microscopic
size), and it does not happen in the model of random normal matrices.
Theorem 1.2 does not touch on certain more exotic settings. For example, one may consider the
case that the droplet has a hard edge, that is, the eigenvalues are excluded in a certain region. This
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8of35 | MARZO ET AL.

has been considered in the rotationally symmetric case in [6, 7]. Notably, [7] also considers the
case of disconnected droplets. Based on the very recent paper [22], one would expect the limiting
variance in Theorem 1.2 to be a sum with harmonic measures corresponding to the exterior of
each connected component.

As in Theorem 1.1, the dominant contributions to the variance come from the vicinity of the
boundary of A, which in the case of Theorem 1.2 corresponds to the droplet boundary, or edge, dS,.
The edge behavior of the kernel has been investigated in generality by Hedenmalm and Wennman
[36] and Ameur and Cronvall [8], and was for the explicit models of the Ginibre and elliptic Ginibre
ensemble already investigated by Lee and Riser [44]. Key to our proof is the following strengthen-
ing of a result by Hedenmalm and Wennman [36, Corollary 1.7]. First, our result implies that their
result holds uniformly under certain conditions on z and w that allows them to have a distance of
higher order than 1/ \/ﬁ from the boundary. Second, contrary to [36], we allow for the possibility
that z, # w, below. The log is defined with argument in (-7, 7] in what follows, and we define
the complementary error function as

T

2 [ _p
f = —— “dz.
erfc({) \/_/g e z

Lemma 1.3. Consider a random normal matrix model with a potential Q that is C? on C, and real
analytic and strictly subharmonic on a neighborhood of Sj,. Assume that S, is simply connected,
has a smooth boundary, and that it equals the predroplet. Let z,,w, € 35, and denote by 1i(z,) and
1i(wy) the outward unit normal vectors on 8S, at z, and w. Then we have as n — o that

1

o )
nVAQ(z)AQwy) | VnAQ(zy) V/nAQ(w,)
(1 log’n 1 5 (log($(zo)p(w)))>
) <5+0< Vi >>exp<_5|§_"' IR TN >
E+7 /710g(¢(z0>¢<w0)>>
erfc| —— nAQ(zy) —————— 13)
( V2 Y V214 @) I

uniformly for |zy — wy| = O(1/ k’%) and &, = O(x/log n), where ¢ is the conformal map from S(‘f2
to D' such that ¢(00) = 00 and ¢'(0) > 0.

More symmetric versions, treating z, and w, equally, are also possible and can be derived with
our method, but we shall prefer the version as stated for the application we have in mind. Interest-
ingly, when |z, — w,| — 0 but \/ﬁlzo — wy| = o0, and &, = o(y/log n), the asymptotic behavior
of the complementary error function yields a term

1 1 < Bk+1 Yy k
SN ($(z0)p(wg) — 1)
log(¢(z0)p(wy))  $(zo)p(wg) — 1 kz=o(k+1>! R
1

1+ 0O(zy —wy))

 plze)p(wy) — 1
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UNIVERSALITY FOR COUNTING STATISTICS OF RANDOM NORMAL MATRICES | 9 of 35

and we get the Szeg6 kernel result from [8] (Theorem 1.3 and Corollary 1.4) which holds under the
different condition |¢(zy)P(w,) — 1| > € for some fixed € > 0 (and By, are the Bernoulli numbers
of the second kind). This Szeg6 kernel associated to the curve 35S, is the reproducing kernel on

the Hardy space H, 3 (%) of holomorphic functions that vanish at infinity and are square integrable
with respect to arc length over 0S,. It is explicitly given by

Sty = L VEOVF@
T2 g(g(w) - 1

bl

with ¢ being the conformal map from Sg toD' such that ¢(00) = oo and ¢’ (o0) > 0. To understand

the contribution of the remaining region |z — w|™! = O(, / logn) near the droplet boundary, we

have the following lemma.

Lemma 1.4. Consider a random normal matrix model with a potential Q that is C* on C, and real
analytic and strictly subharmonic on a neighborhood of S,. Assume that S, is simply connected, has
a smooth boundary, and that it equals the predroplet. Then asn —

1 n(zy)§ 1i(w)n
— K, <zo+ —,wy + —)
Vn VnAQ(z) V/nAQ(w,)
<Cols (Zo + n(zo)é Jwp + 1i(wy)n > o—(Re §)2e—(Ren)2’
VnaQ(zy) V/nAQ(w,)

uniformly for zy, wy € S, and §,m = O(+y/log n), where Cjy > 0 is a constant that depends only on
Q, and S is the Szeg6 kernel associated with 5SQ.

When C, is chosen optimally (or close to the infimum of such constants), we expect this
inequality to be essentially sharp for large n near the edge for z and w not too close to each other,
as can be seen in the complex Ginibre ensemble and in Theorem 1.1 in [2] for the complex elliptic

Ginibre ensemble. We mention that, while Lemma 1.4 is formally correct for z — w = O( 105 O%

it is Lemma 1.3 that provides detailed information in that situation. The reason for including
Lemma 1.3 and Lemma 1.4 in the introduction is that we consider them to be of independent
interest for researchers in random normal matrices and related fields. We believe that the con-
ditions for z, — w, and &, in Lemma 1.3 and Lemma 1.4 are sufficient in scenarios where one
needs to integrate over an integrand involving the kernel. However, based on implicit results in [32,
37] it seems that Lemma 1.4 holds under the weaker assumption &,7 = @(n'/4), while Lemma 1.3
likely holds under the weaker conditions z, — w, = O(n='/4=¢) and £, 7 = O(n'/*~¢) for any fixed
logn
n
Lastly, we mention that a result similar to Lemma 1.3 for the case z, = w, is simultaneously and

independently proved in [18], where the form of the subleading term is obtained explicitly.

The paper is organized as follows. In Section 2, we introduce the reader to some information and
estimates on the correlation kernel which are necessary to prove Theorem 1.1 and Theorem 1.2.
Our approach to prove Theorem 1.1 involves approximating 1 4 by functions of bounded variation.

€ > 0, although an extra error term @(n=%¢logn) has to be added to the factor 1+ O(
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10 of 35 | MARZO ET AL.

This method was used in [45, 46] but the kernel, contrary to the models considered in [45, 46] are in
general not asymptotically radial and our accomplishment is to overcome this difficulty. Actually,
we prove Theorem 1.1 with a weighted bounded variation norm representation result, Proposi-
tion 5.1, in the spirit of [15, 23], for arbitrary f € L!. In Section 3, we provide some preliminaries
on functions of bounded variation. To prove Theorem 1.2, we need Lemma 1.3 and Lemma 1.4. We
prove these in Section 4. Finally, the proofs of Theorem 1.1 and Theorem 1.2 are in, respectively,
Section 5 and Section 6.

2 | CORRELATION KERNELS AND BERGMAN KERNELS

In this section, we present some preliminaries and estimates on the correlation kernel that are
needed to prove the main results. There is an alternative interpretation of the correlation kernel
in the case of random normal matrices. Namely, the correlation kernel without the weight factors,
that is,

n—1
k,(z,w) = ) p;(2)p;w),
j=0

is known as the (polynomial) Bergman kernel on the Hilbert space of complex polynomials p of
degree < n with respect to the norm

/ 1p(2)2e O dA).
C

Such a kernel satisfies the reproducing property, that is, for any complex polynomial p of degree
< n, we have that

p(2) = /C k(2 w)p(w)e " dA(w).

We know how to approximate such a kernel inside the droplet for z and w close to each other.
This is in the first place due to Berman [14, Theorem 3.8] and in the second place due to Ameur,
Hedenmalm, and Makarov [9, Theorem 2.3], who refined Berman’s results to the random normal
matrix setting. Fix any compact set K C §Q, and assume that AQ > 0 on K. Then there exists an

X > 0and a constant Cg > 0depending only on Q and K such that uniformly for |z — w| < €

EIEQ

=|0Qw

|]Cn(z’ w) - Kjil(zr w)l < (14)
for n bigenough, where K} (z, w) is the weighted first-order approximation of the Bergman kernel.
Higher order approximating Bergman kernels can be constructed as well, leading to an error of
arbitrarily high negative power of n, but we shall only need the first-order approximation. It is
defined as

1 1
Kl(z,w) = (nBy(z,W) + By(z, W) )" Q=530 (15)
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UNIVERSALITY FOR COUNTING STATISTICS OF RANDOM NORMAL MATRICES 11 of 35

where
By(z,w) = 8,6,0z,w),  By(z,w) = %azaw 1og3,8,,Q(z, w).

The function Q(z, w) is the polarization of Q(z), that is, the unique function in a neighborhood of
w = z that is analytic in both its variables and such that Q(z,z) = Q(z). It is guaranteed to exist
on any compact set for |z — w| < ¢ if we pick ¢ small enough. These facts and (14) can be utilized
to prove several convenient estimates for the correlation kernel [9]. Under the conditions for Q as
in Theorem 1.1 we have that

%ICn(z,z) = AQ(2) + O(1/n) (16)
as n — oo, uniformly for z € K (e.g., see [33]). Furthermore, we have the estimate
. 1 X
1K,,(z, w)| < Cne—e\/ﬁmm(dKJz—wl)e—EH(Q(Z)—Q(Z))’ (17)

uniformly for w € K and z € C, for some constants C, € > 0 that depend on Q and K, and dy is the
distance between K and Sg [9, Theorem 2.12]. Here Q denotes the obstacle function (sometimes
called the equilibrium potential), that is, the maximal subharmonic function that satisfies both
Q < Q and Q(z) = log|z|?> + O(1) as |z| = co. The predroplet is defined as the coincidence set
Q = Q. Under the assumption that Q is C2 (or even C11) the predroplet equals So U N where N
is a set of measure 0, with respect to a certain measure o, that we define in a moment. Namely,
the obstacle function has a potential theoretic interpretation. Defining the logarithmic potential

Ug(2z) = / log | dog(w),
we have that
Q+2Uq = cqs
where ¢, is a Robin-type constant and o, is the equilibrium measure, given explicitly by do(z) =

AQ(2)dA(z) = AQ(Z)lSQ(z)dA(z). It solves a potential theoretic equilibrium problem that is
obtained by a standard heuristic continuum limit argument. Namely, rewriting (3) as

- exp <n2< Yloglz; - z| - = ZQ<z )>>
" Jj#k

. 1 . . e .
and replacing the sums - 2;1:1 by integrations over some measure, one asks to minimize the

(energy) functional
1w = [ og

over all compactly supported Borel probability measures on C. It turns out that u = ¢, is the
minimizer [49]. One immediate consequence of (17) is that

SduEuw) + / Q()du(2),
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12 of 35 MARZO ET AL.

K,(z,z) <Cn (18)

uniformly for z € C. One object, investigated in [9], that we will also use, is the Berezin measure
rooted at w € C. Itis defined as the measure Bflw)(z)dA(z), where ng) is the Berezin kernel rooted
at w given explicitly by

1K, (z, w)|?

(w) _
B, (z) = K, 0, w) "

19)

By the reproducing property of the kernel, it defines a probability measure. It was shown in [9]
that the normalized Berezin measure Bflw)(z)dA(z), defined via

B(z) = ———BW (20)

VA
nAQ(w) <w+ \/nAQ<w>>’

converges in distribution to e~ 17" dA(z). This implies in particular that B,(qw) converges to the Dirac
measure §,, in the weak-star sense. Furthermore, we have the behavior

(w) _ nleO(w’E)l2 + O0(n) —nAQ(w)|z—w|*+O(n|z—w|?) -2
B (@ = nAQ(w) + O(1) ¢ +Om™)
= (14 O(n|z — w]?) + O~ ))NAQ(w)e MARWIz—wl* 4 9(p=2), (21)

uniformly for w € K and |z — w| = O(bi:), which is a slightly more refined version of (7.5) in

\/_
[9].

3 | FUNCTIONS OF BOUNDED VARIATION

On C the space of functions of bounded variation [4] is defined as
BV(C) = {f € L'(C) : [flpy < oo},
where [f]z,, denotes the total variation of f:
[f1lgy = sup {/«:f(Z) div¢(z)dA(z) : ¢ € C](C, R%) with ||¢]l;e < 1}.
The space BV(C) is usually endowed with the norm

If sy = Il + [f1sv

and this turns it into a Banach space. It is a simple exercise to verify that

/ F@)div $(2)dA@)| < 1V
C
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UNIVERSALITY FOR COUNTING STATISTICS OF RANDOM NORMAL MATRICES | 13 of 35

whenever f € C°(C). Interpreting the gradient in the distributional sense, the expression on the
right-hand side is the total variation for functions in W1, but the Sobolev space W! is a proper
subspace of BV(C). However, any function f € BV(C) can be approximated by functions in C$°(C)
in the following way. There exists a sequence (f; 3?';1 in C°(C) such that

lim 1/ = £l =0and lim [ [9£,2)|dA@) = [fyy- @)
j—oo j=oo Jo

In general, it is not possible to approximate a (non-trivial) BV function f by a sequence f; €
CX(0)in W1 norm, and (22) is essentially the best way to approximate the distributional deriva-
tive of f by such a sequence. Similar conclusions are valid when dA(z) is replaced by w(z)dA(z),
when w is some positive C! weight [13]. That is, if

[f15y := sup{ /C F@)div $(2))w(z)dA(z) : ¢ € CX(C,R?) with [|¢]l .« < 1} < oo,

then there exists a sequence (f j ;"; 1 In C°(C) such that

lim (= f elly; = 0and lim /C IV i(Dlw(2)dAR) = [£12,. (23)

One way of seeing this is to write (Vf)w = V(fw) — fVw and use the earlier sequence for the
BV function fw instead of f. One particular class of functions of bounded variation in which we
are interested consists of indicator functions 1 4 corresponding to some set A C C. It follows from
the structure theorem of De Giorgi [25] that [1 4] equals the perimeter of A, that is, the integral
over the measure theoretic boundary d, A of A with respect to the one-dimensional Hausdorff
measure. We write this as

[alpy = / @) = 1 0,)

*

When A has a C! boundary, the measure theoretic boundary equals the topological boundary, and
dH'(z) is the same as the arc-length differential. In the case of a weight, this formula changes to
(e.g., use [4, Theorem 3.84] for V(w1,))

[La12, = /a w(2)dH(2). (24)

*

4 | PROOF OF LEMMA 1.3 AND LEMMA 1.4

Under the conditions of Theorem 1.2 it was proved in Theorem 1.1 in [36] that the orthogonal
polynomials enjoy an expansion

pi(2) = ni ¢;(z>¢f<z)fe%”gf(”<2 N B, (2) + om""‘”) 25)
k=0
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14 of 35 | MARZO ET AL.

as j = tn - oo, where the error term is uniform over all z € C such that

dist(z, S5, ) = (9( log ”) (26)

n

as j = tn — oo, uniformly for 7 in a fixed (small) interval around 7 = 1. We have to explain several
expressions in this formula. First, given 7 (and under the condition that AQ > 0 on S, and that
is sufficiently close to 1), Sy, ; is the set

SQ,T = {Z ecC: QVT(Z) = Q(Z)}’
where Q, solves the obstacle problem
Q.(z) = sup{Q(z) : q € Subh_(C) and q < Q}.

Here Suhb_(C) is the convex body of subharmonic functions in the plane which grow at most
like 7log |z|* as z — oo. Note in particular that Q; = Q and S, ; = S. For 7 near 1, S, ; should
be thought of as a small perturbation of the droplet S,. The function ¢, now, is the conformal
map from Sar to ﬁc, satisfying the (orthostatic) condition ¢(co0) = oo and ¢'(o0) > 0. Q. is the
bounded holomorphic function on Sé,f such that ReQ, = Q on 45, , and Im Q_(c0) = 0. The

functions B_ ; are bounded and holomorphic on a neighborhood of Sg .- For us, only B_ ; will be
important. By Theorem 1.3 in [36] we have that

1
B.o(z) = (2m) 4 Mo,

where H, . is the bounded holomorphic function on a neighborhood of % satisfying Re H, . =

ilog AQ on dS; ;. and Im H, (o) = 0. It was later shown by Hedenmalm [32] using a soft
Riemann-Hilbert problem that for 7 = 1 the region of uniform convergence can be enlarged to
z € C such that

. _ —1/4
dist(z, Sg,r) =0n ),

which also holds for fixed 7 = ﬁ but it is unclear whether (25) would still hold with uniform error
term for a range of 7. Therefore, we will restrict to cases satisfying the condition in (26) in what
follows. The result (25) shows that the zeros of p, must be in the interior of the droplet, called the
bulk. The large n behavior of the orthogonal polynomials in the bulk is largely an open problem,
and is only known in explicit cases. Close to the boundary, Hedenmalm and Wennman argued
that effectively only the polynomial degrees n — \/ﬁ logn < j < n — 1 contribute significantly to
the kernel, with the error growing smaller than any inverse power of n. It thus suffices to consider
the object

n—1
A _1 _1 —
K, (z,w) = 73" N p(z)p,(w),

Jj=n—my,
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UNIVERSALITY FOR COUNTING STATISTICS OF RANDOM NORMAL MATRICES | 15 of 35

where m,, is defined as the integer part of \/ﬁ log n, and we define Q as the bounded holomorphic
function such that ReQ = Q on asg and Im Q(o0) = 0. Note that £,,(z, w) is analytic in both z

and w. Inserting (25), and reordering the summation indices, yields

y(z,w) = (1+ 0~ )@r) 2 v/n

my

3 £37(Qu-(@+201-D)logy - (2)-0(2)) , 31(Qu_ @21~ log 1 (2)-Q(2)
j=1
in a neighborhood of Sg X Sg. As explained in [36] an application of Hedenmalm and Shimorin
[35] yields that the boundary of S, . depends real analytically on 1 — 7 and furthermore (Theorem
6.4 in [35]) that ¢, depends real analytically on 1 — 7. We will now explain why this is also true
for Q; and H ;.

Lemma 4.1. Q. and H, , depend real analytically on 7 in a neighborhood of T = 1.

Proof. By the Herglotz transform we have for |z| > 1

Q.(¢7'(2)) =/a Z+§Q(¢T_1(§))dH1(Z)-

pz—F¢

Inserting an expansion in powers of T — 1 for ¢, and using a Taylor series, we see that QToqu_l is
real analytic in 7, on some neighborhood of T = 1. Then composition with ¢_ shows that the same
is true for Q.. The argument is exactly the same for M, .. O

In the sum describing our kernel, note that (after relabeling) we have 1 — 7 = % We thus have,
for example, that under the condition j < m,,

; 3
31U (@H20-D) 10 _(2-Q(2) _ nAg(@)+iA@H L Ay(2) <1 4O (10% n ))
n

as n — oo, for certain holomorphic functions Ay, A,, and A, that exist in a neighborhood of %

Furthermore, in [36, section 5] (see eq. 5.8) it was determined exactly what the real part of these
fi(zg)€
1/nAQ(zy)

functions is in the case that z is close to the droplet boundary. If z, € S, and z = z, +

with & = O(4/log n), then

2 _ e\ 3
MA@+ A@+ L A45(2) =AQ(ZO)%e (Re§+2 HAQ(ZD)> <1+(9<log n))’

\/ﬁ

as n — co. In the case that z = w, they could then identify £, with a Riemann sum and obtain
the complementary error function behavior (note that Hedenmalm and Wennman use a different
definition of the error function). Note in particular that we have
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16 of 35 | MARZO ET AL.

Taking & either purely real or purely imaginary shows that we also have Ag(zo) = 0. In our case,
we need to allow for the case z # w, although we do impose that they are close to each other:

|z —w| = 0O( 10in)asn — 00. We have

enAO(z)+jA1(z)+ jTZAZ(z)enAO(w)+jA1(w)+éAz(w) —

MA@+ Ag(W)+(A1(2)+4, (w))+é(A2(z)+A2(w))

and the condition on z —w means that Ay(z) + Ay(w), 4,(z) + A;(w), and A,(z) + A,(w) are
close to being real. The first term is not so important since it drops out of the entire sum, but for

the other two terms we have for z — w = O( 10%)

; — . — log*n
J(A1(2) + A (W) = 2j Re Ay (2) + jA (2)(w — 2) + O ;
N

.2 _ '2 3

\/ﬁ

as n— oo and j < \/ﬁ logn (with even smaller error terms actually). We can do the same
argument with w as base point instead. Plugging in

7i(zy)€ n(wy)n

=Zp+t —, W=wyt ———,
FTH 1/ nAQ(zy) w= v/ nAQ(w)

where &,7 = O(4/log n), we find that

log* n

Koz w) =(1 + OB L))V/n(27) "2 AQ(2) T AQ(wy) * €" o)+ Ao(w)

n

\/nlogn

2 2
— j1¢’ (zo)l > ( jlg! o)l ) . jl#' o)l
—|( Reé+ J —| Ren+ —==) +ivna
X Y A[#(Z)\ /¢ (we ( NGy ety ) VS
Jj=1

log’ n

1 1 1 —_—
=1+ O( ) \/znn:_i AQ(zy)2 AQ(wy)? e(Ag(2)+A,(w))

n

Vnlogn , B e\ e\, o ilg @)l
X |¢ (ZO)I e <Re §+ 24/nAQ(z() ReyH_Z\/ﬂAQ(zO) +l\/za2 nAQ(zg)
j=1 2 HAQ(ZO)

El

where

VAQ(zy)
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UNIVERSALITY FOR COUNTING STATISTICS OF RANDOM NORMAL MATRICES 17 of 35

Lemma 4.2. We have uniformly for £, € C and a € R that
M8z —(Reer LI Repy S ) 80
¢ ZO e 24/nAQ(zq) 7 Z\W(zo) 24/nAQ(zq)
i=1 24/nAQ(zy)

— /00 e—(Re§+t)2—(Ren+t)2+i\/ﬁatdt
0

(IRek| + |Ren| + \/n|a| +logn)’ |
(0]
n

+ O( gn).

Proof. Let us define

/
fn(t) = e_(Re §+70f)2—(Re77+y0t)2+i\/ﬁocy0t’ Yo = |¢ (ZO)I

2/AQ(zy)

and g,(¢) = f,(tlogn). By bounding the remainder in the second-order truncation of the Euler—
Maclaurin formula (e.g., see [12, Chapter 5]), we have the general estimate

Lg‘:g S —/lg(t)dts _sup|g!/|.
m "\ m o 12m2 o1 "

n n

Then it follows that

j %f ! / o di] < 287 g1 = 8 Gy g
— -— |- < sup g | = sup
ni=S "\ Vn 0 " 12m; o 12mg "

n [0.1] n [0,logn]

(JRe&| + |Ren| + \/ﬁ|oz| +logn)21
0
n

= gn).

It follows from the behavior of the complementary error function that changing the integration
bound from log n to oo yields a contribution that goes to 0 faster than any power of #. Finally, a

substitution ¢ — y; 't yields the result. O

This limiting formula can be rewritten, and we have that

2\/\/_5 /oo e—(Re§+t)2—(Rer)+t)2+i\/r_latdt
T JO

_ 2\/§e_%(Reg)z—%(Ren)z-%(Re&Ren)i\/ﬁﬁn% /°O e-z(t+%Re§+%Ren-§i\/ﬁa)2dt
Vid 0

— e—%(Re5)2—%(Ren)2—%(Re§+Ren)i\/ﬁzx+n% erfc <Re‘§ + Rey i

Va2 E)
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18 of 35 | MARZO ET AL.

Comparing with the known result in [36] for z, = w, and « = 0 we have

n 2£2 3
0 n

Using the expression in [36] in the case a = 0 and z, = w, we infer that

3
— o 3lE P+ Re P+ (Ren) (H(D(lo\g/_")),
n

asn — oo, for &,7 = O(y/logn) and |z, — wy| = O( 10%). Thus, taking the modulus of K,,(z, w),

we obtain
1 o ( 7i(z)€ i(wo)y >
ol 2ot ———, wy + ——
ny/ AQ(zy)AQ(w,) vV nAQ(z,) V nAQ(w,)

3 2
_ <1 +(9<10g ”>>e—%|§—n|2+n? erfc(Reg + Rey —i\/ﬁ a >
Vn V2 2v/2

Since the difference between |K,| and |k, | is smaller than any negative power of n, the same

formula holds for &, that is, uniformly for |z, — w,| = O( 10%) and &, = O( \/E) we have

™M Ag(2)+Ag(w))

1

p (z L AeE Ao >
n 0 > %0
ny/ AQ(Zo)AQ(wo) V nAQ(Zo) V nAQ(wo)

3 2
= <1 +0 (_lo\fj:a)) e_%lg_’”z”l? erfc <—Re§ +Ren _ i\/ﬁ—oC
n 2

V2 2v/2 >
as n — oo. The remaining question is what the value of « is.

7)

Proof of Lemma 1.3. Let us consider the case that z, — w, = O( 10%) and &,n = O(y/log n). For

zy = w, we know from the locally uniform limit in [36] that —%\/ﬁa =Im& — Im7 and thus
Lemma 1.3 holds, since we just proved 27. Even when z, # w,, we can relate this to the case
Zy = wy. Namely, we may write that

n(wo)n _ 1(zo)7j
Wy + ——— =z ———
nAQ(wy) \/W(Zo)

where

_ [ AQ(zy) ni(wy) Wo — Zg
7= 2wy iz "V MAE TS

_ Wy — Zg logn
=n+ \/nAQ(zo)—ﬁ(ZO) + (9( Nz ) .
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UNIVERSALITY FOR COUNTING STATISTICS OF RANDOM NORMAL MATRICES 19 of 35

Note that we indeed have 77 = O(y/logn) as n — o0. We see that

§+ﬁ=§+ﬁ+ﬁ(zo)m(m)+o<kjﬁn>'

Explicitly, the outward unit normal vector is given by

¢'(z))
|¢'(z)] .

¢(Zo)/¢,(zo)

"20) = 1)z

= ¢(zp)

On the other hand, we have that

1
wo = 29 = ¢ (wp)) = 7 (B(20)) = (¢ (BN $we) - $(z,) + O ( V O§n>

_ 9G0) ( og@swe) _ logn

= s (¢ 1)+o(y/=,
I

:f(( ")) log(#(z0)$(wy)) + O <\/ == )

Thus

ﬁ(zo)(wo —2Zp) =

logn
19z ( Ol 10g(¢(20)¢(w0)) + 0( " ) .

Comparing this with (27), we infer that

—ivnS =ilm¢ —ilmn + \/nAQ(zo)log(Tg?Z)(p)ﬁwO)) +0 <k\’/g_”>
0 n

as n — oo. A first-order Taylor approximation shows us that we may effectively drop the O
term. O

The arguments we used to prove Lemma 1.3 essentially also provide us with all the ingredients
to prove Lemma 1.4. Analogous to [8] we start with a summation by parts and rewrite

/en(Z, w) = ;_X
Pp(2)p(w) — 1

n—-2
(an_1(¢<z>¢<w>)" + Y (@ —a)@@)pw) ! —%(qb(z)@)m“),

J=n—my
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where

¢1—'/"(z) ! n a(2)=0Q(z ¢1_'/”(w) ! n o (w)—Q(w
a; = aj(z, w) = < ¢J(Z) ) 2™MQ1—j/n(@-Q ))< qu(w) 2™MQ1—j/n(W)—QW)

A couple of things were proved about the a; in [8, section 4.3]. They imply the following estimates:
a,,=1+060n" and a,, = e=¢log’n

as n — oo, where ¢ > 0 is uniform. Furthermore, it follows from Lemma 4.4 in [8] that

n—j (n—j? n—j log’n
aj+1—aj :aj+1(9< n + n2 =aj+1(9 n +T

asn — oo, as long as % is bounded from below by a positive constant.

Proof of Lemma 1.4. Let us assume that §,7 = O(y/logn) as n — oo, and z, w, € 3S,,. We notice
thatas n — oo,

n—2 ' 1 }
Y, @ —a)@@EW)*! = Z O G +0 <Oj—n)
Jj=n—-my, "

m,—1 . i _
1 o <L> en(Ao(z)+A0(w))+j(A1(z)+A1(w))+é(Az(z)+A2(w)) +0O (@) )

w2\ n

Using Cauchy-Schwarz, we find

n—2

Y (@ - a)¢@ew)

J=n—m,

mn 3 . mn 7 s
< < 1 e2n Re Ay(z)+2j ReAl(z)+2é ReAz(z)> < J e2n Re Ay(w)+2j ReAl(w)+2é ReAz(w)>

.
Vit y/n

G W CICh IR )
24/nAQ(zy) =1 2\/nAQ(z0

Il VR J|¢'(wo)| J2(Rene ey
24/nAQ(w,) j= nAQ(w,)

o0 5 (o9
< / te—2Re &+’ g4 / te—z(Rer)+I)2dt’
0 0

— %
l
5

d 'Z ‘9202 '0SLL697T

wouy

0 USIedS Aq 290/ SW ([ZTTT'0T/I0p/00 A

UOSIAOI]

11pUOD PUE S | 3U) 385 *[9202/20/9T] U0 Aeicl1 T 8UIUO AB1IM *(

a1

25190111 SUOWLLIOD AATESI0 3[Geo1|dde aU) A PeuBA0B 31 SBPTLE O 98N J0 SoINI 0} AIBIGIT BUIIIO ABIIM U0



UNIVERSALITY FOR COUNTING STATISTICS OF RANDOM NORMAL MATRICES | 210f35

where the last step follows by arguments analogous to those in the proof of Lemma 4.2. Indeed,
we have that

* T
/ te~2Re+0? gy = Lo-2rety? _ —\/— Re £ erfc(V2Re &) = O (e‘z(Re 92) .
0 4 202

The reader may verify that a similar behavior holds for the remaining (¢(z)¢$(w))" term, and the
lemma follows. ]

5 | PROOF OF THE BULK THEOREM: A NORM REPRESENTATION
RESULT

The aim of this section is to prove a norm representation result for functions of weighted bounded
variation. For smooth functions in W' ! a seminal result on norm representations of functions in
Sobolev spaces is due to Bourgain, Brezis, and Mironescu [15]. The case of unweighted bounded
variation functions and radial kernels was studied by Davila [23]. We are dealing with functions
of weighted bounded variation, and our kernel is, in general, not (asymptotically) radial. To this
end, we prove the following result, from which Theorem 1.1 directly follows.

Proposition 5.1. Let f : C — R be a compactly supported function in L' (C). Then

[1YAe.
27 \/—
Throughout this section, we fix a compact set K C .§Q, andwelet Q C .§‘Q be an open neighbor-

hood of K. To avoid dependence on Q rather than K in what follows, let us simply agree that Q is
the open set consisting of all points in S, with distance bigger than %dK to 45, that is, half the

lim L / / 1£(2) = FW)IIK (2. w) PAAE)AAW) =

n—oo

distance between K and 9S,. We may and shall assume that AQ > 0 on Q. In what follows, let

5, =6—— (28)

for some & > 0. We shall pick § > % where ¢ is the constant depending on Q and K in the fol-
lowing lemma (which is valid for any § > 0). In this section, the L' norm is defined in the usual
way

1l = /@ F(x + iy)ldxdy.

(In particular, there is no extra factor 1/7 as in the definition of dA(z).)

Lemma 5.2. Let f € L'(C) have support in K. Then there exists a constant ¢ > 0 depending only
on Q and K such that uniformly forn = 1,2, ...
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/ 11(2) = 1K (2, w)PAAZ)AAwW)
CZ
- / / 1F(2) = F)IIK (2 w) PAAE)AAW) + [1f [l O,
o JBw.s,)

where the constant implied by the O term depends only on K and Q.

Proof. For n big enough, since f has support in K, we have trivially
[ [ r@- fwiik,ewrdaedaw =o.
ac JBw,s,)

Now notice using the symmetry of |, | that

[ 1@- fwiik,ewidaedaw)
¢ JBw.s,)*
2
<2 [l [ ke wldaedaw

=2 / |f (W) K,y (w, w) BY(2)dA(z)dA(w),
K Bw,s,)°

where we used that the support of f is contained in K. Now we insert the estimate (17) and obtain
uniformly forw € K

. 5
/ B;w)(z)dA(z) <Cn / e VNén g 31QD-Q@) g 4 ()
B(w,8,)* B(w,8,)°

— Cnl—eé/ e—%n(Q(w+Z)—é(w+Z))dA(z)_
B(0,6,)¢

For R > 0 big enough we have Q(z + w) — Q(z + w) > Colog|z| for all |z| > R and all w €K,
where C; > 0 can be picked independent of w, while on the region |z| < R we may simply use that
Q > Q. Inserting these behaviors in the integral and using that X,,(w, w) < Cn for some constant
C > 0 for all w € K (Equation (18)), we arrive at the result. O

Lemma 5.3. Let f : C — R be a smooth function with support in K. Then we have

/ / F@) = FW)IIK (2, w)PdAE)AAW) = (1 + O/ v/n)
QJBws,)
e 1P dA(z)dA(w)

K, (w, S
/Q (w2 /B(o,s,,vnAQ(w» f<w+ \/nAQ(w)> Jw

as n — oo, where the implied constant is independent of f.
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UNIVERSALITY FOR COUNTING STATISTICS OF RANDOM NORMAL MATRICES 23 0f 35

Proof. We note that we can rewrite our integral as

/ / 1F@) — F@)]1 Kz w) PAAE)dAW)
Q JBw,s,)

- / K (w, w) / F(@) = FW)BY ()dARDdAW).
Q B(w,

S,)

Plugging the behavior (21) into our integral, we get, after translating and rescaling

/ / 1F@) = f@W)][K (2 w) PAAE)AAW)
Q JBw,s,)

- [ x,w, _Z -
./Q (1, ) /B(O,&,l\/nAQ(w)) f(w i \/nAQ(w)> Jw
@1+ 0(Iz /) + 01 /) + O(~))dA(z)d A(w).

To investigate the term with ©@(n~3) behavior, we will use that there exists a constant C > 0
(independent of f) such that

K,(w,w) < Cn, w e C,
/@ 1w +2)— fWIdAW) < CIVfliplzl,  zec

(see (18) for the first estimate). The second estimate was proved in the previous lemma. Using
these inequalities we get

/ K (w, w) /
Q B(0,5,/nAQ(w))

f(w + ﬁ) — f(w)|dA(z)dA(w)
\/ n w

f(w + %) — f(w)|dA(z)dA(w)

n

< Cn(max AQ) / /
Q Q JB(0,6logn)

< CVmax sQIVS My [ jalda)
Q B

(0,5 logn)

That we can absorb the error term into the O(1/ \/Z) term will follow from Lemma 5.4 below. []

Lemma5.4. Let f : C — R be a smooth function with support in K. Then we have

e 1P dA(z)dA(w)

1 -z
lim — [ K, (w, B
s n /Q (W, ) /B(o,anx/nAQ(w)) f(w * vV nAQ(w)> e

1
= VFVAQ| 1.
2ﬂ\/;II f Il
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Proof. Let us define

e R e

It converges pointwise, namely, for any (w,z) € Q X C

g(w,z) = %ICn(w, w)

lim g,(w,2) = VAQW)|Vf(w) - (cos &, sin 0)||zle” 1",
—00
where z = |z|e'®. Furthermore, by the arguments in the proof of the preceding lemmas we have
Vee —lz|?
(W, 2) < CV/AQ(w) IV fw + zt/v/n)l|dt|z]e ™" dA(2),
0

which has a finite integral over Q X C. Namely, using that 1/AQ is bounded on Q, it suffices to
note that

/ / / V19 fw 4 2t/ YR dtlzle < dA)dAW)
Q

cJo

,/CQ ) 1
Il == 1.
</0 /C/C||Vf(w+zt/\/ﬁ)|||z|e dA(w)dA(z)dt 2\/7_1'\/_CQ||Vf||L

Hence the dominated convergence theorem implies that

lim - [ K, (w,w) 1P dA(2)dAw)

n—co \/ﬁ Q 4/]3(0,5n\/nAQ(w))

flw+ ;> — f(w)

< VnAQ(w)

= / / VAQW)|V f(w) - (cos B, sin 0)]|z|e™?I" dA(z)d A(w)
QJC

— ® i 2 —r? — 1 1
= || AVEwivswiire drdaw) 21V VBl

2w/

O

Corollary 5.5. Let f : C — R be a smooth function with support in K. Then we have

2w/

. 1 1
lim — [ |f(2) = fW)]|C,(z, w)|*dA(z)dA(w) = IVfVAQIlL:-
n—eo \/ﬁ c? \/_
Lemma 5.6. Let f : C — R be a smooth function with support in K. Then we have

e 17 dA(z)dA(w)

flw+ ;> - fw)
( 1/ nAQ(w)
< < 1{ + C/\/E> IV VAQl,

L/ICn(w,w)/
ﬁ Q B(0,8,,\/nAQ(w))

2w/
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where C > 0 is a constant independent of f.

Proof. First we write

e 1P dA(z)dA(w)

zZ
/e ows)

1 1 dlogn p2rm 1 1 )
= —/ —ICn(w,w)/ / / Vf w+ ——re®t ) - (cos6, sin 0)dt
T Jon 0 0 0 \/ﬁ

e8I 124, 4O AQ(w)d A(w)

1 1 dlogn 2 1 1 ]
< —/ —ICn(w,w)/ / / VS w+ —re®t | - (cos 6, sin 0)|dt
T Joh 0 0 0 \/ﬁ

e—AQ(w)’ZrzdrdGAQ(w)dA(w)-

L/lCn(w,w)/
Vnla B(0.,6,\/nQ())

Using Fubini, we may interchange the order of the integrations over dtd|z|d9 and dA(w). Then
a translation yields that the remaining integral equals

1 2 pdlogn 1 1 1 1
—/ / / / [Vf(w) - (cosB,sin®)| =K, | w— —zt,w — —=zt
T Jo 0 0 Q+\/Lﬁzt n \/ﬁ \/ﬁ

-AQ( w——zt )|z
AQ <w—i\/_zt>e <w Wz)z dA(w)dt|z|*d|z|de.

Let K’ C §Q be any compact set that contains Q. For all w € K’, we have uniformly as n — co
that
1
AQ - =) =AQu) + Olzl/v/n).
n

1 1 1

K, | w— —zt,w— —zt | = AQ(w) + (9(|z|/\/ﬁ),

n \/_ ‘\/_

n n

— _L 2
e 30( -zt = e MW (1 4 O(|z* /y/n)),

where the implied constants depend only on Q and K’. Plugging these behaviors in, and then
replacing Q + —=zt by K/, and using Fubini, our integral is < the integral
n

7

1 dlogn 27
—/ / / |V f(w) - (cosB,sinB)|do
T Jk' Jo 0

3
AQ(w)? + O Izl + 1217 e~ AWz | 7124 | z|d A(w),
N
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26 of 35 | MARZO ET AL.

where we already carried out the integration over dt. Now using

27
/ IV f(w) - (cos 6, sin 8)|d6 = 4]V fw)ll,
0

our remaining integral is

dlogn

L / IV F )l (VAQG) + O(1/V/m)dAw)
e

IVFVAQIlL + IV flliOQ/y/n)

"

as n — oo, from which the lemma follows. O

Lemma 5.7. Let f : C — R be a compactly supported function in BV (C, \/AQ). Then we have

lim sup —— / / (@)~ fW)I1K, (2, w) PdA(z)dA(w) < \/_[f]g/v_ .
n—oo 21

Proof. Let f; be smooth functions such that f; — f in L! pointwise and such that

/C|ij|x/A_ﬁ Ivee.

By Fatou’s lemma, Lemma 5.2, Lemma 5.3, and Lemma 5.6,

% /CZ |f(Z) - f(w)l |1Cn(Z, w)lsz(Z)dA(w)

<—11m1nf /2 Ifj(z) —fj(w)||ICn(z, w)|’dA(z)dA(w)

va

]—)00

<liminf L / / [y 1) IR, 2, PAAGAW + 1 11,0 )

=liminf
J—oo

Z
fj<w ’ \/nAQ(w)>

e dA(2)dAW) + IIf 11 O(n>~)

1+001/+/n
M / Kn(w’ w
N Q B(0,6,,\/nAQ(w))

_fj(w)‘

<lim inf(

J—oo

\F+<9<1/\f ))IVS VARl + 11l O(n*~=)

27w/ T

\/_ F O/ )N + 171110677,

2w/
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where the constant implied by the first O term is independent of f (and f;) and the constant

implied by the second © term depends only on K and Q. Taking the limsup, we arrive at the

result. u
Recalling (24), we have the following immediate corollary of Lemma 5.7.

Corollary 5.8. Consider a random normal matrix model with a potential Q that is C?, real analytic

on an open neighborhood of Sp, and AQ > 0 on Sj,. Let A C C be a Borel set with finite perimeter.
Then we have

VarN(” < VAQ)dH (2) + O1), (29)

7
271'\/; 9, A

uniformly forn = 1,2, ..., where 0, A is the measure theoretic boundary of A.
Given a compact set K C .§Q, (10) holds uniformly forn = 1,2,...and all A C K.

Given f € BV(C, 1/AQ) the regularization from the previous result is given by

fi@) = /C £z — wp,w)dAw),

where @; is a mollifier compactly supported in B, /;, where B, := B(0,r).

Lemma 5.9. Let f € BV, with compact support contained in the bulk Q, and let f; be a
regularization as described above. Then for j large enough

/Q 1 @) = £ 1Kz )P dAE)AAwW)
< /C 1)~ @I, w)PAAEAW) + o(ym) + Oy ™)

where the term in o(n) is independent of j.
Proof. Define
Ll f1@) = 1f(z+h) - f(2)I.

From Lemma 5.2, Lemma 5.3, and Lemma 5.6, we get that

/ 1 (@) = £ @)K, (2, w)PdAE)dAw)
CZ

/ K, (w, w) / @) AGAW) + o)

VndQ(w)

/IC (w, w)/ qu(u)l 2 [f](w we ' dAW)dA(z)dA(w) + o(y/n)

VnaQ(w)) B, /i
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- /Q K (10, 0)AQ(w) /B 5

=[] #0 [ R w.0a0wT - (1w - et dAWIAGIAR) + o)
Bsiogn /B Q Vi

1/j

/ ¢ ,(u)I% [fl(w — we 2@ dA(u)d A(z)dA(w) + o(y/n)

logn ¥ Biyj

< /leogn /B ¢,;(w) /ﬁ K, (u+v,u+ 0)AQ(u + v)I% [f1(w)e 212l g A(v)d A(u)dA(z) + o(1/n),

1/j

where the o terms can be picked independently of j and Qisa slightly bigger domain that contains
all 1/j-neighborhoods of Q. Now we use the expansion for |u| < j~!

K,(u+v,u+v)=K,0,0)+ O(j_l),
AQ(u +v) = AQ() + O(j1).

Since |e* — 1| < |x|e!*! we have

e AQuAD)IZI® = o=AQW)IZI* (1 4 |7|29(1/ j)eON/DIZI),
The main error term is
/ o / e [ K DAQWT = [f1(0)e X D201/ AAWAGHIAR),
which is bounded, for some ¢ > 0, and j big enough by

/ $,n / 1= [F10)e 7P @210 |220(1 ] ))dAQ)d AGu)dA(2)
B(0,8logn) J By ; Q Vn

<129 fuj! / zPe 5P dA) = 11200 n ),

B(0,5logn)

where we used that for a function f of bounded variation

LFC+m) = fllp S RIFIYES,

Finally we get

[15/@= £ @lIE, . wdAG) AW

/B(0,5 logn) ~/B

- / / K, (0, 0)AQ()T = [F1)e P dALIIA) + o(y/r) + O(nj™)
B(0,81logn) J Q N

¢;(w) /Q K,(0,0)0Q)T < [f1(©)e** dAQL)AAWAA() + o(v/n) + O(/nj ™)

1/j

- /C @) = SR, (2 )P AAEAW) + o(7) + O/ ™ -
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Proof of Theorem 1.1 and Proposition 5.1. By the equality for smooth functions in Corollary 5.5 and
Lemma 5.9, we have

1

27{\/;

1029 = jim L / 1@ = £,z w)PdAZ)dAwW)
n—oo \/ﬁ c2

n—oo

< limsup / 1f(2) = fF)IIK, (2, w)*dA(z)dA(w) + O ™)
c2
taking the limit in j we get now

znl\/z[f B <timsup /C 1f(@) = FW)IK(z, w)PdAZ)dAwW)

and combined with Lemma 5.7, we arrive at Proposition 5.1.
Now Theorem 1.1 follows directly from Proposition 5.1 and (24). O

Remark 5.10. It should be mentioned that an approach similar in spirit has recently been car-
ried out by Le Doussal and Schehr [43] in the rotationally symmetric case. The variance [1] and
higher order cumulants [24] in that setting were already well-understood, but their contribution
is to describe explicitly how the transition from smooth functions to indicator functions happens.
Without ever mentioning functions of bounded variation, they explicitly construct the smooth
functions f; that approximate the indicator function (although they take a simultaneous limit
j=n— o).

6 | PROOF OF THE EDGE THEOREM

In this section, we define

€, = M+/logn,

where M > 0 is some constant that we shall take ”large enough” if necessary. It will be somewhat
more practical to prove Theorem 1.2 with & replaced by \/55. The number variance for the set
An(\/Ec? ), as defined in (12) is given by the general formula

m / / 2
VarN = K, (z,w)|*"dA(z)dA(w).
4,028) Ja,ae) Ja,zer

We claim that this integral is dominated by the integration region where z and w are both close to

95, and close to each other. We have some freedom in our choice of “close,” but it shall suffice to

logn
n

mean of order O( ) for z — w. Thus we claim that the number variance is well-approximated

by 72 times the integral
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1,6,Q) = // // n%x

log n

d(ZO LU())<
2
x, _iz)f ECH/ d&dndH (wy)dH " (wy).
sy Vaaate

Here d(z,, wy) is proportional to |z, — wy| and is defined as

d(zg, wy) = |log(¢(zp)p(wp))I.

We used here that the Jacobian of the transformation z = h,(z,, ) with h, as defined in (11) is
given by

‘aazez,lmz): PGl xE@E | 14'@)l ro(2)
(2, §) \/2nAQ(zy) 1/2nAQ(zy) 1/2nAQ(z,) n/’’

where x(z,) is the curvature at z,, and the (9(%”) term is already ignored in the definition of
I,(8,Q). By Lemma 1.3 we have a good understanding of the behavior of the integrand. We can
use it to prove the following lemma.

Lemma 6.1. We have as n — oo that

\/—I n (0, Q)—( +(9(10g ))/ \/Ezo)lcﬁ (Zo)l/ / /|¢ (20)I71/AQ(zo) logn

[¢'(zp)I~ 1 AQ(Z()) logn

2
fc<§+n+ie>
NG

1
/_ / ol "))
£ ——log(¢(z)bwo)) \|
+7 0g(P(Z()P(Wwy
erfc| =—— + 1/nAQ(z)) ——————
(ﬁ " VRl >‘

dédn|¢' (we)ldH' (wo)$' (zo)ldH (wy),

e~ (E-nr-6 dodédndH (z,).

Proof. Using Lemma 1.3 we have

1,6,Q) = ”/asQ AQ(ZO)/

d(zg, w0)<

(log(¢(20)(wg)))*

—_(E—_n)2
(6 enaQz) PR

where we already used that 1/AQ(z,)AQ(w,) = AQ(z,) + O( log") A substitution of integration
variables ¢(z,) = €'’ and p(w,) = €* gives
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f+\/ 2 AO(z)_5=D?
I (5 Q) _( +(9(10g n))/ / \/@ / / —(&-n) AQ( 0)|¢’(z )|2

E+n [ t-s >
erfc [ =—— +i4/nAQ(z)) —————
( V2 V21 @)

2

2
dédndsdt

and this yields the result after substitution s - 6 = \/I’IAQ(ZO) T (z T and the observation that

1" (W)™t = [¢"(zo)| L + O( loin), and transforming ¢ back to z. O

. < E+n+ib >
V2
-7 [7 erfe(t) erfc(—t)dt.
V2 /\/55

Proof. 1t follows from the asymptotic behavior of the complementary error function (e.g., see 8.357
in [31]) that

Lemma 6.2. We have

2
¢ (z)I 1 v/AQ(zy) log n

lim / / / ’ ’ e~ €= orf

=S, 1¢(z0)| "1 V/AQ(zg) log n

dodédn

R
19" (z0)I = V/AQ(zp) log n

0 —(E+n)? )
_ / 0(%)(19 = o~ +m) M , (30)
19" (2|71 v/AQ(zg) log n E+n)?+6 1/AQ(zy)logn

where the implied constant is uniform for §,7 = O(y/logn). Denoting x, = x\;ﬁ’ and by H the

Heaviside step function (say, with H(0) = %), we get

2
[ e €+n_+9>
Ceo V2
§+77+18)2 _( §+’7_i3)2
/ / / V2 " dxdy
T J-oJ- [x_]

_ %/ / H(x_)erfc(x_ + & +n)e > eX%-dx_do = 2y/mwerfc(& +71), (31)
T J-c0J-c0

dé
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where the last step can be proved with the Fourier inversion formula, since x — H(x)erfc(x +
&+ 77)e‘x2 is absolutely integrable and piecewise smooth. Hence

/ / /|¢<ZO>|1 AQ(zy)logn o loppef SN H1O
—n I/ (20)1 =1 V/BQzo) logn V2
—z¢i/ / ~E0 erfe(E + p)dEdy + O
e, \Aagﬁ

€, +8 e, —0
n n _ 1
=2\/7 / / e~ erfe(E — 7+ 28)dEdn + O ,
0 0 v/logn

as n — oo, uniformly for z, € S, and § in compact sets, where we used (30) and (31) to go from
the first to the second line. Let us consider the integral with ¢, replaced by oo (the difference is
negligible). We have

dedgdn

2\/;% / / e~y erfc(§ —n +2t)dédn
o Jo
—8e 4’ / e‘2§2_4‘§/ e_z”z+4”7d§d77 =—7 erfc(\/at) erfc(—\/it).
0 0

We obtain the result after integrating ¢ from 6 to oo, and rescaling ¢. O

What is left is to prove that the remaining integration region of our original integral defining

the number variance is negligible. There is a version of (17) (Proposition 3.6 in [9]) that essentially
logn

tells us that points at distance M from the boundary are negligible for our integral, if we
pick M large enough here and in the definition of €, (see also [5]). We thus have to focus on the
integral

) €n 1
neo=/ [ [/
( Q) as %o logn /=€, J6 N V AQ(ZO)AQ(wO)X

Q7 d(z,, )>\[

2
dédndH (wy)dH (w,)

n(zo)é n(wy)n
Kol zp+ —— wyg + ——
vV nAQ(zy) vV nAQ(wy)

Lemma 6.3. We have as n — oo that

L 1.6.Q=0( )

1
\/ﬁ ylogn

Proof. Using Lemma 1.4, and a rescaling (§,7) — \/ﬁ(g ,n) followed by Laplace’s method, we infer
thatasn — o
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1,5,Q) / / A (wo)dH (z))
95q ) \/m |¢(Zo)¢(wo)—1|2

B /” /” d6,de,
T Jomje -6y 2 |e®178) — 12

n n
o -o{ 25

uniformly for § in compact sets. O

= / : O(cot(%

Proof of Theorem 1.2. As mentioned above, for example, by [9] or [5], the contribution to the
integral defining the variance (9) is exponentially small for any set of points (z, w) where at least
one of z, w has distance of order ¢,, / \/_ to the edge. By Lemma 6.3 the contribution to the integral

of the remaining points that also satisfy the condition d(z,, w,) > T is of order O(+/n/ logn).

In conclusion, we have

1 (n) 1 1
—VarN =—=106,Q)+0
N A(V28) 72 n(5Q (y/logn>

as n — oo, uniformly for § in compact sets. Finally, we use Lemma 6.1 and Lemma 6.2 to arrive
at

1 N / 1
— Var erfc(t) erfc(—t)dt + O
Vn N V28) 47T2 V2 V2 <\/10gn)

f(V28) + 0<

ﬂ\/_ \/@)

as n — oo, uniformly for § in compact sets. O
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